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Computing values of p-adic L-functions of real quadratic fields
L Context

@ p-adic zeta function of number fields first constructed by Serre using
Hilbert modular forms (1972).

@ Construction of p-adic L-functions by Deligne-Ribet using algebraic
geometry (1980).

e Construction of p-adic L-functions by Cassou-Nogues (1979) and
Barsky (1978) using Shintani's methods, reformulated in terms of
p-adic measures by Katz (1981). Also nice constructions of Colmez
(1988) and Barsky (2004).

@ Method generalizes previous work (2004) with D. Solomon (values at
s =1, conductor relatively prime with p, p split in quadratic field).

@ Method (almost) works for higher degree totally real number fields.

@ Method used in joint work with A. Besser, P. Buckingham and R. de
Jeu (and a current work with A. Weiss).
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LThe interpolation problem

Hecke L-function. Let x be a character of the ray class group Cl;(E)
modulo f of a real quadratic field E. We define for Re(s) > 1

L(s,x) :== H (1- X(q)Nqis)il
atf

This function has an analytic continuation to C and its values at integers
have special arithmetical meaning.

Problem. Construct a continuous function on Z,, interpolating the values
at negative integers of this function.

For simplicity, assume p is odd and p | f.

And, for technical reason, assume the infinite part fo, contains the two
infinite places of F.
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LThe interpolation problem

Partial zeta functions. Fix a class C in Cl{(E), and define

((s,C) = Z Na™*
acC
aCZg

Then
L(s,x) = Y, x(C)(s,C)

CECH(E)

and (Klingen-Siegel)

((—k,C)eQ forall k>0.

So better to interpolate the partial zeta functions!
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L-Measures on Zf,

A continous p-adic function f : Zi — C, has a unique Mahler expansion

Z €2
1:1 ) ZC2 Any ,N2 n
2

e —1) - (z—(n—1))

. x
with @y, n, —p 0 as n; +ny, — oo and " = o

A measure on Zf, is a linear form p on the C,-vector space C(Zf), C,) of
continuous functions such that there exists a constant C > 0 with

‘/fdu <c max_|f(z1,32)| forall f€C(Z2,C,)

(w1,22)€Z2

171l
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We have

L-Measures on Zf,
I X
[tan=% e | <n1) <n2> dy

n1,m220

and so we can associate to y a power series with bounded coefficients
rmmy= Y () () anreme = faamynaim i
ni,ny>0

In the same way, we can associate a measure pp to such a power series F'.

82
The A operator is A := (1 +T1)(1 + Tz)m and
107>

AFUTLT) = [oxea(1+ T (L4 7)™ d

and therefore for all k >0

/(x1x2)k dp = [AVF,(Th, T2)] Ty=Ty=0
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Interpolation using measures

Method of interpolation. Given a sequence (ay)x>o of rational numbers.
Find a power series F' with bounded coefficients such that for all £ > 0

ap = [AkFF‘(Tl’Tz)]leTZ:O = /(xlxz)k d,uF

For s € Zy, let 1), be a continuous p-adic function such that for £ > 0
Up(z) = 2F
then we can replace (z122)" by vs(2122) and get a p-adic function.

Unfortunately, one can only find a function 5 ., such that ¢y ,,,(z) = 2"

for x € Z; and k > 0 is such that k = m (mod ¢(p)).

Theorem.
Fnl) 1= [ um(iraz) d

is a continuous function of s € Z,. Furthermore, if Supp(u) C (Z))?, then

Fmlk) =ax, Yk >0with k=m (mod ¢(p))
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L Twisted partial zeta functions

Remove the pole. Let ¢ # Op be an integral ideal relatively prime to f,
then

C(s,¢,C) == Ncr5¢(s,c71-C) — ((s,C)
has no pole at s = 1 and still takes values in @@ at negative integers.

Furthermore

Lis )= (Ve (0 =1) 7 7 1(0)¢(s,e.0)
cedly(E)
So we need to take ¢ such that x(c) # 1.

Switch to elements. Let C = [a~!] (a integral ideal). Then integral ideals
b= aa~!in C are in bijection with o such that « € a, « =1 (mod fo),
a > 0 modulo the multiplicative action of Us(E), the group of units u
such u >0 and u =1 (mod fp). Call R(a) a set of representatives. So

Z N(aa )™ = Na® Z N(a)~

a€R(a) aER(a)
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L Twisted partial zeta functions

Recall that. ((s,C) =Na®* Y. N(a)~® with C = [a7}]

a€R(a)
SO C(Sa C,C) = Nclis C(sa ot C) - C(S7C)

Z N@) ™= > N@)™)

aER(a aER(a)

Let X be the set of additive characters of Of of annihilator ¢ then
if0&c
Z §0) = {Nc otherwise
gex

and

¢(s,¢,C) = Na® Z Z ()N (a)™

£EX aeR(a)
£#1

= C(Sv a, g)
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L-Shintani cone decomposition

lattice| @
a

o

o ° o
(] Py

Let o € afg, o & ¢ and 0 > 0 and let ¢ a generator of Uj(E).
Take R(a) :=an(1+fo) NC(o,¢), where
C(0,e0) := {so +teo with 0 < s and 0 < t}
Let P(0,¢) := {so +teo with 0 < s <1 and 0 <¢ < 1} then
Ra)= | { (an (1 +fo) N P(o,¢)) +no + msa}

n,m>0

=: P(a,0,¢)
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L Power series and twisted partial zeta functions

We define
> a)(1+T)"
acP(a,0,€)

F(T1,13,0,8) := (1-¢(0)(1+T)7) (1 —&(eo)(1 + T)=)

where, for 8 € Og

) , WY /4@
1+T) = (1+1)" 1+ 1) = A TmMTme
(1+T)7:=(1+1)" (1+ D) n;o"l o, )T

Theorem. Forall k>0
[AF(Ty, To,0)] g = C(—F, 0,€)

Heuristic proof. Expand everything in terms of (1 + T1) and (1 + T3),
apply AF and take T3 = 75 = 0. We get

« Z &(a+no +meo)N(a +no +meo)* = ((—k,a,8) »

n,m>0
a€P(a,0,€)
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L-Change of variables

Problem. When p is not split, the power series (1 + T)? may have
unbounded coefficients!

Change of variables. Let v € O such that Og = Z + vZ. Define the
operator A by

AT) =(1+T)(1+T) —1and A(Tp) = 1+ 7)1+ 1) -1
Then, for a =a+by € O, we have
A+ T)* A+ D)) = A+ T (1 + 1) = 1+ T)
So G(Ty, T3, 0,€) = A~YF(T1, T», a,&)) has coefficients in Z[£].

Theorem. Let piq ¢ the measure on Zzz, associated to G(T1, T, a,&).
Then forall k>0

((ka.6) = / N (e + 227)" dpiace.
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LConstruction of the interpolating function

Interpolation. Write G(T1,T5,a,&) = >, g(0,&)n,,n,T™T™ and

n1,n2>0

xr xr
(71, 22) = Vs (N (21 + 127)) = m%ZO (5o (ni) (712)

Define for all s € Z,,
§60.) = [ GuanW s +227) ding
= Z g(aa g)m,nz C(Sa m)m,nz

n1,n2>0

Then (ém)(s, a,§) is a continuous function on Z, interpolating {(s,a,§) at
negative integers k congruent to m modulo ¢(p).

The natural choice is m = —1 for which the corresponding p-adic zeta
function has a simple pole at s = 1.
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L Interpolation of z — z*

Construction of ¥s (7). Z, has the natural decomposition

Zr = W,x(1+pLy)
z = w()-(2)

so that = w(x) (mod pZ,) and (z) € 1 + pZ,.

Power of principal units. For s € Z,, and (z) = 1+ py, we have

(@) =" (Z)p"y" €1+ pZy

n>0
Therefore the function

Jw(x)™(x)® ifx e Z)
Yam(w) = {0 f o c vl

interpolates =¥ on ZX for k >0, k = m (mod ¢(p)).



Computing values of p-adic L-functions of real quadratic fields
L Complexity results

Computation of the measures. Assume p # 2, then it takes
O(f Rg M® p* ¢?) operations and  O(M? p?) memory

to compute the measure jiq ¢ to a precision pM with c = N¢, fZ=fNZ
and Rpg the regulator of E.

Computation of values. Once the measure fi4 ¢ has been computed, it
takes

O(M* p®) operations

to compute (,(s, a,§), for some s € Z,, to a precision of pM.

It is possible to compute other expressions of the functions (,(s, a,£), and
thus of p-adic L-functions, using this method.
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L Complexity results

Mahler expansion. One can also compute the coefficients a,, of

Cp(s,0,8) = Zan (Z) with a,, € Q,

n>0

with

ay = /uw(./\f(m ) (N1 4 227) — 1) e

Once the measure fiq¢ has been computed (to a precision pM), it takes
O(N M*p?) operations

to compute the first N coefficients a,, to a precision p™ (N < M).

And then it takes only O(M?3) operations to compute (,(s, a,£) to a
precision of p™, for some s € Z,.
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L Complexity results

Analytic function. One can also compute the coefficients ¢,, of

(s,0,8) = Z Cn S with ¢, € Q,

with =0
Cn = % 5 WN (21 + 227)) log,, (N (1 + 227)))" dpae
or in a simpler way
ao+a1<)1(> +a2<)2(> +oi=cpt+ X FeX?+

Once the measure ji, has been computed (to a precision p*), it takes
O(N M*p?) operations

to compute the first N coefficients ¢, to a precision pM (N < M).

It is better not to use this expression to compute values of (,(s,a,§).
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L Complexity results

Iwasawa function. Let u be a topologic generator of 1 + pZ,,, then there

exists
Fy(T,0,8) = fo+ fiT + f2T? +--- € Q,[[T]]
with
Gp(s,0,8) = Fp(u® —1,0,8)
We have

n

fn _ / N(l‘1 + 1,27)71 <|ng<N((E1 + $2’Y)>/ |ng u> d,u,u,,g
u

But it is not really clear how much it costs to compute the f,...
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L Examples

Compute values of (g ,(5) for E = Q(v/3) and p = 3, 11 and 23

gp > data = init_data(12, 3, 10);

time = 4 ms.

gp > twz = init_twistzeta(data);

time = 604 ms.

gp > zetap_E(data, 5, twz)

time = 28 ms.

%3 = 2%37-1 + 1 + 3 + 2%374 + 2%3°5 + 2%376 + 2%3°7 + 2%3°8 + 0(379)
gp > data = init_data(12, 11, 7);

time = 0 ms.

gp > twz = init_twistzeta(data);

time = 3mn, 29,221 ms.

gp > zetap_E(data, 5, twz)

time = 1,417 ms.

%6 = 4%117-1 + 3x11 + 7x11°2 + 9x1173 + 10%11°4 + 4x11°5 + 0(1176)
gp > data = init_data(12, 23, 5);

time = 4 ms.

gp > twz = init_twistzeta(data);

time = 18mn, 45,670 ms.

gp > zetap_E(data, 5, twz)

time = 6,441 ms.

%9 = 17x237-1 + 21 + 4%23 + 19%2372 + 7x23"3 + 0(2374)
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LMabhler coefficients of ¢s,m

Write the Mahler expansion 95 () = >~ 2, (I) with z, —, 0.
n>0 n

Problem. We need to estimate v,(z,,).

Locally analytic functions. A Zj,-continuous function f is analytic of order
h >0 if for all a € Z,

f(x) = fao+ for(z —a) + foo(zx — a)2 +-- forjz—al < p "

Theorem. Let f(x) = Z>:o an (2) then vy(an) > v, (In/p"]") + C(f)

Application. Let a € Z,'. For z € a + pZ,

=% ) (=)

S0 15 m is analytic of order 1 and v,(2,) = n/p>.
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LMabhler coefficients of ¢s,m

But, we can do better easily.
Close functions. Let f and g be two continuous functions such that

vp(f(z) —g(x)) = M forallz € Z,

Then v,(an — b,) > M for all n > 0 where g(z) = > b, <x>
n>0 n

Application. Let M > 0 and let ¢t € Z>g such that
t=s (modpM), t=m (modp—1) and t>M
Then for all x € Zj, we have
0p(tsm(a) — ') = M

Therefore v,(z,) 2 n/p.
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