FROBENIUS METHOD FOR MAHLER EQUATIONS

JULIEN ROQUES

ABSTRACT. Using Hahn series, one can attach to any linear
Mahler equation a basis of solutions at 0 reminiscent of the so-
lutions of linear differential equations at a regular singularity. We
show that such a basis of solutions can be produced by using a
variant of Frobenius method.
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1. INTRODUCTION

A linear Mahler equation with coefficients in C(z) is a functional
equation of the form

(1) an(2)Y(2"") + an-1(2)y ("

for some p € Zsq, some n € Zsg and some ag(2),...,a,(z) € C(z)
such that ag(z)a,(z) # 0. These equations appear for instance in the
theory of automatic sequences : the generating series of any auto-
matic sequence satisfies a nontrivial linear Mahler equation with coef-
ficients in C(z). The following list of references gives an idea of the
many facets of the theory of Mahler equations [Mah29, Mah30, Kub77,
LvdP78, Mas82, Ran92, Dum93, Bec94, Nis96, DF96, Zan98, CZ02,
AS03, Pel09, Ngull, Ngul2, Phil5, SS16, BCZ16, AB17, AF17, AF18,
DHR18, CDDM18, BCCDI18, Ferl8, Roq20, Pou20].

In [R0q20], we have shown the relevance of Hahn series for the study
of Mahler equations. It follows from [Roq20, Theorem 2] that (1) has
n C-linearly independent solutions y;(2),. .., y,(2) of the form

(2) vi2) = Y fiei(2)ec(2)l(z)

(C,j)GCX XZZO

1

)+ ao()y(2) = 0

where the terms involved in this finite sum have the following proper-
ties :
— the f;.;(2) belong to the field 7 of Hahn series with coefficients
in C and value group Q;
— e.(z) satisfies e.(2P) = ce.(2);
— {(z) satisfies £(zP) = £(z) + 1.

Remark 1. If ¢ € C*\ {1}, then the equation y(z) = cy(z) has no
nonzero solution in €. Similarly, the equation y(zP) = y(z)+1 has no
solution in . In this paper, the e.(z) and {(z) will be “symbols”, i.e.,
they will be constructed algebraically as elements of a certain difference

field extension of F€; see Section 3. However, note that one can find
log c
“true functions” solutions of these equations; for instance, (log z)ﬁ is

a solution of y(2P) = cy(z) and blg;% is a solution of y(zP) = y(z) + 1.

The shape of the y;(z) is reminiscent of the shape of the solutions of
a linear differential equation at a reqular singularity. Indeed, we recall
that any linear differential equation of order n with coefficients in C(z)
having at worst a regular singularity at 0 has n C-linearly independent
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solutions ¥ (2), ..., yn(z) of the form
(3) (=)= Y, Jiag(2)=log(e)’
(O[,j)GCXZZO

where the f;,;(2) involved in this finite sum belong to the field of
formal Laurent series C((z)). It is thus natural to wonder wether a
basis of solutions of the form (2) can be derived by using a variant of
the celebrated Frobenius method [Fro73]. The aim of the present paper
is to bring a positive answer to this question.

Remark 2. The original Frobenius method produces solutions of linear
differential equations at a regular singular point. We remind that the
fact that a given point is reqular singular can be read from a certain
Newton polygon: it corresponds to the case where this polygon has only
one (finite) slope and that this slope is equal to 0. See Section 2 for
references. It turns out that such restrictions are not necessary in the
Mabhler case: the method introduced in the present paper works for any
Mahler equation with coefficients in the field 7 of Hahn series.

1.1. Organization of the paper. Section 2 provides an overview of
the classical Frobenius method for linear differential equations. An
extension of Frobenius method to Mahler equations is presented in
Section 5. Its statement requires notions and notations introduced in
Section 3 and Section 4 (Section 3 introduces rings where the calcula-
tions of the method will take place, Section 4 introduces the notions
of Newton polygons, slopes and exponents for Mahler equations). A
simple but non trivial example of application of the method is given in
Section 6. The proofs of the unjustified statements of Section 5 occupy
Sections 7 and 8.

Acknowledgement. I would like to thank the anonymous referee
for its useful comments. This work was supported by the ANR De
rerum natura project, grant ANR-19-CE40-0018 of the French Agence
Nationale de la Recherche.

2. FROBENIUS METHOD FOR REGULAR SINGULAR LINEAR
DIFFERENTIAL EQUATIONS

In the theory of differential equations, Frobenius left his name to
an important method for computing a basis of solutions of any linear
differential equation at a regular singularity. Here is an outline of this
method; we refer to [CL55, IKSY91, oM, Fro73] for more details.

Consider a (formal) linear differential operator

(4) L=0"+b, 1(2)0" 4+ by(2)

with coefficients by(z), . .., b,_1(z) in the field C((z)) of formal Laurent
series written in terms of Euler operator § = z%. As mentioned above,
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we will focus our attention on the regular singular case, i.e., from now
on, we assume that by(z), ..., b,—1(z) belong to the ring C[[z]] of formal
power series (see [vdPS03, Definition 3.14]).

Remark 3. One classically attaches to L a Newton polygon N (L) C
R? and a (finite) set of slopes S(L) C Q; see [Perll, HS99] and
[vdPS03, §3.3]. The following properties are equivalent:

— L is regular singular;

— bo(2),...,bn-1(2) belong to C[[z]];

— S§(L) = {0}.
See [vdPS03, Definition 3.14] and [vdPS03, Exercise 3.47].

The indicial polynomial of £ at 0 is the polynomial of degree n given
by
X(L; X) = X" 4 b, 1(0) X" H 4o 4 by (0).

The complex roots of x(£; X) are called the exponents of £ at 0. The
multiplicity of such an exponent « is by definition its multiplicity as a
root of x(£; X) and will be denoted by m,,. If & € C is not an exponent
of £ at 0 then we set m, = 0.

The Frobenius method attaches m, solutions of £ to any exponent
a as follows. The fundamental idea is to introduce a parameter A. One
can prove that:

— there exists a unique g,(A, z) € 1+ 2C(A)[[z]] such that

L(ga (A, z)z>‘) =(\— a)5“+m°‘z)‘

Sa = Z mg;

BEa+Z>1

where

— the coefficients of g,(z, A) have no pole at A\ = «;
— the derivatives

92 (9a(X, 2)2Y ) p=as
a§a+1 (gﬂé(/\a Z)Z/\)\)\:on

O3 ga (A, 2)2Y ) pma

are m, C-linearly independent solutions of £, where we have used

the notation 0\ = %.
We then have :

Theorem 4 (Frobenius [Fro73]). We have attached to any exponent o
and to any m € {0,...,m, — 1} a solution

Yam = aiaer(goa()‘a Z)ZA)\)\:a

of L. We obtain in this way a family of n C-linearly independent
solutions of L.
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Using the Leibniz rule, we see that

Yaum € Spang.)) (AR (2") rzar (2 ) pzas -+ O3 (2Y) r=a)
Sa+m «a

= Span((:((z))(zaa log(z)zaa s (lOg(Z)) z )

Remark 5. The solutions attached to « involve log(z) if a is an ex-
ponent of L of multiplicity > 2 (i.e., mq > 2). But, this is not the
only case : logarithms may also appear in the solutions attached to «
if o+ Z>y contains at least one exponent of L (i.e., s > 1).

3. HAHN SERIES AND OTHER USEFUL RINGS

The calculations involved in the classical Frobenius method outlined
in Section 2 take place in the differential ring

(C(/\)((Z))[Z)‘, (%\(ZA), 8,2\(z’\), . ]

equipped with the derivatives 0, = % and 0, = %. This section
aims at introducing an avatar of this differential ring in which the
calculations of our variant of Frobenius method for Mahler equations
will take place.

3.1. The ring of Hahn series. The first fundamental fact is that the
classical power series will not be sufficient for our purpose; we will need
Hahn series [Hah07].

Let R be a ring. We denote by #% the ring of Hahn series with
coefficients in R and with value group Q. An element of 7% is a
sequence (f,),cq € RY whose support

supp((fy)req) = {7 € Q| f, # 0}

is well-ordered, i.e., any nonempty subset of supp(f) has a least el-
ement. An element (f,),eq of J% is usually (and will be) denoted
by
f(z) = Z f77
7€Q
The sum and product of two elements f(z) = > o f,27 and g(2) =
> veq 97 of J¢% are respectively defined by

f(2) +9(2) = Z(fv +99)2"

v€Q
and
f(2)g(z) = Z ( Z fv’gw”> zZ7.
YEQ \Y'+v"=v

(Note that there are only finitely many (7/,7”) € Q x Q such that
V' +7"=~and fyg, #0.)

If R is an integral domain (resp. a field), then J#% is an integral
domain (resp. a field) as well.
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For R = C, we will use the shorthand notation
H = .
The z-adic valuation on ##% will be denoted by
val, : 5 — QU {+00}.
It is given, for any f(z) € &, by
val.(f(2)) = minsupp(f(2))

with the convention min () = +oo.
For f(z) = 3" cq f127 € H#% \ {0}, we will denote by cld,(f(z)) the
coefficient of 2¥#:(f(2) in f(2) :

cld,(f(2)) = feaL(r(z)) € R\ {0}

We will say that f(z) € % \ {0} is tangent to the identity if
val,(f(2)) = 0 and cld,(f(2)) = 1.

3.2. Structure of difference ring on the ring of Hahn series J7%.
One can endow % with the ring automorphism

(5) Cbp : IR — Tr
Z 27 = Z 14277,
7€Q 7€Q

We obtain in this way a structure of difference field on .7#%.

3.3. The differential-difference ring 7¢(,). We will make an es-
sential use of the field ¢,y of Hahn series with coefficients in the field
of rational functions C(\) and with value group Q.

One can endow ¢ () with the field automorphism

(6) Pp + ey = Hew
defined by (5) and with the derivation
0
(7) (%\ = a : %()\) — % )
v df“/
z) = Z [N = Z
7€Q 7€Q

We obtain in this way a structure of differential-difference field on
He(n). We emphasize that dy and ¢, commute on ¢ (y):

,\O¢p ¢p03,\

The role played by the differential-difference field 7)) in the
present paper is similar to the role played by the differential field
C(N)((2)) in the classical Frobenius method outlined in Section 2.
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3.4. The differential-difference ring #,. We shall now introduce
a differential-difference ring &%, that will play the same role as the
differential ring

C((2)[=Y 0a(=Y), R(=Y), - ]
(equipped with the derivatives 0, and J)) in the classical Frobenius
method.
We consider the differential ring of differential polynomials
K\ = %()\)[X, X, (9/2\X, .. ]

As a ring, this is simply the ring of polynomials with coefficients in
Az and in the indeterminates X, ,X, 83X, . .. This ring is equipped
with the unique derivation

(A 74 A — 74 A
extending (7) and such that 9 (95 X) = 95" X. We also equip %) with
the unique ring automorphism

gbp 74 A 574 A

extending (6) and such that, for all i > 0, ¢,(95X) = 9;(A\X). This
turns #) into a differential-difference ring extension of J7¢(,). We
emphasize that 0y and ¢, commute on #y:

3,\O¢p:¢p03,\-

It will be convenient to introduce the following notations :
—ey=X€ %}@ ' v
—forall i >0, 6, =22 =% c ..

! il
so that #\ can be rewritten as follows :

K = Heplexnler),03(er), - ]
= Jeplex, i, Oa, -]

It is of fundamental importance in what follows to keep in mind that
e, satisfies the following equation

(8) ¢p(€A) = ey

More generally, for all ¢« > 0, we have

Op(lri) = M + ria

where 0y ;1 ={y_1 =0 for i =0.

Remark 6. The difference equation (8) satisfied by ey has to be com-
pared with the differential equation

20,(2*) = A2

satisfied by 2*; this ex will play in the present paper a role similar to
that of 2* in Section 2. More generally, the (y; will play a role similar
to that of the 95(2) in Section 2.
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3.5. The difference ring %. Throughout this paper, we denote by
Z a difference ring extension of J# such that, for any ¢ € C* and any
integer ¢« > 0, there exists a nonzero ¢.; € # such that

(9) Gp(lei) = clei+Leio1,

where (., 1 ={._1 =0 for ¢ = 0. For 7 = 0, we use the notation
€c = EC,O‘

Of course, equation (9) gives

oplec) = cee.

The solutions produced by the Frobenius method presented in this
paper will belong to Z.

Remark 7. It is sufficient to require that % satisfies the following
properties:
— for any ¢ € C*, there exists e. € Z which is not a zero divisor
such that ¢,(e.) = ce.;
— there exists { € X such that ¢,(¢) = { + 1.
Indeed, a straightforward calculation shows that

(Y
ley = clec()
1

is nonzero and satisfies (9).
A possible choice is the polynomial ring
X = %[(Xc)ceCMY]
endowed with the unique automorphism
Op X — X

extending (5) and such that ¢,(X.) = ¢X. and ¢,(Y) =Y + 1. Of
course, e, = X, and ¢ =Y have the properties required in Remark 7.

However, we emphasize that the specific choices of e, and . ; is not
important; the important thing are the functional equations (9) they
satisfy.

3.6. Evaluating elements of &, at A\ = ¢ € C*. As in the classical
Frobenius method (see Section 2), we will need to “specialize elements
of Z\ at A = c € C*”. Here is what we mean by “specialize” in this
context.

We let C[A](x—¢) be the ring of rational fractions regular at ¢ € C*.
Then, ¢y o IS @ differential-difference subring of () and

(10) Rre = AN olers I, Oz, - -]

is a differential-difference subring of #,. There is a unique morphism
of rings
€Vi—c : L@)Hc — X%
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such that, for all f(\, z) €

(A=e)’
eva=(f(A,2)) = f(c, 2)
and, for all 7 > 0,
ev)\:c(g)\,i) - Ec,i-

This is a morphism of difference rings. In the context of this paper,
“specilizing at A = ¢” means taking the image by ev)—..

4. NEWTON POLYGONS, SLOPES AND EXPONENTS

In this section, we consider a Mahler equation

(1) an(2)y(e"") +an1(2)y(2"") + -+ ao2)y(z) = 0

with coefficients ag(z),...,a,(z) € . We can and will assume that

ao(z)an(z) # 0.
The aim of this Section is to attach to (11) certain slopes and to
attach to each slope certain exponents.

4.1. Mahler equations and Mahler operators. The Mahler equa-
tion (11) can be written as follows:

L(y(z)) =0
where
(12) L =a,(2)¢) + an-1(2)0n " + -+ + ag(2).
This is an element of the Ore algebra

D% = %<¢p7¢gl>

of noncommutative Laurent polynomials with coefficients in #” such
that, for all f € 2, ¢,f(2) = ¢,(f(2))¢pp. An element of D, will
be called a Mahler operator (with coefficients in 7). The Mahler
operator L given by (12) will be called the Mahler operator associated
with (11).

4.2. Newton polygons. We define the Newton polygon N (L) of L
as the convex hull in R? of

{(p'.)) | i.j €Z, j>val.(a;(z))} CR?

where val, : # — QU {+o0} denotes the z-adic valuation (this is for
instance the Newton polygon used in [CDDM18]).
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2
1
O U2
1 p I p5
V* UO’_ ___________ _./————’
U1

F1GURE 1. The Newton polygon of the Mahler operator
(13). The e represent the points (p’,val.(a;)) for i €
{0,1,2}.

4.3. Slopes. Let

vy = (p*,val.(aa,(2))) = (p°, val,(ag(2))),...
v = (p*val,(ag,(2))), . ..
-k = (P, valz(aq, (2))) = (p" valz(an(2)))

be the vertices, ordered by increasing abscissa, of the polygon N(L).
This polygon is delimited by two vertical half lines and by k vectors

Wy =V — Vg, ..., Wg = Vg — V1 € Lng X Q
having pairwise distinct slopes denoted by
p < < g

and called the slopes of L. The set of slopes of L will be denoted by
S(L). For any i € {1,...,k}, the integer

r(m, L) =0 — 041

is called the multiplicity of u; as a slope of L; in what follows, we will
also use the shorthand notation

r, = T([L,’, L)
Example 8. The Newton polygon of the Mahler operator
(13) L = (¢p—2")h(2)""(¢p — 1)

1 1 y zY
- pV¢z_( — v +Z>¢p+ — v
14+ 2z p1 1+ 2z p1 1+ 2z »1

with v € Qg and h(z) = 14 271 is represented in Figure 1.
This operator has two slopes, namely

p =0 < pig = ————,
' ? (p—1)p

with multiplicities r1 = ry = 1.
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Remark 9. We have extracted two informations from N'(L) : its slopes
and their multiplicities. Of course, N'(L) is characterized by these data
up to vertical translation.

For any 1 € Q, we consider

It satisfies

We set
L] — 9“(2)_11/6’“(2

n
- Z(1+p+---+pl‘1)uai<z)¢; — 2 ()¢

=0 1=0

3

Proposition 10. The slopes of LI+ are
p—1 p—1
with respective multiplicities r, ..., Tg.

Proof. The Newton polygon N (LI%+(3)]) is the convex hull of
{(p7.]> |Z)j€Z7 ]Zva‘lz<az(z))+/~bp_1}

Its vertices are

p* =1
p—1

),

vy = o+ (0, 1

pr =1
p—1

v =0+ (0, p )y

pak_]‘)
p—17

and, hence, N'(L%l) is delimited by two vertical half lines and by the
k vectors

o =+ (0, p

pal_pa()
W) =v] — v, =w 0, y——), ...
1= V1 — Y 1+ (0,1 b1 )
pai_pa’i—l
=0 — v =w; + (0, py—————), . ..
7 7 i—1 +( 2 p—l )
Ak k-1
---aw;c:U;c_UI/gl:wk‘i‘(OaN%)'

g

In particular, the j-th slope of LO-e-0u; ) g equal to 0. This will
be used in the next section in order to attach to the slope yu; a certain
characteristic polynomial and certain exponents.
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4.4. Characteristic equations and exponents. Consider a slope
w; of L and set

L[e—(p—l)uj (2)] —_ Z bl(2)¢;
=0

Let
valZ(L[Q*(P*Wj]) = min{val,(by(2)), ..., val,(b,(2))}.

The characteristic polynomial x (4, L; X') associated to the slope p; of
L is

1=0

[0~ (p—1)p; M) o .
X(py, L X) = (Z_VaIZ(L o )Zbi(Z)X’)
|z=0

vl (-0 ) il ‘
= | 27" E bi(2) X"

=1 |z=0

In what follows, we will see these characteristic polynomials as de-
fined modulo a multiplicative factor in C* X?%; in particular, the equal-
ities involving the characteristic polynomials have to be interpreted
modulo C*X?. The characteristic polynomial x (s, L; X) has r; roots
(counted with multiplicities) in C* called the exponents of L attached
to the slope ;. The multiplicity of such an exponent is its multiplicity
as a root of x(u;, L; X).

Example 11. We have already seen that the Mahler operator L given
by (13) has two slopes

v
pr =0 < po p—1)p
with multiplicities 1 = ry = 1.

Let us compute the characteristic polynomial of the Mahler opera-
tor (13) associated to the slope p1. We have

L[9*<P*1)l"1(z)] = L — ;ZJUQSQ — (;pu + zy> ¢p + Z—U
14z p1 7 1+ 2z »1 1+ 2z »1
and
Valz(Lw*(P*l)#l (Z)]) = 1.
Thus, the characteristic polynomial x (1, L; X) associated to the slope
w1 of L s

X(:ulaL;X) =

1 1 v
14+ 2z »7 1+ 2z »1 1+ 2z »1 |2=0
=-X+1.

So, 1 is the unique exponent of L attached to the slope py and it has
multiplicity 1.
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Let us compute the characteristic polynomial of the Mahler opera-
tor (13) associated to the slope ps. We have

(r+1)7 . v
L[G—(p—l)ug(z)] — Z—py(b?) — Z; (;pu + ZV) (bp + : v
1+ 2 p1 142771 1+2z vt

and 5
val, (LE-e-0m@) = (p 4 1)=.
p
Thus, the characteristic polynomial x(po, L; X) associated to the slope
o of L s

X(:UQ? L; X) =

, [ DE , ) v
PRl AR 7; X% —zv <—pu + z”) X
I+2z 71 I+2z 71 I+2z »1 =0

- X’ - X.

So, 1 is the unique exponent of L attached to the slope uy and it has
multiplicity 1.

5. AN EXTENSION OF FROBENIUS METHOD TO MAHLER
EQUATIONS

We consider a Mahler equation

an(2)y(") + a1 (2Jy(Z7" ) + -+ ao(2)y(z) = 0
with ag(2),...,a,(2) €  and ap(z)an(z) # 0. It can be rewritten as

(14) L(y(z)) =0
where
L= a,(2)¢) + an-1(2)0n " + -+ + ag(z) € Dy
We denote by
pr <o < g

the slopes of L and by ry,..., 7, their respective multiplicites. The
multiplicity of an exponent c¢ of L attached to the slope p; will be
denoted by m. ; € Z>;. If ¢ is a nonzero complex number that is not an
exponent attached to the slope 1, we set m.; = 0. We refer the reader
to Section 4 for details about the notions of slopes and exponents.

The extension of Frobenius method to Mahler equations presented
below attaches m. ; solutions of (14) to any exponent ¢ associated to
the slope p; of L as follows. We will prove that

— there exists a unique g.;(\, z) € Hg() such that

(15)  Llgey(h o) = 2T () gyrertrese,

where
Sej =Me1+ o+ Mej1
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and

vi={@—-1@" T (= o)+ A (2 — ) + pa);

— the z-adic valuation of g.;(\, z) is equal to —p;;
— the coefficients of g. (A, z) have no pole at A = ¢;
— the specializations

eVaze(037 (gej (A 2)en)),
evA:c(ﬁic’jH(gc,j()\, z)ex)),

eVA:c(aiw sl (gcd' (/\7 Z)e/\))

are m,; solutions of (14).
For the justifications of the first three properties above, see Proposition
22 in Section 8. For the last one, see Proposition 27 in Section 9.
We can now state the main result of this paper.

Theorem 12. We have attached to any slope p;, to any exponent c
attached to the slope j; and to any m € {0,...,m.; — 1}, a solution

Yejm = eVA:C(E}’f\”’ﬁm(gc,j (A, 2)en))

of (14). We obtain in this way a family of n C-linearly independent
solutions of (14).

The proof of this result will be given in Section 9.
Note that

Yejm € Span%(ev,\:c(ﬁg(e,\)), ev,\zc(ﬁ}\(e,\)), o
eV (85T T (6))

- Spanjf(ew 66,17 s 7£c,sc,j+mcyj—l)-

Remark 13. The solutions attached to ¢ involve an C.j with k > 1 if
¢ has multiplicity > 2 as an exponent of L attached to a slope ji; (i.e.,
Mme; > 2). But, this is not the only case : such an . may also appear
if ¢ is an exponent of L attached to two distinct slopes p; and p; (i.e.,
Se,j >1 Zf] >Z)

Remark 14. The relevant fact with the term 27T involved in the
right-hand side of (15) is its z-adic valuation equals to —]% ot guar-
antees that g.;(\, z) has z-adic valuation —p; and, hence, is “associ-
ated” with the slope p;.
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6. FROBENIUS METHOD FOR MAHLER EQUATIONS : AN EXAMPLE

In this section, we apply the method described in Section 5 to an
operator allowing explicit computations, namely to the operator con-
sidered in Example 8 given by

L = (¢p—2")(2)"(¢p— 1)
1 ) ( 1 V) 2"
= —— () Gyt ————
1—|—z_ﬁ¢p 14+ 2z »-1 % 14+ 2z »1
= ag(z)q% + a1(2) ¢, + ao(2)
where v € Qg and h(z) =1+ 2z 1.

In what follows, we use the notations p;, r;, v;, etc, of Section b.
We have seen in Example 8 that L has two slopes, namely

14
1 =0<pp=——"—,
(p—1)p

with multiplicities
THT =T = 1.

So,

m=p-Dm=0, rn=>p-10E" (ke —m)+m)=-v
Moreover, we have seen in Example 11 that 1 is the unique exponent
of L and that the multiplicites m; ; and m; 5 of 1 as an exponent of L
attached to the slopes p; and ps respectively are
mii1=mMi2 = 1.
Thus
811 = 0, S12 = 1.
The Frobenius method described in Section 5 relies on the equations
(16) Ligi(\, 2)ey) = 2@:=@0G)g  (2)(\ —1)m™1ie,
2"(A—1)ey
and
A7) Liga(hz)en) = ™00, (2)(A - 1ymamac,
270,(2) (A — 1)%e,.
We shall now give explicit formulas for the unique g1 (A, 2), g2(A, 2) €
At satisfying the above equations. In this purpose, we will freely
use Lemma 24 stated and proven in Section 8.1 below.

Let us start with equation (16). This equation can be written as
follows

(Agp = 2")1(2) " (Adp — D(9a(A, 2)) = 2"(A = 1).
Multiplying by 6, (z)~*27", we see that the latter equation is equivalent
to

(Adp — 1) (0,(2) " h(2) " (Adp — D(91(A, 2))) = 0u(2) T (A = 1).
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Since the z-adic valuation of the right hand-side of the latter equality
is positive, Lemma 24 ensures that the latter equation is equivalent to

0,"h(2)" Ay = D1 (A 2) = =(A = 1) Y~ N@h(0,(2) ),

k>0
1.e., to
Ay — (1A, 2)) = —(A = 1)(1 + 2771 erz”;a”
k>0
v(l-p —upk
B N D I = n WL S U =
k>1 k>0

The z-adic valuations of the last two terms of the right hand-side of
the latter equality are positive. Applying Lemma 24 again, we find

91(%2) :_”(A_DZZW’“Z”W FOA-D) S ke

>0 k>1 >0 k>0

=1+ A=Y S M =) 1+ DA

>0 k>1 1>0

We now solve the equation (17). This equation can be written as
follows

(Agp = 2")(2) " (Adp — 1)(g2(N, 2)) = 270, (2) (A — 1)*.

Multiplying by 6, (z)~'27", we see that the latter equation is equivalent
to

(M = D0,(2) " h(2) " Ay — 1) (g2(A, ) = (A — )2
Applying Lemma 24, we find that the latter equation is equivalent to
0,(2) " 1(2) T Ay — 1(g2(N,2)) = A = 1,
1.e., to
(Adp — 1(92(A, 2)) = (A = D), (2)h(2) = (A = 1)z0-T + (A= 1).
Applying Lemma 24 again, we find
PPy
g2(N2) = (A=1) Y Mgh(zrm) +1=(A=1) > MzrT 41,
k<—1 k<—1
Theorem 12 guarantees that
y1 = evizi1(g1(A 2)en) = —e
and

Yo = evi=1(Ox(g2(\, 2)en)) = ( zv=1)ey + {14

are C-linearly independent solutions of L.
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7. FACTORIZATION OF MAHLER OPERATORS

The aim of this section is to prove the following result relative to a
Mahler operator

(18) L = an(2)¢, + an_l(z)qﬁg_l + -+ ap(2) € Do
We let
— 1 < --- < g be the slopes of L with respective multiplicities
T1yeoo 3 Ty
— Ci1,...,Cip; be the exponents (repeated with multiplicities) of L

attached to the slope ;.

Proposition 15. The operator L has a factorization
L=a(z)Ly--- Ly
where
— a(z) € H* is such that val,(a(z)) = val,(ao(2));
— dda(z) =TT T (—ei) ™ ld, ag(2);
— the L; € D,y are given by
Li = (2" ¢p = Cip )i (2) 71+ (2%00p — cin)hin(2) 7
for some h; j(z) € F* tangent to the identity and with

(19) vi=@E—1)E"" " (1 — pie1) + -+ " (2 — 1) + ).

Remark 16. This is a refinement of [Roq20, Theorem 15|, where a
similar statement is proved but without the explicit values of the v; in
terms of the ;.

The proof of Proposition 15 given in Section 7.3 will use some pre-
liminary results gathered in the following two sections.

7.1. Preliminary results : basic properties of slopes and expo-
nents. In this Section, we collect basic results relative to the notions
of slopes and exponents introduced in Sections 4.3 and 4.4.

7.1.1. Slopes and exponents of the gauge transform L) We remind
the notation

L) = 6,(2)7 L, (2)

n

= 3 g () = 3 Z%“ai(z)qb;

i=0 i=0
introduced in Section 4.3 where
0u(z) = 2 bt

with 1 € Q. We have LI«G)(f(2)) = 0 if and only if L(f(2)0,(z)) = 0.
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Lemma 17. The slopes of L% are

p—1 p—1

with respective multiplicities r1, ..., rx. Moreover,

H z
X(:u] + —17[1[9“( )]aX) = X(Mj?L;X)

and, hence, the exponents counted with multiplicities of L) attached

to the slope p; + p%l coincide with those of L attached to the slope p;.

Proof. For the first assertions concerning the slopes and their multi-
plicities, see Proposition 10. Moreover, the equality

H z

follows immediately from the definition of the characteristic polynomi-
als by using the equality

( L[%(z)}>[9f<p71><uj+p%><zﬂ _ 100 ()]

The very last assertion of the lemma follows from this equality of char-
acteristic polynomials and from the definition of the exponents and of
their multiplicities. O

7.1.2. The gauge transform Ll¢!. We will also use the notation

n

Ll = e Le, = Z ciai(z)%

i=0
where ¢ € C*. We have Ll*l(f(z)) = 0 if and only if L(f(z)e.) = 0.

Lemma 18. The operators L and L have the same slopes 11 < -+ <
Wi with the same multiplicities vy, ..., rx. Moreover,

X (g, L X)) = x (5, L; e X)

and, hence, the exponents of LI} and of L attached to a given slope 1
are related as follows :

list of exponents of L) counted with mult. attached to the slope 1

= ¢ !(list of exponents of L counted with mult. attached to the slope 1)

Proof. Since val,(c‘a;) = val,(a;), we obviously have
(20) N (L) = N(L)

and, hence, Ll°! and L have the same slopes with the same multiplici-
ties. Moreover, the equality

X (g, L X)) = x (5, Ly cX)
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follows immediately from the definition of the characteristic polynomi-
als by using the equality

(L[ec])[f)—(p—l)uj (=) _ (L[f’—(p—l)uj (Z)])[ec]‘
The very last assertion of the lemma follows from the above equality

of characteristic polynomials and from the definition of the exponents
and of their multiplicities. O

7.1.3. The gauge transform LIY®). We will also use the notation

LI = g(2) " Lg(2) = 3 %ai(z%

for g(z) € #*. We have LG (f(2)) = 0 if and only if L(g(z)f(2)) =
0.

Lemma 19. If val.(g(z)) = 0 then the operators LY and L have
the same slopes p1 < --- < i with the same multiplicities ry, ..., 1.
Moreover,

xX(pg, LY X)) = x (g, Ly X)

and, hence, the exponents counted with multiplicities of L9 attached
to the slope ; coincide with those of L attached to the slope ;.

b5 (9(2))
9(2)

(21) N(LY®N) = N (L)

and, hence, L and LY®)! have the same slopes with the same multiplic-
ities. Moreover, the equality

X (g, LV X) = x(p, L; X)

follows immediately from the definition of the characteristic polynomi-
als by using the equality

Proof. Since val,( a;(z)) = val,(a;(z)), we obviously have

(L[g(z)])[ef@fl)uj )] _ (L[Gf(pfwj (Z)])[g(zn7

and the fact that the % € J* are tangent to the identity. The
very last assertion of the lemma follows from this equality of character-
istic polynomials and from the definition of the exponents and of their
multiplicities. Il

7.2. Preliminary results : on operators with smallest slope 0.

Lemma 20. Assume that 0 is the smallest slope of L (i.e., py =0) and
let ¢ be an exponent attached to the slope 0. Then, there exist L' € Dy
and h(z) € A tangent to the identity such that

L=1L'(¢,—c)h(z)".
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Proof. Indeed, [Roq20, Lemma 13] ensures that there exists h(z) € J*
tangent to the identity such that
L(h(z)e.) = 0.
Since h(z)e. is also a solution of (¢, — ¢)h(z)~!, we get, by right eu-
clidean division,
L=L'(¢,—c)h(z)""
for some L' € Dy. O

Lemma 21. Assume that S(L) C R*. Then, for any c € C* and any
h(z) € > tangent to the identity, we have

(22) N(L(¢p — )h(2) ") = ([L,p] x [val:(a oo) [ e

where ¢ : R? — R? is the map given by go(x,y) = (px,y). It follows
that

S(L(dp — c)h(2)7") = P”S( ) U {0}
and, hence, for any A € S(L(¢, — c)h(z)

r(pA, L) if X #0,
23 AL
(23) r(A Ligp — {r( LY+ 1ifXA=0.
Moreover, for any A € S(L c)h(z)™Y), we have

1 X(PA L X) if A # 0,
(24)  x(A L(gp — )h(z) 5 X) = {X(O L X)(X —c) if A= 0.

Proof. We will only treat the case when

— 0 is a slope of L

— and L has at least one nonzero slope,
the other cases being similar.

Without loss of generality, one can assume that ag(z) = 1. Moreover,
combining the equality

(L(¢p — Yh(2) D)l = h(z)~teLlel (g, — 1)
with Lemma 18 and Lemma 19, we see that it is sufficient to treat the
case h(z) =1 and ¢ = 1.
We have
Ly = 1) = busa ()60 + ba(2)8) + -+ b1 (2)6p + bo(2)
with

bo(2) = —ap(2),b1(2) = ap(2) — a1(2), . ..
b (2) = anc1(2) — an(2), bpa1(2) = an(2).
In order to prove (22), we have to show :
(i) val,(bo(2)) = wval.(ap(2)) and, for all i € {1,...,k},
val: (ba; 41(2)) = valz(aa, (2));
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(i) for j € {0,..., a1 + 1}, val,(b;(2)) > 0;
(iii) forc € {1,...,k =1}, for j € {a; + 1,..., 41}, we have

Valz(bj (Z)) _ Valz(bai—kl(z)) > Valz<bai+1+1(z)) - Valz(baiJrl(Z)) )

(25) p_] _ poci+1 - pai+1+1 — pai+1

We have used the notations

vg = (p*,val.(aq,(2))) = (p°, val.(ag(2))), ...
v = (p*val,(ag, (2))), . .
co o = (P vl (aa, (2))) = (" val.(an(2)))

introduced at the very beginning of Section 4.3 for the vertices, ordered
by increasing abscissa, of the polygon N(L).

We now proceed to the proof of the above properties (i), (ii) and
(i).

It is clear that val,(by(z)) = 0 and val,(b1(2)) > 0, ..., val,(ba, (2)) >
0 because by(z) = ap(z) = 1 and because all the a;(z) have valua-
tion > 0 (since S(L) C RT). Also, for i € {1,...,k — 1}, we have
val, (ba;+1(2)) = val(aq,(2)) because by, 1+1(2) = aq,(2) — @a,+1(2) and
val, (aa;+1(2)) > val,(aq,(2)) because e; = (p*i, val,(aq,(2))) is a vertex
of N(L). The equality val,(ba,+1(2)) = val,(aa,(2)) also holds true
because ba,+1(2) = bpi1(2) = an(2) = a4, (2). This ensures that the
above first two properties (i) and (ii) hold true.

Moreover, for ¢ € {1,...,k — 1} and j € {a; + 1,..., 541}, the
inequality (25) holds true because

vals (b;(2)) = val.(ba:11(2)) _ val:(b;(2)) — val:(aq,(2))

pj — paiJrl p] — paiJrl
> min Valz(aj(z)) - vaulz(aai(z))7 valz(aj_l(,f;)) — val,(aq,(2))
p] — pOéH‘l p] — paH‘l

(we have used the fact that
vl (b;(2) > min{val. (a;1(2)), val. () }).
But, on the one hand, we have

val,(a;_1(2)) — val.(aq,(2)) _ 1val,(a;-1(2)) — val.(aa,(2))

pr—pitt p Pt —p
S 1vali(da,,(2) = val:(aa,(2)) _ vali(baii+1(2)) = vali(bai1)(2)
- D pai+1 — pai - pOéi+1+1 _pOCi'f'l )
the latter inequality being true because e; = (p™,val,(aq,(z))) and

eip1 = (p**1,val,(@a,,, (2))) are vertices of N'(L). On the other hand,
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we have

vals(a;(2)) — vals(aq,(2))  val:(a;(2)) — val:(aq,(2))

pl = pritt B P = p
> Va12<aai+1(z)) — val,(aq,(2)) _ Valz(bai+1+1<z)) — val,(ba,11(2))
- pai+1 _ pai - pai+1+1 _ pOéH-l

> Valz(bai+1+l<z)) _ Valz(bafrl (Z))
— pai+1+1 — pai+1

Y

the second inequality above being true because e; = (p™, val,(aq,(2)))
and e;41 = (p*+', val,(aq,,,(2))) are vertices of A/(L). This concludes
the proof of (25) and, hence, of (iii) and of (22).

It remains to justify the equalities (23) and (24). Let

M=p ' =0<do=p lua <--- <N =p

be the slopes of L(¢, — 1). Consider a nonzero slope \; of L(¢, —1).
So, pA;j = p; is a slope of L and, setting

L[97<p71)mj ()] _ ch<z) ;’),
i=0
we have val.(cq,(2)) = val.(cq,,,(2)), val.(ci(2)) > val.(cq,(2)) for
i € {aj,...,ajp1} and val.(¢;) > val.(cq,(2)) for i € {0,...,n} \
{aj,...,a;41}. The characteristic polynomial attached to the slope
pAj = p; of L is given by
R R .
oy LX) = [ £ 'Y X
=1

|z=0
On the other hand, we have
(L(¢p B 1))[9—(11—1))\]' ()] _ (Ld)p)[e—(p—l))\j (=) L[e—(p—l)Aj (Z)}‘

But,
(L) = By, (2) L0 Plg,

and
L[e—(p—l)kj (Z)} — (L[e—(p—l)pkj (Z)})[H—(p—l)(l—p))\j (Z)] .

It follows from this that
vl (L) ) < val, (LF- N,
So,

Valz((L(¢p — 1))[0—(1)—1),\]. (z)]>
= Valz((Lgbp)[ef(P*l))\j (Z)]) = Valz(e(p_l)(l_p)/\j (Z)L[ei(pfl)lﬁxj (Z)])
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and, hence,

XLy = 1:X) =
—val (L[G*(pﬂ)mj(z)]) aj+1 i
o 2. )X = x(pAj; L; X).

i=ajatl |z=0

Last, the proof of the equality x(0, L(¢, —1); X) = x(0, L; X)(X — 1)
is easy and left to the reader. O

7.3. Proof of Proposition 15. We set
M — L[e—(p—l)ul (Z)]

Lemma 17 ensures that

— S(M) = {1 — pr1 =0, p1g — pa, s jir — i J;

— fori € {17'--7k}7 r(:ui_,ulaM) = Ti;

— for i € {1,...,k}, the exponents of M (counted with multiplic-
ities) attached to the slope p; — py coincide with those of L at-
tached to the slope p;, i.e., ¢i1,...,Cip,.

We claim that M has a decomposition of the form

(26) M = M, (dp — i) (2) 71 (dp — crn)hia(2) ™

for some hy1(2),...,hi(2) € H* tangent to the identity and some
M,, € D,y such that

— S(My,) = {p" (p2 — 1), -, 0" (e — 1) }5

— forie{2,...,k}, r(p"™ (i — p1), M,,) = r(pi, L);

— for i € {2,...,k}, the exponents of M, (counted with multiplic-

ities) attached to the slope p; — p1 are ¢;1,. .., Ciy,-

Indeed, Lemma 20 ensures that there exists hy; € S tangent to the
identity and M; € D, such that

M = M1(¢p — 01’1)h171(2’)_1.

If r; = 1 then Lemma 21 ensures that

— S(My) = {p(p2 = ), - Pk — ) 5

—forie {27 cey k}? r(p(luz - Hl)a Ml) = Ti;

— for i € {2,...,k}, the exponents of M; (counted with multiplici-
ties) attached to the slope p(u; — p1) are ¢;1,. .., Cig,-

This proves our claim when r; = 1.

If vy > 2 then Lemma 21 ensures that

— S(My) = {0,p(p2 — pa), -, Pk — p11) };

— (0, My) =r; — 1;

— forie {Qa SO k}? r(p(uz - #l)a Ml) =T

— the exponents of M; (counted with multiplicities) attached to
the slope 0 are c¢; 9, ..., ¢1,, whereas those associated to the slope

p(pi — ), for i € {2,... .k}, are ¢;1, ..., Cip,-



24 JULIEN ROQUES

Arguing as above, we get a decomposition of the form

M = My(¢, — c12)h19(2) (¢ — Cl,l)hl,l(z)_l

for some hyo(z) € F7* tangent to the identity and some My € D .
If r; = 2, then Lemma 21 ensures that
— S(Ma) = {p*(p2 — ), -, 0° (e — 1) };
— fori € {2,... .k}, r(p*(wi — p1), M) = 1y;
— for i € {2,...,k}, the exponents of M, (counted with multiplici-
ties) attached to the slope p*(u; — p1) are ¢;3, ..., Cip,.
This proves our claim when r; = 2
In the general case (arbitrary r;), our claim follows by an obvious
iteration of the above arguments.

Using (26) and the identities L = MUPe-»uGl and (¢, —
¢)lfe-0m @ = (-Dmg ¢ we obtain a decomposition of the form
L =N L
where

Ly = (2%, — ¢y )y (2) 7 (2P0, — e 1 )R (2) 7

for some hy1(2),...,h1(2) € H* tangent to the identity and for
some Ny € Dy such that

— S(N) = A{p" (2 — pa) + pas - ™ (s — 1) + ks

— fori e {2,....k}, r(p" (i — 1) + p1, N1) = 15

— for i € {2,...,k}, the exponents of N; (counted with multiplici-

ties) attached to the slope p™ (p; — p1) + p1 are ¢, ..., Cip,-
These properties of Ny = M,[?

listed above and from Lemma 17.

(p—1)uq (Z

) follow from the properties of M,,

Applying what precedes to Vi instead of L, we find a decomposition
of the form

N1 = NaLy

where

Ly = (000 b g,y (2)
e (Z(P—l)(P” (Mz—ul)-i‘ﬂl)gbp — 0271)h2,1(z)_1

for some hoy(2),...,has(2) € H* tangent to the identity and for
some Ny € D, such that
— S(N2) = {p" "2 (g — p2) +p" (p2 — pa) +pua, -, P (g — pi2) +
P (2 — )+ k;
—fori € {3, k}, r(p" "2 (i — p2) + P (2 — pa) + i, No) = 735
— for i € {3,...,k}, the exponents of Ny (and their multiplici-
ties) attached to the slope p™ "2 (u; — pg) + p™ (1o — p1) + p1q are
Cilyevy Cipye
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Iterating the previous construction, we find Ly,..., Ly € D, of the
form announced in the statement of Proposition 15 such that

L=a(z)Ly-- Ly

for some a(z) € . Equating the coefficients of degree 0 in the
latter equation, we find a(z )Hz T2 (=cijhij(2)71) = ao(2), whence
val,(a(z)) = val,(ag(z)) and

(cld, a(z H H —¢;.5) = cld, ap(2).

=1 j=1

8. FORBENIUS METHOD : FIRST JUSTIFICATIONS

The aim of this section is to prove Proposition 22 below, which is
relative to a Mahler operator

(27) L= ay(2)¢) + an-1(2)00 " + -+ + ag(z) € Dy
In the rest of this section, we let p; < --- < pp be the slopes of
L with respective multiplicities rq,...,r,. Moreover, the multiplicity

of an exponent ¢ of L attached to the slope p; will be denoted by
Mme; € Z>1. If ¢ is a nonzero complex number that is not an exponent
attached to the slope pu;, we set m.; = 0.

Proposition 22. For any slope 1, for any exponent ¢ of L associated
to the slope i, there exists a unique g.;(\, z) € A such that

v

(28) L(gc; (A 2)ey) = zvalz(“(’(z))*pfjl()\ — ¢)%eitMeiey
where
Se,j = Me1 +---+ Mej—1-
and
vi = —=DE" T (g = pger) o+ 0" (2 — ) + ).
The coefficients of g.j(\, z) have no pole at A = c. Moreover, we have
(29) val. (g (A, 2)) = —py

and

j_ HTZ_ (—Ci ) ()\ _ C)sc,jerc,j
30 Id, g..i (A, = )\ Tl i=111j5=1 J - .
(30)  cld, gc; (A, 2) cld, ag 2N —=c;)

The proof of Proposition 22, given in Section 8.2, uses some prelim-
inary results gathered in the following section.
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8.1. Preliminary results. We say that a family (f;(\, 2))ier of ele-
ments of ¢ () is summable if the following properties are satisfied :
— the set U;er supp(fi(A, 2)) is well-ordered;
— for any v € Q, the set

{i € I'| v €supp(fi(\ 2))}

is finite.
In this case, we define

D A2 =D O fiy (V)2 € A

icl i€l veQ

where fi(\ 2) = ¥ g fir (V)27

In what follows, we let %’f[f(f\)) (resp. %’@2)) be the set made of the
F(\, %) € sy such that supp(f(\,2)) C Quo (resp. supp(F(A, 2)) C
Q>0).
Lemma 23. We have :

—ifg(\ 2) € %’&% then (¢F(g(A, 2)))k<—1 is summable;

—ifg(\ 2) € ,%’fg(g) then (¢f(g(X, 2)))r=0 is summable.

Proof. Let us first assume that g(\, z) € ,%?;(f\)). We set
E =Up<_1 B

where
Ey = supp(¢,(9(\, 2))) = p* supp(g(}, 2)).

Let us first prove that E' is well-ordered. Let F' be a nonempty subset
of E. Since E C Q¢ and inf E}, = 0, we have
——00

inf F = inf F N UL, B

for some ky < —1. Since supp(g(\, 2)) is well-ordered, each Ej =
Pk supp(g(A, 2)) is well-ordered and, hence, U,;:lkoEk is well-ordered. It
follows that F' N U,;:lkOEk and, hence, F' have a least element.

In order to prove that (¢%(g(\,2)))k<—1 is summable, it remains to
prove that, for any v € Q, the set {k < —1| v € Ej} is finite. This is
clear since Ej C Q- and inf Ej, — 0.

The proof in the case g(\, z) € %’@% is similar. d
Lemma 24. For any g(\,2) = > cq9-(N)27 € Hz(, there exists a
unique f(X, z) € Az such that

If
g\, 2) = g-(A 2) + go(A) + g+ (A, 2)
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with g_(\, z) € ,%’jcff\)), go(A) € C, gr(\, 2) € %’af\)), then we have

32)  Fn2) = 30 Mahlo-(n2) + 2 SNk, (0, 2)).

k<—1 k>0

Proof. Lemma 23 ensures that the families (A¢F(g_(), 2)))r<—1 and
(A*¢%(9+(X, 2)))k=0 are summable. The right-hand side of (32) is thus
meaningful and defines an element of J7¢(y). A straightforward calcu-
lation shows that this f(A, z) satisfies (31).

In order to prove that (32) is the unique element of J#z(\) satisfying
(31), it is necessary and sufficient to prove that there is no nonzero
h(X, z) € Az such that

(33) (A6, — 1)(h(A,2)) = 0.

If h(\z) € gy satisfies (33) then we have A@,(h(A,2))

h(X, z). It follows that psupp(h(M, z)) = supp(¢,(h(A 2))) =
supp(h(),2)) and, hence, for all k € Z, pFsupp(h() z)) =
supp(h(A, 2)). Since supp(h(A, z)) is well-ordered, the latter equalities
imply supp(h(), z)) C {0}; indeed, if there were v € supp(h(A, z)) N
Q-0 (resp. v € supp(h(A, 2)) N Qo) then pZ<oy (resp. pZz0v) would
be a subset of supp(f(A,z)) with no least element, contradicting the
fact that supp(f(\,z)) is well-ordered. So h(\,z) = ho(A) € C(N).
Inserting h(A,z) = ho(A) in (33), we find h(A, 2) = ho(A) = 0, as
expected. O

Lemma 25. Consider p € Q and ¢ € C*. For any g\, z) =

> e 94(N)2Y € A, there exists a unique f(A,z) =3 o [(A)27 €
Aty such that

(34) (27 Adp — O)(f (A, 2)) = g(A, 2).

Moreover,
—if val,(0_,(2)g(A, 2)) > 0 then val.(f(A, 2)) = val.(g(\, 2));
—if val,(6_,(2)g(\,2)) < 0 then val,(0_.(2)f(\, 2) =
val, (0_, (=)9(\2)) .
p )
and
— if val,(0_,(2)g(\, 2)) <O, then :
— cld,(f(\, 2) = X teld,(g(A, 2));
— if the gy(\) have at most poles of order p at c, then the f,())
have at most poles of order p+ 1 at c;
— if val,(0_,.(2)g(\, 2)) =0, then :
— A, (FM ) = (A — o) eldy (g, ));
— if the g,(\) have no pole at ¢ and if cld,(g(X, 2)) vanishes at
c, then the f,(\) have no pole at c;
— if val,(0_,(2)g(\, 2)) > 0, then :
— dd,(f (A, 2)) = (=c) T cldy(g(A, 2));
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— if the g,(\) have no pole at c, then the f,(\) have no pole at
c.
Last, if the g,(\) have at most poles of order p at ¢ € C*\ {c}, then
the f,(\) have at most poles of order p at .

Proof. Replacing A by ¢\, we can rewrite equation (34) as follows

(Ady = (- (2) f(eA, 2)) = (=) gleA, 2).
Combining this with Lemma 24, we get that there exists a unique
(X z) € A satisfying (34) and that it is given by

(35) 6, f(N2) =Y (NG (c'A, 2))

k<—1

BN S A (A 2)

k>0
where g_()\, 2) € %’&2), go(N) € C, gi(N 2), € ,%’fg(f\)) are such that

9*#(2)6719(0A72)zzzgf(sz)'+'§b(A>'+'§+(A7Z>7

1.€.,
G- 2)=0-u(2) Y g (eN)2T € A,
7€Q<#ﬁ
GolN) = g u (cA) € TN
and

GeN2)=0_,(2) > g (eN)2" € AT,

7€@>pg

The properties of f(A, z) listed in the lemma follow by direct inspec-
tion of (35). O

Lemma 26. Consider p € Q, ¢1,...,¢. € C* and hy(2),...,h.(2) €
JC* tangent to the identity. For any g(\,z) € (), there exists a
unique f(X, z) € Az such that

(36) (27"Adp —cr)hp(2) - (27" A — c1)ha(2) T (f(A, 2)) = g(A, 2).
Moreover,
— ifval,(0_.(2)g(A, 2)) > 0 then val,(f(}, 2)) = val,(g(\, 2));

—if val,(6_,(2)g(\,2)) < 0 then val,(0_.(2)f(\2) =
valz (0—,(2)g(X2)) .
pr )
and

— if val,(0_,.(2)g(A, z)) <0, then :

e, (£(M2)) = A eld, (g(A, 2));

— if the 97( ) hcwe at most poles of order p at ¢ € C*, then the
f~(X) have at most poles of order p+m at ¢ where m = {i €
{1,...,r} | ci = ¢};

— ifval,(0_,.(2)g(\, 2)) =0, then :
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—ed,(f(A2) = (A —c) 7t (A —cr)Theldy(g(A, 2));
— if the g4(\) and cld,(f(X, 2)) have no pole at c € C*, then the
f~(X) have no pole at c;
— if val,(0_,(2)g(A, 2)) > 0, then :
ey (F(02)) = (Cer) e (—e) el (g(A, 2));
— if the gy(\) have no pole at ¢ € C*, then the f.,(\) have no
pole at c.
Last, if the g,(\) have at most poles of order p at ¢ € C*\{c1,..., ¢},
then the f,(\) have at most poles of order p at .

Proof. The equation (36) is equivalent to the system of equations

((z7Adp — cr)hy (2)7H(fr (X, 2)) = g(A, 2)
(z7#Adp = Cr1) 1 (2) T (fr-1(A, 2)) = fr(A, 2)

(z7#Ap — e1)hn(2) 7 (f1(A, 2)) = fa(A, 2)
LF(A2) = fi(A, 2).

The result follows by r successive applications of Lemma 25. U

8.2. Proof of Proposition 22. Using the fact that g(\, z) €
satisfies

(37) L(g()\’ z)e,\) — Zvalz(G‘O(Z))_pVle()\ B C)sc,j+mc,j€)\
if and only if f(A, 2) = (A —¢)7*7g(], z) € Hg(y) satisfies
(38) LUFO\ 2)en) = 2™=@E)—51()\ _ gymese,

= Zvalz(ao(z))g_yj(z)o\ —¢)Meiey,

we see that, in order to prove Proposition 22, it is sufficient to prove
that :

(i) there exists a unique f(A,z) in ¢y satisfying (37);
and that this f(\, z) has the following properties :
(i) val.(f(A, 2)) = —py;

N T T (i) () ™ed
(iii) cld, f(A, z) =A™ i1 ::ldzjaol(z) i N

(iv) the coefficients of f(\, z) have poles of order at most s.; at c.

In order to prove these claims, let us first note that (38) can be
rewritten as

(39) M (0y,(2)f (X, 2)) = 2D (X — ¢)mes
where

M = (L[e—uj (Z)})[EA]_
But, from the factorization

L=a(z)Ly--- Ly
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given by Proposition 15, we get the factorization
M =a(z)My--- M,
where a(z) € A is such that val,(a(z)) = val,(ag(2)) and where

M, = (£ el

= ("7 NGy — Cig Dhig (2) 7 (27TAG — cin)hia(2)
So, the equation (39) can be rewritten as follows :

Mi(fi(X, 2)) = Z52552 (A — )
M1 (fie1(N, 2)) = fiu(A, 2)
(40) e
Mi(fi(A2)) = fa(), 2)
0., (2)F (X 2) = fi(A, 2).

Now, Lemma 26 ensures that there exists a unique k-uple

(fl()\a 2)7 R fk()\7 Z)) S %k()\)
satisfying the first k& equations of (40), whence the existence and the
uniqueness of f(A,z) € # satisfying (37); it is given by f(A,z) =
0_,,(2) fi(X, z). This proves claim (i).

Note that Valz(W) =0 and set
Val (ao(2))
a= cldZ ) = cld, a(z)"".

Forie {j+1,...,k}, we have v; —v; > 0, so Lemma 26 ensures that
TN\, 2), ..., fi+1(A, 2) have z-adic valuation 0 with constant terms

Tk

dd, fr(\,z) = (H(—ck,w) (X — )M,
1=1

cd, fr_1(A,2) = (H H —Ci1) ) A—c)md,

o o
cd, fi(A2z) = ( H H(_Ci,l)_1> a(A — ¢

i=j+1 =1
and also that the coefficients of fix(\, 2),..., fj+1(A, z) have no pole at
A=c.

For i = j, we have v; —v; = 0, so Lemma 26 ensures that f;(, 2)
has z-adic valuation 0 with constant term

cld, f;(\, z) = (HH —ciy) )a%_()\—c):n;;l)

i=j+1 1=1 I=1

and also that the coefficients of f;(), z) have no pole at A = c.
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We have val.(0,, ., (2)f;(A,2)) = val.(0,,_,_,,(2)) <0, so Lemma
26 ensures that
Valz(el/jA*Vj (Z)h'j()‘? Z))
pri-t

Valz<eujf1fvj(z)hj*1()\?Z)) = <0.

Therefore, we have
Valz(eujfgfuj (Z)fjfl()V Z))
=val.(0,,_,—,_(2)) +val(0,,_,—0,(2) fi—1(X, 2)) <O

and Lemma 26 ensures that

o valz(H,,jfr,,j (Z)hjfl ()‘7 2))

Valz(eujfg—l/j (Z)f]—Q()\7 Z)) - prj_z <0.

An obvious iteration of this argument leads to the fact that, for i €
{1,...,7 — 1}, we have

ValZ (el/i—l/j (Z)fi+1 (/\7 Z))
pri

< 0.

val, (0, (2)hi(A, 2)) =

Therefore, we have

val, (0, -, (2) fr(\, 2)) = Valzwylu;f)m(A, 2))

val: (0,1 (2)) val, (0, (2)ha(A, 2))

p p
_ ValZ(gm—Vz (Z)) Valz(gv2—l/j(z)h3(/\v Z))
o pr - pritre

_ val.(0,,.,(2)) i val, (6, -15(2)) TR ValZ(Qijﬁuj (2))

pr pT1+7"2 p"'1+7'2+"'+7‘j71
1 UV —VlVy Uy — U3 Vi_1 — Vj
_p—1< P +p7"1+7“2 ++]m
B P (,UJ1 _ //JQ) N pT1+T2<M2 _ M3) R pT1+T2+"'+7'j71(uj_1 _ Mj)
N prt p”1+7"2 pT1+T2+"‘+Tj71

= K1~ My
S0
val.(0_,,(2) fi(\, 2)) = —py.

This proves (ii).
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It follows also from Lemma 26 that

- k T . ()\ _ C)mc,j
cld,(fi(A2)) = AT ( [T Tl )aﬁ

i=j+1 I=1 =1
k i k i M
s (1] Tt ) Bl oo
i=j+1 =1 7 cld, ao(2) i21(A =)

i o (=cig) (A —c¢)mes
cdyao(z)  TIL (A =)
(we have used the formula for cld, a(z) given by Proposition 15 for the
second equality) and that the coefficients of f;_1(\, 2), ..., fi(A, 2) have
poles order at most m j_1, Me j—1+Mcj—2, - ., Mej—1+Mej_o++ M1

at ¢ respectively. This prove (iii) and (iv).

— )\77‘17---71”]',1

9. FROBENIUS METHOD : LAST JUSTIFICATIONS

We use the notations introduced at the very beginning of Section 8.
We have seen in Proposition 22 that, for any exponent ¢ associated to
the slope p; of L, there exists a unique g.;(A, z) € S such that

L(gc; (A 2)ey) = zvalz(“‘)(z))_pfjl()\ — ¢)%eitMeiey

where
Sej = Me1 + 0+ Mej1.

and

vi=(p— 1" (= ) oo P (2 — ) + )
and that the coefficients of g.;(A, z) have no pole at A = ¢ and, hence,
Ge,j (A, 2)ex belongs to Z) .
We first prove:

Proposition 27. For any m € {0,...,m.; — 1},
Ye,jom = eV)\:c(aiC’j—i_m(gc,j()\; Z)e/\))
is a solution of L(y) = 0.

Proof. Using the fact that evy—. and 0, are #-linear and commute
with ¢,, we see that, for any m € {0,...,m.; — 1},

L(ye jm)
= L(evae(837 " (ge (A 2)en))) = evae 077 (L(ge (A, 2)en)
= 2O ey (A — e e ey).
Since m € {0,...,m.; — 1}, we have s.; +m < s.; + m,; and, hence,
eVi_c 8§C’j+m(()\ — ¢)¥eitMeiey)) = 0.

This proves that y. ;. is a solution of L as claimed. U
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It remains to prove the following result.

Theorem 28. We have attached to any slope u;, to any exponent c
attached to the slope j1; and to any m € {0,...,m.; — 1}, a solution

Sc,j+m

Yegm = Va=e()™ 7 (geg (A 2)en))
of L(y) = 0. These n solutions are C-linearly independent.

The proof is given in the following Section.

9.1. Proof of Theorem 28. Using the Leibniz rule, we see that

Yejm € Spanz(evaz(AR(er)), evaze(dr(er)), .-

c i+ c i—1
Ce ,eVA:C((()i d e (€>\)))
= Spane(ec, leg, - Lo, ytme;—1) C Span e (Lej)j>o-
But, Lemma 30 proven below guarantees that the family (4. ;)cecx j>0
is #-linearly independent. So, in order to prove Theorem 28, it
is sufficient to prove that, for any exponent ¢ of L, the family
(Yejm)jef1,....k}.mef0,...me 13 15 C-linearly independent. Let us prove
this. Fix such a c and consider a family (ac,jm)jef1,....k},mefo,...me 1} Of
complex numbers such that

(41) Z ac,j,myc,j,m = 0.
je{1,...k},me{0,...;,mc ;—1}

We have to prove that the a. ;. are all 0. In this respect, we will use
the following result.

Lemma 29. We have a decomposition of the form

Sc,jt+m
(42) Ye,jm = hc,j,m,u(z)gc,u
u=0
m—1 Sc,jtm
- hc,j,m,u(z)gc,u + hc,j,m,mgc,m + Z hc,j,m,u(z)gc,u
u=0 u=m-+1

for some he jmu(2) € F€ such that

val, (hejmu(2)) > —p; forue{0,...,m —1},
(43) val, (hejmm(2)) = — 4,
val,(hejmu(2)) > —pj forue {m+1... s.; +m}.

Proof. Using Leibniz rule, we obtain

Sc,j+m
Sc,j+m Y Sc,"l’m Sc,j+mM—u
0 e = 3 (o g )

Uu
u=0
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and, hence,

Sc,j+m

Yegm = e 5 (g (N 2)en) = D hegmulea:
u=0
with

hejmu(z) = u! (Sc’j + m) eV 8ic’j+m_u(gc7j()\, z)) € .

u
Accordingly to (29), we have
vala(9e,i(A 2)) = =1
and, hence,
vl (hegma(2)) > val.(ges (A 2)) = —iy.

Moreover, the latter inequality is an equality if and only if

(44) Ve 8§C’j+m_u(cldz Gej( A, 2)) #0
and it is a strict inequality if and only if
(45) evae 03T (cld, ge (N, 7)) = 0.

But, using (30), we see that cld, g.;(}, z) is a rational function in A
with (A — ¢)-adic valuation s. ;. So, (44) holds true if s.; +m —u = s, ;
and that (45) holds true if s.; +m —u < s. ;. Whence the result. O

Inserting (42) in (41), we get
Sc,j+m

(46) Z Z tejomhejoma(2) e

GE{L ...k} me{0,..;me j—1}  u=0

Using the fact that the family (¢.;);>0 is #-linearly independent (see
Lemma 30 below), we get, for all u € {0, ..., sq5+1 — 1},

(47) > Gejmhejmu(2) = 0.
je{1,....k},me{0,....,mc ;—1}
such that u€{0,...,s. j+m}
But, using (43), we see that
— for u = mj—1, all the terms in (47), with the possible exception
of the term ackm, ,—1hekm, —1,m.—1(2) corresponding to j = k
and m = m.y — 1, have z-adic valuation > —ju;
7 Va12<h87k,mc,k—1,mc,k—1(Z)) = —Hk-
It follows that ac . m,—1 = 0.
Similarly, using (43), we see that
— for u = m,y, — 2, all the nonzero terms in (47), with the possible
exception of the term ac . m, ,—2Mc km, ,—2,m. ,—2(2) corresponding
to 7 = k and m = m.j, — 2 have z-adic valuation > —pu;
T Valz<hc,k,mk72,mk72(z)) = —Hk-
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It follows that acj m,—2 = 0.
Iterating this procedure, we find a. g, = 0 for m € {0,...,m.,—1}.
An obvious iteration of what precedes yields to ac;, = 0 for all
je{l,...,k} and all m € {0,...,m.; — 1}, as expected.

In order to complete the proof, it remains to state and prove the
following two lemmas used above.

Lemma 30. The family ({c;)cecx j>o0 i F-linearly independent.

Proof. Assume on the contrary that the family ({;)cecx j>o0 18
J¢-linearly dependent. Consider a #7-linearly dependent family
(Uej)eec,j>0 with C' C C* finite (nonempty) of minimal cardinality.
There exist ¢ € C' and j > 0 such that /. ; is a -linear combinaison
of the ¢4 with d € C such that d # c or (d = c and k < j).

Let us first assume that j = 0. So, we have
(48) ce= Y ar(2)lax
deC\{c},k>0
for some ay(2) € . Applying ¢, to this equality, we obtain:
(49) cee= Y dplean(2))(dlap + Lap)-
deC\{c},k>0

Considering the linear combinaison (49) — ¢(48), we find
(50)
0= Y (dop(aar(2))—cour(Dlast D bplaar(z))lar

deC\{c} k>0 deC\{c},k>0

— Z (dop(aar(2)) — caqr(z) + dp(ars1(2)))lak-

deC\{c},k>0

We claim that this .7#-linear relation is nontrivial. Indeed, assume at
the contrary that, for all d € C'\ {c¢} and all & > 0, we have

dép(aan(z)) — caar(z) + dp(aar1(2)) = 0.

For k large enough, we have ag41(2) = 0. But, if agp41(2) = 0 then
it follows from Lemma 31 below that agx(z) = 0. Iterating this, we
find that all the oy x(2) with d € C'\ {c} and k > 0 are zero, whence
a contradiction. So, the linear combinaison (50) is non trivial; this
contradicts the minimality of C'.

We now assume that j > 1. We have

7j—1
(51) Ec,j = Z(Xc?k(z)qu + Z OédJc(Z)éd?k
k=0

dc,k>0
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for some ay(z) € F. Applying ¢, to this equality, we find:

j—1

(52) lej+ Lej1 = Y bp(aer(2))(cles + o)
k=0

+ Z Op(an(2))(dlag + Lar—1)-
d#c,k>0

Considering the linear combination (52)—c(51), we get

—_

(53) lej1 = c(p(en(2)) — e (2)) ek + Z Op( ek (2))le k-1

0

+ Y (dop(aar(2)) = caar(2)lax+ D> bplaar(z))lar1.

d#c,k>0 d#c,k>0

<.

i

The above equality can be rewritten as

(54) (1= c(dplae;-1(2)) = qej-1(2))) e
Z c(Gp(0en(2)) = dep(2) ek + D Op(0en(2))les
k=0 k=0

+ (ddp(an(2)) = caur()lar + D dpl@ar(2)lan1-

d#c,k>0 d#c,k>0

But 1—c(¢p(acj—1(2)) —ej—1(2)) # 0 (follows from Lemma 31 below),
so we obtain that /. j_; is a JZ-linear combinaison of the ¢4 withd € C
such that d # c or (d = c and k < j — 1). Iterating this, we get that
e.; is a J€-linear combinaison of the ¢4 with d € C'\ {c} and, hence,
we are reduced to the first case considered at the beginning of this
proof. O

Lemma 31. Let R be a ring. If g(z) € % has a nonzero constant
term, then the equation

Po(f(2)) = f(2) = 9(2)
has no solution f(z) € Hx.

Assume that R is an integral domain. If c,d are distinct nonzero
elements of R, then the equation

cop(f(2)) — df (2) =

has no nonzero solution f(z) € Hx.

Proof. The first assertion follows from the fact that, for any f(z) =
> eq [+2" € Hr, the constant term of ¢,(f(2)) — f(2) = 32 co(frp—
fy)27 is equal to fo/, — fo = 0.

Let us prove the second assertion. Consider c, d as in the statement of

the lemma and let f(z) = > o f42” € AR be such that co,(f) —df =
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0, 4.e., such that, for all v € Q, cf,/, —df, = 0. If f(z) # 0, then there
exists v € Q* such that f, # 0 and the latter equation implies that
fory # 0 for all k € Z, i.e., that p”y C supp(f(z)). This contradicts

the fact that supp(f(z)) is well-ordered. d
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