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FUNCTIONAL RELATIONS OF SOLUTIONS OF ¢-DIFFERENCE

EQUATIONS

THOMAS DREYFUS, CHARLOTTE HARDOUIN, AND JULIEN ROQUES

ABSTRACT. In this paper, we study the algebraic relations satisfied by the
solutions of g-difference equations and their transforms with respect to an
auxiliary operator. Our main tool is the parametrized Galois theories devel-
oped in [HS08| and [OW15]. The first part of this paper is concerned with
the case where the auxiliary operator is a derivation, whereas the second part
deals a q’-difference operator. In both cases, we give criteria to guaranty the
algebraic independence of a series, solution of a g-difference equation, with
either its successive derivatives or its q’-transforms. We apply our results to
g-hypergeometric series.
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INTRODUCTION

The study of the differential transcendence of special functions is an old and dif-
ficult problem. Only very recently, systematic methods in order to tackle this kind
of question were discovered. Indeed, after the seminal work of Cassidy and Singer
in [CS07], several authors developed Galoisian approaches in order to study the dif-
ferential or difference relations between solutions of linear differential or difference
equations; see e.g. Hardouin and Singer [HS08|, Di Vizio, Hardouin and Wibmer
[DVHW14b, DVHW14a] and Ovchinikov and Wibmer [OW15]. For instance, this
led to a short and comprehensive proof of Holder’s theorem asserting the differen-
tial transcendence of Euler’s Gamma function; see [HS08|. Also, this enabled the
authors of the present paper to study the differential transcendence of generating
series issued from the theory of automatic sequences, such as the Baum-Sweet or the
Rudin-Shapiro generating series, which turn out to satisfy linear Mahler equations;
see [DHR15]. In the present paper, we take a close look at the differential algebraic
relations satisfied by solutions of linear g-difference equations.Very little was known
about the differential or difference algebraic relations between these solutions. The
first results in this direction, due to Bézivin ([BB92|) and Ramis ([Ram92|), assert
that a non rational solution of a linear g-difference equation do not satisfy a linear
dependence relation with its successive transforms with respect to a derivation or a
q’-difference operator provided that q’' is multiplicatively independent of ¢. Later,
the parametrized Galois theories developed by Hardouin and Singer in [HS08] and
Ovchinnikov and Wibmer in [OW15] allowed their authors to give complete crite-
ria for the differential or difference transcendence for the solutions of ¢-difference
equations of order one or of systems of such equations. For irreducible ¢-difference
equations, the results of [HS08] allowed to characterize the dependencies of the so-
lutions via the existence of a linear compatible equation in the auxiliary operator.
Our paper is mainly concerned with g¢-difference equations of order greater than
two and combines the results of Bézivin and Ramis with the parametrized Galois
theories mentioned above. This paper is divided in two parts.

% 3k ok

In the first part, we study the algebraic relations between the successive derivatives
of the solutions of linear g-difference equations. These relations are encoded by the
parametrized difference Galois groups introduced by Hardouin and Singer in [HS08].
The basic (and, at first sight, quite optimistic) question is: if we know the algebraic
relations between the solutions, what can be said about the differential algebraic
relations? In Galoisian terms, an equivalent question is: if we know what the non
parametrized difference Galois group is, what can be said about the parameterized
difference Galois group? Our answer reads as follows. Consider a linear g-difference
equation

(0.1) an(2)yY(q"2) + an—1(2)y(¢"'2) + -+ ao(2)y(z) = 0

where ag(2),...,an-1(2),an(2) € C(z), ag(z)an(z) # 0, and where ¢ is a non zero
complex number with |g| # 1. Let G be the difference Galois group of this equa-
tion. This is an algebraic subgroup of GL,,(C) which reflects the algebraic relations
between the solutions of the equation. Let G? be its parametrized difference Galois
group. This is a differential algebraic subgroup of GL,, (((N?), where C is a differential
closure of C. As mentioned above, this parametrized difference Galois group re-
flects the differential algebraic relations between the solutions of the equation. The
main result of the first part of the present paper (see Theorem 3.1) can be stated
as follows.
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Theorem. Assume that the derived subgroup G of the neutral component G°
of G is an irreducible almost simple algebraic subgroup of SL,(C). Then, G° is a

subgroup of G(C) containing G4 (C).
For instance, we have the following consequence (see Proposition 2.4).

Proposition. Let h(z) be a non zero Laurent series solution of (0.1). Let G be
the difference Galois group of (0.1).
o Assume that G contains SL,(C) (with n > 2) or Sp,,(C) (with n even).
Then h(z),...,h(q""t2) are differentially algebraically independent over
C(z).
o Assume that G contains SO, (C) with n > 3. Then h(z),...,h(q""%2) are
differentially algebraically independent over C(z).

An important family of ¢-difference equations is given by the generalized g-
hypergeometric equations. Assume that 0 < |g| < 1. Let us fix n > s, two integers,
let a = (a1,...,a,) € ()", b= (by,...,bs) € (¢®\ ¢7V)%, X € C*, and defines
o4(f(2)) = f(gz). Let us consider the generalized g-hypergeometric operator:

n S
b
z)\H(aqu -1) - H <—]0q - 1> .
i=1 j=1 N4
When b1 = g, this operator admits as solution the ¢-hypergeometric series:
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Using [Roq08, Roqll, Roql2|, we see that, in many cases, the algebraic group
G is either SL,(C), SO,(C) or the symplectic group Sp,,(C) (for n even).
Therefore, the above results ensure that, in many cases, the g-hypergeometric series
are differentially transcendental. To the best of our knowledge, the only previously
known result in this direction was due to Hardouin and Singer [HS08] about g¢-
hypergeometric equations of order 2.

The first part of the present paper is organized as follows. Section 1 contains
reminders about difference Galois theory. Section 2 contains reminders and com-
plements about the parametrized difference Galois theory developed in [HS0§|. In
particular, we study the notion of projective isomonodromy. Roughly speaking, we
show that if the difference Galois group of (0.1) is large, then we have two possi-
bilities: either the parametrized difference Galois is large, or any solution of (0.1)
satisfies a linear differential equation. In Section 3, we prove the above Theorem by
showing that the latter case in the previous alternative does not occur. In Section 4,
we apply our results to the g-hypergeometric equations.

X K K

In the second part of the paper, we study the algebraic q'-difference equations
satisfied by the solutions of the equation (0.1), where q’ is a non zero complex
number such that |¢| and |q'| are multiplicatively independent. These relations
are reflected by the parametrized difference Galois group introduced by Ovchinikov
and Wibmer in [OW15]. Our main results are formally similar to those mentioned
above. However, the proofs are more involved in this case because the parametrized
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difference Galois group are difference affine algebraic group schemes. These are
more subtle than the differential algebraic groups. We obtain the following result,
see Corollary 9.1.

Theorem. Let G be the difference Galois group of (0.1). Assume that the derived
subgroup G4 of the neutral component G° of G is either SL,(C), with n > 2,
SO, (C), with n > 3, or Sp,,(C), with n even, and assume that there exists h, a
non zero a convergent Laurent series solution of (0.1). Then, h is oq -algebraically
independent over C(z).

Furthermore, assume that there exist b(z) € C(z)* and ¢ € C*, m € Z such that

det(A) = czm%. Then, if G°9¢" = SL,,(C) or Sp,,(C) (resp. G = SO,,(C)) then

h(2),...,h(d""2) (resp. h(z),...,h(q" %2)) are oq -algebraically independent
over C(z).

The second part of the paper is organized as follows. Section 5 contains re-
minders and complements about the parametrized difference Galois theory devel-
oped by Ovchinnikov and Wibmer in [OW15]. Then, we split our study in two
cases, depending on the oq/-transcendence of the determinant of the fundamental
solution. Since the latter is solution of an order one g-difference equation, we have
to compute the parametrized difference Galois group of such equations. This is the
goal of Section 6. Then, in Section 7, we deal with projective isomonodromy, and
we find basically the same type of result as in the first part. If the difference Galois
group of (0.1) is large, then we have two possibilities: either the parametrized dif-
ference Galois group is large, or any solution of (0.1) satifies a linear q’-difference
equation. In Section 8, we prove that the latter case does not occur when the de-
terminant of the fundamental solution is oy -algebraic. Hopefully, in all cases, we
are able to prove the og-transcendence of the meromorphic solutions of (0.1). We
apply our main results to the g-hypergeometric series in Section 9.

General conventions. All rings are commutative with identity and contain the
field of rational numbers. In particular, all fields are of characteristic zero.

Part 1. Differential relations of solutions of ¢-difference equations
1. DIFFERENCE GALOIS THEORY

For details on what follows, we refer to [vdPS97, Chapter 1].

A o4ring (R,04) is a ring R together with a ring automorphism o, : R — R.
An ideal of R stabilized by o, is called a og-ideal of (R,04). If R is a field, then
(R,04) is called a o4-field. To simplify notation, we shall, most of the time, write
R instead of (R, 0y).

The ring of constants of the o,-ring R is defined by

Rt ={f € R| oy(f) = f}.

If R%¢ is a field, it is called the field of constants.

A o -morphism (resp. og-isomorphism) from the o4-ring (R,0,) to the og-
ring (]?B, 04) is a ring morphism (resp. ring isomorphism) ¢ : R — R such that
poUg=0q0¢.

Given a o -ring (R, 0,), a 54-ring (R, 7) is a R-o,-algebra if R is a ring extension
of R and 8;|R = 04; in this case, we shall often denote o, by o,. Two R-04-algebras

(él,?le) and (EQ,BZQ) are isomorphic if there exists a og-isomorphism ¢ from
(R1,04,) to (R2,04,) such that ¢z = Idg.
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We fix a o4-field K such that k = K is algebraically closed. We consider the
following linear difference system

(1.1) oq(Y) = AY, with A € GL,,(K),n € N*.
By [vdPS97, §1.1], there exists a K-o4-algebra R such that

1) there exists U € GL,(R) such that o4(U) = AU (such a U is called a
fundamental matrix of solutions of (1.1));

2) R is generated, as a K-algebra, by the entries of U and det(U)™!;

3) the only o,-ideals of R are {0} and R.

Such a R is called a Picard-Vessiot ring, or PV ring for short, for (1.1) over K.
By [vdPS97, Lemma 1.8], we have R°2 = k. Two PV rings are isomorphic as
K-o04-algebras. A PV ring R is not always an integral domain. However, there
exist idempotents elements eq,...,es of R such that R = Ry @ - -- ® Rs where the
R; = Re; are integral domains which are transitively permuted by o,. In particular,
R has no nilpotent element and one can consider its total ring of quotients Qg, i.e.,
the localization of R with respect to the set of its nonzero divisors, which can be
decomposed as the direct sum Qr = K1®- - -@® K of the fields of fractions K; of the
R;. The ring Qr has a natural structure of R-04-algebra and we have Qr% = k.
Moreover, the K; are transitively permuted by o,. We call the o,-ring O a total
PV ring for (1.1) over K.

The difference Galois group Gal(Qr/K) of R over K is the group of K-o,4-
automorphisms of Qr commuting with og:

Gal(Qr/K) = {¢ € Aut(Qr/K) | o400 = ¢ ooy}
Abusing notation, we shall sometimes denote by Gal(Qgr/F) the group
{¢ € Aut(Qr/F) | 040 ¢ = ¢p ooy} for F a K-o4-subalgebra of Qp.
An easy computation shows that, for any ¢ € Gal(Qr/K), there exists a unique

C(¢) € GL, (k) such that ¢(U) = UC(¢). By [vdPS97, Theorem 1.13], the faithful
representation py :

Gal(Qr/K) — GLy(k)
¢ = C(9)

identifies Gal(Qr/K) with a linear algebraic subgroup of GL, (k). If we choose
another fundamental matrix of solutions U, we find a conjugate representation.

A fundamental theorem of difference Galois theory ([vdPS97, Theorem 1.13])
says that R is the coordinate ring of a G-torsor over K. In particular, the dimension
of Gal(Qr/K) as linear algebraic group over k coincides with the transcendence
degree of the K; over K. Thereby, the difference Galois group controls the algebraic
relations satisfied by the solutions.

2. PARAMETRIZED DIFFERENCE (GALOIS THEORY

We shall use standard notions and notations of difference and differential algebra
which can be found in [Coh65] and [vdPS97].

2.1. Differential algebra. A §-ring (R, ) is a ring R endowed with a deriva-

tion § : R — R (this means that § is additive and satisfies the Leibniz rule

d(ab) = 6(a)b+ ad(b), for all a,b € R). If R is a field, then (R,¢) is called a J-

field. To simplify notation, we shall, most of the time, write R instead of (R, ).
We denote by R’ the ring of §-constants of the d-ring R, i.e.,

R ={cec R|d(c)=0}.
If RY is a field, it is called the field of -constants.
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Given a d-ring (R, ), a g—ring (E, g) is a R-6-algebra if Risa ring extension of R
and S‘R = ¢; in this case, we often denote 5 by 0. Let K be a J-field. If L is a K-4-
algebra and a field, we say that L/K is a -field extension. Let R be a K-d-algebra
and let ay,...,a, € R. We denote by K{a1,...,a,}s the smallest K-d-subalgebra
of R containing aq,...,a,. Let L/K be a J-field extension and let aq,...,a, € L.
We denote by K{aq,...,a,)s the smallest K-d-subfield of L containing aq, ..., an.

The ring of é-polynomials in the differential indeterminates y1, ..., vy, and with
coefficients in a differential field (K, §), denoted by K{y1,...,yn}s, is the ring of
polynomials in the indeterminates {§7y; | € N,1 < i < n} with coefficients in K.

Let R be be a K-é-algebra and let ay,...,a, € R. If there exists a nonzero
d-polynomial P € K{yi,...,yn}s such that P(as,...,a,) = 0, then we say that
ai,...,ay, are d-algebraically dependent over K. Otherwise, we say that a1,...,a,
are d-algebraically independent over K.

A ¢-field k is called d-closed if, for every (finite) set of §-polynomials F, if the
system of §-equations F = 0 has a solution with entries in some §-field extension
L, then it has a solution with entries in k. Note that the field of §-constants k® of
any d-closed field k is algebraically closed. Any d-field k has a d-closure E, i.e., a
S-closed field extension. Moreover if k9 is algebraically closed then k® = k°.

From now on, we consider a J-closed field k.

A subset W C k" is Kolchin-closed (or d-closed, for short) if there exists
S C k{y1,...,yn}s such that

W=V(S)={ack™]| f(a)=0forall feS}.

The Kochin-closed subsets of k™ are the closed sets of a topology on k™, called the
Kolchin topology. The Kolchin-closure of W C k" is the closure of W in k™ for the
Kolchin topology.

Following Cassidy in [Cas72, Chapter II, Section 1, p. 905], we say that a sub-
group G C GL,(k) C k™" is a linear J-algebraic group (LDAG) if G is the
intersection of a Kolchin-closed subset of k™" (identified with k") with GL,, (k).
For F C k a d-subfield, we say that a linear J-algebraic group G C GL, (k) is
defined over F' if G is the zero set of §-polynomials with coefficients in F'. For G a
linear d-algebraic group defined over F' and L a d-field extension of F', we denote
by G(L) the set of L-points of G.

A d-closed subgroup, or §-subgroup for short, of an LDAG is a subgroup which
is Kolchin-closed. The Zariski-closure of a linear differential linear algebraic group
G C GL, (k) is denoted by G and is a linear algebraic group defined over k.

2.1.1. Difference differential algebra. A (og4,6)-ring (R, 04,06) is a ring R endowed
with a ring automorphism o, and a derivation § : R — R (in other words, (R, 04)
is a o4-ring and (R, J) is a d-ring) such that o, commutes with §. If R is a field,
then (R, 04,0) is called a (04, d)-field. If there is no possible confusion, we write R
instead of (R, g, 9).

We have straightforward notions of (og,d)-ideals, (oq4,d)-morphisms, (o4,d)-
algebras, etc, similar to the notions recalled in Sections 1 and 2.1. We omit the
details and refer for instance to [HS08, Section 6.2], and to the references therein,
for details.

In order to use the (o4,d)-Galois theory developed in [HS08], we need to work
with a base (0g,d)-field K such that k = K¢ is §-closed. Most of the common
function fields do not satisfy this condition. The following result shows that we can
embed any (o, 0)-field with algebraically closed field of constants into a (o, d)-field
with d-closed field of constants (here constants are o4-constants).
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Lemma 2.1 ([DHR15, Lemma 2.3]). Let F be a (04,0)-field with k = F7¢ alge-
braically closed. Let k be a d-closed field containing k. Then, the ring k ®y F is
an integral domain whose fraction field K is a (o4, 0)-field extension of F' such that
K% =k.

2.2. Parametrized Difference Galois theory. For details on what follows, we
refer to [HSO08|.

Let K be a (o4, §)-field with k = K79 a §-closed field. We consider the following
linear difference system

(2.1) o(Y) = AY

with A € GL,(K) for some integer n > 1.
By [HS08, § 6.2.1], there exists a K-(o4, d)-algebra S such that

1) there exists U € GL,(S) such that 0,(U) = AU (such a U is called a
fundamental matrix of solutions of (2.1));

2) S is generated, as K-d-algebra, by the entries of U and det(U)~*;

3) the only (og,d)-ideals of S are {0} and S.

Such a S is called a (og, 0)-Picard-Vessiot ring, or (o4, d)-PV ring for short, for (2.1)
over K. It is unique up to isomorphism of K-(og, §)-algebras. A (o4,d)-PV ring is
not always an integral domain. However, there exist idempotent elements eq, ..., es
of S such that S = 51 ®--- P Ss where the S; = Se; are integral domains stable by
0 and transitively permuted by o,. In particular, S has no nilpotent element and
one can consider its total ring of quotients Qg. It can be decomposed as the direct
sum Qg = K1 @ --- ® K, of the fields of fractions K; of the S;. The ring Qg has
a natural structure of S-(oy,d)-algebra and we have Qg”? = k. Moreover, the K;
are transitively permuted by o,. We call the (o4, 0)-ring Qg a total (o4,0)-PV ring
for (2.1) over K.

The (0, 8)-Galois group Gal’(Qg/K) of S over (K,o,,0) is the group of K-
(04, d)-automorphisms of Qg:

Gal’(Qs/K) = {¢ € Aut(Qs/K) | 0,0 ¢ = poo, and §o ¢ = o6}

Note that, if § = 0, then we recover the difference Galois groups considered in
Section 1.

A straightforward computation shows that, for any ¢ € Gal‘s(QS /K), there exists
a unique C(¢) € GL, (k) such that ¢(U) = UC(¢). By [HS08, Proposition 6.18],
the faithful representation py :

Gal’(Qs/K) — GLn(k)
¢ = C(9)

identifies Gal’(Qg/K) with a linear d-algebraic subgroup of GL, (k). If we choose
another fundamental matrix of solutions U, we find a conjugate representation.

The (o4,6)-CGalois group Gal’(Qg/K) of (2.1) reflects the differential alge-
braic relations between the solutions of (2.1). In particular, the §-dimension of
Gal’(Qs/K) coincides with the d-transcendence degree of the K; over K (see [HS08,
Proposition 6.26] for definitions and details).

A (04,6)-Galois correspondence holds between the d-closed subgroups of
Cal’(Qs/K) and the K-(o,,§)-subalgebras F of Qg such that every nonzero divi-
sor of F' is a unit of F (see for instance [HS08, Theorem 6.20]). Abusing notation,
we still denote by Gal’(Qg/F) the group of F-(c,,)-automorphisms of Qg. The
following proposition is at the heart of the (o4, §)-Galois correspondence.
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Proposition 2.2 ([HS08, Theorem 6.20]). Let S be a (04,9)-PV ring over K. Let
F be a K-(04,0)-subalgebra of Qg such that every nonzero divisor of F is a unit of
F. Let H be a §-closed subgroup of Gal’(Qs/K). Then, the following hold:

5
o QGO — (f € Qs | Vo € Gal’(Qs/F), 6(f) = f} = F
e Gal’(Qg/QH)=H.

Let S be a (0q4,0)-PV ring over K for (2.1) and let U € GL,(S) be a funda-
mental matrix of solutions. Then, the K-o,-algebra R generated by the entries of
U and det(U)~! is a PV ring for (2.1) over K and we have Qr C Qg. One can
identify Gal®(Qg/K) with a subgroup of Gal(Qr/K) by restricting the elements of
Gal’(Qs/K) to Qg.

Proposition 2.3 (|[HS08|, Proposition 2.8). The group Gal®(Qs/K) is a Zariski-
dense subgroup of Gal(Qr/K).

2.3. Transcendence results. Let K be a (o4,0)-field with k = K a d-closed
field. Let S be a (04,0)-PV extension for (2.1), with total field of fractions Qg,
let U € GL,(S) be a fundamental matrix of solutions of the system (2.1), and
let Gal’(Qs/K) be the representation of the (o, §)-Galois group associated to the
fundamental matrix of solutions U. We denote by SO, (k) the special orthogonal
group SO, (k) = {C € SL,,(k)|C*C =1,,} and, if n is even, by Sp,, (k) the symplectic
group Sp,, (k) = {C € GL,(k)|C*JC = J}, J = (_IO P 1”0/2), where I,, /5 is the
identity matrix of size n/2.
Proposition 2.4. Assume that n > 2. Let U € GL,(S) be a fundamental solution
matriz and let uw = (u1,...,u,)t be a line (resp. column) vector of U. If there
exists C € GLy(K) such that the image of Gal’(Qgs/K) by the representation PUG
contains

e SL, (k) or Sp,, (k) then ui,...,uy, are d-algebraically independent over K;

e SO, (k) then any n— 1 distinct elements among the u;’s are §-algebraically

independent over K;

Proof. Let H C GL,(k) be SL, (k) (resp. SO,(k) or Sp, (k)). If the image of
Gal’(Qg/K) by the representation pye contains H then the image of Gal’(Qs/K)
by the representation py contains H = CHC. By the parametrized Galois
correspondence [HS08, Theorem 6.20], we have

e the field Ko = QF, made of the elements of Qg fixed by H, is (0q4,0)-field
with KJ* =k,
e Qs is a (0q4,0)-PV field extension for (2.1) over Ko,
e and in the representation attached to U, the (oq4,d)-Galois group
Gal’(Qg/Ky) coincides with H.
Moreover, by [HS08, Prop.6.24], the K-§-algebra S = Ko{U, ﬁ(m}a is a

Gal’(Qg/Kog)-torsor. Thus, if we write S as Ko{X, m}g/j for some d-ideal
J then the following holds
e if H = SL, (k) then J equals {det(X) — f}; the radical /-ideal generated
by det(X) — f for some f € Ko;
e if H = SO, (k) then J equals { XCC*X? — F,det(X) — g}; the radical 6-
ideal generated by XCC'Xt — F for some F € GL,(Ko) and det(X) — g
for some g € Ko;
e if H = Sp, (k) then J equals {XCJC' X! — F,det(X) — g}s the radical 4-
ideal generated by XCJC*X* — F for some F € GL,(Ko) and det(X) — g
for some g € Kp.
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Let us prove the first claim. Suppose to the contrary that wuq,...,u, are §-
algebraically dependent over K. Let us denote by (z1,...,z,)! the corresponding
line (resp. column) of d-indeterminates in X. Then, there exists a non zero J-
polynomial P € Ko{x1,...,2,}s that belongs to J. However, it is easily seen that
{det(X) — f}s " Ko{z1,...,2n}s = {0}. Thisis a contradlctlon.

Let us assume that H = S0,(k) and set D = CC!. Let us denote by
X1 = (x1,...,2,)" the line (resp. column) of J-indeterminates in X correspond-
ing to w and by X; for ¢ # 1 the other lines (resp. columns) of X. Without loss of
generality, we can assume that X; is the first line (resp. column) of X. We claim
that

(22) jﬂKQ{xl,...,l‘n_l}g = {0}

It is equivalent to prove the claim with Kq replaced by an algebraic closure Kj.
Indeed, if (2.2) holds with K replaced by an algebraic closure Ky, some descent
arguments show that (2.2) holds over Ky. Suppose to the contrary that there
exists L(z1,...,2n—1) € INKo{z1,...,2n_1}s non zero. Let Uy € GL,(Ko) such
that UODU()5 = F and det(Up) = ¢g. We can decompose Uy as LoQ where Lg is
lower triangular and Q is in SOp = {Q € GL,(Ko)|QDQ! = D and det(Q) = 1}.
Then, LoDL{ = F and det(LO) =g. SetY = LilX Then, Y is a matrix of
S-indeterminates and Ko{X, det(X }5 = Ko{Y, ,det }5 Denote by (y1,...,yn)?
be the first line (resp. column) of Y. Moreover, 3 = {YDY' — D,det(Y) — 1}
and since Ly is invertible and lower triangular, L(z1,...,2p—1) = L(y1, ..., Yn—1)
for some non-zero d-polynomial L(y1, ..., yn—1) € INKo{y1,...,yn_1}s. This last
assertion contradicts the Gram-Schmidt process for the quadratic form Y DY,

Let us assume that H = Sp,(k) and set D = CJC!. Let us denote by
X := (x1,...,2,)! the line (resp. column) of §-indeterminates in X corresponding
to u and by X; for ¢ # 1 the other lines of X. Without loss of generality, we can
assume that X; is the first line (resp. column) of X. We claim that

(2.3) INKo{z1,...,zn}s = {0}.

A_s above, it is equivalent to prove the claim with K¢ replaced by an algebraic closure
Ko. Suppose to the contrary that there exists L(z1,...,z,) € INKo{z1,...,2n}s
non zero. Let D = CJC'. Let Uy € GL,(Ko) such that UyDU{ = F and
det(Up) =g. Let V € Ko be the first line vector of Up. Since V is non zero, there

exists a basis e = {ey,...,e,} of K_On such that eg = V and e is a symplectic basis
for the symplectic form X DX ¢, This proves that one can write Uy = LoS where
S € Spp = {9 € GL,(Ko)|S'DS" = D} and the first line of Lo is (1 0 ... 0).

Then, LoDLE = F and det(Lg) = g. Set Y = L_IX Then, Y is a matrix of J-
indeterminates and Ko{X, ﬁ(x)}g Kol{Y, det(y) }s. Denote by (y1,-..,yn)! be
the first line (resp. column) of Y. Moreover, 3 = {YDY"' — D det(Y) — 1}
and L(z1,...,2,) = f/(yl, ceYn) €3N K_O{yl, ..y Yn}s for some non-zero o-

polynomial L(y1,...,yn) € INKo{y1,...,yn}s. Since any non-zero vector can be
completed into a symplectic basis of K, for the symplectic form Y DY?, we get
that L(y1,...,yn) = 0= L(x1,...,2,). This is a contradiction. O

2.4. Projective isomonodromy. Let K be a (o4,6)-field with k = K7 alge-
braically closed. Let k be a é-closure of k. Let C = k% = k® be the (algebraically
closed) field of constants of k. Lemma 2.1 ensures that k®y K is an integral domain
and that L = Frac(k ® K) is a (04, 0)-field extension of K such that L7« = k. We
let Qg be the total ring of quotients of a (o4, )-PV ring S over L of the difference
system

0,Y) =AY
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where A € GL,(K). The following proposition generalises [DHR15, Proposi-
tion 2.10].

Proposition 2.5. The following properties are equivalent:

(1) Gal’(Qg/L) is conjugate to a subgroup of EXSLn(C);
(2) there exists B € K™*™ such that

(2.4) 04(B)A = AB + 6(A) — %5(det(A)) det(A) " A.

Proof. We shall first prove that (1) holds if and only if there exists B € L™*™ that
satisfies (2.4).

Let us first assume that Gal®(Qg/L) is conjugate to a subgroup of k*SLy,(C).
So, there exists a fundamental matrix of solutions U € GL,,(S) of 0,(Y) = AY such
that, for all ¢ € Gal’(Qs/L), there exist py € k* and My € SL,(C) such that
o(U) = UpyMg. Let d = det(U) € S*. Note that ¢(d) = dpjj. Easy calculations
show that the matrix

1
B=§U)U "~ =§(d)d"'1, € SV
n

is left invariant by the action of Gal‘s(Qs /L), and, hence, belongs to L™*" in virtue
of [HS08, Proposition 6.26], and that B satisfies equation (2.4).

Conversely, assume that there exists B € L™*™ satisfying equation (2.4). Con-
sider

1
By = B+ =§(d)d'I, € §™*™.
n

Note that
O’q(Bl) = ABlAil + 6(14)1471

Let U € GL,(S) be a fundamental matrix of solutions of ,Y = AY. We
have o4(6(U) — BiU) = A(6(U) — B U). So, there exists C' € K™ " such that
§(U) — BiU =UC. Since k is d-closed, we can find D € GL,(k) such that
§(D)+CD =0. Then, V = UD is a fundamental matrix of solutions of 0, = AY
such that d(V) = B,V. Consider ¢ € Gal’(Qg/L) and let My € GL, (k) be
such that ¢(V) = VMy; note that ¢(d) = dpy where py = det(My). On the
one hand, we have ¢(3(V)) = ¢(B1V) = (By + £0(py)p, ' In)VMy. On the
other hand, we have ¢(6(V)) = 6(¢(V)) = 6(VMy) = BiV M, + V(My). So,
%5(p¢)p;1M¢ = §(My). So, the entries of My = (m; ;)i<i j<n are solutions of
i(y) = %6(p¢)p;1y. Let g, jo be such that m;, ;, # 0. Then, My = my, j, M’ with
M = mii - M, € GL,(k’) = GL,(C). Since C is algebraically closed, we can
write M’ = AM" with X\ € C* and M" € SL,,(C), whence the desired result.

To conclude the proof, we have to show that if (2.4) has a solution B in L™*™
then it has a solution in K™*™. This can be proved by using an argument similar
to the descent argument used in the proof of [DHR15, Proposition 2.6]. O

In what follows, we denote by Ng(H) the normalizer of H in G.
Lemma 2.6. Let H be an irreducible subgroup of SLy,(C). Then,

Ngp, i H) =k*Nsp, () (H).

Proof. Let M € GLy,(k) be in the normalizer of H. Consider N € H.
We have MNM~' € H. In particular, we have 6(MNM~1') = 0, ie.,
S(M)YNM~t — MNM~1(M)M~1 =0, so M~'§(M) commutes with N. It fol-
lows from Schur’s lemma that M ~18(M) = cI,, for some ¢ € k*. So, the entries of
M = (mij)i<i,j<n are solutions of 6(y) = cy. Let ig,jo be such that m,, j, # 0.
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Then, M = my, joM' with M’ = —1—M € GL,(k’) = GL,(C). Since C is
20,70

algebraically closed, we can write M = AM" for M" € SL,(C) and X € C*.

Hence, the normalizer of H in GL, (k) is included in k* Ngy, (c)(H). It follows

that Nep g (H) C EXNSLTL(C)(H). The other inclusion is obvious. O

For any algebraic subgroup G of GL,(k), let G° be the neutral component of G
and G°9" be the derived subgroup of G°. We recall that a linear algebraic group
G is almost simple if it is infinite, non-commutative and if every proper normal
closed subgroup of G is finite. In particular, G is connected. Moreover, G equals
its commutator group G9°".

Proposition 2.7. Assume that the difference Galois group G of 0,(Y) = AY
over the o,-field K satisfies the following property: the algebraic group G*%" is an
irreducible almost simple algebraic subgroup of GL, (k) defined over C. Then, we
have the following alternative:
(1) Gal’(Qs/L) is conjugate to a subgroup of EXNSLW(C)(GO’CI”(C)) contain-
ing Go,der;
(2) Gal’(Qgs/L) is equal to a subgroup of G(K) containing G4 (k).
Furthermore, the first case holds if and only if there exists B € K™*™ such that

(2.5) 0,(B)A = AB + 8(A) — %6(det(A)) det(A) 1A,

Proof. Let R be the L-o,-algebra generated by the entries of U and by det(U)™!;
this is a PV ring for o4(Y) = AY over the o4-field L. Using [CHS08, Corollary
2.5], we see that Gal(Qr/L) = G(k). So, Gal(Qg/L)>4r = G°d°r(k). Since
Gal’(Qg/L) is Zariski-dense in Gal(Qgr/L) (see Proposition 2.3), we have that
Gal’(Qg/L)%rs* is Zariski-dense in Gal(Qg /L)% = G°4er (k). By [Cas72, Propo-
sition 42|, Gal®(Qg/L)%°"s is either conjugate to G°4¢(C) or equal to G4 (k).
Since Gal’(Qg/L)%"s is a normal subgroup of Gal®(Qg/L), Lemma 2.6 ensures
that Gal’(Qg/L) is either conjugate to a subgroup of EXNSLn,(C)(GO*deT(C)) con-
taining G*%"(C) or is equal to a subgroup of G(k) containing G (k).

The remaining statement is a direct consequence of Proposition 2.5. (]

3. LARGE (04, 0)-GALOIS GROUP OF ¢-DIFFERENCE EQUATIONS

In this section, we focus our attention on ¢-difference equations over C(z). Let us
consider the field C(z) and the algebraic closure C(z) of C(z) in (the algebraically
closed field) UjZ, C((2'77)). A non zero complex number g such that |¢| # 1 being
given, the field automorphism

0,:C(2) — C(z
f(z) = flez)

JR— — 0

gives a structure of og-field on C(z). We have C(z) “ = C. The derivation § = z-
endows C(z) with a structure of (0, §)-field. Note also that C(z) is a (o4, §)-subfield
of C(z) with C(z)?* = C.

Let (C,8) be a d-field that contains (C,4§) and which is d-closed. According to
Lemma 2.1, the (o4, 0)-field

~—

L = Frac(C @¢ C(z))

is a (04, 0)-field extension of C(z) such that L% = C.

*This is the Kolchin-closure of the derived subgroup of Gal®(Qg/L); see [DHR15, Section
4.4.1].
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Consider the g-difference system
(3.1) o0q(Y) =AY
with A € GL,,(C(z)). In what follows, we let S be a (04,6)-PV ring over L for the
equation (3.1), Qg be the total ring of quotients of S, and we denote by Gal‘s(QS/L)
the corresponding (o4, §)-Galois group over L.

The theorem below shows that if the difference Galois group of a g¢-difference
system is large, the same holds for the parametrized difference Galois group.

Theorem 3.1. Let G be the difference Galois group of the q-difference system
(3.1) over the o,-field C(z). Assume that G*" is an irreducible almost simple
algebraic subgroup of SL,,(C). Then, Galé(QS/L) is a subgroup of G((E) containing
Go,der (@)

Before giving the proof of Theorem 3.1, we state and prove some preliminary
results.

Lemma 3.2. Let G be the difference Galois group of (3.1) over the oy-field C(z).

Let H be the difference Galois group of (3.1) over the o4-field L. Then, H = GO((E).
Hence, if G*%" is an irreducible almost simple algebraic subgroup of GL,,(C) then

HAer equals G (C) and is an irreducible almost simple algebraic subgroup of
GL,,(C).

Proof. Since C(z) is an algebraic extension of C(z), [Roql5, Theorem 7] implies that
the difference Galois group G’ of (3.1) over the oy-field C(z) has the same connected

component as G. Moreover, since C(z) is algebraically closed, the difference Galois
correspondence implies that G’ is connected and therefore coincides with G°. By

[CHS08, Corollary 2.5], the group H is isomorphic to G'(C). O

Lemma 3.3. Assume that the system (3.1), has a solution u = (uy, ..., u,)" with
coefficients in \J72, C((2%/7)). Then, there exists a (o4,0)-PV ring T over L of
(3.1) that contains the L-0-algebra L{uy, ..., up}s.

Proof. The result is obvious if uw = (0,...,0)®. We shall now assume that

u# (0,...,0)". We equip U C((2%7)) with the structure of (o, d)-field given by

j=1
oq(f(2)) = f(gz) and § = 2L, It is easily seen that we have U C((z1/9))7a = C.
j=1
We let F = C(2)(u1,...,un)s be the d-subfield of U C((27)) generated over
j=1
C(z) by the series u1,...,uy,; this is a (g4, d)-subfield of U C((2/7)) such that
j=1

F?s =C. By Lemma 2.1, C ®c F' is an integral domain and its field of fractions
Li =L{u1,...,un)s is a (o4, 6)-field such that L;7? = C. We consider a (04,0)-PV
ring S; for (3.1) over Ly and we let U € GL,(S1) be a fundamental matrix of
solutions of this difference system. We can assume that the first column of U is
u. Then, the L-(o,,d)-algebra T generated by the entries of U and by det(U)~!
contains L{u1,...,u,}s and is a (04,9)-PV ring for (3.1) over L. Whence the
result. O

Lemma 3.4. Let us consider a vector u = (uy,...,u,)" with coefficients in

U C((z'/7)) which is solution of (3.1). Assume moreover that each u; satisfies
Jj=1
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some nonzero linear differential equation with coefficients in C(z). Then, the u;
actually belong to C(z).

Proof. According to the cyclic vector lemma, there exists P € GL,,(C(z)) such that
Pu= (f,04(f),...,0""(f))! for some f € U C((2'/7)), which is a solution of a

1%q
j=1
nonzero linear g-difference equation of order n with coefficients in C(z). Moreover,
f satisfies a nonzero linear differential equation with coefficients in C(z), because it
is a C(z)-linear combination of the u;. It follows from [Ram92, Theorem 7.6] that f
belongs to C(z). Hence, the entries of u = P~'(Pu) = P~ (f,04(f),..., 007 (f))"
actually belong to C(z), as expected. O

Proof of Theorem 3.1. Using Lemma 3.2 and Proposition 2.7, we are reduced to
prove that the (og4,d)-Galois group over the (o4, 6)-ring L of 04(Y) = AY is not
conjugate to a subgroup of C - Ngt,,, () (G*47(C)). Suppose to the contrary that it
is conjugate to a subgroup of C - Ngt,,, ) (G*47(C)). Let V/det A be a n-th root of
det A in C(2).

We consider A’ = (¥/det A)"'A € SL,(C(z)). The second part of Lemma B.2
ensures that there exist ¢ € C* and r € Q such that o,(Y) = A”Y, with
A" = ¢z" A’ € GL,(C(2)), has a nonzero solution u = (uy,...,u,)" with coeffi-
cients in (J52, C((2'/7)). We let S be a (o4,6)-PV ring over the (o4,0)-ring L
for 04(Y) = A”Y containing the entries of u. We let U” € GL,(S) be a fun-
damental matrix of solutions of ¢,(Y) = A”Y whose first column is u. Since
A" = hA for some h € L*, the derived groups of the difference Galois groups of
the systems o4(Y) = AY and 04(Y) = A”Y over L coincides and are therefore

equal to G (C). Indeed let R be a Picard-Vessiot ring over L for the sys-
tem oy (Y) = (61 2) Y then there exists U € GL,(R) and v € R* such that
04(U) = AU and o4(v) = hv. Then, L[U, ﬁ(U)] C R (resp. L[vU, WWU)] C R)
is a Picard-Vessiot ring for o4(y) = AY (resp o4(Y) = A”Y) over L. In the rep-
resentation attached to U and vU, one can easily conclude to the equality of the
derived groups.

Now, since the (oq,d)-Galois group of 04,(Y) = AY over L is conjugate to

a subgroup of C - NSLTL(@)(GO’d”((C)), Proposition 2.7 ensures that there exists

———nX

BeC(z)" " such that

(3.2) 04(B)A=AB+(A) — %5(det(A)) det(A)"A.

An easy computation shows that

(3.3) o4(B)A" = A"B +6(A") — %5(det(A”)) det(A”)1A".
This equation ensures the integrability of the system of equations

o (V) = A"Y
5(Y)=(B+2)Y

where d = det U” satisfies the ¢-difference equation o4(d) = (det A”)d = (cz")"d.

So, there exists D € GL,,(C) such that V =U"D € GL,(S) satisfies

oo(V) = A"V
(34) {5(v> =(B+4)V.
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We remind that o400 = doo,. Note that % € S is such that o, (%) = % +nr.
So, L{%}g C Sisa(oq,9)-PV ring over the (o4, §)-ring L. Since, the corresponding
(04, 6)-Galois group is Kolchin-connected (because it is a é-subgroup of the additive
group G,(C)), we get that L{2d }, is an integral domain and, hence, we can consider
its field of fraction L(23)s C Qs
Note that, since o, (‘if) + nr, we have oq (6 (
5( d) € 870 = C. Consequently, L d>§ = L(‘i;i).

Using (3.4), we get §(U")D + U"6(D) = 6(U"D) = 6(V) = (B + 240" D so

i(d
5(U//) — <B+ (d)> U”*U//(S(D)Dil
n

alx

) = 5(%‘1), and therefore,

The previous formula implies that the L(%)—veetor subspace of Qg generated by
the entries of U” and all their successive d-derivatives is of finite dimension. In
particular, any u; satisfies a nonzero linear §-equation £;(y) = 0 with coefficients

in L[24].

Wedclaim that any w; satisfies a nonzero linear §-equation With coefficients in L.

If nr = 0, we have o, (‘i‘f) = %d +nr = 5;, and therefore € 5% = (C, which
proves our claim.

Assume that nr # 0. The equation L£;(y) = 0 can be rewritten as
di—0Li (y)(&2)7 = 0 where the L£;;(y) are linear -operators with coefficients

in L, not all zero.
To prove our claim, it is sufficient to prove that % is transcendent over

L{uy,...,u,)s. Indeed, assume at the contrary that there is a non zero relation
K
od
(3.5) Zak<d> =0
k=0
with kK > 1 and ag, ...,ak-1,ax = 1 € L{u, ..., uy)s. We can and will assume that

% > 1 is minimal. Applying o, to equation (3.5), we get

(3.6) Zoq a <—d + m’>k =0.

Since x is minimal, the coefficients of any (Fd) in (3.5) and (3.6) are equal. In
1

particular, equating the coefficients of (6(1 )H we get
(k-1 = 0g(ak_1) + Knr

and this is a contradiction (since a,_1 € Uj@((zl/j)), the term of degree 0 in
ax—1 — 04(ax—1) is equal to 0 and, hence, is not equal to knr # 0).

It follows that all the £; ;(u;) are equal to zero and this proves that %d is tran-
scendent over L{uy, ..., u,)s. This proves our claim, that is, any u; satisfies some
nonzero linear J-equations with coefficients in L.

o0

Since the u; belong to U C((z1/7)), we obtain that any u; satisfies a nonzero
j=1
linear d-equation with coefficients in C(z). Since C(z) is an algebraic extension of
C(z), we get that any u; satisfies a nonzero linear d-equation with coefficients in
C(z).

The vector u is a solution of 0, (Y') = A”Y. Then, letting p be a denominator of r
and considering the pn-th tensor power of this ¢-difference system, we get that u®P?
satisfies a linear ¢g-difference equation with coeflicients in C(z). Since any u; satisfies
a nonzero linear §-equation with coefficients in C(z), we find that u®P" satisfies a
nonzero linear d-equation with coefficients in C(z). It follows from Lemma 3.4 that
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the entries of u®P™ belong to C(z) and, hence, any u; belongs to W Hence, the
first column of U” is fixed by the difference Galois group of o,(Y) = A”Y over L
and this contradicts the fact that this group contains G°-%" ((E), which is irreducible
by hypothesis. (I

4. APPLICATIONS

4.1. User friendly criterias for transcendence. The goal of this subsection is
to use Theorem 3.1, in order to give transcendence criterias. We refer to Section 3
for the notations used in this section.

Corollary 4.1. Let G be the difference Galois group of the q-difference system
(8.1) over the o4-field C(z). Let us assume that (3.1) admits a non zero vector
solution uw = (u1,...,u,)" with entries in Uji1 C((29)).

o Assume that n > 2 and G°%" = SL,,(C). Then, the series uy, ..., u, ared-
algebraically independent over C(z). In particular, any u; is d-algebraically
independent over C(z).

e Assume that n > 3 and G°9" = SO,,(C). Then, the series uy,...,Un_1
are d-algebraically independent over C(z).

o Assume that n is even and G*%" = Sp, (C). Then, the series ui,. .., u,
are §-algebraically independent over C(z).

Proof. Thanks to Lemma 3.3, there exists a (g4, 6)-PV ring S for the system (3.1)
over L containing L{us,...,un}s. Let U € GL,(S) be a fundamental matrix of
solutions of the system (3.1) whose first column is u. Since G is equal to
SO, (C), (resp. SL,(C), resp. Sp,,(C)), with Theorem 3.1, we find that the (o4, d)-

Galois group of (3.1) contains SO, (C), (resp. SLy(C), resp. Sp,,(C)). The results
of Section 2.3 yield the desired conclusion. (I

Consider the following ¢-difference equation

(4.1) an(2)y(q"2) + an—1(2)y(¢""2) + -+ ao(2)y(z) = 0

for some integer n > 1, and some ag(z),...,a,(z) € C(z) with ag(2)a,(z) # 0. In
what follows, by “difference Galois group of equation (4.1)”, we mean the difference
Galois group of the associated system

0 1 0o --- 0
0 0 1 . :
(4.2) o04(Y) =AY, with A= : : . . 0 € GL,(C(z)).
0 0 o0 1
_& _@ ., ... _%n-1

Corollary 4.2. Let G be the difference Galois group of the q-difference system
(4.2) over the o4-field C(z). Let us assume that (4.2) admits a non zero solution

g€ U2, C((z1)).

o Assume that n 2 2 and Goder = SL,(C). Then, the series
9(2),9(q2),...,9(q""12) are 6-algebraically independent over C(z).

o Assume that n Z 3 and G°4" = S0,(C).  Then, the series
9(2),9(q2),...,9(q""22) are 6-algebraically independent over C(z).

o Assume that n is even and G*%" = Sp (C). Then, the series

9(2),9(qz2),...,9(¢""12) are §-algebraically independent over C(z).
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Proof. Let us note that if g(z) € U C((z'/7)) is a nonzero solution of (4.1),
j=1

then u; = (g9(2),9(qz),...,9(¢g"'2))* is a nonzero solution of (4.2) with entries
in (J7Z, C((2/7)). This is a direct consequance of Corollary 4.1. O

4.2. Generalized Hypergeometric series. In this subsection, we follow the no-
tations of [Roqll, Roql2] and we assume that 0 < |g| < 1. Let us fix n, s € N*, let
a=(ar,...,a,) € ()", b= (br,...,bs) € (¢®\ ¢ V)%, A € C*, and consider the
g-difference operator:

i3,

Jj=1

(4.3) ) H(aiaq -1)—

When b1 = g, this operator admits as solution the power series:

n®s(a,b, N\, q;2) = Z(Q.;Z;m)‘mzm

(1—a)(l —aiq)...(1—aiq™")

= i =1 AT

m=0 P11 —b;)(1 —bjq)...(1 —bjg™ ")

o
—~
<

m=

=

-
Il

o

<.
Il
—

Until the end of the subsection, let us assume that s = n > 2 and that
a=(a,...,an) € (@)™ b= (b1,...,bs) € (¢%\ g V).

According to [Roql1], the operator (4.3) is irreducible over C(z) if and only if,
for all (i,j) € {1,...,n}2, a; € bjq®. We say that (4.3) is ¢-Kummer induced if it
is irreducible, and there exists a divisor d # 1 of n, and two permutations pu,v of
{1,...,n}, such that, for all i € {1,...,n}, a; € a,;q"/ %%, and b; € b,(;q*/q”.

Theorem 4.3 ([Roqll|, Theorem 6). Let us assume that (4.3) is irreducible and
not q-Kummer induced. Let G be the difference Galois group of the q-difference
system (4.3) over the o4-field C(z). Then, G is either SL,(C), SO, (C) (only
when n is odd), or Sp,,(C) (only when n is even). Moreover, G is SO, (C)
(resp. Sp,,(C)) if and only if

o [Ty ai € ¢"IT}_, bj:

o there exists ¢ € C*, there exist two permutations u1, pe of {1,...,n}, such

that, for all i,j € {1,...,n}, caza,, ;) € q, cbjb,, ) € q%;
e n is odd (resp. even).

Theorem 4.3 and Corollary 4.2 yield the following result.

Corollary 4.4. Let us assume that (4.3) is irreducible and not q-Kummer induced.
Let G be the difference Galois group of the g-difference system (4.3) over the og-
field C(2) and let G°, be the §-Galois group of the q-difference system (4.3) over
the field L.

o Assume that G°%" equals SL,(C), (resp. SO,(C), with n odd, resp.
Sp,,(C), with n even). Then, G contains SL,(C), (resp. SO,(C), resp.

Sp,(C)).
e Furthermore, if b1 = q, then n®,.(a, 0, A, ¢;2), ..., 05 (nPn(a, b, A, g; 2)) with
k=n—1 (resp. Kk =n—2, resp. k =n—1) are §-algebraically independent

over C(z).

Proof. The first point is a straightforward consequence of Theorems 3.1, and 4.3.
We conclude with Corollary 4.2. (I
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4.3. Irregular generalized Hypergeometric functions. In this subsection, we
assume that n > s, n > 2. Let a = (a1,...,a,) € ()", b = (by,...,bs) €
(@ \g)*, A eC 0< gl <1.

The following result is proved in [Roq12].

Theorem 4.5. Let G be the difference Galois group of the q-difference system
(4.3) over the oq-field C(z). For (i,j) € {1,...,n} x{1,...,s}, let a;, B; € R such
that a; = q® and b; = ¢%. Assume that for all (i,7) € {1,...,n} x {1,...,s},
a; — Bj ¢ Z, and that the algebraic group generated by Diag(e* ™1 ... e2"™n) s
connected. Then, G = GL,(C).

Corollary 4.6. Let G°, be the 5-Galois group of the q-difference system (4.3)
over the field L. Assume that for all (i,j) € {1,...,n} x {1,...,s}, we have
a; — B & Z, and that the algebraic group generated by Diag(e?™1, ... emon)
is connected. Then, G° :GLH(@). Furthermore, if by = q, then the series
nPs(a, b, N\, q;2), ..., 0}1’_1 (n®s(a,b, A\, q;2)) are §-algebraically independent over
C(z).

Proof. Theorems 3.1 and 4.5 ensure that G contains SLn(@). So, the group G?
equals to GpSL,(C), where Gy C C* is the §-Galois group of the g-difference

_1\n _1\s+1
equation o,y = det(A)y = %y, and A is the matrix associated to
i=1 "

(4.3). It is easily seen that there do not exist ¢ € C*, m € Z, and f € C(z)* such
that det(A) = cz‘la"T(f). By [HS08, Corollary 3.4], we deduce that Gy = C*. We
conclude with Corollary 4.2. O

Part 2. ¢'-difference relations of solutions of ¢-difference equations
5. PARAMETRIZED DIFFERENCE GALOIS THEORY

5.1. Difference algebra. We refer to [OW15| for more details on what follows.
By a (04, 0q’)-ring, we mean a ring equipped with two commuting automorphisms
04 and og/. The definition of (o4, o4 )-fields, K-(oy, 04 )-algebras for K a (o4, 0q)-
field and (o4, 0¢)-ideals are straightforward.

We say that a K-(og,0q)-algebra R is oq-finitely generated if there exist
ai,...,a, such that R is generated as K-algebra by the a;’s and their transforms
via og/. We then write R = K{a1,...,an}s_ . We say that a K-(0g, 0q)-field R is
o -finitely generated if there exist ai,...,a, such that R is generated as K-field
by the a;’s and their transforms via og. We then write R = K(aq, ..., an>aq,.

Let (k,04) be a difference field. Let R be a k-og-algebra. If R is a field, we
say that R is inversive if o4 is surjective on R. We call R oq/-separable if o is
injective on R ®y k for every oq -field extension E/ k.

The ring of o4/-polynomials in the differential indeterminates y1, . .., yn and with
coefficients in (k, oq/), denoted by k{yi,... ,yn}gq,, is the ring of polynomials in

the indeterminates {Jé,yi |7 € N,1 < i < n} with coefficients in k. Let R be

a K-og-algebra and let a1,...,a, € R. If there exists a nonzero oq/-polynomial
P e K{yi,... ,yn}aq, such that P(aq,...,a,) = 0, then we say that ay,...,an
are oy -algebraically dependent over K. Otherwise, we say that aq,...,a, are oq/-

algebraically independent over K.
We would like to prove some lemmas about the extension of constants.

Lemma 5.1. Let F' be a (04,04 )-field and let k = F74 be the field of o4-constants
of F'. We assume that k is an inversive oq -field. Let k be a regular f oq -field

fSee [Bou03, A.V.141] for the definition.
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extension of k considered as a field of oq-constants. Then, the ring k Qxk F is an
mtegml domain whose fraction field Fisa (04, 0q)-field extension of F such that
Foa = k.

Proof. Since k is a regular extension of k, the ring k ®k F is an integral domain.
Moreover since kK is a oq-separable oq-field extension of k by [DVHW14b Corol-

lary A.14], the operator o is injective on k ®x F and thus extends to F. The rest
of the proof is essentially [DHR15, Lemma 2.3]. O

Lemma 5.2. Let F' be a (04,04 )-field and let k = F74 be the field of o4-constants
of F. We assume that k is an inversive oq -field. Let k be a reqular oq -field
extension of k considered as a field of o4-constants. By Lemma 5.1, we can consider
the (04,04 )-field F = Frac(k @y F). Let A € GL, ( ) and let Vi (resp. Vi) be
the solution space of 04(Y) = AY in F™ (resp. in F™). Then, Vi = Vi ®xk k.

Proof. Obviously, we have Vi ®x kC V5. Let f € Vi be a non zero solution. Set
S = F ®x k. Let us consider

a={reSjrfes}

Since o4(f) = Af, the ideal a is a non zero og-ideal of S. By [vdPS97, Lemma
1.11], the ring S is o4-simple. Therefore 1 € a and f € S. Let (e;)icr be a basis
of k over k and let us write f = > i fies with f; € F. Then, o4(f) = Af implies
o4(fi) = Afi, which ends the proof. O

5.2. Parametrized Difference Galois theory. We fix ¢ € C* with |¢| # 1. Let
Mer(C*) be the field of meromorphic functions over C*. The field automorphism

oq: Mer(C*) —  Mer(C*)
f(z) = [flez)
gives a structure of o4-field on Mer(C*) such that Mer(C*)% = Cg, the field

of elliptic functions on the elliptic curve E, = C*/¢%. Let us set Cp = U Cg,,
reN*
where Cs, = {f(2) € Mer(C*)[o? (£(2)) = f(2)}.
We denote by Cg(z) the field compositum of C(z) and Cg in Mer(C*). Then
Cr(z) is a g4-field and Cg(z)7 = Cg.

Lemma 5.3. The field Cg(z) is relatively algebraically closed in Mer(C*). More-
over, any finite field extension F C Mer(C*) of Cg(z) stable under o4 is of the
form Cg,_(2) for some non-negative integer r.

Proof. Using a multiplicative version of the proof [DR15, Proposition 6], one can
show that any finite extension stable under o4 of Cg is of the form Cg, for some
non-negative integer r. This proves that the relative algebraic closure of Cg in
Mer(C*) is contained in Cg. Conversely, any element u of Cg is contained in
some Cg,. for some non-negative integer . This implies that the polynomial
w(X) = (X —u)(X —oaq(u))...(X — oy~ (u)) belongs to Cp[X] and annihilates
u. Thus Cg is relatively algebraically closed in Mer(C*) .

Let F/Cg(z) be a finite field extension in Mer(C*) stable under 4. The field
of constants C' of F', i.e., the elements of F' algebraic over Cg, is stable under o,
(because Cf is stable under o4). Thus, there exists a non negative integer r such
that C = Cg,. Then, by [Sti09, Corollary IIL.5.8], the extension F//Cg, (z) is either
ramified or F' = Cg,(z). Since F C Mer(C*), the extension can not ramify and
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Let @' € C* not a root of unity. We can consider the automorphism of Mer(C*)
defined by oq/ (f(2)) = f(d'2) for all f € Mer(C*).

Ezample 5.4. The fields Mer(C*),Cg(z), Cr(z), and C(z) equipped with ¢, and
oq as above are (0g4, 0q/)-flelds.

Given a (04, 0g )-field K and A € GL,,(K), the (o4, 04 )-Galois theory developed
in [OW15] aims at understanding the algebraic relations between the solutions of
04(Y) = AY and their successive transforms with respect to o from a Galoisian
point of view. We will not recall here the theoretic aspects of this parametrized
Galois theory in their greatest generality. However, we describe the definitions and
results of [OW15] in the specific situation where the (04,04 )-field K is precisely
Cg(z). In this part of the paper, the word parametrized refers to the parametric
action of the operator o4 whereas in the first part, it was related to the parametric
action of the derivative. Therefore the word parametrized do not refer to the same
parametric action depending on the part of the paper. Since the two parts are
almost independent, this convention will not lead to confusions. It will also avoid
heavy terminology.

Definition 5.5 ([OW15|, Definition 2.4). Let A € GL,(Cg(2)). A (04,04 )-PV
field extension Qg for 0,(Y) = AY over Cg(z) is a (04, 04 )-field extension of Cg(z)
such that:

e there exists U € GL, (Qg) such that o,(U) = AU,

e 05 = Cu(2) (U},

¢ Q57 = Cg(z)? = Cg.
Furthermore, S = Cg(2){U, #(U)}gq, is a (04, 0q)-PV ring for o4(Y) = AY over
Cg(z), which means that it is a oq-simple ring, i.e., the oq/-ideals of S are {0}
and S.

Proposition 5.6. Let A € GL,,(Cg(2)). There exists a unique (04,04 )-PV field
Qg for o,(Y) = AY over Cg(z) in Mer(C*).

Proof. By [Pra86, Theorem 3|, there exists U € GL,(Mer(C*)) such that
04(U) = AU. Consider the (04, 0q)-fleld Qs = Cg(2)(U),, C Mer(C*). Since
Cp(2)% = Cp C Q%" C Mer(C*)% = Cg, the (04, 0q)-field Qg is a (04,04 )-PV
field for 04(Y) = AY over Cg(z).

Let us prove the uniqueness. Let L = Cg(2)(V)o,, C Mer(C*), be a (04,04 )-
PV field for 04(Y) = AY over Cg(z), and let V € GL,(L) be a fundamental
solution matrix. Since Mer(C*)?% = Cp, there exists C' € GL,(Cg) such that
V =U.C. This implies L = Qg. O

One could be tempted to define the (o4, 0q )-Galois group of the (o4, 0q )-PV
field Qg for 04(Y) = AY over Cg(z), as the group of (04, 0 )-automorphisms of
Qs over Cg(z). It appears that this approach is too naive for two reasons. The
first one is that the defining equations of such a (og, 04/ )-Galois group would be
o -difference algebraic equations. Similarly to the continuous parameter context,
we shall need to look at zeroes of these equations in a oq/-difference closure of CFg.
The second problem is more serious and is related to the fact that the zeroes of a
difference algebraic equation in a field do not capture all the geometric information
of the equation. Therefore, one has to look at zeroes in rings (see for instance the
discussions in [vdPS97]).

Example 5.7. Consider the following system of difference equations (S7) = {y? = 1}
and (S2) = {y?* = land og(y) = y} over C. We denote by Vg, (R) (resp.
Vs, (R)) the zeroes of (S1) (resp. (S2)) in some C-og-algebra R. Then,
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Vs, (k) = Vg, (k) = {1, -1} for any og-field extension k of C. However, if we
consider the ring of sequences (a,)nez € C% with the action of oq given by the
shift operator, then Vg, (C%) = {(an)nezlan = Lor — 1 for alln € Z} whereas
Vs, (CZ) = C the set of constant sequences.

Therefore, we need to adopt the following functorial approach. We denote by
Alchygq, the category of Cg-oq/-algebras and by Sets the category of sets.

Definition 5.8 ([OW15|, Definition 2.50). Let A € GL,(Cg(z)) and let
Qs = Cp(2)(U)s,, C Mer(C*) be the (04,04 )-PV field for o,(Y) = AY over
Cg(z). Set S = Cg(2){U, ﬁ(m}gq/. Then, the (oq4, 0q)-Galois group of Qg over
Cg(z) is defined as the functor:

Galaq/ (QS/CE(Z)) . Alch7o.q/ — SetS
B —> Aut(aq’gq')(S ®CE B/CE(Z) ®CE B)7

where, o, acts as the identity on B and Aut'“»?«)(S ®¢, B/Cg(z) ®cy B) is the
group of automorphisms of S ®¢, B inducing the identity on Cg(z) ®¢, B and
commuting with og and oy.

It is proved in [OW15, Lemma 2.51] that this functor is represented by a
finitely o4 -generated Cg-04-Hopf algebra Cr{Gal’® (Qs/Cg(z))} (see Section 5.1
and A.l for definition). Therefore, Gal’ (Qg/Cg(z)) is a oq-algebraic group
scheme (see Definition A.2). For a brief introduction to og-group schemes, we
refer to Section A.

In the notation of Definition 5.8, if B is a Cg-og-algebra, then the matrix
U®1eGL,(Qs ®c, B) is a fundamental solution matrix of o4(Y) = AY in
Qs ®cy B. Then, for any ¢ € Gal’ (Qg/Cg(2))(B), the matrix ¢(U ® 1) is also
a fundamental solution matrix of 04(Y) = AY in Qg ®¢, B. Thus, there exists
[¢lu € GL,((Qs ®cy B)??) = GL,, ¢, (B) such that ¢(U®1) = (U ® 1)[¢]y. Here
GL,,, ¢, is the oy-algebraic scheme corresponding to the general linear algebraic
group of size n over Cg (see Example A.4).

Proposition 5.9. The functor py :

Gal® (Qs/(CE(Z)) — GL,,cp
¢ € Gal’ (Qs/Cg(2))(B) +— [¢lu € GLncy(B),

where B € Algc, 5, is a oq -closed embedding (see [DVHW14b, Definition A.3]).

Proof. The proof is the exact analogue of [ DVHW14b, Proposition 2.5] and its proof
is between the lines of [OW15, Lemma 2.51]. O

This proposition allows to identify the (o4, 0’ )-Galois group with a oq/-subgroup
scheme of GL,,c, via the choice of a fundamental solution matrix U. An-
other choice of fundamental solution matrix leads to a conjugate representation.
Therefore, Gal’@ (Qg/Cg(z)) is entirely determined by a oq-Hopf ideal J of
Ce{GL,c,} = CE{X,#(X)}%, (see Example A.4). The elements of J are
og-polynomials and we call them the defining equations of Gal’ (Qg/Cg(z)) in
GL,.cp-

In (04,04 )-Galois theory, one has a complete Galois correspondence (J[OW15,
Theorem 2.52 and Lemma 2.53]). We only recall the following results.

Proposition 5.10. Let A € GL,(Cg(z)) and let Qs C Mer(C*) be the (oq,0q4/)-
Picard-vessiot extension of o,(Y) = AY over Cg(z) defined in Proposition 5.6.
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Then,

QG (@5/Cr(2) _

{r =" € QsVB € Algg, Vg € Gal’ (Qs/Cp(2))(B),
glrol)(s@1) = (rel)(gs@ 1)} =Cp(2).

Moreover, we have oq -dim(Gal’« (Qg/Cg(2))) = og -trdeg(Qs/Cg(z)) (for pre-
cise definitions see [ DVHW14b, §A.7]).

The last equality means that the complexity of the defining equations of
Gal’ (Qg/Cg(z)) corresponds precisely to the complexity of the oq/-difference
algebraic relations satisfied by the solutions of the system o,(Y) = AY in Qg.

The relation between the (04,04 )-Picard-Vessiot theory and the non
parametrized Picard-Vessiot theory as developed in [vdPS97] is explained below.
We shall define the difference Galois group of ¢4(Y) = AY over Cg(z) as follows.
It is a schematic version of the difference Galois group defined in Section 1 (here,
the field of constants is not algebraically closed).

Proposition 5.11. Let A € GL,(Cg(2)) and let Qs = Cp(2)(U),,, C Mer(C*)
the (0q,0q)-PV field for o4(Y) = AY over Cg(z). Set Qr., = Cg(z)(U) and

Re, = Cr(2)[U, #(U)] The Galois group of Qr., over Cg(z) is the functor:

Gal(QRcE /Ce(z)): Alge, — Sets,
B —  Aut’(Re, ®cp B/Cr(z) ®cy B),

where a4 acts as the identity on B. This functor is representable by a Cg-finitely
generated algebra.

Proof. Since Cg C Q}'{’C C Qg" = (Cg, the above functor is representable by a
E
finitely generated Cg-algebra (see [CHS08, Proposition 2.2]). O

If A e GL,(C(z)), one can consider the difference Galois group of g,(Y) = AY
over C(z) as in Section 1. It is an algebraic group scheme defined over C. The
proposition below shows how this last group is related to the (o4, oq’)-Galois group
of the system over Cg(z).

Proposition 5.12. Let A € GL,,(C(z)) and let Qg C Mer(C*) be the (04,04 )-PV
extension of 04(Y) = AY over Cg(z) defined in Proposition 5.6. Let Gal(Qr/C(z))
be the difference Galois group of the system over C(z). Then,
e the identity component of the group Gal(Qr/C(z)) is isomorphic to
Gal(Qr.,, /Cr(z)) over an algebraic closure of Cg;
o the (04,04 )-Galois group Gal’« (Qs/Cr(z)) is a Zariski dense subgroup of
Gal(Qr., /Cr(z)) (see Proposition A.5).

Proof. The second statement is a discrete analogue of [DVHW14b, Proposi-
tion 2.15].

To prove the first statement, we need to introduce another Galois group as
follows. By [CHSO08, Proposition 2.22 and Theorem 2.9], the group functor

Gal(Qr., /Cr(2)): Algc, — Sets
B —  Aut’(Re, ®c, B/Cr(z) ®c, B),

is representable and defines an algebraic group scheme over Cg, which is isomor-
phic to Gal(Qr/C(z)) over an algebraic closure of Cg. Since Cg(z) is an algebraic
extension of Cg(z) with same field of constants, the schematic version of [Roql5,
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Proposition 6 | shows that the identity component of Gal(Qr., /Cr(z)) is isomor-
phic to the identity component of Gal(Qr, /Cg(z)) over an algebraic closure of
Cg. By [OW15, Theorem 2.52] for a parametric operator o equal to the identity,
we find that the Galois group Gal(Qr., /Cg(z)) is connected because Cg(2) is
relatively algebraic closed in Qg by Lemma 5.3. This ends the proof. (I

Remark 5.13. Thus the difference Galois group of o4(Y") = AY over Cg(z) is always
connected. The same holds for its derived subgroup (see [Wat79, Theorem p. 74]).

5.3. Discrete Isomonodromy. In (0, 04 )-Galois theory, one can define a notion
of discrete isomonodromy as follows.

Definition 5.14 ([OW15], Definition 2.54). Let A € GL,(Cg(z)). The system
o04(Y) = AY is called og-isomonodromic if there exists B € GL,(Cg(z)) and
d € N such that

(5.1) 04(B)A = Ug/ (A)B.

Remark 5.15. Our definition is slightly more general than Definition 2.54 in [OW15],
where oq/-isomonodromic means that there exists B € GL,(Cg(z)) such that
04(B)A = 0gq/(A)B. However, we can apply most of the results of [OW15] by
replacing o4 by ag,.

We have the following Galoisian interpretation of og-isomonodromy. We say
that a og-subgroup scheme H C GL, x defined over a oy/-field k is ag,-constant
if, for all k-o4/-algebra S, we have O'g, (9) =g, for all g € H(S). This is equivalent

to the fact that the defining ideal Ty C k{X, ﬁ(x)}aq' of H C GL,, x contains the

polynomial Ug, (X) — X (see Example A.6).

Proposition 5.16. Let A € GL,(Cg(z)) and let Qs C Mer(C*) be the (oq,04/)-
PV extension of 04,(Y) = AY over Cg(z) defined in Proposition 5.6. The system
04(Y) = AY is oy -isomonodromic over Cg(z) if and only if there exists a regular
oq -field extension Ck of Cg and an integer d > 1 such that Gal® (Qs/CE(Z))E;E
s conjugated to a ag,-constant subgroup of GLnﬁE'

We refer to [OW15, Theorem 2.55] for an analogous result in a different setting.

Note that, since Cg is a oq-inversive field, [DVHW14b, Corollary A.14] implies
that any field extension of Cg is og/-separable (see Section 5.1).

Before proving Proposition 5.16, we need some intermediate lemmas about ex-
tension of o,-constants. We have the following result:

Lemma 5.17. Let C/:;; be a regular og -field extension of Cg and let Qs/Cg(z) be
a (og, UEL)'PV extension for o4,(Y) = AY . By Lemma 5.1, we may consider (E:E\(;)
(resp. Qs) the (04, 04)-field attached to Cg(2) ®c, Cr® (resp. Qs ®cy, Cr). Then
Qs is a (04, 0q)-Picard-Vessiot extension for o4(Y) = AY over (E:E\(;) and the
(04,04 )-Galois group G of 55/((% is obtained from the (o4, 0q )-Galois group
G of Qs/Cg(2) by base extension, i.e., G = Gg.

g

Proof. As s " =Cp = Cr(z) *, it is clear that Os|Cp(z) is a (04,04 )-Picard-
Vessiot extension. Let R C Qg, (resp. R C Qg), denote the corresponding

(04,04 )-Picard-Vessiot ring. Then R is obtained from R ®c, Cr by localizing

*The subscript Cp means that we consider the base change of Gal°a’ (Qg/Cg(z)) over Cg to

CEg.
81t is worth mentioning that since Cp € Cg, Cg(2) can not be identified with 5;;(;;)
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at the multiplicatively closed set of all non-zero divisors of Cg(z) ®c, Cg. It
follows that, for every Cg-oq/-algebra S,

G@E(S) = Aut(gqﬁgq,)(R QCr S|CE(Z) Qcg S)
= Autl7) ((R@c, Cr) g, S|(Cu(2) 8cx Cp) 9g; 5),

i.€.,

G&(S) = Aut") (R @ S|Ck(2) @4, S) = G(S).
This ends the proof. (I

Proof of Proposition 5.16. In [OW15, Theorem 2.55], it is proved that if the system
is 0q/-isomonodromic then there exists a oq/-field extension Cg of Cr and an integer
d > 1 such that Gal’' (Qs/Cg(z))g; is conjugated to a ag,—constant subgroup of

GL, &, (see Remark 5.15). In the proof of [OW15, Theorem 2.55], we note that

any oq-field extension C/E of Cg that contains a fundamental solution matrix of
a given equation of the form O'g, (Y) = DY for some D € GL,(CEg) is convenient.
We claim that we can find among these extensions a regular one. Indeed consider
Cf‘; = Cg(Xo,...,Xq-1) where the X;’s are n x n-matrices of indeterminates. We
can endow Cf‘; with a structure of oq/-extension of Cg by setting o4/ (X;) = Xit1
fori =0,...,d—1 and q(X4_1) = DXo. Then, X, € GL,(Cg) is a solution
of og, (Xo) = DX, and since CA'}; is a pure extension of Cg, it is also a regular
extension.

Conversely, let us assume that there exists a regular oq/-field extension CA’;; of Cg

and an integer d > 1 such that Gal’« (Qs/Cg(2))g; is conjugated to a Ug,—constant

subgroup of GLn@;. Endow CA’;; viewed as a field of o4-constants and consider the
(04, 0q)-fields Qg and Cg(#) as in Lemma 5.17. We find that the (o4, 04 )-Galois
group of Qg over (E]_;\(_z/) equals Gal’@" (Qg/Cp(z))a and is thus conjugate to a
og,—constant group over Cg. By [OW15, Theorem 2.55], the system ¢4(Y) = AY is

0g/-isomonodromic over CA';;(Z), i.e., there exist B € GLn(C/E(z)) and d € N* such
nXxn

that o, (B) = og, (A)BA~!. By Lemma 5.2, the solution space in Cg(z) of the

g-difference equation o4(Y) = ag, (A)Y A~1 is generated as a Cp-vector space by

the solution space of the equation in Cg(z)"*". Since the condition det(Y) # 0 is
an open condition, there exists B € GL,,(Cg(z)) such that o4(B) = Ug, (A)BA™!

and the system 04(Y) = AY is og-isomonodromic over Cg(z). O

5.4. Transcendence results. Let A € GL,,(Cg(z)) and consider
(5.2) oY = AY.

Let Qg C Mer(C*) be the (o4, 04 )-Picard-vessiot extension of o,(Y) = AY over
CEg(#) defined in Proposition 5.6. Let U € GL,(Qs) be a fundamental matrix of
solutions of the system (5.2), and let Gal’« (Qg/Cg(z)) be the representation of
the (04,04 )-Galois group associated to the fundamental matrix of solutions U.
Let SLy, ¢, (When n > 2), SO, ¢, (when n > 3) and Sp,, ¢, (When n is even)
be the o4/-group schemes over C'g corresponding respectively to the special linear
group, the special orthogonal group and the symplectic group (see Section A).

Proposition 5.18. Assume that n > 2. Let u = (u1,...,u,)" be a line (resp.
column,) vector of U. If there exists C € GL,(Cg) such that the image of the
(04,04)-Galois group by the representation p e associated to the fundamental ma-
triz of solutions UC' contains
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e SL,(Cg) or Sp,(Cg), then ui,...,u, are og-algebraically independent
over Cg(z);

e SO, (CE), then any n — 1 distinct elements among the u;’s are oq -
algebraically independent over Cg(z);

Proof. Let H C GLy ¢, be SL, oy (vesp. SOy, ¢y or Sp, ). If the image of the
(04,04 )-Galois group by the representation associated to the fundamental matrix
of solutions UC' contains H, then the image of the (o4, oq)-Galois group by the
representation associated to the fundamental matrix of solutions U contains H =
CHC™!. By the parametrized Galois correspondence [OW15, Theorem 2.52|, we
have
e the field Ky = QF, the elements of Qg fixed by H is (04, 0)-field with
Kgq = CE7
e Qs is a (04,04 )-PV field extension for 0,(Y) = AY over Ko,
e and in the representation attached to U, the Galois group Gal’« (Qg/Ky)
coincides with H.
Moreover, in virtue of [OWI15, Lemma 2.49|, the K-(og4,0q)-algebra
S =Ko{U, ﬁw)}gq, is a Gal’(Qg/Kp)-torsor.  Thus, if we write S as

Ko{X, ﬁ(x)}gq, /3 for some og-ideal J then the following holds

o if H = SL, ¢, then J equals {det(X) — f},_, the radical oq-ideal by
det(X) — f for some f € Ko;

e if H = SO, ¢, then J equals {XCC*X* — F,det(X) — 9}o,, the radical
og-ideal by XCC* Xt — F for some F € GL,(Kg) and det(X) — g for some
g9 € Ko;

o if H = Sp, ¢, then J equals {XCJC'X" — F,det(X) — 9}o,, the radical
S-ideal by XCJC* Xt — F for some F € GL,(Kp) and det(X) — g for some
g e I(@

The rest of the proof follows exactly the lines of Proposition 2.4. O

6. ¢-DIFFERENCE EQUATIONS OF RANK ONE

We remind that ¢,q’ € C* with |¢| # 1. From now, we assume that |¢| and |q'|
are multiplicatively independent. For any a(z) € C(z), we denote by diva(z) the
divisor of a(z) on C*, i.e.,

diva(z) = Z va(a(z)) [a]
aeCx

where v, (a(z)) denotes the valuation of a(z) at a.
Let 7 : C* — C*/¢” be the natural projection. For any a(z) € C(2)*, we set

divga(z) = Y vala(2)) [r(a)].
aeCx

The proof of the following lemma is inspired by the proof of [vdPS97, Lemma 2.1].

Lemma 6.1. Consider a(z) € C(z)*. Then, the following properties are equivalent:

(i) there exist c € C*, m € Z and b(z) € C(2)* such that a(z) = cz™ bb((qzz)) ;
(ii) divga(z) =0.

Proof. The proof of the fact that (i) implies (ii) is straightforward and left to the
reader. Let us prove the converse implication.
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We write div a(z) as follows:

s Tj

diva(z) = Z Zmi,j [cvi ]

j=1i=1

where the non zero complex numbers «; ; and oy ;» belong to the same g%-orbit
if and only if j = j’ and where the m, ; are relative integers. The hypothesis
div,y a(z) = 0 means that, for all j € {1,...,s},

Tj
E mi,; = 0.
i=1

Up to renumbering, we can assume that, for all j € {1,...,s},
ko s k.
Qzj = a1 q " = an g
for some integers 0 < ko ; < --- < ky, ;. For any j € {1,...,s}, we consider the

rational function given by

b](z) = (Z - Oélﬁj)fml,j (z — alyjqfl)fml’j e (Z _ 0[17jq7k2’j+1)7m1’]‘

—myij—ma,; *ks,j+1)*m1,j*m2,j

(z — a1 ;g "9) (2 —au4q

—M =M =My 1 Fryd By T =M e

(Z*Oél,jqfk”*l’j) (2 g

A straightforward calculation shows that

bi(ez) _
div =2 =Y my; ol
b;(z) ; e

Letting
b(z) = bi(z) -+ bs(2),
we get
div blaz) = irzjm i ;] = diva(z).
b(2) j=1i=1 o
Therefore, there exist ¢ € C* and m € Z such that a(z) = cz™ %) O

Proposition 6.2. Let a(z),b(z) € C(z)* be such that
a(z)*a(d'2)™ - -a(q"2)" =

for some ko,....k. € Z with kok, # 0. Then, divga(z) = 0, ie., in virtue
of Lemma 6.1, there exist ¢ € C*, m € Z and bi(z) € C(z)* such that

_ .,mbi(qz)
a(z) = cz ﬁ.

Proof. Assume to the contrary that divg a(z) # 0. We set
divga(z) = Z n; [G)
i=1

where the (; are pairwise distinct elements of C* /¢” and the n; are non zero integers.
We have

(6.1) 0=div, % = div, a(2)*a(q'2)" - a(q"2)* = z’“: k; zm:ni [d7¢] -
=0 i=1
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Let
I={ie{l,....m}| ¢ eq?}.

Let i1, ...,1s be pairwise distinct integers such that I = {i1,...,is}. Up to renum-
bering, we can assume that

Giy < - =G,

where, for any z,y € C*/q¢%, v < y means that y = q’*z for some k € N*. Then,
we have q'7"¢;, < ' 77¢;, for all j € {0,...,7} and k € {1,...,s} such that
(4,k) # (r,1). In particular, q'~"¢;, # o' ~9¢; for all j € {0,...,r} and i € I
such that (j,i) # (r,41) (indeed, if * < y then x # y because |¢| and |q'| are
multiplicatively independent).

Moreover, for j € {0,...,7} and i € {1,...,m}\ I, d'~"¢;, and q'~7¢; are not in
the same q'%-orbit and hence are not equal.

So, we have proved that q'~"(;, # q' /¢ forall j € {0,...,r} andi € {1,...,m}
such that (j,7) # (r,41). Therefore, the coefficient of [q'~"(;,] in equation (6.1) is
equal to 0, i.e., kyn;; =0, whence a contradiction. ([

The following proposition gives an example of oy-isomonodromic equation of
rank one.

Proposition 6.3. Let a(z) € C(2)*. Let u € Mer(C*) be a non zero solution
of oq(y) = a(z)y. Let Qs = Cg(2)(u)s,, . Then, the following statements are

equivalent
(1) w and all its transform with respect to oo are algebraically dependent over
Cr(2),
(2) there exist c € C*, m € Z and b(z) € C(2)* such that a(z) = cz™ bb((qzz)),

(3) the group Gal’ (Qg/Cg(z)) can be embedded as a subgroup of H C GL1 ¢y,
with H a o -algebraic subgroup defined by

o (212)) 70}
g g

Moreover, the following statements are equivalent:

(a) there exist ¢ € C*and b(z) € C(z)* such that a(z) = cbb((q;)),
(b) the group Gal’« (Qg/Cg(2)) is oq -constant.

H(S)= {g € GL1,¢,(5)

for any S € Alchﬁaq,.

Proof. Let us prove (1) = (2). Relying on the classification of the oqs-algebraic
subgroups of GL1 ¢, [OW15, Theorem 3.1] ensures that the first statement is
equivalent to the existence of b(z) € C(2)*, t € N and nyg,...,n; € Z not all zero,
such that the following equation holds

9q(b(2))

b(z) -
Proposition 6.2 shows then that the first statement implies the second.

Let us prove (2) = (3). Assume that the second statement holds. By proposi-
tion 5.11, for any S € Alch,aq/ and g € Gal’ (Qg/Cg(2))(S) there exists Ay € S*

such that g(u) = A\g.u. Since a(z) = cz™ bb((qzz)), an easy computation gives

<<#> h(z) )Zchw“q/T“") h(z)

72 (0 og (h(2)) s og (h(2))’

(6.2) a(2)" og(a(z)™) - oq (a(z)™) =
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where h(z) = Uq'b((l;()z)). Since ng = Cg, there exists d € Cg such that we have
oo (72 o (h(2)) oo (72
the equality o = d RO i.e., o € Cg(z) and is left invari-

ant by the (aq,a(:/)-Galois group. This implieg that for any S € Alch,aq/ and

g € Gal’« (Qg/Cg(2))(S), we find aqr(aq')\(;g)) = Uq;(:\y) and we find that the
(04,04 )-Galois group can be represented as a subgroup of H.

Let us prove (3) = (1). If the third statement holds, then Gal® (Qg/Cg(z)) is
a proper subgroup of GL; ¢,. By proposition 5.10, this implies that u and all its
transform with respect to o are algebraically dependent over Cg(z). This proves
(1).

Let us prove (a) = (b). If there exist ¢ € C* and b(z) € C(z)* such that
a(z) =c b((qz)) then Uq'a(a) a"(h) where h(z) = Uq'b((l;()z)). Proposition 5.16 allows to
conclude that the group Gal”«’ (Qs/(CE(Z)) is o/-constant. Let us prove (b) = (a).
If the group Gal’«' (Qs/Cg(z)) is oq/-constant then v and all its transform with
respect to o are algebraically dependent over Cg(z). By the above, there exist

ceC*, m € Z and b(z) € C(z)* such that a(z) = cz™ bb((qzz)). However Proposi-
tion 5.16 states that there exists h(z) € Cg(z) such that oq (a)/a = o4(h)/h. An

easy computation shows that m = 0. ([

7. DISCRETE PROJECTIVE ISOMONODROMY

The following proposition allows to characterize the (0, 04 )-Galois group of a
g-difference system with large difference Galois group.

Proposition 7.1. Let A € GL,(C(2)). Let G be the difference Galois group of
0,(Y) = AY over the o,-field C(z). Assume that G is an irreducible almost
simple algebraic subgroup of GL,,(C) and has toric constant centralizer (see Def-
inition A.16). Let Qg C Mer(C*) be the (04,04 )-Picard-vessiot extension of
04(Y) = AY over Cg(z) defined in Proposition 5.6. Then, we have the following
alternative:

(1) there exist d € N* and a regular oy -field extension Cr of Cg such that
Gal’ (Qs/Cg(z2))g; is conjugate to a oq-group H such that, for all

S € Algs , , and g € H(S), there exists Ay € S* such that oq, (9) = Agy;
(2) Gal°? (Qgs/Cg(z)) contains Ggg”, the base change to C of G*%.
Moreover, if the first case holds then there exist Ue GL, (évs) with é/s the fraction

field of Qs Q¢ Cg, a fundamental solution matriz, d € NX and B € GL,(Cg(2)),
with (CE( ) the fraction field of Cg(z) ®cy CE, gE Qs , such that

(7.1) o/ (U) = ¢BU.

Proof of Proposition 7.1. Let Gal(Qr,, /Cg(2)) be the difference Galois group as
defined in Proposition 5.11.
Since the Galois group of o,(Y) = AY over C(z) contains G*9", Propo-

sition 5.12 implies that Gal(Qg., /Cg(z)) contains G der. We refer to
Section A for the definition of the derived group of a og-algebraic group
scheme. Thus, the derived group scheme D(Gal(Qg., /Cr(2))) equals to G, yder
Since Gal’®'(Qs/Cg(z)) is Zariski-dense in Gal(Qr., /Cg(z)), we find that
D(Gal’ (Qs/Cp(2))) is Zariski-dense in D(Gal(Qr., /Cy(2))) = GEi by Propo-
sition A.14. By Lemma 5.3, Cg(z) is relatively algebraically closed in Qg . By
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straightforward analogues of [DVHW14a, Lemma 6.3 | and [DVHW14b, Proposi-
tion 4.3], we find that the oq-group scheme Gal’@ (Qg/Cg(z)) is absolutely oq-
integral. By Lemma A.15, the oq-algebraic group scheme D(Gal’? (Qs/Cg(z)))
is absolutely oq-integral. Let Cg be an algebraically closure of Cp. We ex-
tend o4 from Cg to Cg. Since Cg is inversive for 0q’, the same holds for
Cpg. Then, D(Gal’? (Qs/Cp(z)))er is a Zariski dense oq-integral subgroup of
Ggier. By Theorem A.10, there exists a oq/-field extension Ck of O, such that
E
either D(Gal’ (Qs/Cg(2)))g, = Gfﬁer or there exists an integer d > 1 such

that D(Gal’" (Qs/Cg(2)))g, is conjugate to a od,-constant subgroup of fofer

q

The group Gal’ (Qs/Ckg(z2))a; = Oafl/er is irreducible almost simple and has
E

toric constant centralizer. Since D(Gal’@ (Qs/Cg(2)))g,; is a normal subgroup

of Gal”@ (Qs/Cp(2)),, Lemma A.17 ensures that Gal’' (Qs/Cg(z))g is either
equal to a subgroup of GL x SL

o, der

containing G or conjugate to a oq-

n,Cr
algebraic group H over CE such that for all S € Alch ., and g € H(S) there
ra
exists Ay € S* such that ad (9) = Agy-
We shall prove that if the first case holds then there there exist U tU € GL, (Q 5)

fundamental solution matrix, a positive integer d and B € GL,, ((CE( ), g € Qs ,
such that

(7.2) o/ (U) = ¢BU.

Thus, let us assume that there exists a positive integer d and a oq/-field exten-
sion Cp of Cg such that Gal’@ (Qg/Cp(z))~ is conjugate to a og-group H such
that, for all S € Algs—  and g € H(S), there exist Ay € GL, 5(S) such that

q 1LC

d
q/

for 04(Y) = AY over Cg(z) such that Gal’ (Qg/Cg(2))~ = Gal’™ (Qs/Cx(z)).
By proposition 5.9, we can choose U e GL, (QS) a fundamental solution ma-

trix, such that for any ¢ € Gal’« /(QS/(CE( ))(S), we have Jg/([(b]ﬁ) = [0l

and A\, € GLi(S). Then, for any ¢ € Gal”Q’(@/((i\(_z/))(S), we have
G0l (U).U) = Xpolds(U).U™". Let g be a non-zero entry of of (U).U'. Tt
is easy to see that the matrix B = éa (U).U' € GL,(Qg) is fixed by

Gal’ (Qs/Cp(2)). By Proposition 5.10, B € GL,(Cg(2)). O

0%/(9) = Agg. By Lemma 5.17, we construct a (og, Jq/)—Picard—Vessiot extension Qg

8. ¢g-DIFFERENCE EQUATIONS WITH CONVERGENT POWER SERIES SOLUTIONS

Let A € GL,(C(2)). We remind that ¢,q’ € C*, with |g| and |q’| multiplicatively
independant. Consider the g-difference system

(8.1) 7q(Y) = AY.

Let Qs C Mer(C*) be the (04,04 )-Picard-vessiot extension of o4(Y) = AY
over Cg(z) defined in Proposition 5.6. The aim of the present section is to study
the (o4, 04 )-Galois group of (8.1) under the following assumption.

Assumptions 8.1. Assume that n > 2. Let G be the Galois group of (8.1) over
C(z). We assume that G°9¢" is either SL,,(C), SO, (C) (when n > 3) or Sp,,(C)
(when n is even).
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8.1. o4-algebraic determinant group. Let C({z}) be the field of germs of mero-
morphic functions at z = 0. The goal of the subsection is to prove:

Theorem 8.2. Assume that the hypothesis 8.1 holds and that there exist b € C(z)*

and ¢ € C* and m € Z such that det(A) = szbb((qzz))‘ Assume that the system
04(Y) = AY admits a non zero solution vector Yy € C({z})". Let Qs C Mer(C*)
be the (04,04 )-Picard-vessiot extension of 04(Y) = AY over Cg(z) defined in
Proposition 5.6.  Then, the (o4,0q )-Galois group Gal’« (Qg/Cg(z)) contains

o,der
Goler,

Lemma 8.3. Let us consider a vector u = (u1, ..., u,)" with coefficients in C((z))™
such that og(u) = Au for some A € GL,(C(z)). Assume moreover that each u;
satisfies some nonzero linear ' -difference equation with coefficients in C(z). Then,
the u; actually belong to C(z).

Proof of Lemma 8.3. Since u = (u1,...,u,)" has coefficients in C((2))", and any
entry of u satisfies some nonzero linear q’-difference equation with coefficients in
C(z), according to the cyclic vector lemma, there exists P € GL,,(C(z)) such that
Pu=(f,04(f),...,00 " (f))" for some f € C((z)) which is a solution of a nonzero
linear g-difference equation, i.e., a o4-difference equation, of order n with coefficients
in C(z). Moreover, f satisfies a nonzero linear oq/-equation with coefficients in C(z),
because it is a C(z)-linear combination of the u; and the u; themselves satisfy such
equations. It follows from [BB92, Remark 7.5] that f belongs to C(z). Hence, the
entries of u = P~ (Pu) = P71 (f,04(f),...,007'(f))" actually belong to C(z), as
expected. (I

Remark 8.4. Let us remind that |q| # 1. Therefore, any vector solution of (8.1) in
C({z})™, belongs in fact to (C((z)) N Mer(C*))™.

Proof of Theorem 8.2. In virtue of Remark 8.4, Yy € (C((2)) N Mer(C*))™. Let
Qg be the (04, 04 )-Picard-vessiot extension of 04(Y) = AY over Cg(z). Since
Yo = (u1,...,un)" € QF, there exists a fundamental solution matrix U € GL,(Qs)
whose first column is precisely Yj.

We let G denotes the difference Galois group of 04(Y) = AY over the field C(z),
and we let Gal’@ (Qg/Cg(z)) denotes the (o4, o )-Galois group over the (o4, 0q)-
field Cg(z). By assumption, G®%¢" is either SL,(C) (when n > 2), SO,,(C) (when
n > 3) or Sp,(C) (when n is even). By Proposition 7.1, we have the following
alternative:

(1) there exists a positive integer d and a regular (o4, oq )-field extension Cr
of C such that Gal”« (Qs/Cg(2)) is conjugate to a o,-constant subgroup

; q
of GE:E ;
(2) Gal’« (Qg/Cg(z)) contains G(%’g”.
Moreover, if the first case holds, then there exists U e GLn(éiq), with @; the
fraction field of Qs ®¢, Cg, a fundamental solution matrix, a positive integer d

e~

and B € GL,(Cg(z2)), with Cg(z), g € O, such that
(8.2) ag,(ﬁ) = gBU.

We claim that the first case can not hold. Suppose to the contrary that there
exists a regular o4 -field extension Cg of Cg such that there exists U € GL,(Qs) a

fundamental solution matrix, a positive integer d, B € GL,,(Cg(z)) and g € éiqx,

such that (8.2) holds. This means that there exists D € GLn(QSUq) = GL,(Cg)
such that UZ,(U) = gBUD. This formula implies that the (finite dimensional)
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Cr(2)(9)s,,-vector space generated by the entries of U is stable by ag,. In partic-
ular, any wu; (recall that the u; are the entries of the first column Yj of U) satisfies

a nonzero linear q'-equation £;(y) with coefficients in Cg(2)(g),,,. We claim that

e~

Cr(2)(9)s., = Cg(2)(g). Indeed, we have o4, (U) = gBU and Jq(ﬁ) = AU. Thus,

a qa
o O'g/ (det~(U)) ™ oq(h) O'g/ (det~(U))
det(U) h det(U)
ol (b()) n ymd _p :
where h(z) = OB Thus, we have o4(¢"l) = q""g¢g"l with

—_—~—

I(z) =det(B)/h € Cg(z). Thus o4(oq(g™l)) = q'mdaq/(g"l). Therefore, there

—_~—

exists ¢ € Cp such that oq(g™l) = cg™l. Then (U‘I'T(g)) € Cg(z). Since
Gal?« (Qg/((%) = Gal’" (Qs/Cg(2)) is og-integral, Cp(2) is relatively alge-

braically closed in Qg. Thus, %'T(g) € Cp(2) and Cg(2)(9)s,, = Cr(2)(9).
We claim that any u; satisfies a nonzero linear q'-equation with coefficients in

e~

Cg(z). If g € Qg is algebraic over Cr(z) then g € Cg(z), because Cg(z) is
relatively algebraically closed in Qg. In that case, the claim is obvious. Thus, let

us assume that g is transcendental over Cg(z). By Proposition 6.3, we must have
m # 0. Then, we can write the equation £;(y) = 0 as Z;’:O L; i (y)g’ = 0 where the

L; ;(y) are linear d-operators with coefficients in Cg(z), not all zero. To prove our

claim, it is sufficient to show that ¢ is transcendental over Cg(z){u1,..., un}gq,.

It is also sufficient to prove that g™ is transcendental over Cg(z){uq,..., un}gq,.
Assume that there exists a non zero relation

(8.3) > arg™ =0,
k=0

where k > 1 and ag,...,0k_1,0x = 1 € (CE(Z)(ul,...,un)Uq, and x is minimal.

We remind that o4(g"™) = g"q’mdl/oq(l). Applying o4 to (8.3) and subtracting
mdk ¥
oq (L

* (8.3), we find a smaller liaison of the form

r—1

S (oalan/15F) = P ay 157 R)gm = 0.

k=0
Thus, for all k = 0,...,x — 1, we have o, (ay/I1""%) — q’md(”_k)ak/l”_k = 0. Let us
state and prove a technical lemma.

ymdr

Lemma 8.5. Let us fix r € N*. Then, the equation o4(y) = o'y has no non

zero solution in Cg(z)(u1, ..., un)o,, -

Proof of Lemma 8.5. We have Cg(z){u1,...,un)s., C (C/E—(\(_/z))7 the fraction field

a

of Op ®cy Cr((2)). Suppose to the contrary that the equation has a non zero

—

solution in Cg((z)). By Lemma 5.2, we can find a non zero solution f in Cg((2))
ymdr

Let f = Y2 yez* with y, # 0 a non zero solution of o (y) = q

ymdr

y. Taking
the z¥ coefficients of the two sides of o4(y) = q'"""y, we find o,4(y,)q" = q™y,.
Since y,, € Cg, there exists s € N* such that o7 (y,) = y,,. Then,

1smdr

U;(yu)qsy =4.q" =q Yv-
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Since |g| and |q'| are multiplicatively independent, one should have
sv =mdsr =0. We remind that m # 0, so mdr # 0. Consequently, we find a

contradiction and this proves that the equation oy(y) = o’ mdry has no non zero

solution in Cg(2)(u1, ..., un)o,, - O

Let us finish the proof of Theorem 8.2. In virtue of Lemma 8.5, for all
k € {0,...,x — 1}, the equation o,(y) = ™" "y has no non zero solution

in Cg(2){u1,...,un}o, . Hence, g"" = 0. This is a contradiction with the fact that

g is transcendental over Cg(z) and proves our claim.

Therefore, the u; satisfy a non zero linear o/ -equation over Cg(z). Since C is
algebraically closed and u; € C((z)), a descent argument shows that the w; satisfy
a non zero linear og-equation over C(z).

It follows from Lemma 8.3 that the u; belong to C(z). Hence, the first column of
U is fixed by the Galois group G and this contradicts the hypothesis 8.1. Therefore,
Gal’@ (Qg/Cg(z)) contains Ggger.

(]

Next Corollary improves Theorem 8.2 by removing the assumption that there
exists a vector solution in C({z})™.

Corollary 8.6. Assume that the hypothesis 8.1 hold and that there exist
b(z) € C(2)* and c € C*, m € Z such that det(A) = cz™ 54z)  Then, the (0g,0q)-

b(z) *
Galois group Gal’? (Qg/Cg(z)) contains GEZ”-

Proof. By Lemma B.2, there exist | € N* d € C* and s € Z such that the
¢'-difference system o, (Y) = dz®c)"*(A)--- AY has a non zero vector solution
Yo € C({z})™. Set Ay = dzcl 1 (A)--- A and All] = 0,71 (A)--- A. Let Qg be
a (04,04 )-PV field for 0,(Y) = AY over Cg(z) and let U € GL,(Qs) be a fun-
damental solution matrix. By Lemma B.3, the ring Qg = (CE(z)<oé(U)>gq, is
a (041,04 )-Picard-Vessiot extension for o, (Y) = A[l]Y and the base extension to
CE, of the (04, 04/ )-Galois group (resp. the difference Galois group) of 4(Y) = AY
coincides with the (o, 04/ )-Galois group (resp. the difference Galois group) of
ol (Y) = A[l]Y over Cp(2).

This shows that the derived group of the difference Galois group of

o, (Y) = A[l]Y equals Gggl”. Moreover, the latter group equals the derived group

of the difference Galois group of o, (Y) = A1Y and det(A;) = d”zS”erlclbl()‘(]—;‘)z).

Theorem 8.2 with ¢ replaced by ¢!, allows to conclude that the (04,04 )-Galois

group of ol(Y) = A;Y contains GggleT. Finally, the derived group of the
latter group coincides with the derived group of the (o, 04 )-Galois group of
ofl(Y) = A[l]Y. Since the formation of derived groups commute with base ex-
tension (see Lemma A.13), we get that the derived group of the (o4, 04 )-Galois

group of 04(Y’) = AY contains Ggger. This allows to conclude the proof. O

8.2. og-transcendent determinant. Let us remind that the (o4, oq )-Galois
group of o4(y) = det(A)y over Cg(z) is a proper subroup of the multiplicative
group GL; ¢, if and only if there exist b € C(z)*, m € Z, and ¢ € C*, such that

— m b(gz)
det(A) = 2™ 375

The goal of the subsection is to prove:
Theorem 8.7. Assume that the hypothesis 8.1 holds and the (ogq,0q)-
Galois group of o4(y) =det(A)y over Cg(z) equals to GLic,.  Let us
assume that the system oy(Y) =AY admits a non zero solution wvector
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Yo = (f,04(f),--., 07 (f)) € C{z})". Then, f is oq -algebraically independent
over Cg(z).

Lemma 8.8. Let L be a oq-field and let L{(a), , and L(b,...,bn)s , be two oq -
field extensions of L, both contained in a same oq -field extension of L. Assume
that a is oq'-algebraically independent over L and that any b; is oq -algebraic over
L. Then, the field extensions L<a>aq, and L{by, ..., bn>aq, are linearly disjoint over
L.

Proof of Lemma 8.8. To the contrary, suppose that L<a>gq, and L(by,.. .,bn>gq,
are not linearly disjoint over L. Then a is oq-algebraic over L(b,.. .,bn>gq,.
This implies that the oq/-transcendence degree of the field L{a, b1,..., bn)gq, over
L{by,..., bn>aq, is zero. Since the og-transcendence degree of L(by,..., bn)gq,
over L is also zero, by hypothesis, we find that the oq-transcendence degree of
L{a,by,. .. ,bn>gq, over L is zero by classical properties of the transcendence de-

gree. This implies that a is og/-algebraic over L and yields a contradiction. [

Proof of Theorem 8.7. In virtue of Remark 8.4, Yy € (C((z)) N Mer(C*))™. Since
Yy € Qg, there exists a fundamental solution matrix U € GL,(Qg) whose first
column is precisely Yo. Set u; = o (f).

We let G denotes the Galois group of 0,(Y) = AY over the field C(z), and we let
Gal’ (Qg/Cg(z)) denote its (o4, 0 )-Galois group over the (og, og/)-field Cg(2).
By assumption, the (o4, 0q )-Galois group of o4(y) = det(A)y over Cg(z) equals to
GL1,cp-

We claim that at least one of the u; is oq/-algebraically independent over Cg(z).
Suppose to the contrary that all of them are oq/-algebraic. In virtue of the results
of Section 5.4, the second case of Proposition 7.1 can not hold. Then, there exist
a regular oq/-field extension Cg of Cg and Ue GL,,(Qg) a fundamental solution

—_~—

matrix, a positive integer d and B € GL,(Cg(z)) and such that
(8.4) O'g/(ﬁ) = gBU
with g € Qs - N
But U = UC, for some C € GL,,(Cg). Therefore,
ol (U) = gBUCa*(C).

q/

This shows that the Cg(2)(g)o,,-vector subspace of Qg generated by the entries of
U and all their successive oq/-transforms is of finite dimension. In particular, any

u; satisfies a nonzero linear og-equation £;(y) = 0 with coefficients in Cg(2){(g), -

—_~—

We can assume that the coefficients of £;(y) belong to Cg(z){g},,,. We write
Li(y) = >, Li,a(y)ga where L; o(y) is a linear oq/-operator with coefficients in

e~
)

Cg(z), and g, is a monomial in the o7, (g)’s.
We remind that the (04, 0q/)-Galois group of o4(y) = det(A)y over Cg(z) equals
to GL1,¢c,. In virtue of Proposition 6.3, det(U) is oq-algebraically independent

. o, (det(U)) .
over Cg(z). Since g" = A Few@my for some non zero A € Cg(z). Thus, g is

og-algebraically independent over Cg(z).

—_~—

By Lemma 8.8, the oq/-fields Cg(2)(g)s,, and Cg(2)(u1, ..., un)o,, are linearly

disjoint over Cg(z). It follows easily that there exists some non zero L;o(y)
such that L; o(u;) = 0. Therefore, the u; satisfy a non zero linear oq-equation

over Cg(2). Since C is algebraically closed and u; € C((2)), a descent argument
shows that the u; satisfy a non zero linear oq/-equation over C(z). It follows from
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Lemma 8.3 that the u; belong to C(z). Hence, the first column of U is fixed by the
difference Galois group GG and this contradicts the hypothesis 8.1. O

9. APPLICATIONS

9.1. User friendly criterias for o4/ -transcendence. The goal of this subsection
is to use the results of Section 8 in order to give transcendence criterias. We refer
to Section 8 for the notations used in this section.

Corollary 9.1. Let G be the difference Galois group of the q-difference system (8.1)
over the o4-field C(z). Assume that n > 2 and G*%" is either SL,(C), SO, (C)
(when n > 3) or Sp,(C) (when n is even). The following holds.

o Assume that there exist b(z) € C(z)* and ¢ € C*, m € Z such that
det(A) = czm% and let (uy,...,up)t € Mer(C*)™ be a non zero so-
lution vector of (8.1). If G>9¢" = SL,(C) or Sp,(C) (when n is even)
(resp. G4 = S0,,(C) when n > 3) any n (resp. n — 1) of the u;’s are
oq -algebraically independent over Cg(z);

o If there exists f € Mer(C*) such that (f,o4(f),...,00 " (f))" is a vector

solution of (8.1), then f is oq -algebraically independent over Cg(z).

Proof. The first point is Corollary 8.6 and Section 5.4. The second point is Theo-
rems 8.2 and 8.7. O

9.2. Hypergeometric series. In this section, we follow the notations of Sec-
tion 4.2. We assume that 0 < |g| < 1. Let us fix n > 2, let @ = (a1, ...,a,) € (¢¥)7,
b=(b1,....bp) € (@¥\g™™)", by = ¢, A€ C*.

Corollary 9.2. Let us assume that (4.3) is irreducible and not ¢-Kummer induced.
Then @y (a,b, A, ¢; 2) is o -algebraically independent over Cg(z).

Proof. Since 0 < |q| < 1, the series ,P,(a,b, A, q;2) is convergent. We use Re-
mark 8.4, to deduce that ,®,(a,b, A, ¢; 2) € Mer(C*). The conclusion is a direct
application of Theorem 4.3 and Corollary 9.1. O

We follow the notations of Section 4.3. We assume that 0 < |¢| < 1, n > s,

n>2 Leta= (ala-'-aan) € (qR)n, b= (bla-'-vbS) € (qR\qiN)Sa b1 =q, A€ CX;
0 < |g| < 1 and consider (4.3).
Corollary 9.3. For (i,j) € {1,...,n}x{1,...,s}, let s, B; € R such that a; = ¢~
and b; = ¢% . Assume that for all (i,7) € {1,...,n} x {1,...,s}, a; — B; ¢ Z, and
that the algebraic group generated by Diag(e?™1 ... €2i™%n) is connected. Then,
n®s(a, b, N, q; 2) is o -algebraically independent over Cg(z).

Proof. Since 0 < |q| < 1, the series ,,®s(a,b, A\, q; z) is convergent. We use Re-
mark 8.4, to deduce that ,,®;(a,b, A, q; 2) € Mer(C*). The conclusion is a direct
application of Theorem 4.5 and Corollary 9.1. O

APPENDIX A. DIFFERENCE ALGEBRAIC GROUPS

Let (k,04 ) be a difference field. We denote by Algkﬁaq/ the category of k-oq/-
algebras and by Groups the category of groups.

Definition A.1. A k-o4-Hopf algebra R is a k-Hopf-algebra, endowed with a
structure of k-oq/-algebra, whose structural maps are oq-morphism. A oq-Hopf
ideal of R is a Hopf ideal, which is stable under the action of o .

We define a oq4/-algebraic group scheme over k as follows.
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Definition A.2. A functor H from the category Algkﬁaq, to the category of Groups

representable by a oq/-finitely generated k-oq/-Hopf algebra k{H} is called a o4/-
algebraic group scheme. A oq-subgroup scheme G of H is a subgroup functor of
H. Tt corresponds to a oq-Hopf ideal Ty of k{G} such that k{H} = k{G}/Ty.

Remark A.3. If o4 is the identity, we find the usual definition of algebraic group
scheme over k. We adopt the following conventions. If G is an algebraic group over
k, we denote by k[G] its associated Hopf algebra.

The theory of o4 -algebraic schemes was initiated by M.Wibmer (see for instance
[Wib15]). Many of the terminology for o4/ -algebraic schemes is borrowed from the
usual terminology of schemes, by adding a straightforward compatibility with the
difference operator oq:. In order to avoid too many definitions, we choose to refer
often to [DVHW14b]. However, one has to take care that the oq/-geometry is more
subtle, even in the affine case, than the algebraic geometry.

Ezxample A.4. Localizing k{X}Uq,7 the k-oq/-algebra of polynomials in the n x n-
matrix X of O'q/ -indeterminates, with respect to det(X), we find the k-oq/-Hopf al-
gebra k{X, = ( 59) }g ,,that corresponds to the o4/-algebraic group scheme attached
to the general hnear group scheme GL,, k.

The following proposition shows the connection between algebraic schemes over
k and oq/-schemes.

Proposition A.5 ( §A.4 and §A.5 in [DVHW14b]). Let G be an algebraic group
scheme over k represented by the finitely generated k-Hopf algebra kK[G]. Let H be
a og -algebraic group scheme represented by the oq -finitely generated k-oq -Hopf
algebra k{H}. The following holds.

Algkﬁaq, —  Sets

B — G(B#%)’
k-algebra of B, is representable by a oq -finitely generated k-0 -Hopf alge-
bra. We call G the o4 -algebraic group scheme attached to G.

Alg, — Sets
# Kk
o We denote by H™ the functor B + Homayg, (k{H}# B)

Hom(H#,G) ~ Hom(H, G).

o Assume that H is a oq -subgroup scheme of G, i.e., H is a oq-subgroup
scheme of G. The smallest k-group scheme H such that H#* — G factorizes
through H — G s called the Zariski closure of H in G.

e The group functor with B¥ the underlying

Then,

Example A.6. Any oq/- subgroup scheme H of GL, k is entirely determined by a
ogq-Hopf ideal T C k{X, det(X) }U ,. The Zariski closure of H in GL,, x is defined

by the Hopf ideal Ty Nk[X, det(X)]

Definition A.7. Let G be a og-algebraic group scheme over k and let k
be a oq-field extension of k. The base extension of G to k is the functor
Algﬂﬁa , — Sets
B G(B)
the E—O‘q/—HOpf algebra k{G} ®x k.

, Where B is viewed as k-oq/-algebra. It is represented by

This allows us to define the o4/-analogue of the notion of irreducibility.

Definition A.8 (Definition 4.2 and Lemma A.13 in [DVHW14b]). Let G be a oq/-
algebraic scheme over k. Let k be an algebraically closed, inversive field extension
of k. We say that G is absolutely oq/-integral if E{G}, the oq/-Hopf algebra E{G}
of G is a 0q/-domain, i.e., k{G} is an integral domain and oq is injective on k{G}.
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Lemma A.9. Let G and H be absolutely oq -integral oq -group schemes over k.
Then, the product G x H 1is absolutely o4 -integral.

Proof. Since the product commutes with base extension, we can directly assume
that k is inversive and algebraically closed. Thus k{G} and k{H} are o4 -domains.
This means for instance that k{H} can be embedded in a og-field L. Then,
k{G} ®x k{H} embeds as oq-ring in k{G} ®x L. Since k is inversive and alge-
braically closed, [DVHW14b, Lemma A.13] shows that k{G} is o4 -regular, i.e.,
k{G} ®k k' is a oq-domain for all oy -field extension k’ of k. Thus k{G} ® L is
a og-domain and the same holds for k{G} @ k{H} = k{G x H}. This ends the
proof. (I

We would like to classify some oq/-subgroup schemes of GL,, k. First, we state a
fundamental classification theorem, which is a o4/-analogue of a result of P. Cassidy.

Theorem A.10 (Theorem A.25 in [DVHW14a|). Let k be an algebraically closed,
inversive oq -field of characteristic zero and let G be a oy -integral, oq -algebraic
subgroup of GLy, x. Assume that the Zariski closure of G in GL,, x is an absolutely
almost simple algebraic group, properly containing G. Then there exist a oy -field

extension k of k and an integer d > 1 such that Gy is conjugate to a od,-constant

q
subgroup of GL i.e., there exists P € GL,, (k) such that

n,E’
PGP™!(S) C {g € GL, 1(9)]0g (9) = g}
for all S € Algg .

We also shall have to consider derived group. In analogy with [Wat79, §10.1],
we define the derived group of a oy/-algebraic group scheme as follows.

Definition A.11. Let G be a oq-algebraic group scheme defined over k and let
k{G} be its o4 -Hopf algebra. For any n € N, we define a natural transformation ¢y,
from G?" to G as follows. For all S € Algy,, and T1, ..., Tn, Y1, Yn € G(9)?",
we set

¢n(z1; ey Ty Y1y e e 7yn> = iElylelyfl CIE xnyn'rr_llygl
Let ¢, : k{G} — ®*"k{G} be the corresponding dual map by Yoneda. We denote
by T, its kernel. Let Jp(a) = NnenJn. Then Jp(g) is a oq-Hopf ideal of k{G} and

we defined the derived group D(G) as the oq/-algebraic subgroup of G represented
by k{G}/jD(G)-

Proof. Let A denote the co-multiplication map of k{G}. Then, it is clear that
A(Jap) C J,®7T, since multiplying two products of n commutators yields a product
of 2n commutators. This shows that Jp(g) is an Hopf ideal. For all n € N, the
map vy is a og-morphism so that J,. This proves that Jp(g) is a oq/-ideal. O

Remark A.12. If o4 is the identity, we retrieve the definition of the derived group
scheme D(H) of an algebraic group scheme H over k as in [Wat79, §10.1].

Lemma A.13. For any oq -algebraic group scheme G over k and any oq -field
extension k of k, we have D(Gy) = D(G);

Proof. The definition of Jp(g) commutes with base extension. (I

Proposition A.14. Let H be an algebraic group scheme over k and let G C H
be a Zariski dense og -algebraic subgroup of H. Then, D(G) is a Zariski dense
subgroup of D(H).
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Proof. Let k{H} be the oq-Hopf algebra of the oq/-algebraic group scheme H
attached to H as in Proposition A.5. Then, k[H] is a sub-Hopf algebra of k{H}.
This means, in the notation above, that v, : k[H] — ®2"k[H] is the restriction
of ¥, : k{H} — ®?"k{H}. Thus, if Iy C k[H] denotes the Hopf ideal of D(H)
in H, then Jpry Nk[H] = Ipy). Since G is a oy-algebraic subgroup of H, we
find a surjective morphism 7 : k{H} — k{G} of oq-Hopf algebras. Since the
applications 1, are constructed using comultiplication and co-inverse and 7 is a
surjective morphism of oq/-Hopf algebras, we get that 7(Jpw)) = JIp(g). Let
JIp(c) be the defining ideal of D(G) in H, i.e., 7~ (Ip(q))- Let Jo C k{H} be the
defining ideal of G in H, i.e., the kernel of 7. Then, Jpa) = Jo + Ip)- Since
the group G is Zariski dense in H, we have Jg Nk[H] = {0}. Then,

Ip@) Nk[H] = (Jc + Ipmw)) Nk[H] = Tpw) NK[H] = Ipm).
This equality means precisely that D(G) is Zariski dense in D(H). O

Lemma A.15. The derived group of an absolutely oq -integral oq:-algebraic group
scheme G over k is absolutely oq -integral.

Proof. Since by Lemma A.13, the formation of the derived group commutes with
base extension. We can assume that k is algebraically closed and inversive. Since
the k-oq/-Hof algebra of D(G) is k{G}/Ip(q), the group D(G) is absolutely oq-
integral if and only if Jp () is oq/-prime, i.e., prime and such that oq (a) € Ip(q)
implies a € Jp(g). By Lemma A.9, we find that for all n € N, the group G?" is
absolutely oq-integral. This means that k{G*"} is a og-domain for all n € N.
Since J,, is the kernel of the oq/-morphism v, : k{G} — k{G?*"}, the ideal J,, is
og-prime for all n € N. This implies that Jp(q) is og-prime. O

Definition A.16. Let (k,oq) be a og-field and let G C GL,, k be an algebraic
group scheme defined over k. Let d € N*. We consider the oq-subgroup G

of G defined by GO (S) = {g € G(9)|od (9) = g}. We say that G has a toric
constant centralizer if, for any d € N* | for any S € Algkﬁq,, the following holds: if

h € GL,, x(S) centralizes G (S) then h = A, for some A € S*.

Lemma A.17. Let (k,04/) be a og -field and let G C GLy x be an algebraic group
scheme defined over k. Assume that G has toric constant centralizer. Then, the

normalizer H of Gag’ in GLy,x is a og -algebraic group define over k. Moreover,
for all S € Algy , , and g € H(S) there exists Ay € S* such that o, (g) = Agg.

Proof of Lemma A.17. The fact that the normalizer is a o4/-algebraic group comes

essentially from the representability of the normalizer by [DG70, I1.13.6].
d d
If g normalizes G”«' (S), for some d € N, then od,(g)g~" centralizes G (S).
-1

By assumption, we conclude that Ug, (9)g~! is a scalar matrix. O

Lemma A.18. Let (k,0q/) be a o -field. The algebraic groups SL,, x (whenn > 2),
SOy x (when n > 3) and Sp,, j (when n is even) have toric constant centralizer.

Proof. The algebraic groups SLy, x (when n > 2), SO, x (when n > 3) and Sp,,
(when n is even) are absolutely almost simple algebraic group. Let d € N* and let
S e Algkﬁaq,.

d
Let us consider SL,, x with n > 2. Let M € GL, x(S5) that centralizes SLZ"' (9).
For ¢ # j, the matrices X; ; = I, + E; ;j, where E; ; are matrices with zeroes at

every entry except 1 at line ¢ and column j, belong to SLZ:‘I;(S ) for all S € Algkﬁq,.
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Consequently, for all i # j, S € Algkﬁq,, MX;; = X; ;M. This shows that
M = )\, for some \ € S%.

d
Let us consider SO,, x with n > 3. Let M € GL,, x(S) that centralizes SO, (9).
Forall1<i<j<mn, Sc Algk,aq/, MN; ; = N; jM, where N; ; is the diagonal
matrix with 1 entry, except the diagonal entries ¢ and j that are equal to —1. It
follows that M is diagonal. To conclude that M = A, for some A € S, we

consider the commutation with P; = Diag(I;, (_01 (1)) dp_i—2), 1 <n—2.

o4,
Let us consider Sp,, . with n even. Let M € GL, x(S) that centralizes Sp,* (.5).

o, o, o,
Forall N € SLn(/l2,k(S)’ Diag(N, (N~ e Sp, % (). Then, forall N € SLn(/l2,k(S)7

Mix M 1,2)
Moy Mys)’
M; ; are n/2 times n/2 matrices. From the commutation relation we obtain
Mi 1N = NM; ;. Using the fact that SLn/27k has toric constant centralizer, we
conclude that M; ; = A,/ for some A € S*. Similarly, we find that Mo = ul, /2

we have MDiag(N,(N~1)!) = Diag(N,(N"Y))M. Let M = <

o4,
for some p € S*. Then, MN = NM with N = <I"0/2 %”/2) € Sp,,%(S). We ob-
n/2 ’

o4,
tain Mo 1 = 0. Similarly with N = G”/Q IO ) € Sp,,%(S), we obtain M; 5 = 0.
n/2 n/2 ’

0 In/2 €S il we find
7In/2 0 pn,k7

M = )\, for some \ € S%. O

Finally, with the commutation of M with N = (

APPENDIX B. CONVERGENT POWER SERIES SOLUTION OF g-DIFFERENCE
EQUATIONS

Let K = C({z}) be the field of fraction of the ring of convergent power series
C{z}. Let us denote by Cg the field of elliptic functions in Mer(C*) and let
Cg = {f € Mer(C*)|oy(f) = f for some r € N}. Let q' € C* be multiplicatively
independent from ¢ and let og : Mer(C*) — Mer(C*), f(2) — f(d'2).

Let A € GL,(C(z)). In [Sau04], the author attaches to a g¢-difference system
04(Y) = AY, a Newton polygon N(A). The slopes of the non-vertical half-lines
defining the border of N(A) are called the slopes of the Newton polygon and ranked
in decreasing order as follows S(A) = {1 > po -+ > pr} C Q. The Newton poly-
gon and the slopes of the g-difference system are invariant under gage transforms,
i.e., S(A) = S(o4(P)AP™!) and N(A) = N(o4(P)AP™) for any P € GL,(K).
The slopes induces a filtration of the g-difference module associated to the g¢-
difference system o4(Y) = AY. One has the following proposition:

Proposition B.1 (§3.3.2, [RSZ13]). Let us consider A € GL,(C(z)) and let
S(A) = {1 > p2 > -+ > pr} be its set of slopes. Assume that the slopes of
A are in Z. Then, there exists P € GL,(K), A1,... A, some invertible matrices
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with complex entries and U; ; some matrices with entries in K such that

ZTMA e e e Ui
0 .
: zTHi A Ui ;
0g(P)AP™! = : o0
z7HIA;
: 0 . :
0 0 =z7HrA,

Lemma B.2. Let A € GL,(C(2)). Letl be a minimal positive integer, such that
S(A) cZ/l={a/l,a € Z}. Then, the following hold

(1) there exist a non zero integer r and a complex number ¢ € C* such that the

system o4 (Y') = cz"ol " (A) ... AY has a non zero vector solution Y € K";

(2) there exist a non zero rational integer v and a complex number ¢ € C* such

that the system a,(Y) = cz" AY has a non zero vector solution in C((z'/%)).

Proof. Let us begin by proving the first part of the lemma in the particular case
I = 1. We know, by Proposition B.1, one can find P € GL,(K) and 4, ... A, some
invertible constant matrices such that

Z2THmA L o . . Ui
0 .
: z7HiA; Ui ;
(B.1) oq(P)AP™! = : o0
ZTHIA;
: 0 " :
0 0 z7HA,.

One can also assume, up to multiply P by a constant matrix, that A; is upper
triangular. We let d € C* be the entry on the first row and line of A;. An

1
0
easy computation shows that the vector Zg = | . | is a solution of the system
0
04(Z) = Z0,(P)AP™'Z. Then, the vector Yy = P~'Z; € K" is a non zero
solution of the system o,(Y) = Z’; AY. Moreover, one can show, using the fact

that o (Yp) = %AYO that the vector Y, defines a meromorphic function on C*.
This proves the result when [ = 1. Let us prove the first part of the lemma in
the general case. An easy computation shows that the slopes of aé‘l(A) ... A are
{lpy > lpz -+ > lu,} and thus are in Z. The case [ = 1 allows to conclude.

The second part of the lemma can be deduced from the first as follows. Le t
t = z'/V and let ¢ be a I-th root of ¢. We endow C(t) with a structure of o, field by
sending t on ¢;t. We can consider the g;-difference system o4, (Z) = AZ over C(¢).
Its set of slopes is precisely {luq > lua--- > lu,}. By the above, there exist a non
zero integer r and a complex number ¢ € C* such that the system o, (Z) = ct"AZ
has a solution vector Zy € C((t))". Then, Zy € C((2'/!))™ is a vector solution of
0,(Y) = cz"/PAY. O
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Lemma B.3. Let A € GL,(Cg(2)) and let | be a non negative integer. Set
All] = ol (A)ol=2(A)--- A, Let R C Mer(C*) be the oq-PV extension for
04(Y) = AY over Cg(z) and let G be the ogq-Galois group of R over Cg(z).

The following hold
e Ris a ogq-PV extension for ol (Y) = A[l]Y over the (04,04 )-field Cp(z);
e the oy -Galois group of R over Cg(z) for the q'-difference system
ol (Y) = A[l]Y coincides with the base extension from Cp to Cg, of the
oq -Galois group of R over Cg(z) for the q-difference system o4(Y) = AY.
Proof. For the first assertion, let U € GL,(R) be a fundamental solution matrix for
04(Y) = AY. Then, U is also a fundamental solution matrix for the ¢'-difference
system o, (Y) = A[l]Y. Moreover, since

CEL = (CE(Z)UQL C R« C CEL = M@T(CX))UQL.

This proves that R is also a o¢q/-PV extension for o, (Y)) = A[l]Y over the (o, 04)-
field Cg(z).
For the second assertion, let G; be the C'g,-04/-group scheme defined by

q

Alge, o, — Groups,

B = Aut’ Y (R®c,, B/Ck(z) ®cy, B).
By [OW15, Lemma 2.49 and 2.51], this functor is represented by the Cg,-oq/-Hopf
algebra Cp, {G1} = (R ®cp(z) R)7". Moreover, Cg,{Gi} = Cg,{Z, #(Z)}gq/ with
Z=U®1)"'(1®U) € GL,(R ®c,(s) R). The same arguments show that G
is represented by the Cp-oq-Hopf algebra Cp{G} = (R ®c, ) R)??. Moreover,
Cp{G} = CB{Z, gazytoy With Z = (U ® 1) (1®U) € GLy(R ®cp(z) R). This
proves that Cg{G} C Cg,{G,} and that Cg{G} ®c, Cg, = Cg,{Gi}. This last

equality means that G is obtained from G by base change from Cg to Cg,. O
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