VERY SHORT LECTURE NOTES ON CONVEX DUALITY
AND REGULARITY IN CALCULUS OF VARIATIONS

FILIPPO SANTAMBROGIO

1. CONVEX DUALITY

Given H : X — RU{+o0}, let us recall the definition of H*, Legendre transform of H, defined

on the dual space X’
H*(w) = sup (w,v) — H(v).
veX

We will use reflexive spaces for simplicitiy. In this case it is clear that H** is also defined on X.
We recall the important result stating that, if H : X — R is convex and l.s.c.,then H** = H.
For the main facts about conjugate convex functions, see for instance [9].

Finally, we also recall the formula for the Legendre transform of H(v) = %\vlq , defined on RY,
where we get H*(w) = %]w|q, where ¢ is the conjugate exponent of p, i.e. ¢ =p' =p/(p— 1),
wharacterized by 1% + % =1.

Now, consider a function H : Q x R* — R which is convex in the second variable
(Hypl) for every x v+ H(x,v) is convex

and satisfying the following uniform bounds:

(Hyp2) %”mq — ho(z) < H(z,v) < %mq + ha(z),

where hg, hy are L' functions on § and ¢, c; > 0 are given finite constants, and p €]1, +oo] is
a given exponent. For functions of this form, when we write H*(z,w) we mean the Legendre
transform in the second variable, i.e. H*(xz,w) = sup, w-v — H(x,v).

These notes will be devoted to the study of duality in calculus of variations problems, and to
its applications to the regularity of the minimizers. The starting problem that we will consider
will be of the form

min{/ﬂH(m,v(a;))dx : V~v:f}.

Before giving rigorous results, we want to show how to build its dual problem, with an informal
derivation. This can be done in the following way: the constraint V - v = f can be written, in
weak form, as — [v- Vu = [ fu for every u (let us be sloppy about the regularity of the test
functions now). This means that we can rewrite the above problem in the min-max form

min{/H(az,v)—i—sgp—/fu—/szu},

since the last sup is 0 is the constraint is satisfied and +oo if not. Now, we have a min-max

problem and the dual problem can be obtained (without claiming any relation with the original
1



2 F. SANTAMBROGIO

problem, or equality of the two values) just by inverting inf and sup. In this case we get

sup{—/fuﬂ%f/ﬂ(x,v)—/v-vu}.

Since inf, [ H(z,v)— [v-Vu = —sup, [ Vu-v— [ H(z,v) = [ H*(z, Vu), the problem becomes

aw{- [ru- 1),

In the following, we will see precise statements about the duality between the two problems,
and also provide a variant for the case of Dirichlet conditions. The duality proof, based on the
above conve analysis tools, is essentially inspired to the method used in [6] . Other proofs are
obviously possible.

1.1. Neumann boundary conditions. We define the space WaP (Q) as the vector subspace

of W1P(Q) composed by functions with zero mean and the space (W!?).(Q) as the subspace of

the dual of WP composed by those f such that (f,1) = 0 (i.e. those f with zero mean as well).
Note that for every v € L(Q; R?), the distribution V - v, defined through

(V-0.6)i=— [ 0V

belongs naturally to (W'P).(Q). This will be by the way the definition we will use of the
divergence operator (in weak form), and it includes a natural Neumann boundary condition on
0f). However, consider that we will often use {2 to be the torus, which gets rid of many boundary
issues.

We will prove the following duality result.

Theorem 1.1. Suppose that Q is smooth enough and that H satisfies Hypl and Hyp2. Then,
for any f € (WHP)L(Q), we have

min{/QH(a;,v(x))dx c v e LIGRY), V-0 = f}
= max {—/(ZH*(x,Vu(x))dx —(fiu) : ue Wl’p(Q)}
Proof. We will define a function F : (W) — R in the following way
F(p) := min{/QH(:c,v(x))dx cve LR, Vv = f+p} :
Note that if p ¢ (W1P), c (WLP) then F(p) = +oo, as thereisno v € L? with V-v = f+p. On
the other hand, if p € (W'P),, then F(p) is well-defined and real-valued since [, H(z,v(z))dz

is comparable to the L norm, and we use the following fact: for every f € (W'P). there exists
v € L such that f =V v and [[v]|re <||f|[(wrry, (see next lemma).
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We now compute F* : WP — R:

Fr(u) = sup (p,u) — F(p)

= s - [ H)
pv:Vu=f+p Q

= s () — () /Q H (e, o)) de

p,v:Vu=f+p

= sgp—(f,u)—/S)H(x,v(x))dx—/(v-Vu)d:U
= —(f,u)—l—/QH*(ac,—Vu(x))dx.

Now we want to use the fact that 7**(0) = sup —F*. Note that sup —F* = +ooif f ¢ (WLP).,
as it is possible to add an arbitrary constant to u, without changing the gradient term, and letting
the term —(f,u) tend to —co. On the other hand, if f € (W), then in the above optimization
u can be taken in WP or in Wo* and the result does not change, as adding a constant does
not change neither the integral term (which only depends on Vu) nor the duality term (as
(f,1) =0).

By taking the sup on —u instead of u we also have
F*(0) =sup —(f,u) — / H*(xz,Vu(z))dr = —inf(f, u) +/ H*(z, Vu(z))dz.
u Q uw Q

Finally, if we prove that F is convex and l.s.c., then we also have F**(0) = F(0), which gives
the thesis.

Convexity of F is easy. We just need to take pg, p1 € (W'P)5(Q) and define p; := (1—t)po+tp1.
Let vp,v1 be optimal in the definition of F(pg) and F(p1), i.e. [ H(z,vi(z))dz = F(p;) and
V-vi = f+pi. Let vy := (1 —t)vg + tv1. Of course we have V - vy = f + p; and, by convexity of
H(z,-) we have

Flpr) < / H(x, vp(x))dz < (1—1) / H (e, vo()) e+t / H (e, 01 (2))de < (1~ ) F(po) +LF(py),

and the convexity is proven.

For the semicontinuity, we take a sequence p, — p in (W'P)’. We can suppose that F(p,) <
+00 otherwise there is nothing to prove, hence p, € (W1?), (). Take the corresponding optimal
vector fields v, € L9, ie. [ H(z,vy(x))dz = F(p,). We can extract a subsequence such that
limy, F(pp, ) = liminf, F(p,). Moreover, from the bound on H we can see that the LY norm
of v, is bounded in terms of the values of F(p,,), which are (use Lemma 1.2) bounded by the
(W) norms of p,. Since p, converges, then we get a bound on ||v,||rs. Hence, up to an
extra subsequence extraction, we can assume v,, — v. Obviously we have V-v = f 4+ p and, by
semicontinuity of the integral functional v +— [ H(z,v)dz, we get

F(p) < /H(x,v(m))dm < limkinf/H(m,vnk (z))dx = lilgn]:(pnk) = liH%mf F(pn),

which gives the desired result. O
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The duality result that we proved will be used in the rest of these notes written in the following
form

(1.1) min{A(v)} + min{B(u)} = 0,
where A is defined on L7(€; ]Rd) and B on WP(Q) via
Aw) = {faﬂwwdw 9 0=,
+00 otherwise,

and

B(u):/QH*(x,Vu(a:))da:—i-(f,u>.

Lemma 1.2. Given f € (W'P)L(Q) there exists v € LY(Q;R?) such that f =V -v and ||v||1a <
Cllf N wrey-

Proof. Consider the minimization problem

min{; [ [vopas+(1.6) < oe lepm)}.

It is easy to prove that this problem admits a solution, as the minimization can be restricted to
the set Wa”. This solution ¢ satisfies

- /Q (Vo Vo = (f.4))

for all v € WHP(Q) (pay attention to the notation: for every vector v we denote by w® the
vector with modulus equal to |w|®, and same direction as w, i.e. w® := |w|*~!w). This exactly
means V - v = f for v = (V¢)P~L. Moreover, testing against ¢, we get

1017 Z/le!q = /Q IVo" = (£, 0) < [[fllwrroyll@llwrs

-1
< OllfllwroyIVollze = Clif llwrwyllvllza
which gives the desired bound on ||v||La. O

1.2. Dirichlet boundary conditions. We also want to provide a variant of Theorem 1.1 in
the case where the values of u are prescribed on 0. In this case we besides the space WP
and its dual (W'P)’ we also need to consider the space X (92) defined as those elements 7 of
(WP such that {p,u) = 0 for all u € Wol’p(Q) (in practice, these are the elements of (W1P)/
which are concentrated on the boundary 0€2).

We first note the following fact: for every f € (W'P) there exists m € X (99) such that

(1.2) frme W)L (Inllwiey < Clfllwny-
This can be done either explicitly, by taking

B f qf)d/Hd—l
<7T7 ¢> = _%(am<fv 1>7

or by using the Hahn-Banach Theorem (see for instance the first chapter in [9]) in the following
way: there exists an element m € (W1P) with the following properties (m,¢) = 0 for every
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S Wol’p, (m,1) = —(f,1) and ||7|[wrsy < [(f, DI/I[1]lw1r (the only condition which is
necessary to do this is 1 ¢ W(} P which is a very mild assumption on ).

Theorem 1.3. Suppose that Q is smooth enough and that H satisfies Hypl and Hyp2. Then,
for any f € (WLP)(Q) and a € WIP(Q), we have

min{/QH(x,v(az))dﬂz—F (m,a) : ve LI(GRY), 1 e X(0Q),V-v= f+7r}

= max {—/ H* (2, Vu(z))de — (fu) : ue€ WP(Q),u—a¢c Wol’p(Q)}
Q
Proof. The proof will be very similar to that of Theorem 1.1. We define
F(p) == min{/ H(z,v(zx))dz + (m,a) : ve LY(QGRY, 7 e X(0Q),V-v= f—i—p—i—ﬂ} .
Q

We now compute F* : WP — R:

Fr(u) = sup (p,u) — F(p)

— s - [ He@)d - ()
pu,m: Vu=f+p+n Q

= s fama = (L [ Ho@)ds - ()
pu,m: Vo=f+p Q

= sup—(f,u)—/QH(x,U(x))dac—/(v-Vu)dx—<7r,u+ﬁ>

v,

= 8171rp—<f, u) —l—/QH*(a:, —Vu(z))dr — (7, u + a)

B —(f,u) + fQ H*(x,—Vu(z))dr ifu+uce Wol’p(Q),
N +00 if not.

Agains, we will conclude by using F**(0) = sup —F* and taking the sup on —u instead of u.

We need to prove that F is convex and l.s.c.

Convexity of F follows the same scheme as in Theorem 1.1. Take pg,p1 € (W'P)'(Q) and
define py := (1 — t)po + tp1. Let (vg, mp) and (vi,71) be optimal in the definition of F(pg) and
F(p1) and use vy := (1 — t)vg + tvr, ¢ := (1 — t)mo + tm1.

For the semicontinuity, we take a sequence p,, — p in (W1P)’, with the corresponding optimal
(vn, ™). We also define 7, as the element of X (0€2) defined by (1.2) and corresponding to f+py,.
Then we can use the vector viend v,, provided by Lemma 1.2 corresponding to f + p,, + 7, and
obtain a bound on F(py,) < C||t,|[f, + C + C||m,|| < C.

From this bound we want to deduce bound on v, and m,, which would allow to extract
converging subsequences and conclude as in Theorem 1.1.

For these bounds, it is enough to observe that we have

(s @) = —(f + Py ) — /vn Viadz > —C = C||on |10

and
Ci
Donlly, - < / H(z, vn(z))dz,
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which allows to give a bound on ||vy||e in terms of F(p,). Once we have a bound on v,, the
bound on 7, comes from the constraint V - v, = f 4+ p,, + 7.
The proof can be completed as in Theorem 1.1. O

2. REGULARITY VIA DUALITY

In this section we will use the relation (1.1) to produce Sobolev regularity results for solutions
of the minimization problems min A or min B.

We will start by describing the general strategy. We consider a function H not explicitly
depending on z, and we suppose that an inequality of the following form is true

(Hyp3) H(v)+H"(w) > v-w+c[F(v) — G(w)[”
for some given functions F,G : R — R? This is an improvement of the Young inequality
H(v) + H*(w) > v - w(which is just a consequence of the definition of H*). Of course this
is always true taking F' = G = 0, but the interesting cases are the ones where F' and G are
non-trivial.

To simplify the computations, we will suppose that Q is the flat d-dimensional torus T¢ (and
we will omit the indication of the domain). We start from the following observations, tha we
collect in a lemma. For the sake of the notations, we call v, and u, the minimizers (or some
minimizers, in case there is no uniqueness) of A and B, respectively, and we denote by uy, the
function up,(z) : u(z + h). We define a function g : R? — R given by

g(h) ::/f(x)u*(:c+h)d:c—/f(a:)u*(a:)dac.

Lemma 2.1. Suppose H satisfies Hypl, 2,3 and let v, and u, be optimal. Then

(1) F(vi) = G(Vuy).

(2) ¢ [ IG(Vup) — G(Vu.)Pdz < g(h).

(3) If g(h) = O(|h|?), then G(Vu.) € H'.

(4) If g is C1Y, then g(h) = O(|h|?) and G(Vu,) € H'.

(5) If f € WaP(Q), then g € CV! and hence G(Vu,) € H*
Proof. First, we compute for arbitrary v and u admissible in the primal and dual problems (i.e.
we need V- v = f), the sum A(v) + B(u):

A(v)+B(u) = /(H(v)+H*(Vu)+fu)dm = /(H(v)—i—H*(Vu)—v-Vu)dac > c/ |F(v)—G(Vu)|*da.
If we take v : v, and u = us, then A(v) = min A, B(u) = min B and A(v) + B(u) = 0. Hence,

we deduce F(v.) = G(Vuy), i.e. the Part (1) in the statement.
Now, let us fix v = v, but u = uj. We obtain

c/ G(Vi) — G(Vup) 2da = c/ F(v,) = G(Vun)2dx < A(v.) + Blun) = Blup) — Blu,).

In computing B(up) — B(uy), we see that the terms [ H*(Vuy,) and [ H*(Vu,) are equal, as
one can see from an easy change-of-variable x — z + h. Hence,

B(up) — B(u.) = / fun - / Fun = g(h),

which gives part (2).
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Part (3) of the statement is an easy consequence of classical characterization of Sobolev spaces.
Part (4) comes from the optimality of w., which means that g(0) = 0 and g(h) > 0 for all h.
This implies, as soon as g € C1't, Vg(0) = 0 and g(h) = O(|h|?).

For Part (5), we first differentiate g(h), thus getting

Vg(h) = /f(q:)Vu*($ + h)dz.

If we want to differentiate once more, we use the regularity assumption on f: we write

/f(:L‘)Vu*(:L‘ + h)dx = /f(x — h)Vu,(z)dx
and then
D?g(h) = /Vf(m — h) ® Vu(z)dz,

which also gives |D?g| < ||V f||Le||Vus||r. Note that u, naturally belongs to WP, hence the
integral is finite and bounded, and g € C11. O

Unfortunately, the last assumption (f € Wh4) is quite restrictive, but we want to provide a
case where it is reasonable to use it. Before, we find interesting cases of functions H and H* for
which we can provide non-trivial functions F' and G.

2.1. Pointwise vector inequalities. The first interesting case is the quadratic case. Take
H(v) = 3|v[* with H*(w) = 3|w|?. In this case we have easily

1 1 1
H(v) + H*(w) = 5 |vl* + Swl = v-w+ Slo —wf,

hnece one can take F(v) = v and G(w) = w.
Then, we pass to another interesting case, the case of the powers. Take H(v) = %\vlq with
H*(w) = %|w\p. We claim that in this case we can take F(v) = v%/? and G(w) = wP/? (remember

the notation for powers of vectors).

Lemma 2.2. For any v,w € R? we have

1
l\v]p—&-—\wlqzv-w—i— |0P/2 — /2|2,
p q q}

2 max{p,

Proof. First we write a = v?/2 and b = w?? and we express the inequality in terms of a, b.
Hence we try to prove 1lo|a|2 + %]b|2 > a?/P . p2/e 4 WI{WI}M — b2, In this way the inequality is
more homogeneous, as it is of order 2 in all its terms (remember 1/p+1/q = 1). Then we notice
that we can also write the expression in terms of |a|, |b| and cos @, where @ is the angle between
a and b (which is the same as the one between v = a*/? and w = b*/9. Hence, we want to prove

Lo 1.9 < 2/p 112/ 1 > 2 2
—lal® + =|b|* > cos@ | |a|*/P|b|*/? — ———|al|b| | + al® +1b|7).
pl \ qll |lal~/P[b] max{p’q}l 1] (lal® + [b)

2max{p, q}

since this depends linearly in cos#f, it is enough to prove the inequality in the two limit cases
cosf = +1.
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For simplicity, ue to the simmetry in p and ¢ of the claim, we suppose p < 2 < q. We start
from the case cosf = 1, i.e. b = ta, with ¢t > 0 (the case a = 0 is trivial). In this case the Lh.s.
of the inequality becomes

1 1 1 1 2 1 1

2 2y _ |42 2y _ |2 2 2(42/q 2
al“(=+-=t7)=lal"(=+-(1+ (-1 =la|"(1+-(¢—-1)+-(t—-1)°) > |a|" (7" +-(t - 1)),
"G+ 1) = e+ (4 (= 1)) = JaF(L+ (= 1) + 2 (= 1)7) = fal( PGl
where we used the concavity of t — t2/4, which provides 1 + %(t — 1) > /9. This inequality is
even stronger than the one we wanted to prove, as we get a factor 1/q instead of 1/(2¢q) in the
r.hs..

The factor 1/(2q) appears in the case cosf = —1, i.e. b = —ta, t > 0 (we do not claim that
this coefficient is optimal, anyway). In this case we start from the r.h.s.

1 1 2 1 1
2 2 2/q 2 2 2 2 2 2
a 14+t t <la 14+%1)"<|a 14+t%) <la + —t7),

which gives the claim. O

Remark 2.1. The above inequality replaces, in this duality-based approach, the usual vector
inequality that PDE methods require to handle equations involving A, i.e.

-1 -1 2 2

(wh ™" =} ™) (wo — wi) 2 cfuf’® — uf?P,

which is an improved version of the monotonicity of the gradient of w — %|w|p. Note on the
other hand that the proofs of this other inequality are quite logn, usually dealing with integration
over suitable segments and refined change-of-variables. See for instance [15]. Here the inequality
we need is proven in half a page.

2.2. Very degenerate PDEs. Consider for instance the case H(v) = |v| + %Mq. In this
case, we can use F'(v) = v9/? and G(w) = (w — 1){’/2 (

vector (w — l)ﬁ/2 is the vectorn with norm equal to (Jw| — 1)

G(w) = (lw] = 17w/ w]).

Indeed, we have

again, we use this weird notation: the
2 S .
i/ and same direction as w, i.e.

1 1
H*(w) =sup v-w — [v] = =|v|? = = (jw| = 1)}
v q p
and

1 1
H(v) + H"(w) = [v] + g\v!q + ]3(\w| —DE > o + v (w—1)4 +p?? = (w— 122,

We only need to prove |v| +v - (w —1)4 > v -w. This can be done by writing
[v| +v-(w—1)% = |v|(1+ (Jw] — 1)+ cos ).
If |w| > 1 then we go on with
[v](1 4+ (Jw| = 1)4 cos @) > |v|cos (1 + (|w| — 1)) = |v|cos Olw| = v - w.
If lw| <1 then we simply use
[v|(1 4 (Jw] — 1)+ cosB) = |v| > v - w.

Has a consequence we get the following result.



DUALITY AND REGULARITY 9

Proposition 2.3. Let H be given by H(v) = |v|+ %Mq and H*(w) = %(]w| —1)%. Suppose that
Q is the flat torus and f € WH9(Q). Let v, is a solution of min A and u. a solution of min B
(equivalently, suppose that u, solves V- ((Vu, — 1)’_);1) = f). Then W12 = (Vu, —1)4)P/%2 € H.

This result is the same proven in [7], where it was proven with PDE methods, and does not
seem easy to improve. The equation V - ((Vu — 1)1:1) = f, which can be written,

—1 Vu o
Ve ((IVul = 1% ) =

is very degenerate in the sense that the coefficient (|Vu|— 1){’[1 /|Vu| vanishes on the whole set
where |[Vu| < 1.

This equation and these minimization problems arise in traffic congestion (see [3, 11, 7])
and the choice of the function H is very natural: we need a superlinear function of the form
H(v) = |v|h(|v]), with h > 1). This automatically implies the degeneracy.

2.3. The Laplacian case: Au = f. The case of the Poisson equation Au = f, corresponding
to the minimization of [ £|Vu|? + fu, and hence to H(v) = |v|*> and H*(w) = 1|w?, deserves
special attention. It is possible to treat this case by the same techniques as in the degenerate
case above, but the result is disappointing. Indeed, from these techniques we just obtain f €
H' = Vu € H', while it is well-known that f € L? should be enough for the same result. Yet,
with some more attention it is also possible to treat the L? case.

Proposition 2.4. Suppose that Q is the flat torus and Au, = f € L*(Q). Then Vu, € H'.

Proof. We use the variational framework we presented before, with H(v) = 1[v|%. We have
1
(2.1) 3l [Vun = V|72 < g(h).

Now, set wy := sup{||Vup — Vu||r2 : |h| < t}. From (2.1) we have

wi < sup 2g(h) <2t sup |[Vg(h)|.
h:|h|<t h:|h|<t
From Vg(h)Vg(h) — Vg(0) = ff(Vuh — Vu,) we deduce |Vg(h)| < ||fllrzl|Vup — Vus| 12
|| £]]L2we, hence w? < 2t|| f||2ws, which implies w; < 2t||f||;2 and hence Vu, € H'.

O IA

2.4. The p—Laplacian case: Ayu = f. If we look at the case H(v) = %Mq, we have H*(w) =
}%|w\p and the solutions of Ayu = f (where Ayu := V-(VuP~1)) are the minimizers of [ %|Vu!p+
fu. Classical references on the p-Laplacian regularity question are, for instance, [5, 12].

From the consideration of the previous sections we easily obtain the following.

Proposition 2.5. Suppose that Q is the flat torus and Apu. = f € WH4(Q). Then (Vu,)P/? €
H'.

This result is quite classical (see for instance [15]). Yet, it is not very satisfactory, since if we
set p = q = 2 we get the result Au € H' = Vu € H' which, as we said, is very disappointing.

This is why we also look at the following other classical result. We recall before stating it
some useful definitions of fractional Sobolev spaces (see, for instance, [1]).
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Definition 2.1. When € is bounded and its diameter is R, if 1 <p < +00 and 0 < s < 1, the
space W*P(Q) is defined as

|lus — ul[7,
s,p — P [P —
WP (Q) {u eLP(Q) : [u?,: /B on 5 d§ < 400

and its norm is given by ||ul|re + [u]sp. The space H® is defined as W*2.

Note that an inequality of the form [jus — u||z» < C|8|® implies u € W*'? for every s’ < s.
Also note that the Hilbert case p = 2 also enjoys an alternative definition in terms of the Fourier
transform. indeed, we have u € H*® if and only if & — [£]*a(£) € L? and [u]s2 is equivalent to
the L? norm of & — |¢[50(€).

Proposition 2.6. Suppose that Q is the flat torus and Apu, = f € LU(Q), with p > 2.Then
[[(Vup)P/2 — (Vu,)P/?|| 2 < C|h|9/2, which implies in particular (Vu,)P/? € H® fors < q/2 < 1.
Proof. We use the same strategy as in Proposition 2.4. For simplicity, we set G := (Vu)p/ 2. As
in Proposition 2.4, we set wt := supy, 5 <¢ ||Gn — Gl|g2. We have [|G), — G||32 < Cg(h), which
implies
w? < Ct sup |Vg(h) — Vg(0)| < Ct||f|lra sup ||[Vun — Vu||rr.
h:|h|<t h:lh|<t

From the a-Hélder behaviour of the vector map w + w® in R? (see Lemma 2.7 below), with
a=2/p <1, we deduce, using Vu = G,

||VuhVu*|\§p:/|VuhVu*|pdx§/|GhG|2dx:||GhG||%2.

Hence, we have
2
WP < O ][0},
which implies
2
wit < CH| 1]z,
i.e. the claim O

Lemma 2.7. For 0 < a < 1, the map w — w® is a-Hoélder continuous in R?.

Proof. Let a,b € RY. We write
b ' a b '
0] 0] 0] al [0l
For the second term in the r.h.s., we use the a-Holder behaviour of ¢ +— t* in Ry and get
llal® = 16]%] < [la| — [b]|* < |a — b]*.
For the first term in the r.h.s., we use the inequality
b b b

ol lal ~ a| [0]

|a® ba|—|! I“**I ° 2 a2 — b | < faf + [lal® = [b[].

ja =] |

lal

|Hb\ lall _ ola—9b]

+[b <
|al|o] lal

!a\_\b':

and get

a b

— — —| < 2[a|*Ya - b).

jal o]

If we choose a to be such |a| > |b| (which is possible w.l.o.g.), we have 2|a| > |a — b| and hence
207 glet < |la — b1, ie. 2|al*Ya — b < 227%a — b|*.

jal®




DUALITY AND REGULARITY 11

Summing up, we have (without pretending that this constant is optimal)
la® =% < (227 + 1)[a —b|*. O

Remark 2.2. Note that the result of Proposition 2.6 is also classical, and quite sharp. Indeed,
one can informally consider the following example. Take u(x) = |z|" as x ~ 0 (and then multiply
times a cut-off function out of 0). In this case we have

Vu(z) = [z]"~Y  (Vu(z)P =~ 2|0 DED 1 () = Aju(z) ~ [z -DE-D-L

Hence, f € L7 if and only if (r — 1)(p —1) —1)q > —d, i.e. (r—1)p—q > —d. On the
other hand, the fractional Sobolev reqularity can be observed by considering that “differentiating
s times” means subtracting s from the exponent, hence

(Vu(z))P/? = |zPr=D2 o (Vu)P/? € H® < |zP0 V1275 e [2 o p(r —1) — 25 > —d.

If we want this last condition to be true for arbitrary s < q/2, then it amounts to p(r—1)—q > —d,
which is the same condition as above.

2.5. Variant — Local regularity. In the previous sections, we only provided global Sobolev

regularity results on the torus. This guaranteed that we could do translations without boundary

problems, and that by change-of-variable, the term [ H(Vuy)dz did not actually depend on h.

We now provide a result concerning local regularity. As the result is local, boundary conditions

should not be very important. Yet, as the method stays anyway global, we need to fix them and

be precise on the variational problems that we use. We will use Dirichlet boundary conditions.
We will only provide the following result, in the easiest case p = 2.

Theorem 2.8. Let H, H*,F and G satisfy Hypl,2,3 with p = 2. Suppose f € H'. Suppose
also H* € CY' and G € C%'. Suppose V - (VH*(Vuy)) = f in Q. Then, G(Vu,) € H,

Proof. The condition V - VH*(Vu,) = f is equivalent to the fact that u, is solution of

loc

min{/ H*(Vu)dx—i—/fudx : uGWl’p(Q),u—ﬂeWOl’p(Q)},
Q

for 4 = w, (i.e. u, minimizes under its own optimality conditions We will also use the dual
problem presented in Theorem 1.3. We set A(v,7) := [H(v u) with the constraint
Vv = f+m. Asusual, we sum A(v,7)+ B(u) and we get A(v, 7r)—|—B( ) = [(H(v)+H*(Vu)—
v-Vu)dr > ¢ [ |F(v) — G(Vu)|*dx.

The strategy is the same: use the optimal v and 7 together with a translation of u. Yet, in
order not to have boundary problems, we need to use a cut-off function n € C2°(€2) and define

un(z) = ux(z + hi(z))
(note that for small h this does not change the boundary value @). In this case it is no longer
true that g(h) := [ H*(Vup)dz = [ H*(Vu,)dz. If this term is not constant in h, then we need

to prove that it is a C1! function of h. to do this, and to avoid differentiating Vu,, we use a
change-of-variable. Set y = x + hn(x). We have V(uh)( ) = (Vuy)(y)({ + h® Vn(x)), hence

1
H*(Vup)de = | H*(Vuy( «(y) - h ——dy,
m = [ (Fun)ds = / (Vi ) + (Ve 9) - 1)V 0) 1y
where x = X (h,y) is a function of h and y obtained by inverting = — x + hn(z) and we used
det(I +h ® Vn(x)) =1+ h-Vn(z). The function X is C*° by the implicit function theorem,
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and all the other ingredient of the above integral are at least C1'! in h. This proves that § is
CU1. The regularity of the term g(h) = [ fuy, should also be considered. Differentiating once
we get Vg(h) = [ f(x)Vus(xz + hn(z))n(z)dz. To differentiate once more, we use the same
change-of-variable, thus getting

1

Vo(h) :/f(X(h,y))Vu*(y)n(X(my))Hh.W

From y = X(h,y) + hn(X(h,y)) we get a formula for D, X (h,y), i.e. 0 = DpX(h,y) +
(X (h,y))I + h @ Vn(n(X(h,y))DpX(h,y). This allows to differentiate once more the func-
tion ¢ and proves g € CL.
Finally, we come back to the duality estimate. What we can easily get is
c[|G(V(un)) = G(Vu)|[72 < g(h) + 3(h) = O(|h]?).
The problem is that G(V(uy)) is not the translation of G(Vu,)! Yet, it is almost true. Indeed,
if we put the subscript h every time that we compose with = + hn(z), we have
V(un) = (Vi)n + h - (V) pn.
Since G is supposed to be Lipschitz continuous, then

1G(V(un)) = G((Vue)n)| < Clh|[Vus|nn.

dy.

Hence, we have
IG((Vue)n) — G(Vus)|[2 < |[G(V(un)) — G(Vus)l[2 + ClAl[[Vul| 2,

which is enough to show that this increment si of order |h|, since u, € H' (this depends on the
fact that H* is quadratic). Hence, as in Lemma 2.1 (4), we get G(Vu,) € H'. O

2.6. Variant — Dependence on z. The duality theory has been presented in the case where H
and H* could also depend on x, while for the moment regularity results have only be prensented
under the assumption that they not. In this section, we will see how to handle the following
particular case, corresponding to the minimization problem

(2.2) min{; /Q o(2)|Vu(z)|Pdz + / F@yu(a)ds : ue Wl’p(Q)}.

We will use = T¢ to avoid cumulating difficulites (boundary issues and dependence on z).
Note that the PDE corresponding to the above minimization problem is V - (a(Vu)P~1) = f.

First, we need to compute the transform of w — H*(w) := %]w|p. Set b= a/P=1_ Tt is casy
to obtain H(v) = i|v|q. Also, we can check (just by scaling the inequality of Lemma 2.2, that
we have )

1 b1 v9/?
— o]+ —|wl’ > v-w+ P w2 — —

In particular, if we suppose that a(z) is bounded from below by a positive constant, and we set
H*(z,w) = %\w[ﬁ then we get
H(z,v) 4+ H*(z,w) > v - w+ ¢|F(z,v) — G(w)|?

where G(w) = w?/2.
We can now prove the following theorem.
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Theorem 2.9. Suppose f € W4 and a € Lip,a > ag, and let u, be the minimizer of (2.2).
Then G = Vuf/Q e H.

Proof. Our usual computations show that
cl|Gh = GlI72 < g(h) + g(h),

where g(h) = [ fup — [ fu. and g(h) = f%f)|Vuh|p — f@|VU*|p. With our assumptions,
g € ClL. As for g(h), we write

/Q()Wuh,p:/a(xp_h)\Vu*\p

Y
p

Vf](h):/w(g;_h)|Vu*\p:/vi)m]Vuh]p.

and hence

Hence,
- - Va(z
V30)-vi) < [ FUN 00— 9u.pl < ¢ [l16nP-167 < ClG1—Gll Gt Gl

Here we used the L™ bound on |Va|. Then, from the lower bound on a, we also know G € L2,
hence we get |Vg(h) — Vg(0)| < C||Gp, — G| 2.

Now, we define as usual wy := sup,,_p<¢ [|Gr — G||2 and we get

w; <C sup g(h)+g(h) <Ct sup |Vg(h)+ Vi(h)l

h=|h|<t h=|h|<t
=Ct sup |Vg(h) —Vg(0) + Vg(h) — V§(0)| < Ct* + Ctuwy,
h=|h|<t
which allows to deduce w; < Ct and hence G € H'. O

We also provide the following theorem, which is also interesting for p = 2.

Theorem 2.10. Suppose p > 2, f € LY and a € Lip,a > ag, and let u, be the minimizer of
(2.2). Then G = vuP/? satisfies |Gy, — G2 < C|h|92. In particular, G € H' for p = 2 and
G € H? for all s < q/2 forp > 2.

Proof. The only difference with the previous case is that we cannot say that g is C*! but we
should stick to the computation of Vg. We use as usual

[Vg(h) = Vg(O)] < [[f]|zallVun = Vus||r.

As we are forced to let the norm |[Vuy, — Vuy|[rr appear, we will use it also in §. Indeed, we
can observe that we can estimate

Vo) - Vo)l < [ LN 9up — (v <0 [0Vl + [9up ) Vi - Val
< OVl |1l [V — V|| 1o

We then use ||Vul |0 = HVU*HIZ;l and conclude

IVg(h) = Vg(0)| < Cl|[Vur — V|| v
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This gives, defining w; as usual,

wr < Ct sup [Vg(h) —Vg(0) + Vg(h) —Vg(0)| < Ct sup |[Vup — V|
h=|h|<t h=|h|<t
and hence
w? < thf/p

as in Proposition 2.6. O

2.7. Time-dependent problems. The technique that we saw in this section to prove Sobolev
regularity provides in general classical results, through a slighty different point of view than the
usual PDE-based tools. Yet, it has the advantage that it requires only the optimality, with no
need to write a PDE, and could be useful in some very degenerate cases. The first use (to the
best of my knowledge) of duality-based methods to prove regularity was in [8] (later improved
by [2]), in the study of variational models for the incompressible Euler Equation. This has been
later adapted in [10] to density-constrained mean-field games. In this last section we only want
to give an idea of where these estimates could be really useful. Without entering into details, we
will see what happens in the case of an easier mean-field game. This takes the following form
Consider the following minimization problem

min {A(p,v) - /OT/Q (;pt\vtP—l—H(pt)) +/Q\PpT}

among pairs (p, v) such that d;p+ V- (pv) = 0, with given pg, where G is a given convex function.
Note that this problem is convex in the variables (p, E := pv) (while it is not convex in
(p,v)) and it recalls the Benamou-Brenier formulation for optimal transport ([4]). And, in
these variables, it exactly corresponds to a probem with constraints on the divergence (indeed,
Op + V - E is the space-time divergence of (p, E)).
As all convex minimization problem, min.A admits a dual problem, formally obtained by
interchanging inf and sup in

mm{ (p;v +Sup// (PO + V- pv) /¢op0—/¢TpT}
swp{-860) = [ oum~ [ [ 1)+ o0 <0 a0+ Jvor =5},

where H* is the Legendre transform of G (the positive part is due to the constraint p > 0).
Note that the problem could be written in terms of ¢ only (as p depends on ¢), but in this way
there is more simmetry with the primal problem, as in both case we have two variables ((p, v)
or (¢,p)), linked by a PDE.

Now, we can do our usual computation taking arbitrary (p,v) and (¢,p) admissible in the
primal and dual problem. Compute

(23) Alp0) + 8.0 = [ (W—orypr+ [ / P ) o)+ [ / ol + Vol

Notice (H(p) + H*(p+) — pp) > 5|p — (H')"L(p+)|* where A = inf H”. Suppose A > 0.

We get
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Supposing for simplicity Q = T? to be the flat torus, using

T
Alp,v) + B(b.p) > ¢ /0 /Q = () (o)

we can deduce, with the same technique as in the rest of the section, p € H' (we can get both
regularity in space and local in time). By the way, using the last term in (2.3), we can also get
J] p|D*¢* < 0.

The above computation is important as it gives regularity for p, and hence for p, and p appears
in the Hamilton-Jacobi equation —d:¢ + %|V¢\2 = p. Indeed, the solution (p,v) represents the
motion of a population p, where each individual follows the velocity v = —V¢. But ¢ is the
value function of the control problem

min {/OT <|x/(2t)|2 —|—p(t,x(t))> dt + \I/(x(T))} .

This explains the name mean-field games: we look for a global configuration of motion, where
each individual chooses his trajectory by optimizing a criterion where p (and hence p) appears,
i.e. where the criterion depends, through a sort of mean-field effect, on the choice of the others.
The mathematical difficulty is that we need to integrate p over the different trajectories, which
requires a little bit of regularity.

The situation is even more complicated when we try to study the case where the density
penalization H (p) is replaced by the constraint p <1 7

If we look at the variational problem

T
. 1
mm{// Ptvt|2+/ Upr @ p< 1}
0Ja?2 Q
we can compute the dual

T 1
Sup{/ﬂdmpo—/o/gm Do < W, —0ip + 2|V¢I2=p}-

Here p is a pressure arising from the incompressibility constraint p < 1 but finally acts as a
price. In order to give a meaning to the above problem we need a bit of regularity. The situation
is much trickier, but the same kind of duality arguments, as in [2, 8], allow to get

P € Lip((0,T); BV(Q))-
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