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Abstract. We consider Bernoulli percolation on Z¢ with d > 6. We prove an up-to-constant estimate for the critical two-point function
restricted to a half-space. This completes previous results of Chatterjee and Hanson (Commun. Pure Appl. Math., 2021), and Chatterjee,
Hanson, and Sosoe (Commun. Math. Phys., 2023), and solves a question asked by Hutchcroft, Michta, and Slade (Ann. Probab., 2023).

Résumé. Nous considérons la percolation de Bernoulli sur Z avec d > 6. Nous prouvons des bornes optimales a constante multi-
plicative pres pour la fonction a deux points restreinte a un demi-espace, au point critique. Cela complete des résultats antérieurs de
Chatterjee et Hanson (Commun. Pure Appl. Math., 2021), et Chatterjee, Hanson, et Sosoe (Commun. Math. Phys., 2023), et résout une
question posée par Hutchcroft, Michta, et Slade (Ann. Probab., 2023)
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1. Introduction

Let G = (V,€) be a graph with vertex set V and edge set . If x,y € V, we write « ~ y to say that {z,y} € £. We
consider Bernoulli percolation on G. Given p € [0, 1], we construct a random subgraph of G by independently keeping
(resp. deleting) each edge of £ with probability p (resp. 1 — p). The associated measure is denoted by IP,. We focus on
the following examples of graphs G: for d > 2,

(i) Nearest-neighbour model: V = Z% and € = {{z,y} : ||z — y||1 = 1} where || - |1 is the ¢! norm on R?;
(ii) Spread-out model with spread parameter L > 1: V =Z% and € = {{z,y} : |z — y|ls < L}.

It is well-known (see for instance [Gri99]) that the model undergoes a non-trivial phase transition as the parameter p
varies: one has p. € (0,1) with

(1) pe :=inf{p € [0,1] : Pp[0 <= oo] > 0},

where {0 < oo} is the event that the origin lies in an infinite connected component.

In this paper, we study high-dimensional percolation, meaning that we work in dimensions d > 6. This corresponds
to the (conjectured) mean-field regime of the model. We refer to [Gri99, S1a06, Pan24, Hut25] and references therein for
more information on the particular role played by the dimension d = 6 in percolation theory. We investigate properties of
the critical measure P =P, . A fundamental quantity in its analysis is the so-called (restricted) rwo-point function, which
is defined as follows: if A C Z¢ and z,y € Z4,

®) Ta(z,y) =Pz <y,

where {z PN y} is the event that there exists an open path (i.e. a path made of edges that were kept) fully contained in A
which connects = and y. When A = 72, we drop it from the above notation.



The starting point in the study of high-dimensional Bernoulli percolation is the following estimate on the critical
two-point function: for every z,y € Z,

1

(*) T(£C7y)/-\ 1+‘$_y|d_27
where < means that the ratio of the two quantities is bounded away from 0 and infinity by two constants which only
depend on d (and potentially the spread parameter L), and where | - | denotes the £>° norm on R?. The lace expansion
approach developed by Brydges and Spencer [BS85] (see [S1a06] for a review) has been successfully implemented to
derive a more precise version of (x) for nearest-neighbour percolation in dimensions d > 10 [HS90, Har08, FvdH17], and
sufficiently spread-out percolation (i.e. L > 1) in dimensions d > 6 [HHS03]. An alternative proof of (x) in the latter
setting has recently been obtained in [DCP25a].

We are interested in the behaviour of the critical two-point function restricted to the half-space H := {z =
(71,...,24) € Z%: 21 > 0}. In this setting, the main difficulty comes from the lack of full translation invariance. Never-
theless, several partial results have been obtained. The first set of results goes back to [CH20].

Proposition 1.1 ([CH20]). Let d > 6 and assume that (x) holds. Then, for every K > 1, there exist c,C' > 0 such that the
following holds:

(a) Forevery x,y € H which satisfy |« — y| < K min(zy,y1),

c

3 . °
© 1+ |z —yld2

< < —
>~ TH($7y) = 1+ |x—y|d*2

(b) Forevery x,y € H which satisfy x1 =0 and |x — y| < Ky,

) < rm(zy)

< —
Lt fo -yt T Lty

(¢) For every x,y € H which satisfy x1 =y =0,

c

5 — <
®) T ey =

(e, y) < ——— .
B S Ty

This result identifies three different regimes of decay for 7 (x, y). However, Proposition 1.1 does not give any infor-
mation on how the two-point function interpolates between these regimes. Partial steps in this direction where taken in
the subsequent work [CHS23]. Below, we let e; = (1,0,...,0).

Proposition 1.2 ([CHS23]). Let d > 6 and assume that (x) holds. Then, there exist ¢, C > 0 such that the following holds:
(a) Foreverym > 1, and every x € H,

14+m
14|z — meq|d-1"

(6) T (z,me;) < C

(b) Foreverym > 1, and every x € H, if x1 > %|z| and |z| > 4m, then

1+m

7 > .
@) TH(x,mel)_cl+|x_melld_1

Remark 1.3. Some of the estimates stated in Propositions 1.1 and 1.2 have recently been derived in the context of spread-
out percolation [DCP25a] (and also in the context of the weakly-self avoiding walk model [DCP25b]) using very different
methods.

The estimates of Proposition 1.2 are inefficient in the situation were both = and y lie near the boundary of H. By
analogy with Green function estimates (see e.g [LL.10]), Hutchcroft, Michta, and Slade [HMS23, Remark 3.4] conjectured
a behaviour for 7y (z,y) in the regime where max(x1,y1) < | — y|. Our main result is a proof of their conjecture. It
provides a sharp (up-to-constant) estimate on 7 (, y) for every x, y € H. We will need the following notation: if x, y € H,
we let 75, := min(xq, |z — y|).

Theorem 1.4. Let d > 6 and assume that (x) holds. Then, there exist ¢,C > 0 such that, for every x,y € H,

c(l +rey) (L47y2)

(I+72y) (1+7y2)
14|z —yld '

8
®) 14|z —yld

S TH(CU»Z/) S C
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Remark 1.5. It is interesting to compare our result with Proposition 1.2. The latter result can be rephrased as follows: if
d > 6 and (%) holds, then there exist ¢,C > 0 such that, for every x,y € H,

14+ min(ry.y,7y.2)

9) m(z,y) <C

ErETEE
and, assuming (for instance) that 1 > % |x| and |x| > 4]y,
L+
10 >c————.
( ) TH(x’y)_cl+‘$7y|d71

Therefore, Theorem 1.4 corresponds to Proposition 1.2 in the regime where 5, < |t — y|.

As an immediate corollary of Theorem 1.4, we obtain an alternative (short and easy) proof of [HMS23, Proposition 3.1]
(which motivated [HMS23, Remark 3.4]). For every n € Z, let H,, := H — ne;.

Corollary 1.6. Let d > 6 and assume that (x) holds. Then, there exists C' > 0 such that, for every n > 0,
(11) op. (Hn) :=pe Y 7, (0,2) < C.

z€eH,,

y¢H,

Remark 1.7. (i) This result was also derived in [DCP25a] in the context of spread-out percolation, and in [DCP25b] in
the context of the weakly self-avoiding walk model.
(it) Corollary 1.6 implies the uniform boundedness of the expected number of critical pioneers of half-spaces.

Proof of Corollary 1.6. By translation invariance, one has

(12) ep.(Hn) =pc > 7u(0,).

By Theorem 1.4, there exists C; > 0 such that, for every = € H

14 min(z,]|z|)

1 <
(13) m(0,7) <Cq T+ 2]

Plugging (13) in (12) concludes the proof. O
Finally, let us mention that the upper bound in Theorem 1.4 is also useful in the recent [ASS25] (see Lemma 4.3 there).

Notations. We let || - || (resp. | - |) denote the standard Euclidean norm (resp. the £>° norm) on R%. If f, g > 0, we write
< g (or g 2 f) if there exists C' > 0, which only depends on d (and potentially the spread parameter L) such that
f<Cg.If f<gand g < f, we write f < g.

Given A, B,C C Z4, we write {A &, B} for the event that there exists an open path in C' connecting A and B, and
we omit the superscript C, when C' = Z¢9,

We now introduce various “half-space notations”. Observe that these notations are slightly different from the standard
ones. Given a subset A C Z<, we define the inner boundary of A in H,

(14) 0A:={ze€ A:32 ~zwith 2 e HN A°},

where we recall that z’ ~ z means that z and 2’ are neighbors in the graph G under consideration. For z € H, and r > 0,
we denote the box of radius 7 centered at z in H as

(15) B.(z)={yeH:|y—z| <r},

and just write B,. when z is the origin.



The van den Berg—Kesten inequality. 1If E and F' are two percolation events, we write E o F' for the event of disjoint
occurrence of F/ and F, that is, the event that there exist two disjoint sets Z and J of edges such that the configuration
restricted to Z (resp. J) is sufficient to decide that E (resp. F') occurs. The van den Berg—Kesten (BK) inequality (see
[Gri99, Section 2.3]) states that for two increasing events (i.e. events that are stable under the action of opening edges) £
and F', one has

(BK) P[E o F] < P[E|P[F).

2. Proof of Theorem 1.4

In the rest of the paper, we work either in the nearest-neighbour or in the spread-out setting (with spread parameter L > 1).
Additionally, we assume that d > 6 and that (x) holds. The proof of Theorem 1.4 is based on Propositions 1.1 and 1.2 and
on two new ingredients: Propositions 2.1 and 2.2. We state these results here and prove them in later sections.

We observe the following consequence of the BK inequality: for every x, y € H, letting n = ||z — y|/3| and assuming
that n > 1 (resp. n > L in the spread-out case), one has

(16) (z,y) < Z Z TB, () (1) - T (U, V) - TR, () (V,Y)-

u€IBy, (x) vEIB, (y)

Indeed, exploring an open self-avoiding path v from z to y, and decomposing it according to the last vertex u visited by
~y before exiting B,,(x), and the first vertex v such that the restriction of -y to the portion between v and y lies in B,,(y)
gives

(17) {zevyre U U {2 2wy o fudh vy o v 22, .
u€dBn () vEIBR (Y)

See Figure 1 for an illustration. Using a union bound and (BK) gives (16).

&
20 \u 0

v D

B, (z)

FIG 1. An illustration of the decomposition used to obtain (16) (in the nearest-neighbour case). The black bold path represents an open self-avoiding
path from z to y. Depending on the values of 1 and y1, the boxes By (x) and By (y) may “touch” the boundary of H. The reversed inequality of
Proposition 2.1 decomposes paths from z to y similarly, except that there is an additional restriction to vertices v and v satisfying u1,v1 > en.

Our first result provides a reversed inequality (see also Remark 2.4 below) up to some small multiplicative constant.
Given e € (0,1), 7 > 0 and = € H, we write

(18) OB (z) ={u € dB,(x):us >er}.
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Proposition 2.1. For every € € (0,1/2), there exist c,ng > 0, such that for every x,y € H, letting n = ||x — y|/3] and
assuming that n > ng, one has

(19) m(z,y)>c Y > @ (@ u)  Ta(w,v) s, ) (V,Y)-

uw€IBE (x) veIBE (y)
The second important new ingredient is the following estimate.
Proposition 2.2. For every n > 1 and every x € H,

14 min(z1,n)
—

(20) PEERBICANES

u€IBy, (x)
Furthermore, there exists € € (0,1/2), such that, for every n > 1 and every x € H,

14 min(z1,n)
—

1) > (@)

u€IBE (x)

Remark 2.3. (1) The case x1 = 0 of (20) was derived in [CH20, Lemma 26]. It is also known (see [HS14, Theorem 1.5])
that for every n > 1 and every x € H,

(22) > maw(@u) S

u€EOB, (x)

(2) A weak version of (20) was derived in [DCP25a] in the context of (sufficiently) spread-out percolation. There, the
authors obtained (see [DCP25a, Lemma 3.5]) the existence of co = co(d) > 0 such that for every n > 1 and every x € H,

1 + min(z1,n) ) <o

n

(23) Z TB,(z) ($7 u) 5 (

u€dBy (x)

We postpone the proofs of these two propositions and give a short proof of our main result.

Proof of Theorem 1.4. We begin with the upper bound. By (%), one has, for every u,v € H,
1
24) T (u,v) < 7(u,v) S

~ 14 |u—v]d2T

Together with (16) and (20), this yields the existence of C; > 0 such that, for every z,y € H with n = || —y|/3] > 1
(resp. n > L in the spread-out case),

TH(xay) 5 nd1,2 ( Z TB,(z) (.ﬁ,u)) . ( Z TB,(y) (yav))
u€IB,, (x) vEDB, (y)

< (I+rey) - (1+7y2) <0 (I+7ey) - (1+7y2)
~ nd - 14|z -yl

(25)

b

where (recall that 7, , = min(z4, |x — y|)) we used that min(z1,n) S 7, and min(y;,n) S ry .. In the situation where
n =0 (resp. n < L in the spread-out case), a similar bound holds trivially (to the cost of potentially increasing C}), since
max(ry y, ry.e) < max(l,L).

The lower bound follows similarly by combining Proposition 2.1 together with (4) and (21). Indeed, let € € (0,1/2)
be given by Proposition 2.2 and ny = ng(e) be given by Proposition 2.1, and observe that for every z,y € H with



= [z = yl/3] = no,

Z Z TB (a) X u) T]H[(u U) TB (y)(v y)

uEBBE (xz) vedBE (y)

26) 2 i (o) (3 @) (2 mam)

v€EDBE (y) u€dB;, (v) vEDBE (y)
@n 147y, - (147
> min  mu(u,v) - ( va) 2( y’x)7

u€IBE () n

v€EDB;, (y)

where we used that min(z1,n) 2 rz, and min(y1,n) 2 ry . Observe that if © € 0BS,(z) and v € 0B, (y), then
lu—v] < % min(u,v1). Using (3) with K = 10/e gives ¢; = ¢1(¢) such that,

n
BS

. C1
27 uerargg(z) (u,v) > ey
vEDBE (y)

Plugging (27) in (26) gives co > 0 such that, for every x,y € H such that n > ng,

(I +7sy) (1+7y2) > ¢ (I+rey) - (1+ ry,z).

28 >
( ) TH(:Z:’7y)/\J nd = €2 1+‘$—y|d

Again, the bound in the case n < ng follows straightforwardly (to the cost of potentially decreasing cz). This concludes
the proof. O

Remark 2.4. Retrospectively, by combining (%), Theorem 1.4, and (20), we can deduce that there exists some constant
¢ > 0 such that, for every z,y € Hwithn = ||z —y|/3] > 1,

(29) c Y Y TB.@@u) () T,y v,Y),

u€OB,, (z) vEIB, (y )

which strengthens the result of Proposition 2.1. Let us provide a short proof of (29). For u,v as above, (x) gives that
T (u,v) < W = nd 5, and (20) gives that

14+ min(z1,n) 14+ min(y;,n)
(30) Z B (x) (T, 0) S - Z TBa(y) (U5 0) S I

uEaB"(I) ’UE@B"(y)
Combining these observations, we get that the sum on the right-hand side of (29) is bounded by a quantity of order
(min(ey.n) (tminGysn)) o pich js itself bounded by (a multiple of) Te(x,y) by Theorem 1.4.

n

3. Proof of Proposition 2.2
‘We now turn to the proof of Proposition 2.2.

Proof of (20). Let n > 1. The case x1 = 0 (resp. 1 < L — 1 in the spread-out case) was derived! in [CH20, Lemma 26].
We now consider a general point € H. Decomposing an open self-avoiding path  from x to u according to the earliest

point v € 9B,, /4(u) (along ) such that the portion of ~ between v and w lies in B,, /4(u) and using (BK), we obtain for
any u € 0B, (z),

G1) Plz 22 ) < S Plz <27 o) Pl

vEIB,, 4 (u)NBy ()

Br/a (w)NBy ()
—

IFor full disclosure, [CH20] only treats the case z1 = 0. However, it is easy to extend their result to the case x1 < L — 1 by using the Fortuin—
Kasteleyn—Ginibre (FKG) inequality (see [Gri99, Chapter 2.2]).
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Write 2 = (21,21 ), with 1 € Z%~!. For every v = (v1,v1) € 9B, 4(u) N By (x), letting & = 2 — (0,v.) and & =
v—(0,z1), (6) gives that

B, (%) By (z1e1)

in(1 1 1 i
U]:PW*‘—‘ﬁvlel]:P[ﬁe———axlel]gmm( vl +21) _ 1+ min(zy,n)

I+ |z —vd-t ™ nd—1 '

32 P

where we used translation invariance in the first two equalities. Plugging (32) in (31) and using (20) for 21 = 0 (resp.
x1 < L — 1), we deduce that, for every x € H and u € 9B, (x),

By () 1 +min(z1,n) By 4(w)NBy () 1+ min(z;,n)
(33) Plx u] 1 . ( Z Plo+—/——— u]) < —a
vEIBy, /4(u)NBy ()
Summing over u € 9B, (x) concludes the proof. O

Proof of (21). Let € € (0,1/2) to be fixed. Let n > 1 and « € H. Without loss of generality, we may assume that = =
(21,0,...,0). We first assume that n > %a:l. Recall that e; = (1,0,...,0). On the one hand, by? (3) and (7) , one has

1+ min(zq,n)

34 (x,x + 2ney) = T

On the other hand, decomposing an open self-avoiding path from x to  + 2ne; according to the first point in 0B, () it
visits and using (BK) gives

(35 ma(z,z+2ne;) S glax( )TH(’LL, x + 2ney) - ( g TBn(l.)(x,u))
u€dBE (z
" u€dBE (x)

uEBBnI(rﬂlﬂ?icaBi(x) (U, @ + 2ney) Z 7B, () (T, 1)

u€dB, (z)\0BE (x)

Using (x) and (6) give that, for n large enough (in terms of ¢),
(36) (u, + 2ner) < —- (u, 2 + 2ne;y) < — 2

max TglUu,T ne — max TH (U, T ne .

wEDBE (x) HAD Ve pd=2’ w€DB,, (z)\OBE (z) HAD Y pd—1
Combining (34), (35), and (36) gives, for n large enough,
1+ min(x1,n 1 1+ min(x1,n
37 d—(l 1,1) < p— ( Z TBn(x)(x,u)) +e- %’
n n n
u€dB;, (z)

where we used (20) to get ZueaBn(x)\aBg(x) B, () (T, u) S %@“") Choosing ¢ € (0,1/2) small enough concludes

the proof in the case n > %a:l and n large enough (in terms of ¢). The remaining values of n can be handled by adjusting
the value of the constant in (21).

It remains to treat the case n < 1. Observe that for this choice, one has B,,(z) = {u € Z% : |u — x| < n} (that is,
the Z4-box of radius n around z is fully included in H). Thus, we may use [DCT16] (which gives that ¢,_(B,(z)) :=
> u€dBn(z) TBy () (T, w)pe > 1) to conclude that, for any € € (0,1/2),

By (o
1
(38) > T (mu) > 3 > T w(@u) 2L
u€HBE (x) u€dBn (z)
This concludes the proof. O

2Let us give more details. If %xl <n < 2z1, then (3) (for a proper choice of K) gives (34). If n > 2x1, we may apply (7) (since x1 + 2n > 4x1)
to get (34).
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4. Proof of Proposition 2.1

The proof of Proposition 2.1 is technically more involved. We will need a number of preliminary results and notations.

We rely on the notion of regular points initially introduced in [KN11], and recently revisited in [ASS25]. In particular,
we take advantage of the geometric and convenient definition of regular points chosen in [ASS25]. Most of the arguments
below are adaptations of intermediate results that already appeared in this paper. It is worth mentioning that our setting
is often simpler. For instance, our Lemma 4.3 requires an averaged estimate on the expected number of regular points,
while [ASS25, Section 6] derives finer and stronger estimates (quite similarly to what is done in [KN11]). Our main
contribution is to use these regular points to derive “reversed Simon—Lieb type inequalities”.

In Section 4.1, we present a general lower bound for the probability that two sets are connected, which we express in
terms of their (d — 4)-capacity. In Section 4.2, we recall all the necessary definitions to introduce the theory of regularity
of [KN11], taking here the viewpoint of [ASS25]. Finally, we give the proof of Proposition 2.1 in Section 4.3. Recall that
we have assumed that d > 6 and that (x) holds.

4.1. A general lower bound for the connection probability of two finite sets

We present here a general lower bound for the probability that two finite subsets of H are connected by an open path in
terms of the product of their (d — 4)-capacity. A non-restricted version of this result has already appeared in [ASS25].
We adapt their argument to the setting of restricted percolation on H. Since the proof in [ASS25] is only sketched, we
provide here a more detailed argument for the reader’s convenience.

Recall that || - || denotes the Euclidean norm on R¢. Given a non-empty finite subset A C Z<, we define its (d — 4)-
capacity as

—1
(39) Cap,_4(A) := (inf{ Z p(a)p(b)(1+ |la —b||)*~¢ : 1 probability measure on A})
a,beA

Given two finite sets A, B C Z¢, we let d(A, B) := minge a pep ||a — b||, and diam(A) := max, oca ||a — a']|.

Lemma 4.1. For every c1 > 0, there exists ¢ > 0 such that the following holds. For every finite A, B C H such that
d(A, B) > ¢; - max(diam(A), diam(B)), one has

2
H minge A pep TH(Q, )
(40 P[A< Bl >c- ( §(A7€B)2—d ) -Capy_4(A) - Capy_4(B).

Proof. As for Lemma 8.1 in [ASS25], the proof is based on a second moment method. More precisely, given two proba-
bility measures p and v supported respectively on A and B, consider the random variable

(41) X =33 ula)(b) - 1{a < b}

ac€AbeB
Using Cauchy—Schwarz’s inequality, we get
E[X]?
(42) P[A LS Bl >PIX > 0] > X

E[X?]
The first moment E[X] can be easily lower bounded: using that 1 and v are probability measures, we obtain that

> i .
(43) E[X] > aGIX}JIGBTH(a, b)

We now upper bound E[X ?2]. Write

(44) EX? = Y pu(a)u(a)v(b)v(b)Pla < b,a’ < 1),
pite

Exploring an open self-avoiding path from a to b, and then one from a’ to b’, and using (BK), we obtain that for every
a,a’ € Aand b,b’ € B,
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@5) Pla¢sba’ <50 <mula,b)ma(a b))+ Y mala,w)ma(a’, w)n(w,w')m(w', b)me(w',b)

w,w’eH

+ Z T (a, w) T (w, ) (w, w' )T (W', @’ )T (W', ).
w,w’€H

See Figure 2 for an illustration.

b/

b/

FIG 2. An illustration of the diagrams underlying the proof of (45). The black bold paths are open self-avoiding paths. If the event {a N b,a’ oy }
occurs, then one of the situations must occur (for some w,w’ € H). Each diagram corresponds to a term on the right-hand side of (45).

We begin with the analysis of the first sum on the right-hand side of (45). Letting » = d(A, B)/2 and using (x), we
find that

S(a,a',b,b) =Y ma(a,w)ma(d,w)m(w,w) (W, b)m(w,b)

w,w’€H

< le_Q ( Z TH(a,w)TH(a’,w)> : ( Z TH(w’,b)TH(w’,b’))

weH w’eH

(46)

+ > mala,w)ma(a, w)ma(w,w')ma(w',b)ra(w’,b).
w,w’ €H
[w—w'||<r
Using (x) and a classical estimate (see for instance [DCP25a, Proposition B.1]),
(47) > mula,w)ma(a’,w) < Y r(a,w)r(w,a’) S (14 [la—d')* 4,

weH wezZd

and likewise,

(48) > ma(w b)ma(w', b)) S (14 o=
w’'eH

We now look at the second sum on the second line of (46). If w is at distance at least /2 from A, then,

(49) Z T (a, w)mg(a’, w) g (w, w ) (w’, b) T (W', b)

’

w
wid(w,4)>7/2, lw—w'||<r

1 1
< mZTH(wlab)TH(wl,b/) Z T(w,w') < m(1+ 1b—b'|)*,

w:l|lw—w'[|[<r
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where in the first inequality we used (x), and in the second one we used (48) and (%) one more time to get
D | <r T(wyw') Sr2. Similarly,

1
(50) Z 7 (a, w)a(a’, w) T (w, w')TE(W', b)TE (W, b)) < m(1+ lla—a[)*~.

w
w':d(w’,B)2r/2, [w—w'||<r

By definition of r, it is impossible to have d(w, A) < r/2, d(w’, B) < /2, and ||w — w’|| simultaneously. Hence,

1
(51 Z (@, w)ma(a’, w)ma(w, w') (W', b)TE (W, V) < m((l +lla—a' [N (14 b - b/||)4_d)~
w,w’ €H
lw—w' [ <r

Therefore, if we define for a probability measure p, its energy as

(52) Ea—alp):=Y_ p(w)p(v)(1+[lu—v[)*~4,

w,v€Z4

one obtains from the previously displayed equations that

S ey )20 0H) S g aa(u)a-s(v) + g (Easl) + Ea-a())
a,a’ €A

(53) b.b'EB

1

S a3 Ca—a(p)€a—a(v),

r

where in the second inequality, we used that, since (by hypothesis) r 2 max(diam(A),diam(B)), one has E;_4(p) 2
Td%él, for any probability measure p supported on A or B.

Similar computations allow to treat the last sum in the right-hand side of (45). More precisely, using repeatedly (),
we can see that it is upper bounded up to some multiplicative constant by

(54
1
5 (X mawma(,t)) - (Y ma)ms@0)+ Y e w)mw, b)) s d)m(w’,b)
weH w’eH w,w’ €H
lw—w'||<r

1 1 1
Sa{mumtas Y (mlewme o), d) + o b)mm(ww)m'b) }

w,w’ €H
lw—w’l|<r

1

1 1 1
<
S sz {0+ (5 la—a]i® " T4o= b’||d—6)}

1 Ea—a(v) Ea—a(p)
<
N {5d_4(u)5d_4(V) L P T e e T T }

where in the second inequality, we used (x) to argue that

1

(55 Z i (@, w) i (w,w') (v’ a’) < Z 7(a,w)T(w,w')T(w’,d’) < Tffa—a]o

w,w’ €H w,w’ €79

lw—w||<r

Summing (54) over a,a’ € A, and b,b’ € B against p(a)u(a’)v(b)v(b’), we obtain the same upper bound as in (53), and
conclude that

1
(56) EIX*] S 5 - Ca-a(w)€aa(v).

Optimising over the choices of 1 and v and combining the result with (42) and (43) concludes the proof. O
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4.2. Regular points, line good points, extended cluster

We present here the basis of a technique first introduced in [KN11] to derive the one-arm exponent in high-dimensional
critical percolation. It is based on a notion of regularity. Here, we will adapt to our setting the definition of regular points
from [ASS25] which is stated in purely geometric terms.

We write C(z; A) :={z€ A:x & z} for the cluster of a point z restricted to a set A. Fix n > 1 and « € H, and for
z € OB, (z), and s > 0, consider the event

(57) Tu(2) := {|C(2;Bn(x)) N Bs(2)] < s*(logs)™} N {|C(z;B,(x)) N By(z) N 0B, (x)] < s*(logs)”}.

Definition 4.2 (K -regular points). Given K > 0, we call z € OB, (x) a K -regular point, if the events T;(z) hold for all
s> K.

Let € € [0,1/2), We denote by X5 ~™(z) the number of points on OB () (recall (18)), which are K -regular and
connected to z in By, (z). Also, denote by X¢ () the number of points on dBE () which are connected to z in B, ()
(the so-called pioneers). It turns out that most of the pioneers are regular, and consequently one can show the following
lemma.

Lemma 4.3. There exist Ko > 1 and ng > 1 such that the following holds. For every K > Ky, every n > ng, every
€€[0,1/2), and every x € H,

(58) E[X5 R (2)] > - - E[X (2)].

N =

We defer the proof of this lemma to Section 4.4 and introduce now the notion of K -line good points. For this, one first
needs to consider a maximal subset of the set of K -regular points of B¢ () which has the property that all its points
are at distance at least 2K one from each other. Denote by XE’K_reg(x) one such maximal subset chosen uniformly
at random. Then, if z € XS’K_reg(x), we consider a line segment of length K emanating from z, outside B,,(z) and
orthogonal to its boundary (choose one arbitrarily if there are many). Call 2’ the endpoint of this line segment. We say
that 2’ is a K-line good point if all the edges on the line segment between z and 2z’ are open. More generally, for any
z € X" 7™ (2), we denote by L. the maximal open segment emanating from z orthogonally to B, (z), of length at
most K.

We next define the extended cluster of « in B,,(z), which we denote by C¢(z), as the cluster of x in B, (z) together
with all the line segments L, for z € X "™ (z).

We say that a set A is K -admissible for the pair (x,n), if P[CE(z) = A] > 0, and for such admissible set we denote
by 0. A its set of points which are at distance exactly K from B, (z). Hence by definition 0,C¢(z) is the set of K -line
good points.

One interest of the notion of regularity, which has been noticed and used extensively in [ASS25], is that in any
dimension d > 6, admissible sets have a (d — 4)-capacity which is comparable to their cardinality. Indeed, the following
lemma was observed in [ASS25, Claim 6.1].

Lemma 4.4. There exists a constant ¢ > 0, such that for every n, K > 1, every ¢ € [0,1/2), every x € H, and every
K -admissible set A for the pair (x,n), one has

(59) Cap,_,(0.A) > c|0.A|.

Proof. For the reader’s convenience, we include a short proof. By taking p to be the uniform measure on J, A in the
definition of the (d — 4)-capacity, one gets

0. A2
Yaaco,al+lla—a])t="

Let w be a percolation configuration realising {CZ(x) = A} (note that it exists since A is K-admissible for the
pair (z,n)). By definition, to every fixed a € 9. A corresponds a unique z, € 9B, (z) such that w realises the events

(60) Cap;_4(0.A) >

{za M x} and T4(2,) for every s > K. Thus, one has that, for every a € 0, A, and every s > K,

61) |0, AN By(a)] <10.AN Bs(22)| S |C(2a; By (2)) N By(24) N OBy ()| < s*(log s)”,
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where the implicit constants do not depend on z, n, K, ¢, and A. As a consequence, for every fixed a € 9, A, we find that

yA—d |0+ AN (Bait1(a) \ Bai(a))| 2% (log2")"
(62) Z (I+fla=d[)" <1+ Z oi(d—1) S1+ Z nga
a’€0, A i>log, (K) i>log, (K)

where in the first inequality we used that (by definition) (9. A\ {a}) N Bk (a) =0, in the second inequality we used (61),
and where (again) the implicit constants do not depend on z, n, K, €, and A. This concludes the proof. O

4.3. Conclusion
We now have all the necessary material to prove our desired result.

Proof of Proposition 2.1. Let ¢ € (0,1/2). Let z,y € H and set n = ||z — y|/3]. Fix Ko,no as in Lemma 4.3. Let
K > K to be chosen large enough and assume that n > ng.
‘We first observe that

(63) m(a,y) > Y P[CS(x) = A,C5(y) = Bo. AP 0, B],
A,B

where {0, A M 0, B} is the event that 0, A is connected to 9, B by an open path in H that avoids A U B, except

off (A
at its end points. Note next that the two events {CS(z) = A,C%(y) = B} and {0, A LrAUB), 0. B} depend on different
sets of edges, and are thus independent. Hence, we get

(64) mia(e,y) > 3O P[C () = A.Ci(y) = B] - B[0.4 < 5, B).
A,B

Given A, B which are K -admissible respectively for (z,n) and (y,n), we define

(65) C=AuBU( |J Bk()u( |J Bk®).

a€d. A bed. B
Now, we fix an arbitrary ordering of the elements of 9, A and 0, B. On the event {0, A M 0. B}, we denote by Y;
the first element a € J, A for this ordering such that 9B (a) is connected to Upcg, s Bk (b) by an open path that avoids
C, and let Y be the first element b € 9, B such that B (Y7) is connected to OB (b) by an open path that avoids C.
Finally, we let

(66) H=(AUB)\ ( U L.),

2€0,AUO. B

where for any a € 0, A we let L, be the line segment of length K between a and B, (x), and similarly for b € 0, B.
Letting ¢(K) > 0 be the probability that all edges are open in a box of size K, we find

P[0, A SiAvB), 0.B] > Z Z P[Y1 =a,Y; = b,all edges in Bk (a) U Bx (b) are open|
a€d, Abcd,B

“ =c(K)? -P[( Uaea. 4 Bi(a)) €55 (Usea. BK(b))}

= C(K)2 ~P{(Uaea*,4 BK(CL)) PUELR (Ubea*B BK(b))]

> o(K)? - P[0.A & 0, B].

We then write

off H

(68) P[0, A < 9, B] = P[0.A — 0.B] — P[0, A <25 0, B],
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where {0, A LN 0. B} denotes the event that 9, A and 9, B are connected by an open path, and all open paths that

connect them intersect H. We claim that for any constant § > 0, one can find K > K large enough, so that for all
admissible sets A and B,

via H

(69) P[0, A+ 0.B] < —— - 0. A| - |8.B|.

To see this, we note that by a union bound, it suffices to show that for K sufficiently large, for every a € 9, A and b € 0, B,
one has

(70) Pla ¢ b) < .

Now, decomposing an open self-avoiding path connecting a and b through H according to the first point in H it visits,
and using (BK) and (x), we deduce that

Plo 0] < 3 ma () S g (3 mle)+ 3 mulu)

ueH ueHNA ueHNB

71 ) )
7 < 1 Z 24 (log 2%)7 < 1

~d—2 i(d—2) ~ _4— )

n e 2 VK
where we used that
|HN AN (Bgit+1(a) \ Bai_1(a))] 24i(10g2i)7
(72) Z T (a,u) S Z 9i(d—2) S Z 9i(d—2)
ueHNA i>log, (K) i>logy (K)

which follows by using that H N By _1(a) = (), and by proving—similarly to (61)—that |H N AN By(a)| < s*(logs)”
for every s > K. As a consequence, (71) gives (70)—and hence (69)—by choosing K large enough.
On the other hand, by combining Lemmas 4.1 and 4.4, we obtain that for every K -admissible sets A and B,

2
(73) P[0, A« 0,B] 2 ( min_ 5(a, b)) nd=2.|9,A||0.B|.
a€o. A
b€, B
If a € 0, A (resp. b € 3, B), then a; > en (resp. by > en). As a result, for (a,b) € 9, A x 9,B, one has n < |la — b| <
min(aq,b;) (where the implicit constants depend on ). This is where we crucially require that £ > 0. We can therefore
use (3) to conclude that

2
74 ( mdlnATH(a b)) > (n?7%)2,
beo:B

Altogether, this shows that, with the notation of Lemma 4.3,

1 e e
r,Y) 2 iz ZP[Cﬁ(JU) =A,C(y) = B] -|0-A| - 0. B

o = e E[10.C5 ()] -E[10.C5()]
1

vV

i BIX2R @) BN

RN ()] EIXG ()]

~

where we used Lemma 4.3 in the last inequality. Using (x) in (75) yields the existence of ¢ = ¢(g) > 0 such that, for every
x,y € H satisfying ||z — y|/3] > no,

(76) c Y > Te.@@u) ma(u) T, 4 (0,Y).

u€IBE (x) veIBE (y)

This concludes the proof. O
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4.4. Proof of Lemma 4.3

The proof of Lemma 4.3 is very similar to the proofs of Theorem 4 in [KN11] and Proposition 5.7 in [ASS25]. First,
one needs to introduce a local density condition. To be more precise, fix n > 1, x € H, and for s > 0 and z € B, (),
consider the event

Tloc () :{ IC(y; Bya(2) N By(x)) N Ba(2)] < s*(log s)*, Wy € Bs(z)}
(77) N {|C(y; Baa(2) N Ba(2)) N By(2) N By (x)] < s*(log s)*, Yy € By(2) N 8Bn(x)}
N {H at most (log s)® disjoint paths from B,(z) to 9B,a(z) in Bn(x)}

The interest of this event, when compared to 74(z), is that it only depends on the configuration of the percolation inside
the box B,a(z), and is thus a purely local event, while to determine whether 7(z) holds or not, one needs a priori to
know the configuration in the whole box B,,(z). The drawback is that this event is a priori less likely than 7(z), but as
Lemma 4.6 below shows, it is still extremely likely, and furthermore, the following simple fact holds by construction (see
Claim 4.1 in [KN11] or Claim 5.4 in [ASS25]).

Lemma 4.5. One has for every n > 1, every x € H, every z € OB, (x), and every s > 0,
(78) T(2) € Ta(2).

As already mentioned, another fact we will use, and which is proved in [ASS25, Claim 5.5], is the following.

Lemma 4.6. There exists a constant ¢ > 0, such that for every n > 1, every x € H, every z € 0B,,(x), and every s > 0,
(79) P[T*(2)] > 1 — exp (— c(log s)*).

The last fact we shall need is Lemma 1.1 from [KN11], which we state here for the sake of completeness.

Lemma 4.7. There exist positive constants ¢ and C, such that for every u € H, every s > 0, and every v € 0Bs(u),
(80) TB, (u) (4, v) > cexp(—C(log 5)%).

Using the FKG inequality, it follows from Lemma 4.7, that the probability to connect two arbitrary points of 9B, (u)
(for some u € H) is at least ¢? exp(—2C(log s)?). We are now in a position to prove Lemma 4.3.

Proof of Lemma 4.3. Fix x € Hand € € (0,1). Let n, K > 1 to be fixed. Let us say that a point z € 9B, (z) is s-locally
bad if the event 7)°¢(z) does not hold, and let us denote by X251 (1) the number of points on dBE () which are
s-locally bad and connected to x in B, (z). Note that, due to Lemma 4.5, one has

@31 E[X; 57 (2)] > EIXS ()] = ) LX) (x)].
s> K

We now upper bound each term of the above sum separately. First of all, for s such that 8s¢ > n, we simply use Lemma 4.6
and a union bound over all the points on 9B, (), to get (for some ¢; = ¢1(d) > 0)

(82) E[X;i’s"oc'bad(x)] < nd=t -exp(—cy (log n)4).

Additionally, for s such that s? is much larger than n%~ (or larger than the total number of points on 9B, (x)), the set of
s-locally bad points is empty by definition so that E[X£571°¢bd(3)] = 0. On the other hand one has by Lemma 4.7 (and
the remark following it),

(83) E[XZ(2)] 2 exp(—Ci(logn)?),

for some constant C; > 0. Combining the two previously displayed equations, one can choose n large enough so that

-E[X ().

-

(84) Z E[X:‘L,s-loc—bad(x)] <

5:85d>n
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We now fix s > K such that 8s¢ < n and consider the set U = {u € Z : u; € {0,s%} Vi=1,...,d}. Foreachw € U, we
define

(85) B(w) = {Byga(2) : z € w+ 45 - Z%}.

Denote by Q)(w) the union of all the boxes of this partition which intersect 0B (). We explore them using the following
algorithm. First, we reveal the whole percolation configuration outside the union of these boxes. Next, if at least one of
the boxes of Q(w) is connected to = by an open path, that remains in the explored region, we choose one at random
and reveal the configuration inside it, and we continue as long as there still exist an unexplored box of Q(w) which is
connected to x via an open path in the explored region. We let N (w) be the number of boxes of Q(w) which have been
revealed by this algorithm. Note that during this exploration procedure, each time we reveal the configuration inside a
new box, almost surely, conditionally on the configuration outside the box, the probability that it contains a pioneer point
is at least ¢y exp(—Cs(log 5)?) by Lemma 4.7 and the remark following it, for some constant ¢y, Cy > 0. Hence, for any
we U,

(86) E[XE (2)] > coexp(—Ca(log s)?) - E[N (w)],

n

and hence also (since |U| = 2%),

87) E[X;(2)] > o5 exp(~Ca(logs)?) -%E[N(w)]-

For a box q € Q(w), call the interior of q the set of points in ¢ which are at distance at least s? from the points which
are in ¢° N B,,(x). Observe that as w varies in U, the union of all the interiors of the boxes ¢ € Q(w) covers the whole
boundary 9B¢ () (recall that we assume 8s¢ < n). Note also that for a point 2z on dBZ (z) which is in the interior of a
box ¢ € Q(w), the event 7°°(z) only depends on the configuration of edges inside ¢. Since there are at most order s
such points in each box ¢ € Q(w), a union bound and Lemma 4.6 give that for some constants ¢z, C3 > 0, and for any s
as above,

(88) R[XE s Toebad ()] < Cys® exp(—c3(logs)?) Z E[N(w)].
welU

Hence, using again (87), and taking K large enough ensures that for all n > 1,

1
(89) > EXG()] < o EIXG ()],
s:K<s<(n/8)t/d
Together with (81) and (84), this concludes the proof of the lemma. O
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