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We consider the contact process on the model of hyperbolic random
graph, in the regime when the degree distribution obeys a power law with
exponent x € (1,2) (so that the degree distribution has finite mean and infi-
nite second moment). We show that the probability of nonextinction as the
rate of infection goes to zero decays as a power law with an exponent that
only depends on x and which is the same as in the configuration model, sug-
gesting some universality of this critical exponent. We also consider finite
versions of the hyperbolic graph and prove metastability results, as the size
of the graph goes to infinity.

1. Introduction. It has been empirically observed that complex networks such as social
networks, scientific collaborator networks, citation networks, computer networks and others
(see [2]) typically are scale-free and exhibit a nonvanishing clustering coefficient. Moreover,
these networks have a heterogeneous degree structure, the typical distance between two ver-
tices is very small, and the maximal distance is also small. A model of complex networks that
naturally exhibits these properties is the random hyperbolic model introduced by [29] (and
later formalized by [24]): one convincing demonstration of this fact was given by Boguii4, Pa-
padopoulos and Krioukov in [8] where a compelling maximum likelihood fit of autonomous
systems of the internet graph in hyperbolic space was computed. Another important aspect of
this random graph model is its mathematically elegant specification, making it amenable to
mathematical analysis. This partly explains why the model has been studied also analytically
by theoreticians.

On the other hand, the contact process describes a class of interacting particle systems
which serve as a model for the spread of epidemics on a graph. Its use in the context of
complex networks as above goes back at least to Berger, Borgs, Chayes and Saberi [3], and
has been since then the object of an intense activity (see below for a partial overview).

Before giving more related work, we define the concepts mentioned in more detail.

The hyperbolic graph model of [29]. In the original model of Krioukov, Papadopoulos,
Kitsak, Vahdat and Bogufid [29] an n-vertex size graph was obtained by first randomly choos-
ing n points in the disk of radius R = R(n) centered at the origin of the hyperbolic plane.
From a probabilistic point of view, it is arguably more natural to consider the Poissonized
version of this model. Formally, the Poissonized model is the following (see also [24] for the
same description in the uniform model): for each n € N, consider a Poisson point process on
the hyperbolic disk of radius R := 2log(n/v) for some positive constant v € R™ (log denotes
here and throughout the paper the natural logarithm) and denote its point set by V,, (the choice
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of V, is due to the fact that we will identify points of the Poisson process with vertices of the
graph).
The intensity function at polar coordinates (r, #) for 0 <r < R and 0 < 6 < 27 is equal to

¢(r,0) == ve? f(r,0),

where f(r, 0) is the joint density function with 6 chosen uniformly at random in the interval
[0, 27r) and independently of r, which is chosen according to the density function

o sinh(ar)
f(@r):= 1 cosh(eR) — 1
0 otherwise.

if0<r <R,

Note that this choice of f(r) corresponds to the uniform distribution inside a disk of radius
R around the origin in a hyperbolic plane of curvature —a2. Identify then the points of the
Poisson process with vertices (i.e., identify a point with polar coordinates (r,, 6,) with vertex
v € V,,) and make the following graph G, = (V,, E,)): foru,u’ € V,,, u # u’, there is an edge
with endpoints u and u’ provided the distance (in the hyperbolic plane) between u and u’ is
at most R, that is, the hyperbolic distance between u and u’, denoted by dp, := dy(u, u’), is
such that dy, < R where dj, is obtained by solving

(1.1) coshdy, := coshr, coshr, — sinhr, sinhr, cos(6,—6,).

For a given n € N, we denote this model by Poi, ,(n). Note in particular that

R
2 =n,

f g(r,0)dodr =ve
and thus E|V,,| = n. The main advantage of defining V,, as a Poisson point process is moti-
vated by the following two properties: the number of points of V,, that lie in any region A
follows a Poisson distribution with mean given by [, g(r, 6) dr d6, and the numbers of points
of V,, in disjoint regions of the hyperbolic plane are independently distributed.

In this paper, we restrict ourselves to % < a < 1. The restriction o > % guarantees that the
resulting graph has bounded average degree (depending on « and v only): if & < %, then the
degree sequence is so heavy tailed that this is impossible (the graph is with high probability
connected in this case, as shown in [7]), and if @ > 1, then as the number of vertices grows,
the largest component of a random hyperbolic graph has sublinear size (more precisely, its
order is n!/@®+o(1). gee [6], Theorem 1.4, and [18]). It is known that for % < a < 1, with high
probability the graph G, has a linear size component [6], Theorem 1.4, and the second largest

component has size ®(logﬁ n) [28], which justifies referring to the linear size component
as the giant component. More precise results including a law of large numbers for the largest
component in these networks were established in [21].

For ease of notation, we will assume v = 1 throughout the paper; all our results, however,
hold for any constant v. In fact, in this paper, we use a different representation, namely
the representation of the hyperbolic graph in the upper half-plane. For our purposes, the
representations are equivalent (see Section 2 for details), and for us it is easier to deal with
the latter. We consider an infinite rooted version of this graph (i.e., a graph in which one vertex
is distinguished as the root, once more see Section 2 for details), which we shall denote by
G, and a finite version, corresponding to the previous model: for n > 0, we let G,, denote
the restriction of G, to the rectangle [—%n, %n] x [0, 2logn], in which we identify the left
and right boundaries.
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The contact process. In the contact process, each vertex of a graph is at any point in time
either healthy (state 0) or infected (state 1). The continuous-time dynamics is defined by the
specification that infected vertices become healthy with rate one, and transmit the infection
to each neighboring vertex with rate A > 0. We refer to [32] for a standard reference on the
contact process.

Given a subset A of the set of vertices V' of a graph, we denote by (ng)tEO the contact
process starting from an initial configuration of infected vertices equal to A, and write simply
(&/)i=0 when A is a singleton {v} (when a superscript is not present, the initial configuration
is either clear from the context or unimportant). We will view g,A either as a function from V
to {0, 1}, or as a subset of V.

Our results. Our first result concerns the nonextinction probability of the contact process
on G, starting from only the root infected, which we denote by y (1). In particular, it shows
that y (1) is nonzero for all A > 0, which means that the critical infection rate A.(Gyo) is
almost surely equal to 0. Thus Theorem 1.1 should be read as a result on the asymptotic
behavior of y(A), as A approaches this critical value by above. Given nonnegative functions
A f(L), g(A), we say that f (L) < g(A) as A — 0 if there exist two positive constants ¢ and
C such that cf(A) < g(A) < Cf (1) for all A small enough.

THEOREM 1.1. As A — 0,

a 2’ 4 9

y()\‘) = )\‘401—1 (3 )

——— a€e|(-,1).
log(1/A)2~1 4

It is worth noting that such result has been shown in only a very limited number of other
examples. Indeed, to our knowledge so far it was only established for the configuration model
[12, 15, 34], and the so-called Pdlya point graph [10] (which is the local limit of preferential
attachment graphs [4]), as well as for certain classes of dynamical networks [26]. We shall
comment further on the similarities and differences between all these results a bit later; in
particular, the exponent in the power of A seems to be a universal constant only depending on
the degree distribution, while the power of the logarithmic correction seems on the contrary
to be model dependent.

Our next results concern finite versions of the hyperbolic random graph and show metasta-
bility type results, namely that the extinction time when starting from the fully occupied
configuration is exponential in the size of the graph (see Theorem 1.2) and, furthermore,
that the density of infected sites remains close to y (1) for an exponentially long time (see
Theorem 1.4).

For a finite graph G, we define 7 as the extinction time of the contact process on G, when
starting from all vertices infected. This is the hitting time of the unique absorbing state of the
process, equal to the identically zero configuration.

THEOREM 1.2. Forany A >0and o € (%, 1), there exist c > 0 and B € (0, 1), such that
P(tg, > e”") > 1— e~ vn > 1.
The next result shows that there is no hope to take 8 = 1 in Theorem 1.2.

PROPOSITION 1.3.  For any a € (1/2, 1), there are B, ¢’ € (0, 1) and a G,,-measurable
event A,, with probability P(A,) > exp(—n’s), such that E[tg, | A,] <exp(n®).
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Finally, our last main result proves the convergence of the density of infected sites to the
nonextinction probability on the infinite graph G.

THEOREM 1.4. Forany A >0and o € (%, 1), there exists ¢ > 0 such that the following
holds. Fix (t,),>1 such that t, — oo and t, < e" for each n. Then, for any € > 0,

P(‘lstnﬂ — y(k)' > 8> nngO.

Metastability results such as Theorems 1.2 and 1.4 for the contact process were first estab-
lished in 1984 for finite intervals of the line [14], and have since then been obtained in a large
number of other examples, including finite boxes of 74 (see [19, 35] and references therein),
finite regular trees [16, 39], random regular graphs [30, 36], the configuration model [12, 15,
34], Erd6s—Renyi random graphs [5], preferential attachment graphs [10], rank-one inhomo-
geneous random graphs [11], as well as for a large class of general finite graphs [33, 38]. The
general idea of the proof is often similar in all these models, but the technical difficulties are
specific to each case. Here as well, the hyperbolic nature of the graphs we consider lead to
some new difficulties.

Overview of proofs. The proof of Theorem 1.1 is based on proving corresponding lower
and upper bounds. For the lower bounds, we use a standard argument: we show that there is a
certain chance that the root will infect a vertex of sufficiently large degree, from where on the
infection then survives; either directly infecting from there vertices of even higher degree,
or indirectly infecting such vertices using low degree vertices, therefore giving rise to two
different regimes. The upper bounds require some harder and more original work. They are
based first on partitioning the event of survival into different events, depending essentially
on the distance to the origin and the degree of the vertices which are reached by the contact
process, in such a way that each of the events has at most the desired probability to happen.
Again, in both regimes we identify different events, giving rise to different values. Also,
interestingly our estimates rely on some new facts about the nonextinction probability of the
contact process which hold on general graphs and which might as such be of independent
interest; see, in particular, Lemma 5.5.

The proof of Theorem 1.2 is based on finding a large (linear-sized) connected subgraph on
which the contact process survives for a long time. The key idea is a suitable tessellation of the
upper half-plane into different boxes, such that a constant proportion of small degree vertices
belongs to this subgraph, and such that all vertices of sufficiently large degree belong to this
graph as well. Proposition 1.3 is shown by explicitly constructing a graph whose connected
components are of size at most cn!~%, therefore yielding a smaller extinction time.

Finally, Theorem 1.4 makes use of the idea that if the process on the infinite graph starting
from only the root infected, survives for a long time then and only then it will escape from a
large neighborhood of the root. The proof of this idea is based on self-duality of the contact
process, and then by applying the first and second moment methods to the number of vertices
escaping from a large neighborhood (for corresponding upper and lower bounds, resp.); The
hyperbolic shapes of the neighborhoods, however, and in particular, the existence of very
high-degree vertices make this basic idea a bit delicate at times.

Discussion of results. In Theorem 1.1 we can observe a phase transition at & = %. This is

interesting for different reasons: recently, it was observed that the value of o = % corresponds

to a change of regime in the local clustering coefficient averaged over all vertices of degree
exactly k (see [22] for details)—for o > % the clustering coefficient is of the order % whereas
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for % <ua< % it is of the order k2~ (for « = % it is of the order logk/k). It would be
interesting to investigate further the link between these two results. Second, since random
hyperbolic graphs have a power law degree distribution with exponent y := 2« + 1 (see [24]),
the phase transition given here as well as the speed of decay to zero of y (1) is exactly the
same as in the configuration model [34], for both regimes. Given the similarities in the proof
strategies in the two models this might perhaps be less surprising, but it clearly raises the
natural question whether a more general theorem, with more general conditions on a random
graph model, can be stated and proved. In fact, this striking fact had already been observed in
another model, the Pélya-point graph, already mentioned before. Indeed, in [10] it is shown
that for x € [3, +00), the nonextinction probability also decays polynomially as a function
of X, with the same exponent as in the configuration model [34], except for the power of the
logarithmic correction, which suggests that only the power of A might be a universal constant.

Related work. Although the random hyperbolic graph model was relatively recently in-
troduced [29], several of its key properties have already been established. As already men-
tioned, in [24], the degree distribution, the expected value of the maximum degree and global
clustering coefficient were determined (details on the local clustering coefficient were then
established recently in the already mentioned paper of [22]), and in [6], the existence of a
giant component as a function of «.

The threshold in terms of « for the connectivity of random hyperbolic graphs was given
in [7]. The logarithmic diameter of the giant component was established in [37], whereas
the average distance of two points belonging to the giant component was investigated in
[1]. Results on the global clustering coefficient of the so-called binomial model of random
hyperbolic graphs were obtained in [13], and on the evolution of graphs on more general
spaces with negative curvature in [20]. Finally, the spectral gap of the Laplacian of this model
was studied in [27].

The model of random hyperbolic graphs for % < a < 1 is very similar to two different
models studied in the literature: the model of inhomogeneous long-range percolation in Z¢
as defined in [17], and the model of geometric inhomogeneous random graphs, as introduced
in [9] (see these papers and the references therein for more details about these models). In
both cases, each vertex is given a weight, and conditionally on the weights, the edges are
independent (the presence of edges depending on one or more parameters). The latter model
generalizes random hyperbolic graphs.

Plan of the paper. The paper is organized as follows. In Section 2, we define more pre-
cisely the random graph models on which we will work. We also recall basic facts and def-
initions about them, as well as for the contact process. In Section 3, we prove Theorem 1.2
and Proposition 1.3, which are based on some basic geometric constructions that shall be
used throughout the paper. In Sections 4 and 5, we prove the lower and upper bounds in
Theorem 1.1, respectively. Finally, Section 6 provides the proof of Theorem 1.4.

2. Preliminaries.

2.1. Hyperbolic graph model. Following [21], we consider the continuum percolation
model defined in the upper half-plane. Thus we let
H:=R x [0, 00),

and consider an inhomogeneous Poisson point process P on H with intensity measure ©
given by

due, ) =Ze=" dx dh.
T
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The first coordinate of a point in H is sometimes called its horizontal coordinate (or x-
coordinate), and the second one its height. We then define G, be the graph whose vertex
set is the set of points of P, together with an additional (random) point p = (0, h), called the
root, where h is a random variable with density with respect to Lebesgue measure given by
ae~*" . Furthermore, two vertices v = (x, h) and v/ = (x’, h’) are connected by an edge in
G if, and only if,

x —x'| < e th)/2.

For n € N, we define the graph G, as the restriction of G to the rectangle [—7Fn, Tn] x
[0, 2logn], in which we identify the left and right boundaries. Note that this may create new
edges between pairs of vertices which are close to the boundaries.

In [21], a precise correspondence is established between G, and the model discussed in
the Introduction, which indicates that all results that we prove here for G,, hold as well for
the former model.

Recall that we set v =1, and thus R = 2logn. Consider the map W : [0, R] X (—m, 7] —
(—%n, %n] x [0, R], with

2

between the Poissonized hyperbolic graph model from the Introduction and the continuum
percolation model in the upper half-plane. Denote by V,, the vertex set of Gy. In [21], the
following result is shown.

oR/2
v:(r,0)— <0—,R —r>,

PROPOSITION 2.1 ([21]). There exists a coupling of G, and G, such that with proba-
bility tending to 1, as n — o0:

o V(V,)=V,,and
e under the event above, for all u = (r,0) and v = (r',0’) € V,,, with r,r’ > 3R /4, u and v
are neighbors in G, if and only if ¥ (u) and V (v) are neighbors in G,,.

Since the proof of Theorem 1.4 only involves vertices at height smaller than € logn with ¢
some small constant, the proposition above is enough to transfer our proofs from G, to G,,.
Theorem 1.2 and Proposition 1.3 require explicit control of the probabilities of certain bad
events. The coupling is not enough to directly transfer the results; however, the proofs of both
results can be easily modified for G, so for consistency we give the proofs still in G;,.

Now for a vertex v = (x, h) € G, we denote by By (v, 1) the ball centered at v containing
its neighbors, that is,

Boo(, 1) :={v' = (x', ') € Goo : |x — x| < MH1)/2},

More generally, for r € N, we let B (v, r) denote the subset of vertices of G, being at graph
distance r from v, that is, the set of vertices that can be reached from v by a path of length at
most r. As in the infinite case, we define for any r > 0, and any vertex v € G, by B, (v, r)
for the ball of graph distance r in G,,.

We need one more fact. Define a rooted graph as a couple (G, p), with G some graph and
p some (possibly random) distinguished vertex of G. A finite rooted graph (G, p) is said to
be uniformly rooted, if p is a vertex chosen uniformly at random among the vertices of G.
A sequence of rooted graphs (G, p,)n>1 is said to converge locally toward (G, p) if for
every fixed r > 0 and every fixed graph H, lim,_, oc P(B,(p,7) = H) = P(Boo(p, 1) = H).
In our case, it readily follows from the definitions of G, and G, that the following holds.

LEMMA 2.2. The rooted graph (Goo, p) is the local limit of the sequence of uniformly
rooted graphs (Gy, pn)n>1, as n — o0.
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2.2. Contact process. Here, we recall some elementary facts about the contact process,
as well as some results from [34]. We will keep using the abuse of notation that identifies, for
a set S, the element £ € {0, 1} with the set {x € S: £(x) = 1}.

Given a graph G = (V, E) and A > 0, a graphical construction for the contact process on
G with rate A is a family of Poisson point processes on [0, 00):

D* : x € V all with rate one, and
DWY) - . y eV, {x,y} € E all with rate A;

all of these processes are independent. If 1 € D* we say that there is a recovery mark at x
at time ¢ (or in short, at (x, 7)), and if 7 € D®Y) we say that there is a transmission arrow
from x to y at time ¢ (or in short, from (x, t) to (y,?)). An infection path in the graphical
construction is a right-continuous, constant-by-parts function g : I — V for some interval of
time 7, so that:

— forall r € I, there is no recovery mark at (g(r), r);

— whenever ¥ (r) # y(r~), there is a transmission arrow

from (y(r™),r) to (y(r),r).

Given (x,s), (v,t) € V x [0,00) with 0 < s < t, we write (x,s) ~» (y,t) either if (x,s) =
(y, t) or in the event that there is an infection path g : [s, ] — V with g(s) =x and g(¢) = y.
For A C V, we write A X {s} ~> (y,t) if we have (x, s) ~> (v, t) for some x € A. Similarly,
we write (x,s) ~ B x {t} and A x {s} ~ B x {t}.

Given any initial configuration A C V, the contact process started from A infected can be
defined from the graphical construction by setting

L) =1{A x {0}~ (x, 1)}, t=0,xeV;

as mentioned earlier, we write £ when A = {x}, and we omit the superscript when it is clear
from the context or unimportant.

Due to the invariance of Poisson point processes under time reversal, for any A, B C V we
have P(A x {0} ~ B x {t}) =P(B x {0} ~» A x {t}); this immediately gives the self-duality
relation P64 N B # @) =P(§2 N A # @). In case B = {x}, this gives
(2.1) P(EA(x) = 1) =P(E N A # 2).

Let us also repeat the definition of the extinction time

16 =inf{t: &) = @},

that is, the time it takes for the process started from all infected to reach the (absorbing)
all-healthy configuration.
We now state a result about the contact process on star graphs.

LEMMA 2.3. There exists ¢ > 0 such that the following holds for any A < 1 and any
d > 1/(€A?). Let Sy denote the star graph consisting of a center vertex o with d neighbors,
and let (§;);>0 denote the contact process with rate . on Sg. Then

22) |&ol>crd = P(&|>crd) > 1 —exp{—cr’d) foranyt e [l,exp|{er’d}].

Moreover,

(2.3) go={o} = P(&|>crd)> i foranyt €[l, exp{Ekzd}].
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Since the proof is essentially the same as that of Lemma 3.1 in [34], we omit it.

We will need the following consequence of the above lemma. For d > 1, denote by L,
the graph formed by the half-line Ng = {0, 1, ...}, where to each vertex m € Ny, we attach d
additional neighbors (with the additional neighbors attached to distinct points of Ny being all
distinct).

LEMMA 2.4. There exist positive constants ¢ and C such that for any A < 1/2, the con-
tact process with infection rate A\ survives with probability at least c on the graph L4, when
starting from the origin infected, where d = Clog(1/)) - 72,

PROOF. Let C > 0 be large, to be fixed later. Fix A < 1/2, define d as in the statement of
the lemma and let (§;);>0 denote the contact process on Ly with &) = {0}.

Define 1, := 1 + exp{cA?d} - n for all n € Ny, where ¢ is the constant of Lemma 2.3, and
define the discrete-time process

Cn(m) :=1{|&, NSyl >crd}, neNy,me N,

where S, denotes the subgraph of IL; consisting of the star graph containing m € Ny and its d
extra neighbors (so not including the neighbors of m in Ng). Note that (2.3) gives P(£o(0) =
1) =P(|& N So| > crd) > 1.

Now, assume that for some m, n we have ¢,(m) = 1, that is, |§; N S, | > cAd. Then, by
(2.2), with probability larger than 1 — exp{—Ekzd} =1 — 1€ we also have Cny1(m) =1,

Moreover, in case ¢,(m) =1 and ¢, (m + 1) = 0, there is a high probability that the in-
fection from S, at time #, will pass to S,,41 in the time interval [¢,,f,+1] and occupy
it sufficiently long to produce ¢,+1(m + 1) = 1. Indeed, as already mentioned, the infec-
tion remains in S, during [f,, t,41] with probability larger than 1 — A°C; condition on this.
During this time interval, we make propagation trials as follows: starting a trial at a time
t € [ty, th+1 — 3], we demand that during [¢,7 + 1] some infected vertex of §,, infects
m; next, before time ¢ 4+ 2 and before recovering, m infects m + 1; finally, the infection
spreads in Sy, until time ¢ + 3, so that |43 N S;,4+1] > cAd. The probability of success
of such a trial is larger than cA? for some ¢ > 0, by (2.3). The number of trials available
is | (tas1 — 12)/3) = lexp{ér®d}/3] = [(1/1)°C/3]. Hence, by taking C large enough and
recalling that A < 1/2, the probability to have a successful trial can be made as close to one
as desired.

Using these considerations, the proof is completed with a standard argument, showing
that (£,)nen, stochastically dominates a site percolation process (g:n),,eN0 on the oriented
graph with vertex set Ny x Ny and all oriented edges of the form ((m,n), (m,n + 1)) and
((m,n), (m+1,n+ 1)). This process can be taken one-dependent, and so that the probability
of any site being open is above 1 — §, for any fixed § > 0, by taking C large enough (and
uniformly over A € (0, 1/2)). Consequently, it has an infinite percolation cluster containing
the origin with positive probability if § is small enough (see [32], pages 13-16). [J

3. Proofs of Theorem 1.2 and Proposition 1.3. Our approach for proving Theorem 1.2
consists in showing that there are some ¢ > 0 and 8 € (0, 1) such that with probability at
least 1 —e="" the random graph G, is “good” in the sense that it contains a special structure
where the process is able to survive for an exponentially long time in #.

In order to find such a structure, fix 0 < & < @, and set L := "‘2—*0'(1 -log 2, which is chosen

to satisfy log2 < L < %. Next, construct a sequence Bj ; of nonoverlapping open boxes of

height L and width 2/~ 1 as follows (see Figure 1):
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A

L Bs g By
Bio B B B3
BO,O‘BOJ Bo,2‘30,3 Bo‘4‘30,5 BOb‘BO.,?

(4
?

FIG. 1. Each Bj at row j lies below exactly one box Bj 1, |k/2) from row j + 1, which we call its parent.
Conversely, any Bjy1 i at row j + 1 lies on top of exactly two boxes B o and Bj ox1 from row j, which we
refer to as its children. In the picture we can see an example of the construction where By ( is highlighted as the
parent of By o and By ;.

e Take kg = |n!~¢1°22], which tends to infinity with # from our assumption on &. We define
the first row of adjacent boxes { By x }, where k ranges from 0 to ko2lelogn) _ 1 asarow of
adjacent boxes of width 1/2 and height L of the form By = (5, +) x (0, L).

e Analogously, for each j € {1,..., |elogn|} we construct a row of adjacent boxes {B; i}
where now k ranges from 0 to ko2'¢1°2") =% "of width 2/~! and height L of the form B; s =
27k, 277 Yk + 1)) x (JL,(j + 1)L), that is, we construct the row B; . directly on top
of row j — 1; the only difference being that boxes now have width 2/~

Using this partial order relation between boxes, we define a new graph G which will be
fundamental in our construction.

DEFINITION 3.1. Let B:={Bj «}; be as above. We define G as the graph with vertex
set B where any two B, B” € B are connected by an edge if either:

e B is the parent of B’ (or viceversa), or
e B and B’ are adjacent boxes at row |&logn].

The reason we connect parents to their children is that vertices contained in the cor-
responding boxes are connected by an edge in G,: indeed, take some (x,h) € B; and
(x",h") € Bj41,1k/2) and notice that from the definition of the boxes we have |x — x'| <2/
and h, h’ > jL so that

/
|x — x| <2/ < It gexp(h—;h ),
and hence (x, h) and (x’, h’) are neighbors in G,,. The same reasoning allows us to show that
vertices contained in adjacent boxes (i.e., in pairs of boxes of the form B ; and Bj 1) are
connected by an edge, since these also satisfy [x — x| < 2J and h,h' > JjL. We will make
use of the latter property only for boxes at row |¢logn | though.

When taking A small, the contact process tends to die out quickly, except on “good” re-
gions where vertices have an exceptionally large amount of neighbors, enabling the pro-
cess to survive for a very long time. We will show next that above some fixed row jy, with
a large probability the boxes defined above induce large cliques in G,, and hence define
good regions. Indeed, note that every box induces a clique: observe that for any two vertices
(x,h), (x',1") € Bj x wehave [x —x'| < 2/=Vand h, h’ > jL, and hence we obtain that (x, /)
and (x’, h’) are neighbors in G, as in the previous argument.

To see that said cliques are large enough, observe that the amount of vertices within B; i
is a Poisson random variable P; ; with parameter

G+DL ¢

(3.1) W= 2/'*1f e Wdy =2l e,
jL b4
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FIG. 2. Good boxes are shaded in light red, allowing us to obtain G which consists of two connected components
in this case.

where c is a positive constant. From our assumption L < %, it follows that u; " oo with
Jj, and even further, using a tail bound for Poisson random variables we have that there is
some jo independent of n such that for all j > jo,

(3.2) pj=P(Pjx=>17)>1~— (e)»3,uj)r3e_“f >1— De Hi/?,

for some D independent of 1 ; and . Since this expression tends to 0 as j — oo, we conclude
that the corresponding cliques at rows with a sufficiently large index are very likely to be
large.

Say now that a box Bj ; is good if it contains at least 173 vertices in G,. We define a
subgraph G C G obtained by:

e removing from G all vertices B € B that are not good, and
e removing all connected components from the remaining graph not containing a box at row
lelogn].

As shown in Figure 2, the resulting graph G consists of a collection of percolated binary
trees all having their roots at row |¢logn ], and these roots might or might not be connected.
The next result states that with a large probability G is not only connected, but also contains
a positive fraction of the whole graph G,,.

LEMMA 3.2. There are some fixed ¢ > 0 and §, B € (0, 1) such that
P(G is connected, and |G| > én) > 1 — e’
PROOF. Notice that from the definition of G, the subgraph G is connected if and only if
all boxes (B|¢logn|,k)k are good. Now, applying (3.1) and (3.2) for j = [elogn], we obtain
P(Bj  is good) > 1 — Dexp(—Cng(logz_“L)),

for all k, where C is some positive constant. Since there are at most ko = [n!—#122 ] such
boxes, we obtain that for that value of j,

(3.3) P(B;  is good Vk) > 1 — Dn!~¢1°¢2 exp(—Cploe2=al))
which is already of the form 1 — ¢="" 1t remains to show that |G| > 8n with a probability

of the same order, for which we assume that the event on the left of (3.3) holds. Call G j the
set of vertices of G at row j and define the events

E =G ;1 >2(1 = F(D)IG j+11},

with £(j) = 1/j2. Observe that for any fixed j, under £;,E;41, ..., Eslogn) We have
_ B lelogn|—1 , '
3.4 |G jl > |G e10gn]] l_[ 2(1 — f(Z)) > ckozLﬁlognJ—J—l > C2—]—2n’
t=j

where we have used that at row |¢logn | all boxes are good, and where ¢ =[]72, (1 — f(£))
is a positive constant. The result then follows if we show that there is some jg independent of
n such that

—cnb
IP)((("]'Ov‘c/‘jo-i-l’---v‘c/‘leognJ)Z1—6 o,
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From the construction of G and the independence of the events {B; x is good} ; ¢, we know
that given |G j+1| the random variable |G j| follows a binomial distribution with parameters
pj and 2|G j+11. On the other hand by (3.2), there is jo large such that for j > jo we have
1 — f(j) < pj, and thus using Chernoff’s bound we obtain

_Mjf(j)|éj+1|>
2 b

which is increasing in |G j+11. From the discussion leading to (3.4), there is a constant ¢ > 0,
such that

PEj €11, - s Eletogn)) = 1 —exp(—én27 wj f(j)) = 1 — exp(—en' L f (e logn)),

where we used that 27/ j f(Jj) is decreasing in j. Finally, we conclude that

B(E; 116 1) = 1~ exp(

—en'—eeL f(¢logn)

P(Ejys Ejpt1s - -+ Elelogn)) = 1 — |elogn e

which is larger than 1 — e‘C"ﬂ, forany f <1 — aeL, and some ¢ > 0 depending on 8. U

We are now ready to give the proof of Theorem 1.2. Take a realization of G, such that G is
connected and |G| > dn, and construct the subgraph G,, C G, with vertex set G, N g5 B
as follows:

1. For each B € G, choose an arbitrary vertex vp and let all the remaining vertices in B
to be connected by an edge to vp (and to no other vertex),
2. Add the edge {vp, vp'} to G, if and only if B~ B"in G.

It follows that Gn is composed of at least én stars of size no smaller than A3, which
are connected by their centers. For such a structure, it was already proved in [33] that the

infection starting from the fully infected configuration satisfies
cn

]P)[‘L'(}” >e"|>1—e"

for some ¢ > 0, and the result follows.

We give now the proof of Proposition 1.3 by constructing the bad event A,, as follows:
Choose some a € (%, 1) and some ¢ € (0, 1) with a 4+ ¢ < 1. Take now an ordered sequence

{xx} of evenly spaced points in [—7Fn, Zn] with distance equal to n!~¢. Observe that k ranges
from 1 to [wn®]. We use these points to divide the space [~5n, Zn] x [0, 2logn)] into the
sets

By ={(x,h),h > elogn},

1
By = {(x,h), lx — x| < Ene and h < slogn},

1 1
Cr= {(x,h),xk + 5”6 <X < Xgil— Eng and h < 810gn},

which are well defined because ¢ < 1 — a. It follows directly from the definition of p that
w(By) < n'~% and for all k > 1, u(By) <n® and u(Cy) < n'~?. As a result, there are
positive constants ¢ and C, such that

P(BoyNG,=2)>e ™
PByNG,=2)>e ™ forallk>1,

P(ICk NGyl > Cn'™9) <™ forallk > 1.
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Define A, as the event in which there are no vertices in any of the By (including k = 0), and
in every Cy there are at most Cn'~¢ vertices. Using that all sets correspond to disjoint areas,
we obtain

P(An) Z e_nlfas (e_ns)nna(l . e—cnlfa)ﬂﬂa Z _ﬂ(nlfas_'_naﬂ;) _ _nﬁ

e e,

| =

for some S > 0.
Now observe that if we take v = (x, k) and v = (x/, ") belonging to different C; we

necessarily have |x — x’| > n®, since there is at least one set By between them, and also

h+h’ . :
e 2 < n®, so that v and v' cannot be neighbors in G,. It follows that on A, the graph

G,, is composed of connected components each of size at most C n'=2. As shown in [38],
Lemma 2.3, this entails that the expected extinction time on each of these connected com-

. 7.,2—2 .
ponents is at most e€ ", for some other constant C’ > 0. Since there are at most n such
components, we finally deduce

E(rg, - 14,) < nexp(C'n>~24),

and the result follows from the assumption a > 1/2.

4. Survival probability: Lower bounds. In this section, we prove the lower bounds in
Theorem 1.1. We give two different strategies that show that the contact process survives for a
long time. In a nutshell, in the case o € (%, %] the strategy of surviving corresponds to finding
a neighbor of the root of sufficiently high degree, from which the infection will then pass over
to vertices of even higher degree, and thus surviving an infinite amount of time. In the case
o€ (%, 1), the strategy is different: a neighbor at a high level is infected, but all its neighbors
of low degree are needed to infect a vertex of even higher degree (using Lemma 2.4). We
make this more precise in the next two subsections.

4.1. Casea € (%, %]. The goal is to prove the following lemma.

LEMMA 4.1. Leta € (3,3]. Then

1
Y(A) > cA2" 2,

for some sufficiently small constant c = c(«) depending on o only.

PROOF. We consider the contact process (&;) on G started from a single infection at
the root, §y = 1(y). Let hy := ﬁ log(C/A), with C some large constant to be chosen later.
Let Eg denote the event that the height of the root is below /.. Also define 7p := 0 and let t(’)
be the first recovery time at o.

Let E denote the event that E occurs, and that o has a neighbor v; € R x [hy, hy+ 1), and
there is a transmission from o to 0; at a time 7| € [19, té). Recursively, assume that events
Ey D --- D Ey are defined, that they only involve information on the portion of the graph
contained in R x [0, Ay + k), and that Ej, involves a vertex 0y € R X [hy +k — 1, hy + k)
receiving the infection at a time 7. On Ey, let ‘L',i denote the first recovery time at 0y after
7. Then, let Exy be the event that Ey occurs, and additionally 0 has a neighbor U4 €
R X [hy +k, hy +k + 1), and there is a transmission from ¥y, to U, at a time 14| € [, ‘L',i).
Clearly, if (>0 Ex occurs, then & # @ for all ¢, that is, the process survives.

We now give lower bounds to the probabilities of these events, starting with

I 1
P(Eo) =/ ae "dh > -,
0 2
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if A is small (and hence 4, is large). Next, denoting the height of o by #,, the number Ny of
neighbors of 0 in R x [Ay, hy + 1) follows a Poisson distribution with parameter

het1 h,+h hyt1 1 2 Za-l
/ exp{ + —ah}dhz,@o ::/ exp{<——a)h}dhzc(—)2 )
I 2 . 2 C

with ¢ some positive constant depending only on « (which may change from line to line).
Hence,

A o—
1P><E1|Eo>zm-P<Nozl|Eo>zcx-ﬂozc-c—i—zi-xﬁ,

where we used that A is small, so that 1 + A <2 and e %0 > %
Next, on Eg, let Ny denote the number of neighbors of 0y on R X [ +k, hy +k+1). We
have that (conditioned on Ey) the law of Nj is Poisson with parameter larger than

hitk+1 hi+k—14+nh
B :=/ expy ———
h

C
2 —ah}dhzcexp{(l—a)(h*+k>}=%.e<l—a>k.

Then, by the strong Markov property,

1
1 4+ AN

P(EL, | E) =E| B <PV < pi2 B0 +

1
14 AB/2°

By a Chernoff bound, we have P(Ny < Bx/2 | Ex) < ,Bk_l; so we obtain

C C
P(ES, | | E) < —— < & . o=(-ak,
(Ejcyr | k)_wk_c

Putting these bounds together, we have

1 -
P(ﬂ Ek) =2 == n(l _ % .e—<1—a>k>.

k>0 k>1

Recalling that ¢ depends only on «, and choosing C > ¢, so that the infinite product on the
right-hand side is positive, the proof is complete. [

4.2. Case a € (%, 1). The goal is to prove the following lemma.

LEMMA 4.2. Leta € (3, 1). Then
da—1

for some sufficiently small constant ¢ = c(«) depending on a only.

Before we prove this, we state an auxiliary result. Recall the definition of the graph Ly
from Lemma 2.4, consisting of a “half-line of stars.”

LEMMA 4.3. Let C > 0 and d = Clog(1/1)/A* be as in Lemma 2.4, and let hy, =
2log(2d). Let v = (xy, hy) € H with hy > hyy, and let G be the random hyperbolic graph
with a vertex artificially added at v. Then, with probability tending to one as A — 0, G%, has
a subgraph isomorphic to ILg, entirely contained in [x,, 00) X [0, 00), and so that v plays the
role of the center of the first star of the half-line.
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Let us now show how this lemma allows us to prove our lower bound on the survival
probability.

PROOF OF LEMMA 4.2.  As before, we start a contact process on G, with only the root
o infected. Writing o = (x,, h,), we first consider the event Eg that the root has at least one
neighbor in [x,, 00) X [h, 00). On this event, we let 0 = (x;, h;) denote the neighbor of
0 on [x,, 00) X [y, 00) such that x; is minimal. Furthermore, let £ be the event that Eg
occurs and there is a transmission from o to ¢ before the first recovery at 0. We then have

4a—1
P(EY) = ey A ;
= 1+x = Jog(1/n)2—1

for some positive constant ¢ that only depends on «. Conditioned on E, since the graph on
[x;, 00) x [0, c0) is still unrevealed, and by Lemma 4.3, with probability larger than % @fris
small), ¥ is the first star in a copy of L entirely contained in [x;, 00) x [0, co). Conditioned
on this subgraph being present, the infection then survives with a probability bounded from
below by a positive constant, uniformly in A, by Lemma 2.4. [

It remains to prove the auxiliary result.

PROOF OF LEMMA 4.3. By invariance of the point process under horizontal translations,
it suffices to treat the case x, = 0. We define Hj := h4y + k for k > 0; also let

k—1
O =2 k>0, Lo:=0, Le:=) 4, k=1
j=0

Next, define the boxes
Sk :=[Lk, Liy1) x [H, 00), Sy :=1[Lk, Lg41) x [0,1], &k >0;

note that they are all disjoint. We now state and prove two claims about these boxes.

CLAIM 4.4. Let k € N and condition on a = (x4, hy) € Sk being a vertex of GY,. Then a
has a neighbor in Si41 with probability larger than 1 — exp{—ée(l_“)(h**”‘)_l}.

PROOF. First, note that any vertex b = (xp, hp) € Sk4+1 1s necessarily a neighbor of a,
since

_ _ hathy

Xa = Xp| < Ok + Ly = T2 Pl < oFk <

Hence, we only need to estimate the probability that Si4; has no vertices. Since the number
of vertices in Si1 is Poisson with parameter at least

> 1
Ek+1 * / e—Olh dh = — . e(l_a)(h**‘f'k)—l,
Hi o

the result follows. [

CLAIM 4.5. The following holds for ) small enough: let k € N and condition on a =
(Xa, ha) € Sk being a vertex of G%,. Then a has at least d neighbors in S; with probability
larger than 1 — exp{—cde*/?}, for some ¢ > 0 that does not depend on X or k.
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PROOF. First, note that since /% « %er—z = %Kk for any k if A is small, at least one
of the boxes

[xs — er/z,xa] x [0,1]1 and [x4, x4 +er/2] x [0, 1]

is contained in ;. Moreover, any vertex in these two boxes is connected by an edge to a,
since h, > Hj. The number of vertices inside any of the two boxes is Poisson with parameter

Y 1—e™ mn k/2
et/ f e dh = ——— . M2 =24 . k12,
0 o
By a Chernoff bound, such a Poisson random variable is larger than d with probability larger
than 1 — exp{—cde*/?} for some universal constant ¢ > 0, completing the proof. [J

Now, combining the two claims and independence of the point process in disjoint pairs of
boxes, the probability that we can find a sequence vg = v, vy, v2, ... so that for every k we
have vy € Sk, vr ~ vi41 and vg has at least d neighbors in S,/c, is larger than

o0

1
1= TT(1 = expl—2 (1—a)(h**+k>—1}>, 1 — expl—cdet’2)).
| |< exp{ e (1 —exp{—cde"’?})

k=0

which can be made as close to 1 as desired by taking A small, since /i, — coas A — 0. [

5. Survival probability: Upper bounds. We prove here the upper bounds in Theo-
rem 1.1. We start with a general result (see Lemma 5.1 below) regarding the existence of
infection paths.

5.1. Infection paths and ordered traces. Given a graph G = (V, E), we define I'so =
['s(G) as the set of all finite and infinite sequences of the form (y(0), y(1),...) with
y(0),y(1),...€ Vand y(i) ~ v (i + 1) for each i. Elements of I', are called vertex paths;
the length of a finite vertex path y = (y(0)..., y(k)) is defined as |y| := k; in case y is
infinite, we set |y | = oo.

Assume given a graphical construction for the contact process (&;);>¢ with some rate A >
0 on G. Recall the definition of infection paths from Section 2.2. Given an infection path
g: 1 — V,where I C R is an interval, we say that the ordered trace of g is the vertex path
Ye = (¥(0),...) € I'x obtained by setting y,(0) as the vertex where g starts, g((inf/ )T),
and letting the subsequent vertices of y, be the vertices visited by g in order.

LEMMA 5.1. Assume A < % Given y € ', the probability that there exists t > 0 and
an infection path g : [0, t] — V having y as its ordered trace is at most (21)!7!.

PROOF. Fix y € I'w. For each ¢ > 0, define X; as the largest value of i € {0, ..., |y|}
such that there is an infection path g : [0,7] — V with g(0) = y(0) and ordered trace y, =
(y(0),...,v(@)) (let X; = —o0 in case no such i exists). Let

r =inf{r: X, € {—o0, [y|}},

and note that the event described in the statement of the lemma occurs if and only if X; = |y|.
Next, define

M, =M%, >0,
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so that M; =0 when X; = —oo. We claim that (M, );>0 is a supermartingale with respect
to the natural filtration (F;);>0 of the Poisson processes in the graphical construction. To see
this, note that on {7 > t},

diE[MtH | F1 <@y~ =D @)= p (@ E D — a7
\) s=0

1
=(2A)_Xf-<2A—1+§—A><O,

assuming A < % Now, the optional stopping theorem gives
1 =E[Mo] = EIM.] = 20) "1 P(M, = 20 ) = 207 P(X, = 1y)),

completing the proof. [

In what follows, we write, for 4 > 0 and d > O,

2

1) D= P H@=Dd)= 210g(<a _ 1) -d).
2

Note that D(h) corresponds to the expected degree of a vertex at height /; the value H(d)
should be thought of as a height compatible with degree d.

5.2. Regime o € (%, %]. The goal of this section is to prove the following proposition.

PROPOSITION 5.2. Leta € (3, 3]. Then

y(A) < CATm,

for some sufficiently large constant C = C(«) depending on « only.

PROOF. Letdy= c)fﬁ for a sufficiently small constant ¢ = c(«) > 0. Call a vertex
to be red if its height is at least hg = H (dp) (in other words its expected degree is at least
do), and all others blue. Starting from o (that was artificially added), we say we exit the kth
neighborhood of (G, 0), if either the infection spreads through a path of all blue vertices
of length k, or if a red vertex at distance less than k from o is infected, or if a blue vertex
already appearing on a blue path becomes reinfected (we do not claim that the vertex healed
in the meantime, we just say that there was another infection that took place, i.e., another
transmission arrow in the graphical construction). We will show that for k£ =log(1/A), the

probability to exit the kth neighborhood is at most C b , thus proving the desired statement.
We define the following events:

E{ ={oisred},

E, = {o is blue, there exists a path of length 0 < j < k of (all different) infected
blue vertices, followed by a red vertex that is infected},

E; = {0 is blue, there exists a path of (all different) blue vertices of length k
through which the infection travels},

Es= {0 is blue, there exists a path of (all different) blue vertices of length 1 < j <k
followed by a blue vertex that appeared previously on the path that is infected again}.

It is clear that if none of Ey, E», E3, E4 happens then the infection does not survive.
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For E1, the probability that o is red is (C = C(«) is a sufficiently large constant that
changes from line to line),

2 1
oe/ e dh = e = )% < CaTm
h>hg

Next, consider a path of length 1 < j < k, of (all different) blue vertices followed by
a red vertex, through which the infection travels. For j + 1 (ordered) distinct vertices
0,Xx1,...,Xj,let Fa(0, x1, ..., x;) be the indicator function for vertex x; being infected by o;
fori =2,...,j — 1, x; being blue and being infected by x; 1, and finally, x; being red and
being infected by x; . By the multivariate Mecke formula (see, e.g., [31], Theorem 4.4) and
Lemma 5.1, we have

”
E( Z (Fz(o,xl,...,xj-)))

XL seees X

< (C)\,)J / .. / f e(l—a)(h1+...+hj71)
h<ho Jhi<hg hj_1<ho Jh'>hg

x TN g gy dhy dh

< (C)L)je(l—a)(j—l)ho-i-(%—ot)ho < (Ccz—za)j _kl—;:gg’

where the sum is over (j + 1)-tuples of vertices being all different; indeed, the Mecke formula
gives the desired integral representation for the expected number of vertices in the desired
region, and since conditional under having points at certain locations the probability of having
infections is bounded by Lemma 5.1, the expected number of infection paths is the product of
the existence of paths together with the indicator variable of having an infection throughout
the path, giving the desired formula. Therefore,

k=1 # L, k-l .
E(Z ) (Fg(o,xl,...,x‘,-))) <AL Y (e ) < onrw,
=1

j=10.Xx1,..., Xj

where in the the last inequality we assumed c sufficiently small so that the sum is convergent.

Note that in order for E; to hold, there must exist 1 < j <k and 0, x1, ..., x;_1, x; so that
Fy(o,...,xj—1,xj) =1, and hence, by a union bound we have the desired upper bound on
the probability of Ej>.

By the same argument, for E3, the probability of having a path of (all different) blue
vertices of length &k =log(1/A) through which the infection travels is at most

(C)»)k/ / / e(l_a)(hl'i‘""i‘hkfl)e(%_a)(l’l'f'hk) < A(Ccz—Za)k_l < Ckﬁ,
h<ho Jh1<ho hi<hg

where we assumed again c¢ sufficiently small, and used o > 1/2 for the last inequality.
Finally, for the probability that o is blue, and that there is a path of (all different) blue
vertices of length 1 < j < k through which the infection travels, followed by a blue vertex that
appeared previously on the path, observe that for the last vertex that is repeated, there are j + 1
choices to choose the vertex. Since this vertex is already there, there is no additional factor
corresponding to the intensity of having a vertex there, there is however an additional factor
A for reinfecting the previously appeared vertex. Let Fy(o, x1,...,x}, x,) be the indicator
function for vertex x; being infected by o; for i =2,...,j — 1, x; being blue and being
infected by x; 1 (all vertices up to x; being distinct), and finally, x, is infected by x;, where
X, is a repeated vertex (for which there are j + 1 choices). Once again by the multivariate
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Mecke formula we have (summing over all tuples of vertices where only the last vertex is
repeated, all others being distinct),

k—1
IE(Z Z (F4(0,x1,...,xj,xr)))

J=10,X1,00,Xj ,Xp

k—1
< (it + 1)/ / / S 4ty 1)
_j=1 h<ho Jhi<ho hj<ho
x @O gy ay dh
k—1 ' 1
< Z(j + 1))»2(Cc2_2°’)J_1 <CM\ <Cr7m,
j=1
where the sum is over tuples of vertices with (o, x1, ..., x;) being all different and x, €
{o,x1,...,x;}, and where we used for the last inequality that « < 3/4. By taking a union

bound over the probabilities of all events Ey, E», E3, E4, the proof is complete. [

5.3. Regime o € (%, 1). The goal of this section is to prove the following proposition.

PROPOSITION 5.3. Leta € (3,1). Then
4da—1
log(1/1)2—1

for some sufficiently large constant C = C(«) depending on « only.

y(A) <C-

Before turning to the proof of this result, we need to make a detour, with several definitions
and intermediate results. To justify why this is needed, we first point out that, in the upper
bound for the case o € (%, %], we did not really have to deal with the infection spreading

1
from vertices of degree above dy = cA™ 722 K A~2: such vertices were labeled red there,
and the probability of their ever becoming infected was already small for the purposes of our
upper bound. For the present case o € (%, 1), however, the event that the root has a neighbor

of degree around A2, and infects this neighbor, has probability of larger order than what we
hope to achieve with our union bound. Hence, we need to include this event in our proof,
and go further by saying that even if it happens, the infection has small chance of surviving
thereafter. To do so, we need to develop tools to argue that the infection does not travel far
even if it starts from a vertex whose degree is around A~2; around these vertices, multiple
re-infections are likely to occur.

We fix a rooted graph (G = (V, E), 0), and consider the contact process (&);>0 on G
started from &y = {0} (in all that follows, this initial configuration will be assumed). Given
a vertex u € V, we say that (&) is thin on u in the event that there is no infection path
g :10,¢] = V for some ¢t > 0 with g(0) = o and such that u appears more than once in the
ordered trace of g. We say that (&) is thin on a set V' C V in the event that (&) is thin on
every vertex of V.

LEMMA 5.4. If Vo C V is finite, then on the event that (&) is thin on (Vy)¢, it almost
surely dies out, that is, almost surely there is t > 0 such that & = &.

PROOF. For ¢ >0, let E; be the event that § # & and the ordered trace y, of any in-
fection path g : [0, s] — V with g(0) = 0 and s < ¢ visits each vertex of (V)¢ at most once.
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Using the finiteness of Vj, and making a finite number of prescriptions on Poisson processes
on the graphical construction, it is easy to see that P(E; 1) < o (X, Vo) - P(E;) for some
o (A, V) < 1 (it suffices, e.g., to extend an existing infection path g : [0, ¢] — V by impos-
ing that in the time interval (z, ¢ 4 1), it reaches some u € (Vp)¢, then from there jumps to a
neighbor of u, then to u again). We then have

P(& # @ V1, (&) is thin on (Vp)€) = tl_l)rgo P(E;) =0. 0

Before stating the next result, we will need to define some subsets of I's,. We fix a set
A CV witho ¢ A, and define

(¥(0),...,y(k) €Too : ¥(0) =0,
Fff‘:: y(0),...,y(k—1) aredistinctand notin A, ¢, k=>1,
y(k)e A
(5.2) (V(O)a-"’y(k))EFOO:)/(O)ZO’
) F’;’*:: y(0),...,y(k—1) aredistinctand notin A, ¢, k>3,
y(k) € {y(0),...,y(k — D}

Fa=JI%,  Tax=JM.
k>1 k>3

The role of A will become clear in the sequel, but the intuition is that in the hyperbolic graph
setting A is a set of dangerous vertices (typically vertices above a certain height, and thus of
high degree) whose infection should rather be avoided, as otherwise the infection goes on for
too long. Nevertheless, the following lemma holds in a more general setup.

LEMMA 5.5. There exists ¢ > 0 such that, for any A < %, the following holds. Let G, o,
A be as above, and let (&);>0 be the contact process with parameter A on G with §y = {o}.
Then

exp{cA? deg(0)} N

P& # 2V 20) < .

T Y @ forall T > 0.
y€lAUl A «

PROOF. Let S denote the star graph with vertex set {o} U {x : x ~ o} and edge set
{{o, x} : x ~ 0o} (we will also denote the vertex set of this graph by S). We assume given
a graphical construction for the contact process (&;) with rate A on G; using this same graph-
ical construction, we define (7;) as the contact process on S with ng = {0}.

Fix T > 0. Let T = inf{z : n, = &} and define the event E, := {t > T}. For each finite
y =((0),...,y(k)) € ', let ET ), denote the event that there exist # < T and an infection
path starting at (o, ) and having ordered trace y. Finally, define 7’ as the first time when
either a vertex of A becomes infected, or an infection path g : [0, t'] — V can be formed
with g(0) = o and so that some vertex v ¢ S is in the ordered trace of g twice.

CLAIM 5.6. We have that
(5.3) {t'<oo}CE, U | Ery.

yelaUly «

PROOF OF CLAIM 5.6. Assume that 7’ < 0o. Then we can take an infection path g :
[0, 7'] — V with g(0) = 0 and so that either g(z’) € A or the ordered trace of g contains
some vertex v ¢ S more than once. We consider three cases:
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e If 7' > T and during the whole time interval [0, T'], g only occupies vertices of S, and only
traverses edges of S, then E, occurs.

e If 7’ < T and during the whole time interval [0, t'], g only occupies vertices of S, and only
traverses edges of S (which can only happen if g(z’) € S N A), then the event E7 ,, occurs
for y = (0, g(x").

o If neither of the previous two situations holds, then we let s be the first time at which g
traverses an edge that is not in S; note that s < T, g(s—) is a vertex of S, and g(s) may
or may not be a vertex of S. Then E7 , occurs for the vertex path y defined by setting
y(0)=o0, y(1) =g(s—), y(2) = g(s), and the rest of y given by the subsequent vertices
visited by g in order, stopping when either there is a repetition or A is reached. ]

We now complete the proof of the lemma by using the claim and bounding the probabilities
of the events on the right-hand side of (5.3). It is known that there exists ¢ > 0 such that
E[r] < exp{ckzdeg(o)} (see Theorem 1.4 in [25] and the observation that follows it). Using
this and Markov’s inequality,

exp{ck2 deg(o)}
T .

Next, fix y = (y(0),...,y(k)) € '4 UT'4 .. Let us first observe that, for any 7, the proba-
bility that there is an infection path starting at (¢ (1), ¢#) and from there visiting the vertices
(y(2),...,y(k)) in order is smaller than Qr)k-1, by Lemma 5.1. Hence, letting X denote
the set of times ¢ < T at which there is a transmission arrow from (o, ¢) to (¥ (1), t), a union
bound gives P(E7 ,, |X) < |X]- 1)kt Taking expectations on both sides of this inequality,
we obtain

P(E,) <

P(Er,) < QW)L E[|X] =T - A%

Hence, by a union bound over all y, the probability that a vertex of A ever becomes infected,
or that a vertex outside S appears more than once in the ordered trace of an infection path
started from (o, 0), is at most

2
exp{ci”deg(o)} T Z (2)»)‘3/'.

r y€laUlA

If none of these things happen, then (§;) is thin outside S. The conclusion now follows from
Lemma 5.4. [

We now come back to the hyperbolic setup. Given u = (x,, hy), v = (xy, hy) € H with
|xy — x| < exp{(h, + hy)/2}, let GV denote the graph obtained from G, by artificially
including vertices at u and v. We root this graph at u. We define

1
(5.4) hy = H(ﬁ)

and
A:={w=(xy, hy) €G"Y 1 hy > h,},
and the sets of vertex paths I'4 and I'4 x as in (5.2). We then have the following.

LEMMA 5.7. There exists g > 0 such that for any § > 0 and for A small enough (de-
pending on §), the following holds. Abbreviate

(5.5) h = H(% log(%>>.
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If u has height h, <h” and v has height h, < h,, then

E[ > (2x)'yl} <%

Ye 1_‘A ) FA Lk
We will give the proof of this lemma later; for now, we state and prove the following.

PROPOSITION 5.8.  There exist §, € > 0 such that the following holds for ). small enough.
Let u = (xy, hy), v = (xy, hy) be as above, and further assume that

(5.6) hy <h", hy < hy.
Let (&) denote the contact process with parameter A on G*V and &y = {u}. Then

P £ o Ve >0) <A°.

PROOF. We let § = %, where g is the constant of Lemma 5.7, and c is the constant of

Lemma 5.5. Also let 7 = A7¢/2, Then, by Lemma 5.5,

P& # @Vt >=0]G"?)

28 (1 exp{cA? - 2 log(})}
51{deg(u)>—log<—)} P 12 0804 +T Z 0l

22 A T

yelaUly «

28 1 go/4 —e0/2 4l
zﬂ{deg(u)>—1og<—>}+,\0 SRS W /S R

22 A

yelaUly «

Taking expectations and using Lemma 5.7 then gives
28 1 go0/4 £0/2
P& £ Ve>0) < P(deg(u) > A—zlog(x>> 4 AT 4 )50,
Note that deg(u) — 1 ~ Poisson(D(k,,)) and by (5.6) we have

D(h,) < D(H(% log<;\>>> = %log(%)

Using a Chernoff bound, it is easy to see that there exists ¢ > 0 such that

8 1 3 1
P(deg(u) > ZE log<x)> < exp{—E- ﬁlog<x>} LA,

if A is small. We then have, for A small,
]P)(‘i:t 7& OVt > O) < A + )\4‘90/4 + )\’80/2,

so the result follows by taking ¢ = g¢/5. U

PROOF OF LEMMA 5.7. We fix gy > 0, whose value will be chosen later, let § > 0 be
arbitrary, and assume u = (x,, h,,) has h, <h”, with 1" defined as in (5.5). Recall that TX =
{yeTa:lyl=k}fork>1land X  ={y €Ta.:ly|=k} for k > 3. We further let ¥ be
the set of vertex paths in I'4 that do not visit v, and similarly define f"j{’ "
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We bound, for k > 1, using the multivariate Mecke formula (see [31], Theorem 4.4) and
Lemma 5.1,

20% - E[|TA ] < @0t / / dn® ... dp®
(4 [Irall=@» hD <h, h&=D<p, JA®) >h,
h 1
exp{fu +(1 - oz)(h(l) + - +h(k_1)) + <5 — a)h(k)}

_ Ak hy, 1
— @k -C -exp{7 (A -1+ —a)h*},

(Recall that the value of C = C(«) may Change from line to line, but it will never depend
on A). Recalling that h,, < h" = H( log( )), hy = H(A72) and (5.1), we see that the above
is smaller than

1 1 14((1—a)(k—1)+1—a) 1
et m({)(3)" " (e
Hence,

(5.7) Z(zx)" [ITK|]<C- log( )-,\4“—3«\5

for some & > 0 and A small enough, since 4o — 3 > 0.
Next, for £ > 3, again by the multivariate Mecke formula,

k [k k., k=D . . gD
et B[R I=ent k| /h iy, O dh
hu ) k-2, (1 (k1)
exp 7+(1—a)(h +o o+ RTY) 4 3k

1 1 1 4(1—a)(k—2)
=0tk ptee(5) - (5)

k. Ck -log<%) 5 Ua—)k—8a+6

Then

o0
(5.8) Y enk-E[K 1=C- log(%> e=3)3-8at6 ¢

k=3
for some € > 0 and A small enough, since the exponent of X in the middle term is 4o« — 3 > 0.

The bounds carried out above yielding (5.7) and (5.8), can be repeated for the sets of

vertex paths I’ \Fk and Fg *\F A+ With no significant differences, except that one of the
integrals involved in each of the bounds is suppressed to account for a visit to v. We omit the
details for brevity. The result now follows by taking g9 < & and A small. [J

Bounds on infection paths through low vertices. We let (G, 0) be the random hyper-
bolic graph on H with uniformly chosen root, and (&;);>¢ the contact process with rate A on
this graph with &y = {0}.

Our next goal is to prove the following.

PROPOSITION 5.9. There exists €1 > 0 and o > 0 such that the following holds for A
small enough. Abbreviate

(5.9 h/:zH( ! )

AZ—U
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Let E be the event that: for every infection path g which starts at o at time zero, and from
there jumps to a vertex v = (xy, hy) with hy, < h', we have that g is finite and never visits a
vertex with height above h'. Then

P(E) > 1— )\‘40[—14-81.

Before proving this result, we need to give some definitions, and state and prove a lemma.
We continue abbreviating h, = H (%2). We leave o € (0, 1) fixed for now, with 4’ as in (5.9)
and we define the random vertex set

A=A; :i={v=(xyp,hy) €EGoo:v#0,hy>h'}.
Next, define I' 4 = ' 4(Goo, 0) and I' 4 « =" 4,4 (Goo, 0) as in (5.2); also let
o=\ =%
k>2
and

I'o={(o,u,0,v):u,v~o}.

LEMMA 5.10. Assume o € (0, 1). If no infection path g with g(0) = o has y, € I'o U

r,ur A% then the event E of Proposition 5.9 occurs: any infection path g with g(0) = o
and yg(1) ¢ A is finite and never enters A.

PROOF.  Assume that the realization H of the graphical construction of the contact pro-
cess is such that no infection path started at o at time zero has ordered trace in 'gUT" 4 UT" 4 4.
Then it is readily seen that, for any infection path g (starting from time zero),

(5.10) if g(0) =0, y,(1) ¢ A, then g does not intersect A,
and also
(5.11) if g(0) =0, y,(1) ¢ A, then no u # o appears in y, more than once.

(Indeed, if an infection path g : [0, 1] = G With g(0) =0 and y,(1) ¢ A violated either
property, we could obtain s < so that the restriction g of g to [0, s] would have y; € I'g U
FAUT 4.%.)

Now, let H’ denote the graphical construction obtained by removing from H all Poisson
processes associated to vertices of .4, and edges that intersect .A. Then (5.10) implies that
the set of H-infection paths g with g(0) = o, y,(1) ¢ A is equal to the set of H'-infection
paths g with g(0) = o. Moreover, (5.11) implies that the contact process (§,);>0 obtained
from H' and &) = {0} is thin outside o, so by Lemma 5.4, this process dies out. In particular,
any H'-infection path g with g(0) = o is finite. [J

PROOF OF PROPOSITION 5.9. Recalling that /1, denotes the height of the root o, we start
by bounding
P(EC) <P(hy > 1) +P(E“ N {h, <h'})

(5.12) 5P(h0>h/)+E[jl{h0§h/}- 3 (2x)'yl],

)/Gl—‘()Ul:‘_AUl_'_A,*

where the second inequality follows from Lemmas 5.1 and 5.10. We will bound the terms on
the right-hand side separately. We start with

00 5.1),(5.9 —2(Q2—0)a
ae—aha dh, ( )_<( ) C(%) < )»4a_1+81
for o > 0 and ¢; > 0 small enough, and then A small enough.

G13) B> )= [
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Next, we bound (again using the multivariate Mecke formula):

(203 -E[|To| - 1{h, < h'}]

! 0o oo 1
< (2A)3/ a/ / dh, dh™ dn® exp{(l —a)h, + (5 — a>(h“> +h<2>)}
0 0 0

<23 C-expl(l —a)h'} < € - 3372010,

Now, since

3-2Q2-0)l—-a)>3-2-2-(1—a)=4a—1,
we obtain
(5.14) 213 "E[|To! - 1{h, < 1'}] < s da—1+e)

for some ¢; > 0 and A small enough.
We now bound, for k > 2, one more time using the multivariate Mecke formula,

o
2k [Tk zzxkf / f / dn®...dn ™ dn
( ) [| A|] ( ) 0 hD < hk=1) 7 h(k)zh’ ?

aexp{(l —a) (A 4 p*D) 4 (% _ a)(ho n h(k))}

1
<Ak kL. exp{((l —a)(k—1)+ 3 oz)h’}
< k1 k=2Q-0)l(I—0)(k=D+5—a],

Thus, if o is small,
k k 2-22—0)[(1—a)(2— 1)—1—2—0{] do—1+e;
(5.15) Z(zx) E[IT%]]<C - A ,

where for the last inequality we assumed that ¢ > 0 is small enough depending on «, and
o = o (¢) is small enough. Indeed, this can be accomplished, since if we had o = 0, then the
exponent of X in the middle term would be 8« — 4, which is strictly larger than 4o« — 1 when
o> 4, by continuity, this strict inequality still holds for small o > 0.

The last term we have to treat is, for kK > 3 (again using the multivariate Mecke formula)

o0
€[k ‘. k=1 gp®
@k -E[|r% | < @0k -k fo fh . /h o A an™® dh,

1
aexp{ (5 - a)(ho +rY (1 —a)(hD - +h(’<2>)}
<k ck exp{(k —2)(1 —a)h'} < ck . 3 k—22-0)(1-a)(k-2)

Then

(516) Z(zk)k |F_A >"<|:| S C . )\‘3—2(2—0’)(1—00(3—2) < )\‘40l—1+€]

for small &; > 0: if we had o = 0, then the exponent of A in the middle term would be
precisely 4o — 1 and, moreover, this exponent is increasing in o.

The proof is now completed by using the bounds (5.13), (5.14), (5.15) and (5.16) back in
(5.12). O
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We are now prepared to complete the proof of Proposition 5.3.

PROOF OF PROPOSITION 5.3. We recall the definition of A,, #” and &’ in (5.4), (5.5)
and (5.9). We now give several additional definitions. We let

N:{v:(xvshv)EGOOZUNO,hUZh/}, N:|N|

On the event {N = 1}, we define u = (x;, h;) as the unique element of A/. Next, let M
denote the number of transmission arrows that appear from o to vertices of N before the first
recovery mark at o. On the event {N = 1, M > 1}, define t as the first time a transmission
arrow occurs from o to u. Further, define on {N = 1, M > 1}, the process (1;);>r as the
contact process on G started from time 7, with a single infection at i; this process is
defined with the same graphical construction as that of the original process on G.. In other
terms, recalling the notation from Section 2.2, we set

n() =@, 1)~ 0}, veEGx,t>1.
Lastly, we define the event
E:=(N=1,M=1,n #o forall r > 7).

Recall the definition of the event E in Proposition 5.9. We now claim that, if neither of the
four events

(5.17) (E)C, (N>2,M>1)}, (N=1,M > 2}, E

occurs, then & = @ for some ¢. To prove this, we first observe that, by the definition of E,
on the event E N {M = 0} we have that every infection path started at o at time zero is finite,
and hence (&;) dies out. Having this in mind, if neither of the four events in (5.17) occur, the
only remaining situation in which we need to rule out the survival of (§;) iswhen N = M =1
and (1;);>r dies out: this is the area painted blue in Figure 3. In that case, we can argue as
follows: given an infection path g started at o at time zero, if we have y,(1) # i then g is
finite (because E occurs), and if y,(1) = i, then the jump from o to # must be through the
only transmission arrow from o to u before the first recovery at o; then the rest of g is an
infection path available to (1), so it is finite since (7;) dies out.

Hence, the proof of the upper bound will be complete once we show that the four events in

(5.17) have probability smaller than C log(}itx%’

given by Proposition 5.9. We proceed to bound the other ones in order.

for some C > 0. For (E)¢, this is already

[

(N=1, M =0}

(N=1, M >2}
{N=1}{ {(v=1, M=1}

E

FI1G. 3. The four bad events defined in (5.17) are painted grey. In the regions painted white and blue, the contact
process dies out.
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e Probability of {N > 2, M > 1}. We bound

(5.18) ]P’(Nz2,le):IE[ -1{N32}]5A-E[N.11{N32}].

14+ AN
The law of N conditioned on £, is Poisson with parameter
ho [ 1 b (2—g)(2a—1)
(5.19) 62/ exp{(i—a>h}dhfc-e2 N =i,
h/

so we can bound
E[E[N -1{N =2} ho] . Il{ho > H(I/A)}]
<E[E[N | hol-1{ho = H(1/M)}]

o8}
<cC. o—ho . (e’%a @)@aDy g < €3 B-0)aD),
H(1/%)

Next, when h, < H(1/A) the expression on the right-hand side of (5.19) is smaller than
C - A20)Qe=D=1 « 1 if 5 is small (and X is small), since o > %. We then use the bound,
for Z ~ Poisson(B) and B small,

E[Z -1{Z >2}]=E[Z]-E[Z-1{Z=1}] =B — e P < B>
to obtain

E[E[N - 1{N >2} | ho]-1{ho < H(1/2)}]

H(1/3) o
<C / e~oho . (F A CmCa=DY2 gy
0

=C. )L(Z—(r)(4a—2)—2(l—a)

Now the expression on the right-hand side of (5.18) is smaller than
C. ()\(3—0)(20{—1)%-1 + A(Z—a)(4a—2)—2(1—a)+l).

If we had o = 0, the exponents of A inside the parentheses would be 6o — 2 and 10« — 5,
both of which are larger than 4o — 1 when o > %. This shows that

P(N >2, M > 1) < e 1+

for some &’ > 0, if o is small enough (and A is small).
e Probability of {N = 1, M > 2}. This is easier to handle. We first have (by the multivariate

Mecke formula)
o0 o0 1
PN =1) < / / exp{(5 —a>(h0 +h)}dhdh0
0 h

(5.20)
<C- exp{(l — oz)h/} =C . 137D
- 2

Then we bound
2 5.20
P(N=1,M>2)= (%) P(N=1) ( 2 )C . )¥2+2(270)(a7%) < )\‘4(17%
+

if o is small enough, and then A is small enough.
e Probability of E. We start with
P(E) <P(hy > h) +P(N=1,M > 1, h; > h")

+P(N=1,M>1,hy <hy, hy <h", ()= survives).
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The first two terms can be handled with some more calculations of integrals:
P(hy > hy) < C -exp{—ah,} < C - 1%,

as in (5.13), and

P(N=1,M>1,h; > h")
4a—1

A 00 o0 1
< . — —(h,+h)tdhdh, <C - ——
=1+ ./0 / “eXp{ (“+z>( + )} log(1/x)2—1

(this is the only term in the proof whose bound is at the sharp value). Next,

P(N =LM=1,ho <hu hy = ", M= Survives)
(5.21) 5
= m -E[P((nz)tzr survives | o, ﬁ) . 1{N =1, hy <hy, hy < h”}],

On the event {N =1, h, < h,, h; < h"}, conditioned on the respective locations v and u of
the vertices o and i1, the graph G is stochastically smaller than the graph G*-V of Proposi-
tion 5.8. Indeed, the conditioning gives no information on the graph apart from the locations
of these two vertices o, i, and some negative information about the presence of other vertices
in the region {(x, h) e H: |x — x,| <exp{(h, + h)/2}}. Hence, Proposition 5.8 gives

P((1:)¢>7 survives |0, i) <A° on{N =1,h, <h,, h; <h"}.
Then (5.21) is smaller than

e PN = 1) 2V - @a=D+1+e.

If o is small enough (depending on ¢), this is smaller than A**~1%+¢/2 for A small enough, and
the proof of Proposition 5.3 is completed. [

6. Convergence of density. We prove here Theorem 1.4, that is, the convergence in
probability of the empirical density of infected sites to y (1). We start with the upper bound.

LEMMA 6.1. Let (t;)n>1 be any sequence with t, — o0o. Then, for any ¢ > 0, and any
A >0,

0" |
lim IP’( b y(,\)+g> =0.

PROOF. Observe first that for any R > 0, almost surely,
P&l # @,E € Boo(p, R) forall s > 0) =0.

Using the fact that (G,),>1 uniformly rooted, converges locally to (G, p) by Lemma 2.2,
this yields for any sequence (#,),>0, with #, — 00, and any fixed R > 0,

S 1) # 2,60 S B,(u, R) forall s < z,,}} 0.

veG,

©.1) nlinéoELGu
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We thus have by self-duality of the contact process (recall (2.1)),

IP’( |g$n| >y(A)+ e)
|Gl

=IP’(1 Zl{é,';aé@}>y(k)+s)

|Gyl
(6.2) veGy
(651)[9’(“;1 | Y UE #2035 <1, LB(v, B} > y(W) + %) +o(1)
M yeG,
3e
= P(Xn >y(A)+ Z) +o0(1),
with
ni= ! Z 1{3s > 0:&) € By(v, R)}.
|G”| veG, \

We will then apply Chebyshev’s inequality in order to bound the probability on the right-hand
side of (6.2). For this, we need bounds on the expectation and variance of X,. Concerning
the expectation, observe that almost surely,

({35 >0:£ & Boo(p, R)} C (£ # @ Vs > 0}.
R>0

Indeed, if the process does not escape to infinity in finite time, then this is true by definition,
and if it does, then in particular infinitely many vertices get infected, which in turn almost
surely maintain the process alive for an infinite amount of time (just because for any ¢ > 0,
almost surely at least one of them survives for a time larger than ¢). Therefore, for any ¢ > 0,
there exists R > 0, such that

(6.3) P3s > 0:8° € Boo(p, R)) <y (A) + /4.

Fix now ¢ > 0, and then R > 0 as above. Using again that (G;),> uniformly rooted con-
verges locally to (Geo, 0), we deduce that

(6.4) nli)ngoE[Xn] =P3s>0:£" ¢ Boo(p, R)).

Then (6.3) and (6.4) show that for the above choice of R, for n large enough,
g

(6.5) E[X,]<y®) + X

We move now to the variance of X,,. We first notice that |G| ~ n, in probability. Indeed by
definition |G| is a Poisson random variable with parameter w(R,), where we recall R, =
[—-5n, Zn] x [0,2logn], and from the definition of i, one can easily verify that u(R,) ~ n.
We next subdivide R, into a disjoint union of small cubes (B; ;);,; of side length one. More
precisely, fori € Z and j € N, we set B; j :=[i,i + 1] x [j, j + 1]. Then let

Zij:= Z 1{3s > 0:£ € B, (v, R)},

UEGnﬁBi,J’

and
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Due to the above discussion it suffices to show that for some constant C > 0, for any ¢ > 0,
P(X, — E[X,] > /5) < Ce.

Let now h, > 0 sufficiently large, be such that

,u([—%n %n] X [hg,Zlogn]) < g2

Noting that one can bound Z; ; by |G, N B; ;|, whose mean is exactly u(B;, ), we get using
Markov’s inequality

( > le_10)<108
(@, j):j=he
Thus all we need to show in fact is that
1
6.6) P(x; —E[X¢]> 1%) =o(l) withXj=— > Z;.
(l J):j<he

To this end, we estimate the variance of X’ . Note that for any pairs of indices (i, j) and (k, £),
conditionally on G,, Z; ; and Z; , are independent, unless By ¢ intersects the ball of radius
2R centered at some vertex of B; ;. Moreover, in the latter case, one can use again the trivial
bound

|Cov(Zij, Zk,0)| <1Gn N B;jl - |1Gn N B gl

yielding

1
var(X)) < ) > E|:|Gn N Bijl -

(i,)):j<he

Gn( U Biw2r+ 1))’]

veG,NB; ;
C
=5 Y wmp=0(5),
(@, )):j<he
where C =C(R,¢e) = 1+2u(B,((0, he +1),2R 4 1)), is a constant that only depends on R
and e. Then (6.6) follows and this concludes the proof of the lemma. [
We prove now the lower bound, which is a bit more delicate.

PROPOSITION 6.2. Let (t,)n>1 be any sequence with t, — oo and t, < e" for each n,
with ¢ as in Theorem 1.2. Then, for any ¢ > 0 and A > 0,

lim IP’<||§§"|< (A)—s) 0.

n— 00 n |
PROOF. Fix ¢ > 0. Using that for any R > 0, one has
P(&f € Boo(p, R), forall s > 0) =0,
we deduce as in the proof of the previous lemma, that for any sequence (¢,),>1, with #;, — oo,

(e <)

= (|G|

SoE #£2,35>0:8) € Bu(v, R)}<y(k)——>+o(1)

veGy,
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Moreover, as before, for any ¢ > 0, there exists R > 0, such that

P(3s > 0:8 ¢ Bro(p. R) 2 7 (1) — 7.

Then, using the same argument as in the proof of the previous lemma, we get

lim IP( ! 3 1{3s>0:s;)an(v,R)}gy(x)—§>=o.

n— 00 |Gn|

veGy,
Thus,
£
P16 <0 -c)
(6.7) ! .
flP’( Z l{éz”=®,3s>0:.§f£8n(v,R)}>—)—I—o(l).
|G| - ‘ 4

We proceed now as in the previous lemma, but this time we only need a first moment bound.
Recall the notation for B; ;, from there, and let

Yy = %Zl(Ei,j) “|Gn N B 1,
ij
where
Eij:=={eG,NB;;:&§ =@ and Is > 0 with &/ € B, (v, R)}.
We claim that when R is large enough, one has almost surely,
(6.8) P(E; j |G, N B;j) <&
Note that given this fact we deduce that for some constant C > 0,
E[Y,] < Ce?,

and together with Markov’s inequality, we get that the first term on the right-hand side of
(6.7) is O(¢), from which the proposition follows.

Let us prove now (6.8). The basic idea is quite simple: each time the process reaches a new
shell B, (v,i + 1) \ B, (v, i), it has some positive probability to infect a vertex at some high
level, which will then sustain the infection for a time ¢, with high probability, as was shown
in the proof of Theorem 1.2. If R is taken large enough, then the process will have many
chances to do this, and thus it should happen with probability as close to one as wanted.

We proceed now with the details which require a certain care due to the hyperbolic shape
of the balls. Define Ay, for each £ > 1, by

&3
([0, 2] x [he, 00)) = T

or equivalently by
1
he=—((€£+1)log2 —3loge + 2logt).
o

Note that by Markov’s inequality, for each £ > 1,

3

P(G, N [0,2%] x [he, 21logn] # @) < E[|G, N[0, 2] x [he, 2logn]|] < 28—62
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Thus, letting

¢
X¢:=xp+ Z 2" and Dy :=[x¢, x¢41] X [heq1,2]logn],

m=1
a union bound gives

(6.9) P(A,(v)) >1— e where A, (v) = {Gn N (U D() = @}.
>0

Let L := % -log?2, be as in Section 3, and then for £ > 0, set
Q) :=[xg, x¢+11 x [€+2)L, (£ +3)L].

Note the important property of these boxes, which is that any vertex in G, N Q(£) is a neigh-
bor of any other vertex in G, N Q(£ + 1), for any £ > 0 (this follows from the fact that
L >log?2). We call C,(v) the event when all these boxes are good in the sense of Section 3,
at least for ¢ large enough. That is, we define

Cu(v) :=={|G, N Q)| = Cor> for all £ > £y},
where C is a positive constant to be fixed later, and £ is the smallest integer such that
(6.10) P(Cy(v)) > 1 — &3

Observe that for any 0 < £ < m, one has (x;,, h,;,) and (x¢, k) are neighbors in G, only if
m < Zag—l + Clogm, for some constant C > 0. In particular, since o > 1/2, for any fixed ¢,
this happens only for finitely many integers m > ¢, and one can thus define inductively the

sequence (£;);>0, by £o =0, and for i > 0,

Cipr =inf{m > €; 1 (s ) € Bu((Xei41, hei41), 1) V' = m}.

Consider now (£”);>0 the contact process starting from only v infected, and define
Hy(v) = {Els >0:£N < U Q(E)) # @}.
{>£y
The proof of Theorem 1.2 given in Section 3 shows that (at least by taking C¢ large enough)
IP>(Cn(v) NHn(v) N {E;,)l = Q}) = g3

Therefore, recalling (6.9) and (6.10), we see that all we need to show is that for R large
enough,

(6.11) P(H, () N A, (v) N {3s > 0:£2 € BF (v, B)}) < &2,

where B;r(v, R) :=B,(v,R)U ([—%n, x0] x [0, 2logn] N Gy,). Indeed, this would show that,
for ¢ small enough,

P({35 > 0:6 € B (v, M) N fg) =0)) =363 <2,
and as explained previously this would conclude the proof of the proposition.
We prove now (6.11). For i > 0, we define the stopping time
7 :=inf{s > 0:3w = (x,h) €&, withx > x,, }.

Note that when the rectangles D, are empty, then the first coordinate of the vertex which
is infected at time 7; cannot be larger than x,, ,. Otherwise, there would exist m > £3; 12,
such that (x,,, h,,) would be in the neighborhood of (x¢,,, h¢,;), and this is not possible by
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definition of the sequence (¢;) j>¢. In other words, for any i > 0, on the event 4, (v) N {1; <
oo}, one has 7; < 7j41.
We then consider the good events

Al =Gy N [xey, Xy +2/] < [FL, (j+ DL]| =27 forall €9 < j < €y + 1},
and
A7 =Gy, N [xey, x5 +27 ] x [FL, (j + DL] # @ forall 0 < j < £o},
and set
A; = Al N A2
We next define B;, as the event that 7; is finite and that after this time, there exists an infection
path within the rectangle [x¢,,_, +1, x¢,,,,1x [0, 2logn], going from the vertex infected at time

7; up to a vertex in Q(£7;). We also need to consider truncated versions of A, (v), defined for
any i, by

Al (v) = {Gn N ( U Dg) = @}.
{=<brit2
We finally consider the filtration (G;);>0, where §; is the o -field generated by this set Aﬁl (v),
the restriction of the graph G, to the rectangle [xo, x¢,,,,] x [0, 2logn], together with all the
Poisson clocks associated to the vertices in this rectangle, as well as all those associated to the
edges between them in the Harris construction. Note that by definition A; is G;-measurable.
Note also that by definition of the (£;) j>0, the event Afl_l (v) N B; is G;-measurable as well,
since on Ail_l (v), the vertex infected at time 7; has a first coordinate smaller than xg,, ;.
Moreover, by definition

B; CH,(v) foralli>1,
and, therefore, for any integer r > 1,

(6.12) Ha(0) S () Bf.

i<r
On the other hand, a straightforward computation shows that there exists a constant p; > 0,
independent of i, such that almost surely,

P(A; | Gi—1) =P(A;) = p1,

using for the first equality that A; is independent of G;_1, by definition.

Now we claim that on the event A; N .Af,_] (v) N {r; < oo}, the vertex infected at time
7;, or the one who infected it, has a neighbor (possibly itself) in one of the boxes occurring
in the definition of Ai1 or Aiz. Indeed, let v; = (x;, h;) be the vertex infected at time 7; and
v, = (x, h’) be the one who infected it. By definition, one has x; > xy,;, and x/ < xy,,. Since
v; and v/ are neighbors, one also has |x; — x/| < ehith/2 Assume first that h; > h’, and
let j > 0 be such that jL < h; < (j + 1)L. Note that one can assume x; > x¢, + 2/, as
otherwise there is nothing to prove (since in this case v; already belongs to one of the boxes
appearing in the definition of Al-l and Aiz). Now by definition on the event A; there exists
v/ = (x!', h}) € Gy, such that x¢,, <x! <x¢, +2/7, and (j + )L <h! < (j +2)L. Note
that one has either x; <x/ <x;,or 0 <x/ —x; < 2/ < xj — x/. Hence, in all cases it holds

Y R
|xl{/ _xl.{ < |xi _xl/} < e(hl+hi)/2 < e(h’+hi )/2’

and thus v; and v/’ are neighbors, which proves our claim when #; > h. If on the other hand
h; < h;, then we can use a similar argument: assume jL < h; < (j+ 1)L, for some j > 0, and
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again that x; > xy,, + 2/, as otherwise there is nothing to prove. Pick a vertex v/ = (x/, h!)
in Gy, N [xey, Xop, + 27T < [(j+ DL, (j +2)L]. If x; > x//, then

Y N
x} = x{'| < |} — xi| < eBithi)/2 < oithiD/2,

which implies that v] and v]" are neighbors. If x; < x/’, then

i —xf| <27 < el < 2,
using for the second inequality that L > log?2, since 1+°‘
claim in the case h; > h; as well.

It follows that after time 7;, the vertex v; will infect another vertex in one of the cubes
occurring in the definition of A} or Al.z, with probability at least (1 /(1 4+ A))2. Once infected,
it will propagate the infection up to Q(¥¢;) within the boxes appearing in the definition of A ll
and Al.2 with positive probability, uniformly bounded from below by a constant independent

of i (this last point following from the same argument as in the proof of Theorem 1.2).
Therefore, there also exists a constant py € (0, 1), such that on Af[l (v),

> 1, for any o < 1. This proves the

P(A; N Bf N{1; <00} | Gi—1) < p1pa.
As a consequence, there exists p € (0, 1), such that on Affl (v), one has
(6.13) P(Bf N{t; <oo}|Gi—1)<1—p foralli>1.

The conclusion follows: indeed, let first » be some integer such that (1 — p)" < &3 /2, and
note that for R large enough,

{3s > 0:&) € B, (v, R)} C {1, < 00} U{r_, < 00},

where we denote by 7_, the first time when there is an infected vertex with x-coordinate
smaller than —x, . By symmetry, we can consider only the event {r, < oo}, but then (6.13)
and an immediate induction give

]P’(.An(v), T, < 00, ﬂ Bf) <e&3)2,

i<r

from which (6.11) follows using also (6.12). This concludes the proof of the proposition. [

7. Discussion and outlook. In this paper, we gave a complete picture of metastability for
% < a < 1. Naturally, one might wonder how the contact process evolves outside this regime:
on the one hand, for « < 5, the total number of edges of G, is superlinear, and hence, we do
not expect metastability i 1n this case (and there is no natural infinite graph either); a similar
phenomenon could also arise in the case o = % On the other hand, for o > 1, the largest
component is of order n!/?® « ./n, roughly corresponding to the maximum degree (see
[18]). Therefore, this component is roughly like a star, with a few extra edges. The same proof
given therein can be used to show that most other components are star-like, and there should
be of the order n' ~2*# such star-like components of size n? for any 0 < 8 < 1/(2«). Hence,
the expected component size in the infinite graph is of order | ﬁ] i (02 ) p2-2a dpB, which is finite
for o« > 1. Thus, the component of the root is almost surely finite, and the contact process
cannot survive. For o = 1, for v sufficiently large (see [21]) there exists a giant component,
and the study of the contact process in this regime is subject to further work.
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