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Abstract

We obtain estimates for large and moderate deviations for the capacity of the range
of a random walk on Z¢, in dimension d > 5, both in the upward and downward
directions. The results are analogous to those we obtained for the volume of the range
in two companion papers [AS17a, AS19]. Interestingly, the main steps of the strategy
we developed for the latter apply in this seemingly different setting, yet the details of
the analysis are different.
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1 Introduction

We consider a simple random walk (S,,),c on Z starting from the origin. The range
of the walk between two times k,n with k£ < n, is denoted as R[k,n] := {Sk,...,S,} with
the shortcut R,, = R[0,n]. Its Newtonian capacity, denoted Cap (R,,), can be seen as the
hitting probability of R,, by an independent random walk starting from far away and
properly normalized. Equivalently, using reversibility, it can be expressed as the sum of
escape probabilities from R, by an independent random walk starting along the range.
In other words, Cap (R,,) is random and has the following representations:

. Po.(Hg, <oo|S
Cap (R,) = Zli)rgo G

) Y Pou(Hf, =o0|S), (1.1)

TERA

where Py . is the law of two independent walks .S and S starting at 0 and z respectively,
G(-) is Green'’s function, and Hy (resp. HX) stands for the hitting (resp. return) time of
A by the walk S.
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Deviations for the Capacity of the Range of a RW

In view of (1.1), the study of the capacity of the range is intimately related to the
question of estimating probabilities of intersection of random walks. This chapter
has grown quite large, with several motivations from statistical mechanics keeping
the interest alive (see Lawler’s celebrated monograph [Law91]). The last decade has
witnessed revival interests both after a link between uniform spanning trees and loop
erased random walks was discovered (see [LawSW18], [Hut18] for recent results) and
after the introduction of random interlacements by Sznitman in [S10] which mimic a
random walk confined in a region of volume comparable to its time span.

The study of the capacity of the range of a random walk has a long history. Jain and
Orey [JO69] show that in any dimension d > 3, there exists a constant v4 € [0, 00), such
that almost surely

nlbrrgo %Cap(Rn) = 74, and -~y >0, if and only if, d > 5. (1.2)
The first order asymptotics is obtained in dimension 3 in [C17], where Cap(R,,) scales
like y/n. Dimension 4 is the critical dimension, and a central limit theorem with a non-
Gaussian limit is established in [ASS19b]. In higher dimensions, a central limit theorem
is proved in [Sch19] for d = 5, and in [ASS18] for d > 6.

Here, we mainly study the downward deviations for the capacity of the range in
dimension d > 5, in the moderate and large deviations regimes. We also establish a
large deviations principle in the upward direction. Our analysis is, as in our previous
works [AS17a, AS19], related to the celebrated large deviation analysis of the volume
of the Wiener sausage by van den Berg, Bolthausen and den Hollander [BBHO1]. The
folding of the Wiener sausage, under squeezing its volume, became a paradigm of
folding, with localization in a domain with holes of order one (the picture of a Swiss
Cheese popularized in [BBHO1]). The variational formula for the rate function was
shown to have minimizers of different nature in d = 3 and in d > 5 suggesting dimension-
dependent optimal scenarii to achieve the deviation. For the discrete analogue of the
Wiener sausage, we established in [AS17a, AS20a] some path properties confirming
some observations of [BBHO1].

Main results Our first result concerns the large and moderate deviations in dimension
7 and higher. In this case, we obtain upper and lower bounds which are of the same
order (on a logarithmic scale), and we cover (almost) the whole set of possible moderate
deviations in the non-Gaussian regime.

Theorem 1.1. Assume d > 7. There exist positive constants ¢, k and k (only depending
d—2
on the dimension), such that for anyn~< -logn < ( < en, and for n large enough,

2

exp (~x-¢'777) < P(Cap(Ry) — E[Cap(R,)] £ —¢) < exp (~F-¢'"77). (1.3)

Recall that a central limit theorem is proved in [ASS18], where we show in particular
that var(Cap (R,)) ~ o?n, for some constant ¢ > 0. Our next result proves now a
Moderate Deviation Principle in the Gaussian regime.

Theorem 1.2. Assume d > 7. For any sequence {(, },>o, satisfying lim,,_, {,/v/n = oo,
and lim,, o, ¢, (log n)/n% =0, we have

lim % -log P (£(Cap (Ry) — E[Cap (Ry)]) > (n) = — !

n—00 Cn 2(72 '

(1.4)

In dimension 5, we obtain estimates similar to Theorem 1.1, but we do not reach the
Gaussian regime:
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Theorem 1.3. Assume d = 5. There exist positive constants ¢, k and R, such that for any
n®7 .logn < ¢ < en, and n large enough,
oo [ (S8 _ _ e (S
p(—5- () < P(Cap (Rn) — E[Cap (Ry)] < —() < exp {—F- ()7 ).

Remark 1.4. In d =5, the variance of Cap(R,,) is of order nlogn, [Sch19]. Thus, the
moderate deviations should go from a Gaussian regime with a speed of order (?/(nlogn),
to a large deviation regime with a speed of order (¢*>/n)'/3, and with a transition
occurring for ¢ of order /n(logn)?/*. For an explanation of the exponent 5/7 which limits
us here, see Remark 3.3. Note that in the case of the volume of the range, a similar
transition has been established by Chen [Chen10] in dimension 3, and by the authors in
d > 5 in the companion paper [AS19].

Remark 1.5. In dimension 6 our result is less precise. One can only show that

exp <f@.<1/2) < P (Cap (Rn) — E[Cap (Ry)] < —C) < exp <1og(n/<)'<1/2)'

Our next result provide path properties of the trajectory under the constraint of
moderate deviations. To state it, one needs more notation. For » > 0, and z € Z¢, set

Q(z,7) =[x — g,x + g)d aVAS

Given A C Z%, and n > 0, let £,,(A) be the time spent by random walk in A before time n.
For p € (0,1], and r, n positive integers, we let

Cu(ryp) = {x €rZ : £,(Q(z,7)) > pri}, and Vo (r, p) = U Q(z,r). (1.5)

zECn (1,p)

Define also for a sequence of values of deviation ({,)n>1,

@R fa=5 _[n ifd=5 . [5/T ifd=5
PO @D ey s PTG ifd 2T XN a2 fa >

Theorem 1.6. Assume d = 5, or d > 7. There are positive constants «, 3, € and Cy, such
that for any sequence ((,,)n>1, satisfying

nXd . logn < Cn < en,

deﬁning (rn)nZI by
o pyp = Cologn,

one has

lim P (€y,(Vn(rn, Bptyp)) = Typ | Cap (R,) — E[Cap (R,)] < —C,) = 1. (1.6)

n—00

Moreover, there exists A > 0, such that

nlggoIP (Cap(vn(rmﬁﬂtyp)) < A|Vn(7’n»ﬂptyp)|172/d | Cap (Rn) - E[Cap (Rn)] < *Cn) =1L
(1.7)

Theorem 1.6 provides some information on the density the random walk has to realize
in order to achieve the deviation. We obtain that V,, (., Bptyyp) is typically ball-like, in the
sense that its capacity is of the order of its volume to the power 1 — 2/d, as it is the case
for Euclidean balls.

The final result concerns the upward deviations. Our decomposition (1.8) allows us to
adapt the argument of Hamana and Kesten, [HK01], written for the volume of the range
of a random walk.
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Theorem 1.7. Assume d > 5. The following limit exists for all x > 0:
1
= — 1 —_ > .
Ya(x) : nlgrgo - logP(Cap (R,) > n- ).

Furthermore, there exists a constant v;; > -4 (defined in (1.2)), such that the function 4
is continuous and convex on [0,~}], increasing on [yq,7}], and satisfies

=0 ifx <~y
pa(z) ¢ € (0,00) ifx e (ya,7)]
=00 ifx > ~j.

We also obtain Gaussian upper bounds (up to a logarithmic factor) in the regime of
moderate deviations, see Proposition 2.4.

Our approach to downward deviations. The cornerstone of our approach is a de-
composition formula obtained in [ASS19a]:

VA,B finite sets of Z¢, Cap (AU B) = Cap (A) + Cap (B) — xc(4,B), (1.8)

where xc(A, B) called the cross-term has a nice expression. In this work, the decomposi-
tion (1.8) allows us to follow a simple approach devised in [AS17a], and later improved
in [AS19], to study downward deviations for the volume of the range in dimensions d > 3.
We partition the time-period of length n into intervals of length 7' < n, and by iterating
(1.8) appropriately one can write our functional of the range, Cap (R,,), as a sum of i.i.d.
terms minus a certain sum of cross-terms of the form x¢(Rir, R[iT, (i + 1)T]), with ¢
going from 1 to |n/T|. The so-called corrector, is the sum of these cross-terms that we
integrate over R[iT, (i + 1)T]. We then show that for some appropriate time-scale 7T it
is this corrector which is responsible for (most of) the deviations. The final step is to
estimate the cost for such deviations. This analysis is similar to the corresponding one
for the volume of the range that we performed in [AS19], but it also requires some new
ingredients, in particular Lemmas 4.1, 4.2 and 4.3.

On the other hand the proof of Theorem 1.2 relies on the following estimate, similar
to the result for the intersection of two ranges that was obtained in [AS20c]: first we
observe that x¢(A4, B) is bounded above by (twice) another functional Y (A, B), defined
for any A, B C Z% by

(A, B) =Y 3 P (Hf =o0) - Gla —y) - P, (Hf = o).

€A yeB

We then show that for some x > 0, if R, and 7500 are the ranges of two independent
walks,

E [exp (/{ . Z(Romﬁoo)l*ﬁ)] < 0. (1.9)

Heuristics. We use the sign = to express that two quantities are of the comparable
order (which here will have a deliberately vague meaning, and precise statements come
later). As already mentioned, the first step in this work is a simple decomposition for the
capacity of a union of sets in term of a cross-term

Xe(A,B) = 2) > P.(Hj =) -Gz —y)-Py(Hf; = ), (1.10)
r€AyEB
see (2.9) and (2.12) for a precise expression. The key phenomenon responsible for

producing a small capacity for the range of a random walk is an increase of the cross-
term on an appropriate scale. In other words, the walk folds into a ball-like domain in
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order to increase some self-interaction captured by the cross-term. Now to be more
concrete, let us divide the range R|0, 2n] into two subsets R[0,n] and R[n, 2n]. Let us call,
for simplicity R. = R[0,n] — S,,, and R? = R[n,2n]| — S,, the two subranges translated by
S, so that they become independent. By (1.10) and translation invariance of the capacity
we see that

Cap (R[0,2n]) = Cap (Ry,) + Cap (R7,) — xc(Ry,, R}p)-

Now, assume that both walks stay inside a ball of radius R a time of order 7 < n, and are
unconstrained afterward. Thus, under the strategy we mentioned, and writing G(R) for
the Green’s function taken at some point z with Euclidean norm R,

xc(Rh,R2) ~ G(R) x Cap (R}) x Cap (R2) + O(G(v/n)n?)

5 A (1.11)

~ G(R)(min(r,R*?))" +O(n" 2 ).
The term O(G (\/ﬁ)nQ) appears if 7 is smaller than n, and accounts for the unconstrained
contribution to the cross-term. In obtaining (1.11), we have used that if R! and R?2 are
inside a ball of radius R, then their capacity is bounded by the capacity of the ball, which
is of order R%~2, as well as by their volume bounded by 7. Thus, it is useless to consider
7 larger than R?~2, since then 7 no more affects the cross-term and increasing 7 (or
decreasing R below 7) only makes the strategy more costly. Now a deviation of order (
is reached if

WTQ ~C. (1.12)
Recall that the cost of being localized a time 7 in a ball of radius R is of order exp(—7/R?)
(up to a constant in the exponential). So we need to find a choice of (7, R) which
minimizes this cost under the constraint (1.12). In other words one needs to maximize
VC - R14=6)/2_ This leads to two regimes.

» When d = 5, R (and then 7) is as large as possible. So, 7 = n and R?~2 = n?/( by
(1.12). The strategy is time homogeneous for any (!

* When d > 7, then 7 is as small as possible, that is 7 = R?2 = (. The strategy is
time-inhomogeneous.

When d = 6, the strategy remains unknown, but the cost should be of order exp(—+/¢).

Application to a polymer melt. The model of random interlacements, introduced by
Sznitman [S10], is roughly speaking the union of the ranges of trajectories obtained by a
Poisson point process on the space of doubly infinite trajectories, and is such that the
probability of avoiding a set K is exp(—u - Cap (K)), where u > 0 is a fixed parameter.
With this in mind, let us consider the following model of polymer among a polymer melt
interacting by exclusion. We distinguish one polymer, a simple random walk, interacting
with a cloud of other random walk trajectories modeled by random interlacements which
we call for short the melt. The interaction is through exclusion: the walk and the melt
do not intersect. When integrating over the interlacements law, the measure on the
walk with the effective interaction has a density proportional to exp(—u - Cap (R,,)), with
respect to the law of a simple random walk.

As a corollary of our deviation estimates, one can address some issues on this polymer.
Since this follows in the same way as the study of the Gibbs measure tilted by the volume
of the range was a corollary of [AS17a], we repeat neither the statements corresponding
to Theorem 1.8 of [AS17a], nor the proofs here. The simplest and most notable difference
with the latter theorem is that the proper scaling of the intensity parameter u which
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provides a phase transition is when it is of order n=2/(?=2) in dimension d > 5. Thus, one

would consider the polymer partition function as a function of u € R+

Znlw) = B[ exp (= 57— (Cap (Ry) — ElCap (R.)]) )]

Theorem 1.8 of [AS17a] is true, here also after the drop in dimension is performed,
and establishes the existence of a phase transition as one tunes u. On the other hand,
considering the quenched model, where the random interlacements is given a typical
realization, is an interesting open problem, beyond the reach of the present techniques.

Organization. The paper is organized as follows. In the next section, we recall some
basic estimates on the random walk, the capacity, and the range that we will need. Sec-
tion 3, and more precisely Proposition 3.2 makes the link between downward deviations
for the capacity and upward deviations of a corrector. The corrector itself is studied
in Section 4, where we prove the upper bounds in Theorems 1.1 and 1.3, as well as
Theorem 1.6. In Section 5, we prove the lower bounds in Theorems 1.1 and 1.3. The
proof of Theorem 1.2 is done in Section 6. Finally, we prove Theorem 1.7 concerning the
upward deviations in Section 7.

2 Preliminaries

2.1 Further notation

For z € Z%, d > 5, we denote by P, the law of the simple random walk starting from
z, and simply write it P when z = 0. We let

> 1{s, = 2}1 :

n=0

G(z)=E

be the Green’s function. It is known (see [Law91]) that for some positive constants ¢ and

C,
c C

— < Gk)< —— . forallzeZ 2.1
Eezrt < €06 < gy forells @D
with || - || the Euclidean norm. We also consider for T > 0, and z € Z<,
T
Gr(z)=E Z 1{S, = z}] .
n=0
In particular for any z € Z% and T > 1,

For A C Z%, we denote by |A| the cardinality of 4, and by
Hy:=inf{n>0:5,€A}, and Hj:=inf{n>1:5, € A},

respectively the hitting time of A and the first return time to A.
We also need the following well known fact, see [Law91]. There exists a constant
C > 0, such that for any R > 0 and z € Z%,

R\ 92
P, (inf |[Sk| <R <C- |+ . (2.3)
2 B

EJP 0 (2012), paper O. http://www.imstat.org/ejp/
Page 6/28


http://dx.doi.org/
http://www.imstat.org/ejp/

Deviations for the Capacity of the Range of a RW

2.2 On the capacity
The capacity of a finite subset A C Z¢, with d > 3, is defined by

Cap(A) := | | P.(Ha < o0). (2.4)

. 1
11m —_

It is well known, see Proposition 2.2.1 of [Law91], that the capacity is monotone for
inclusion:
Cap(A) < Cap(B), forany A C B, (2.5)

and satisfies the sub-additivity relation
Cap(A U B) < Cap(A) + Cap(B) — Cap(AN B), forall A, B C Z*. (2.6)

Another equivalent definition of the capacity is the following (see (2.12) of [Law91]).

Cap(A) = Y P,(Hu+ = ). (2.7)
T€A
In particular it implies that
Cap(A) < |A|, forall A C Z%. (2.8)

The starting point for our decomposition is the definition (2.4) of the capacity in terms of
a hitting time. It implies that for any two finite subsets A, B C Z¢,

Cap (AU B) = Cap (A) + Cap (B) — xc(A, B), (2.9)

with )
Xc(A,B) = lim 7IPZ({HA < OO} N {HB < OO})

In particular by (2.4) and the latter formula, one has
0 < xc(A, B) < min(Cap(A), Cap(B)). (2.10)

Now, we have shown in [ASS19b] that

XC(AvB):X(AvB)‘FX(BaA)*E(AaB), (2.11)
with
X(A,B) =Y "> P, (H},pz=00) Glz—y) Py(H} =), (2.12)
reAyeEB
and,
0<e(A,B)<Cap(ANB)<|ANBDB|, (2.13)

where the last inequality follows from (2.8).
We will need some control on the speed of convergence in (1.2).

Lemma 2.1. Assume d > 5. One has

[E[Cap(Rn)] = yan| = O(¢a(n)),

with
vn o ifd=5
Yaln) =4 logn ifd=6
1 ifd>T1.
EJP 0 (2012), paper O. http://www.imstat.org/ejp/
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Proof. By (2.9), (2.11), (2.12), and (2.13) one has the rough lower bound:

n n+m

Cap(Ru+m) = Cap(R,,) + Cap(R[n,n +m]) — 2 Z Z G(Si — Se), (2.14)
k=0 f=n

for any integers n, m > 1 (a better inequality will be used later, but this one is enough
here). Then one concludes exactly as in [AS17b], using (2.6), Hammersley’s lemma and
Lemma 3.2 in [ASS18], which controls the moments of the error term in the right-hand
side of (2.14). For the details, we refer to the proof of (1.13) in [AS17b]. O

The next result provides some useful bounds on the variance of the capacity of the
range, which were obtained in [Sch19] in case of dimension 5, and in [ASS18] in higher
dimension.

Proposition 2.2. One has,

sarcan(a)) = { o0 028

Remark 2.3. Actually sharp asymptotics are known: in dimension 5, one has
var(Cap(R,)) ~ osnlogn, and in higher dimension var(Cap(R,,)) ~ o4n, for some positive
constant (c4)q>5, see respectively [Sch19] and [ASS18].

As a consequence of the previous results one can obtain Gaussian type upper bounds
for the moderate deviations in the upward deviations.

Proposition 2.4. There exist positive constants (cq)q>5, such that for any n > 2, and
¢>0,

exp [ —c5 - n(loci;n)g) ifd=5

2
P(Cap (R,) — E[Cap (R,)] > () < exp(—cg- wloaiogmz ) fd=6
exp | —cq - Cj) ifd>T1.

n

Proof. For simplicity let us concentrate on the proof when d = 5. We will explain at
the end the necessary modifications to the proof when d > 6. Note first that one can
always assume that ¢ is smaller than n/2. We use now (1.8) repeatedly along a dyadic
decomposition of {0, ...,n}. This gives for L > 1, with my, := |n/2F],

oL L
Cap (Ra) = Y Cap (R, ) = 0%,
1=1 =1

where the R%)L are consecutive pieces of the range of length either my or my + 1, and

2271

Sei= Y xe(RGITV,RED),
j=1

with similar notation as above, in particular m, = |n/2¢]. Thus,

2L
P(Cap (R,) — E[Cap (R,)] > ¢) <P | Y Cap (R,&}) — E[Cap (Rﬁ:}L)] > g
i=1
- ¢
PlEX,)]-—X — ]. 2.1
+ e; ( [Z¢] > 2L> (2.15)
EJP 0 (2012), paper O. http://www.imstat.org/ejp/
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We fix now L, such that n/¢ < m; < 2n/(. The first term in (2.15) is ruled out using
Bernstein’s inequality and Proposition 2.2, which give for some constant ¢ > 0.

S M) _ (1) < CQ)
P ;Cap (RmL> E[Cap (RmL)}>C/2 <exp(—c . (2.16)

nlogmyp,

Concerning the sum in (2.15), note first that by Lemma 2.1, one has
E[Z] = 0(2"%V/n),

for any ¢ > 1. Therefore, one can assume that / is such that 2*/2/n > ¢(/L, for some
constant ¢ > 0, for otherwise the corresponding probability is zero. For such ¢ one has
by using standard concentration results (see Theorem 4.4. in [CLOG6]):

F (E[Ed s e 2CL> = exp <_C\/nTg+ (L%(Llczgme)/C) = e <_n(1§n)3> ’

which completes the proof in case d = 5. In case d > 6, the variance is linear. So
first, the term logm; can be removed in (2.16). Moreover, in case d = 6, one has
E[X¢ = O(2logn), and thus only the ¢’s such that ¢ > 2¢ > ¢(/logn need to be
considered. There are order loglogn such integers, and for each of them one has by the
same argument as above,

¢

PlEX] -2 >—"—
( (] Z>C’10glogn

) < exp(—ec?/(1og log n)?),

which concludes the proof in case d = 6. The case d > 7 is similar, since this time
E[2,] = O(2%), and thus there are only a bounded number of integers ¢’s that need to be
considered. O

3 Transfer of downward deviations to the corrector

The possibility of establishing the heuristic picture described in the introduction
stems from writing the capacity of a union of sets as a sum of capacities and a cross-term.
The latter though typically small is nonetheless responsible for the fluctuations. Iterating
this decomposition leads to an expression of the capacity of the range as a sum ofi.i.d.
terms minus a sum of cross-terms. The so-called corrector is obtained by summing
appropriate conditional expectations of these cross-terms.

Our first result in this section, Lemma 3.1, provides an explicit expression for (what
turns out to be an upper bound for) this corrector in terms of a sum of convoluted
Green’s functions taken along the trajectory and weighted by escape probability terms.
We then recall a result from [AS19], which relates the deviations of the capacity to those
of the corrector, which we state here as Proposition 3.2.

Thus, the strategy is similar to the one used to treat downward deviations for the
range developed in [AS19]. However the form of the corrector is slightly different.
Roughly it involves a convolution of Green’s function with itself together multiplied by
escape probability terms, where in [AS17a] only Green’s function appeared.

A detailed analysis of this corrector is carried out in Sections 4.3 and 4.4. Before we
can state precisely the result, some preliminary notation is required.

For I C N, we write R(I) := {Sk, k € I}, for the set of visited sites during times
k € I. Since for any two intervals I, J C IN, one has R(J U J) = R(I) UR(J), (2.9) gives

Cap (R(I U J)) = Cap (R(I)) 4+ Cap (R(J)) — xc(R(I),R(J)). (3.1)
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Next, given two sets A and B, their symmetric difference is defined as AAB := (AN
B¢)U (BN A°). Note in particular that for any I, J C IN, one has R(I)AR(J) C R(IAJ).
Moreover, it follows from (2.5), (2.6) and (2.8) that for any A, B C Z4,

|Cap(A) — Cap(B)| < Cap(AAB) < |AAB|.
Applying this inequality to ranges on some intervals I and J, we get
|Cap(R(I)) — Cap(R(J))| < |[TAJ]. (3.2)
Now given some integer T' < n, we define for j > 0and ¢ > 1,
Lio=[j+—1)T,j+LT), and I,:=1I;;U---Ulj.

It follows from (3.2) that almost surely

|Cap(Ry) — = Z Cap(R Mn/TJ))| <T. (3.3)

On the other hand, applying (3.1) recursively we obtain for any j =0,...,7 — 1,

[n/T] ln/T|—-1 _
Cap( J Ln/TJ Z Cap Z Xc ('R(Ijj),R(Ij’g_;,_ﬂ). (3.4)
=1

Define now
T—1|n/T]-1

Xn(T) lz > xe(R(I.0), R(Lies)),

j=0 ¢=1

and note that (3.3) and (3.4) give for any T' < (/2,

'ﬂ

P (Cap(Rn) - E[Cap(Rn)]

T—1
s (=Pl 5 Z Cap(R(Lj, (/7)) — E[Cap(R(T, [n/1)))] < —g (3.5)
1 [n/T]
;) 2 — E[Cap(R(I;))] < —% +P (xn(T) > i) . (3.6)

The first term on the right-hand side of (3.5) is dealt with Bernstein’s inequality and
Proposition 2.2, which show that for any ¢ > ™96 for some constant ¢ > 0.

T—1|n/T]

1
=3 Y Cap(R(1,0) ~ B[Cap(R(1;))] <
j=0 ¢=1
n/T) ) <
<T max P EZ Cap(R(1;e)) ~ E[Cap(R(;))] < =7 | < Texp(=c2).  (3.7)

For the second term in the right-hand side of (3.5), we will use a general result of [AS19],
which allows to compare the (moderate) deviations of x,,(T") to those of its compensator,
defined by

;q

In/T|—1
I [ I, Tje), R(Ie41)) | ]:j+€T} . (3.8)

’ﬂ\H

=1

<.
I
o
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More specifically, the proof of Proposition 4.1 in [AS19] (see also the proof of Corollary
4.2 there) shows that for some constant ¢ > 0, for any ¢ > 0,

P(x(T) 2 §, 64(T) < e€) < expl—c5), (39)
(where here we use also that by (2.8) and (2.10), each term of the sum in the definition

of x,(T) is bounded by T). We next define

T):= zn: > P.(Hf, =o0)- GxGrlw = S), (3.10)
k=0zER
Lemma 3.1. One has, foranyn >1and 1 <T <n,
E(T) < 26,(T).
Proof. By (2.12), for any sets A and B,
X(A,B) <X(A,B):=)_ > P.(H )Gz —y) Py (H} =o0).

rz€AyEB

Note that Y is symmetric in the sense that (A4, B) = X(B, A), for any A, B. Bounding
the last probability term by one, we get

(2.11)

with

=3 N P (Hf =00) Gz —y).

reAyeEB

Now for any j, ¢, the Markov property and translation invariance of the simple random
walk give

B [R(R(T0) RULje11)) | Fiser]
= > P (H;Q(I ) =) > Gla—y)-Ply € R(Ije1) | Fiyer)

z€R(I ) y€Za
(2.2)
S Z P (H;Q(I? ) = OO) . G*GT(J? — Sj+gT),
w€R(I,0)

and the lemma follows from the definition (3.10) and (3.8) of &,,(7") and & (T') respectively.
O

Combining (3.5), (3.7), (3.9), and Lemma 3.1 we obtain the main result of this section.

Proposition 3.2. There exists a positive constant c, such that for anyn > 2, ( > 0, and
T > 1 satisfying T < (/2, and { > "10#,

P ({6(T) < ¢} N {Cap(Ra) ~ BICap(R)] < ~C}) < 2T exp(-e3),

and as a consequence,

¢

P(Cap(Rn) ~ E[Cap(R,)] < ~C) < 2T exp(—c5:) + P(En(T) > eC).
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Remark 3.3. In dimension 5, the mean of &,(T) is of order n/v/T. So the upper de-
viations for &, (T) start to decay only for ¢ > n/\/T, and since on the other hand one
needs to take T at most of order (¢n)'/?3, to ensure the term exp(—c(/T) to have the right
decay, this imposes the condition ¢ > n®/7. In particular the approach we have here has
no chance to work up to the Gaussian regime. On the other hand in dimension 7 and
higher, the mean of ¢,,(T) is of order n/T, and T can be chosen of order ¢?/(4=2), which
only imposes the a priori condition ¢ > n%=2)/, Jeaving a chance to cover entirely the
non-Gaussian regime.

4 Upper Bounds

We prove here the upper bounds in (1.3) and in Theorems 1.3 and 1.6. We start by
some preliminaries, which shall be used as well in Section 6, concerning the Gaussian
regime.

4.1 Basic estimates

For r > 0, and # € R?, we recall that Q(z,r) := [z — r/2,z + r/2)? N Z4, and for
simplicity Q(r) := Q(0,r).
Lemma 4.1. Assume that d > 5. There exists a constant C; > 0, such that for any r > 1,
and any A C Q(r),

+ 2
E:wa T P (Hf =00) < Oy 72 (4.1)

Proof. Without loss of generality, one can assume r > 2. For ¢ > 0, write

Ai = AN (QEr2N\Q(r27 7)),

and define L := |log,(r)]. Then, for some positive constants Cj and C},

1
S ey Bl =) £ 305 e R =0
2 T 1 r 2 2 a1
L P an S L P an SN
< 2 () em g < 3 (5) e (0()
L .
2l+1 _
<G Y (=) (H) T o
i=0

The second result we need is the following.

Lemma 4.2. Assume d > 5. There exists a constant C5 > 0, such that for any x € 74,
and anyT > 1,

G*GT({IJ) . 1 1
= < . .
er(®) 7 = mm(1+||x“’T<1+||z|d4>>

Proof. First G < G, so that G x G < G % G, and an elementary computation gives that
GxG(x) < Cy/(1 —4), for all z € Z%, and some C3 > 0. This already proves one of
the two desired bounds.

For the other one write, by definition of G,

T
GxGr(z)= Y Glz— = E[G(z — Sk)]. (4.2)
k=1

yeZd
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Let 7 be the hitting time of the cube Q(z,2) for the walk starting at 0, and note that
one can assume ||z|| > 4. Since G is harmonic on Z?\{0}, we have for any k¥ > 0,
E[G(z — Sgar)] = G(x). This entails

G(z) = B[1{r > k}G(x—Si)|+E[1{r < k}G(z—85,)] > E[G(z—Si)|-E[1{r < k}G(z—S)].

Now, we use that G(z) is bounded by G(0), so that the previous inequality gives

E[G(z — Si)] < G(x) + GO)P(r < o0) < (14 CG0)) - G(x),

for some constant C' > 0. Injecting this in (4.2) and using (2.1), proves the second
inequality. O

Our last estimate requires some new notation. For a (deterministic) function S :
IN — Z? (not necessarily to the nearest neighbor), and for any X C IN, we define for any
A C 74,

le(A) =) 1{S(k) € A}.
kek
Lemma 4.3. Assume d > 3. Let S : N — Z%, and K ¢ N, be such that for some p€(0,1)
andr > 1,
U (Q(z,7)) < pr?,  forallxz € rz.

There exists a constant C'5 > 0 (independent of p, r, S, and K), such that for any z € VAS

— > 2
Y MR =222 < oyt d e (4.3)
2 sk ==

Proof. We start by proving that for any R > 2r, and any z € Z¢,

1(2r < ||S(k) -2 < R)
2 15(k) = 2[|*=2

< C3pR% (4.4)
kel

Consider a covering of the cube Q(z, R) by a partition made of smaller cubes which are
translates of Q(r), with centers in the set z + rZ?. For each x € z + rZ?, with = # z, the
contribution of the points S(k) lying in Q(z,r) to the sum we need to bound, is upper
bounded (up to some constant) by prd e — z||2_d, and (4.4) follows as we observe that,
for some constant C > 0,

Z 1{r <|z—z| < R} < R?
rEz+rZ4 ||Z - de_Q - rd

We then deduce (4.3), by observing that by rearranging the points (S(k))recx, one can
only increase the sum (at least up to a multiplicative constant) by assuming they are all
in Q(z, 2(‘%')1/‘1), and still satisfy the hypothesis of the lemma. O

4.2 The sets K,

We recall here our main tools from [AS19], which require some new notation. For
n >0, and A C Z%, define the time spent in A by the walk up to time n as

() = zn: 1{S, € A}.
k=0

Then given p > 0,r > 1, and n > 1, set
Kn(r,p) i={k <n: £,(Q(Sk,7)) > pri}. (4.5)

The following result is Theorem 1.5 and Proposition 3.1 from [AS19].
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Theorem 4.4 ([AS19]). There exist positive constants Cy and x, such that for any p > 0,
r > 1, andn > 1, satisfying
prd_z > Cylogn, (4.6)

one has forany L > 1,
P(|fCu(r,p)| > L) < Coexp (—npt 117F).
Furthermore, for any A > 0, there exists a > 0, such that

P(|Kn(r, p)| = L, £u(Va(r,27%p)) < aL) < Coexp (_Ap% L1*%) .

4.3 Dimension seven and larger

We assume here that d > 7, and fix the value of T" as
T :=[y- (72, 4.7)

for some constant vy € (0, 1) (depending on dimension d) that will be fixed later (in the
proof of Theorem 1.6 below). Under the event of moderate deviations considered here
(when the capacity of the range up to time n is reduced by an amount ¢ from its mean
value), the walk typically folds its trajectory a time of order (, in a region of volume
¢%/(d4=2) Thus the typical density of the range in the folding region is

pi= Cfdzj.

Define p;, r;, and L;, for ¢ € Z, by

pi 1= 21 - D, rd=2 - pi = Cylogn, and L;:=(- 2d2712,

K3
with Cj as in Theorem 4.4. Define

d—2

N = (T -logy(n/C)], and M :=[logy(1/p)],

sothatn < Ly <2n,and 1 <p_p <2. For —-M <i <N, set

~

K= ,Cn(rivpi) \ U K”(Tj7pj)v

—M<j<i

with the convention that K_,; = Kn(r_nr,p—nr). Finally for A > 0, § > 0, and I <
min(M, N), define

eaan:=| N {IKi<aL}]n N {kil<az}

—I<i<I i€[—M,I)U(I,N]

Our main result here is the following proposition.

Proposition 4.5. For any A > 0, there exist 6 > 0 and I > 0, such that for any n > 2,
and n“7 -logn < ¢ <n,
E(A,6,I) C {&(T) < ¢}

Before we give the proof of this proposition, let us show how it implies the upper
bound in Theorem 1.1, as well as Theorem 1.6 for dimension 7 and higher, assuming for
a moment the lower bound in Theorem 1.1 (which will be proved later and independently
in Section 5).
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Proof of Theorem 1.1: the upper bound. Note first that Proposition 4.5 and Theorem 4.4
give
P(&n(T) > ¢) < P(E(1,6,1)°) < Cexp(—cQ‘l*TEz)’

for some constant ¢, C' > 0, where § and I are those given by Proposition 4.5, associated
to A = 1. Note also that by definition 7" is of order Cz/(d_2), see (4.7), and thus the above
estimate together with Proposition 3.2 prove the upper bound in Theorem 1.1. O

Proof of Theorem 1.6. Assume the lower bound in Theorem 1.1, and let us start with the
proof of (1.6). First choose v small enough in the definition (4.7) of T', so that conditionally
on the event of moderate deviations M D(n, () := {Cap(R,) — E[Cap(R,)] < —(}, the
probability of the event {£,(T") < ¢(} goes to zero, with ¢ some appropriately chosen
constant. Note that this is possible thanks to Proposition 3.2 and the assumed lower
bound in Theorem 1.1. Then choose A large enough, so that conditionally on M D(n, (),
the probability of any of the events {|l€i| > AL;}, for i € Z, goes to zero (which is always
possible thanks to Theorem 4.4), where implicitly ( is replaced by c¢( in the definition of
these events. Then Propositions 3.2 and 4.5 show that conditionally on M D(n, (), one of
the events {|I€i| > 0L;}, with —I <4 < I, holds with probability going to 1 (where § and
I are given by Proposition 4.5), and (1.6) follows from the second part of Theorem 4.4.

Finally, the characterization of the capacity in (1.7), is a simple consequence of a
general result of [AS20b], namely (1.15) of Theorem 1.5, once we know (1.6). O

Proof of Proposition 4.5. Let K ~+1 be such that

Kyii={0,....n}\ |J K (4.8)

—M<i<N
Now, we decompose &,(T") over the various I/C\l By (3.10), for any I < min(—M, N),
En(T) <X 4 Xo 4+ 2%3 + 234 + 2%5,

where (note that r; < v/T when i < 0, and or(z) = %G * Gr(2) is defined in Lemma 4.2)

N+1
Sie= Y0 Y > er(w— Su)Po(Hf, =00)- 1{z € Q(Sk,ri—1)},
i=—1 kefc\i TERK

Sm Y Y prle SR (HE, = o) Lz € QS V)],

i=—M /CEI%i TER

N+1 N+1

Ssi= > Y>> wr(Sw — Sk) - L{Sk € Q(Sk, 1) \ Q(Sk,mi-1)},

i=—M j=i ek, kek,

0 0
Sai= ) > > > or(Sk — Sk) - 1{Sk & Q(Sk, VT)},

1=—M j=i k‘EE, k/EI/C\j

N+1 N+1

25 = Z Z Z Z @T(Sk/ - Sk‘) . l{Sk' ¢ Q(Sk7rj—1)}7

i=—M j=max(3,0) ek, klel/{j

Note that the third term X5 is not included in ¥; and X5, since in these last two terms
we sum over points of the space, not over time indices. This is important since one
important tool used to control them is Lemma 4.1.
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Now assume that £(A,J,I) holds, and let us bound %; first. For -1 < ¢ < N + 1,
define

d—4 d d—2
J(@) =—i+| logy(T') — 510g200g70 —-47;444,

with h some positive constant to be chosen later, so that forany —7 <i < N + 1,

L2
Li- 50 P ¢
T ~ logn’

for some constant C' > 0 (that might change from line to line). Note here that since
—M < logy(y) — logs(T), by choosing ~ small enough (once h is fixed), one can always
assume that J(N + 1) > — M, which we will do now.

Then Lemmas 4.1 and 4.2 show that forany -/ <: < N +1,0n &(A4,6,1),

Z Z or(r — Sk)IPI(Hﬁk =00) - L{z € Q(Sk,710))}

keﬁi TER

R A logn’

On the other hand, for ¢ such that rj;) <r;—1, and k € l%i, we use that by definition the
time spent on concentric shells around S}, is bounded, up to distance r;_1. This gives for
such ¢, using again Lemma 4.2,

YD erle—Sk) - Lz € Q(Sk,ri1) \ Q(Sk: (i)}

keﬁimeRk
= PJ g logn logn
< C|K; <C'IC 7<CIC
I - M - Rl
(1)<j<i—1 J J(1)<j<i—1 J

Moreover, by hypothesis on (, one has "10# < C¢-(log n)*ﬁ, and by (4.8) it also holds
> |I€Z| = n. Therefore, by fixing now the constant h large enough, we get for all n large

enough,
n C nlogn ¢
¥ <C(N—-M)2™" <2
b= {( ) logn * T 8
Similarly, using Lemmas 4.1 and 4.2, we get by choosing I large enough,
—~ a1 ¢
<0 Y K[ <027 (<2

—M<i<—I

We consider the term ¥5. Note that for any £, by definition of /Ej, there are at most
Cp,r{ indices k' € K;, such that Sy, € Q(Sk,r;-1). Therefore, using Lemma 4.2, we get
for n large enough,

~ pj’l’;-i
D DI ST D=
i—1

—~M<i<N+1 i<j<N+1

IN

—M<ien+y1t TP iTnn

2 r?logn
¢ Z ¢ - : Z '}rd__fl

2

L5 NPl ot
T M<i<N+1 Ti1 172 T 8

Next, using simply Lemma 4.2, we obtain (choosing first I large enough, and then ¢

small enough)

|]C | 21 21 C
wm<cC E <C A27-2 4+ (C9 2d-2 < =2,
4 Z ¢ Z ¢ Z -8
—M<i<0 —M<j<0 —M<i<—I —1<i<0
EJP 0 (2012), paper O. http://www.imstat.org/ejp/
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By Lemma 4.3, one has for some C' > 0, (choosing first I large enough, and then §
small enough)

S<0y KLY ;1% p,

~M<i<N+1 §>max(i,0)
= 45 s1—2
<c Kl > emim 0
_M<i<N+1 j>max(i,0)

S C Z |]€i|27max(i,0)(lfﬁ)

—M<i<N+1

<C¢{0 Z 27i%+A227i%+A Z 2ffz

—I<i<I i>T M<i<—I

IN

o |y

This concludes the proof of the proposition. O

4.4 Dimension five

We assume here that d = 5 and let

T :=[y-(¢(n)'/?],
with v some constant (chosen similarly as in the previous subsection), and

5= 513 =/3,

Define next p;, r;, and L;, for ¢ € Z, by

pi =27, 3. p; = Cologn, and L;:=n-2"3,

K2

with Cy as in Theorem 4.4. Let for i € Z, K; := K, (rs, pi) \ Ujsi Kn(rj, p;). Then, let N
be the smallest integer, such that 1 <ry <2,andfor A >0, >0,and0 <71 <N, let

easn={ N {Ki<or}|n| N {iKil<ar)

—I<i<I I<i<N

Our main result here is the following proposition, which implies both the upper bound
in Theorem 1.3, as well as Theorem 1.6 for d = 5. Since this can be done in exactly the
same way as in dimension 7 and higher, we will not repeat the arguments here.

Proposition 4.6. For any A > 0, there exist 6 > 0 and I > 0, such that for any n > 2,
and n®/7 - logn < ¢ <n,
E(A,0,1) C {&.(T) < ¢}

Proof. Given some I > 0, let

Ko :={0,...,n}\ U Krn(ri, pi)-

—I<i<N

Note that for any I,
En(T) <231 4+ 255 + X3+ X4,

where,

Y= Z Z Z @T(Sk’ - Sk) . l{Sk/ € Q(Sk7ri+1)}7

—I<i<N e, k'=0
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Soi= > > > er(Sk—Sk) - L{Sk ¢ Q(Sk, 1)},

—I<i<N ek, —I1<j<ipek;

Y3 = Z Z or(z — Sk) - 1{z € Q(Sk,r-1)},

ke)?o TER

S Y erle -8 L ¢ Q(Skr_n)},

keKo, TERK

242

Assume now that £(4, 6, 1) holds. Let J be the smallest integer, such that r; < VT.
Using Lemma 4.2, and the bound ), |K;| < n, we get for some C' > 0, and n large
enough,

0 5
meo Y ORI Y M YD

—I<i<N i<j<J J j>max(i,J)

~ 1 r; nlogn _(

<0l ORI Y -+ Y Y)c<o <<

<Clogn ) KK 25 s TS 7 <3
—I<i<N 1<j<J j>max(z,J)

using also the hypothesis on ( for the last inequality. The same argument gives as well
Y3 < (/4

Using in addition Lemma 4.3, we get taking first I large enough, and then ¢ small
enough.

- o s 35 o A - (s
¥y <C Z K] Z .|’Cj| / Pj/ < Cﬁ' Z K] Z .2J s+
—I<i<N —1<5<i —I<i<N —1<5<i

< C6¢ Z 2_i/3+C'C'AZQ_i/3§§,

—I<i<I i>1

The same argument gives as well 3, < /4, concluding the proof. O

5 Lower Bounds

We prove here the lower bounds in Theorems 1.1 and 1.3. In fact in dimension 5 the
result covers a larger range of possible values for (.

Proposition 5.1. Assume d = 5. There exist positive constants ¢y and k, such that for
anyn > 2, and any \/n(logn)® < ¢ < egn, one has

P (Cop (Ry) — B[Cap (Ry)] < ) > expl—s- (4)1/%).

Proof. The proof of (2.12) in [ASS19b] reveals that for any finite A, B C Z¢, one has also
Cap(A U B) < Cap(A) + Cap(B) — xo(4, B), (5.1)

with
Xo(A,B)i= Y D Pu(Hf,p = 00)Gly — 2)P,(Hf = o0).
z€A\B yeB

Now given n > 1, set £ = H—Bj, and m = n — £. We apply (5.1) with A = R,, and

B = R[m,n]. Fix g > 0 (later chosen small enough), and define

E = {% (Ry) > —Eon},
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where we use the notation Cap (R,,) for the centered capacity. Using (5.1), Lemma 2.1,
and Proposition 2.4, we deduce that for some constant ¢ > 0,

P (_50n < C731)(7?4» < _C> > IP(E7 XO(RmaR[m’n]) > 4§) - P(% (Rm) > C)

—P(Cap (R[m,n]) > () (5.2)

> P(E Ron, Rlm, >4() -2 —c—).

= ( ’ XO( [m n]) C) exp( cn(logn)?’)

Note that when ¢ > y/n(logn)?3, then ¢?/(n(logn)?) > (logn)(¢?/n)'/?, and therefore the
last term above is negligible. Now, let p > 0 be some small constant (to be fixed later)
and consider the event

F={||Sk]| < p-n?3¢713 forall k <n}.
Note that by (2.1) and (2.7), on the event F/,
¢

Xo(Rm,Rlm,n]) > ¢, - ol Cap(R[m,n]) - (Cap(R,) — Cap(R[m,n])), (5.3)

for some constant ¢, > 0, going to infinity as p goes to zero. Furthermore, by (2.6), one
has
Cap(R,) < Cap(R,) + Cap(R[m, n]),

and thus by Lemma 2.1 and Proposition 2.4, by taking ¢9 small enough, we get for n
large enough,

IA

P (Cap(Rm) > vs(m +£/3))

/ n
> — | < —c—
P <Cap (Rim) > 75 10) < exp( c (logn)3) ,

for some constant ¢/ > 0, and with ~5 as in (1.2). Similarly one has for some possibly
smaller constant ¢ > 0,

P (Contmin) <4, )

IN

P (Cap(R,) — Cop(Rim. ) < 755, E) < P (Cap (Rl a]) 2 nof) < oxp (/2.

(logn)?

~| 3

Then (5.3) gives

2
P(Xo(Ry. Rfm.n]) > T2 - ¢ ENF)

P(ENF) — 2exp (—c’(l();l)g>

P (x0(Rom: Rlm,n]) > 2V . ¢ E)

Y

> P(F) — P(E°) — 2exp (—c’ (lognn)3> .

Coming back to (5.2), and choosing p, such that ¢, > 300/72, we deduce that

P (Cap (R,) < —¢) = P (—eon < Cap (R,) < —() + P(E°)

P(F) — 2exp <_Cl(lognn)3> — 2exp(—c(logn) - (/3n~1/3).

Y

Moreover, it is well known that for any p > 0, there exists x > 0, such that
P(F) > exp(—r-(**n~1/%),

and this concludes the proof. O
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In dimension 6 and more the result reads as follows.

Proposition 5.2. Assume d > 7. There exist positive constants ¢y, K and k, such that
d—2
for anyn > 2 and any Kn~@ < ( < ggn, one has

P (Cap (R) — E[Cap (Ra)] < ~C) > exp (—x-¢'777) .

In dimension d = 6, the same result holds for n“@ (loglogn)? < ¢ < &g n.

Proof. We prove the result for d > 7 to keep notation simple, but the same argument
works as well for d = 6. Set £ := |5(/~4]. Using (2.6), Lemma 2.1, and Proposition 2.4,
we obtain that for some constant ¢ > 0,

P (Cap (R,) < ~) > P (Cap (Ry) < ~3¢) — P (Cap (R[L.n]) > )
> P (Cap (Ry) < () —exp(—¢ &),

at least provided ( is large enough, which one can always assume. Now the hypothesis
on ( implies that the last term is negligible, provided K is chosen large enough, and by
the same argument as in the proof of Proposition 5.1, one can see that the first term on
the right-hand side is of the right order (which is of the order of the event F' where the
walk stays confined in a ball of radius ¢/¢/(?=2), with ¢ > 0 small enough, during the
whole time /). This concludes the proof of the proposition. O

6 The Gaussian regime

The starting point to proving Theorem 1.2 is a standard dyadic decomposition which
follows from using (2.9) repeatedly along a dyadic scheme. For any L > 1, and n > 2%,

2L L 2t1

Cap(Ry,) — E[Cap(Rn)] = Y _ (Cap(R}) — E[Cap(R])]) — > > Y, (6.1)

i=1 (=1 i=1

where Y} := x¢(R5,_1, RS;) — Elxc(RY;_1, RS;)], and the {R{},_; o, are independent
ranges of length n2~¢ (the time-length is not exactly equal for each of them since we do
not suppose that n is of the form n = 2%, for some K > 1, but they differ by at most one
unit).

A Gaussian-type fluctuation is due to the sum of the 2L self-similar terms in (6.1), after
L is chosen appropriatly. It is classical (see [Chen10]) to use Gartner-Ellis’ Theorem after
we show that the contribution of the Yf is negligible. Thus, the main technical novelty
of this section is the stretched exponential moment bound (1.9), which is performed in
Section 6.2.

After recalling some well-known results in Section 6.1, we conclude the proof of
Theorem 1.2 in Section 6.3.

6.1 Preliminary results
We first state an instance of Gartner-Ellis’ Theorem (see Theorem 2.3.6 in [DZ98]).

Theorem 6.1 (Gartner-Ellis). Let {X,,},>0 be a sequence of real random variables, and
let {b, }n>0 be a sequence of real numbers going to infinity. If for any 6 € R,

0.2

1
nh_}rrgo ™ log Elexp(0b,, - X,,)] = 5 .62,
then for all A > 0,
lim L log P(X, > ) = — 2
im —lo n =
n— 00 bn & 202
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We recall now a large deviation estimate for variables with stretched exponential
moment.
Theorem 6.2 (A. Nagaev [Na69]). Let {Yn}nZO be a sequence of centered random
variables, such that E[exp(k|Y1]|%)] < oo, for some constants k > 0, and o € (0,1]. Then
there are positive constants c and C, such that for any n > 1 and any t > nﬁ,

P(Y;+ -+, >t) < Cexp(—ct®).

6.2 Stretched exponential moment of the cross term

The heart of the proof of Theorem 1.2 use Theorem 6.3 below which is more general
than (1.9), and has interest of its own. It is analogous to the arguments of [AS20c].
Define for any subsets A, B C Z¢,

= > Gly—a)Py(Hf =o0).

reAyeB

Recall that 0 < xc (A, B) < 2I'(4, B), for any A, B C Z“.

Theorem 6.3. Let R, and ﬁoo be the ranges of two independent random walks on Z?,
with d > 7. There exist positive constants c1, co, such that for all t large enough,

exp(—crt' " T7) < P(T(Roo, Roo) > t) < exp(—cat' ™ 72).

Let us emphasize that in the definition of I' it is fundamental to keep the escape prob-
abilities, in other words one cannot simply bound them by one. Indeed one could show
that the tail distribution of I'(Roc, Roc) := > yer.. 2yer., G(z —y) obeys a different
decay at infinity.

Proof of Theorem 6.3. We start with the lower bound. Observe that I'(+, -) is increasing
in both arguments for the inclusion of sets, thus for any n > 1,

D(Roos Roo) = T'(Ru, Ron).

Therefore the lower bound is obtained by forcing the two walks to stay confined in a
ball of radius t7-2 for a time Ct, with C' > 0 large enough, exactly as in the proof of
Proposition 5.1.

We now move to the upper bound. The proof is obtained in three steps. In the first
step, we reduce the time window of one walk to a finite interval, as follows. Observe
that for any integern > 1,

E[[ (R, R[n, o)

ZZG (S, — S¢) ZZE (Skie)]

k=0/{=n k=0{=n
> k+ 1 -n C
(k+1—-n)E[G(Sk)] < C < —,
—x . Z s
for some constant C' > 0. Therefore if we let n := exp(tlfd%), then by Markov’s

inequality,
~ ~ d— 2
P(T(Roo, R[n,0)) > 1) < E[I'(Roo, RN, 0))] < C’exp(—T ST a2,
and thus, due to the inequality

T'(Roo, Roo) < T(Roe, Rn) + T'(Roo, R0, 00)),

EJP 0 (2012), paper O. http://www.imstat.org/ejp/
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it just remains to bound the first term on the right-hand side.
In a second step we claim that for any subset A C Z4, and anyt > 1,

~ t-log?2
P(D(Rao. A) > 1) < exp | — _ . 6.2
(I )> ) < exp ( 2 5D, g ]Em[F(ROO,A)]> (6.2)

To see this, we use again that for any A, B C Z%, one has I'(AU B,A) < T'(A,A) +
I['(B,A). Thus the Markov property and Markov’s inequality show that the random
D(Roo,A)
25up, g Bx [[(Roo,A)]
with mean 2, from which (6.2) follows immediately. Note also that for any x,

variable

is stochastically bounded by a Geometric random variable

Eo[[(Roo, A)] < > G G(z — ) P.(H{ = 00) = F(A—a),
z€A

where we recall that G x G is the convolution of GG with itself, and

FA) =Y GxG(2)-P.(Hf = o).

z€EA

Thus it amounts to show that for some positive constants ¢ and C, one has

P (sup F(R, —x) > Ctd22) < C’exp(fctlfﬁ), with n = exp(tlfﬁ), (6.3)
TE€Z2
which is our third and last step. Note that F is also subadditive in the sense that for any
A,B C 74 F(AU B) < F(A) + F(B). This allows to partition the range into different
pieces, according to the occupation density in a certain neighborhood, and then bound
F on each of them. To be more precise, set py := tfﬁ, and then for ¢ > 0, define p; and
i by
pi:=2"'py, and pir! = Cplogn,

with Cj as in (4.6). Then let R,,(r;, p;) := {Sk, k € K., (s, p;)}, and
Ai=Ru(rip)\ | Ralrjip),  Aj =R\ |J A
0<j<i 0<j<i
By Theorem 4.4, one has for any ¢ > 0,
P(|A;] > 273 1) < Cexp(—rt!~77),

for some positive constants C' and x, and in fact for i > % log,(n + 1), the above

probability is zero, since by definition |A;| < n + 1. Therefore, if we let

£ = {|Ai| < 2@5¢, forall i > 0},
then the above discussion shows that
P(£°) < Cexp(—(r/2) -t~ 72),

at least for ¢ large enough. We now show that for some constant C' > 0,
£c { sup F(Ry —z) < thz} , (6.4)
YA

which will conclude the proof of the theorem. To simplify notation we only bound
F(R,, — z) for x = 0, but it should be clear from the proof that all our estimates are
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uniform with respect to . We partition space into shells (Sy)x>0, defined by Sy =
Q(0,79), and Sy := Q(0,r:)\Q(0, ;1) for k > 1. By subadditivity, one has

F(Rn) <> F(SkNRy).
E>0

The proof of Lemma 4.2 shows that G x G(z) < C||z||*~%, and thus Lemma 4.1 gives
F(SoNRy) < F(Sy) < Cri < Ctas.
Then for k > 1, we write
k
F(SkNRy) <Y F(Sk N A) + F(Sk N Ajpy)-
i=0
On one hand one has on the event &,
c Aol 25
]:(A() QSO) <C —1 < Cta—=

d
To

On the other hand, for any ¢ > 1,

C _4
YASOAS Y GxGE< Y o <Ol

k>1 z€N,NQ(0,r;—1)° z€N,NQ(0,r;—1)°

using the same argument as in the proof of Lemma 4.3 for the last inequality. Thus on
the event £, we get
- d—6
ST FS N Ay < C2T i T
k>i
It follows that on &,

S S A A < G2 T < Ot
i>1 k>i
Similarly, one has

! 2
N F(Sin ALy <CZ””’€ < CER < opts

E>1 k>1 Tk 1 To

Altogether this proves (6.4), and concludes the proof of the theorem. O

6.3 Proof of Theorem 1.2

Let {¢n}n>0 be a sequence as in the statement of Theorem 1.2, and let L be the
integer such that 2~! < ¢, < 2%,

We first show that the cross terms appearing in (6.1) are negligible. Applying
Theorems 6.2 and 6.3, we get that forany § > 0, and any ¢ < L,

22

lim sup C—z loglP | £ Z Yﬁ

n—oQ

5Cn

|
|
8

By using a union bound we also deduce

L 2
limsup 1 -logP | £33 v > 6¢, | = —oc.

2
nTree Sn =1 i=1
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Thus indeed the cross terms in (6.1) can be ignored, and we focus now on proving the
Moderate Deviation Principle for the first sum.
L
For simplicity, let Z; := |R}| — E[|R}|]. We apply Theorem 6.1 with X,, := & S Z,
and b,, := ¢?/n. One has using independence, and the fact that % -|Z1| is bounded,

02

() iz + o) B )

2L
Elexp (b, X, = (E[exp(ai"zl}) - (1 n Sn
n n
Note that 27 - E[Z?]/n converges to o2 > 0, and that the fourth centered moment of
Cap(R,) is O(n*(logn)?). This can be seen as for the volume of the range, following the

same proof as in [LG86]. Thus, using that E[|Z;|°] < E[Z}]*/4, we have
Cny\3 Cnlogn,s/o
(2)" Blaf] < o(>===)""

It follows that for any 0 € R,
2
i ok () =

and one can then apply Gartner-Ellis’ Theorem, which concludes the proof of Theorem
1.2.

7 Upward Deviations

We prove here Theorem 1.7. Thanks to our decomposition (2.9), we can adapt the
approach of Hamana and Kesten [HKO01], who proved a similar result for the size of the
range.

The approach of Hamana and Kesten is based on first proving an approximate
subadditivity relation for the probability of upward deviations, that is the existence of
some constants x € (0,1), ¢ > 0, and C > 0, such that for any m,n > 1 integers, and y, z
positive reals,

]P(|Rm+n\ >y+z— Ca(m,n)) > ey IP(|Rn| > y)]P(\Rm| > z), (7.1)

with )
a(m,n) = (n-m)a1.

The second step, which is general and only based on (7.1) and the fact that (when d > 2)

one has lim,, ;00 “T(x;s) = 0, shows that the following limit exists,
. 1
Y(z):=— lim —logP(|R,|>x-n), forallz >0,
n—,oo N,

and that ¢ is continuous and convex on [0, 1]. Here we prove an analogous result as (7.1),
and use their general argument to conclude.

Proof of Theorem 1.7. We first prove an analogous result as (7.1), but with a(m,n) re-
placed by the function:

~ 1

a(m,n) = (n-m)a1.

In other words we establish the following inequality. There exists y € (0,1), and C' > 0,
such that for any m, n integers and y, z positive reals,

P (Cap (Romsn) >y + 2z — Cd(m,n)) > %Xam»w (Cap (R,) > )P (Cap (Rym) > 2).
(7.2)
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The first step is to obtain the analogue of the following simple deterministic bound used
in [HKO1]: if R,, and R,, are two independent copies of the range, there is a positive
constant C, such that forany r > 1
1 ~ n-m
—_— Z [(z4+Rpn) N Rl < C—.
Q0N & :

The corresponding bound in our context reads as follows:

\er” > Y Gla—y+a) <O (7.3)

z€Q(r) T€Rn yeR,,

and is a direct consequence of (2.1) and the fact that for any x € 74, and for some
constant C' > 0,

1
N e}

— d—2 —
Lt THTz—al

Now to lighten notation, we simply write a = a(m,n) = L(mn)dlflj. Using that the
capacity is translation-invariant, we deduce
(2.5)
Cap (Rim+tnta) = Cap(R,UR[n+a,n+ m+ al)

2.9

K g v (7.4)
=" Cap (R») + Cap (Rm) = Xc(Rns Rm +S5,),

with R,, := Ry, — Sn, S, = Spia — Sn, and Ry, = R[n + a,n +m + a] — Syiq. The

Markov property implies that R,, and R, are independent, and distributed as R,, and
R., respectively. Furthermore,

—  ~ (2.12)
Xe(Ru, R +8,) < Y. > Gla—y—5)). (7.5)

TER, YyERm

Now, one idea of Hamana and Kesten [HKO01] is to bound the law of S/, by a uniform law
on the cube Q(a/d). Indeed for any = € Q(a/d), for which P(S, = z) # 0, one has

P(S, =) >

R (7.6)

since there is at least one path of length a going from 0 to x. Write Q(a/d) for the set of
sites = € Q(a/d), for which P(S, = ) # 0. Then for any = € Q(a/d), and any a > 0,

«
P (Cap(Rm-‘rn-‘ra) 2zZ+Yy— 5)
4

(7.4) _ ~ -
> IP(S(; = l‘) <P (Cap(Rn) >z, Cap(Rm) > y7XC(Rn7Rm + 17) <

ol R

).

Integrating with respect to the uniform measure on Q(a/d), we get

P(Cap(Rosnta) = 24y = 5) (7.7)
w1 Z P <Cap(ﬁ ) > z,Cap(Rom) = 4, X (R, Ron + 1) < 3)
= (2d)a |@(a/d)| e n) = <, m) = Y, XC ny Ivm =9

We need now to estimate the mean of Xc(ﬁn, ﬁm—i—-) with respect to the uniform measure.
According to (7.3), there is a positive constant C, such that

_
Q(a/d)|

m-n

> xc(Ru R +2) < C—y < Ca, (7.8)
z€Q(a/d)
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where the last inequality follows from the definition of a. Then by Chebychev’s inequality,

we obtain )

m . (7.9)

NN

Z l(XC(ﬁnaﬁm + 93) < 200,) >
wea(a/d)
As a consequence,

(2.6),(2.8)
]P(Cap(Rm_,_n) >z4+y—a— 4C’a) > IP(Cap(Rm+,,,+a) >z4y— 4C'a)

(7.7) 1 . . _ 2. l(Cap('Rm) > y) o D T a
> e B[LCw (R 2 0 =500 erz(;/d) e o ) £260)
(7é9) 2(21d)a : P(Cap (Rn) > Z)P(Cap (Rim) = y)’

proving (7.2), with xy = 1/(2d).
It then follows from the general arguments of Hamana and Kesten, see Lemma 3 in
[HKO1], that the following limit exists for all z > 0:

Ya(x) = — lim %logIP(Cap(Rn) > nx).

n— oo

We now prove that the range for which ¢4(x) is finite is not empty. Define for n > 0,

= M, Cap0), D), 710

where the max is taken over all nearest neighbor paths of length n+ 1. By (2.6), it follows
that ¢, 4m < ¢y + ¢, for all n,m > 0, so that by Fekete’s lemma, the limit lim,,_,» ¢, /n
exists. Call 4} this limit. Note that v4(x) is finite on [y4, )], since the probability that
the simple random walk follows the path realizing the maximum in (7.10) is larger than
or equal to 1/(2d)""!, so that ¢(z) < log(2d), for all z < 7. Conversely, by definition
of ¢,, one has ¢4(x) = oo for all z > ~j. Furthermore, it follows from Lemma 3 and
Proposition 4 in [HKO01], that ¢4 is continuous, and convex on (0, v;;]. Now Proposition 2.4
and Lemma 2.1 show that when d = 5, 14(x) > c(x — v5)3, for all z > ~,. Likewise, when
d > 6, we get 14(r) > c(x —74)3, for 74 < x < 1. Using convexity, this also shows that 14
is increasing on [y4,7;]. In addition one has 4(z) = 0 for all z < -4, by definition of v,
as the limit of the (normalized) expected capacity, and using that by (2.8), Cap(R,) < n.

Finally we show that v} > v4.

Consider D, the set of no double backtrack at even times paths of length n+ 1 that we
introduced in [AS17b]. By definition, this is simply the set of paths v : {0,...,n} — Z<,
such that for any even k < n, one has v(k + 2) # (k). The only important property we
need is that from a no-backtrack walk S, and a sum of independent geometric variables
{¢,, i € N}, with parameter 1/(2d)?, we can build a simple random walk S such that

i<n/2

Thus, for any o > 0, we have by (2.6) and (2.8),

~ an
Cap(Rn) > Cap(R(1+a)n) — 1 Z &< < | (I+a)(n+1).
i<n/2

By taking the maximum over D,, on the left hand side, and then the expectation on the
right hand side, we obtain

an
Cn > max Cap(m) > E[Cap(R(14a)n)] — (1 +a)(n+1)-P Z & < -5 | (7.11)
TEDy i<n/2
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Now take a < 1/(2d)?, and use Chebyshev’s inequality, to see that the last term of (7.11)
is O(1). Together with Lemma 2.1 it implies that

Cn Z 7d(1 + Oé)’ll - O(\/ﬁ)a

which indeed proves that v4 < 7vj. O
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