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Abstract

We prove a Large Deviations Principle for the number of intersections of two in-
dependent infinite-time ranges in dimension five and more, improving upon the
moment bounds of Khanin, Mazel, Shlosman and Sinai [10]. This settles, in the
discrete setting, a conjecture of van den Berg, Bolthausen and den Hollander [7],
who analyzed this question for the Wiener sausage in finite-time horizon. The
proof builds on their result (which was resumed in the discrete setting by Phet-
pradap [13]]), and combines it with a series of tools that were developed in recent
works of the authors [2, 3} 16]. Moreover, we show that most of the intersection
occurs in a single box where both walks realize an occupation density of order
one. (© 2000 Wiley Periodicals, Inc.

1 Introduction

1.1 Overview and results

In 1921, P6lya [[14] presents his recurrence theorem, inspired by some counter-
intuitive observation on the large number of intersections two random walkers in
a park would make. A hundred years later, the study of intersections of random
walks is still active, and produces perplexing problems. This paper is devoted to
estimating deviations for the number of sites two infinite trajectories both visit,
when dimension is five or larger.

It is known since the work of Erdds and Taylor [9], that the number of inter-
sections of two independent random walk ranges on Z¢ is almost surely infinite if
d <4, and finite if d > 5. In 1994, Khanin, Mazel, Shlosman and Sinai [10]] obtain
the following bounds in dimension d > 5: for any € > 0, and all ¢ large enough,

(1.1) exp(—1'"01E) < P(| % N o] > 1) < exp(—1'777F),

where Z.. and Z.. denote two independent ranges, and |A| is the number of sites
of A C Z4. About ten years later, van den Berg, Bolthausen and den Hollander [7]
prove a Large Deviations Principle for the Wiener sausage (the continuous coun-
terpart of the range), in a finite-time horizon. Their result was resumed in the
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discrete setting by Phetpradap [13]] and reads as follows: for any b > 0, there exists
a positive constant .# (b), such that

(1.2) lim —— logP(| %y N | > 1) = -5 (b),
t—oo g1=73

where %, and %, denote the ranges of two independent walks up to time | bz .
Furthermore, through an analysis of the variational formula of the rate function,
the authors of [7] show that .#(b) reaches a plateau and conjecture that the rate
function for the infinite-time problem coincides with the value of .# at the plateau.
Our first result confirms this conjecture. The ranges of two independent simple
random walks is denoted {%,,,n € NU{eo}} and {:@n,n € NU{oo}}.

Theorem 1.1. Assume d > 5. The following limit exists and is positive:

(1.3) T lim ——

f—yo0 tlf%

108 P(| %o N | > 1).

Moreover, there exists b, > 0, such that for all b > b,,

(1.4) Foo = I (D) :}Lrg—ﬂ:glogp(|e@b;ﬂ%bz| >t).

For .7, and b,, [] presents variational formulas whose thorough study leads
to a rich and precise phenomenology. Namely, that the two walks adopt the same
strategy, the so-called Swiss cheese during a time b.t, in a ball-like region whose
volume should be of order #, leaving holes everywhere of size order 1. After time
b,t, the two walks would roam as typical random walks.

Our second result shows that a fraction arbitrarily close to one of the desired

number of intersections occurs in a box with volume of order ¢. To state the result,
define Q(x,r) := [x —r/2,x+r/2)¢, for x € Z%, and r > 0.

Theorem 1.2. For any € > 0, there exists a constant L = L(g) > 0, such that

(15) limPEre Z¢ : |\ Boa "\ Ros N Q(x, L1/ 4)| > (1 — &)1 | | B N\ R > 1) = 1.

Our proof provides some bound on L(g), which is (stretched) exponential in
1 /€. We note that it is expected that L should depend on €, since the Swiss cheese
is delocalized, see [7]. Concerning the (random) site X (7, €) realizing the centering
of the box appearing in the statement of Theorem not much is known. Our
proof yields tightness of X (r,€) /t'/%.

Sznitman in [15] formalized precisely the picture of Swiss cheese using a tilted
version of the Random Interlacements, but so far no rigorous link has been estab-
lished with the large deviations for the volume of the range nor for the intersection
of two ranges.

Our techniques are robust enough to consider other natural functionals of two
ranges, which do not seem to be tractable by moment methods, as in [10]. In
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particular in [5] we consider the functional ) (-, -) defined for finite subsets A, B C
74, by

%6 (4, B) = cap(4) +cap(B) —cap(AUB),
where cap(A) :=Y 4 P (Z[1,0) NA = &), denotes the capacity of A. It turns out

that this definition may be extended to infinite subsets. Indeed, one has for any
finite A, B C Z4, x#(A,B) < x(A,B) with

X(A,B):=2) Y PuZ[l,00)NA=2)-G(y—x)-Py(Z[l,00) "B =2),
xeAyeB

and it makes sense to consider (%, %-.). In [3], we show using similar argu-
ments as here that in dimension d > 7, for some positive constants cy,cp, and all ¢
large enough,

exp(—c1t' " T2) < P() (R, Fs) > 1) < exp(—cat' 7).
These bounds are used in turn to derive a moderate deviations principle for the

capacity of the range in the Gaussian regime.
Interestingly, a related object, the mutual intersection local time defined by

ZZl{S—S}

i=0j=0

has a stretched exponential tail with a different exponent. Indeed, Khanin et al. in
[10], also show that for some positive constants ¢ and ¢/, for all ¢ large enough,

exp(—cvt) <P(J. > 1) < exp(—c'V1).

Chen and Morters [8] then prove that the limit of £ ~'/2 - log IP(J., > t) exists and has
a nice variational representation. Our proofs allow to consider some intermediate
quantity, the time spent by one walk on the range of the other walk, and show that
its tail distribution has the same speed of decay as the intersection of two ranges
More precisely, consider two independent walks S and S, and denote by le
local times associated to S (see below for a definition).

Proposition 1.3. There exists two positive constants c) and cy, such that for any
t>0,

(1.6) exp(—c1t' 1) < P(lo(Z%n) > 1) < exp(—cat' 7).

Furthermore, for any € > 0, there exists an integer N = N(€), such that
1.7)

N

lim P (3x1,...,xN ezd: l, (%mﬂ U Q(xi,tl/d)> > (1 =€)t | boo(Ros) > t) =1.
i=1

Analogous results such as Theorems and u would hold for /.. (%), con-

ditionally on obtaining first an analogue of (1.2)) for th (%), which is presumably
true, but not available at the moment.
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Let us remark also that the problem we address here has a flavor of a much stud-
ied problem of random walk in random landscape, where the random landscape
is produced here by another independent walk. Here also, it appears interesting to
study a quenched regime, where one walk is frozen in a typical realization, whereas
the second tries to hit ¢ sites of the first range. This problem is still untouched, and
we believe that our techniques will shed some light on it.

1.2 Proof strategy

While the proof in [10] used a moment method and some ingenious computa-
tions, our proof is based on more geometric arguments.

There are two parts. In the first one, we show that conditionally on the inter-
section event, with probability going to one, the whole intersection takes place in a
finite number of boxes (as in Proposition |1.3|above). In the second part we use the
full power of the LDP (I.2)) and the concavity of the speed ¢ — t1=7 to show how
the energy gain in reducing the number of boxes wins over the entropy loss associ-
ated to reducing the volume where the two walks meet. This leads to Theorem|[I.2]
which in turns leads to Theorem [T}

The first part is itself obtained in three steps. First we reduce the time window
to a finite time interval, using that it is unlikely for one walk to intersect the range
of the other walk after a time of order exp(f3 1-d ), for some large . This leaves
however a lot of room for the places where the action could take place (since we
recall it holds in a box with volume of order ¢ only). In particular decomposing
space into boxes and using a union bound type argument would not work, at least
not directly. Our main idea to overcome this difficulty is to divide space according
to the occupation density of the range, which we do at different space-scales de-
pending on the density we are considering, in a similar fashion as in [3,5]. Then
we use a fundamental tool from [3]] which gives a priori bounds on the size of these
regions, with the conclusion that it is only in those with high density (of order one)
that the intersection occurs. Finally we use another recent result from [6], which
bounds the probability to cover a positive fraction of any fixed union of distant
boxes. When we further impose that these boxes are visited by another indepen-
dent walk, one can sum over all possible centers of the boxes, and this yields some
bound on the number of boxes, with volume of the right order, that are needed to
cover the region where the intersection occurs.

For the second part of the proof, we decompose the journeys between a finite
number of boxes into excursions either within one box, or joining two boxes. Then
some surgery is applied. We cut the excursions between different boxes and replace
them by excursions drawn independently with starting points sampled according
to the harmonic measure. This allows to compare the probability of the event
when the walk realizes the intersection in N different boxes, to the product of the
probabilities of realizing (smaller) intersection in each of these boxes, and one can
then use to bound these probabilities. This is also where the concavity is used,
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to quantify how much one box is better than many. The surgery arguments are used
again to restore the journeys and yield Theorem|l.1

1.3 Organization

The paper is organized as follows. In the next section we recall the main nota-
tion, and the tools that will be used in the proofs, which for the most part appeared
in our previous works [2, 3,5, [6]. In Section[3|we give a detailed plan of the proofs
of ours main results. The latter are then proved in the remaining sections FH5H6]

2 Notation and main tools

2.1 Notation and basic results

Let {S,}»>0 be a simple random walk on Z¢. We denote by P, its law starting
from x, which we abbreviate as P when x = 0. We mainly assume here that d > 5,
yet some results hold for all d > 3, in which case we shall mention it explicitly.
For n € NU {eo}, we write the range of the walk up to time n as %, 1= {So,...,Sx}.
More generally for n < m two (possibly infinite) integers, we consider the range
between times n and m, defined as Z[n,m] := {S,,...,Su}. For AC Z¢, and n €
NU {e}, we define the time spent in A as

la(A) = Z 1{S; € A},
k=0

and simply let £,(z) be the time spent on a site z € Z¢. The Green’s function is
defined by

oo

G(x,2) = Y Pe(Sk = 2) = Ex[les(2)].
k=0

By translation invariance one has for any x,z € Z¢, G(x,z) = G(0,z —x) =: G(z —
x). Thus for any A C Z4, and any x € Z¢,
E () = ¥ G = Y Gl) = G(A—w).
ZEA ZEA—X

The asymptotics of Green’s function are well known (see Theorem 4.3.1 of [12]).

If || - || denotes the Euclidean norm, there exists C > 0, such that
2.1 Vze 79, G(z)g%.
1+ 2]l

Finally, recall a basic hitting time estimate (Proposition 6.5.1 of [12]]). For all r >0
and z € Z4, with ||z|| >,

d-2
2.2) P(|%..N Q)| >0) gc(ﬁ) :
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2.2 Preliminaries

We recall and discuss here a series of known results on which relies our proof.
Most of them come from our recent works [2, 3 5, 6].

In fact the first one is older and shows that the tail distribution of the time spent
in a region is controlled simply by its mean value, when starting from the worst
point. We recall its short proof for completeness.

Lemma 2.1 ([1]). Let A C Z¢ be a (non necessarily finite) subset of Z¢, d > 3.
Then for any t > 0,

t-log2
P(lo(A) > 1) < 2exp <2Sllp AG(A—x)) .
RIS

Proof. The result simply follows from the fact that by Markov’s inequality (and the
1u(A) _ (M)
2sup,cp Ex[lo(A)] — 2sup,cp G(A—x)
tically bounded by a geometric random variable with parameter 1/2. O

, 1s stochas-

Markov property), the random variable

We need also to estimate the expected time spent (or equivalently the sum of
the Green’s function) on the range of an independent random walk. For this we use
several facts. The first one is the following well-known simple lemma.

Lemma 2.2. There exists C > 0, such that for any finite subset A C 74, d > 3, one
has
G(A) =Y G(z) <A/,
ZEA
Proof. The result follows from the bound (2.I), and observing that the resulting
sum is maximized (at least up to a constant) when points of A are all contained in
a ball of side-length of order |A|'/4. O

Now we decompose the points of the range in several subsets according to the
occupation density in some neighborhoods of these points, and use that Green’s
function is additive in the sense that for any disjoints subsets A,A’ C Z¢, G(AU
A') = G(A) + G(A’). Thus we need to estimate the Green’s function of regions
with some prescribed density, which is the content of Lemma [2.3] below. Recall
that for » > 1, and x € Z¢, the cube centered at x of side r is

O(x,r):=[x— r/2,x+r/2)d,

The next result is Lemma 4.3 from [S]]. Its proof is similar to the proof of Lemma

Lemma 2.3 ([5]]). Assume d > 3. There exists a constant C > 0, such that the
following holds. For any integer r > 1, any p > 0, and any finite subset A C 74,
satisfying

IANQ(z,r)| <p-r, forallzerZ?,
one has

G(ANQ(0,r)%) < Cp'~i|A[/4.
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We now turn to estimating the number of points in the range of a random walk,
around which the walk realizes a certain occupation density. Forn € N, r > 1, and
p > 0, we define

(2.3) Rp(r,p) = {x € Ry : | %N Q(x,7)| > p -1}

Theorem 2.4 ([3]). Assume d > 3. There are positive constants K, and Cy, such
that for any n, r and L positive integers and p > 0, satisfying

(2.4) pri=2 > Cy-logn,

one has
P(‘%n(np)‘ > L) <exp ( _ K—_pZ/d ~L1*2/d).

A weaker version of this result first appeared in [2], with the stronger condition
pri=2> Co(p%,)z/ 4logn, and the elimination of the L dependence is fundamental
here.

Finally the following result is used to reduce the number of boxes where most
of the intersection occurs. For r > 1, some integer, we denote by 2, the collection
of finite subsets of Z¢, whose points are at distance at least r from each other. For
¢ C 74, welet Q,(€) = Uz Q(x,r).

Theorem 2.5 ([6]). Assume d > 3. There exist positive constants K and C, such
that for any p > 0, r > 1 and € € Z4,, satisfying

prdﬁ2 >C,
one has

P (£a(Q(x,1) > pr, ¥x €6 ) < Cexp(—p - cap(Q,(¥)).

Remark 2.6. Using the well-known bound cap(A) > c|A|'=%/%, for any finite A C
74, and some universal constant ¢ > 0, we have cap(Q,(€)) > cr¢=2|€|'~%/4.
This latter bound is used later.

3 Plan of the proof

Recall that we consider two independent walks {S, },=0 and {S, },>0. All quan-
tities associated to the second walk will be decorated with a tilde. With a slight
abuse of notation we still denote by IP the law of the two walks.

The first step is to reduce the problem to a finite time horizon. For this we
simply use a first moment bound, and the well-known fact that for any n > 1 (see
[[L1}, Proposition 3.2.3]), for some constant C > 0,

4—d

E[lw(Zn,»))] = Y G(z)-P(z € Z[n,)) <Cn'?".
zeZ4
Using next Markov’s inequality we deduce (see also [9, Lemma 9] for a similar

statement),
4—d

B.1) P(He |1, ) # @) < P(les(R[n,%0)) > 1) < Ellua(Z[n,00))] < Cn 7"
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Thanks to this inequality, it suffices in fact to consider only the intersection of the
two walks up to a time n of order exp(f¢'~%/¢), with B some appropriate constant.
The second step is the following proposition. Recall the definition (2.3)).

Proposition 3.1. For any B > 1, there exist positive constants ¢ and C, such that
for any t > 0, one has with n := exp(ﬁﬂ‘%),

AU

(3.2) P (sup G(%, —x) > Ctz/d> < Cexp(—ct'™7),

xeZ4

Furthermore, for any € > 0 and K > 0, there exists p = p(&,K,B), and A =
A(e,K,B), such that for t large enough

xeZ4

(3.3) P (sup G(%,, \ Zn (A7 ) fx) > ez2/d> < Cexp(—Kt'™1).

(%/P) logA

log .
One can moreover choose p and A, such that Tog(1/¢) and Tog(1/2) remain bounded

as € — 0.

The third step is to obtain that most of the intersection, up to an arbitrary frac-
tion £, occurs in a finite number of boxes, say N(&), each of radius L(¢)-¢'/¢, and
at distances L?(g) -r'/¢ from each other. The dependance on € of N(g) and L(g)
turns out to play a crucial role through the bound (6.2). That leads to Proposition
1.3] as well as its analogue for the mutual intersection, which we state as a separate
proposition.

Proposition 3.2. There exist two positive constants ¢y and ¢y, such that for any
t>0,

(3.4) exp(—cltlf%) < P(| R N Fns| > 1) < exp(—cztlf%).

Furthermore, for any € > 0, there exists an integer N = N(€), such that if V :=
Roo N\ R oo

(3.5)
N
lim P (Elxl,...,xN €eZ:1¥n (UIQ(xi,tl/d))| >1—e)||7]> z) = 1.
One can choose N(€), such that llgg(l:, 5?) remains bounded as € — 0.

The lower bound in follows of course from (1.2)), but for the sake of com-
pleteness, we provide another independent argument based on [2]], which makes the
proof of Propositions[I.3]and [3.2]independent of [7]. The upper bound in (3.4) on
the other hand simply follows from Lemma2.1] together with (3.1)) and (3.2). Now
concerning (3.3), note that it would follow as well from (3.I), (3.3) and Lemma
2.1} if we could combine it with Theorem since we just need to show that the
set Z,(At'/? p) can be covered by a finite number of cubes. This would be fine
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indeed, if we could choose the constants A and p given by (3.3)) so as to satisfy the
condition (2.4)).

However, since in fact they may be small, we use instead Theorem [2.5]

The rest of the proof relies on the results of [[7, [13]], and (I.2]). We first reduce
the region where most of the intersection occurs, from an arbitrary finite number
of boxes to a unique, possibly enlarged, one; in other words we prove Theorem
This part is based on the concavity of the map ¢ — 112/ wwhich implies that
distributing the total intersection ¢ on more than one box increases the cost of the
deviations. Note that it is crucial here to know the exact constant in the exponential,
which is why we need (I.2]). We also use some surgery on the trajectories of the two
walks; that is first a decomposition into excursions between the various boxes, and
then a cutting/gluing argument to ensure that intersections inside each box occur in
time-windows of order 7, so to make (I.2)) applicable. Finally, the same operation
of surgery allows also to deduce Theorem [I.T|from Theorem[I.2]and (L.2).

Now the end of the proof is organized as follows. We first prove Proposition
in Section d] We then prove Propositions [I.3] and [3.2]in Section [5] and finally
we conclude the proofs of Theorems|[I.I]and[I.2)in Section [6]

4 Proof of Proposition [3.1]

We first introduce a decomposition of the range into subsets according to the
occupation density of their neighborhoods, at different scales and bound the cardi-
nality of each subset using Theorem [2.4] Then we prove (3.2) and (3.3) separately

in Subsections .2 and 4.3 respectively.

4.1 Multi-scale decomposition of the range

Our approach relies on a simple multi-scale analysis of the occupation densi-
ties where space and density are scaled together. More precisely we introduce a
sequence of densities {p;};>0 and associated space-scales {r;};>o defined respec-
tively, for any integer i > 0, by

@.1) pi:=2"" and p;-r""?=Cylogn,

1

with C) the constant appearing in (2.4).

It might be that on small scales, say r; for j < i, the density around some site
of the range remains small, whereas it overcomes p; at scale r;. To encapsulate
this idea we define for i > 1 (recall and note that by definition %, (ro,po) is
empty),

4.2) Ai = Rn(ri pi)\ U f%n(rjapj)’ and  Aj =%,\ U %n(rj)pj)'

1<j<i 1<j<i

When dealing with these sets we will use two facts: on one hand for each i > 1,
A, is a subset of %, (r;, p;), and thus Theorem will provide some control on its
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volume. On the other hand, using that A} C %,(ri_1,pi—1)¢, and by cutting a box
into 2¢ disjoint sub-boxes of side-length twice smaller, we can see that
(4.3) IAfNOQ(z,ri1)| <2%pi 1%, forallzeZ¢, andalli> 0.

Note also that since A; C A}, the same bounds hold for A;.

By Theorem we have for some constant k¥ > 0, for any A > 1, and any
i>1,

4.4 IP’(]A,-| > k) < exp(—xpl.z/d.)ylﬂ/d).

Note also that since |%,| < n+ 1, the set A; is empty when p;r¢ > n+ 1, or equiv-
alently when Corl-2 logn > n+ 1. In particular, for n large enough,
(4.5) Aij=o, foralli> (d—2)log,(n).

Now for L positive integer, define the good event:
2
8L = {|A,~| <p; “7-Lt, foralli> 1}.

Then #4) and (#.5) show that for some constant C > 0 (and n = exp(Br'~%/4)),

(46)  P&F) < Clogy(n)exp(—x(L1)' ) < Cexp(—5 - (Ln)! ).

4.2 Proof of (3.2)

We claim that for some constant C > 0,

t
@n G ={IAMl < 5y Vi 1} C {sup G(Z —x) < cr?y.
P; xez4
By (@.6), this would imply the desired result, so let us start proving (4.7).
Assume that the event &7 holds, and let us bound sup, 7« G(%, — x).

We fix some x € Z¢, and divide space into concentric shells as follows: for
integers k > 1, set

yk = Q(X, l"k)\Q(X, rk—1)7
and %) = Q(x,ro). Then, by additivity

G(%n—x) =Y G(FNZn).

k>0
By Lemma[2.2]and (2.1)), one has on &,
(4.8) G(%,NH) < G(H) < Crg < C(logn)7= < Cr2/4,

with C some positive constant, whose value might change from line to line. Fur-
thermore, for any k > 1, recalling (#.2)),

k
G(SNZn) =Y, G(FNA}) +G(S NN )-
j=1
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By (2.1) and (@.3), one has for any & > 1,

|k NAL
i =C

k=1 T
using also (4.1) for the last inequality. Summing over k gives

Io
Y G(ANAL,) < C—22
k>1 0

On the other hand by Lemma[2.3] for any j > 1, on &,

G(FNA) <C-

7 < C(logn)" —i < C(logn)ﬁ <cr?.,

¢ =21 A j2/d 1-2042%3) 2/d 3 2/d
Y G(ANA) =G(ANQ(x,rj-1)) <Cp;_['|A;I/* <Cp; Pl <cpiz e

k>j

Summing over j > 1, gives
Y Y G(ANA;) <,
JZ1k>j

which concludes the proof of (4.7)), and (3.2).

4.3 Proof of (3.3)

Let us give some € and K, and then fix L such that P(§f) < Cexp(—Kt'~%/4),
which is always possible by (&.06).
Next, for & > 0, and [ integer, define

%n(I,S) = U%n(ri,Spi).

i<I
We claim that one can find 6 € (0,1) and 7 > 0, such that
(4.9) & C {sup G(Z,\Z%,(I,8) —x) < et?/}.

x€zZ4

This would conclude the proof, since for any fixed I and &, one can find A and p,
such that
Tn(1.8) C Fa(AL'4 ).

So let us prove (#9) now. Fix some x € Z¢, and consider the decomposition of
space into concentric shells (%% )x>0, as in the previous subsection. By Lemma

one has
G((Z,\Z,(1,8)) N S) < C8¥r} < 8242/,
and for any 1 <k </, by (2.1),

C6pkrk logn

<C$é
rk 1 rk

G((Zn\%n(1,8)) N F) <
Thus, summing over k < [, yields

Y G(%\Zu(1.8))N.H) < CE—= logn L <cat,

1<k<I 0
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On the other hand, since for any § < 1, U;<;A; € %,(1, ), one has for any k > I,

k
G((Z\%a(1,8))N A1) < Y G(ANF1) +G(Ay NH4),
j=I+1

and the same bounds as in the previous subsection give on &7,

2/d P logn = 2/d
Z G((%n\%:(1,8)) N Fy) < Ct Z p; - +C Z —— <Cp; 17"
k>1+1 j>I+1 k>14+1 Ty

Altogether, we see that by choosing I large enough, and 6 small enough, we get
#.9), concluding the proof of (3.3)). Finally the fact that 1 /p and A can be chosen,
so that they grow at most polynomially in 1/€ by construction.

5 Proof of Propositions [I.3Jand [3.2]
5.1 Proof of (1.6) and (3.4).

We start with the lower bounds. Note that it suffices to do it for the intersection
of two ranges, that is for (3.4)), and for a finite time horizon. For this we use
Proposition 4.1 from [2], which entails the following fact:

Proposition 5.1 ([2]). Assume d > 3. There are positive constants p, K and C,
such that for n large enough, for any subset A C Q(0,n'/4), with |A| > C, one has

P(|%,NA| > p|A]) > exp(—k-n'~2/4).

Note that Proposition 4.1 in [2] is stated for dimension 3 only, but its proof
applies mutatis mutandis in higher dimension.

Now for a = 1/p? we force, at a cost given by Proposition the range @m
to cover a fraction p of Q(0,r) with r = (at)'/, and in turn force Zg; to cover a
fraction p of Zo; N Q(0,r). Observe that one has the inclusion

{|%en N1 0(0,7)| > pr*3n{|Rey N R N Q(0,7)] > p| %t N Q(0,7)[}
C{| B N R > p2rt =11,

which concludes the proof of the lower bounds.
Concerning the upper bounds, as was already mentioned, they simply follow

from (3.1), (3-2) (say with 8 = 1), together with Lemma 2.1}

5.2 Proof of (1.7) and (3.3)

We first state and prove a corollary of Theorem [2.5] (and Remark [2.6), which
might be of general interest. Recall that .2 is the collection of finite subsets of Z,
whose points are at distance at least » from each other, and for N positive integer,
let 2.y be the subset of .Z, formed by subsets of cardinality N.
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Proposition 5.2. Let {S,},>0 and {S,}n>0 be two independent simple random
walks on 7¢, d > 5. There exist positive constants k and C, such that for any
integers r and N, and any p > 0, satisfying

(5.1) pr*2 > CcN*logN,

one has
5.2)

=~ _ _2
P<3Cg€ f%;lr,N Zgoc(Q(X,l")) >prd7<%°°ﬂQ(x7r) 7é Q,VXE%> SceiKprd 2N d.

Remark 5.3. An important difference here with the statement of Theorem [2.5] is
that the set € is not fixed, and this is compensated by the fact that we impose
another independent walk to visit all the cubes centered at points of €. Also, the
condtion could be further weakened to pr?=2 > ClogN, by using the proof of
Theorem However, since the number of boxes, N, will not depend on t, in the
sequel, it is useless to improve on ([5.1).

Before proving Proposition[5.2] let us assume Proposition [5.2]for a while, and

conclude the proofs of (1.7) and (3.5).

Proof of and (3.5)). First we choose f3 large enough, so that the probability of
the event {(..(%[n,)) > 1} is negligible, when we take n = exp(Bz'~2/¢), which
is always possible by and the lower bound in (3.4).

Next, by Lemma [2.1] and (3.3), it suffices to show that for any fixed A > 0
and p € (0,1), the set Z,(At',p) N Z%. can be covered by at most N disjoint
cubes of side length Atl/d , for some well-chosen constant N € N. To see this,
we first fix the constant N large enough, such that the bound obtained in (3.2))
with » = A"/, and 1 large enough, is negligible when compared to the lower
bound in (3.4). Then we define inductively a sequence of boxes as follows. First
if the set %,(Ar'/ p) N %.. is nonempty, pick some point x; in it. Then, if
the set Z,(At'/4,p) N %o N O(x1,4At"/4)¢ is empty, stop the procedure. Oth-
erwise pick some x; in it, and continue like this until we exhaust all points of
%,,(Atl/ 4 p) N %.. Note that the points we define by this procedure xp,x3,...
are all at distance at least 44¢'/% one from each other by definition. Furthermore,
for each i, one has by definition |Q(x;,At"/%) N %,| > pA?t. Thus by Proposition
the probability that we end up with more than N cubes is negligible. Finally
this means that with (conditional) probability going to 1, as t — oo, we can cover
R (A4 p) N %.. by at most N cubes of side length 4A¢'/¢, which concludes the
proofs of and (3.3) (since each such cube is in turn the union of only a fixed
number of cubes of side length ¢'/9). O

Remark 5.4. In the previous proof, note that if A and 1/p grow at most polynomi-
ally in 1/¢€, so does N by construction.
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Proof of Proposition[5.2] Note that by replacing r by 2r, p by p/ 24 and N by
[N /2] if necessary, one restricts to subsets 4 whose points belong to 2rZ\ {0}.
Fix now such set € € Z4.n, and denote by xp,...,xy its elements. Note first
that for any r and p satisfying (5.1I), with C large enough, Theorem [2.5] (and Re-
mark [2.6)) yield for some constant x,

(5.3) P(lu(Q(x,r)) > pr?, Vx € €) < Cexp(—kpri2N'"1).
On the other hand, by one has

(5.4) P(%oNQ(x,r) # D, Yx € €) < (Cr' )N -G(x1,...,xn),
where we denote by Sy the set of permutations of {1,...,N} and

N—1
G(xp,...,xy) = Z G(xg,) H G(x(;l.+l —xg,.).

oceBy i=1

For any ¢ € (1,2), using Holder’s inequality (with all sums over the x; running over
2rZ\{0})

N—-1

Z"'ZGq(xlv-~-7xN)SZ"'Z(N!)qil Z Gq(xcl)HGq(XO'i+1_xGi)
(5.5) X1 XN X1 XN ceby y i=1
< Y )
z€2rZ4\ {0}

Now fix some g € (ﬁﬂ), and note that by (2.1), one has (with a possibly larger
constant C),

Gi(z) < Cra ),
z€2rZ4\{0}

so that (5.4)) and (5.5)) give,

(5.6) Y P! %N Q(x,7) # @, VX €EC) <CN - (N1)4.
X1, Xy E€2rZ4\ {0}

Then and yield

P(3€ € Zirw : la(Q(x,7)) > pr?, B N Q(x,1) # B, Vx € F)

< Z IP)(&O(Q(x,r)) >prd Vxe ‘5) X }P’(%’MQQ(X, r)# 3, Vx € CK)
Cedarn

< Z P> (€ Q(x, 7)) > pr?, Vx e ) x P! (%o N Q(x,r) # B, Vx €F)
%6%’”4;:1\1

< CV(N)-exp(—k(2—q)pr N ),
and we conclude the proof using hypothesis (5.1). U
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6 Proof of Theorems 1.1 and 1.2l

Let us define .7, := limp_, . (b), with .# (b) as in (I.2). Since it is easier to
realize a large intersection in infinite time, rather than in any finite time, we already
know that

1 ~
6.1) Hminf —— 10g P(| %o N\ K| > 1) > — S
[—o0 tl—g

The proofs of Theorems [I.1] and [I.2] are now based on the following result, which
uses the following notation. For k, L, and ¢ some positive integers, and 6 € (0,1),
define the event (where the k centers of our cubes are in Z%).

o —x;|| > L2V/4 i j
A (k,L,8,1) = Wy, p 0 | RBoe N R NQ(xi, Lt/ )| > 81 V1 <i<k
| P Voo 0 (Ui Qi L1 4))| > 1
Proposition 6.1. There exist C > 0 and Ly > 1, such that for any L > Ly, k < L,

and 6 € (0,1),
(6.2)

limsup —— log P(e/ (k,L.8,1)) < — i (1 T 1)5]12/d) N

_2
t—oo 174

Clogk
logL

Note that Theorem [I.1] follows from Theorem [I.2]and Proposition [6.1] applied
with k = 1.

Remark 6.2. The bound ({6.2) is the key large deviation estimate behind our locali-
sation result. It quantifies the trade off between the number of boxes, say k < N(g),
and the parameter L(€) which fixes the radius of the boxes (in a scale 1Y), and the
spacing of their centers. The concavity of the rate function gives a cost for having
k boxes of the order k'=2/¢, whereas the entropy gain in having the opportunity to
travel through k boxes at distance L* (in a scale t'?) is of order log(k)/log(L).
Thus, is efficient if L is an exponential in 1/¢, since we know from Remark
that N(€), which bounds the number of boxes, grows like a polynomial in 1/¢€.

Before we prove Proposition[6.1] let us see how it allows to prove Theorem[I.2

Proof of Theorem For N > 1 some integer and ¢ > 0, define the event

N
@N,t = {Elxl,...,xN ez?: ’%ooﬁ%mﬂ <U Q(xi,ll/d)> ’ Zl},

i=1

and for L > 1 another integer, set

sl > 241/d . .
(6.3) %N7L7t;:{3xl7_”’xN€Zd: lxi —xj|| > L2 Vi | }

(%o N Fs N (UL Qi LtV )) | > 1
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First, it is a simple (deterministic) observation that forany N > 1, Lo > 1,and t > 0,
one has

N
(6.4) Pny C By, with L= (2Le)* Vk>1.
k=0
Indeed, assume Ay holds, and consider xp,...,xy realizing this event. Let also

Io == {1,...,N}. If the (x;);c, are all at distance at least L3'/¢ one from each
other, we stop and %y 1, holds. If not, consider the first index i, such that x; is
at distance smaller than L3t'/? from one of the x;, with j < i, and set I; = Ip\ {i}.
Set also L; = (2Lg)?, and restart the algorithm with I; and L, in place of I, and
Ly respectively. Since this procedure stops in at most N steps, we deduce (6.4).
Note that we may end up with less than N points, but since we do not impose the
intersection of the ranges with all cubes to be nonempty, we may always add some
distant points at the end of the construction.

Next, let K > 0 be some fixed constant. We claim that for any reals € € (0,1),
t > 0, and any integers N < e X L >1,one has

6.5 PRSP
(6.5) N,L,z_kL:Jl ) 7m,( —e)|.
To see this, assume that the event By 1, holds, and consider x1,...,xy realizing it.

Set ko =N, and Jo = {1,...,N}, and then let
No={i €0 | R N Koo N Qi, L1/ | > Ziko}.

Note that by definition of %y 1, and Ji,
[N 0 (| Qi L)) =

ieJ;

€
1—-)t.
2)
. e L a4
Thus if |J;| > €7 ko, we are done, since in this case By 1, C < (k;,L, 8271, (1—
£)t), with ky := |J1|. If not, define
~ €
Ji={i €y : | R N Ko N Q(i, Lt /)| > Tt
1
One has by definition,

0 00 (U Qi L)) 2 (1= £ = 2

i€ty 2
Thus if |J,| > 8lelk1, we are done as well, and if not we continue defining induc-
tively (J;);>1 and (k;);> as above, until either |J;| > ek 1, or |J;| = 1, for some
i. Note that in the latter case one has %y, C /(1,L,1 —¢,(1 —¢)t). Since on
the other hand at each step we reduce the cardinality of the set of points by a factor

at least €'/~ and by hypothesis N < £, this algorithm must stop in at most
(d — 1)K steps, and this proves well (6.5)).



INTERSECTIONS OF RANDOM WALKS 17

Recall next that Proposition [3.2] says that for any &, there exists some integer
N = N(¢), such that

}L%P(%N,(l—e)t | |%os N Reo| > 1) =1,

and furthermore, by Remark that one can find a constant K, such that N(g) <
€K, at least for £ small enough. Moreover, the constant K being fixed, Proposition
[.1] and the lower bound (6.1 also show that for any &€ small enough, any L >
exp(1/¢€),and 2 <k < N(e),

d
. ga-t
}g{lP(ﬂ(hLW’(

Thus Theorem 1.2]follows from (6.4) and (6.3)), taking Ly > exp(1/€), and noting
that for any L < L', and 6 < 1, one has the inclusion . (1,L,8,t) C %) /. O

1—€)%1) | | R N Zoo| > 1) = 0.

It remains now to prove Proposition For this we need the following lemma.

Lemma 6.3. Assume g € (0,1]. For any integer k > 1, and t,, ... ,t; positive num-
bers, we have

k
(6.6) (gl > (izlt,-)q—i—(l—211_(1)<(k—1)r}1<i,£1(t,~))q.
Proof. The proof is by induction. For k =2, assume t; > 1, > 0. Then reduces
to seeing that
i+ ﬁtg > (1 +1n)l
If we set x = 1, /t;, we need to show that for 0 < x <1,
x4
21—¢
By taking derivatives of the two terms, the problem reduces to checking that 2x <
1 +x for 0 < x < 1, which is indeed true. The induction follows: set ¢ = 1 —
1/2'9, and write

1+ > (1+x)7.

k—1

k=1 v
i+ 2t,f+(2t,-)q+a<(k—2) mi (t,-))
i=1

- i<k—1

2 (%" o minti T+ (62 min0)')

i=1

(ol (-0

i<k—1

~-

I
—

> (V) + a((k— I)I}lgin(ti))q,

k

using the inequality a? + b7 > (a+ b)? at the last line. O
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Proof of Proposition The idea is to cut the two trajectories (S, )0 and (S,)n>0
realizing the event <7 (k,L, §,¢) into excursions in a natural way, and then realizing
some surgery, to compare the probability of the event to the product of the probabil-
ities of realizing a certain intersection inside k different cubes. Now let us proceed
with the details. Fix xi,...,x; € Z9, with |lx; —x;|| > L*'/¢, for all i # j. For
1 <i<k, set Q;:=Q(x;,Lt'/%), and Q; := Q(x;, L*t'/?). We denote with dQ, the
boundary of Q, that is the sites not in Q but at graph distance 1 from Q. Assume to
simplify notation that all the x; belong to |L?¢'/¢|Z¢ (if not one can always replace
them by the closest points on this lattice, and increase the side-length of the cubes
Q;, and reduce the one of the Q;, both by an innocuous factor 2). Finally to simplify
also the discussion below, we further assume that the origin does not belong to any
of the cubes Q; (minor modifications of the argument would be required otherwise,
which we safely leave to the reader). Then define two sequences of stopping times
(5¢)¢>0 and (7¢)¢>0 as follows. First so = 79 = 0, and for £ > 1,

k k
T :=inf{n >s/_1:S, € U Q;}, and sy:=inf{n>1:8,¢ UQ}
i=1 i=1
Let A4 =Y, 1{t < o}, be the total number of excursions. Let T(A) := inf{n :
S, € A}, for the hitting time of a subset A C Z?. It follows from (2.I) and (2.2)),
that for any £ > 1,

P(Tp41 <eo| 7 <o0) < sup sup Py(T(UL;Q;) <)
1<i<ky€aé.

C-k

< sup sup ZIP (Qj) <o) <,

<i< L

1<i kyeaQ j=

for some constant C > 0. Recalling that k£ < L, we deduce that for some constant

Co > 0, and all ¢ large enough,

1-2
6.7) P <w > C‘”g L") < exp(—2. 11 71).

Now, let i(¢) be the index of the cube to which S(7;) belongs, when 7 is finite: that
is S(1) € Qj(¢)- Define further /1, ..., ¢ inductively by £; = 1, and for j > 1,

€j+1:inf{€>€j: ()¢{ Zl }}

This induces a permutation ¢ € &, defined by o(j) := i(¢;), which represents
the order of first visits of the cubes by the walk. Now, the harmonic probability
measure U; of Q; reads as follows.

Pz(%[1’w>ﬂQi:®)

le) = cap(Qi)

Vz € 0;.




INTERSECTIONS OF RANDOM WALKS 19

The harmonic measure is related to the hitting distribution (see Proposition 6.5.4

in [12]).
1/d
o B
lly — x|

(6.8)
VWO, YZeQi, Py(Syg) =2]T(Qi) <o) = wi(z)

Combining it with 2.1) and (2.2), this yields for some constant ¢; > 0, for any

1 <i,j<k,and any z € O,

C1
(6.9) S;@P Py(7(Q)) < 0. S20)) =2) < 7q5 Hi(2),
YL

and when i # j, we also get for z € Q;
C1 _
(6.10)  sup Py(7(Q;) <0,Sz(0)) =2) < 75 Hi(2)- (LYY 2G(x; — x;).
y€9Q;
Define analogously 7, 3:2,?('), ..., for the walk S. Then for 1 < j<k,set
ijZK U %[Tg,Sg) ( U %T/,Sg))
L:i(0)=j
the number of intersections of the two walks 1ns1de the Q;. Note that by construc-
tion, B
I =R NAoNQj|, forall 1 < j<k.
Let now 71,...,%, and n, m be some fixed positive integers. Then consider two
fixed sequences of indices (i, ...,i,) and (i1,...,in), taking values in {1,... k},
such that all j € {1,...,k} appear at least once in the two sequences. This 1nduces
two permutations 6, G € &y, as defined above (one for each sequence). Then set

k—1
Go(X1,. ., X5) 1= (LZfl/d>k(d72) 'G(Xa(l)) HG(xa(jJrl) _xc(j)>'
j=1
Let also for 1 < j <k,

n m
nj:= Zl{ig:j}, and m; :Zl{lg:]}
/=1

(=1

Then applying (6.9)), and (6.10) at indices {ig,z}, (=1,...n0=1,... ,m}, shows
that

P N =n, jzm, ﬂJ-ZQ,Vj:l,...,k
i(()=iy¥<n, and i(f)=i;VL<m
c
6.11) < (Ldl2 Yt (HIP”J npmi (S > tj)> Go(x1y. .o, xk)Ga(x1,. .0 Xk).

where for all 1 < j <k, IP)MJ njm; denotes the law of the walk conditionally on
(S(0))e:iy—j» and (S(T¢)),7 ._j» being independent and identically distributed with
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joint law u;, or equivalently the law of n; + m; independent excursions starting
from law u;.

Our next task is to bound the probabilities Py, . m;(-#; > t;), using (T.2). Propo-
sition 6.5.1 in [12]] shows that for some constant ¢ > 0, for any 1 < j < k, and

y¢@j’
1/d
Y ,
lly —x;ll

where cap(Q;) denotes the capacity of the box Q;, for which all we need to know
is that it is of order L?~%!~2/4_ When combined with this yields the existence
of a constant ¢, > 0, such that forall 1 < j <k, and all z € Q;,

6.12) inf Py(7(Q)) < 1(Q(xj, L*1'/4)), Sy0,) = 2) =~ i (2).
yean L

_cap(0))

|y —x;j]|4=2

Py(7(Qj) <o) =

Now let x € Z4, be such that the origin belongs to dQ(x,L*¢'/¢). The above in-

equality shows that for any 1 < j <k, and any integers n;,mj,

(6.13)

P(|% NR- NO(x, L) > 1) > (=2 )" >t
w014 Vo) QL) 2 1) 2 ( Ld—Z) Puyinym; (I} 2 1))

On the other hand, Lemmas [2.1] and [2.2] show that for some constant b > 0,
P(e(Q(x, L'/1)) > br) < exp(—2.7t" ),

at least for  large enough. Thus if #; > &t, we get with (1.2)), that at least for ¢

large enough, the left-hand side of (6.13) is bounded above by 2IP(| %y, Ny | > tj).
When combined with (6.1T)), this shows that for some constant b > 0, for all #; > ¢,

P N =n, ]:m, ijNIj, V‘];Zl""’k
i(0)=i;V¢<n, and i({)=iVl<m

=~

6.14) < 2k )y (H P(| R N R | > fj)) Go(x1,-- ) Ga (X1, ., xk)

< 2k( n+m (HP ‘%b’ ﬂ%b/ | > tj)> ng( Go(xp,.. xk)z,
CZ

with &' = b/8. The number of possible sequences (i¢);<, and @) ¢<m- are bounded
respectively by k" and k™ (where k is the number of boxes), so that as we sum

(6.14) over them, we get
P(,/V:n,,/”f:m,ﬂjztj,w: 1,...,k)

ke k ~
< zk(il)n-i_m (HP(L%b’lj ﬁ‘Qb’lfj’ > t])) gggi Gd(xlv s 7xk)2'

(&) =1
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-2
Summing then over all n,m < Ny := Lci’ég ], with Cp as in (6-7), we get

IP’(JVSNO,ngO,j,-Zt,,Vj:1,...,k>

kcy k ~
(6.15) < 2NG (=) TT®(1 %y, N ZEws,| > 1)) | max G (x1,...,x)*
(6] j=1 o6,

Now letting r := |L?¢'/¢], we get using (2.1)),
max Go(x1,...,%)° < Y Y Golxi,...,x)* < CHL.

X1, g EFZA oESk 0€8; xy,...,x;Er74
Thus summing over all xq,...,x; € rZ¢ in (6.15), and using (6.7)), we get
Z P(]jle,ijl,...,k)

X1y g EFZA

k k ~
< (20) (RN (=) H (1%, 0 By | > 1) + exp(—2.Iwt' 7).

Finally, by using (1.2) and Lemma (withg=1-— %), and then summing over
all possible 71,...,t > 8¢, satisfying t; + - - - + 1, = t, we conclude the proof of the
proposition. U
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