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138 3 Theta Functions

so, with the temporary notation * = k/4./9,

' 14 g2-1\% /1 —g>! n—T+4 ny=2
:}%=H( 1++qqz") (1+q2”‘> =[la-a"ased
= [Ja -4,

by ex. 2.

Exercise 6. Check the allied identities:
[T +a>F = yview,
[0 +a™ =k VR,
[l — g™ = ¢ = 8 KK K3 (k).

Sample 2.

93(0) 91 (x)

sSQ2KEx, B = oo 5

4
1ju S rrxl—[ 1—2¢% cos2nx + 4" _
=4 TR 1 — 2g%-! cos 2mx 4 g¥¥ !

Sample 3.
2 ( ) 2 e2nJ—_lnx
x —_—.
ﬂi(x) H [(1+g™)/01 g Y X ; cosh(nmw)

Proof.? For simplicity, take w purely imaginary, s0 that 0 < ¢ < I, and view

F3(x) (A +¢7 ' P+ 'p™
Pa) 11 (1 — g2=1p2)(1 —¢>~1p™)

as a function F{z)of z = p2 Tt has a simple pole at z = ¢, with residue r,—fmd
no others in the annulus > < |z| < g~} Now expand Fing < 1zl < g~ " as

S, F,z ™" with F, = (2n/=1)7" § F2"~ 147, the integral being taken about
|z|z= 1. Fl{g?z) = —F(z), by Table 3.1.1, so deformation of the contour

2 Schoenberg [1981].

3.5 Products 139

produces

1
Fp~rxg" = —— F(z)7"~'dz

2w/ -1 |zl=g?
= 1 F(qzz)zn—ldz % q2n
231.'-\/ —1 lz)=1

_ain

4q n—1
= F(2)z" dz
2w/ =1 Jgp=1

= _qanny

which is to say F, = r(1 + g**)"'¢""!. The evaluation of the residue as
24 [1(1 + ¢#)*(1 — ¢**)? completes the proof:

Ba(x) _ 1447\ 2p e
5 -1 (o) "[Z T =2

l1-—gq z 4" +aT Z cosh(mnew)

Sample 4.
& = @m [910)])° = @02 [[1 - ¢ = 0% TJa1 - 477
n=l1 n=I

The final product may be expanded as (277)'2 3_5° 7(n)g?* with rational integral
coefficients t(r). These are the Ramanujan numbers and have marvelous
arithmetic properties. Ramanujan [1916]} conjectured and Mordell [1217]
proved that t(n) is a multiplicative function, that is, t(mn) = r(m)r(n) if
m, n are coprime; see Section 4.8 for more information.

Exercise7. Compute t(1) =1, (2} = —24, t(3) =252, and (4} = —1472.
Exercise 8. Use the product for the discriminant and ex. 2 to check that

A (f;—’) A ("’;L ) AQw) = —A¥(w),

w w1 w+2 4
A(E)A( . )A( . )A(3w)=A(w).

Exercise 9. Prove that

A(M)IIGA(ZGJ)UHA(%)Us — H(] _ qn)2+2m,

n=1
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in which m = 4, 2, or 1 according as 4 divides », or only 2, or n is odd. Zagier
[1992] presents more formulas of this type.

Sample 5. g, = (2/3)m* [95(0) + 73(0) + 95(0)] by ex. 34,50

2 @t [phO) + 950 + 250
T="A 7 277110 — 2%

3
=24"3g? [28q2 H(l 4 g¥6 4 H(l 4 gBy +H(1 _qZk-l)lﬁ] )

4 - .
This may be expanded in the form 17287'¢7(1 + c(Dg® + c(2)g +1-9 35)
with rational integral coefficients, as you will easily check. Zuckerman [ ]
computed the first 24 coefficients and van Wijngaarden [1953] went on to

000,
Clo00 = 8379883111070747691275l950384757452703801918339072

but who's counting? Peterson [1932] obtained the asymptotic law.c(n-) g
2-1/2p=3/4 exp(4m /n). Like Ramanujan numbers, these 00 have m‘tncal;;c1
arithmetic properties; see, for exampte, Van der Pol [19?1] and At-km aT:h
O’Brien [1967). What is most startling is their appearar.lce in CO.nnfj‘CtIOH wi
the celebrated monster group: They are the dimensions of its 1rreduc1b-le
representations! Conway and Norton [1979] and Thompson [1979] explain
this; see also Koike [1994].

3.6 Sums of Two Squares

The problem of expressing a whole number as sum of perflect s-quares goes back
to antiquity. Neugebauer [1957] traced it back to Babgfloman times. Pythagomcsi
{520 B.C.) understood the special case a4 bt =c". Fen:nat {1640} r.esolve
the question of which primes are sums of two squares, but it W"aS J acobl'[1'82?]
who produced the most remarkable results via his theté functions, and it is his
method that is followed here. The case of four squares 1s postponed to the next
section. Grosswald [1984a] gives the full story, including the mm:e chf_ﬁcult
case of sums of three squares. The present story begins with the identity of
Section 3

1(0)94(x)

and the expansion of this quotient into partlal fractions

-1 o0 n
1 Xi q"p qu

2 it
FY IV B el Sl il R

3.6 Sums of Two Squares 141

This looks more complicated than it is. The quotient is periodic relative to the
lattice 2Z @ wZ, by Table 3.1.1, as is the sum, by inspection, and they have
common simple roots, at x = 0 and x = 1, with the same residues +1 and
—1, respectively. It follows that they differ only by a constant, which is seen
to vanish by evaluation at the root x = w/2 of 94(x) = 0. To proceed, take
x =1/2 and use

4 1—g” Iy Nl
. | — r__ 3 n
1+q2n =49 l—q“” (q q )éoq

to produce

oQ
nVe —e =144 ¢"(1+¢")"!

n=1

o0 [ea] oo oo )
=1+4 Z Z gmH+D _ g Z Z )

n=1 (=0 ne=1 1=0

Now comes the punch line. By Section 3, you recognize the left-hand side as

z ‘ [+2]
93(0) = [Z Q"Z} =2 _g"=3 rma”,
z Zz? m=0

in which r(m) is the number of representations of the whole number m as a sum
of two squares, whereupon an arithmetic theorem of Jacobi [1829] emerges by
comparison of like powers: r2(m) = 4d)(m) — 4d3(m), which is to say that the
number of representations of a whole number as a sum of two squares is four
times the excess (if any) of its positive divisors = 1 mod 4 over its positive
divisors d = 3mod4. Fermat's theorem (1640), that odd primes = 1mod4
are sums of two squares but primes = 3 mod 4 are not, is a special case.

Exercise 1. Check the details of Fermat’s statermnent; in particular, show that
r2(p) = 8 for p = 1 mod 4, so the representation p = n? + n3 is unique, up to
trivialities.

Exercise 2. Confirm the more general staternent that the whole number m
{prime or noy) is a sum of two squares if and only if all its prime factors
= 3mod 4 appear in even powers,

Hardy and Wright [1979]} and Nagell [1964] provide elementary proofs of these
and many related results.
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3.7 Sums of Four Squares
The investigation is based upon the nulil value:
oo
p3(0) = 3 gnEEE =) ramig”,
? FA m={

in which r4(m) is now the number of representations of the whole number m as

a sum of four squares.

Step 1. The identity /gp(x) —e3 = 1?{(0)1?4(x)/1?1(x)1?4(0) is }lsed to veﬁfy
that es is the null value —3;(0)/%4(0). This is done by expanding both su.ies
in the form x~! -+ ¢+ 1 4 ¢ - x, plus terns that it is needless to record, keepm_g
in mind that p(x) = x240.x 40100, that 9; is odd, and that ?4 is
even: Up to terms in x,

1 1
\/m=;—§e3x

and
| #1(0y24(x) _ #7(0) 24(0) + (x2 [287(0)
91(x)04(0)  D4(0) x®1(0)
1 1940
= 0"

Now compare the coefficients of x on both sides.
Exercise 1. Check that e; = —05(0)/#2(0) in the same style.

Step 2. The identity 95(0) = m=2(e, — e3) and the heat equation® ¥ =
47 /=149 figuring in the proof of identity 2.2 now lead to
220y 9O _ /=T [64(0) _ 32(0)]’
5(0) E@S} T Ta [940) 20
also be expressed as 4g X the logarithmic derivative of #2(0)/14(0)

D) =72 [

which can
with regard to q.

Step 3. Express 9,2(0)/14(0) by the products of Section 5 and perform the stated

differentiation:

o0
o0 e b4 _AnyZe n-—2,
%D _ g a1+ - g> 7 =2¢ [Ja g™ 1 =D
24(0) i =l

 ‘means 8/8w.
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50

a oo
2§(0) = 4g x 3-log 2 [[ 1 — g*2(1 ~ g7
n=1
0]

32ng" | o 8ig’
=1_Zl_nq4n+zl ql

n=lI ¢ =14

o0}

b o0
=1-32) nY g*+8> n

n=i = n=

in

q .

gk

1N
Il

t

Step 4. Compare the start to the finish, with the result that rs(n) = 8 x rthe
sum of divisors d of n indivisible by 4. This is due to Jacobi [1829]). For
example, 3 = 02 4 (1) + (£1)2 + (£1? in various orders, for the total
count of r4(3) = 4 x 2* = 32 = 8 x (1 +3). Note that d = 1 always
divides n so r4(r) cannot vanish, that is, every whole number is a sum of four
squares. Bachet (1621) and Lagrange (1770) proved this by elementary means;
see Nagell [1964: 191-5]. Jacobi [1829] considered also surns of six and eight
squares; rg(n) is a bit complicated, but rg(n) is 16 x the sum of cubes of divisors
d of n if n is odd, and 16x the excess of the even cubes over.the odd cubes
if n is even. Eisenstein [1847] found elementary proofs of these remarkable
results, Hirschhorn [1985, 1987] used Jacobi’s product for &5 to give simpler
proofs for sums of two and four squares. Hardy and Wright {1979: 132-60]
has a fascinating essay on the whole subject; see also Roberts [1977: 167-84]
for a simpler account.

3.8 Euler’s Identities: Partitio Numerorum

Euler delighted in the manipulation of series and proved a host of remarkable
identities with deep number-theoretic implications. Here we present a sampling
of these using theta functions for most of the proofs.

Pentagonal Numbers. The product
o
vy = [t — 4”1 + ™' pH(1 +47"p7P)
n=1

is now employed with «/—1¢'/* in place of p and 4°? in place of 4 to produce
Euler's pentagonal number identity [1748]:

oo
Z(’_l)nqn(3n+l)/2 — H(] _ qn)
n=1

ned
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; . 2_ 32
Exercise 3. Use Jacobi’s product for 93 with ¢**inplace of g and p*> = —¢q
or —g'/? to obtain

oo
ﬁ(] _ q5n+1)(1 _ q5n+4)(1 — q5n+5) — Z (_l)nq(5n+3)n/21

=0 n=—00

"O_O = Dnj2

H(l _ q5n+2)(] — q5n+3)(1 _ quH-S) - Z (_1)nq(5n+ nf .
n=—00

n=0

The deeper identities of Rogers [1894] and Ramanujan {1927: no. 6] state that

> 1 kad n oyl

=Y ¢ [0-g)--(1—-q"],
;:I.JO (I — q5n+l)(] — q5n+4) ;
ﬁ 1 _ o0 qn(n-}-]) [(1 _q)(l _qn)]—l
o (]_ — q5n+2)(1 — q5n+3) =

Andrews [1989] and Berndt [1991: 77] present the i?istf)ry of these identitmst
and compare the several known proofs; none of them is sxrnpla-a and thcf.y are nod
presented here. Hardy [1940: 83--100] discusses the whole circle of ideas an
explains its significance for partitions; see also Rademacher [1973].

Exercise 4, The first Rogers-Ramanujan identity states that the numb_er tI(l)f
partitions of a whole number m into equal or unequal p.arts .E 1mod 5 is the
same as the number of its partitions into m equal parts differing by 2 or mored.
Prove it. Hints: The first part is self-evident from the product. ’_I’pe sec;m

employs the fact that there i1s a natural pairing betweer21 Fhe pamuodr{?f ) - r:n
into parts not exceeding n and the partitions.of m.+ n- into pjcn'ts 1'['e1:e§
by at least 2. This will appear from Fig. 3.2 in which m = 16 1slpartl io ”
into 5435+ 3 + 2+ 1, as depicted in the nght—halnd dotted columns, a1 )
4] = 16+ 5% = 16 + 1 +3+ 547 4+ 9 is partitioned into 3+ 5+ 8 + 11 + 14,

as depicted in the rows.

The number and variety of such identities is endless. Watson’s quintuple
product identity [1929]

N - 1,2
TTa~am0 —g7pxt =g p7H0 — g™ 21 — > p7)

=1
n _ Z (p':'rr _ p—3n—!) qn(3n+2)/2
Z
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Figure 3.2. Partitions,

will serve as a finale. Watson discovered it in the course of proving certain
statements of Ramanujan; see Carlitz and Subbarao [1972] for an easy proof
and Berndt [1991: 83] for its history. :

3.9 Jacobi’s and Higher Substitutions

The dependence of the -functions upon the period ratio w has been largetly

neglected to date. The rule Plxlw + 1) = Y4(x|w) provides the simplest
example.

Exercise 1. Check it.

Jacobi’s substitution. This describes the effect upon #;(x|w) = 3 p¥ qn2 of
the inversion ¢ 1 -] Jaw:

1
& (i’ - _) = et~ 1i, “B3(x|w).
{ (i3]

This is interesting in itself:; it is also preparatory to further arithmetic applica-
tions, namely, the law of quadratic reciprocity of Section 10 to follow. The
other #-functions obey similar rules, deducible from Table 3.1.1.
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N 172 e/ —Ti2
The application is to f(x) = ™~ 1@ with f(k) = [—+/—1¢] 12g /=10

Jacobi’s substitution drops out.
Exercise 6. Check it.

Landen’s Transformation: Reprise. The rule K (k) = (/21 + KHK (k)
has to do with doubling the period ratio: If k = k(w), then 2wy = (1 —
K1 + k™! = k,; see Sections 2.3 and 2.17. It may be expressed in terms
of null values: k' = ¥3(0)/92(0) and K(k} = (7 /2)93(0), so ¥3(02w) =
(1/2} [0%(0!0)) + 193(01@)] is what you want. The substitution & > 2w is the
simplest of the so called integral substitutions [ab/cd] of higher level having
determinant 2 or more; see Section 4.11 and also Fricke (1916 (2): 483-91]
for further information about that. Landen’s transformation in its new guise is
a by-product of the identity

thitr{x|w)

?1(2x|20) = B394(0lw)

Proof. The quotient of 1 (2x|2w) by thd2(x ) is periodic relative to the lattice
7, @ wZ and pole-free, by Tables 3.1.1 and 3.1.2, so it can only be constant.
The rest follows from evaluation at x = 0 and the products for null values.

Exercise 7. Give details.

Exercise 8 Deduce these formulas for null values:
(012w} = #](0]w)P2 (0lw)/2833(01w)Ps(0]w),
1
93(0120) = > [9301w) — 9(0lw)]
1 .
#3(0120) = 5 [82(0lw) + 93(0l)] -

The last is Landen’s transformation in its new form.

Exercise 9. #3(0{2w) = 0394(0]w) is to be checked directly from the relevant
products. Now compare this and Landen’s transformation in its new form to
Gauss’s arithmetic—geometric mean in Section 2.3.

Exercise 10. Check that ¢ (4x |[4e) is & constant multiple of & {x|w)?(1/4 —
x)w)Ps(x|ew){1/4 + x|w). What is the constant?

el R T i A AR e e

3.10 Quadratic Reciprocity 151

3.10 Quadratic Reciprocity
Let p be an odd prime. The integer 0 < k < p is a quadratic residue (k € Q)
if the congruence x% = kmod p is solvable; otherwise it is a quadratic non-
residue (k € ©"). Define the residue symbol (% to be 41 or —1 according
as k € Q or not. Gauss’s law of quadratic reciprocity states that if p and ¢

are odd primes, then
(2) . (2) = (=1t D 3le-D),
q P

Gauss himself gave eight different proofs. The present one is based upon the
Landsberg—Schaar identity of ex. 9.5; see Roberts [1977: 192-210] and Nagell
[1964: 132-45] for more conventional accounts. Ireland and Rosen [1950]
describe “higher” reciprocity laws obtained by Eisenstein [1847] by means
of elliptic functions. Wyman [1972] presents a simple account of the whole
subject.

The proof of the law of quadratic reciprocity now begins; it is broken into six
easy steps.

Step 1. {12,22, ..., (p—1)*}is atwo-fold listof Q since j2 = (p— j¥* mod p
and j2 =i?ifandonly if j =i or j = —i = p —i mod p. In particular, there
are (1/2)(p — 1) residues and the same number of nenresidues.

Step 2. (%) is a character of the multiplicative group Z; of integets modulo p.
Proof. This is the same as saying that (a) Q- Q C @, () 0@ C O, (©)
@'« Q' C Q. Item (a) is self-evident. Item (b) follows from the count in step 1
and from the fact that multiplication by 1 < j < p is an automorphism of Z3,

which is to say that, as n runs over a full set of residue classes module p, so
does jn. Item {c) is proved the same way.

Step 3. Introduce the Gaussian sum

g-1
G (V11 = 5" e(jn/q)
j=t

with g > 1, prime ornot, 1 < n < g, and e(x) = exp(27+/~1x), and note the
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154 3 Theta Functions

forth, you find
2)-E)-3)-G) 3)-G)-6
(2137) - ( 37 /- \37) \37/) \37 7 7
— (_])(1/3)(49—1) = 1,
as promised.
Exercise 3. Find a solution of ¥? = 666 mod 2137.

3.11 Ramanujan’s Continued Fractions

In a letter of 1913 to Hardy, Ramanujan stated the continued fractions

1 | [5E5_ASATY aus
=2 - 9 2

14+ : e
* 1.
and
1 N 5-/35 _ '\/75- -1 15
e 7 - 2 2
1
+ 1+ e—2n
14
Hardy [1937] wrote:

[These formulas} defeaied me completely. 1 had never seen anything in the least.like
this before. A single look at them is enough to show that they could only be written
down by a mathematician of the highest class. They must be true because no one would

have the imagination to invent them.

The actual evaluations are mere curiosities, but the beantiful discovery of
Ramanujan upon which they rest is 100 surprising to omit. 1t states that the
continued fraction

is a root of
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Watson's [1929] reconstruction of Ramanujan’s line of thought will now be
described; compare Berndt [1991].

Step 1. The sum S(p) = 3.2 p"¢" [(1~g)1—g%) - - (1 ~g™)]"" converges
for fixed |g| < 1, by inspection. It satisfies S(p) = S(pg) + pgS{pg?), so
Sy = S(g"*1)/S(g") satisfies S, = [1 + ¢/8:41]7", and you have

L _S@_ 1 g g

o Sy 1+ 14
in view of §, = 1+ o(1) for n — oco. This produces continued fractions of the
desired type.

Step 2. This step employs the Rogers—-Ramanujan identities of Section 8 to
express the continued fraction 1/ as an infinite product:

=5}

- nin ’ ny—1 1
$(g) = l+§q D[]~ Y- (1 — g™)] =,,11(1 I
oo , _ o0 1
SW=1+>¢" [A—a---0—g"]" =]]

(1 — q5n+l)(1 — q5n+4)’

n=l n=0
50

1 S _ 1°—°I (1 — g™ +HY(1 — g7+
o - S - (1 — g5 +2)(1 — g3y

n=0

Step 3. The scene now shifts to Euler’s pentagonal identity of Section 8:

oQ o0
[[a-am= 3 -1rgiz
n=1

n=—00

This is applied with ¢'/* and ¢° in place of g to obtain

e (1 _qn/5) Z(_])nq(n/lﬂ)(3n+l)
H (1— g™ = S (= 1)yrgEn/acn+y”

The power n(3n+ 1)/2 € Zis congruentto 0, 2, 2,0, 1 mod 5 according asn =
0,1,2,3, 4mod S, so the quotient is expressible in the form A+g1/° B+¢%/°C,
in which A, B, C are sums of whole powers of g. Now A = 1l atg = 0, and
the value B = —1 follows from the fact that (n/2)(3n + 1) = 1 mod 5 if and
only if n = —1 4 5m; in which case (n/10)(3n+1) = 1/5+(Em/2)(3m = 1).
This was the goal of step 3. The values of A and C are harder to come by.

n=1
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158 3 Theta Functions

is taken with ¢'/'® and ¢*/* in place of g to produce

_ys Ty (1= g% _ [KK'K? evaluated at k(w/lO)] 1
a1 (I—g) | k’K? evaluated at k(50/2)

Now split into cases as follows.

Case 1. ¢ = ¢2". Then w = 2+/—1, and /10 = +/=1/5 is related to
S5w/2 = 5+/—1 by the substitution @ > —1/w, 50 k(w/10) = K'(Sw/2) in
view of @ = ~/—1K'(k)/ K (k) and the fact that * is a function of the period
ratio only; compare ex. 2.17.4 and the wamning of Section 2.17. It follows that
the sixth root on the right-hand side of the last display is nothing but

K at modulus &'(5w/2) (5/2) x 2+/—1 -5
K at modulus k(5w/2) =1
permitting you to solve x-! — x =1+ +/3 for its (positive) root

5+J§_J§+1
= 2 2

Case 2. g = e~™. The computation is a little modified. The identity of ex. 5.6
g T+ g0 — g™)° = 4n VI E ()

is employed in the same style, with ¢/ and ¢° in place of g and w = v'-1, to
obtain x~! — x = 1 — +/5 and its positive root

545 J5-1
= 2 2

Exercise 1. Doit.

Now everything is verified but how Ramanujan ever discovered itis still obscure.

4

Modular Groups and Modular Functions

The modular group of first level I'y = PSL(2, Z) made its debut in Sec-
tion 2.6 in connection with the conformal equivalence of tori: Two such tord
are equivalent if and only if their period ratios are related by a substitution of
this kind. The gquotient of the upper half-plane H by the action of I'}, and by
the further modular groups to be introduced later in this section, produces a
whole series of interrelated curves whose function fields (modular functions)
have deep arithmetic and geometric applications going back to Abel [1827]
and Jacobi [1829]. The two most striking of these are Hermite’s solution of the
genéral polynomial equation of degree 5 [1859], explained in Chapter 5, and
Weber's realization [1891] of Kronecker’s youthful dream (1860) of describing
the absolute class field of the imaginary quadratic field Q(+/— D) for a positive
square-free integer D; see Chapter 6. The present section prepares the way.
Fricke and Klein [1926] and Shimura [1971] are recommended for information
at a more advanced level.

4,1 The Modular Group of First Level

A modular function of first level is a function f of rational character in the
open upper half-plane H that is invariant under the action of I') = PSL(2, Z),
that is, f ((aw + b)/(cew + d)) = f(w) for every w € H and [ab/cd] e I'y;
such a function is of period 1 because [11/01]:w — w + 1 is a modular
substitution, so it is possible to expand it in powers of g = e2™V=1w i the
vicinity of & = +/—Ioo (g = 0), as in f(w) = 3z f(n)g". The definition of a
modular function is now completed by requiring that it be of rational character
in this parameter, too, which is to say, that the sum breaks off at some power
n=m>—0Q.
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162 4 Modular Groups and Modular Functions

Table 4.2.1. Action of T'y on k*

. : 2
Coset of T in Iy Permutation of e,,e2,e3 Actionon k

10 23 i
(01) (123)

321 I

(213) 1762

(231) 1/¢1 — k%)

312) 1—1/k

)
)
' “') (132) BRI — 1)
)
)

4.3 Fundamental Cells

A fundamental cell for a subgroup T' of the modular group .1"1 = I?SL(_Z, Z)
is a figure F in the open upper half-plane that meets each orbitof I" in a slmgle
point. The word cell is used to convey the idea that § should be fgeomel:rlc:alb;
nice; for instance, it might be a hyperbolic polygon with a ﬁmte_ number_ 0
sides; see Ford [1972], Kra [1972], and Lehner [1964] for generzf] mformatl.on
about such matters and numerous examples. The present discussion deals with
I') and 'y only.

First Level. The section § of Fig. 4.11s2 fundamental cgll for I'y. as will b.e
proved shortly. The heavy part of the boundary is included in the cell; the rest 1s
not. %, can be viewed as a complete list of the inequivalent c'olmplex s@ctures
on the topological torus since conformal equivalence of ton is determined by
modular equivalence of their period Tatios.

Exercise 1. The points on the orbit oo C (H+~— lool) +R are called cusp};}z.
Leaving oo aside, check that these are nothing but the rational numbers @ C R.

Exercise 2. What is the hyperbolic area of 17 Answer: m/3; compare ex. 1.9.6.

Second Level. Tyisofindex6inly, 808 fundamental celi for I, cf.'m be formf?d
from the six copies of any fundamental cell §) produced by the action of the six

4.3 Fundamental Cells 163

p= 27173

-1 =172 0 +1/2 +1

Figure 4.1. Fundamental cell for T;.

substitutions in column 1 of Table 4.2.1. The result of such a construction is
depicted in Fig. 4.2. §, 1s first replaced by its right hatf, plus inversion of its left
half by the substitution @ — —1/e. This figure is labeled 1; it is a perfectly
acceptable fundamental cell for T';. The other labels refer to the nontrivial
cosets of T’z in their order of appearance in Table 4.2.1. The full figure F;
so produced is the part of the half-plane above the two circles of radius 1/2
centered at +1/2. The heavy part of the boundary is retained, the rest is not;
in particular, the cusps —1, 0, +1, and /— oo are excluded.

Exercise 3. Check the figure.

The picture suggests that I'j maps ¥ to the tiles of a ressellation of the half-

plane, covering it withouot holes or overlaps, as in Fig. 4.3. The labels A, B

refer to the two substitutions A: w — w+ 1 and B:w — —1/w; these generate

the whole group. This is just the geometric version of the fact that §; is a

fundamental cell. A similar tesseilation is obtained by application of Iz (0 Fz;

for variety this is depicted in Fig. 4.4 after a further map to the unit disk .
The proof that §, is a fundamental cell of I} is divided into two parts.
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166 4 Modular Groups and Modular Functions

Case 1. cd # 0. The final inequality is strict, s0 le| = \d|, and line 3 states
that ¢ < 1. Then ¢ = d? = 1, cd = %], and line 2 reads 1 = x} +xi+
2x, + 1 = 1, with the result that x] + x§ = 1 and x; = F1/2. The L:m]y
possibility for o' is the corner ¢ = 27 /3; moreover, lcw +d I. =1,s0wisat
height h = &' = 1/2, and there is no such point in the cell besides the corner.

Case?. cd = 0. Now c2+d? < 1,soeitherc = d = 0, violatingad —bc = 1,
orc=2landd =0,orelsec=0andd = £1.

Case 2 —. ¢ = +1, d = 0. The equality x} + x3 = 1 forces @ to lic on the
unit circle; also ad — be = 1 implies b = 1, s0 @ = Fa — 1/a/. The only
way to keep both points in the cell is to take a = 0 and even that does not help:
Only one of w and —1/w belongs to §; unless &' = w = V=1

Case2 +. ¢ = 0,d = +1. Thereasoning is simpler. Now a = :l:l,cg =w'tbh,
and the only possibility to keep both points in the cell is to have b = 0.

This completes the proof that §; is & fundamental cell for T'y.

4.4 Generating the Groups

The method of highest points provides easy access 10 the structure of I'y and
I';. Figure 4.3 suggests that I"; is generated by the substitutions A: w — @ + 1
and B:w > —1/w; in fact, the argument of Section 3 shows that ¥ is a
fundamental cell for the group generated by A and B. That does the trick.

Exercise 1. Why so?

—2p_
Exercise 2. T'y is generated by X = A?=[12/01]and ¥ =BA™“B = [19/21].
The method of highest points may be used as at level 1, but prove it without
geometric aids, for variety.

I"; is, in fact, the free group generated by X and Y that is, a nontrivial word
in these letters is never the identity.

Exercise 3. Prove it. Hints: (1) The whole orbit Fo+/—1 is of height 5 1. ('2)
if m is arbitrary and n s 0, then X" Y" effects a strict reduction of heights in
([Rew| = 1) x (0 < k < 1) and reduces all heights to < 1/3in (JRe w| < 1)x
(0 < h < 1). Now think about the shortest word in X and ¥ that fixes o/ —1.
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I'; is a copy of the fundamental group of the thrice-punctured sphere, providing
a topological proof of its free character; see Section 9, to follow.

I'y is also generated by A™!B = [11/ — 10] and B = [01/ — 10]. The first
substitution fixes the comer 8 = 3x/2 of the fundamental cell ¥, and is of
period 3; the second fixes +/—1 and is of period 2.

Exercise 4. Deduce that I'y can be presented as the free group on two letters X
and ¥ with two relations X° = I and ¥? = 1. This means that the substitutions
X+ A~'B and Y > B map the free group homomorphically onto Ty, the
kernel being the subgroup generated by X* and Y2. Hint: The image of any
product of factors X¥ or XY cannot fix «/—1: It maps the second quadrant to
itself and diminishes heights.

4.5 Gauss on Quadratic Forms

Gauss [1801] used the fundamental cell F, for the arithmetic reduction of
quadratic forms. Let 3(x) = Ax,2 + Bxyxz + CxZ be a positive quadratic form
in x = (x1, x2) € R? with coprime whole numbers A > 0, B, € > 0 and fixed
discriminant D = B? —4AC < 0. Qisreducedif -4 < B < A < C,
with the proviso that B < 0if A = C. Note that, for such fixed D, the number
of reduced forms is finite. The form 22 is said to represent the whole number
n = 1,2,3,... with multiplicity m if the equation (x) = » has m solutions
x € Z?; for example, the number of representations of a positive number by
£(x) = x? + x2 is the excess (if any) of its positive divisors d = 1 mod 4 over
its positive divisors d = 3mod4. This is Fermat’s theorem of Section 3.6,
Dirichlet [1894] is the classical account of this circle of ideas.

Two forms 02 and £’ with the same discriminant 2 are arithmetically equiv-
alent if they represent the same numbers with the same multtiplicities; they are
geometrically equivalent if £'(x} = £3(x”), in which x’ is related to x by a
modular substitution from SL{2, Z). Gauss |1801] proved that the two notions
of equivalence are the same and that every class of equivalent forms contains
Jjust one reduced form.

Proof. 1[x] = x . Ox with positive, symmetric 2 x 2 matrix Q = [ab/cd]
witha = A, b =c = B/2,d = D. Let /O be the posilive, symmelric square
root of O so that (x} = |/@x|*. The whole numbers n represented by £ are
the squares of the lengths of the elements of the lattice L = /QZ2. Let £ and
£’ be geometrically equivalent forms. Then £3'(x) = Q(gx) with 2 modular
substitution g € SL(2, Z), and Y (Z%) = Q(gZ?) = (Z?), multiplicities and
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170 4 Modular Groups and Modular Functions

fundamental cell for §: The left-hand arc is included, as is the left half of
0=<x < é of the base; the rest of the boundary is excluded.

Exercise 1. Check the mapping of region 1 onto regions 2, 3,4, 5, 6.

The associated absolute invariant 4 is to be preserved by the .action of H
and must separate orbits, just as for j and T';. Tt was derived in ex. 1.7.4.
A new method is introduced here, for variety and as a model for subsequent
constructions. Divide the fundamental cell in two, as in Fig. 4.7,.m2}p the
right half 1:1 onto the upper half-plane by the Riemann map with the indicated

Figure 4.7. Construction of an absolute invariant for .

values 0, 1, oo at the corners, and extend this function to the w.hole plane by
reflection. Do this first for the right half-plane and finish the _]Ob' by a final
reflection in the imaginary axis so as to finesse any question tf)f multiple values.
The extended function & is of ratiopal character, with spccrfﬂ fea.tures at_ -1,
0,1/2, 1,2, 0 = /=13 and 07! = e~"™/=1/3. In detail, h is a rational
function of degree d = 6 with triple roots at w and a)‘f, dm.xble poles at O and
1, and another double pole at oo, for a total count of six aplece,'and takes the
value h = 1 doubly at —1, 1/2, and 2, for a further count of six. The value

4.6 The Group of Anharmonic Ratios 171

h(2) = 1 pins down the explicit expression

_ A x-oPa-—oTP 4 xP-x+1)
h =25 x21—x2 27 x2(1—xp

There are three possible ways to verify that 4 is invariant under the action of .

Method I. A double reflection reproduces the value of A and represents an
anharmonic substitution.

Exercise 2, Check one instance,

Method 2. The substitutions x — 1/x and x — | — x generate § and leave A
invariant; this was the method of ex. 1.7 4.

Method 3. lethy(x) =x, ..., he(x) = (x — 1)/x be the six anharmonic sub-
stitutions. Then A(x, y) == [, (x) — yl[h2 — ¥]- - [hs(x) — ¥] is an invariant
function of H with poles of degree 2 at 0, 1, and oo and roots at the six an-
harmonic ratios of y. The function & has the same poles and roots at the six
anharmonic ratios of @ = ¢™¥—1/3, 5o it is a constant multiple of 2(x, w) and
shares the invariance of that function.

The function # may be regarded as a 1:1 map of the fundamental cell to the
projective line IP' its cubic character at w = ¢™¥=1/3 and its quadratic character
at 0 and 1 are necessary to open up the vicinity of such a corner into a little
disk. The plane, completed to a projective line at oo, now appears as a sixfold
cover of P!, ramified triply over w and ™" and doubly over the anharmonic
ratios oo, 0, 1 of co. Any other invariant function of $ of rational character
conforms to the rational character of &: It must be of degree divisible by 3 at w
and @~! and of degree divisible by 2 at the orbit of 00, as you see from Fig. 4.7.
The conclusion is that any such invariant function is of rational character in
k or, what js the same, the field K(%) of invariant functions of # is one and
the same as C(k). In short,  is the absolute invariant of §. This was already
proved in ex. 1.7.4 by means of Luroth’s theorem.

The isomorphism of $ and I'y/ Iz suggests a relation between the absolute
invariants #, j, and k%: I'; subjects k2 to the six anharmonic substitutions of
9, s0 h(k?) is an invariant function of T'y. What else could it be but 7, up to
trivialities. This was already proved in ex. 2.12.3; compare Section 9.
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176 4 Modular Groups and Modular Functions

4.8 Eisenstein Sums

Eisenstein was the favorite pupil of Gauss. He died at age 29. Weit [1975]
gives a delightful account of his work. The nth Eisenstein sum is

En@)= 3 (j + ko)™ divided by »_ j~*".
720 Z-0
It converges for n > 2 and is a modutar form of weight 2n, taking the value 1 at
the cusp +/—Too. The special sums Ez = (3/4)r gz and E3 = (27/8)n g3
are already familiar. The constants may be checked from Table 4.8.1 which
displays the first six Bernoulli numbers B, = (2n)!/ 2m)* Y i

Identities. The finite dimensionality of the spaces M, (n > 0) necessitates
the existence of numerous identities between Eisenstein sums, much as for
theta null values; indeed, ex. 7.2 points to 2 common reason. The next item is
preparatory to three samples of this phenomenon.

Exercise 1. Check that g(x) = 272 4+ 300 | 370 _o(F +ke)™~22n + Dx?",
in which the g-function is formed for the lattice . = Z®wZ; compare ex. 2.8.7.

Now feed this expansion into the differential equation for g and compare like
powers of x to produce E4 = EZ, Es = E2E;3, and Eg = (2:5%/691)E2 +
(3272 /691)E32, and more.

Exercise 2. Do it with the aid of the table.

Arithmetic Consequences. Both modular forms and null values can be ex-
pressed as sums of whole or fractional powers of ¢ = e2™V=10 and it is
a well-attested fact that the coefficients of the several powers have number-
theoretic significance; see Koblitz [1993] and Sarnak {1990] for an overview.
The Eisenstein sum is illustrative to begin with:

o0
Enl@) =1+ (=1)"4nB;' > ogu1(m)g"™,

m=1

Table 4.8.1. Bemnoulli numbers

B, B Bs By Bs Bg
A YRS T N T 18
& 30 = 36 66 7730

4.9 Absolute Invariants 177

in which o, () is the sum of the pth powers of the divisors of the whole number
m. This follows from the elementary identity

1 - 2 tnw 2 _ 42 ype2 4 1
W;uw) =Qsinrol ™ = ~(@" ~ g7 = —g (1~ g)

o
= — Z mqm -
m=1
Exercise 3. How? Hint: (j + w)™? is differentiated 2n — 2 times.

The stated identities between Eisenstein sums can now be converted into sur-
prising arithmetic identities,

Sample 1. Es = E3, By = 142403 o3(m)q™, E4 = 1+480 Y a7(m)g™, so

oo o0 [=4]
1+480) os(m)g™ =1+480%  o3(m)qg™ 4 2407 > a1003(m)g™,
m=1 me=1 m=1
in which o o o(m) is short for > 7, o(m — n)o(n). This produces o7 =
&3 + 12003 o o3; in particular, o4(m) = o3(m)mod 23-3.5.

Sample 2. Start with the expansion
o
6 =(1728)""2m)? (B — E3) = 2m)"? > t(m)g™,

m=}
the coefficients of the sum being the Ramanujan numbers of sample 4 in
Section 3.5. Now E3 = 1 — 504> os5(m)g™ and Es = 1 + (65520/691)
3. o (m)g™ produce 655203 ay1(m)g™ = 2°-3°-72 3" 1(m)g™, up to a sum
of whole powers of g with coefficients from 691Z. This is the same as saying
T(m) = 011 (m)mod 681 in view of 65520 = 691 x 94 4 566 and 29-3%.72 =
691 x 1102 4- 566, 566 and 691 being coprime. Is that clever or what? Let's
try it out: t(4) = —1472 (see ex. 3.5.5), o;{4) = 1 + 2} + 222 = 419653,
and 419653 + 1472 = 4197825 = 3°.52.691. Swinnerton and Dyer [1988]
present many other congruences satisfied by the Ramanujan numbers.

4.9 Absolute Invariants

The goa! of this section is to prove what was promised in Section 1: The absolute
invariant k(= j or k) for the groups I' of levels 1 and 2 merits its name in that
(a) it maps the fundamental cell, completed by adjunction of cusps, 1:1 onto
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L2}

Figure 4.11. The contour.

Exercise 3. Check the details.

Exercise 4. j'(w) behaves like but is not a form of weight 2. Check that A isa
constant multiple of j=4(j — 1)~*(j")¢. What is the constant?

Second Level. The same considerations apply to the Jacobi modulus K% itis
the Riemann map of the shaded half of the fundamental cell F», standardized as
in Fig. 4.12, but let us take a different route, for variety. The absolute invariant
R(x) = (4/27)(x2 — x + 1)*x~2(1 — x)~? of the group of anharmonic ratios
is recalled from Section 6, and h(k2) is computed by hand with the help of
k2 = (€2 — e3)/(e) — e3), recapitulating ex. 2.12.3:

4 (k- K+ 1)

2
hED = 35 Ta — ey

64 (e + ez + e —ejey —erey — e1e)
T 27 16(e) — e2)¥ ez — e3es — 1)

6433§'_§

T2743 A

=j.
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2

1 o

Figure 4.12. The Riemann map for ..

Now j takes on each complex value once in §, and so also once in each of the
six copies of ¥ that make up §3, as seen in Fig. 4.12. Fix a point @ € §|, let
a = j(w), and pick & # 0, 0o so that @ = k(). Then k*{w) takes on the value
of one of the anharmonic ratios of b. It follows that k? takes on each of those
anharmonic ratios just once in 2 because j takes its values sixfold in §; and
h is 6:1. The upshot is that ¥? maps F» simply onto the twice-punctured plane
C — 0 — 1. It remains to identify k* with the Riemann map of Fig. 4.12 and to
discuss its role as absolute invariant of T'y. k* is real for imaginary period ratios;
this propagates to the whole boundary of 2 by the rules of Table 4.2.1. Now

VIE. 2T R = 1A — kD) dx
2k 2 A = 221 — R2xD))2dx

tends to /—1oc as k2 | 0 and to 0 as k% 4 1 via real values, so the vertical
line joining ~/—100 to +/—1+0 is mapped to [0, 1], and a further application
of Table 4.2.1 shows that the right-hand semicircle of Fig. 4.12 is mapped to
[1, co) while the right-hand vertical line is mapped to (oo, 0]; in short, the
shaded region is mapped (necessarily 1:1) onto the upper half-plane. The
identification is complete.

The modular functions of 'y are required to be of rational character in the
special parameters go(w) = e 1e a1 0, g(w) = ™Y1 ¢ |, and
Joolt) = e™V=19 a1 00, Itis to be proved that k> conforms to these rules and
that any other modular function is a rational function of k2. In fact, to leading
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184 4 Modular Groups and Modular Functions
Table 4.10.1. Case l:a+b+ec=1

a 1/3 1/2 1/2 172
b 1/3 1/4 173 172
c 1/3 1/4 1/6 0

nonoverlapping triangular regions, bounded by circular arcs making the internal
angles am, b, exr, and any adjacent pair of triangles is mapped by x 1: 1 onto
the plane. That is why x is the absolute invariant. There are three cases,
distinguished by the value of the suma + b+ ¢.

Case 1. a + b+ ¢ = 1. The triangles are straight-sided and cover the whole
plane. The possibilities are displayed in Table 4.10.1. The corresponding
functions x are exemplified by ', 7, (9’ 12, and sin x.

Exercise I. Check this identification.

Case 2. a+b--c > 1. Now there are only a finite number of triangles covering
the sphere. The groups are those of the Platonic solids discussed in Section 1.7.

Case 3. a+ b+ ¢ < 1. This time the triangles cover the half-plane H and
there is an infinite number of cases exemplified by the modular groups of first
and second level: For the firstlevel,a = 1/2,b=1/3,c =0, and x = j; for
thesecond,a =b=c=0andx = k2. Thecasea = 1/2,b = 1/4,c = 1/5
will make an appearance in Section 5.7. Figure 4.14 depicts the situation for
the group of first level with the half-plane replaced by the unit disk.

Figure 4.14. Triangulation by I'y.

4.1l The Modular Equation of Level 2 185

4.11 The Modular Equation of Level 2

Think of two tori X = C/L, one a double cover of the other, with period
ratios « and 2w. Then the corresponding absolute invariants j(w) and j(2e)
satisfy a (universal) irreducible polynomial equation: P(j(w), j(2w)) = O.
This is the modular equation of level 2 to be derived here. More complicated
modular equations, of so-calied higher level, relate j(nw) to j(w) forn > 3;
see Section 13,

Warning. The absolute invariant j is now multiplied by 1728 = 29.3% 5o
that j(w) = g~ + - - - at the cusp +/—lco. This spoils the old normalization
j(~/=1) = 1, but simplifies the present discussion. This convention will be in
Jforce from now on.

The reason that a modular equation must be present at level 2 is simple; its
explicit determination is not. The discussion is divided into five steps.

Step 1. Let w > o' = [ab/cd]w be a modular substitution of level 2. Then

a-2w+2b | [ad 2w+
(c/2w+d| | 2w+d

witha' =a, b =28, =c¢/2,d' =d e Z,anda'd — b’ =ad —bd =1
so that [a'b’/¢’d’] is a modular substitution of level 1. This means that the
right-hand side is just j{2e), that is, this function is invariant under I". The
same is true of j{w) itself, so both functions belong to K(I':) = C(k*). The
existence of the modular equation is plain from that: Any two elements of a
rational function field are algebraic, one over the other.

j@e)=j [

Step 2. Note that j(2¢) is not invariant under T"y; indeed, the six cosets of the
quotient I'; / Tz listed in Table 4.3.1 act upon it to produce three distinct values:

j 02[10/01]w = JQ2w),

Jo2l0—1/10e = j(-2/w) = jlw/2),
Fo2(10/ -1l = jlo/(l-w) = j/2+1/2),
je21-1/01lwe = jRw-2) = JjCw)
jo201/—1e = j2/l-w) = jw/2+1/2),
Jo2l-1/10lw = jReo-2/wy = jlw/2)

Exercise 1. Why is line 3 wrue?

Step 3. Introduce the field polynomial of j(2e) over the ground field K(I")) =
C(j). The action of 'y is to permute the three values ji(w) = j(2w),
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188 4 Modular Groups and Modular Functions

by the requirement k(w) = 4g'/* + .-, which is to say k = #2(0)/9§(0);
similarly, k'(w) = 92(0)/92(0) = 1 — 8¢'/2 + - .- at the cusp; and it is easy to
see from Table 4.2.1 that

Ko+ 1) = J—1kiw)/k{w) and k(=1/0)=k'(w);

in particular,

K(w+ 1) = /1 + kH@)/[K () = 1/k'(w),
ko +2) = V—Tk(w + 1)/ K (@ + 1) = ~k(w).

Landen’s rule states that the function

I+ F
fo) = kG 2

is identically 1. The verification is made in three easy steps.

Step I. f is invariant under the substitution {11/017: @ — w + ¥ and is turned
upside down by the substitution [10/21]: @ > @ /(2w + 1) in view of

oy — i1 — — 1/, = 1/k(2

and

L\ g—2— = —k(—1/w) = —K (o).
k(2m+1) k(-2 — 1/w) (—1/w) (w)

Step 2. f is of rational character at the cusps 0, 1, +/ —1oo of the fundamental

cell F, relative to the parameters of Section 9; for example, at +/—1oco, the
parameter is g, = eVl = g%, k(2w) = 44 + ---, and Klw)y=1-—
8Goo + - - - 50 flw) = 4goo X 2 X (8¢oe)”' = 110 leading order.

Exercise 1. Check that f = 1 to leading order at the other two cusps 0 and 1.

Step 3. The modified function f + 1/ is now seen to be a pole-free modular
function of second level; as such, it can only be constant (= 2). The rest will
be obvious.

Exercise 2. Think over step 3.

4,13 Modular Equations of Higher Levels 189

Special values. Landen’s transformation can be expressed in the form of a
modular equation for x = k(2w) and y = k(w) with Fy(x, y) = (1 + x)3(1 —
¥%} — (1 — x)?; its simplicity compared to the modular equation of level 2 for
J. expounded in Section 11, is striking. The same disparity presents itself at
higher levels: The arithmetic character of k2 is simpler than that of j; see Yui
[1978] and also Kaltofen and Yui [1984]. This has the particular consequence
that to compute special values of j it is often easier to find k* and then to use
the relation

4
j= [1723 X 55 = 23] x (et~ k% 4+ 1Y /K01 — R,

noted in Section 4.9; see Section 6.9 for the computation of j(/—5) = 2%.5 x
(52+79423 +3.7./5) in this style. Here are four simpler instances to be checked
by you.

Exercise 3. Use the known value j{3(—1++/=3)) = 0 to deduce £*(1(—1+
V=3)) = {1 = V=3, K(V=3) = (2 - V3), and j(v-3) = 24-33.5% =
54000; compare example 2.17.3.

Exercise 4. k = (+/Z — 1)/(+~/2Z + 1) is the modulus of the square lattice (see
example 2.17.1). Deduce j(2+/—1) = 23.3%.11* = 287496 from that.

Exercise 5. Check that the pairs j(~/—1) = 26.33 = 1728, j2+/—1) =

2%.33.11°% and j((—1 + +/—3)/2) = 0, j(~/=3) = 2%.3%.5% satisfy the
modular equation of level 2.

Exercise 6. j(~/—2) = 28+5" is found from k(~/=2) = +/2 — 1; see example
2.17.2. Whatis j(2/=2)7 Answer: 2°(1 — /2)°.

The number j{w) has a deep aritbmetic significance when, as in the present
examples, « is a quadratic irrationality. That is the subject of Chapter 6 on
imaginary quadratic number fields.

4.13 Modular Equations of Higher Levels

The same type of thing can be done for any integral substitution [ab/cd] with
fixed nonvanishing determinant ad — be = n > 0in place of [20/01]: @ = 2w.
The corresponding absolute invariants x = j{w') and y = j{w) satisfy a
(universal) irreducible polynomial F, € Cfx, y): F,(j(e"), j(w))} = 0. This is
the modular equation of level n. The geometric background will be treated
first,
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192 4 Modular Groups and Modular Functions

a transitive permutation of the reduced invariants so £, is irreducible over the
ground field K{I') = C(j). F, is now seen to be the common field polynomial,
over the ground field C(}), of all absolute invariants j{w’) of level n. In short,
F,(x, j(@)) = 0 is the modular equation of level n.

Exercise 2. The degree of F, is p + 1if n = p is prime. What is it for general
n? Hint: Do it for a prime power to get the idea. Answer: nTI(1 + p~") with
p running over the prime divisors of x.

Exercise 3. The vanishing of F,(j(@"), j(w)) expresses the fact that j(w") is
one of the reduced invariants. Prove that this relation is reciprocal, that is,
Fo(j(w), j(e))also vanishes. Conclude that Fn(x, ¥} = Fu(y, x)asforn = 2.
Hint: F,(j{nw), j(@)) = 0 holds equally for » and w/n.

Exercise 4. The group T'g(n) of modular substitutions {7/l ] with k divisible
by #n is the stabilizer of j(new) in the full modular group. Check it. What is
the relation of the (left) quotient I'p(n)\I"; to the reduced correspondences of
level n?

The explicit computation of F; was already not simple. The case n > 3 can
only be worse and is not attempted here; but see Fricke [1928 (2): 371-459]
forn = 2,4,...,32,3,9,27, and more, and Yui [1978] forn = 11. The
coefficients of F, grow rapidly with n. The biggest of their absolute values is
the height &, of F,. Cohen [1984] proved that

1 log p .
loghn=6nn(l+;)x[logn—-22 ’ + a{1){;

pin pin

in particular, log A ~ 9log 2 xn-2" so the biggest coefficient is comparable
to 297",

4.14 Jacobi’s Modular Equation

Abel [1827] and Jacobi [1829] studied the higher modular equations relating
K2(pw) to k*(e) for primes p > 3. The case p = 2 is covered by Landen’s
transformation. The special case p = 5 is the key to Hermite’s solution of
the quintic expounded in Chapter 5. Jacobi [1881-91 (1): 29-48] treated
the eighth roots </k(pw) and +k(w) for p = 3,5. Sohnke [1836] did p =
7,11, 13, 17, 19. Hannah [1928] presents a list of the modular equations known
up to that time. Berndt [1991] discusses the modular equations that appear in
Ramanujan’s work, The present account, for p > 3, is adapted from Fricke
[1922 (2): 495-502).
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Step 1. k* does not vanish in the open upper half-plane H and so has a single-
valued eighth root specified by its development at the cusp +/—loo: vk{ew) =
V216 ... with ¢ = e¥Y=1%_as is the custom now. The present task is to
compute its stability group £; in the modular group of second level I'y. It is to
be proved that </ obeys the rule

N ( or b) = (~D) Y ()

cw+d

This permits the identification of &) as the substitutions of second level with
a® + ab = 1mod16; in particular, £; contains the group I'js of modular
substitutions congruent to the identity mod 16.

Exercise 1. Check that [ab/cd] > (—1)[@=1+2b1/8 ig 3 character of Ty.

Proof of the substitution rule. By ex.1, it suffices to check the rule for the
generators [12/01] and [10/21] of I';. The first fixes the cusp ~/—1co and
o+ 2) = —k(w), as in Section 12, so vEk(w + 2) = ™V V2.Yk(w), in
agreement with a® — 1 + ab = 2. The second fixes the cusp 0 and so also the
value /%(D, in agreement with @ — 1 4+ ab =0,

Step 2. This step determines the stability group &, C I'; of Vk(pw). A
substitution [ab/cd] of second level fixes this function if and only if

aw -+ pb
- —_—
(c/p)w+d

fixes +/k(w) itself. This requires ¢/p & Z and a® — 1 + abp = Omod 16,
which may be reduced to a® — 1 4+ ab = 0mod 16 since, in the presence of the
odd whole number 4, either condition implies » = O0mod8, p being odd. In
short, £, is the group I'o(p} N K} of substitutions [ab/cd], with ¢ = Omod p,
stabilizing k.

- Exercise 2. The requirement ¢/p € Z was passed over rapidly. Think it

through.

Step 3. Note that &} acts upon (%) +x( pw)to produce the p+ 1 distinct forms

4 16
(E)ﬁ(pw) and \/I:(w—i_ q) for 0<g <p,
4 4

in which (%) = (—1)%*~1/8 is the quadratic residue symbot of ex. 3.10.2.
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196 4 Modular Groups and Modular Functions

upshot is that F, (\‘/]?, (%) x) vanishes at the roots of F,(x,vk) = 0, and
as the Jatter is the field polynomial, so it must divide the former. Now the
degree of F), ({'/E , (-;";) x) is precisely p+ 1, as follows by examination of the

coefficient of F, (x, (%) {'/E) of highest degree at the cusp 1:

2N, . w -+ 16g 2 a
(2 I (225) - (-

O=qg<p

This may be checked in two steps. At the cusp 1, each factor to the left blows
up since its argument belongs to the orbit of 1 under I'z (see ex. 4), and the
rule of step 1 together with the expansion —e™/~V@=1 4 ... of k() at
the cusp (see Section 9) confirms that the whole product is of degree p + 1

in Jk. F, (\"/i? (%) x) and F, (x, :ﬁ) are now seen to be proportional,

and the numerical factor (%) is elicited by use of the expansion V(w) =
ﬁe“‘/_—l“’/g + - - - at the cusp +/—100. The upshot is that Fj (C/E, (%) x) is
just (%) x Fp(x, k), as stated.

Proof of rule 2. J&(0) = 1, so F,(x, vk) reduces to Fy(x,1) at @ = 0 and
its roots are (%) and V&(16g/p) for 0 < g < p. Take [ab/cd] € Ty with
a = pmod8, b = 16¢,c = O0mod2, and d = p; this can be done since
p? = 1 mod 8, as you will check. Then [ab/cd] maps 0 to b/d = 16¢/p, and

a? — 14 ab=p?— 1mod 16, so

Vi (E) = (- = (E)
» P

by the rnule of step 1. The rest will be plain.
Exercise 5. Prove rule 3. Hinr: Look at the action of [12/01] and use step 1.
Special Cases. For p = 3, 2 is a quadratic nonresidue, so the residue symbol
(2) is —1, and F3(y, x) = —F3(x, —y) by rule 1. Now

Fx,y)= -+ px’ — 3% + 04

is of degree p + 1 = 4 in x with coefficients of degree = 4 from Cly],
and the requirement of rule 3, that the only permissible terms x2y® satisfy
3a + b = 4mod 8, already provides a lot of information. For instance, o is 2
multiple of y* since @ = 3 and b = —5 = 3 mod 8 requires b (< 4) to be 3;
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o2 = 0 since a =2 and b = —2 = 6 mod 8 cannot be < 4; o3 is a multipie of
y since a = 1 and b = 1 mod 8 requires b = 1; finally, oy = —y* by rule 1.
The result is that

Fa(x, v) = x* + ax*y® + bxy — y*
with constant ¢ and &. Rule 2 does the rest:
B, D=0 -DE+1P=x*+2x*~2x -1,

soa =2 and b = —2, the final result being

Fi(x, y) = x* + 2x°y® — 2xy — y*.

Exercise 6. Compute Fs in the same style. Answer:

Fs(x,y)= x8 —ax3yd 4 5ty — 5Pyt 4 4xy — yﬁ.

Exercise 7. Jacobi [1829] and Legendre [1825: 26-7] obtained an alternative
form of the modular equation of third level:

VE@KGw) + /K @)k (Bw) = 1.

Check it. Hint: F3(x, y)F3(x, —y) = (1 — x*%%)* — (1 — x®}(1 — y?). Do the
same for level 5 to obtain

Fs(x, y)Fs(x, —=y) = (x* = y")° — 16x7y*(1 — x%)* (1 — yH)*.
Exercise 8. Jacobi and Legendre’s form of the modular equation at level 3 is
equivalent to the identity of null values:

9300 } )?3(0 | 3w) = 220 | @)P2(0 | 3) + 24(0 | w}P4(0 | 3w);

compare Section 3.9 under “Landen’s transformation.” Check that this identity
is the same as

2 2 2
2zqm2+3n — Zq(a+1/2) +3+12F

in which the left sum is taken over (m, n) € Z? of opposite parity and the right
sum is taken over the whole of Z%. Give a direct proof. Hardy [1940; 218]
explains this and more. Hint: m+n=a+b+landm —n =2b+1.
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416 Arithmetic Subgroups: Overview

The modular group T'; contains a bewildering variety of subgroups g, such as
the principal congruence subgroups T, of level n > 2 specified by [ab/cd] =
[10/01] mod 7, the group [g(r) of ex. 13.4 specified by ¢ = (modn, and so
forth. If 'y is of finite index # in I'y, then it has a fundamental cell Fp comprised
of n copies of §1, in the shape of a hyperbolic polygon with corners and/or cusps.
Each of these special points may be equipped with a local paTameter that opens
up the neighborhood into a little disk, whereupon the quou'ent H/ 1"o+cu'sps
appears as a handlebody Xo, and the class of invariant functions of I'g ha_vmg
the proper rational character at corners and cusps appears as Lhe_ass-omatcd
function field K(Xg). An inclusion of subgroups I' C T'g with ﬁmt.e index d
means that the big curve X = H/ I'+cusps is a d-fold cover of the little curve
X = H/ I +4cusps and that the big field K(X)1s an extension of the groynd ﬁ_eid
K(Xq) of degree d. This produces lots of intricate relations between invarant
functions, exemplified by the modular equations for j and k%. The rest of
the section illustrates what happens next; see, for example, Serre {1973] and
Shimura [1971] for more information.

Genus. The computation of the genus of X 1s illustrated by the group Iy =
I'o(p) for prime p > 2. It is the stability group of j(pw? in the full modl_ﬂ&_u'
group and so of index p +1in the latter. For the computation of the genus,. itis
simpler to deal with the conjugate group [0 — 1/10]0(p)0 — 1/10] specified
by b = Omod p. This is denoted by I'y from now on. Now Xg = I/ Fo-_l- c1llsps
may be viewed as the p+ 1 copies of f1 ++/— oo produced I?y the‘ substltut-xons
wr —1jwandw > @+ g(0 = g < p), with edge identifications provided
by [g. It is ramified over a point of the projective line X; = H/T; 4+ =10
if and only if [y identifies some or more points of the fiber we = —1/w, w0, =
w + q (0 < g < p) over the projection w € &1 -+ ~/—1oc down below, and a
count of such ramifications permits you to compute the genus of X by means of
the Riemann—Hurwitz formula of Section 1.12: ramification index = 2 (sheet

number + genus —1).

Exercise 1. Xg is ramified over @ € §1 + —1oo cmlzy 1f/;v is fixed by somf:
modular substitution, that is, only if @ = 00, p = ¢ 70/3 or of—1. Why!
Check that /—1 is fixed only by [0 — 1/10] and p only by [11/ — 10] and
[0—1/11).

Now for the count.

4.16 Arithmetic Subgroups: Overview 201

Step 1. The fiber over co is —1/00 = 0 together with p copies of 0o, s0 it
produces a single ramification of index p — 1.

Step 2. The fiber over ~/—1 is Wy = —1/+/—1 = /=1 together with wy, =
+—1 + (0 < g < p). Now the identification of w,, and e, for 0 < m =

7 < prequires
1 n _fa & 1 m
(0 1)”_]_(c _d)(o 1)"“1

with [ab/cd] € Ty, which is to say that

G ED6ET)

fixes +/—1 and so coincides with [0 — 1/10]. Then

a bY (1 n 0 —1\(1 —m\ (% —-mn—1

c d) \0 1 1 0 0 1 )7\« % ’
50 you must have mn = --1mod p and, in particular, m £ 0. This shows
that the coincidence w,, = wp represents a simple ramification of index 1
and that you have as many additional simple ramifications as there are pairs

l <m <n < pwithmn = ~1mod p, thatis, (1/2)(p — ¥ — n;), n| being the
number of quadratic residues of —1 mod p, as you will check.

Step 3. The fiber over p = ¢¥™V=1 is wy, = &*/=1/3 together with w, =
o213 g0 = g < p), and w,, coincides with —1/wy = w;. Now the
identification of wy, and w, for 0 < m < n < p requires that

0 —n a b 1 m
G)ED6 )
fixes p and so coincides with {11/ — 10] or [0 — 1/11], which is to séy, either
mn—m = —1mod p ormn —n = —1mod p. The special valuesm = Oor |
produce a triple identification of we, wp, and w;, the rest of the fiber breaking
up into singlets or triplets according as ¢* — ¢ = ~1 mod p ornot. The moral is

that the present ramifications are 1+ (1/3)p — 2 — n2) in number, of common
index 2, n, being the number of solutions of g°> — g = —1 mod p.

Exercise 2. Check the details,



(1) /H o uoneoynuapt s Sumuusd ‘i (Apsowr) st (4°'X) = d xed
A 01 {22 Eradurepuay 2 woly detw o jeyr sarpdun mou 7 931Fap Jo SI X
1241 10B] 9, ‘§ 9313ap Jo ‘[{od [elUaUIEpUD) 21 UT HONJURY panfeA-a[Furs e g

(bh — X9¢ + X0z — (XX = /5[ =4

AJUIYMm
G g-H g+ HHs -y

Jo apdnaur Jueysuos

€SI £f 1By STI[NSST Y 7 UOR0IS UT Sk yonur ‘| 1ySram jo X pue Z‘f SULIOJ
Tadoxd oy Jo suuray ur passardxa aq ueo 1 Jeys ajdound [erausd e Jo sourjsur
ue S1It pue ‘z W31om Jo (11)0] Jo uuoj «odod e st ()28 — (@128 [1 = &f
MON "e1Fap e Jo 1001 suo Sulary ‘Z 23189p JO [[90 [elUAWEpUN] B I
uonouny panfea-dfsuls e st £ /z‘f = X Je) smofoy 31 “(11)°1 Jo sdsno soyd
[120 [eueurepuny Aue Ui [ 22133p [101 oy O3 ysmeA Tf pue 1f se SUWLOJ yons
et °f, UONI2S JO BUILIS] [RILIWEPUR] 91) St AJ9LIeA 2UHES 21 JO 108 B SI )1 puE

w
Ppo ‘z"'i_‘+"m+zmbu([_)z = (™

wns ot o1 safjdde o[ aures 3 moN
"T1 J0 snpisaz onespenb e s1 | jewp J0u] aU7 QM AJUWIOJUOD Ul

mwn+mn=Giﬂgg m(@¢i2=(ﬂ%g

@ @1 I—

:esudar e £q paystuy st yooud ayy, (@)1f = (1 + @) Jo mata w
(w) iy x A=/
- [+®11—

(&_) I x [[_-—-/"m_= (['f‘m[[) 1y
[+@11 [+®[f @

0§ ‘sa[gELIEA JO AFURYIXD
ue oy dn 11/ = -0 pue ‘qug + um + g = (u‘u)g 10§ 04 = 1f moN

(@)-Og, . (D1p—) = (@/1-)0g

Q[ o SplaIf ‘g UOTSUAWITP 0} papuayxs Apadoid ‘g ¢ uonoag Jo pnULIO]
UoneUIINS UOSSIog ], *,7 Jas0 ((W)J @] — A 17)dxs Jo was ay) Dapued o
asIeaut urof ey |9 *,Z 5 (u ‘w) = uui uuoy onerpenb samisod v aq (W) 197
T=p'll =2'0=¢ ‘] = vy opdures v T 219 Inq ‘peeorpduwroo 81 apna
s Jo yoord [[ny aqy, "udis jo a8ueys sqqissod v o sapaoyre sedosdunr sanosslpe
Areuonnes oy (7/1 W3tem Jo (11)9,1 Jo wixoy sedoxdwr ue st If “repnonued u

€07 Mot sdnoaBqng susuuyiley of

Lo\
(I1)%d 2 [p2/qv)  10] (@)f (P + ©2) (“151‘) - (g+mv> J

a2 54290

1] "] — WRUIULIISIP JO U + Wl + 1 ULIOY onelpenb a1 Aq s1aqiunu Jjoym

JO SUONEIUAS2IdT JO IAGLUNU Y] SJUNOD 3T 1BY) UL ISSIAUT WIUWG)LIE JO ST YOIyM
Z

(kg P L =@y

wins o) Yim surdaq £1015 oy,
suawaddns Sururepaug

ue 10§ [¢£61] Yoig PUE S[LEIAP A30W 10§ [7€—8TH ‘SZ6T} AOULL 335 ° St snuad
oy Yorym J0J I = d AQ PAIRDST[L St SIOAR] Y adioar ayj, -snusd Joydny
30 soidwrexa snozounu 0o payiom [6SH—TLE TZ6T] MPU “snuap WEITE 7

(8T pue (6)0.)
10J O ST} S0P 1BYM 'HT SPIAIP OS[E $7 = [ — ST PUE § = [ — 6 18 SI0N
PpIpzI9Pic T I =1— d sraquunu ay YoM *{g J© 2JOI 2l puElsiapun 0
'o¢ opdures sag st €1 ‘LS '€ ‘T = d J0J AN [BIOUDT A SLIRYM LAUM

@V /(@Y1 = @)Y

ST(£)0.1 JO JUBLIRAUI IN[OSAR DU, " 251043XH
“I3YB[ QU U1 7 XU JO ST (700 D LI PUE Y UL T saudop o st U nay
) = = X4
(¥ = DT = @)V /(@) = (@)
ST ()01 JO JERLIZAUL 9INOSQE SUF JBL) 2A01] 7 FSIMBXY

‘[T = d 10y 9580 9 JOU §Y STYT, "WIELIBAU! SIN[0SQE UE SEY 01
12 ABS 0} §1 YoTysm ‘P[OY UOLOUN] JDUCHDL B 51 {Ox )31 ua ‘ snuad seq 0x J1

L MOU ¥ §T P[OTY UONOUNJ JO PUDY 1BYAL UK I St
ey T = d Jojiouing ‘g] ‘L S'g ‘T = d 10§ = I WP NIAD £ AT
€ v T

= — Tu— =
! I 1+4d

[4 [4
(=g 1+ (=1 =)+ T+ DT+ d= =
¢
Xapul WOTIROYULEL 271 X % +d—=7§8
0s ‘s1a0ys [ + d are arey] “payussald si snusd ayy moN ‘# daig

SUONDUN | IDMPOY PUD SAN0LL) IVIRPOI ¢ 7027



204 4 Modular Groups and Modular Functions

cusps with the elliptic curve X:y* = x(x> — 20x* 4 56x - 44), and of the
field of invariant functions of Tp(11) with C(x)[1/%(x> — 20x% + 56x — 44)];
in particular, the absolute invariant j of Ty is rationally expressible (with tears)
in terms of x and y;

C4(61x? —2*-23x 4 2°-11 — 22.3.5y)
T T —3.7x2 4 23 11x + xy — 11y)?

Singular Values. The formula for j leads to numerical values of the absolute
invariant at the ramifications of X over the projective line P! = x(X). These
so-cailed singular values occur at points where y vanishes and have to do with
the imaginary quadratic field Q(+/—11), of which more to come in Section 6.9.
The form f3 vanishes at the points

V=1 -1 /4 -1 J=1 . Y s |
W ==, = o b T, w3 = b e, = e
11 2 2vn 30 3/ 4 441

as you may check by writing

1lw-a +b)

— . -4 = - -
g2(llw) = (1lw-c+d) gz(llw-c+d

and requiring that (c - 11w+ d)* = 11 and that [ab/cd] fix w. T, carries these
points to inequivalent points of ) 2

1401 —14+J/=1T 1+4/=11
2 ’ 3 ’ 3 ’

so they are all the more inequivalent under Fo(11) and represent all four roots
of f3 = O per cell. Now x cannot vanish at w, since f) is real and positive
for purely imaginary w. To see where X does vanish, note first that f;(e) and
@~ fi(—1/11w) obey the same transformation rule under [o(11): (%) =(£&)
since ad = 1mod 11, so their ratio is a single-valued function on X, of degree
1, and can only be a (nonvanishing) constant. Now the reality of f} just cited
requires that its roots be symmetric with regard to the imaginary axis, SO ifx=0
atws = —1/3+~/—1/3+/11, then italso vanishes atwy = +1/34+/=1/3/11
and at —1 /@] = wa, which is impossible because X vanishes at just one place
per cell. The same reasoning excludes wy, the upshot being that x = 0 only at
w3, and you obtain the value

jlwn) = G(—l + «/31')) =—2"

v 11,

2 _t %—I _ =6 14+/=T11 1T =2 LeYel gcevamnle
1t W T [ = [ 4/ 11 2 P

4.16 Arithmetic Subgroups: Overview 208

by inserting y = +/—44x and x = 0+ into the expression for J. The other three

roots of f3 = 0 come from x* — 20x> + 56x — 44 = 0. The corresponding
absolute invariants

JW=1D, j (%(—1 + J—T)) . J G(l + Jfli))

are obtained by substituting those roots into the expression for j with y =
0. Fricke, that indefatigable calculator, reports that the results are etwas
umstindlich (= a little involved). It would be prudent to believe him.
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Figure 5.1. Intermediate fields.

j(x) — y = 0 over the ground field Ko = C(y). Hint. The totality of roots of
j(x) = y can be (rationally) produced from a single one. How?

Solving by Radicals. Let p be arational prime and let Kg contain the pth roots
of unity. Then & is cyclic of order p if and only if K is obtained from K
by the adjunction of a single radical &/xg of an element xp € K. This can
be elevated to a general principle over any ground field Kq of this type: The
equation P (x) = 0is solvable by radicals in the sense that K is produced. from
K, by successive adjunctions of roots &/x if and only if & is solvable in the
sense that it contains a descending chain of subgroups BOSB 2D -
terminating at the identity, each invariant in the one before, with cyclic quotient.

The general equation of degree d is
Prx) ={(x —x1}---(x —xq) =x% — clx""1 +ch|rd’2 — i key=0

with the independent indeterminates X1, . . ., X4 a8 its roots; naturally, i‘t splits
inK = C(xy, ..., x4) but not in the ground field Clcr, . . +» Ca) over which the
game is played, d = 1 excepted. The quantities ¢y, . . . , ¢a, exemplified by

c; = x; + X2 +x3, €2 =xXXz +X2X3 +X3X1, 03 = X1%2X43

for d = 3, are the elementary symmetric functions of the roots, and it is a
fact that every symmetric polynomial in the roots is 2 polynomial in these. It
follows that the Galois group of £ over Ky is the full symmetric group Sg.
This is solvable if 4 < 4 but not if 4 = 5 or more; in fact, S5 contains just
one intermediate invariant subgroup: the icosahedral group As of permutations
of parity +1 of Section 1.7, and this is simple, that is, it has no intermediate
invariant subgroups at all, whence the discovery of Abel [1826] that it is impos-
sible to extract the roots of the general equation of degree 5 by radicals alone.

5.3 The Galois Group of Level 5 09

Naturally, the solvability of special equations is not precluded; for example, if
€1, -- .. ¢s take special valoes in €Q, then the Galois group of Ps over that field
can perfectly well be solvable, as for x> = 1.

Exercise 2. §3 is solvable in two steps with quotients of order 2 and 3. Check it
by means of Cardano’s formula. Hint: The cube roots are determined so their
product is —a/3.

Exercise 3. S, is solvable in four steps with quotients of order 2, 3, 2, 2. This
means that Py(x) = 0 can be solved by the adjunction of two square roots after
extracting the roots of a cubic. Check it and compare what Ferrara actually did.

Exercise 4. The general cubic can be reduced to 4x —3x+y = Oby elementary
substitutions. This is the problem of antiquity of trisection of angles: x =
sin{w/3), ¥ = sin{w). It is incapable of solution by ruler and compass. Why?
Note for future reference that the other two roots of the cubic are xp = sin{w/3+
27 /3) and x5 = sin{w/3 - 47 /3).

Exercise 5. Look up the proof that As and, indeed, all the higher alternating
groups are simple. Stewart [1973:129-31] has it.

5.3 The Galois Group of Level 5

The ideas of Section 2 are nicely illustrated by the modular equation of level 5
computed in ex. 4.14.6 and Section 4.15:

Fs(x, vy} = X8 - y6 -+ 5):2322(x2 —yH— 4.wcy(x4y4 —1=0.

Itis to be proved that the Galois group ® of Fs over the ground field Ko = C(y)
is just the ubiguitous icosahedral group As.

Step 1. Let y = +/k(w) so that the roots of Fs(x, y) = 0 can be expressed as
in Section 4.14:
. 16
Xoo = —«‘VE(Sa)) and x, = vk (%J- + —Sri) (0 <n<35).

The group £; of modular substitutions [ab/cd] of second level with a’ —
1+ gk = 0 mod 16 stabilizes y, while its subgroup fs, distinguished by ¢ =
Omod 5, stabilizes the principal root x,,. The congruence a® — | + ab =
0mod 16 is the same as a® — 1 + 5ab = 0mod 16: a being odd, either implies

that § divides b. Now the joint stabilizer of x.,, xg, X1, X2, X3, X4 in &) is easity
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Ko

Figure 5.2. An ¢lement of degree 5.

Galois knew this;? indeed, he proved that the degree of the modular equation
is depressible in this sense not only for p = 5 from 6 to 5, but also for p = .7
from 8 to 7, and for p = 11 from 12 to 11, but not for any larger prime. Galois
identified the group of the modular equation of Ievel n as PGL(2,F,) = the
group of 2 x 2 invertible matrices with coefficients from the finite field of p
elements. The subgroup PSL(2, F,) is of index 2 and it contains a subgroup of
order p only for p = 5,7, and 11. Galois stated, and Betti {1851] proved, that
this is precisely what is needed to depress the degree.

5.4 An Element of Degree 5

The element fy = (Xoo — Xo)(X1 — Xa)(X2 — x3)y fulfills the prediction of Galois:
It is of degree 5 over the ground field Ko = C{(y), as will be confirmed next.

Exercise 1. The 10 permutations of ex. 3.2 representing the action of fis on '

%m (0 < n < 5) produce four variants of ry:
£y = (Xeo — X1)(xz — X0)(x¥3 = Xa)¥,
Iy = (Xoo — X2)(x1 — X3)(X0 — X4),
£ = (Yoo — X3)(02 — X4)(x¥1 — %)Y,
£ = (Xoo — Xa)(Xo — x3)(X1 — %2)¥.
Check this.
Now the point at issue is whether the full‘action of & O &5 produces further

variants of this quantity. The answer is no. [£;: Rs] = 6 so there are six cases
to test.

2 Galois [1832), Lettre & Auguste Chevalier.

5.4 An Element of Degree 5 213

Sample. [10/21] belongs to &, but not to fs. It acts upon x.g, xg, .. ., X4 via
the permutation {3020c41) and so maps r, to 54. First

xm,_,_,;/;;( 5w )=_w(5(w/5+48/5)—48)
w+1 2Aw/5 +48/5) - 19

48
= y k 2 e— =
Vi G + 3 X3,
since the substitution [a &/c d] witha = 5, b= —48, ¢ =2, d = —19
is a modular substitution of second level (—5+19+48-2=1),and 53 — 1 —
5+48 = 8 mod 16 so the rule of Section 4.14, step 1 applies with multiplier —1.
Next
1 w/5
-Sk 1% y_ ‘k et A 4k - .

x> Ve 5500 Ve 10(w/5) + 1 Vw/3) =0
since the substitution fa b/c dlwitha =1, b=0, ¢ =10, d = 1 is of
second level and 17 — 1 4+ 0 = Omod 16. Third,

ol @ 32Y _ - (13-5w)+32Y _
Xo > \/E(g—-—-—zw_i_l +—§-) _ﬁ(—HZ-(Sw)-i-S )— «/E(Sw)—xm,

since the substitution [@ b/c d]l witha = 13, b =32, ¢ =2, d = 5isof
second level and 132 — 1 + 13-32 = 8mod 16; similarly, x;, x3, x4 map to
Xa, X4, X1 in that order;

(1 o 16\ o/ 33(w/5 +32/5) — 208
— — _— —1 k =
o ‘/E(s oiil 5) “/_( 10(w/5+32/5)-63) X2

1l w 48
4k - -
x> Vk 52+1 s

o (97(w/5 +64/5) — 1232
i ( 10(w/5 + 64/5) — 127 ) =

64
x4H,yE(1L+ )

64 Yk (129(w/5 o 16/5) — 400) —
32w+ 1 5

10(w/5 + 16/5) — 31

The verification is finished.

Exercise 2. Check that [1 0/2 1] and £s generate £,. Hinr: Multiplication to
the left by [a b/c d] witha = 1, b =0, ¢ = 2n, d = 1; maps s into itself
only if n = Omod 5; also, [R: &5] = 6.

This finishes the proof that & produces only the four variants of r, stated in
ex. 1. It follows that F(x) = (x — rg)- - - (x — r,) belongs to Ko[x], vk =y
being the absolute invariant of £;. F(x) = 0 is the depressed equation.
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accurate expansion

fo = 26/551 /24 2/5y 4 2755 4

Exercise 4. Check that. Hint: & = +/2¢"/8(1 — ¢) + -+ at 4/—1loo with
q =e" v=To. see Section 4.9 for help.

5.6 Hermite on the Quintic
Jerrard (1834) reduced the general equation of degree 5, from

Ps(x) = (x —x) - (x —x5) = 2° = erx* + e’ — e’ +eax — 05 =0,

to the simpler form x° — x + ¢ = 0 by adjunction of radicals to the ground field
Ko = Cl(c), ..., cs), and this reduced version can be matched to the depressed
equation of Section 5.5 by the substitutions

—2+5754(1 4 &%)

x> 2.5 k(1 —kDx, ¢ W

The modulus &2 is a root of 2%(1 +k%)* = 5°c* k(1 — k*)?, which is of degree
4 in k? and so can be solved by radicals over the ground field C(c). A root of
x5 = x 4 ¢ = 0 is now obtained in the form 2+ 5¥4/k(1 — k2) 14 and is used
to depress the degree of this equation from 5 to 4. The other four roots

2.5kl — kD, (n=1234

may now be extracted by radicals. This is Hermite’s recipe [1859], expressing
the roots of the general equation of degree 5 in terms of the eighth roots of the

moduli
K2(w), K2(5w), kX (w/5+ 16n/5) (0 <n <5)

after adjunction of the radicals. In this way, the solution of the general equation
of degree 5 is made to depend upon the equations for the division of periods of
the elliptic functions, as they used to say. This recipe is to be compared to the
trigonometric solution of the cubic noted in ex. 2.4.

The present scheme, of adjunction of new radicals formed from the level
2 modular function k2, fails for 4 > 6, but Jordan [1870: 370-84] showed
that invariant functions of higher arithmetic subgroups will serve; compare
Lindemann [1884, 1892] and also Umemura’s article in Mumford [1984: 261
72], where the roots are expressed by means of Riemann’s theta function.

5.7 A Geometric View 217

Reduced Quintics. Here is what Jerrard did. Let ko, ..., ks be new indetermi-
nates and compute the powers £* (0 < n < 5)ofr = kg+kyx+- - -+kyx*, elim-
inating x5 by means of Ps(x) = 0. The six reduced powers so introduced are
polynomials in x, of degree < 4, with coefficients from K, = Kg(kq, ..., kq),
and as the class of such polynomials is of dimension 5 over K, so ¢ is a root of
apolynomial Qs(z) = ° —cr* 4+ - — o5 from K; [z); in particular, every root
of P5(x) = 0 produces a distinct root of Qs(x) = 0, and these are all a roots of
the latter. The coefficients

Cl=3¢1+---+F5=5k0+k1(11+---+x5)+---+k4(x;‘+...+x;‘),
=ttt Lkse -, €5 =F - Xs

are homogeneous forms in ko, ..., ks of degrees 1,2, ..., 5 with coefficients
from C[ecy, ..., ¢s]. The plan is to make ¢y, ¢z, and ¢3 (but not ¢4 and ¢5) vanish
by choice of ky, ..., k4 in a radical extension of Ky = C(c,, ..., cs)

Step 1. ¢ is made to vanish by choice of kg = —(1/5)[k;(x; + --- + x5) +
oo+ ka(x] -+ - - - + x3)] without extension of K.

Step 2. ¢ is now a form of degree 2 in ki, ..., ks; as such, it is a sum f2 +
fF+ f2+ f7 of four squares of forms of degree 1 with coefficients in a
radical extension Kj of Ko, and is made to vanish by taking f; = +/—1 f; and
fs = /=1 fa, at the cost of eliminating two of the indeterminates.

Step 3. ¢y is now a cubic form in the two surviving indeterminates and is made
to vanish in a cubic extension K3 of K by fixing one of them and solving for the

other in such a way that &\, k2, k3, k4 do not all vanish. Q5(x) is now reduced to

P+ cax — ¢5 with ¢4, ¢5 € K3, and the splitting field of Ps over Kj is seen to be
included in the radical extension of the splitting field of Qs over K; obtained
by solving ¢ = kg + - - - + kgx* for x in terms of y. The elements ¢, and cs do
1not vanish since P5(x) is not solvable by radicals. This permits a final reduction
to Os(r) = ° —r + ¢ with nonvanishing ¢ in a radical extension of K.

5.7 A Geometric View

Itis instructive to look at the whole matter from a geometric point of view to see
why the roots of the general equation Ps(x) = O cannot help but be expressible
by means of modular functions. Green'’s pretty account [1978] is followed here.
Klein [1884] proceeded differently, via the so-called icosahedral equation, of
which more will foliow. '
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5 1

Figure 5.3. A corner of the icosahedron.

of faces, (3) 15 rotations by 7 about centers of edges, for a total count of
1 - 24 4+ 20 + 15 = 60. A5 acts upon X in a self-evident way. It remains to

identify the quotient X/ A5 as a projective line.

Proof. The appropriate symmetry of type 1 fixes the center_ of the [.Jenta'gon
12343; it identifies nearby points in families of five, producing ramifications
of X, of degree 5 lying over two distinct points of the ba?e Xg/As. There
are 12 points of each kind lying over the same two base points. A symmetry
of type 2 effects a cyclic permutation of the three sheets of X, lying over the
associated icosahedral face; no ramification is produced. A symmetry of type 3
exchanges two of the sheets over the associated icosahedral e.dge and fixes t.he
other, This accounts for 30 more ramifications of degree 2 lying over the third
point of the base. The genus of the base is now computed by a vanant of the
Riemann—Hurwitz formula: The BEuler characteristic of Xpis 2 —2 x 4 = —6,
while that of the base is 2 — 2g. The curve Xp covers the base _60 times, s0
—6 = 60 x (2 — 2g) — the ramification index as in Section '1 .12, with the res.ult
that 120g = 120 + 6 — 24 x 4 — 10 = 0, that is, g = 0; in short, Xg/As is a

projective line, as advertised.

Now itis easy to see that the root curve X C 1P of x* + C4X = C5 = 0 i.s of l-:he
same character over its quotient by As C Ss, to wit, X/As is a prole?t1ve 'lme
and X is ramified over three points €j, €2, €3 of the base, having 12 ramifications
of degree 5 over each of ¢, and e2, and 30 more ramifications of degree 2 over
es. This fact is now used to identify the root curve as a stellated dodecahedron.

3.7 A Geometric View m

Figure 5.4. Generators of I'.

Proof. A preliminary step is to make the branch points ey, €3, e3 of the two
curves coincide by application of a self-map of P'. Now fix three loops
generating the fundamental group T of the thrice-punctured sphere P! — ¢, —
ez — es3, as in Fig. 54, with y1512 = 1. Any element of I" determines a
covering map of X over the punctured sphere, and this map can be identified
with an element of As, so what you have is a representation 7 of I' in As.
The ramifications of X are mirrored in 7 by the fact that the permutations
g = m{y), o2 = w(y2), and o3 = 7 (y3) have orders 5, 4, 2; conversely, it
is plain that the conformal type of X is specified by =, so the identity of the
two covers comes down to the fact that, up to conjugation inside As, T has
only ene such representation, as will now be confirmed. The fact that 0'32 =1
permits you to take o3 = (1 3 2 5 4) by labeling of letters, products of 2-cycles
being the only elements of As of order 2; similarly, only 5-cycles have degree
3, 50 a]_' = 03 and oy are such, and you can relabel the letters so as 1o
make 03(1) = 2. Then 02(2) = 3 implies 0203(3) = 04(2) = 3, which is
contradictory, as is 2(2) = 1, so 42(2) is neither 1, 2, nor 3 and can be taken
as 4 by a further relabeling. This precludes o,(4) = S and, as g5: 1 > 2 > 4
cannot now map 4 to any of 1,2, 4, or 5, so gy being a 5-cycle must map
12 4+ 3 5 1. The proof is finished.

The Universal Cover. The uniformization theorem of Koebe and Poincaré
being notoricusly nonconstructive, Green [1978: 238-9] elaborates upon the
way in which the half-plane H covers the root curve X by means of the triangle
functions of Section 4.10 in the case ¢ + b + ¢ = 2+ 1/44+1/5 < 1.
This provides a tessetlation of H by hyperbolic triangles having interior angles
/2, /4, m/5, as seen in Fig. 5.5. The double reflections A, B, C in the sides

Rl
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6
Imaginary Quadratic Number Fields

Kronecker (1853) tried to prove, and Weber [1886] succeeded in proving, that
every finite extension of the rational number field @ with commutative Galots
group is a subfield of some cyclotomic field obtained by adjoining to Q a root
of unity; see Greenberg [1974] for a fairly simple proof. Kronecker (1860)
also tried to describe the commutative extensions of the imaginary quadratic
field Q(+/D), obtained by the adjunction to ¢ of the square root of a nega-
tive square-free number D, and perceived the relevance of certain “singular”
values of the absolute invariant j. The deep impression this program made
upon nineteenth-century mathematics is reflected in the romantic title by which
it came to be known: Kronecker’s Jugendtraum,' and Weber’s completion
of it [1891] represents a remarkable feat. But it was objected that such tran-
scendental tools as the absolute invariant were inappropriate; and, indeed, a
purely algebraic understanding was temporarily retarded. Hilbert's class fields
[1897] met the objection, providing a complete description of commutative
extensions generally, avoiding transcendental elements; see, especially, Hasse
[1980] and Cohn [1985] for more information. The next iwo articles review
the basic facts about algebraic number fields. The portion of the Jugendtraum
dealt with here is more fully explained in Section 3. The rest of the chapter
is devoted to the proofs, following chiefly Fricke [1922 (2): 292-502} and
Weber [1891: 413-91], with small simplifications made possible by more mod-
est objectives. Deuring [1958] can be consulted for a streamlined account in
the same (transcendental) style; see also Borel et al. [1966], Cox [1989], and,
for a nice old-fashioned account, Matthews {1911]. Viadut [1991] reviews the
whole subject and connects it to current number-theoretic questions.

! Kronecker [1895-1931(5): 455-7].
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6.1 Algebraic Numbers

The basic facts about algebraic number fields can be found in a convenient form
in Borevich and Shafarevich [1966], Hasse [1980), Pollard [1950], Hardy and
Wright [1978], or Weyl [1940]; see also Stark [1970] for a nice introduction
to the imaginary quadratic field Q(+/D). This field illustrates all the important
points, so read the examples with care.

Number Fields. Let K be an extension of the ground field Q of finite degree
d = [K:(J]. K is an algebraic number field if it is obtained from Qbya
tower of intermediate fields. K can be obtained from @ by the adjunction of
a single element r so that K = Q(r). The irrationality r is of degree d over
@ so every element of K is of the form x = ¢y + ¢jr + -+ + c4— r¥~! with
COs o0y Cd—i E@.

Example 1. K = Q(+/=3, +/5) is obtained from Q(~/—3) by adjunction of +/5;
it consists of all numbers of the form x = ¢y + ¢; /=3 + c24/5 + c3+/— 15 with
¢o, €1, €2, ¢3 from Q. It contains r = /=3 + /5, /5 = —(1/16)(r3 ~ 127),
and also +/=3 = (1/16)(@dr + r3) in view of r* = 12,/=3 — 4./3, with the
outcome that K = Q(r). K is of degree 4 over Q: in fact, the field polynomial
of r = /=3 ++/5 is x* — 4x? 4 64 and K is its splitting field.

Exercise 1. Give details.

Conjugates. The field polynomial of r is of degree’d and so has d roots
ri(=r), ra, ..., rs. The numbers

x,-=c0+clr,-+---+cd_1rf_1 i=1....,d

are the conjugates of x = x; € K. They are the roots of the field polynomial
P of x, each repeated m = d/n times, n being the degree of P. The product

X1 -+ xg = Ngpolx)

is the norm of x; it is a rational number. The norm is multiplicative: M{xy) =
NON(y).

Example 2, The conjugates of r = /=3 + +/3 in Q(+/=3, +/5) are r| =
\/——3+*/§. ra = —«/:_3‘*!"\/3,7‘3 = ,\/—_3—,\/5, and ry = —‘\/—_3—'\/5. The
conjugates of /=3 are its conjugates in Q(~/=3) repeated twice. This gives
Nk/n(v/=3 + +/5) = 64 and Ny p(+/—3) = 9.
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228 6 Imaginary Quadratic Number Fields

Ideals. Gauss [1801] cured this difficulty with the introduction of integral ide-
als: i ¢ O(K) is an (integral) ideal if it is closed under addition and subtraction
within itself and also under multiplication by integers from the full ring O(K).
The integral multiples @ x O(K) of a fixed integer w € K form the principal

ideal i = (w).

A nonprincipal ideal j, if any such exists, can always be expressed as the
intersection of O(K) with the principal ideal i = (w) of an integer « in a higher
field containing K: j = O(K) [ (w). This expiains the name, j b'eing, 50 to say,
the expression inside K of the ideal aumber w residing in the higher field.

Example 2. The set? j = 32 & (—1 + ~—3)Z is an ideal of Q(+/—5) since
O/ - =Z& —5Z and

V73[3a + (=1 + =5kl = 3a —2b) + (-1 + V=5)3a —b) €.

This is not a principal ideal since j = (@) withw = a + by—5anda,beZ
requires the existence of x € O(K) such that 3 = xw. But2 then the nO@
N{w) = |a + b/=3[% = a® + 5b* would divide the norm 3 =29 of 3 €1,
and none of the possibilities a* + 5p2 = 1,3, 9 pans out: @* + 51? = 1 forces
@ = 1, a® + 5b? = 3 is impossible, and a® + 5% = 9 requires either a = +3
and b = 0 or @ = £2 and b = %1; so the only chance is w = 2+ /=5, and

this is not successful either:
3=(m+n/=5)2x~-3)= (2m F Sn) + (@n £ m)v/ =5

for some m, n € Z requires m = F2n and 3 = F9n.

Now the smallest ideal j2 containing all products of elements of'j is a principal

ideal:

P = (BZ+ (=1 + /L) x GL+ (=1 + /=)
— OZ + (=34 3V—DZ + (—4 + 2V=I)Z
= 2+ V=52 — V=5)Z 32+ 2VDL+ 22+ VDL

= the principal ideal (2 +~'—3).

This prompts the introduction of the ideal integer cu2= 2 +;/ -5 2from
outside Q(+/—5), with field polynomial P{x} = x* —4x? 4+ 9= (x? =2} +5.

2 The notation is faulty: In this instance, (—1 + +/=3) is the number, not the ideal. The contex!
will remove any ambiguity.

6.2 Primes and ldeal Numbers 250

The principal ideal i = (w) is formed in the ring of integers of the associated
splitting field. Then i N1 O(Q(+/—5)) is an integral ideal of Q(+/—5) containing

\/2+J~_5x\/2—J5=3

and
(24 +/=5)2 =3 =4(—1 +/—5)

and so also the whole ideal j. The fact is that i N O(Q(+/—5)) = j. The proof
is postponed.

Exercisel. Letw = c“’(a+bf5) e Q(+/D) with coprimea, b, ¢ € Z. Prove
that L = Z & w4 is closed under multiplication by O(K) for D # 1 mod 4 if
and onlyif b = 1 and a’ = Dmodc, and for D = 1 mod 4 if and only if b =1
and 4 = 1mod?2, ¢ = 0mod2, and a?> = D mod 2¢.

Divisibility of Ideals. The product ij of two ideals is the smallest ideal con-
tatning all products ab with a € iand b € j. The ideal j divides ancther ideal i
if there exists a third ideal £ such that i = j¥. This occurs if and only if i C j.
The ideal p is prime if the product of two integers from O(K) belongs to p
only if one factor already belongs to p; equivalently, p is prime if it cannot be
split into the product of two nontrivial ideals of (XK). It is immediate that
every ideal splits into a finite product of primes, but it is not immediate that this
happens in only one way, up to trivialities, as for the decomposition of a whole
number into a product of rational primes. The computation of the prime ideals
in (/D) is postponed in favor of an illustration. -

Example 2 continued. Now the proof that i N O(Q(+/—5)) is the same as the
ideat j = 3Z + (—1 + +/—5)Z is easy to finish. iN O(Q(+/—35)} includes j and
50 divides it. But j is prime since a product of integers

[a +b(—1 +~=3)llc +d(—-1+v=5)]
= (ac — 6bd} + (ad + bc — 2bd)(—1 + ~/—5)
belongs to j only if 3 divides ac, which is to say that one factor or the other

already belongs to j.

Discriminants Continued, Like the ring O(K), any ideal i of O(K) has an
integral basis w,, . .., 4. The discriminant of i is formed as for O(K); itis a
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232 6 Imaginary Quadratic Number Fields

and the divisibility of x2 — D by 4p used in step 2. Butif p divides a — bx,

say, then

x++D .
=

a+bw/5=a—bx+b(x+sf5)€Zp®Z B

Step 4. Check that pf = (p). The product is spanned by rational integral
H .

multiples of p?, %(x + /D), and Z(x2 — D), so, with a self-explanatory

notation,

[ , x—+D px+«/5 IZ—D]

pp= (PP 2 ’ 2 4

_2 x++D x*-D
= pvpx?p__z_' 4

A/ 2 _ .
= pu ad D] (x being coprime to p since x* = Dmod4p)
L 2 L] 4

x+f5-
PsP““E‘—

[ x-l~«/5ﬂ
=p I,T

(because x = 1 mod 2)

[ 1+ /D]
=pill, )

= p x OQ(~/D))
= (p).

Ideal Classes. Two integral idealsiand j of the general number field K belong to
the same class if yi = xj for suitable integers x and y from OK); in parti'cuiar,‘
every principal ideal belongs to the class of (1) = O(K). The fonna_uon of
classes is respected by products; also, to each ideal i comresponds a rec1pr0{:al
ideal j such that ij belongs to the class of (1). In short, fhfj' classesf form a
multiplicative group C(K). This is the class group of K; it is of finite orfier
= the class number A(K). Class number k(K) = 1 is equivalent to saying
that every integral ideal of K is principal or, what is the same, that wnique
factorization into prime integers prevails in O(X).

FExercise 3. Prove this statement.

6.2 Primes and Ideal Numbers 233 -

Example 5. The finiteness of the class number A(D) of Q(+/D) is casily proved.
The period ratio of any ideal is of the form ¢~!(a + b/D) with a, b € 7 and
may be taken in the fundamental cell of PSL(2, Z). Then —1/2=ajfc<1/2
and c™*(@?> — D) > 1,50 @ < ¢*/4 and 3¢2/4 < —D. This limits the number
of classes.

Example 6. The actual determination of the class number of the imaginary
quadratic field Q(+/D) is a supremely elusive problem first studied by Gauss
[1801]. For example, it is already a deep fact that A(D) = 1 for D = ~1, —2,
—3,-7,—11, —19, —43, —67 and —163; and for no other value of D; see Baker
(1971a,b], Heegner [1952], Stark [1967, 1969], and especially Goldfeld [1985],
where the whole problem is reviewed. The cases D = —1, -2, —3, —7, 11
can be decided by the simple

Criterion. The class number is 1 if, for every element x ¢ K, integral or not,
it is possible to find an integer y € O(K) with Ng,g(x — y) < 1.

Proof. Let x and y be nonvanishing integers of K and pick &k = k; from ((K)
so that N(x/y — k) < 1. Then x = kjy + y; with integral remainder y;
of norm strictly less than N(y). The procedure can be repeated if y; # 0 to
produce integral k3 so that y = kyy; 4+ y» with integral remainder y, of still
smaller norm. The procedure stops when the remainder vanishes: y,_; = k,v,.
The factor y, is a highest common divisor of x and y. In fact, it is a common
divisor and it divides every other such divisor in ((K); plainly, it is unique up
to units. It follows, just as for Z, that every ideal is principal: The ideal i has
an integral base w, @) and coincides with the principal ideal generated by the
highest cornmon divisor of these two numbers,

The criterion is geometrically transparent for K = Q(+/D): Tt says that, in the
Jundamental cell of the lattice O(K), every point is at distance less than 1 from
a corner. If D s 1 mod 4, then O(K) = [1, JB], and the criterion requires

DN +vDi=1/DJ1-D < 1,

80 D = —1 or —2 is allowed but not I > —3. If D = 1 mod4, then (XK) =
[1,(1/2)(1 + +/D)], D < —3, and now the criterion requires

%!1-%(1+~/5)‘=£ﬂ<1

S0 D = —3, -7, or —11 are permitted but not I < —15.
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236 6 Imaginary Quadratic Number Fields

Kronecker’s Jugendtraum. The class group C(K) of K = Q(+/D) is com-
prised of h classes K, each with a different class invariant j(k). The chief facts
about these numbers are sufficiently striking to stand without extra comment.

Item 1. The class invariants j(k;), ..., j(ky) are algebraic integers;sin fact,
they comprise the full set of roots of a polynomial of degree i from® SZ{x]
which is irreducible, not only over @, but over K = QD) as well.

Item 2. The splitting field K; obtained by the adjunction of the class invariants
to K = Q(+/D) is commutative, meaning that its Galois group & over the
ground field K is such; in fact, & is a copy of the class group C(K), the
rule associating the class k to the corresponding substitution ox € & being
ox: jk) = jkIK).

Item 3. K is the absolute class field of K = Q(+/D), meaning that it is_ the
biggest commutative extension of the latter in which prime ideals of the little
field do not ramify but merely split into distinct prime factors in the big field.

The rest of the chapter is devoted to items 1 and 2 following Fricke {1928] and
Weber [1908], with simplifications made possible by more modest objectives.
Ttem 3 is a consequence of the class field theory initiated by Hilbert in his
[1897] report on number theory., This provides an overview of the totality of
commulative extensions of K. It falls outside the scope of the present account,
but see Borel etal. [1966], Cox [1989], and Vladut [1991] for more information,
and also Reid [1970], who tells the story behind this report and some details of
Hitbert's life. Siegel [1949] found a remarkable supplement to item |: Hwisan
algebraic number but not a quadratic irrationality, then j(w) is a transcendental
number; see Baker [1975] for details.

Aside 1. Just as the class field of Q(+/D) is produced by the adjunct_iop of
singular values of the absolute invariant j(k) taken at suitable quadratic irra-
tionalities, so also the cyclotomic fields of the Kronecker—Weber theorem are

produced by the adjunction to ¢ of singular values of the invariant joo(w) =
exp(27 +/—1w) taken at rational values of @.

Aside 2. h(D) = 1 if and only if j(k) € Z for every class k; for example,
J{~/=3) = 54000, by ex. 4.12.3, s0 A(=3) = 1, as in exarnple 2.6,

3 §Zx] is the class of polynomials Z[x] with the added restriction that the iop coefficient be 1.
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6.4 Application of the Modular Equation

The proof that the class invariants are algebraic integers employs the modular
equations F,(x, j{w})) = 0 of levels n > 2 discussed in Section 4.13.

Step 1. The class invariant j(K} is a root of the diagonal polynomial G,(x) =
F.(x, x) for suitable n.

Proof. Fix an ideal i of class k and an integer m € O(K) with square-free norm
n= Ngm(m)=2:m=1+/~1willdoif D = —landm = vDif D < -2,
sothatn = — D, with the exception of n == 2 for D = —1. Then m is a complex
multiplier of i viewed as a lattice Zw; ® Zw;,, that is, ma»n = awy + b and
mwy = con +dw; witha, b, ¢, d € Z, and n appears as the index |ad — b¢| of
miini, by comparison of areas of fundamenzal cells: area(mi) = (mm) x area i.
Well and good. Now n is square-free, so the numbers a, b, ¢, d have highest
common divisor 1, and the substitution [ab/cd] is a modular correspondence
of level n in the language of Section 4.13, and since the period ratio w = ax /o)
is a fixed point of that substitution, the class invariant x = j(k) = j{w)is a
root of the modular equation F,(x, ¥) = 0 with y = j(k),

Step 2. The last statement is not void; in fact, the diagonal polynomial is of
positive degree equal to 2x the sum of the divisors d of n withd > /n.

Proof. F,(x, j(w)) is the product of x — j{d~"aw + b)) for [ab/0d] running
over the full family of reduced correspondences with a, b, 4 coprime, ad = n,
and 0 < b < d. The square-free character of n simplifies life: If 4 divides »,
then it is already prime to @ = n/d and every 0 < b < d is permitted, so

Fae i@ = [ [x ~ ("“’d“’)] .

G=b=ed
d|n

The degree of G, is now read off with the aid of the expansion j(w) =g~ '+ -
at the cusp w = +/—Io0:* To léading order,

Galj(w)) = H [q_l — q“"/de—h\/—_lb/d],
din,0<b<d

* Here g = eV-lo,
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240 6 Imaginary Quadratic Number Fields

Case 2. D = 1mod4. The product of the simple factors of G, belongs to
$Z[x] as before. Now the class polynomial is the highest common divisor of
this product and G 1134 € SQ[x]. Gauss’s lemma does the rest.

' Now comes the proof of facts 1 and 2 concerning the class invariants and the
roots of G, and G, p.1y/4.

Step 1. The oot x = j(w) of Ga(x} = 0 is simple or not according as j{w}
coincides with one or more than one of the roots j(d"(acu + b)),. a‘? =n,
0 < b < d, of F,(x, j(ew)) = 0, with the proviso, in the case of one coincidence,

that @ does not belong to @(~/—1) or Q(+/=3).

Proof. A coincidence is necessary to have a root at all. Let_ the fixed root xp ,=
j{@) have f such coincidences and let x' = j{e') be ?'analfle. Then rCr',,(x )
contains an equal number of vanishing factors J(@)— j(aw + B/ (cw’ + fi))
in which [ab/cd] is an unreduced modular correspondence of lt?vel n fixing
w. The other factors of G,(x’) do not vanish at x" = x. Now, with the ﬁf:lds
Q(+/—1) and Q(+/—=3) excluded by the proviso, j(w') takes the valve j(w)
simply to leading order, so

o . faw’ t+b

Jl@)=—j o d

ad — be ]
T lco+d?]|’
. ) _ .
and G,(x') vanishes simply at x’ = x only if f = 1and (co+d) #ad—bec=

n. The proof is finished by noting that cw + d = £+/n requires ¢ = 0 and
d? = n, violating the square-free character of n.

) = [j(@) ~ j(@)] x [1

Step 2. If D £ 1 mod 4, the class invariants of Q(+/D) are the simple roots of
Gn(x)=0.

Proof This is more complicated but be patient. The number x = f (w)isa roo;
of G,(x) = 0if and only if  is fixed by a modular correspondence [ab ./cd] o
level 7, which s tosay, caw? +(d —a)o—b = 0. Let A, B, C bezthe quotients of
¢, d —a, —b by their highest common divisor ! > 1, so that Aw®+ Bw+C = 0
and w = (2A)"N(—B +/D') with D’ = B? —4AC < 0. A, B, C are s'pemﬁe.d
by w up to a common sign; in particular, D' is unique. What is complicated 15
that the correspondence is not unique: If a + d = m, then
m—1B m4IB

3 c=1A, = >

, b=-IC,

1 =
and

4n = 4ad — be) = (a + d)* — (@ —d)} —dbc =m’ — I'D',

6.5 The Class Polynomial 241

so the number of distinct classes of correspondences fixing w may, and in fact

will, depend upon the number of representations of 4n by the quadratic form
m? — 21Y. There are two cases.

Case 1. If 4n can be represented as m? — 12D’ with m # 0, then x — Jla)isa
multiple root of G, (x) = 0.

Proof. The reason is that if M = [ab/cd] is a correspondence of level n fixing
@, then the same istrue of n M~ = [d—b / —ca], and these cannot be equivalent
under the left action of the modular group; indeed, equivalence takes place only
if n72M? is a modular substitution, and this reguires n to divide the trace

—IB\?* B\?
tr(Mz)=c2+2bc+d2..—_(m 5 ) _212Ac+(m-|2-l )

12 122 2
= Zm? 4 —PPB? — 212 AC
"t

1
= 5(n* + D))
=m? —2n.

But then # divides m?, and this cannot happen unless n = 1, 2, or 3, which was
expressly excluded; in fact, if n divides m?, it must also divide m because it is
square-free, and that is contradictory if n > 5, in view of 4n = n2 — 2D’ > 2
whichentails 4 > m%/n > m > n > 5. :

Case 2. If 4n can be represented by m* — 12D’ only with m = 0, then the
correspondence fab/cd] fixing w is fully specified and x = j(w) is a simple
root of G,[x] = O provided « does not belong to Q(+/=1) or Q(~/=3), by step
1. But what, in fact, are these simple roots and do they satisfy the proviso? The
answer is the content of the present step: They are the class invariants and the
proviso is met. The proof is broken into two parts.

Part 1. The class invariant j(k) is a root satisfying the proviso in view of the
exclusion of D = —1 and D = —3; also, the expression w = (24" '(—B +
v D')implies D’ = f2D with f € Z, D being square-free. Now n = — D, so0

dn =m2—lzD’=m2—12f2D=m2+lzf2n,

{f = 0.1, or 2, and either If = 0 and m? = 4n?, violating the fact that 1 is
Square-free; or If = 1,3n = m?, andn = 3, which is excluded; or else If=2
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that the class invariants j(pk) and j(p~'k) are distinct from j(k) and coincide
precisely when p 1s ambiguous.

Fact 1. j(pk) and j(p~'K) are the only class invariants that satisfy Fp(x,
jk) =0.

Fact 2. If p is ambiguous, then j(pk) = j(p~'k) belongs to the field Qx
obtained from (@ by adjunction of j(k).

Fact 3. Ifpisunambiguous, then either the distinct invariants j(pk) a_nd Fp~'K)
belong to (Qy already or else they are conjugate over Qx and Fhf?ll’ common
splitting field over the latter is O (VD) = Q(+/D) with j(k) adjoined.

Proof of fact 1. Fix an ideal i of class k. Then pi C iis of index® Ngo(p) = p
in the latter. Now i = [w), @] with integral @ and @, from O(K), and
pi = [cwy + dwy, awy + ban] with a, b, c,d € Z and ad — be = the stated
index p. This means that [ab/cd] is a modular correspm.]dcn’ce of .level p
mapping the period ratio w = w;/w; of i to the period ratio of -p1, and it
follows from j(k) = j{w) thatx = j(pi) = j{w"is arootof F:u(x: ]Fk)) = 0
naturally, the same applies to’ j(p~'k). The rest of the proof is sxglllaf._ The
class invariant x = j(k') = j(') is aroot of Fp(x, j(k)) = (.)only if &’ is the
image of w under a correspondence {ab/cd} of level p. ThlS means that the
class k' contains an ideal i = [can + dw), aw; + bwy] of index p = ad - bc
in the ideal i = [w;, v»] € k employed before. Now inclusion of ideals is the
same as divisibility, so i’ is the product of i by some ideal g C O(I_(): of I](.Jl'l'l'l
Nkg(q) = p. But then g must be p or p~', as you can check by S‘pllttlng q .lm,o
prime ideals and using the multiplicative property of the normy; in short, j(k)
can only be j(pk) or j{p~'k).

Proof of fact 2. This is easy: p is ambiguous, so p = p~! in the class group
and x = j(pk) = j(p~'K) counted once is the only common root of the class
polynomial and F,(x, j(k)). Their highest common divisor belongs to Qy[x],
and it is of degree 1, so its only root x = j (pk) lies in Q.

Proof of fact 3. At first, the argument proceeds just as for fact 2: p is now
unambiguous, the distinct invariants j(pk) and j(p~'k) are the only common
roots of the class polynomial and Fp{x, j(k)), and either_they belong to Qx
already, or else they are the roots of an irreducible guadratic polynomial [x —

6 K = Q(+~/D) as usual.
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FOK)Ix — f(p~'K)] of class Qx[x], which is to.say that their common splitting
field is of degree 2 over Q. The rest of the proof deals with the second case.
Its goal is to check that j(pk) and j(p~'k) split precisely in Qy(+/D), which is
to say that j(pk) — j(p~'k) belongs to that field.

Step 1. The correspondences of level pproduce, from L = [, a] any lattice,
p + 1 distinct lattices

Lo = (w1, pw2). Ly = {pw), g + pan] (0 < g < p)

with relative discriminants
AlLy) k A(L,)

A T A ©0=g<p).

These depend upon only the period ratio @ = @, /e, and the action of the
modular group on it permutes them in the same way as it permutes the roots

oo

Joo = j{Lec), jq =J(L4)(056] < p)

of the modular equation F,(x, j{w)) = 0; in particular,

ko, by _ NG ()
X — joo 0£q<px_jq Fp(-x-j(w))

is invariant under the modular group. Here, N(x, j(w)) & Qlx, j{w)], as
the notation is meant to convey and as you may check from the expansions
J=g7'+. . and A = (2m)%g + .- at the cusp ~/— I oo, which reveal that,
for fixed x, N(x, j(w)) has no poles except, perhaps, at the cusp. Now take the
residue of the display at x = j., to produce

Alloo) _ . Nljoo, ()
AR) T Flljeo jl)

This was the goal of step 1.

Step 2. Instep 1, j is construed as a transcendental element, so F ;,( Joos Jl@)),
asan clement of Q(joo, j()), does not vanish, But step 3 requires the numerical
use of the final formula in case I = i is an ideal of C(K), so you need to know
that F ‘;( Jeos J) does not vanish when e is the period ratio of such an ideal.

Proof. F,(jeo(w), j(w)) vanishes only if joo () = j{pw) coincides with j{p~!
(w + @) for some 0 < ¢ < p, which is to say that the lattices too = [y, pe,)
andi, = [pw), ge; +w,] are related by integers o and B of O(K): gy = Bi,.
Notice that « and g have equal norm since i, and i, have equal index p in
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248 6 Imaginary Quadratic Number Fields
6.7 Irreducibility of the Class Polynomial

It is to be proved that the class polynomtial H(x) is irreducible not only over @
but over K = Q(+/D) as well.

Step 1. Let Hy(x) = [J[x — j(k")] be some factor of H(x) that is ir'redu_cib]e
over K, let y = j(k) be one of its roots, and fix an unambiguous prime Tdea]
p C O(K), not dividing the discriminant d € Z of H {x), if any such ideal
exists. Then x = j(pk) is also a root of Ho(x)=0.

Proof. Let q be a prime ideal of the larger field Qu(~/D), dividirfg p but not d.
This must exist, for if each q O p contains 4 as well, then p contains a pow.er of
d and, being prime, must contain d itself. Weber’s congruence for the ranc?nal
prime p associated to p, is now applied numericallyto x = j(pk)and y = j(k)
with the result that

0 = F,(j(pk), j(k)) = [F*(pk) — j(K)ILj(pk) — j*(k)lmodq 2 p.

since p € q and j(pk) and j(K) are integers of Qi (~/D). The concvlusion is that
either [j(pk)]” = j(k) mod g or the other way around: j(pk) = [j_(k)]" mcl)d q
Now Hp is a factor of H & SZ[x] in the ring K[x], so its C(?efﬁ01ents ¢ lie in
OX(K), by a simple extension of Gauss’s lemma, and these satisfy ¢# = cmod g
in Qu(~/D). For example, if D % 1mod4, then ¢ = a + b+/D with allb €
Z.D = x’modp with 1 < x < p, and x~' = I modp, 50 (VDy! =
xP~' = 1 mod p, p being odd, and ¢f = a” + bP(~D)? = a + b/ Dmodq.
The situation is now as follows: Either [j(pk)]” = j(k)modq and

HE(j(pk)) = Ho(j7(pk)) = Hy(j(k)) = Omodq

or else j(pk) = [j(k})]” mod g and
Holj(pk)) = Hp(j7(k)) = Hy (j(k)) = 0modg.

The upshot is that some factor j(pk) — j(k") of Hy(j(pk)) lie‘s in the ideal q.
But j(pk) is distinct from any other class invariant in the quotient UV D)/9q
since the discriminant d does not belong to g, so you will ha\.fe to .agree that
F(pk) is not just congruent but equat to some J(x"). The proof is finished.

Step 2. The next step is to understand just how much has l_)een ach'ievc?d:. The
discussion of step 1 excludes p = 2 and also primes that divide the dlSCI‘fmll’l.aIl[
d or else are ambiguous, which is to say that they divide D, so the S‘ll’.l.lf:ltmﬂ
can be summed up as follows: If j(K) is a root of Ho(x) = U, then so is JipK)
provided p does not divide 2d D. Now the fact is that you may pass from aiy
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fixed class k to any other class k' by successive multiplications of k by a series
of nonexceptional prime ideals p not dividing 24D, so every class invariant
x = j(k') is a root of Hy(x) = 0; in short, the class polynomial is irreducible,
and this not only over @ but over K = Q(+/D) as well.

Step 3. Verify that such a passage from k to kK’ is possible. This can be done in
a perfectly elementary but tiresome way. It is nicer at this juncture to use a big
machine. Dirichlet {18407 proved that the prime ideals are equidistributed over
the classes k in a suitable technical sense; in particular, every class contains
an infinite number of primes, and since the proviso 2dD ¢ p excludes only a
finite number of primes, every class may be represented by a nonexceptional
prime. The possibility of passing from k to K’ in the manner described will now
be plain.

Exercise 1. Look up the proof of Dirichlet’s theorem in, for example, Weyl
[1940],

Exercise 2. Give the kind of elementary proof, hinted at before, that the passage
from k to k', via nonexceptional primes p, is possible.

6.8 Class Field and Galois Group
The invariants j{pk) and j(p~'k) belong to Qx(~/D) = Q(+v/D)[j(K)] and
repetitions with nonexceptional primes show that K; = Qk(ﬁ) isindependent
of the class k and contains every one of the class invariants. This was the content
of Sections 4-7, serving to identify K as the splitting field of the (irreducible)
class polynomial over the ground field K = Q(+/D). Now the elements of K,
are uniquely expressible as

co+erjK)+ -+ opoy TN KD

with co, ..., cy_1 € Q(+/D) for any fixed class k', so each element k of the
class group C(K) induces an automorphism o of K; over K mapping the general
invariant j(k'}to o j(K') = j(k™'k’). These are distinct and so provide a faithful
copy of C(K). Besides, they fix only the ground field K = Q(+/D), with the
implication that the Galois group & of Ky over K is a copy of the class group.
This finishes the program outlined in Section 3. The final identification of K as
Hilbert’s class field, this being the biggest, unramified, commutative extension
of K, lies outside the scope of the present discussion, but see Vladut [1991] for
a nice account. :
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7
Arithmetic of Elliptic Curves

The arithmetic of elliptic curves concerns itself with the points of a nonsingular
cubic y? = x* + ax + b with coordinates from the field € of rational numbers
or, more generally, from a fixed algebraic number field. The subjectis reviewed
in Cassels [1966] and Silverman [1986,1994] from a sophisticated point of
view,; for something accessible to the beginner see Nagell [1964: 188-265],
Skolem [1938: 73-83), and especially the splendid book of Silverman and
Tate [1992].

7.1 Arithmetic of the Projective Line

The question of arithmetic on curves goes back to antiquity. Take the circle
X:x2 + y2 = 1. It is uniformized by the projective line P! via the substitution
w s (x,y) = (w? 4+ 1)~ '(w? — 1, 2w); plainly, w belongs to ¢ if and only
if x and y do. Now write w = n/m with coprime n > m > 1. Then
x? 4+ y* = 1 is equivalent to a® + &* = ¢* with coprime whole numbers
a=n?—m?, b= 2nm, c = n? +m?; in short, the rational points of the circle
represent the triples of Pythagoras (520 BC), epitomized by 3% + 4% = 5% as
every school child knows.

Exercise ]. Leta and b be coprime whole numbers. Then a® -+ b is a square
in Q only if a + /—1& is a square in Q(~/—1). Check this and use it to confirm
the recipe for Pythagorean triples. Hinz: Q(+/—1) has class number 1 so its
integers may be factored into prime integers in just one way; also, a + WaSY.
and a — +/—=1b are mostly coprime in Q(~/—1).

The arithmetic of the general ellipse X: Ax* + By2=C(0 < A, B,C e Z)1is
more complicated. If it has at least five rational points, then'—D = B/A and
n = C/A may be taken to be square-frec integers, and the question takes the

252
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form: Is n the norm x? ~ Dy? of a number x + y~/D of the imaginary quadratic
field Q(+/—D)? This may or may not happen, as the next exercises show.

Exercise 2. Check that the number 3 is not a norm for YV -Dsox?>+yv? =3
cannot be solved in ().

If n is the norm of a number w € Q(~+/D), then every other such number of
Q(v'D) is the product of w by (w? — D)™ (w? 4+ D + 2w/D) with w € Q,
the upshot being that the rational points of X can be naturally identified with
itself, if any such points are present.

Exercise 3. Check it.

Exercise 4. 'What about hyperbolas?

7.2 Cubics: The Mordell-Weil Theorem
Let X be a nonsingular cubic y? = (x — e/}(x — e)(x —e3) = x> +ax + b
with points p = (x, ¥). The numbers a and b belong to § as soon as X has two
rational points with different abscissas and it is no loss of generality to let them
be whole numbers. The customary factor 4 is missing so the addition theorem
of Section 2.14 is a little modified:

y(p2) — y(Pl)J g

¥p1+p2) = —x(p) — x(p2) + [m

YPplx(pr + p2) — x(p2)] — ¥(p2)x(p1 + b2)] — x(py)
x(p2) — x(p1) '

Rational Points. The formulas make it plain that the rational points X(Q) of X
are closed under the addition of the curve, so they form a module over 7 after
adjunction of the identity element 0 = (co, 00); see Fig. 2.21 for the geometric
interpretation of the addition. Now for the projective lines of Section 1.10
either X(Q) is void as in ex. 2 or else it can be naturally identified with Q as
in ex. 3. The facts are quite different for cubics. Poincaré [1901] conjecturad
and Mordell [1922] proved that X(Q) is of finite rank over Z. This means that
X(Q) contains a finite number of points p), pa, ..., ps from which all others
may be obtained by addition! p = nip; + -+ + ngps. In more detail X(Q)
is of the form Z’® a finite commutative group. The latter possibility is really
present. For example, the half-periods of X are of order 2 under the addition

¥p1+p2) =

U signifies the sum of 77 copies of p.
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256 7 Arithmetic of Elliptic Curves

Case 2. B = 1mod2. Then (A% + B?)(A? — B?) = C? is even since B? = -

1mod4 and A? = Q0 or 1mod4, so C? = A* — 1 is congruent to 0 or to —1
mod 4, and C? = —1mod4 is not possible. As before, the left-hand factors
have highest common divisor 2, so

A2+ B =24%, A’ B =2V, 2C =ab

with coprime a, # > 1, and from A? = a? + b? and B? = 4% — b?, you obtain

anew solution a* — p* = (A B)? of smaller height
a<var+bhPr=A=H.

The descent is over,

Exercise 1. X:y? = x* — 1 is equivalent over Q to X":y* = x* + 4x, as in
example 2.1, Check that it has just the two rational points (1, 0). Hint: Use
the recipe for Pythagorean triples of Section 1 and the descent of example 1.

Example 2. Euler (1770) nearly proved that the curve X: y* = x3 + 1 has only
the six rational points

(OO'! OO), (21 3)1 (07 ])’ (_1, O)v (01 _1): (21 _3)

produced by the fractional periods ke /6 (0 < k < 5), @ being the real primitive
period 2 [ (x? + 1)~12dx of the triangular lattice; compare ex. 1 and, for the
proof, see Nagell [1964: 244-6].

Exercise 2. Prove that p = (2, 3) generates the five rational points different
from o0 = (00, 0o}, to wit, (0, 1) = 2p, (—1, 0) = 3p, and so on, and identify
the period.

Example 3. The curve X: y? = 2x* — 1 isequivalentover Qo X': y* = x*+8x,
as in example 2 of Section 2. Its rational points form a copy of Z & Z;; in
particular, it is of rank 1.

Proof.® As before, the proof is by descent, but with a twist. Letx = a/b, y =
¢/d be arational point in lowest terms, witha, b, ¢, d = 1. Then (2a*—b")d* =
b%¢c?, and it is easy to see that 4 = b?, s0 2a* — b* = ¢*. Now b and ¢ are of
like parity, a® = [(b% + ¢)/2)% + [(42 — ¢)/2)%, andeithera = | = b= c =d
and p = (x, y) is the self-evident rational point (1, 1), orelse a > 1 and

a’®= A+ B2 b? = A®— B2+ 2AB, £c = A’ — B* —2AB

¥ Nagell [1964: 232-5), with a geometric amplification.

7.3 Examples 257 -

with coprime A, B > 1, by the recipe for Pythagorean triples of Section 1.
Here A = —B is not possible, 50 A + B > 1 can be assummed. Also, A and B
are of opposite parity, 2 and b being coprime: in fact, A is odd and B is even
since, in the opposite case, b*> = —1 mod4 and —1 is not a quadratic residue
of 4. The recipe for Pythagorean triples is now applied to a? = A? + B2 to
produce

a=C*+D* A=C?*-D* B=2CD
with C, D > 1. The identity #? = A? — B? + 2AB produces
(C?4+2CD — D*P — p? = 8¢?p?

with C2 +2CD ~ D? = A+ B > 1, and the left-hand side of the display
factors in a self-evident way into pieces with highest common divisor 2, so one
piece is twice a square, the other is four times a square, and half their sum is
C?+2CD - D? = M?> + 2N with M, N > 1 and MN = CD. This new
identity is recast as

2
@2+ DY/N?) (N) 22N w1y

c NC
and solved for N/C:
N DNEV2N*—D* x+/2x%-1 . N
— = = with x = —,
c 2N?+ D? 2x2 41 D
showing that 2x* ~ 1 is a square in Q. In fact,
N N
=—, y=+|—2x2+1—
X D,y i[c(x+)x]>0

is a new rational point of X descended from the old: If x = N /D is expressed
in lowest terms, then its numerator cannot exceed

N<CD=B/2<B<\VA +Bl =g,

The reasoning is invalid if @ = 1: Then repeated descent ends at the point
(1, 1). The recipe can be reversed to express the higher point in terms of the
lower: The higher abscissa is
c?+ p? X237 4 1? + (x £ y)?

M2 ~2N2 " (2x2 4 12 — 2x%(x + y)2°

ol I~

(x,y = +/2x* — 1) being the lower point. The descent shows that all rational
points of X are obtained from the single point (1, 1) by application of this
formula and the involutions (x, y) — (%x, £y).
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260 7 Arithmetic of Elliptic Curves

say, andrecall —e = f2, Thenfrom —a = (e1+e2+e3), b = ejea-+eresterey,
and ¢ = —e ;€3 = n” you find

(m® —e; +ey+e3)t = deym® — Bo/—eie263m
+4 [e] —erfer + ez +e3) Herer +eze3 + esel]

=4(fim — fo+ ),

which is to say, (m* F fi)? = (f, F f3), thatis, m = £fi £ (f2 F f3), in
which the third sign conforms to the first. Let mq be any of these roots. Then
x1 = (1/2)(m% — a) is the (double) root of x2 + ax + b — m?x — 2mn = 0, and
pa = (x3, y2) is the double of p; = (x;, mex; + n) € X(Q).

Step 2. For p = (x, ¥y} € X(Q) and x = p/q expressed in lowest term;, the
naive height of p is declared to be Hy(p) = logm, m being the larger of |p|
and |g{, with the understanding that the origin o = (00, 00} is the ground level,
that is, Ho(a) = 0. Plainly, there are only a finite number of points of X{((}) of
limited height Hy(p) < k& < oo. The chief feature of the height is its behavior
under doubling: Hy(2p) — 4Hy(p) is bounded above and below, by constants
depending not upon p, but upon X alone.

Proof of the upper bound. The condition e, + 2 +e3 = 0is back in force. The
duplication rule

x* — 2ax? — 8bx +a?

with x = x(p)
4(x3 +ax +b)

x(2p) =
shows that, if x = p/q, then x(2p) = p2/g. with
p2 = p* —2ap’q® - 8bpq3 +a*q* < ey (X)m*
and
g2 = 4q(p® + apg® + bg®) < ;(X)m*.

Unlike p/g, the new fraction py/g, need not be in lowest terms, but it does not
matter: Hy(2p) is overestimated by 4 logm = 4H(p) plus ¢3(X) = the larger
of log ¢1(X) and log c;(X).

Proof of the lower bound. This is trickier. The fact is, as you may verify with
tears, that if d is the discriminant —4a® — 27b% of the cubic, then

—4dp’ = Apy + Bg»

7.4 Proof of the Mordell-Weil Theorem 261

and
—4dq’ = Cpy + Dg,
with

A =4x [—dp® — a’bp’q + a(3a® + 22bY)pg® + 3b(a® + 86%)g°%],
B = a’pp® + a(5a’ + 32b%)p%q +2b(3a° + 966%) pg? — 3a%(a’ + 86%)q°,
C=4x0Bp*q+4ag®), and D =3p® - Sapg* — 274°,
not the numbers that wounld spring to mind! Anyhow, p and g being coprﬁne,
the common divisor of p; and g; is seen to divide d and so to be capable of only a
limited number of values. Besides, m’ < c4(X)m3m,, and writing x; = py/q0
in lowest terms p3/gs reveals that
Hy(2p) = logm3 = logma — cs(d)
= 4logm — cs(d) — log c4(X)
= 4Hy(p) — cs(X),

as advertised.

Now it is plain that 4™ Hy(2"p) tends to a limit H (p) as n = oo, This is the
absolute height of p € X((Q), obeying the neater duplication rule H(2p) =
4H(p). The rest of the present step elicits the more general rule

H{py +p2) + Hpr — p2) = 2H(p1) -+ 2H (p2).

Proof. It suffices to check that the left side is smaller than the right: Just apply
that inequality with py £ p, in place of p; and p, use the duplication rule, and
divide by 4. In fact, you need only the inequality with an additive constant
¢o(X) on the right, and this is proved as follows. Let xr = x(b)) = ;/qu
in lowest terms, let m; be the larger of | pi1l and [g;|. and similarly construct
Mz, m., and m_ for p, p. = p1 + p2, and p_ = p; — po. Then

. (PLp2 + aq1q2)(p2g) + p1g2) + 2bgiqd
(P2q1 — prga)?

X++x_=2

A
'

_ (p1p2 — aq142f’ — 4q19:6(pagy + prgn)
{(p2q) — p1g2)?

B
XXy = E
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264 7 Arithmetie of Elliptic Curves

Case 1. pisnot ahalf-period. Letn = n), nz, n3 € Z, positive or negative, be
the powers of the fixed prime p appearing in the numbers x(p) — ¢, these being
expressed in lowest terms, and note that (x — e;){(x —e2){x —e3) € (Q* )2 forcfes
ny +ny +n3 = 0mod 2. Now x(p) € Q is fixed, independently of ¢ € Z, with
the result that n; = ny = n3 = 0mod 2 if any one of them is negative. Then

¥ p) = [x(p) — e @) Rx(p) — e2) @) = @V Q@Y.

if now ny > 0 and p does not divide the discriminant d, then it cannot appear
in the numerator of x(p) — ¢; = x{p) —e| +e1 — &2, thatis, ny = G and likewise
n3 = 0, with the implication that n; = 0mod 2 and ¥(p) = (Q*)* ®(@Q*), if
no prime p dividing d appears.

Case 2. x(p) = ey, €2, or es. Then ¢;(p) and g2(p) are produc.ts ofe; —ez, 65—
e3, and €3 — ¢y, and these are prime to p unless the latter divides 4. The proof
of item 3 is finished.

The finite character of X((9)/2X(Q) is plain from items 2 and 3.

Summary to date.(1) X(Q)/2X(Q) is finite, (2)H(2p) = 4H{p), (3){1(;:1' +
p2)+H(py — p2) = 2H{p1)+2H(p2), (OX@) ) [p: H(p) < h < o] is finite.

Step 4. The finite generation of X(Q) now follows from (1), (2), (3), and (4).

Proof. Choose h < oo solarge that X(Q) () {p: H(p) < A < oo} contains some
member of each of the finite number of classes of X(Q)/2X(Q). Ttis a fact t]-_nat
these special points of X(Q) generate the whole. If not, you could pi.ck a point
p € X(Q) that cannot be so produced, and of smallest possible height H (p).
Let po be the special point in the class of p and write p = pg +24o. Then E.Itl'-lel'
H(p+pg) < H(p)+H(po)orelse H(p—po) < H(p)+H{po) inaccordance with
(3). Take, for instance, the positive sign. Then p + po = 2po + 290 = 24, and

4H(q) = H{(2q) = H(p -+ po) = H(p) + H(po)
< H(p)+h (since pg is special)
< 2H(p) (since p is not).

But now q has to be special, H(p) being the smallest height of any nonspec?ai
point, and that is contradictory, p being the sum q + q — po of three special
points. The proof is finished and isn’t it remarkable!
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ramified cover, 36

random walk, 60

rational character, 7
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rational function, 7

real special linear group, 24
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Riemann-Hurwitz formula, 40

Riemann mapping theorem, 43

Riemann sphere, 1

Riemann's theta function, 216

Riemann surface, 4

Rogers-Ramanujan identities, 155

1oot, 4

rotation group, 14, 25

Schwarzian derivative, 14
scissors and paste, 33
sheet, 33

sheet number, 30, 84
simple pendulum, 38, 59, 76, 87
simply connected, 4
singular points, 29, 107
singular values, 204, 236
sinus amplitudinus, 74
slant, 51

soliton, 91, 175

special linear group, 12, 79

special moduli, 118

sphere, 1

spherical distance, 15

spherical triangle, 15

square lattice, 81, 88, 116, 174, 189, 255
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sums of four squares, 142

sums of two squares, 140, 141
syrametric functions, 9

symmetric group, 13

Tartaglia, 102, 206

tetrahedron, 18, 20-2

theta null values, 176

topological degree, 7

torus, 3

trizngle functions, 222

triangular lattice, 81, 88, 174, 256
triangulation, &

uncoupled oscillators, 89
uniformization, 51, 52, 103, 222
units, 42

universal cover, 30
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Weber, 55, 224, 236, 250, 251
Weber’s congruence, 248
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