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The static properties of the spherical p-spin interaction
spin glass model are calculated using the replica method.
It is shown that within the Parisi scheme the most general
solution is the one-step replica symmetry breaking. The
transition from the replica symmetric solution to the
replica replica symmetry broken one is either continuous
or discontinuous in ¢,—¢q, depending on the strength of
the external magnetic field. The model can be solved ex-
plicitly for any p at any temperature and magnetic field.
Below the transition we find an infinité number of
metastable states.

1. Introduction

In the last years much effort has been spent to understand
the low temperature phase of spin systems with random
quenched couplings, namely spin glasses (SG). The main
feature of these systems is that, due to frustration and to
the randomness of the couplings, the free energy land-
scape presents many minimum states, separated by very
high barriers, not related by any symmetry one to an-
other. As a consequence, the equilibrium state of the
system at low temperatures may depend on its initial state,
even in the thermodynamic limit, and the ergodicity is
broken. In this scenario it is clear that even a mean field
theory, which usually is the first step towards the under-
standing of the phases, can be highly non-trivial. Indeed
the infinte range Sherrington and Kirkpatrick (SK) model
[1], for which the mean field solution should be correct,
already exhibits the main problems of such systems.

It is now generally believed that the SK model can be
solved by using the replica trick. In this method one con-
siders n non-interacting replicas of the system, which al-
lows for replacing the quenched averages by the n—0
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limit of annealed averages. However, the breaking of the
ergodicity in the low-temperature phase implies that the
permutation symmetry between replicas is broken [2].
The general form of this breaking is, however, not known.
Parisi proposed a specific form based on a hierarchical
replica symmetry breaking [3] which, when the number
of breaking is sent to infinity, produces a stable mean
field theory [4]. This ansatz has a natural interpretation
in an ultra-metric organisation of the pure states of the
system [5]. These results rely, however, on the particular
replica symmetry breaking scheme.

Some years ago Gross and Mézard [6] showed that
an infinte range spin glass model with p-spin interaction
(pSG) is solved exactly by the first step of the Parisi
replica symmetry breaking scheme (1 RSB) in the limit
p—oo. In a subsequent work, Gardner found that there
is a range of temperature where the 1 RSB gives the cor-
rect solution for any p > 2 [7]. This range shrinks to zero
as p—2, whereas the lower transition temperature goes
to zero for p—co. Thus this model is a good candidate
for a better understanding of the replica symmetry break-
ing.
In these works the spins were Ising spins, and this
makes it difficult to solve the model completely. It would
then be useful to have a model which can be solved ex-
actly, but which retains the main features of the Ising
spin pSG. To this end, in this paper we consider a spher-
ical version of the model which presents the required
properties, namely it can be solved for any p and it has
a 1 RSB phase. A soft-spin version of the pSG for p close
to 2 was previously considered by Kirkpatrick and Thi-
rumalai [8]in a context of a dynamical study. In the limit
of hard spins model leads to static properties similar to
those found by Gardner.

In this paper we consider only the static properties of
the spherical pSG. The dynamics will be discussed in a
separate paper [9]. The paper is organised as follows. In
Sect. 2 we introduce the model. In Sect. 3 the model is
solved using the replica trick, but no assumption on the
structure of the overlaps g, is done. The replica sym-
metric (RS) solution is discussed in Sect. 4, together with
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its stability. In Sect. 5 the Parisi one-step replica sym-
metry breaking solution is introduced. This is shown to
be the most general solution of the model in the Parisi
scheme. Details of the proof are in Appendix 2. In this
section we also discuss the transitions from the RS to the
1 RSB solution. These are of two kinds. For low magnetic
fields the transition takes place discontinuously with a
jump in ¢, — ¢g,. Above a critical ficld the transition be-
comes continuous. The behaviour of some thermody-
namic quantities at the transition is discussed in Sect. 6.
Finally Sect. 7 is devoted to some conclusions and dis-
cussion. In Appendix 3 the interested reader can find some
details on the calculation of the eigenvalues of the Gaus-
sian fluctuations about the mean field theory for the
1RSB.

2. The model

The p-spin interaction spin glass spherical model de-
scribes a system of N continuous spins o, with random
quenched infinite range p-spin interactions. It is defined
by the Hamiltonian

H=— o J. .o

I1€i1<--- <ipEN i=1

.1

The interaction strengths J;, , are independent random
variables which, for simplicity, can be taken to be Gaus-

sian with zero mean and variance

J2p!
=P i<i<.<i<N

i 5)?

This scaling with N ensures an extensive free energy, i.e.
proportional to N. The spin variables o, are continuous
real variables which can range from — o0 to + o0, thus
to make the model well defined, the global constraint on
their magnitude (spherical constraint)

N
S o2=N (2.3)
i=1

is added. The trace on the spins is then defined as

+o N N
Tr,(---)=2)N | ] do,6 (N—ZG?)(-")-
T = =t (2.4)

In the case p =2, the model reduces to the spherical model
introduced by Kosterlitz et al. [10].

Note that Tr, (1) is equal to the surface of the N
dimensional sphere with radius N !/2. Its logarithm is the
entropy S of the model at infinite temperature 7. For
large N it is given by:

Tr, (1)=e5

=eNUFRC@mI2 1 =1/2(1 4 O(1/N)) (2.5)

3. The replica method

The static properties of the spherical pSG can be obtained
by using the formalism introduced by Gross and Mézard
for the Ising spin case [6].

For any fixed realization J of the couplings, the par-
tition function of the system is given by

Z[J]=Tr,exp[— SH[JI]] 3.1
and the quenched free energy
pF=—InZ. (3.2)

The analytic computation of this average is a very difficult
problem, even in simple cases as nearest neighbour one-
dimensional models [11]. However, since the integer mo-
ments of the partition function are easier to compute, the
standard method for performing the averages over the
quenched couplings is to introduce » non-interacting rep-
licas of the system, calculate annealed averges and then
take the limit to n—0. In this approach the average free
energy is obtained as

BF= —lim *(Z7-1)

(3.3)
n—0o A
where
Z"=Tr, exp [—/3 o Ha]
=1
_ (BJ) p!
=Tr, exp [ y Ng N7
X o G1a0i g0, 0, p
iSiit<---<ipEN
By aw] : (3.4)

Since we are eventually interested in the #—0 limit,
and in the thermodynamic limit N— oo we can calculate
the above partition function only up to the first leading
terms. For this we replace the restricted sum over
i <---<i, by

—1
i< <ip  di,..., ip
which is correct to order O (1/N?).
As in the Ising case, once the average over the cou-
plings is performed, the effective Hamiltonian depends
on the overlap function of the replicas

1 N

=_ Oip. 3.5
qzxﬁ N igl Oy Utﬂ ( )
For any finite » the matrix q is symmetric and positive
semidefinite, g = 0. Note also that the spherical constraint
(2.3) implies g,, =1 for the diagonal elements. This, to-
gether with the semipositiveness of q, leads to

~12¢,,<1 Va,B. (3.6)



The spin trace in (3.4) can be performed by introducing
the constraints (2.3) and (3.5) by the conjugate variables
Ay and A, 5 (=A4,) using the relations

+ioo

l—j [[ da., j 1T —d’l

q>0 a < B —i0 a< g

N
Z Ty Giﬁ)]
i=1

Xexp [_Jf Z Aotﬁ(]\rqnz,li—

aFf

+ico di N
- e [ <420 (Ve 2 o)

=1

where use has been made of ¢, = 1. One then gets

+ico

‘_j quuﬁj I

Q>0 a< g —i g < B 27[1

+ico
xdi,, | TI L/:dlme

—io g

(3.7)

with
(BIY
4 quﬁ—{_%zlaﬁqaﬁ
o« o ff

(,b’J)2
§N

Glg,4]=—

pp—1)

+
—In | [[de,

—® g

PRG-I
«B
X eXp li%z/lwdaaﬂ-l-ﬂhZaa] (3.8)
apf o
where (- -

30 hyp0, 05+ Bh Y a,.
o f3 o

- > means spin average with the Hamiltonian

The g, ; integration can be restricted to the region where
q is positive definite.

The integral in the logarithm is Gaussian and, by shift-
ing the 4 integration so that A gets sufficiently negative
real part, it can be made well defined. The integral is
easily performed to give

2G[q,4]= —nln(2n)—(ﬂj)

H

of

+ D A5 p TIndet(— 1)
aB

+(ﬁh)2Z(l‘l)aﬁ

(ﬁ’J)2

p(p —I)Z olop>qls”.  (3.9)
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The correlation function (o} o ;) can be calculated from
the Wick’s theorem and expressed in terms of o, 0,
and {o,)>.

3.1. The A-integration

In the limit of large N the integrals in (3.7) can be per-
formed by saddle point method. Namely, Z” is given by
the dominant extremum of G and the average free energy
is

BF/N=Ilim ! G

n—0 N

(3.10)

where G, evaluated at its dominant extremum, may in-
clude the contributions of the Gaussian fluctuations to
take into account the O (1/N) corrections.

Due to the restriction g > 0 it is possible to integrate
out the auxiliary variables 4, parallel to the imaginary
axis yielding a real saddle point. In this way Z" is reduced
to an integral over the overlaps g, ;. The relevant part
for the 4,4 integration is

Glal=21+5 s (=1 T<okokdaly> (1D
«fB

with
20[A]1=)" A, 50,5t Indet (—4,5)+b> DT (A7 1),
(73 o f

=Z AopaptIndet(—2,,—5%)

bz <Z()._‘)dl,> +0(n?) (3.12)

where we have introduced the parameters

_(BJy

2pandbﬂh

In (3.12) we have explicitly retained the terms of order
n? since, even if they do not contribute to the saddle point,
they may be relevant for the O (1/N) corrections if there
are eigenvalues of the Gaussian fluctuations with finite
- in the »—0 limit - degeneracy.

The last term in (3.11) is of relative order 1/N and
gives the O (1/N) corrections to the N— oo saddle point
value of 4. However, due to the stationarity of the saddle
point, these will lead only to O(1/N?) corrections to G
and, therefore, this term can be neglected in evaluating
the saddle point and the Gaussian fluctuations.

The stationary point of G[A] is given by

0,05 =4, (3.13)
which to lowest order in n reads
)Laﬂ—f—bz-&—(q_l)aﬁ:O(n). (3.14)

The integration of the Gaussian A-fluctuations at the
saddle point can be done by diagonalising q and gives
the factor
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n(n—1)/4
<i\£> n—n/Z(det(q))——(l+n)/2.

o (3.15)

The details are in the Appendix 1. These fluctuations are
stable due to the restriction q > 0. Note that from the
approximations made in (3.12) and (3.14) this result gives
the correct 1/N contribution to G only up to order O (n).

By inserting these results back into (3.7) and (3.9) one
gets

N

Zr=e® [ ] 4.5
q>0 ¢ < B
xexp[ —NG,[q]l -G, [q]+ O(1/N)] (3.16)
with
2G,[ —= Z gt —b* Z up
—lndet(q)+ <Z qal;) (3.17)
26,[41=5 (=1 X, <ola}daf; > +indet(@) (3.18)
oaf
and
2
(o26}y=1+2g25—2b" <Z qwqw> : (3.19)
yé

The last term in (3.17), of order »% has been retained
since it may be relevant for the 1/N corrections. The
above expressions give the correct result for the terms of
order n, n> and n/N.

3.2. The q-integration

The remaining g-integration can be done also by saddle
point method. The terms of relative order 1/N can again
be neglected, and replaced by their value at the stationary
point.

The saddle point equation for g,, derived from G,
reads, in the n—0 limit,

ugly ' +b7+(q ),5=0, a=p. (3.20)
The diagonal terms are fixed to 1 by the spherical con-
straint.

The second order variation of G, with respect to g, 4

gives the Gaussian g-fluctuations

26%Go=—pu(p—1) 2 ql5°(0q.5)
«B

2
+Tr(q"'6q)>+b* (Z 5qa,;> (3.21)
«B

where (9q),;=04,,(=8q,) is the fluctuation of ¢, ,
from the saddle point value (3.20). Since ¢,, =1 by the
spherical constraint, dq,, =0.

Note that for finite n( > 1) G,[q] has to be minimal
at the stationary point, i.e. the eigenvalues of the fluc-
tuations have to be positive. However, like in the SK

model the dimension of the dq-space, n(rn—1)/2, be-
comes negative in the limit n~—0%. In this situation the
role of negative and positive eigenvalues is switched and
stability requires that G,[q] should be maximised [3, 12].
The integration of the Gaussian g¢-fluctuations can be
done by diagonalising the quadratic form (3.21). If we
denote by A, the eigenvalues of (3.21) and by #, their
degeneracies, then the result of the integration is

(1) "

Collecting all the terms the average free energy per spin
f=F/N in the N— o0 limit finally reads

(3.22)

B =—s(@)+ Gylal

+K;l; (Gl [q]+3 Z nvlnAv> +0(1/N?) (3.23)

where the n—0 limit is intended, and s=S/N.

4, Replica symmetric solution

In order to evaluate G explicitly we have to impose some
ansatz on the structure of q. In the high temperature and/
or high magnetic field regime we expect only one pure
state. Thus it is reasonable to take a replica symmetric
(RS) ansatz

qaﬂ:(l_Q)Jaﬁ—}_q

For later use, it is useful to introduce also the inverse
matrix q !

(4.1)

@ "), ;=A43,,+B (4.2)
with
A=(1-q)'
B=— 9 (4.3)
(1= [1+(n—-1)g]
- __ 1
n=o (1=g)*

Inserting (4.1) into (3.17) yields for the extensive part of
the free encrgy in the n—0 limit

2
2 Gy(@)= 2 (1~¢")=b>(1—g)
4

q

—ln(l—q)“l—:;- (4.4)

The saddle point equation, derived either from the sta-

tionary point of (4.4) or inserting (4.1) and (4.2) into
(3.20), is

7 _—o. (4.5)

ug? '+ b7~
? (1—qy




4.1. Stability of the RS solution

In the replica symmetric ansatz 62 G, becomes [see (3.21)]

262Gy=A, 2 (84,5 +2AB ) 6q,,64,,
af afy

2
+(B*+5bY <Z 5qw> (4.6)
«f
where
A= —u(l—p)g*~ '+ 4> 4.7

The eigenvalues of this quadratic form are solutions of
the eigenvalue equation

Aléqa/,-l-ABZ (09.y T94,5)
y

+(Bz+b4)25qy5=/15qaﬁ, a+xpB. (4.8)
yo

For finite »n there are three different eigenvalues.

1. The first is

Ay=—u(p—1g” *+(1—-q9 72,
n=n(n—3)/2

(4.9)

and corresponds to eigenvectors for which

2164,=0 Va.
B

2. The second is

A=A +(n—2)AB, ny,=n—1

(4.10)

corresponding to eigenvectors

216q,,=0 but » 8q,,#0.
af B

3. Finally the third is

As=A,+nAB+nn—1)(B>+b*), ny;=1

(4.11)

and corresponds to eigenvectors such that

2. 0q,5%0.
«pB

Note that in the n—0 limit A,=A,. However, since the
degeneracy of A, is 1, its O (n) terms will contribute to
the 1/N corrections to the free energy f.

The relevant eigenvalue for the stability of the RS
solution depends on the sign of ¢. Itis A, if ¢ > 0, whereas
itis A, if g < 0. Note that A, corresponds to the critical
eigenvalue found by de Almeida and Thouless for the SK
model [13].

4.2. Solution of the RS saddle point equation

Let us consider first the zero magnetic field case b=0.
In this case the saddle point equation (4.5) has always
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the solution

g=0 (4.12)

which is stable at any temperature, for

A=A,=1, (p>2). (4.13)
In the case of b0 (4.5) has a solution

0<g<1 foralT. (4.14)

For even p an additional negative solution may also exist.
This ¢ < 0 solution is, however, always unstable since
both A, and A, are negative.

The relevant eigenvalue for the stability of the ¢ >0
solution is A, . Using the saddle point equation (4.5) and
(4.9) the instability curve A, =0 of the RS solution in
the (T, ) plane has the parametric representation

—1
@/ 1p=22= (1 - gpgr-?
0<¢g<1 4.15
sy =222 g1 e

This curve is shown in Fig. 1 for p=3 and Fig. 2forp=10
(full line). The qualitative shape remains unchanged for
all p > 2. In particular for any p this line exhibits a critical
point d2/dT=0 for
q.=1-2/p. (4.16)

At low temperature and field the saddle point equa-
tion may have other solutions which appear discontinu-

ously when the curve [g, ¢/(1 — ¢)*] is tangent to the curve
[q,uq”" ' +b7], ic.

—,uq”_l—bz] =A,=0. (4.17)

i['l
dg L(1—¢q)

h/J

T/J

Fig. 1. The lines A, =0 (full line) and A, =0 (dash-dotted line) for
p=13. The square marks the critical point. The dash line is the m=1
line where the discontinuous transition to the 1 RSB solution takes
place
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n/J

T/J

Fig. 2. The lines A, =0 (full line) and A, =0 (dash-dotted line) for
p=10. The square marks the critical point. The dash line is the
m=1 line where the discontinuous transition to the 1 RSB solution
takes place

For b=0 the above equation is solved at 7'+0 by (4.16),
and by ¢ =0at T'=0. If 50 the value of ¢ lies in between
0 and gq.. In the (T, /) plane the line A,=0 has the par-
ametric form

plp—1 _,(1—g)
q
2 1+g¢g

1 P—2—pg
1+qg

(T/7)=

0<g<1-2/p

(h/J)2=§ q (4.18)

This curve is shown in Fig. 1 for p =3 and Fig. 2 forp =10
(dash-dotted line). It is interesting to note that the curve
exhibits a cusp at

q=—=2/p+VQ2/py+1-2/p

since for this value both d7/dq and d4/dq are zero. The
tangents to the two branches of the curve are equal at
the cusp. Even if the qualitative behaviour does not
change with p, when the latter increases the full curve
moves towards low temperatures.

Inside the region bounded by the A,=0 curve each
solution of (4.17) splits in two distinct solutions, one with
A, >0 and one with A, < 0. All these solutions are,
nevertheless, unstable since A, < 0, as can be easily seen
on the border line A, =0, for A, < A, for any ¢ > 0. For
g—0 both curves A;=0 and A,=0 are tangent to the
T-axis at the origin.

The presence of unstable solutions in the region where
the RS solution is stable is an indication that another
stable solution different from the RS may exist.

5. Replica symmetry broken solution

The analysis of the last section leads to the conclusion
that a replica symmetric ansatz cannot give a stable, and
hence physical, solution of the model in the full (T, #4)
plane. Moreover, the existence of (unstable) solutions

outside the RS instability region suggests that a replica
symmetry broken (RSB) solution may lead to a larger
free energy even outside the region A, < 0.

In order to obtain the full solution we must break the
replica symmetry, allowing q to depend, in general, on
an infinite number of parameters. The most general form
of such a q is however not known. For the SK model
Parisi [3] proposed a particular ansatz of hierarchical
breaking of replica symmetry which seems to give the

-correct solution of the SK model when the number of

breaking is sent to infinity. If we use the same ansatz for
this model, it is possible to show [see Appendix 2] that
within the Parisi scheme the most general RSB solution
is the Parisi one-step replica symmetry breaking (1 RSB).

The Parisi 1 RSB is obtained by dividing the nxnq
matrix in (n/m)x (n/m) blocks of dimension mxm. If
o % B belong to one of the (n/m) diagonal blocks then
9,5=4q,, otherwise ¢,,=¢q,<g,. This corresponds to
group the n replicas into n/m clusters of m replicas. Any
two replicas a + f# within the same cluster have overlap
q,, whereas replicas in different clusters have overlap
4o=9;-

Introducing the matrix ¢ defined as

1 if ¢ and B are in a diagonal block
€= ] (5.1
0 otherwise
4.5 can conveniently be written as
qaﬁz(l_QI)Jaﬁ+(ql_q0)8aﬂ+q0' (5.2)

It is also useful to introduce the eigenvalues of q (with
degeneracies)

Mo=1-4qy, deg.=n(m—1)/m

ny=1—(1—m)q, —mgq,, deg.=n/m—1  (5.3)

ny=1—(1—m)gqy—(m—n)q, deg.=1

and the inverse matrix q ',

(q_l)aﬁ=A5uﬁ+Bsdﬁ+C (5.4)

with

A=nq"

B=_q1~‘]o — _ql_QO (55)
HoMly n—0 "ot

c=—_  _ _%

iz ™0 ’712‘

Note that in the n—0 limit , = #,, and m ranges between
0 and 1.

Substituting the above expressions into (3.17) yields
for the extensive part of the free energy in the n—0 limit

2
, Golal= =" [1=(1=m)f = mq]

m

“L gy, 56

_p2rp o1 _
b*n, 0. m n(zn,) m

1



The saddle point equations for ¢, and g,, obtained either
for the stationary point of (5.6) or from (3.20), read for
n—0

uge ' +b2+C=0 (5.7)
uqf~'+b*+B+C=0. (5.8)

Each m(0<m<1) corresponds to a thermodynamic
phase. For any T and /4 we take the one which maximises
G, [12]. This leads to the additional equation

A gt=ap— (0 o) (@40
p mi,
1 Ho
ny

which has to be solved for 0<m <1,

The quadratic form of the Gaussian q-fluctuations has
for finite # nine eigenvalues, but the relevant ones are
only two which, for n—0, read [see Appendix 3]

AP =—p(p—Dagt?+ 4 (5.10)

AP =—u(p—1)ge 2+ (A+mBY. (5.11)

The first eigenvalue, A", corresponds to fluctuations
inside a cluster, while the second, 4§, between different
clusters.

5.1. The transition lines

For any value of m the RS solution ¢g,=¢q,=¢q is a so-
lution of the 1 RSB equations, as can be checked by direct
substitution. However, even if 1 RSB equations contain
the RS solution, we have seen that this is not the correct
one in the whole plane (7,%), and ‘hence in general
(5.7)~(5.9) will admit a different solution. The transition
from the RS to the 1RSB solution can be either con-
tinuous, in the sense that g, —¢, goes continuously to
zero at the transition, or discontinuous, i.c. ¢, —¢, has a
jump. The points where such transitions take place give
the critical lines in the (7, #) plane. These yield the equiv-
alent of the de Almeida and Thouless line for the SK
model [13].

The condition for a continuous transition can be found
by solving the 1 RSB equations in the limit of small ¢, — g,.
A simple way of obtaining the equation of the continuous
transition critical line is subtracting (5.7) from (5.8) and
expanding the result for fixed temperature, field and m,
about ¢q, in powers of g, — q,. One then gets to the lowest
order

91— qo= —2

u(p—1g8 2= (1—q,) 2
u(p=1(p—=2)g8 >+2(m—=2)(1—gqy) >’

(5.12)

At the transition g, —g,—¢ and the right hand side of
(5.12) must vanish. This leads to the critical line
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1
-0
(1-¢g)?

where ¢ is solution of the RS equation (4.5). This is the
line where the RS solution becomes unstable, for it is
nothing but A, =0 [cf. (4.9) and (4.15)].

We have, however, not yet found the value of m. The
1 RSB solution has a well defined m. Therefore, if the
critical line is approached in the (7, /) plane from the
1 RSB side along a m-line of constant m, the solution at
the transition will'be given by ¢, = ¢, =g with that value
of m. This implies that m and g are related and may, and
indeed does, discard a part of the line (5.13).

Solving the full 1 RSB equations in the small g, —g,
limit leads, in addition to (5.13), to the relation

pp—1)g" >~ (5.13)

p—2 '
= 1— 5.14
3 (-9 (5.14)
where ¢ is solution of (4.5) on the critical line. Since
0 <m <1 the above equation implies that the continuous
transition takes place only on that part of the curve (5.13)

which corresponds to

1-2/p<q=<1 (5.15)
i.e. the upper branch. This is the continuous line in Fig. 3.

We then have the following scenario. When the critical
line is approached from high temperatures and fields the
RS solution becomes unstable and eventually the 1 RSB
solution is continuously set up. The difference ¢, — ¢, is
zero at the transition, but m has a well defined value fixed
by ¢ at the transition through (5.14). Both eigenvalues
AWM and A are zero on the critical line, and positive
below the transition.

The continuous transition critical line ends at the
critical point g,=1—2/p where m=1. Below this point
the 1 RSB can only be reached discontinuously, i.e. with

h/J

Fig. 3. The continuous transition critical line (full line) and the
discontinuous transition critical line (dashed line) for p=3. The
square marks the critical point. The dotted line is the lower branch
of the A, =0 line. The dash-dotted lines are 1 RSB solutions with
m=1/2,1/4,1/8 and 1/16
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a jump in ¢, —¢,. Since m=1 at g,, the discontinuous
transition critical line is the m-line with m=1. Even if
the order parameter is discontinuous, the free energy re-
mains continuous at the transition, for m=1. However,
on the left side of the critical line, i.e. low temperatures,
the 1 RSB solution leads to an higher free energy. In Fig. 3
we show both the continuous transition line (full line)
and the discontinuous transition line (dashed line) for
p=3. The region bounded by these curves is where the
1RSB gives the maximum of the free energy. For com-
parision in Fig. 2 one can see these lines for p=10. We
stress that the qualitative shape of this curve does not
depend on p( > 2). However, the scale on the A-axis in-
creases with p. The temperature 7, on the other side, is
not too sensitive to p.

The nature of the two transitions is very different.
Indeed, while at the continuous transition critical line the
RS solution becomes unstable, along the m =1 line both
the RS and the 1 RSB solutions are stable and give the
same free energy. However, the 1 RSB leads to a larger
value for the free energy below the transition. Thus we
can expect the presence of metastable RS solutions. They
appear on the m=1 line and last till the lower branch of
the curve (5.13) is reached, where the RS solution be-
comes unstable. These states have a lower free energy.

We conclude by noting that on the m=1 line both
eigenvalues A (" and 4§ are positive with A > AP,
The latter, in particular, is equal to the A, eigenvalue of
the RS solution evaluated on this line.

5.2. The 0<m <1 solution

The 1 RSB equations (5.7)-(5.9) can be easily solved for
any p, at least with the help of a computer, by rewriting
them in a more convenient way. We now briefly outline
how this can be achieved. The first step is to substract
(5.7) from (5.8). This leads to an equation in which the
explicit dependence on the magnetic field has disappeared

_ o q,—14
u(gl ' —gg™ ="
HoM1

(5.16)

A second equation without the magnetic field is obtained
by inserting (5.7) into (5.9),

u -
P (af —q8)—uqd™ ' (4~ q0)

= _M_% In <’70>
mmn, m n,

Next we note that the temperature 7" enters in (5.16) and

(5.17) only through . Therefore by dividing (5.17) by

(5.16) we can obtain an equation containing only gy, ¢,

and m. Dividing again the result by ¢, —q,, to have the

same power of ¢, and ¢, at the numerator and denomi-
nator, one finally ends up with

(5.17)

1

(¢f—ad)—r(a—490)96  _ Mg
p(q,—aq0)(gf ™' —aq§™") m (g, —qo)

Lol 20(2)
m(q—q)1 1o n

The left hand side of (5.18) depends only on the ratio

go/q, (and p), while the right hand side is a function

of ,/n,. We can therefore introduce the variables x and
y as

(5.18)

do=xq;, 0=x=<I (5.19)
m=ym, 0=yl (5.20)
and write (5.18) as
2 1=xP=pxPT (1 —x)
B 1—x)(1—xf!
ro( )( ) 05x,y,z<1 (5.21)
l—y+iny
IETA T e
(1-y)

The problem is then reduced to solve these coupled equa-
tions for 0<x<1 and a given p. The value of ¢, and ¢,
are then obtained from (5.19) with

1—y
1—y[l—-m(—x)]"

9= (5.22)

We note that while the first equation (5.21) depends on
p, the second one as a function of z does not depend on
any parameter. It is the same for any choice of the pa-
rameters of the model. Once the function y(z) is known
the 1 RSB solution can be easily found for any p. The
plot of y (z) for 0 <z < 1 is reported in Fig. 4. For example
the m-lines in the (7, ) plane can be drawn for any p by
fixing m and varying x from 0 (A=0) to 1 (continuous
transition). For each value of x the corresponding value
of z is obtained from (5.21) and from this y. The values
of T and 4 can now be found from the 1 RSB equation
(5.7) and (5.8),

Fig. 4. The function y(z) for 0<z<1
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T/ =
( / ) 2 q91— 4
x(gf~ ' —q6 ") (5.23)
,_p (=gl =gt p
Gy = a—al—(—mq—mag] 2%
(5.24)

In this way we have obtained the m-lines shown in the
Fig. 3 (dash-dotted lines) and the n=1 critical line of
Figs. 1-3.

The above reformulation of the 1 RSB equation is also
useful from an analytical point of view. For example an
expansion near x=1 would give the solution near the
continuous transition critical line. In this way one can
find, e.g., (5.14). Similarly x=0 for =0, and hence an
expansion for small x would give the solution for small
field.

6. Thermodynamic properties

In this section we shall discuss some thermodynamic
properties of the spherical pSG. We shall consider first
the case of zero external field, since in this case the equa-
tions simplify and this help for a better understanding of
the discontinuous transition. The case of non-zero exter-
nal field does not present new qualitative features, as far
as the discontinuous transition is concerned.

6.1. Zero external field

In this case the RS solution is ¢=0, and the free energy
in the high temperature phase is [see (4.4) with J=1]

()= —%-Ts(oo) (6.1)

Interestingly, this is of the same form of the free energy
in the high temperature phase of the Ising spin case [6].
One has just to replace s(o0) with the corresponding
infinite temperature entropy which for the Ising spins is
In2.

From (6.1) a simple calculation leads to the entropy
per spin

1

(6.2)
so that s (T') becomes negative, as expected from the sim-
ilarity with the Ising case, for T < [45(00)]™ /2. Never-
theless here this does not imply an instability in the model
since for continuous variables the entropy is not strictly
positive.

At the critical temperature 7, (0) the 1 RSB solution
appears with m=1, g, —g,+0,q,=0 and the same free
energy of the RS solution. When the temperature is fur-
ther decreased, m becomes smaller than one and the 1 RSB
solution leads to a larger free energy. In Figs. 5 and 6 we
show the frec energy as a function of T at A=0 for p=3
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T/d

Fig. 5. The free energy f as a function of 7 for A=0 and p=3.
The upper line is the 1 RSB solution, while the lower line ths RS.
The dashed line is the free energy of the metastable state with
m=1/2

£/d

1/J

Fig. 6. The free energy f as a function of T for A=0 and p=10.
The upper line is the 1 RSB solution, while the lower line ths RS.
The dashed line is the free energy of the metastable state with
m=1/2

and p =10, respectively. The upper branch (full line) is
the 1 RSB solution, while the lower branch (full line) is
the RS solution. :

From these figures one sees that in this model the
entropy is always negative at low temperatures and di-
verges as 7—0. Solving the | RSB equations in this limit
shows that indeed the entropy diverges logarithmically as
T—0. The RS solution gives a stronger, T2, singularity,
and hence the RS entropy is lower than the 1 RSB one.
This indicates the presence of freezing.

The spin glass transition is of the first order, as far as
the order parameter is concerned. However, due to the
maximisation of the free energy, a genuine spin glass first
order transition would have a negative latent heat [7].
Moreover, the order parameter is a function and the dis-
continuity appears on a set of zero measure. These con-
siderations lead to the conclusion that the transition must
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Fig. 7. The specific heat (lower line) and the susceptibility (upper
line) as a function of 7 for #=0 and p=3

be of the second order in the thermodynamic sense [6, 7],
i.e., in the sense that discontinuities or singularities can
be seen only from the second derivatives of the free en-
ergy. In Fig. 7 we report the susceptibility and the specific
heat as a function of T for p=3 and A=0.

An interesting feature is the presence of metastable
states, i.e. of states which are locally stable, but have
smaller free energy. Consider for example the RS solu-
tion. For 2= 0 it is stable for all temperatures [see (4.13)].
However it leads to a smaller free energy (see Figs. 5 and
6). Other metastable states are obtained by solving the
1 RSB equation (5.8) for 5=0=gq, and m fixed. For any
m this equation has two solutions which appear for
AP=0, where they coincide, but are unstable since
A < 0. When the temperature is further decreased one
of the two solutions becomes stable leading to a meta-
stable state. In Figs. 5 and 6 we show the free encrgy of
one of these metastable states (m=1/2) as function of T
for p=3 and p=10 (dashed line). The line starts from
the point where the solution becomes stable, i.e.
AW =0, The free energy of these m-states is always lower
than of the 1 RSB, but equals the latter at the point where
that particular value of m is solution of (5.9) (see Figs. 5
and 6). We note that due to this fact, the free energy of
the 1 RSB solution can be seen as the envelope of the free
energies of all these metastables m-states.

From Figs. 5 and 6 we see that there exists a particular
value of p between 3 and 10 for which the critical tem-
perature T, (0) equals the temperature where the entropy
becomes zero. For larger value of p the latter is always
given by the RS value [45(00)]~'/2. Apart for this prop-
erty, this special p has no other special features.

6.2. Finite external field

If the field is not zero we have to distinguish two cases:
h<h, and h > h,, where A, is the value of the field at the
critical point g.= 1 — 2/p. Tts value for any p can be found
by inserting ¢, into (4.15). For T=0 the critical field 4,
takes the simple form

_p(p—2)
R

(ho/J)? (6.3)

For h < h, the transition is discontinuous, and qual-
itatively similar to the #=0 case. The only difference is
that the strength of the discontinuities at the transition,
e.g. in the order parameter and specific heat, decreases
as the field is increased and eventually vanishes at the
critical point. The metastable states, which for 2= 0 exist
for any temperature below the transition, may now dis-
appear at a temperature which depends on both 4 and
m. This temperature can be found by the vanishing of
the most relevant eigenvalue. For example the RS met-
astable state becomes unstable at the lower branch of the
A, =0 line, see e.g. Figs. 1-3.

For fields larger than %, the transition becomes con-
tinuous. The RS solution is unstable at the transition and
the 1 RSB state is continuously set up. The first discon-
tinuities appear only on the third derivatives of the free
energy, and hence the transition is thermodynamically of
the third order. For comparision we report in Fig. 8 the
internal energy near the transitions as a function of T for
p=3. The upper line refers to the discontinuous transi-
tion (A < h,) while the lower line to the continuous tran-
sition (A > h_.). The square marks the point of the tran-

Fig. 8. The internal energy as a function of T for A < h, (upper
line) and 4 > A, for p=3. The squares mark the transition

T/J

Fig. 9. The magnetisation as a function of 7 for p=3. The upper
line refers to 4 > h,, while the lower line to h < A,



sitions. The difference is evident. In Fig. 9 it is shown the
magnetization as a function of T for p=3. The freezing
is clearly visible.

The metastable states are present also below the con-
tinuous transition. These are obtained solving the 1 RSB
equation for a fixed value of m, i.e. without requiring the
maximisation of the free energy with respect to m. It is
clear that not all values of m will give locally stable states.
This depends on the field, temperature and p, and is
determined by the most relevant eigenvalue. We have
verified numerically that these states do exist, even for
fields larger than A,.

7. Conclusions

In this paper we have studied the static properties of the
spherical pSG. Using the replica trick the model can be
solved exactly for any temperature and field. As the
spherical SK model, p=2 in our case, the full replica
symmetry broken phase is absent. However, for any p > 2
the model presents at low temperatures and fields a
replica symmetry broken phase which, in the Parisi
scheme, corresponds to one-step replica symmetry break-
ing (1 RSB). In this scheme this is the most general so-
lution of the model. The analysis of the eigenvalues of
the Gaussian fluctuations about the 1 RSB saddle point
shows that the 1 RSB solution is stable in the full low
temperature and field phase. In the limit p— 2 this region
shrinks to zero and the usual SK spherical model is re-
covered. This phase corresponds to the 1 RSB phase found
in the Ising p-spin model for any p > 2 {6, 7]. However,
the non-linearity of the spherical model is not strong
enough to produce a full replica symmetry breaking for
lower temperatures [7].

The transition from the RS state to the 1 RSB takes
places discontinuously or continuously, depending on the
value of the external field. For ficlds weaker than a critical
value h_, which depends on p, the transition is discontin-
uous, as far as the order parameter is concerned. At the
critical temperature a 1 RSB solution appears with m=1
and ¢, — g,+0. This solution has the same free energy of
the RS. However when the temperature is lowered and
m becomes smaller than 1, the 1 RSB leads to an higher
free energy. At the transition the RS solution remains
stable. It becomes unstable at a lower temperature where
the relevant eigenvalue of the RS Gaussian fluctuations
becomes zero. The value of this temperature depends on
p and on the field 4. In particular for A= 0 the RS solution
is stable for all temperature. Even if the transition is
discontinuous in ¢(x), it turns out to be thermo-
dynamically of the second order, as can be seen from
the thermodynamic quantities. Some of them have been
discussed in Sect. 6.

For fields larger than A, the transition is continuous
in g, —¢q,- At the trapnsition the RS solution becomes
unstable and a 1 RSB state is reached. The 1 RSB solution
appears with ¢, — g, =0, but with a well defined value of
m determined by the RS ¢ at the transition. This tran-
sition is thermodynamically of the third order, as can be
seen studying the thermodynamic quantities.
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At the critical point, joining the continuous and
the discontinuous transitions, the RS ¢ is equal to ¢, =
1 —2/p. Therefore in the limit p—2 (p—o0) the discon-
tinuous (continuous) transition disappears, in agreement
to what is found in the Ising case [6, 7].

An interesting feature of this model is the presence of
metastable states, 1.e. states which are locally stable but
nevertheless have lower free energy. These are 1 RSB
states with a given value of m. For & </, one of these
metastable states is the RS solution. The region of exis-
tence of each of thesc states can be obtained from the
most relevant cigenvalue of the Gaussian fluctuations,
and in general depends on both /# and p. For A=0 all
these states are stable for all temperatures. These states
exist in the full phase of low temperatures and low fields.

The metastable states are not relevant for the static
properties of the model. These are indeed obtained from
the state with the largest free energy. The exchange of
minimum with maximum is due to the »—0 limit of the
replica trick. Nevertheless they may have some relevance
for the dynamics of the model, which takes place in the
space of random couplings scarching for the free energy
with maximal probability [12].

AC thanks the Sonderforschungsbereich 237 for financial sup-
port and the Universitit-Gesamthochschule of Essen for kind
hospitality, where part of this work was done.

Appendix 1. The Gaussian A -fluctuations

In this appendix we derive (3.15). As discussed in Sect. 3
the relevant part for the Gaussian A-fluctuations at the
saddle point is given by (3.12). This can be further sim-
plified by noting that the last term is of O (n?) and hence
will give, after integration, only a contribution of order
O (n*/N), which can be neglected. Thus we are left with

2@0[A]=>" A,z 4,5 +Indet (—4,,—b2). (A1.1)
«B

The first variation with respect to 4 leads to the saddle
point equation (3.14). The second variation evaluated at
the saddle point,

02 Py=—3Tr(qéAqdl) (A1.2)
gives the Gaussian fluctuations about the saddle point.
They contribute to Z” with the factor [cf. (3.7)]

Tn e, 1,

“iw a2 e o 2mi

X eXp [gTr(qdlqé):l ) (A1.3)

The quadratic form in the exponent can be diagonalised
by performing a rotation in the d4 space. This leads to

T Y, oY

—®0 a < f
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N
X eXp [—T 2 4,45 (6/19(/5‘)2]

N)n(n—l)/4 _ /2< >~1/2< 2)—1/2
={ = n " 1T 4.4 s
<27t o< B d ];[

(A1.4)

where g, are the cigenvalues of the matrix q. Using the
identities

[Tg.=det@, [ 49.95=(det(q)" "

o< fB

(A1.5)

(3.15) follows.

Appendix 2. Parisi RSB solution

In this appendix we show that within the Parisi RSB
scheme, the most general solution for the spherical pSG
is the one-step RSB. The Parisi ansatz for g,, can be
described by means of the following recursive algorithm:

(i) First breaking: the n replicas are grouped in n/m,
clusters of m, replicas. Any two replicas o & # within the
same cluster have overlap g, ,=g¢,, whereas replicas in
different clusters have overlap q,,=¢,<¢,. The nxn
matrix q is hence divided into (n/m,) x (n/m,) blocks of
size m; x m, . Inside the blocks on the diagonal ¢, ,=¢q,,
whereas in the others g, ;= q,.

(ii) Second breaking: each cluster of size m, is broken
into m, /m, sub-clusters of m, replicas. Any two replicas
a + 8 in the same sub-cluster have overlap g, ,=¢,=¢,,
the others overlaps remain unchanged. As a conse-
quence each of the n/m, diagonal blocks is divided in
(m, /m,) x (m, /m,) sub-blocks of size m, x m,. In the dia-
gonal sub-blocks g, is replaced by g,.

Iterating this procedure one obtains a general k-breaking
situation defined by,

nzmZm, 2 - zme21

(A2.1)
DSUSGS S 154Gk

Note that in the limit n—0 the m, become continuous
variables between 0 and 1, and the inequalities in (A2.1)
are reversed, i.e. for n=0:0m, <m, < --- <m, <1.
The matrix q obtained after k steps of this procedure
is conveniently parametrised by the function x (g), which

equals the fraction of pairs of replicas with ¢, , <gq,

k
x(g)=n+ Z (myy,—m)0(qg—q,),
=0 (A2.2)

mo=n;m,,=1.

In the limit of infinite k£, ¢ becomes continuous and we
can define ¢ (x) as the inverse of x(g).
For a generic k-step RSB, the cigenvalues of q are

1
qux(q), deg.: 1
)

1 1
deg.: n ( —~>.
i M M

(A2.3)

{ dgx(q),

Inserting these into (3.17), neglecting the last term of
order O(n?), and replacing the sums by integrals, one
gets after a little of algebra,

2 1 1
~Go=—u [dgx(g)g?~'—b*[ dgx(q)
4] 4]

gk d
— ———m(1-g).
° [dg’ x(¢q")

(A2.4)

D ey

The saddle point equation is obtained by varying this
expression with respect to x(g),

2 1
0Gy=[ dgox(q)F(g) (A2.52)
0
where
q d ’
F(g)=—ug" ' =b*+| - —1———  (A25b)
0 (j' dq"x(q”)>
and !
k
ox(q)= Z (om; 4, —0m)0(q—q,)
i=0
k
- Z (m;.,—m;)0(q—q,)dqg;. (A2.6)
i=0

By requiring the stationarity of G, with respect to the g,
and the m; one gets, respectively
F (qz ) = 0 L]

0<i<k (A2.7)

qgi
[ dgF(9)=0, 1<Zik.

qi—1

(A2.8)

The function F(g) is continuous in ¢, hence (A2.8)
implies that betwen any two successive g, there must by
at least two extrema of F(q). If we denote these by Q,,
then the extrema condition F’ (Q,)=0 reads

AQ)=—u(p=10QF "+ (gvdqx(q))_ =0 (A29)

or

£qu(LJ)=[ﬂ(p—1)]_‘/2Q‘“"/2 at Q. (A210)

Alternatively, the solutions of (A2.10) define the ;. This
equation, however, admits not more than two solutions,
since the left hand side is a concave function, whereas
the right hand side is convex. As a consequence only one-
step RSB is possible.

A continuous replica symmetry breaking is also not
allowed since in this case (A2.9) would be identically
valid. For p > 2 this would imply that x (¢) is a decreasing
function, which we exclude since d x/dg is the probability
density of the overlaps [3]. The A (Q) turn out to be the



relevant eigenvalues of the fluctuation matrix calculated
in Appendix 3.
Note that for the RS solution the =, do not appear,
and (A2.7) reduces to the RS saddle point equation.
We finally note that from the above equations it fol-
lows also that g,=0 for A=0. In fact, otherwise there
exist three extrema of F(q) since (A2.7) implies

F(0)=F(q0)=F(g,)=0

which is not possible.

Appendix 3. Eigenvalues of the Gaussian g-fluctuations
for 1 RSB

In this appendix we briefly report the derivation of the
cigenvalues of the Gaussian g-fluctuations for the 1 RSB
solution. The quadratic form to be diagonalised is ob-
tained by inserting (5.2) and (5.4) into (3.21),

28%Go=—u(p—1)

X2 (g8 2+ e 5 (af 77— a8 )04, )
o f

+A4% 3 (6q,5)* + B*Tr (edq)
Iy

2
(4 (> dq,,) +2A4BTr(5qedq)
= B

+2AC > (6q6q),,+2BC Y (3q£5q), ;.
i “h (A3.1)

The eigenvalues of this quadratic form are solutions of
the eigenvalue equation

[42—u(p—1)4872134,,
—Hu (p_ 1)(q1p_2—qg_2)gaﬁ5qo(,8 —I—Bz(eaqs)aﬁ
+(C?+b%) ) 64,5+ AB[(¢5q), 5+ (598), 4]
yé

+A4C ) (6q,,+dq5,)
Y

+BC } [(edq),, +(e0q)5,1=A6q,, (A3.2)

which is valid for a + 8. The diagonal term of dq are
identically zero from the spherical constraint.

The eigenvectors can be devided in three classes, cor-
responding to different types of fluctuations. This can be
seen by representing the replicas on a tree-diagram. Here,
since we have only one replica symmetry breaking, there
will be only n/m branches (clusters), and each terminates
with m smaller branches (replicas). Then, roughly speak-
ing, there are three different types of fluctuations: 1) one
which involves the overlaps of one replica with other m
replicas; 2) one which involves the overlaps of m replicas
with other m replicas; 3 ) one which involves the overlaps
of one cluster as a whole with the other clusters as a
whole. Consequently wewill call the first type “1-m” fluctua-
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tions, the second “m-m” fluctuations, and the last “clus-
ter-cluster” fluctuations.

1. The I-m fluctuations. These fluctuations satisfy the
constraint

(aaq)aﬁzoa Va7ﬁ (A33)
and covers a sub-space of dimension
—1 2
nezl) no, n <£-1>. (A3.4)
2 m 2m \m
This sub-space contains two eigenvalues.
The first,
A(()l):—.u(p_l‘)qgiz"'—Az» (ASS)

n
nf)‘)=—2m2 (n—m)(m—1)

corresponds to fluctuations between two different clusters
for which have all diagonal blocks of dq equal to zero,
ie.

€,500,5=0, Va,B. (A3.6)
The second,

AP = —u(p=1gf 2+ A2, A3

n{”=n(m2_ 3)

is associate to the orthogonal fluctuations, i.e., fluctua-
tions in the same cluster. In this case the off-diagonal
blocks of éq are zero,

(1_8a/3)5qmﬁ:0=

2. The m-m fluctuations. The constraint for these fluc-
tuations is

(saqg)aﬂ = O H

Va,B. (A3.8)

Vo, . (A3.9)
If we also require that (A3.3) is not satisfyed, then these
fluctuations are orthogonal to the first class. This leads
to a sub-space of dimension

n?  n?

o (A3.10)
The eigenvalue equation can be reduced to this sub-space
by multiplying it by ¢, ; and summing over §. This sub-
space contains again two eigenvalues corresponding to
diagonal and off-diagonal fluctuations.

The fluctuations between different clusters, for which

&,5(e0q),,=0, Vo 8, (A3.11)
give the eigenvalue
AP=—u(p—1)g§ *+ A(4+mB), (A3.12)

n@® =" (%—1) (m—1).

m
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The second eigenvalue corresponds to fluctuations in
the same cluster,

(1—¢,5)(6q),5=0, Va,p, (A3.13)
and reads
AP =—u(p—1)qf ?

+A[A+(m—2)(B+ )], (A3.14)

n
n{2)=a (m—1).

3. The cluster-cluster fluctuations. For this fluctuations
the clusters are considered as single entities. The space
dimensionality of this sub-space, orthogonal to the first
two classes, is

n (n
— | —+1).
2m<m+>

The eigenvalue equation can be reduced to this sub-space
by multiplying it on both sides by ¢ and summing on a
and B. This sub-space for finite # contains five different
eigenvalues, of which only one corresponds to off-diag-
onal fluctuations. The other four are combinations of
diagonal and off-diagonal fluctuations. In the limit #—0
these four eigenvalues reduce to two. Since the clusters
are considered as single entities, the fluctuations can be
described by defining the cluster matrix Q,, as

(A3.15)

Q,,=(edqe),, with aev,fen (A3.16)
where v and # are cluster indices.
The first eigenvalue is
AP =— —1gt 2 +(4 2
0 u(p—1)gf™ " +(A+mB), (A3.16)

O ﬁ-3>
0T <m ’

This corresponds to the only purely off-diagonal fluc-
tuations in this sub-space for which

Q,,=0

2. Q,,=0.

"

For finite n there are two different sub-spaces which

correspond to mixed fluctuations. The first is given by
the vector for which

Vv (A3.17)

2.Q,,=0
v (A3.18)
> Q,,=0.
nEv
These cigenvectors give the two eigenvalues
A= [T/ T?—44] (A3.19)

with degeneracies

ng?g=%— 1 (A3.20)
where
T=AP+A"+D+R (A3.21)
A=(AP+ D) A"+R)—DR (A3.22)
and
A'=—pu(p—1)qf*

+(A+mBY?—B(Q2A+mB) (A3.23)
D=n—2m)C(4+mB) (A3.24)
R=2(m—1)C(4+mB). (A3.25)

Finally the last two eigenvalues correspond to eigen-
vectors for which (A3.18) are not satisfied. These eigen-
values A’} have the same form (A3.19) of A {) but with
degeneracies

n$l=1 (A3.26)
and D replaced by
D=2m—m)C(A+mB)

+n(n—m)(C*+b%). (A3.27)

Note that these two eigenvalues become equal to A (% in
the limit n—0. However, their dependence on » is relevant
for the O(1/N) correction to the free energy since their
degeneracy is finite for n—0.
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