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These lecture notes are about the so-called dimer model. This is a two-
dimensional statistical mechanics model that, as discovered by Kasteleyn
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and Temperley-Fisher in the *60s [14} 15} [16] 10} 29], is “exactly solvable” in
the sense that in finite volume, its partion functions and correlations can be
written as determinants or Pfaffians. Recently, interest in the dimer model
has been revived by the discovery of its properties of conformal invariance
and its link to the massless Gaussian field (or Gaussian Free Field) on one
side, and because of its tight relation with other two-dimensional statistical
mechanics model like the Ising model and the 6-vertex model.
See also e.g. [16], 20, B, [7] for other reviews on dimer models.

1. PERFECT MATCHINGS ON BIPARTITE PLANAR GRAPHS

Let G = (V,E) be a planar, simple bipartite graph with edge set E
and vertex set V. “Bipartite” means that we can decompose the set of
vertices V as V = Vi U Vp (W/B for white/black) with Viy N Vg = () and
such that each edge e € E has one endpoint in Vg and the other in V.
“Simple” means that “self-loops” (edges having two coinciding endpoints)
and multiple edges between two vertices are not allowedﬂ “Self-loops” are
forbidden also by bipartiteness. The graph can be either finite or infinite.
The dual graph is denoted as usual G*.

A perfect matching of G (also referred to as or close-packed dimer config-
uration or, for our purposes, simply dimer configuration) is a subset M C FE
of edges such that every v € V is contained in one and only one edge e € M.
Of course, the number of edges in M is exactly |V|/2. Edges in M are called
dimers.

Assumption 1.1. We always assume, to avoid trivialities, that:

(i) the set Q¢ of perfect matchings of G is not empty. In particular,
Vvl = [Va] = V]2
(ii) G is connected;
(iii) for every edge e, there is at least a perfect matching that contains e
and one that does not contain it.

Note that assumptions (ii) and (iii) are not really restrictive. First of all,
if the graph is disconnected, then the partition function of the dimer model
(defined in Section factorizes as the product of partition functions on
each connected component of G. Secondly, if an edge is contained in all
matchings, we can as well remove its two endpoints, together with all edges
incident to it. Then, the perfect matchings of the new graph thus obtained
are in obvious bijection with those of G. In particular, note that (ii) implies
that we are assuming that there are no vertices of degree 1, otherwise the
unique incident edge would be always occupied by a dimer. Finally, if e is
contained in no perfect matching then we may as well remove it from the
edge set: the perfect matchings of the new graph coincide with those of the
original one.

Later we will also consider one case where G is not planar, namely the
case where it is a discrete torus, and also the case where G is planar but
not biopartite (e.g. the triangular lattice). We start with the dimer model
in the planar bipartite case which is the simplest.

It is simple to adapt the theory when multiple edges are present. See footnote
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1.1. Height function. In the bipartite case, a perfect matchings can be
equivalently seen as a discrete interface and the correspondence is actually a
bijection (once a reference face and a reference perfect matching are fixed).
We remark right away that the interface-matching mapping is lost if G is
either non-planar or non-bipartite.

The height hjs associated to a perfect matching M € Qg is an integer-
valued function (depending on the matching M) defined on G*. The defi-
nition is as follows. First, fix a reference perfect matching My € Q¢ and a
reference face fy € G* (for instance, the outer face if the graph is finite).
Then, set har(fo) = 0. Finally, for f, f/ € G* and Cy_, a nearest-neighbor
path on G* starting at f and ending at f’, define

h‘M(f,) - hM(f) = Z Je(leeM - 1eEMo) (11)

eeCf_w

where the sum runs over edges crossed by the path and o, is +1 if e is
crossed with the white vertex on the right and —1 otherwise.

It is a crucial fact that the definition is independent of the choice
of Cy_ . The proof is very simple and is based on the fact that, on planar
graphs, any two paths Cy_, s can be “continuously” deformed one into the
another. Along the transformation, the value of the r.h.s. of does not
change. See Fig. |1l Note that the proof uses both planarity (to deform any
path Cf_, ¢ “continuously” into any other one) and the bipartite structure
(to define the signs o).

FIGURE 1. Label eq,...e¢e,, say anti-clockwise, the edges in-
cident to vertex v. If the path Cy_p goes from f1 to fo
leaving v to its left, the contribution to h(f’) — h(f) is
Zzﬂ(leieM — le,ens,)- If instead it leaves v to its right,
the contribution is Y 7 (le,enm, — le;enr). The difference is
then Y 7 le,enr — Y1 Lle;ens, which is zero since both M and
My have exactly one dimer incident to v. The argument is
similar if v is a white vertex. Any two paths from f to f’
can be turned one into the other via a finite chain of trans-
formations of this type at black or white vertices.

We will often omit the index M in the height function. Also, we do not
indicate exiplicitly the dependence on M.

Remark 1.2. From the proof of path-independence of the right-hand side of
(3.4), we see that one can also replace leens, by any function e — c(e) € R
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such that, for any vertex v,

Zc(e) =1

e~vv

where the sum runs over all edges incident to v. In other words,

hat(f) = har(F) = Y oelleens — c(e)) (1.2)

eECf_}f/

Of course, h is then not integer-valued any more, but this is not important.

Note also that the correspondence between M and height function is a
bijection (once My and the overall constant hps(fo) are fized). Indeed, the
gradient har(f) —ha(f') for neighboring faces f, ', determines whether the
edge separating f, f' is occupied or not.

When G is an infinite periodic lattice, e.g. Z? or the honeycomb lattice
‘H (the infinite lattice where faces are regular hexagons and vertices have
degree 3, as in Figure [3)), one usually takes as My (or the function c(+)) to
be periodic. For instance, on H one can choose c(e) = 1/3 for every e and
c(e) = 1/4 on the square lattice.

Remark 1.3. [Dimers and tilings] There is a correspondence between perfect
matchings of a planar graph and tilings of the plane. Let us see this in the
case of infinite periodic graphs like Z? and H. The faces of G* are in one-to-
one correspondence with vertices of G and cover the plane. Given a matching
M, join any two faces of G* whose corresponding vertices of G are matched.
This defines a tiling of the plane, each tile being the union of two faces of
G*. The correspondence is bijective. See Fig. @for the case of Z* and Fig.
[3 for the case of H.

FIGURE 2. A perfect matching of a finite domain of Z? and
the corresponding tiling. Tiles are dominos (2 x 1 rectangles)
obtained as union of two square faces of (Z2)*.

Remark 1.4 (Double dimer configurations and loops). Given two perfect
matchings M and M’ of a graph G, their union (i.e. the set of edges of G
that are either in M or in M’ or in both) is a collection of closed, simple,
non-intersecting loops (of even length) and of double edges.
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FIGURE 3. A perfect matching of a finite domain of H and

the corresponding rhombus tiling. Tiles are rhombi obtained
as union of two triangular faces of H*.
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Definition 1.5 (Rotations along loops). Let I' be a simple closed cycle on
G, i.e. a sequence of distinct vertices vy, ..., Vo with v; neighbor of viy1
and voy, neighbor of v1 (note that a cycle is necessarily of even length on a
bipartite graph). Let ey, ..., ea, be the edges along T', labeled consecutively,
say anticlockwise. If every second edge is occupied by a dimer in a configu-
ration M, we will say then that a rotation is possible along I': the rotation
consists in exchanging empty and occupied edges and the new set of occupied
edges thus obtained is still a perfect matching M’'.

In the particular case where I' consists in the 2n edges along a face f, we
will call the rotation “an elementary rotation at f”.

Note that when an elementary rotation is performed at f # fo (with
fo the reference face) then the height function changes by +1 at f and is
unchanged at all other faces. If instead f = fjy, then the height changes
by the same value +1 at all faces except fy, where it is fixed to zero by
definition.

2. KASTELEYN THEORY

In this section we will learn how to count the number of perfect matchings
of G or, more generally, how to compute the “generating function” from
which all correlations of the probability measures of the type can be
deduced. From that, we will deduce a formula for correlation functions for
the uniform measure or, more generally, for a Boltzmann measure where
every dimer has a weight that depends on the edge it occupes.

2.1. Counting perfect matchings: The bipartite case. To each edge
e € FE we assign a weight t, > 0 (we exclude zero weights, as that would
boil down to removing the corresponding edges). In Section we will be
interested in the probability measure 7g; on Qg, with

ey (M) oc wy(M) = [ te. (2.1)
eeM
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For the moment, we want to see how to compute its partition function (or

generating function)
Z=Zgyi= > ]t (2.2)
MeQq eeM

This result will be essential in Section 2.6] to obtain correlation functions of
the (random) dimer model with probability law 7 ;. For instance, one can
obtain correlation functions by multiple derivatives of the logarithm of Z
with respect to the variables ..

The special feature of the dimer model on a planar bipartite graph, that
makes it “exactly solvable”, is that its partition function is simply given
by the determinant of a square |Vp| x |Vjy7| matrix, the so-called Kasteleyn
matrix. In the non-planar case the situation is more complicated, for in-
stance in the toroidal case we will see that we have to combine linearly four
determinants (Section . In the planar but non-bipartite case, there is
a similar structure where determinants are replaced by so-called Pfaffians
(Section [2.5)).

The Kasteleyn matrix K is a complex-valued square matrix, with rows
and columns indexed by vertices in the black and white subgraphs Vg/Viy,
respectively. The matrix element K (b, w) is zero if w, b are not neighbors.
If instead w, b are neighbors and are the endpoints of edge e,

K(b,w) = t.0, (2.3)

with 6. a complex number of modulus 1, satisfying the condition that for
any face f of G, calling eq,...eq, its edges in cyclic order (clockwise or
anti-clockwise), then

Oc,Ocy - .. Ocy,,
Ocylc, - - . Oc,,

Note that the choice of e; and the choice between clockwise and anti-
clockwise order is irrelevant. Recall also that we are assuming that G has no
multiple edges, so that there is a unique edge e having b, w as endpointsﬂ
We will prove in Section [2.3|that such a choice of {6, }. (Kasteleyn weight-
ing) is always possible and in general not unique (for non-uniqueness, see

Section :

Theorem 2.1. For every planar bipartite graph G, there exists at least a
function 0 : E > e — {0.} € C with |0.] = 1 such that (2.4) holds at each
face. Actually, it is possible to choose 0, € {—1,+1} for every e € E.

= (—1)"*, (2.4)

Let us first look at some examples.

Example 2.2 (Kasteleyn weigthing, hexagonal lattice). Whenever each face
18 surrounded by 2n edges with n an odd integer, then we can just choose
0. = +1 for every e. This is the case for instance of the hexagonal lattice,
where n = 3.

21t is easy to adapt the theory when multiple edges are allowed. In fact, if there are n
edges e1,...,e, between w and b, with weights te,,...,te,, the partition function equals
that of a graph where there is a single edge €, with weight te, + -+ + te,, -
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Example 2.3 (Kasteleyn weigthing, square lattice). Let G = Z2. One
possible Kasteleyn weighting is to choose 8. = 1 on horizontal edges and
0. =i on vertical edges. Another natural choice is the following (as in Fig.
: if e has black/white endponts b, w, take 8, = w —b with b, w interpreted
as elements of the complex plane C (e.g. if w is just below b, then 6, = —i).
See Fig. [J for yet another choice.

1 1 1 1
—1 1 -1

FIGURE 5. Another Kasteleyn weighting of Z2.

The crucial point is the following:

Theorem 2.4. [14, [16] Let G be a finite, planar, bipartite, weighted graph
and K a Kasteleyn matriz associated to it. Then,

Zay = | det(K)). (2.5)

In the non-bipartite case there is a similar statement, with a Pfaffian
instead of the determinant, and actually Kasteleyn solved the non-bipartite
case directly. This is discussed in Section

One of the advantages of having a determinantal formula for the parti-
tion function is that, in interesting situations, the Kasteleyn matrix can be
explicitly diagonalized or reduced to a simple block-diagonal form via a nat-
ural change of basis, and one obtains explicit formulas, even as the graph
grows to infinity. Note that if we can diagonalize explicitly K, the partition
function is just the product of the absolute values of its eigenvalues.

Another (computational) advantage of Eq. is that there are algo-
rithms that compute the determinant of a n X n matrix in polynomial time;
e.g. an algorithm based on Gauss elimination runs in time O(n3). This
is much faster than computing the partition function summing over all the
exponentially many (in the number of vertices) configurations. By the way,
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from formula one might (wrongly!) guess that the number of config-
urations is of the order of the factorial of the number of black vertices (i.e.
the number of permutations defining the determinant). We will see that
the number actually grows only exponentially, because the matrix K is very
sparse and most permutations give zero.

The determinantal formula for the partition function also allows to have a
determinantal formula for all correlations function, as we will see in Section
2.0l

Remark 2.5. Whether the partition function is +det(K) or —det(K) de-
pends on the choice of how we label sites: changing the labelling corresponds
to permuting some rows or columns, so the determinant can change sign,
while clearly the partition function does not.

Proof of Theorem [2.4) Expand the determinant as sum over the set Sjv| of
permutations 7 of {1,...,|Vz|}:

[Va|
det(K) = > ox [[ K(biswag), (2.6)
WES\VB\ i=1

with o, = £1 denoting the signature of 7. Each term corresponds (bijec-
tively) to a matching M with the correct weight (in absolute value) [] ¢, te.
It remains to check that the complex number (of absolute value 1)

Ox H 0(bi, we(s)) (2.7)

is the same for every 7. To see that (2.7]) is independent of 7, observe that:

Lemma 2.6. Given M, M’ € Qg one can connect M to M’ via a finite
chain of elementary rotations (cf. Definition .

When an elementary rotation is performed at face f with boundary edges
€1, ..., e, the signature of the permutation o changes by (—1)"*! (which is
the signature of the cyclic permutation {2,3,...,n,1}). On the other hand,
Oc,Ocy - - - Oy, changes to e, 0, ... 0e,, and their ratio is also (—1)"*! by
. Altogether, is unchanged by an elementary rotation and by

Lemma [2.6] it is constant on Q¢. u

Proof of Lemma[2.6 Define the height function as in Section taking
as reference face the external face fp and choosing the function c(e) (as
in Remark to be the probability of occupation of edge e under the
uniform measure, i.e. the number of perfect matchings in Q¢ that contain
e divided by the total number of perfect matchings. Recall that, according
to Assumption c(e) > 0 for every edge. Given a face f where hy/(f) >
ha(f), follow a maximal path for M’ starting at f, i.e. a nearest-neighbor
path on faces which crosses only edges which are unoccupied in M’ and
that have the white vertex on the right. Along any such path, hps — hyy is
increasing and moreover hyy is strictly decreasing (because c(e) is strictly
positive). Therefore, the path cannot form a loop, so it has to stop after a
finite number of steps, at some face f’. Note that f’ cannot be the external
face fo, because hps and hypy coincide there, while hys(f') > hpp(f'). If
the path cannot be continued beyond f’, it means that every second edge
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surrounding this face (and more precisely, those that have the white vertex
on the right when crossed exiting f’) is occupied in M’. Therefore, an
elementary rotation is possible at f’ for M’. Performing the elementary
rotation at f’, the height of M’ increases there. Repeat the procedure until
there are no faces left with hy; > hpyr or hayy < hpyr. u

Remark 2.7. We could have proved Theorem without using explicity
the existence of the height function (as will be done for the analogous result
for non-bipartite graphs).

2.2. Gauge invariance. Given a Kasteleyn weighting, one can obtain oth-
ers via a so-called “gauge transformation”. I.e. condition is unchanged
if we take a function « defined on the set of vertices and taking complex
values of modulus 1 and we replace, for each edge e,

Oe — Ocapp,

if b,w are the endpoints of e. Note that this operation is equivalent to
multiplying rows and columns of K by modulus-one numbers, an operation
that does not change the absolute value of the determinant. Conversely, one
can see that any two Kasteleyn weightings can be obtained one from the
other via a gauge transformation, see [20) Sec. 3.2].

2.3. Existence of a Kasteleyn weighting. Theorem [2.4]is a consequence
of the following more general result, due to Kasteleyn [16].

Theorem 2.8. Let G be a finite planar graph (not necessarily bipartite).
The graph admits a clockwise-odd orientation, i.e. there exists a choice of
orientation of the edges such that for each internal face the following holds:
running clockwise around the face, the number of edges that are co-oriented
is odd. Moreover, for any simple cycle I' of even length such that G\I' admits
a perfect matching, the number of edges of I' that are oriented clockwise is

odd.

Here, more explicitly, G \ I" denotes the graph where the vertices in T’
together with any edge incident to them are removed.

Proof of Theorem[2.8 Given G, let T be a spanning tree of the dual graph
G*, rooted at the outer face. Orient the edges of G not crossing 7" in an
arbitrary way. See Fig. [0l Then, there is a unique way of orienting the
remaining edges so that globally the orientation is clockwise odd; to do so,
orient the remaining edges one by one proceeding from the leaves of the tree
towards the root. At each step there is a unique choice (the choice depends
on how the edges not crossing 7' were oriented initially).

Now let I' be a simple cycle of even length. It encloses an even number Vj;,;
of vertices (recall that the graph is planar and that G\I" is assumed to admit
a perfect matching, so that inner vertices are matched among themselves)
and an (even or odd) number Ej,; of inner edges (we count also the edges
that join vertices in Vj,; to vertices in I'). See Fig. The cycle I' consists
of an even number Eyr and even number Vyr of vertices and observe that
FEor = Var. We let E = Ej;y + Eyr and similarly V' = V;, + Var be the
total number of edges and vertices in the graph determined by I' and its
interior. Call F the collection of faces inside I' and F' its cardinality. Also,
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FIGURE 6. A graph G and a spanning tree T" of G*, together
with an arbitrary orientation of the edges not crossing 7'
The remaining edges can be uniquely oriented to respect the
definition of clockwise odd orientation

FIGURE 7. A graph G with a cycle I of even length (marked
in red) with Esr = Vor = 6. Check that G \ I' does admit
a perfect matching! Inner vertices and edges are drawn in
green.

for every F' € F let n(f) be the number of clockwise oriented edges along
the boundary of f. By construction, n(f) is odd for every f. We have

Omod 2= (n(f)+1)=F+ > n(f)=F+n)+Emn  (28)
feFx feF

where n(I") is the number of clockwise oriented edges of I'. In the third
equality, we used the fact that all inner edges are counted twice, once with
the clockwise orientation and once with the anti-clockwise orientation, so
each of them contributes +1 to the sum. From we see (because V,; is
even)

Omod 2 = n(F) + F + (EaF + Emt) + (Var + th) (2.9)
= n)+F+E+V=nl)+F-E+V. (2.10)

Euler’s formula gives F' — E +V =1, so that n(I") is odd as wished. u
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Remark 2.9. Note that we did not really use that G\ T' admits a perfect
matching, but just that the number Vin: of inner vertices is even.

Proof of Theorem[2.]]. Orient the edges of G as in Theorem [2.8] Given an
edge e, set O(e) to be +1 if it is oriented from black to white, and —1 in
the opposite case. We want to verify that is satisfied. Recall that G
is bipartite. If a face f is surrounded by 2n edges, then the l.h.s. of
is the product of 0(e;)/0(e}) for i ranging from 1 to n, where e;, ; are the
two boundary edges incident to the i*" black vertex. Note that 0(e;)/60(e})
is —1 if both edges have the same orientation, and —+1 if they have opposite
orientation. Therefore, the product gives

(_1)#{i:ei and e} are equally oriented} (211)

— (_1)n+#{i:ei and e} are differently oriented} (212)

= (—1)n*! (2.13)

because the chosen orientation is clockwise-odd. u

Remark 2.10. Note that holds also for the external face fo. Indeed,
the cycle I' determined by the boundary edges has even length and the number
of inner vertices Vins enclosed by it is also even. By Theorem[2.8 and Remark
the number of boundary edges oriented clockwise (or anti-clockwise) is
odd and one proceeds like in (2.11]).

2.4. Counting perfect matchings in the bipartite, non-planar case:
periodic boundary conditions. In the proof of Theorem we have
used planarity of the graph when we claimed that given any two perfect
matchings M and M’, they can be turned one into the other by a chain of
elementary rotations. For non-planar graphs, this is in general not true.

The matching M’ can be obtained from M by a rotation around evey
loop (“rotation” here means, as in Definition that if in M the edges
€1,€3,...,ea,_1 are occupied in the loop ey, ..., eq,, after the rotation the
edges ey, é€4,...,6e9, are occupied instead). If the graph is planar, the ro-
tation around a loop can be decomposed, as we have seen, as a chain of
elementary rotations. On non-planar graphs this is not always possible.

In general, if the graph G is embedded on a surface of genus g, the par-
tition function of the dimer model can be expressed in terms of 49 deter-
minants [30]. In practice, this is not very useful if g grows with the size of
the graph. The interesting case we consider here is that of a toroidal two-
dimensional graph, that can be seen as embedded on the two-dimensional
torus, so that ¢ = 1 and the partition function can be given as the combi-
nation of just 4 determinants [14]. The toroidal case is very useful because
in this case, due to translation invariance, it is easy to reduce the Kasteleyn
matrix to a simple block-diagonal form (with block sizes that are indepen-
dent of the size of the graph) and to compute the large-volume limit of the
partition function and of correlations. This will be done in Section

More precisely, we start with an infinite, periodic, planar bipartite planar
graph G. This means that G can be drawn on the plane in such a way
that Z? acts as a group of isomorphisms that preserves the color of vertices
(and the weights of edges). The graph is then a periodic repetition of a
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fundamental domain G; (containing n white and n black vertices) in two
lattice directions €1, €5. The graph Gy is just G modulo translations.

See Fig. [§] for the square and hexagonal lattice examples; see Fig. for
a graph where the fundamental domain is more complicated (it comprises 4
vertices of both colors). We let G, be the corresponding toroidal graph (of

a
<
a
<

FIGURE 8. The graphs Z? and H with the fundamental do-
main (encircled) and the vectors €7, €.

period L) with periodic boundary conditions in both €; and é; directions.
See Fig. [9] for the hexagonal case with L = 4 and Fig. for the square
case with L = 3.

F1GURE 9. Hexagonal graph. The graph G with L = 4,
together with the oriented loops 71,72 winding in the two
directions. We marked the black/white vertices with coordi-
nates 0 = (0,0).

Remark 2.11 (Height function on the torus). Clearly, Gr, is not planar
any more. Note that the height function is not well-defined any more, or
rather, it is multi-valued: if we take definition and choose f = f', the
height increase along a path Cy_; will be given by n1 Ay +ngolg, with Ay =
A1(M), Ay = Ag(M) two integers depending on the dimer configuration M
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FiGURE 10. Square graph. The graph G with L = 3, to-
gether with the oriented loops 71,72 winding in the two di-
rections.

and n; the winding number of Cr_y in the € direction. The reason is that
we cannot always deform Cy_p “continuously” into the trivial path {f}.
If we take a uniform perfect matching of G, then Ay, As will be random
integers.

The law of (A1, Ag) has an interesting behavior as L — oo. In [2], for the
dimer model on the honeycomb lattice with uniform weights, it has been
proven that it converges to the law of two independent, discrete Gaussian
random variables, i.e. the probability that (A1, As) = (n,m) € Z? converges

as L — oo to 1

(2 2
e c(n®+m )’
for an explicit positive constant c. Note that the values A; are not rescaled
with L: their typical values are O(1) in the L — oo limit. See also [§].

Exercise 2.12. Check in the hexagonal case that A1, As do indeed depend
on the configuration, putting in Fig. [9 either all dimers horizontal or all
dimers oriented north-east.

Remark 2.13. Let C be a closed self-avoiding loop (concatenation of edges)
on G, whose edges are alternately occupied/empty in some M. Assume that
C has zero winding number. A rotation around C' does not change Ay, As.

Let K be the Kasteleyn matrix of the graph G, obtained simply by
periodizing that of the infinite lattice Gﬂ We assume that the modulus-one

3 To be precise, it may happen that G is not a simple graph, i.e. it has multiple
edges. For instance, this is the case for the honeycomb graph and for the square grid
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complex numbers 6. in , defining the Kasteleyn matrix, take values in
{—1,1} (recall from Theorem that this is always possible). The reason why
Theorem has to be modified is that when we expand det K, not all terms
come with the same sign. In fact, as we see in a moment, the sign depends
on

(Al, AQ) mod 2.

To give the generalization of Theorem in the case of the torus, let
71,72 be two self-avoiding, oriented, simple loops on G7, which have winding
numbers (1,0) and (0,1) respectively (i.e. 73 winds horizontally and -
winds vertically; see Fig. [0 and in the honeycomb and square graph
cases). For technical convenience, we will require also that there exists a
dimer configuration My such that 1,2 cross none of the edges in My. For
instance, in the case of the honeycomb graph with v; chosen as in Fig. [
My is the collection of all horizontal edges; for the square grid and ~; chosen
as in Fig. [I0} My is the collection of vertical edges with black vertex on
top. We introduce four Kasteleyn matrices Ky, with 6,7 € {0,1}. To
obtain Ky, from K, just multiply the matrix element K (b,w) by (—1)7 for
all edges (b,w) crossed by v; and by (—1)? if for all edges (b, w) crossed
by 2 (it may happen that an edge crosses both, then we multiply by both
factors). Note that Koo = K and it is referred to as the Kasteleyn matrix
with periodic-periodic boundary conditions. Similarly, Kig is said to have
antiperiodic-periodic boundary conditions, and so on. Then we have

Theorem 2.14. The partition function on the torus is

1
Zapt = B Z cor det Ky, (2.14)
0,7¢{0,1}

where cgr = x1; three of the signs cgr are equal and the fourth is opposite.

The actual values of ¢y, depend on the graph G, on the choice of Kasteleyn
matrix, of the labeling of vertices and possibly on the parity of L.

Proof of Theorem [2.14). For the proof in the case of the lattice 72, see [14].
The general case is treated in [30, 5] as a particular case of graphs embedded
on surfaces of genus g. Here we give the proof for the hexagonal lattice.
In this case (and given certain specific choices of Kasteleyn matrix and of
labeling of vertices), we will see that

{c00, c10, co1,c11} = {-1,1,1,1} (2.15)

for L even and

{co0, c10, co1,c11} = {1,1,1, -1} (2.16)

for L odd.

When we expand the determinant of Ky, non-zero terms of the expan-
sion are in bijection with perfect matchings of Gy, and their absolute value
equals the weight of the corresponding dimer configuration. Recall that we
chose a Kasteleyn matrix with non-zero elements taking values £1. For the

if L = 1. However, this does not happen if L is large enough and since anyway we are
interested mostly in the limit L — oo, we assume that L is large enough so that G, is
simple.
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hexagonal lattice the complex numbers 6. in the Kasteleyn matrix can be
taken to be all equal +1, and we assume that this choice has been made.
Therefore, each term in the expansion of the determinant is real, but the
signs are not all equal, because of the signature of the permutation. In fact,
let My be the reference configuration where all dimers are horizontal, so that
none of them crosses the paths 1, 7.

Assume to fix ideas that the term in the expansion of the determinant
corresponding to My is positive (as noted before, this can be guaranteed
by a suitable labellig of vertices). As we noted above, given any other
configuration M, the union of M and M, consists in a collection of double
edges and of closed, simple, non-intersecting loops of even length. Since G,
is bipartite there is a natural way to orient the loops: loops are oriented in
such a way that the edges occupied by dimers of M are oriented from black
to white. Call n(M) € Z? the total winding number of the loops. L.e. nq(M)
is the sum over the loops of the horizontal winding number of the loop, and
ng(M) is the sum of the vertical winding numbers. Say that a configuration
M is of the class (0,0) if n, ng are both even, of the class classes (0, 1) if n;
is even and ng is odd, and similarly for classes (1,0) and (1,1).

Exercise 2.15. Define the multi-valued height function on the torus with Mg
as reference configuration. Prove that the “height changes” (A1(M), Aa(M))
introduced in Remark equal (—no(M), —nq1(M)), where n;(M) is the
sum over loops T' of M U My of the (positive or negative) winding number
of T in direction 1.

To turn M into My, we have to perform a rotation around each one of
the loops. We claim:

Claim 2.16. In the expansion of det(Kog), configurations M in the class
(€1, €2) come with a sign o¢,e, with respect to My, where three of the oe,e, are
equal and the fourth is opposite. More explicitly, for the hexagonal graph,
one finds

{000, 010,001,011} = {1,-1,—-1, -1} (2.17)

if L is even and

{000,010,001,011} ={1,1,1,—1} (2.18)
if L is odd.

Let us accept this fact for a moment and let us conclude the proof of
Theorem When we look at the expansion of det(Kjp,), we have to
keep into account the fact that the signs of the matrix elements of Ky,
are not all equal to those of Kyy. Note however that the configuration M
appears with the same sign (plus) for every 6, 7, because (by assumption)
none of its dimers crosses the paths 1,2 where the Kasteleyn matrix has
a sign depending on #,7. Also, the relative sign of the term M will be as
in the expansion of det(Kpg), times (—1)?"1(M)(—1)™2(M) In other words,
in the expansion of det(Kpy;), terms in the class (e1,€2) come with sign
Ocrer(—1)%177€2 wwith respect to My. If we choose cgy, in so that

1
2 Z 09706162(_1)961+T62 =+1 (2'19)

0,7€{0,1}
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for every choice of €1, €5 then we are done, since each term in the r.h.s. of
(2.14]) appears with the same sign as M. Note that Eq. (2.19) can be

written as

A-c=o, (2.20)
where ¢ = (coo, c10, c01,¢11), 0 = (000,010,001,011) while A is the 4 x 4
matrix

+1 +1 +1 +1
{41 -1 41 -1

_1 1 _
A= 5|41 41 -1 —1]|° A A. (2.21)
+1 -1 -1 41,
Then, c=A -0, ie.
1 0
=t Y DT,
€1,e2=0,1

It is immediately checked from the form of A that cg, € {—1,+1} and that
one of the values is opposite to the three others. More explicitly, given
the values of o, provided by Claim [2.16] it is immediate to check that

(2.15)-(2.16) hold.

Proof of Claim[2.16. We already know, from the proof of Theorem [2.4] that
if the winding numbers (mq(I"), ma(T")) of a loop I' are zero, then two con-
figurations M, M’ related by a rotation along I appear with the same sign
in the expansion of det(Kyp); therefore, from now on we consider only loops
with non-trivial winding. If there are no such loops then M is in the class
(0,0) and it comes with the same sign as M. Since the loops do not inter-
sect, we have (mq(T'), m2(T)) = (m1(I"), me(T")) for every pair of non-trivial
loops I', T".

In conclusion, we can assume that there are R > 0 non-trivial loops, all
with the same winding number (mq,mg) # (0,0). Finally, since loops have
no self-intersections, then [9, Prop. 1.5] (m1, ma) € W, where

W= {(0,£1)} U{(£1,0)} U{(p,q) € (Z\ {0})* : ged(p, q) = 1}. (2.22)
In particular, at least one among mj, mo is odd. Then, we see that R must
be even if M is in the class (0,0) and odd in all other cases:

Rmod2=1—(1-¢€)(1—e). (2.23)
We have (see Fig. [11)):

Claim 2.17. A rotation around a loop of winding (my, mg) corresponds to
a cyclic permutation of length L(mi + mg), whose signature is

(_1)L(m1+m2)+1‘

The effect of performing the rotation at all R loops is then

Ocreg = (_1)[(m1+m2)L+1}R _ (_1)(61+62)L+R

— (_1)(61+€2)L+1—(1—61)(1—62) (224)
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where we used that (€1, €2) := (m1 R, maR)mod 2 and (2.23)). It is immedi-
ately checked that this expression gives (2.17))-(2.18]). u

FIGURE 11. A loop of M UMy on the toroidal graph G, L =
2, drawn in the infinite graph G, joins white vertex (0,0)
with white vertex (Lmy, Lms). Blue edges belong to M, red
edges to My. Here, the winding is (mq1,m2) = (—1,1). The
length of the loop (i.e. the number of its edges) is fixed to
be |m1|L + |ma|L, because all dimers in My are horizontal so
that each red-blue step corresponds to a translation by +é5
or —ej.

Exercise 2.18. Let Gy, be the toroidal square graph as in Fig. and choose
the Kasteleyn weighting as in Fig. [5. Compute cor and oc,e,.

2.5. Counting perfect matchings: The planar, non-bipartite case.
For completeness, in this section we give Kasteleyn’s theorem for the parti-
tion function of the dimer model on a planar, non-bipartite graph. However,
in the rest of the notes we will restrict to the bipartite case.

Let G be a planar graph, not necessarily bipartite, and we let t. > 0 be
the weight associated to edge e. We want to compute

Zar= > ][]t (2.25)

MeQg eeM

Kasteleyn’s theory provides a formula similar to (3.6). However, we have
to find a proper generalization of the Kasteleyn matrix. Recall that in the
bipartite case, K was a square matrix with lines indexed by black sites and
column by white sites. For non-planar graphs, the Kasteleyn matrix K is
rather a square matrix of size |V, the cardinality of the vertex set of G,
and not |V'|/2 as in the bipartite case. More precisely, we first orient edges
according to the clockwise-odd orientation provided by Theorem Then,
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given two vertices v,v’ of G, we let
0 if vt

K(v,0') =1 t. if v ~ v and the edge v, v’ is oriented from v to v’ (2.26)
—t, if v ~ v and the edge v, v’ is oriented from v’ to v

Note that K is an antisymmetric matrix.

Given an anti-symmetric square matrix M of size 2n, its Pfaffian Pf(M)
is defined as [16]

1
21!

Pf(M) = > 0 Me1)n@) - - Mr(2n—1)n(2n)- (2.27)

TESay

Note that the definition resembles a lot that of the determinant. In fact, the
following relation holds [16]:

det M = (Pf(M))>. (2.28)

Note also that if we change the order of (7(2i — 1), 7(24)) into (7(21), m(2i —
1)). the product of matrix elements of M changes sign (because M is an-
tisymmetric) but the signature of the permutation also changes sign. Also,
if we exchange the positions of (7(2i — 1), 7(2i)) and (7(25 — 1), 7(25)) the
product of matrix elements is unchanged, and so is also the signature. Al-
together, one can rewrite the Pfaffian as

PEM) = > 0xMr(iyn(2) - - Mr(2n—1)n(2n) (2.29)
mEM[2n]
where now the sum is over un-ordered matchings of 1,...,2n. Kasteleyn’s

theorem for the partition function of the dimer model is then the following
[14. [16]:

Theorem 2.19. Let G be planar. Then,
Zay = |PE(K)|. (2.30)

As the reader can imagine, when G is non-bipartite and is embedded on
the torus instead of the plane, Eq. is replaced by a formula similar
to (2.14)), with a sum over 4 Pfaffians. See [14 [16].

Note that, if we are able to diagonalize K, then we can obtain Zg; via
as the square root of the product of its eigenvalues. As an application,
Kasteleyn [14] computed (via explicit diagonalization of the matrix K') the
asymptotics of the number Zj, 1 of perfect matchings of a 2L x 2L square

grid Ay, of Z?: the result is that
. 1 4r
dm 7glog Zaa = o (231)

where k ~ 0.9159... is the so-called Catalan’s constant
o
(=D"
h= Z 2"
~ (2n+1)
The subscript 1 in the partition function means that we are giving weight 1
to all edges, so that we are just counting the number of configurations. One

can also give different weights ¢, t,, to horizontal and vertical edges, and the
“free energy” in the r.h.s. of (2.31)) as a function of ¢, t,. We will work out
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similar computations later, working on the torus rather than on the planar
graph Ay,

Proof of Theorem [2.19. The proof is very similar to that of Theorem
Using the expression @D for the Pfaffian, we see that each term corre-
sponds bijectively to one perfect matching of GG, and that the absolute value
of the term is the weight of the configuration. To see that all terms come
with the same sign, let M, M’ be two configurations and remember that the
loops formed by M U M’ have even length. Assume that M UM’ contains a
single loop I', the argument in the general case being a simple generalization.
We want to show that when we perform a rotation around any such loop,
the relative sign between M and M’ is unchanged and then one concludes
immediately.

Call vq,...,v9, the vertices along the loop I', taken in clockwise order,
and e; the edge from v; to v;11, with ey, the edge from vy, to v1 (by conven-
tion we will let vo,41 := v1). Say that in configuration M, ve; is matched
with vg;_1 so that in M’ it is matched with vo;11. Assume without loss of
generality that the vertices of G have been labeled so that vy,...,vs, are
the first 2n of them. Then, we can choose the permutation representing the
term M in the expansion of the Pfaffian to be a permutation of the type
{1,2,....2n,7(2n + 1),...,7(|Vg|)} (with |Vg| the number of vertices of
G) and the permutation representing the term M’ to be the permutation
{2,3,....2n,1,7(2n+1),...,7(|Vg|)}. The two permutations have opposite
signature, since they differ by a cyclic permutation of even length 2n (recall
that the signature of a cyclic permutation of length k is (—1)**1). Let us
see how the sign of the product of matrix elements of K changes. For M,
the sign of the product of Kasteleyn matrix elements along I' equals

(_1)#{1§i§n: the edge eg;—1 is oriented from vg; to va;—1}
5

as is clear from definition (2.26)). Similarly, for M’ the sign is
(_1)#{1§i§n: the edge eg; is oriented from v2,4+1 to v2i}‘

The product of the two signs is (—1) to the power of the number of edges
e1,...,e, of I' that are oriented anti-clockwise. Given that the loop is of
even length, this equals also

(_1)#{1§i§2n:ei is oriented clockwise}‘

Recall now that we have chosen a clockwise-odd orientation, so that this sign
is just —1. Combining with the —1 coming from the ratio of the signatures
of the two permutations, we see that M and M’ come with the same sign. ®m

2.6. Random perfect matchings: correlation functions. From now
on, we restrict ourselves to the bipartite dimer model.

Denote by 1. the indicator function that there is a dimer at e, i.e. that
e€ M.

We are interested in computing correlation functions of the type

ot > we(M)

Hl] _ M) L, (2.52)
i=1

Let e; = (wj, b;). Then,
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Theorem 2.20. [17] Let the graph G be planar and bipartite.

n

Hlei] = [HK(bz,wz)
i=1

i=1

TGt det ({K_l(wi,bj)i,jgn}) . (2.33)

The formula should be read as follows. One has to compute the inverse
K~ of the |Vjy| x |[Vg| matrix K and then compute the determinant of the
n x n sub-matrix obtained from K ! by keeping only lines corresponding to
w1, ..., w, and columns corresponding to b1, ..., b,.

Proof. Note that the Lh.s. of can be obtained as 1/Zg; times the
derivative w.r.t. logtc,,...,logt., of Zg;. Instead of taking derivatives of
the partition function, i.e. of the determinant of the Kasteleyn matrix, we
will proceed differently.

We know that Zg; = adet K for some |a] = 1. In the expansion of
det K, the terms we want are those proportional to []}_; t.,. Expand the
determinant w.r.t. row by:

det K = (—1)P*+ (K (by, 1) det K[{by}; {1}] — K (b1, 2) det K[{b1}; {2}] + .. (2.34)

where, given sets of integers A, B, we denote by K[A; B] the matrix obtained
by removing the rows with index in A and the columbs with index in B.

With some abuse of notation, we identified by with its label in {1,...,|Vp|}.
The only term that contains K (b1, wy) is
(=) K (by, we) det K [{br}; {wi}]. (2.35)

Now expand det K[{b1}; {w1}] w.r.t. row by and so on. Altogether, the term
we are interested in (the one proportional to [[] t.,) is

[T & (bivwi) x (~D)Z5 000 det Kb, .. by {wn, o wa}). (2:36)
1

The matrix appearing in the last expression is of dimension (|Vjy| —n) x
(V| = n).

Now we use the following fact from linear algebra, whose proof is based
on the Shur complement formula:

det M[A; B] = (—1)Z:(@Fb) det M1 [B¢; A% x det M (2.37)
(this generalizes the well-known Ai_j1 det A = (—1)"7 det A[{j};{i}]). Ap-
plying (2.37) and finally dividing by the partition function, we get the claim.
"

When the graph is embedded on the two-dimensional torus, with periodic
boundary condition and period L as in Section [2.4] a similar formula holds
(with analogous proof):

Theorem 2.21. Assume that det Ky, # 0 for every 0,7 € {0,1}. Then,

n
TGt H 16j
1

J
5 Xop e Cor [det Kor| [T)_; Kor (e7) det{ Ky (wj, by)jk<n} (2.38)
B ZGL7§ '
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where cor = £1 is the same sign that appears in (2.14)).

In fact, it may happen that one of the determinants det Ky, ., vanishes for
some L or choice of weights ¢ (this will play a role in Section . In this
case, the corresponding inverse matrix K % 1TO is not well-defined. We will see
how to deal with such situation.

3. INFINITE-VOLUME LIMIT: FREE ENERGY AND (GIBBS MEASURES

3.1. Free energy. Suppose that our graph G is periodic in space. lLe. it
is an infinite, planar, bipartite periodic graph as in Section We assume
that edge weights are unchanged under translations by né; + meés, with
n,m € Z and we periodize the graph, with period L, in both directions.
See Fig. for an example on the square grid, where the fundamental
domain G; contains four vertices, and not just two as was the case in Fig.
Bl The model then depends on a finite, L-independent number k of weights
t={t1,...,t}, e.g. k=2 in the example of Fig.

a a
1 1 1
/\ (?2
A >
a a
M~
1 1 1

&
FIGURE 12. The graph Z? with a fundamental domain con-
taining 4 sites. We give a label “a” or “1” to a sub-lattice of
faces. The weight of an edge equals, by definition, the label
of the unique labelled face it belongs to. Weights are then
invariant under translations by ne} + meés.

With the usual nomenclature of statistical mechanics (up maybe to a
global sign) the free energy of the dimer model is defined as

) 1
F(t) = ngglo I3 log Zc, 4+ (3.1)

We will show that not only the limit exists, but that we can actually compute
it. For the moment, let us make a couple of comments. First of all, from
the free energy we can exctract interesting information. For instance, when
edge weights are identically 1, it gives simply the exponential asymptotics
of the number of configurations. Also, it is clear that

1
810%%’? log ZGLD (32)
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i < k, gives the average number of dimers on edges “of type " (i.e. edges
of weight ¢;). Since the logarithm of the partition function is convex in
the variables logt;, its limit is also convex. Standard results on convex
functions guarantee that the Lh.s. of converges to Oigt, F'(t), under
the assumption that the free energy is differentiable at . On the other
hand, convex functions are almost everywhere differentiable. Actually, in
the examples we work out in detail below, we will be able to see explicitly
whether F' is differentiable or not.

Remark 3.1. Usual statistical mecahnics models on periodic lattices, like
the Ising model on 7%, have the property that the infinite-volume free energy
is independent of the way the domain Ay, tends to the whole lattice Z¢, pro-
vided some reasonable assumptions are satisfied, notably that the cardinality
of the boundary of Ay, is negligible with respect to the cardinality of the full
Ap as L — oo. This property completely fails for the dimer model. ILe. it

is possible (and quite easy) to find two sequences of domains A(Lj),j =1,2 of
L—oo

the infinite graph G, with |8Ag)]/|A(LJ)| — 0, such that the limit free en-
ergy is different for different j. This may look like a pathology of the model,
but in Section [§) we will see that it corresponds to a very intuitive phenom-
enon and height function interpretation of a dimer configuration provides a
stmple explanation of it. Technically, the reason is that dimers interact via
a hard-core potential (i.e. conditionally on the event that a dimer occupies
edge e, then the probabity of occupation of any edge incident to e is zero),
while Ising spins do not (conditionally on the event a spin o; is +, neigh-
boring spins have a non-zero, L-independent probability of taking any value,
even at very low temperature).

In order to explain how a variational formula gives the dependence of the
free energy on the shape of the region A, we need to compute it first in the
case of the toroidal graph Grp,.

3.2. Computing the free energy on the torus. In this section we focus
on the case of the dimer model on the toroidal graph Gp,, and in Section [4] we
explain how to use this result to compute (via a Large Deviation Principle)
the free energy in more general domains. For definiteness, we restrict here
to the hexagonal graph with minimal fundamental domain containing one
black and one white vertex. The reader who is interested in the case of
more general periodic graphs is referred to [22], where the general theory is
developed (see also Section below).

In this section, G, denotes the graph periodized (with period L) in both
directions €7, s, as in Figure [} With abuse of notation, we still denote
Viv, Vi the set of white/black sites of G, without keeping the L dependence.
Black/white sites are therefore indexed by coordinates x = (x1,22) € Ay,
where

Ap:={x:—-L/)2<z;<L/2—-1,i=1,2} (3.3)

(we assume for simplicity that L is even). We adopt the convention that a

black vertex has the same coordinates as the white vertex just to its left.
We assign weights A, B, C' to edges that are horizontal, north-west ori-

ented and north-east oriented, respectively. Of course we could set one of



LECTURE NOTES ON THE DIMER MODEL 23

them, say A, to 1 without loss of generality. We will see later that the model
becomes trivial (in the limit L — oo) unless A, B, C' satisfy the triangular
inequality (i.e. none of the three values exceeds the sum of the two others).
According to the general procedure, we define the Kasteleyn matrix, with
rows/columns indexed by black/white vertices b/w of G, as follows. If b, w
are not neighbors, then K (b, w) = 0. Otherwise,

K(b,w) = A 1,0)—(w) + B law)=z®)+0,1) + C lo)=s)—(1,0-  (3-4)
Here, x(v) denotes the coordinates x = (x1,x2) of a vertex v. We still call
Za, t and g, ; the partition function and probability measure.

3.2.1. Diagonalization of the Kasteleyn matriz. In this section we diagonal-
ize the four matrices Ky, that appear in formula . The point is that,
by translation invariance, eigenfunctions are provided simply by the Fourier
basis (complex exponentials).

For 6,7 € {0,1}, let

Dy = {k = (ko) b = (i +§).bo = F(no 4 5).~5 <y
C [, 7)? (3.5)

(recall we are assuming for simplicity that L is even) and

fr(x) = %e*im (3.6)

to be seen as a function on Vy. The matrix Ky, maps functions on Vi into
functions on Vp.

Going back to the definition of the matrix Ky, let us assume that the path
2 crosses the edges from black vertices of coordinate (—L/2,z3),—L/2 <
x9 < L/2 — 1 to white vertices (L/2 — 1,x9), while 7, crosses the edges
from black vertices (z1,L/2 —1),—L/2 < x; < L/2 — 1 to white vertices
(x1,—L/2). One has for a black site of coordinate x = (z1, x2)

[Kor fir](x)

= Afy(x) + B(—1)T oa=L/21 fi (2 4 (0,1)) + C(=1)" e1=-1/2 fi (x — (1,0))

(3.7)
where, by convention, z — (1,0) = (L/2 — 1,x9) if x1 = —L/2 and similarly
x+(0,1) = (x1,—L/2) if 9 = L/2 — 1. Next, note that for k € Dy,, we
have

N
vl

(_1)7’671;]{?(11,7[//2) _ e*ik’(IhL/2*1)6*ik2’

(_1)96—ik(L/2—1,z2) — o~ tk(=L/2,22) jik1
Therefore,
[Kor fil(@) = (k) fo(@) i= (A+ Be™™ 4 Cet™) fi(a).  (3.10)

In other words, fi is an eigenfunction of Ky, with eigenvalue p(k). The
collection fx(:),k € Dy, is an orthonormal basis of eigenfunctions, since
their number, L?, equals the dimension of the Kasteleyn matrix Kp,.

We have then

det Kor = [ nlk) = 11 (A+ B/w+Cz) (3.11)

keDy, zweCizl=(-1)0 wlk=(-1)7
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where we used that k € Dy, if and only if (z,w) = (e1,e¥*?) satisfies
(ZLv wL) = ((_1)07 (_1)T)

Remark 3.2. Note that, for L € 2N as we are assuming, det Ky, (that is
real, being the determinant of a real matriz) satisfies also

det Kgr > 0, (0,7) # (0,0) (3.12)

while

. | =1 4f A, B,C satisfy the triangular inequality

sign(det Koo) = { +1 if A, B,C do not satisfy the triangular inequality.(3'13)
In fact, note that for (0,7) # (0,0), if k € Dy, then also —k € Dy, and k #

—k (here, —k has to be considered modulo (2m,2m)). Since p(k) = u(—k),

one easily gets that det Ky, > 0.

As far as Koo is concerned, the situation is different. All values k € Dyg
except for k = (0,0), (0,7), (7,0) and (7, 7) come in distinct pairs {k,—k}
and give a positive contribution. On the other hand, one has

1(0,0)=A+B+C, p(m,m)=A—-B-C, (3.14)
w0, 7)) =A—-B+C, p(r,0)=A+B-C, (3.15)
hence the claim.

With a similar reasoning one sees that, for L odd, all determinants are
positive except det(K11), whose sign is as in the r.h.s. of (3.13)).

The reader can already guess the following:

Theorem 3.3.
! !
F(4.5.C) = Jim 75108 26,1 = o /[_M]Q log (k) | dkr kA 3.16)

1 dz dw 1 dz dw
=—— [ log|P —— = ——— | log|A+ B — 1
(271'2')2/ og|P(z,w)] z w (271'2')2/ ogld+ B/w+C7| z ?(3 7

with the second integral performed over the torus T = {(z,w) € C? : |z| =
jw| =1}

Remark 3.4. For z € C, let Log(z) denote the principal branch of the
logarithm on the complex plane, with cut on the negative real axis, so that

2log|z| = Log (2) + Log (2). Then, the integral (3.16]) can be written as

1 dz dw

Before deducing in detail Theorem from , let us point out some
potential difficulties. First of all, if A, B, C satisfy the triangular inequality,
then the “characteristic polynomial” P(z,w) := A + B/w + Cz has two
(and only two) zeros on the torus T, and the second zero is the complex
conjugate of the first. In other words, u(k) has two zeros, p* = (pf,p;)

and p~ = —p™.

Exercise 3.5. Consider the triangle of sides A, B,C and let 04,0p,0c be
the corresponding angles. Then, prove by elementary geometry that the zeros
of 1 are at

pt = £(r — 0,7 —0c). (3.19)
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For instance, if A= B = C then p*t = +(21/3,27/3).

Then, it may happen that, for some choice of A, B, C, of L and of 8, 7, one
eigenvalue of Ky, is extremely small or even exactly zero, so that its determi-
nant cannot behave like exp(L2F). By the way, this is exactly what happens
for the dimer model on the periodized square lattice Z2, when edge weights
are uniform (¢, = 1). In this case, the matrix Ky has one vanishing eigen-
value for every L, while the other matrices Ky, do not. As another example,
take the dimer model on the honeycomb lattice with weights A = B = C.
Then, one easily sees that Kyg has one vanishing eigenvalue whenever L is
multiple of 3.

Another delicate point is that, even if one can deduce from the
exponential asymptotics of each det(Kjp,), one needs care when the deter-
minants are combined as in : since the coeflicients ¢y, do not all have
the same sign, there might be dangerous cancellations and Zg, ; might have
a rate of exponential growth that is strictly smaller than that of any of the
det(KgT).

As a last remark, when A, B,C do not satisfy the triangular inequality,
say A > B + C, then the problem looks much easier because the function
1 has no zeros. Unfortunately, this is the least interesting case. In fact, we
will see that in this situation the density of dimers of type A (horizontal
dimers) tends to 1 in the thermodynamic limit. In other words, the system
is in a so-called “frozen phase” with no fluctuations at all.

Proof of Theorem[3.3 We start from (2.14). Each det Ky, is a sum over
dimer configurations M of a weight that equals, in absolute value, the weight
of M. Therefore, |det Ky,| < Zg, +. Then, since |cp,| = 1, we see that

max |det Kop-| < Zg, + < 2H91aX | det Kp-|. (3.20)

Therefore, the free energy is the Laplace asymptotics of maxg | det Ko, |.

From (3.11)) we see that

1 1
ﬁlog|detKgT\ =12 Z log |p(kq, k2)|. (3.21)
k€Dy,

If the function g has no zeros on [—m, 7], which happens if A, B, C do not
satisfy the triangular inquality (i.e. A > (B 4 C) or one of the other two
analogous possibilities) then it is clear that the r.h.s. of (3.21]) converges to

1
(271')2 /[ﬂ- 7..]2 dkldkglog\,u(kl, kg)’ (3.22)

that is also the r.h.s. of (3.16)).

Let us consider instead the more interesting case where A, B, C satisfy
the triangular inequality, so that the function P(z,w) has two conjugate
zeros. Note first of all that the integral in the r.h.s. of is convergent,
since the logarithmic singularity is integrable. Second, for every (6, 7) call
k;‘;, the value k € Dy, that is closest to p*; if there is more than one at
minimal distance (there are at most four), choose one arbitrarily.

Remark 3.6. Recall how the sets Dy, were defined in (3.5)), and the fact
that p~ = —p™. The following statements are easily checked:
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(i) kg, = —ky, mod (2,27).
(ii) for every (0,7),

7

h\x

kg7 =P <
(iii) There exists at most one choice of (0,7), call it (,7), such that

+ + m
—k < —.
P 97‘_2L

Write
|det Kor| = (kg )P T[] Iu(k)] (3.23)
k€Do-\{k;, }
= |p(ky,)? x exp L2>< 5 Y log (k)| - (3.24)
k#kei

By Riemann approximation, the sum in the exponent times 1/L? can be
written as the integral in the r.h.s. of (3.16)), plus an error term o(1) as
L — oo:

Lemma 3.7. For every choice of 0,7 one has

o0 1
L2 3" log|u(k)| 2 2/ log|u(k)|dkydks + o(1).  (3.25)
k;ékét ( ﬂ-) [—m,m]?

See Appendix [A| for the proof (a little care is needed since the integrand
is singular at p*).
The term

(kg ) (3.26)

is obviously upper bounded by a constant but is anyway potentially danger-
ous: if k;tﬁ are very close to p* (possibly coinciding with p*), it can be very
small. On the other hand, recall that we have to take first the maximum of
| det Ky, | over (6,7) and then the limit L — oo. Le., essentially, we have to
take the maximum of over 0, 7. Then, from Remark we see that
the maximum over (6, 7) of is bounded below by const./L?, because
u(-) vanishes linearly at p*. Altogether,

1
ﬁlogn;axldetKgT\ =F(A,B,C)+o(1) (3.27)
and the theorem follows. [

3.3. Infinite-volume correlation functions. As long as L is finite, cor-
relation functions on the torus are given by formula . We want to take
the limit L — oo and get rid of the combination of determinants.

We assume right away that A, B, C satisfy (strictly) the triangle condition,
so that all three dimer densities are non-trivial and the angles 04,03, 0¢ are
n (0,7). In the converse case, we know that dimers are asymptotically all
of one type, so that correlation functions are trivial (i.e. they vanish in the
L — oo limit).
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We note first of all that, if w has coordinates = and b has coordinates y,
then

1 eik(y_x)
Kol (w,b) = — Y ———. (3.28)
L & k)

From now on, we assume that the integer n in is fixed independent
of L. Likewise, calling z;,y; the coordinates of the white/black vertex of e;,
we assume that x;,y; are independent of L (in particular, none of the edges
e; crosses the paths 71,9 of Figure @ In view of , it is not surprising
if we state the following (see the end of this section for the proof):

Theorem 3.8. One has

n n
Lh—I};o TGyt H 1ej = H KOO(ej) X det{K_l(a:j - yk)jkgn} (3.29)

j=1 j=1
where
1 e~k 1 27w T2 dz dw
K1 — — =, 3.30
D= G ooy~ e | P s O

We call 7g ¢ the infinite-volume measure.
While the statement looks almost obvious, there is a rather delicate point
related to the values of k close to k;tT.

Proof of Theorem[3.8 Let us start from (2.38) and let us assume for the
moment being that all four matrices Ky, are invertible. We recall also that

K, ! (w,b) is given by (3:28).

Write M @7 M7 for the n x n matrices
MO = (K5 (wj bi) h<jrsn (3.31)
and
MO = (K5 (wj bi) h<jrsn (3.32)
where K 9_71 (w,b) is defined as in , except that the sum is restricted to
k € Do, \ {ky,.}-
It is easy to prove (see Appendix :

Jim K (wj, i) = K7 (5 — i), (3.33)
where the r.h.s. was defined in . One has then
MO — 30 4 2 WUW [p®7]" (3.34)
where ug;’T), UU(JH’T) are the n—dimensional column vectors whose j** compo-
nents are
[u(g@ﬂ')}] — ¢ kG .7 (3.35)
@], = ki (3.36)

while vT denotes the tranpose of v. In other words, we write M7 ag

M) plus two rank-one perturbations. We recall the so-called “Matrix
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Determinant Lemma” that states that, if M is any n X n matrix and u,v
are two n—dimensional column vectors,

det(M + uv?) = det M + vT adj(M) u, (3.37)

with adj(M) the adjugate matrix of M, i.e. the n x n matrix whose (i, j)
element equals (—1)**/ times the (i, j)-minor of M.
Applying this identity twice, we see that (we write for simplicity wuy, v,

instead of u™ 7 vu(fﬁ))

det(Kp, ) det(MO7)) = det(Kp,) det(N 7))
det(Kor)
L2 (kg )
det(Kyr)
L?p(ky )

oy o 1
MO — pr6m) o mu“ﬁ (3.38)

v} adj (MY,

vl adj(M @) u_,

Let us first look at the first term in the r.h.s. of (3.38]) (the one not involving
Uy, V) and let us disregard the other terms for the moment. Plugging the
first term into (2.38)), we see that the multi-edge probability in the Lh.s. of

(3-29) equals
3 2 6.r— Cor [det Ko, [Tj_, Kor(ej) det{ M7}

3.39
ZGL7§ ( )

Note that Ky (e;) = Koo(ej) for L large enough, because of how we chose
the paths 71,72 just before (3.7): in fact, the edges e;,j < n are fixed
independently of L, while the paths 1,72 are moved to infinity as L — oo,
so that they do not cross e;,j < n. Recall also that |det(Ks,)|/Zq, + is
bounded above by 1 (cf. (3.20)). Finally, recall (3.33). Altogether, this
implies that tends as L — oo to the r.h.s. of.

It remains to prove that the last two terms in the r.h.s. of give a
negligible contribution to 7, ([[[j_; 1e;], as L — oo. We look for instance

at the former term; the one containing M can be treated the same way.
Note that

vl adi(M*7)uy 2 0(1),
because every element of the matrix M and of the vectors uf’ﬂ, vs_e’T) is
uniformly bounded, and their dimension n does not grow with L. Therefore,
to conclude the proof of the theorem it is sufficient to show that

(0,7)

1
L2ZGL,£

det(KGT)
pi(ky. )

Since p(+) vanishes linearly at p* and, one has from item (ii) in Remark

2= 0). (3.40)

p(ky) = O(1/L) for every (6,7). (3.41)
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On the other hand, call (6,7) the value of (6,7) such that [p* — k| is
maximal. From item (iii), we see that and

+ C
’M(k‘éf_)’ > T (3.42)
We also need the following technical fact (see Appendix [A] for the proof):

Lemma 3.9. There exist two L-independent constants 0 < c— < cy < 00
such that, for every choices of (6,7) and (¢',7")

| kg )ialhy,) det(Koy) | _ +‘ pikg uky,) |
'u(k;”r’)'u(k&ﬂ") det(Ko/T/) B M(k;r’T’)N(k;T’)

Then, in view of Zg, ; > [det(Ky.)| (cf. (3.20))), the Lh.s. of (3.40) is
upper bounded by

(3.43)

1 det(KO‘r) c H(kg;—)
- + — .
L2|u(ky, )| | det(Ky:) L2u(k) (k)

Using (3.42)) and (3.41)), we see that the r.h.s. is o(1) as L — oo and (3.40))

follows.

In the proof of the Theorem, we have assumed that none of the determi-
nants det(Ky,) is exactly zero, since we started from (2.38)). However, this
restriction is easily removed. Recall from Remark [3.6]that at most one of the
four determinants is zero for a given value of L, and let (6y, 7p) be its label.
Note first of all that, while (3.38) is ill-defined when u(k:éi ) = 0 (indeed,

the L.h.s. is 0 X 00), this expression has a well-defined limit if u(k:;z ) = 0.
In fact, it is immediate to see that this limit is just

M H u(k). (3.45)

L4
k€Dogro \kay 1o}

We claim in fact that, when det(Ky,-,) = 0, (2.38]) still holds, with
det(Kgyry) det{ Ky L (W), br)jk<n}

foTo

replaced by . Given this, the proof of Theorem N works exactly the
same as in the case where all determinants are non-zero. The reason why
the claim is true is that the probability in the lL.h.s. of is continuous
w.r.t. the edge weights, at fized L. If it so happens that det(Kg,-,) = 0
for a given L, one can slightly change the weights ¢ (i.e., in the case of
the hexagonal graph we are looking at, the numbers A, B, C' are replaced by
A+eA', B+eB',C+eC’, with € small enugh) in such a way that det(Ky,,) #
0 while the other three determinants are still non-zero. Letting ¢ — 0, one
obtains the claim. |

(3.44)

Remark 3.10. The proof of Theorem [3.8 we have given here differs from
that in [22]. In fact, to the best of our understanding, the delicate issue of
the values of k close to k;tT was not really solved there. For instance, it

is stated in [22), Sec. 4.3] that, if k:;tT is (dangerously) at distance < L2

from p* for a given L and (0,7), then by changing L by O(\/L) this is no
more the case. This is false in general. For instance, for the dimer model
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on 72 with constant edge weights, the characteristic polynomial u(-) is (cf.
Ezample (3.22)) below)
p(k) =1+ ier — gilhitha) _jpikz (3.46)

It is immediately verified that p™ = (0,0),p~ = (m,m) so that for (0,7) =
(0,0), k‘(jfo is at distance zero from p*, for every value of L.

As another example, for the dimer model on the honeycomb graph with
A =B = C =1, one sees (Exercise!) that det Koo = 0 whenever L is a
multiple of 3.

3.3.1. Asymptotic dimer densities. We give here a first application of The-
orem by computing the asymptotic (for L — oco) densities of dimers of
the three types, i.e. the L — oo limit of the probability that an edge of type
A, B, or C is occupied by a dimer.

To this purpose, take n = 1 in Theorem and let e4,ep,ec be three
edges of type A, B, C respectively. We have

A 1 dz dw
= M) = == 4
pa=mai(ea € M) (2i)? / (AT Bjw+C2) = w (3.47)
B 1 dz dw
= M) = == 4
ppi=mai(en € M) (2mi)? / (A+ B/w+ Cz) z w? (3.48)
C 1 dw
= M) = bty 4
po = mealcc € M) = G / A+ Bjut 02w (3:49)

The easiest, and least interesting case, is once more that where the triangular
inequality is not satisfied for A, B,C. Say for instance that A > B + C.

Then, the contour of integration |z| = 1 contains only the pole z = 0.
Applying the residue theorem,
A 1 dw
=— | —————. 3.50
pa 27ri/(A+B/w) w (3:50)

The integration over w is done similarly and the final result is that

pa =1

In other words, the asymptotic density of horizontal dimers is 1 and the
system is said to be in a “frozen phase”

Exercise 3.11. Check that the two other integrals give zero.

The asymptotic dimer densities are more interesting when the triangle
condition is satisfied:

Exercise 3.12. Check (again by an application of the residue theorem) the
following: if A, B,C satisfy the triangle condition, then
PA = QA/W;PB = 93/7‘—7PC = 00/’“—
where, given a triangle of side lengths A, B,C, we denote 04,0p,0c the
angles opposite to sides of lenght A, B, C respectively.
Hints (for pa; the other computations are analogous):
e the poles in z are z =0 and z = zp(w) = —(A+ B/w)/C;
e check that if both are inside the contour |z| =1, then the integral in

z gives zero (deform the contour to a circle of radius R and send R
to 00);



LECTURE NOTES ON THE DIMER MODEL 31

o what remains is then
1 1

— . dw 3.51
2mi |w|=1:]z0 (w)|>1 W + B/A ( )

o withw = e, note that the domain of integration becomes the portion
of contour from wy := "™ to wy;
e do the integral and use simple trigonometry to obtain the result (7w —

Op —0c)/m=04/.

Exercise 3.13. Compute the asymptotic dimer densities pa, pp, pc by tak-
ing the derivatives of F(A, B,C) with respect to log A,log B,log C respec-
tively, and check that one obtains the same result as above. This is a bit
tricky because of the absolute value in , or because of the branch cut

in (.15)

3.4. Large distance behavior of K~!. From the definition, we see that
K~1(x) is the Fourier coefficient of frequencies x € Z? of the function 1/u(-),
that is a periodic function on the torus [—m,7]2. If 1/ were C*°, it would
be a standard fact to see that K~1(x) decays faster than any power of |z,
for |z| — oo.

Exercise 3.14. Prove this, using integration by parts.

Instead, we know that 1/u has two simple poles at p* and p~ = —p™. As
a consequence, K ~!(-) decays much more slowly at large distance. Let us
see precisely how.

Remark first of all that

(k) = o (ky —py) + 85 (k2 — py) + O(Jk —p™ ) (3.52)
ot = iC’eiﬁ, BE = —iBe~ P} (3.53)

around k = p*. Note that
at=—-a", BT=-8", (3.54)

so that we may write
a¥ =way +iag, pY=wpf+ifs, w==, (3.55)

with a;, 3; real. If one argues that the leading contribution to K—!(x) is
given by the integral around the poles and replaces p by its linear approxi-
mation around them, i.e. replaces the integral in (3.30) with

L —ikx 1
(27T)2 (;: /]R2 ‘ Oée(kl — pi) + Be(kQ _ p§>? (356)

then (ignoring the fact that the integral is not absolutely convergent) the
integral in can be computed via the residue theorem and the result
correctly gives the leading term in Eq. below.

It is actually not hard to justify these approximations:

Proposition 3.15. One has

fip""x

¢(x)

K'(2) = 1%

™

+0(|z|7?) (3.57)
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as |x| — oo, where

é(x) == —B Tz +a . (3.58)
Remark 3.16. Note that, using (3.19), one has
ot _C i,
gt B

Under our assumption that the triangular inequality holds (strictly) for A, B, C,
the angle 04 is in (0,7), and therefore the ratio o /3% is not real. In other
words, o, BT are not colinear and the map R? > z v ¢(z) € C spans the
whole complex plane. For the same reason, whenever |x| tends to infinity,
we can bound

alz| < [o(z)] < colz| (3.59)

for some finite and non-zero constants ci,co. This would not be the case if
a™, BT were colinear. Indeed, if o™ = vBT with v € R, then ¢(|yx1],21) =
O(1) even for large x.

Remark 3.17 (Dimer-dimer correlations). Let ey, e2 be two (L-independent)
edges of G, with coordinates x;,y; for their white/black endpoints. From
Theorem [3.8 we see that

lim 7g, i[ei € M] = Koo(e:)) K (zi — i), i=1,2 (3.60)
L—oo -

and

ngigo {ma,iler € M,ea € M] — g, 4(er € Mg, 1(e2 € M)} (3.61)
= —Koo(el)K()o(ez)Kfl(:El - yg)Kﬁl(xg — yl). (362)

From we see that the dimer-dimer correlation (that we denote also
G, t(e1 € M;eg € M)) decays in absolute value like the inverse of the square
of the distance beween the two edges, with certain oscillatory pre-factors (due
to the complex exponential exp(—ip™x)) that will play an important role later
(see Section[5).

Proof of Proposition[3.15, For |z| — oo, either z1 or x5 is large. Assume
the former is the case, and assume also that x; is negative (the opposite
case can be treated analogously). We start from the integral . Let us
integrate on z first. The only pole is at zo(w) = —(A + B/w)/C (because
—21 — 1> 0). One gets then

1 dw

2m'0/| (w)| 120(20)7%7110%2? (3.63)
w:|zo(w)|<

1 T+0c ) A+B€_i9 —z1—1
= — dge 0w |21 = 3.64
27TC T—0¢ € I: C :| ( )

1 T , A4 Be 07!

=—R dge 0w |21 - 3.65
e {/7r—ec ‘ { C ] (3.65)

where in the second expression we wrote w = € and noticed that |wo(z)| < 1
is equivalent to 6 € (7 — ¢, 7+ 0¢c). Set § = 1 — Oc + u and observe that
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[—(A+4 Be~#utm=00)) /] equals exp(i(—Op +)) for u = 0 and has absolute
value smaller than 1 for u € (0, 7]. Also,
A+ Befi(u+7r700)
N C

and, by the previous remark, the second complex exponential has absolute
value smaller than 1. Equation (3.63]) then reduces to

0
%é)% {e—i(w—@g)mgei(GB—w)(m1+1)/  du e—iumg+i(u+0(u2))6+/a+(zl—i-l)}(3.67)
m 0

Since x7 is large and negative, the integral is dominated by the contribution
for u < 1/|z1|. We can therefore neglect the O(u?) error and extend the
domain of integration up to infinity, getting

1 ) ) +oo ) )
R {e—z(w—ec)xzez(GB—ﬂ)(xH-l) / du e—zum—i—zuﬁ*/a*(m-{-l)} (3.68)
0

= exp(i(—0p + m))e P /0T +OW) (3.66)

wC
_ L g[emitrtormgionmimn T o000 (30)
wC izoat —ifBT a2

Recalling the definitions of o™ and of p™, we see that the r.h.s. is the same

as that of (3.57)).

Exercise 3.18. Prove that x = (n,n) with n € 7\ {0}, then

_sin(n(6p + 6c))
mnA

Hint: Say that n < 0. Start from the first line of (3.63) with x; = x2 =n
and compute the integral in the complex plane, using that the primitive of

K '(z) = . (3.70)

wfnflz()(w)fnfl
18 c
v zo(w)™".

Exercise 3.19 (Dimers and determinantal proint process). Deduce from
the previous exercise that the set of occupied horizontal dimers in a given
horizontal column is a determinantal point process with kernel given by the

so-called “sine kernel”
sin(n(fp + 6,
S(n) = SO £0¢)) Lo 5(0) = pa.

™

Le. let e, be the horizontal edge with black and white endpoints both of
coordinate (n,n). Then

W(énl, .., 6py € M) = det[S’(nl — nj)]i,jgk. (3.71)

The kernel S(-) is called “sine kernel”; note that S(n) = S(—n), so that the
kernel is symmetric. Determinantal point processes (with symmetric kernel)
have a lot of interesting structure, see [28]. Let us give two properties here:

e Let Ny the number of particles in [1,...,N] (in our case, of hor-
izontal dimers on edges é,,1 < n < N). If the varianceLfNN
tends to infinity as N — oo, then the rescaled number Ny =
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(Ny — ENN)/V/VarNy tends, as N — oo, to a standard Gauss-
ian Normal random variable. See [28, Th. 8|. In the case for the
sine kernel it can be seen by hand [20, Sec. 6.3], and also follows
from Section [J below, that the variance grows logarithmically with
N. Note that the particle occupation variables are not at all i.i.d.
(in which case the variance would grow like N instead); this makes
this CLT all the more non-trivial.

o Let A\i,..., AN the eigenvalues of the matriz Sy = {S(i—j)}i<ij<n-
The \; are real, since the matriz is symmetric. Also, they are non-
negative, since its minors (being probabilities of events) are all non-
negative. Finally, they do not exceed the value 1. This is proven
in the general setting e.g. in [I, Th. 22]; in our case it can also
be presumably proven by hand. In conclusion, A\; € [0,1]. Then,
one can see that Ny has the same law of the sum Y = Zfil X,
where the X; are independent Bernoulli variables, with parameters
Ai. (Check as an exercise that Y and Ny have the same mean and
variance).

3.5. General bipartite, periodic toroidal graphs. We worked out in de-
tail the diagonalization of the Kasteleyn matrix, the computation of the free
energy and of infinite-volume correlations (and their long-distance asymp-
totics) in the case of the hexagonal lattice H with “minimal fundamental
domain” consisting of two vertices. Let us explain here how things work in
the more general case of bipartite, periodic planar graphs, where in general
the fundamental domain contains n white and n black vertices.

Look for instance at the square-octagon graph of Fig. The minimal
fundamental domain, encircled, contains 4 white and 4 black vertices.

As usual, we periodize the graph with period L in both directions. Note
that the graph G, thus obtained contains nL? vertices of each color. Call as
usual Ky, 0,7 € {0,1} the four nL? x nL?-dimensional Kasteleyn matrices
on the torus, constructed as in Section In the case of the hexagonal
graph, where n = 1, we have diagonalized K as K = P7'KP where P is
the matrix whose columns are all the distinct Fourier eigenfunctions f(-),
k € Dy, and consequently the lines of P~! are given by fi(+). In other words,
in the Fourier basis the matrix K is diagonal and the diagonal elements are
p(k). Then, the determinant of Kjp, is just the product over k € Dy, of
p(k). The situation is slightly more complicated for n > 1. IL.e., for k € Dy,
and 1 < a < n we define

1 .
Jor:(@e AL, d €{l,....n}) = for(z,d):= Zeﬂkxla/:a, (3.72)

to be seen as a function of white sites (indexed by coordinates x and d).
Note that for every choice of 6,7 there are nL? such functions, and they
are orthonormal. However, they are not necessarily eigenfunctions of Kjy,,
but almost: the function [Ky, fiq](-) is a linear combination of fi 4 (-) for
different o', but for the same k. More precisely, label in some arbitrary way
as ki,...kr2 the elements of Dy, and let P be the matrix whose first n
columns are the functions fi, 1(-),..., f&;.»(-) and so on until the last one
that is kaQ’n. Then:
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bl
o o
€9 A
o—4 > e
3 3
4 2
x = (x1,22)
4 2
1 1
o G »— o
o—4 é >———e

F1GURE 13. The square-octagon graph with its fundamental
domain. All edge weights equal 1, for simplicity. The graph is
invariant under translations by né;+més, n,m € Z. A vertex
is identified by: (1) its color, (2) the coordinates (x1,x2) of
the fundamental domain it belongs to and (3) by the index
a € {1,...,4} specifying its position inside the fundamental
domain. For instance, the black vertex b has coordinates
(1,22 + 1) and a = 2.

Theorem 3.20. The matriz P~ Ky, P is block-diagonal, with block of size
n. Each block corresponds to a value k;,i < L?. The block corresponding to
the value k is a n x n matriz M (k) = {M(a,d’;k)}q.a<n where

(a,d'5k) = Y Kee e, (3.73)

C.aNQ

In this formula, the sum runs over all edges joining the black vertex b of type
a in the fundamental domain of coordinates x = (0,0) to a white vertex w
of type a’ (w can be either in the same fundamental domain or in another
one); K. is the Kasteleyn matriz element of Koo corresponding to edge
(w,b); x. € Z? is the coordinate of the fundamental domain to which w
belongs.

Moreover,

det(Kpr) = [ w(k p(k) := det M (k). (3.74)
keDGT

Proof. We will be sketchy, as the proof is similar to what we did for the
honeycomb lattice already. The matrix element of P~' Ky, P on row labelled
k,a and column k', d’ is

1 ikz(b)—ik'z(w
ﬁ Z Z KGT(bu w)e b (B) —ik'al )1a(b):a1a(w):a’ (375)
b w
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where the sum runs over black vertices b, whose coordinates are denoted
x(b) and whose type is denoted a(b) and white vertices w of coordinates
z(w) and type a(w). Given the black vertex b of coordinate x(b) and type
a, we have that

N Kor (b, w)e™ ™71y = e x M(a,d k), (3.76)

with M(-) defined in . Here we have used translation invariance of the
graph and the fact that k € Dy,. At this point, the sum over b (constrained
to be of type a) can be performed in and one gets the indicator
function that k = k&’ times M (a,d’; k) as desired. n

Example 3.21 (Hexagonal graph). Just to check things, let us look at the
usual hexagonal graph, see Fig. @ Here, n = 1 so that M(k) is just a
number. There are three edges connecting the black vertex of coordinates 0
to a white vertex: the horizontal edge (and this contributes A to ),
the north-west oriented edge that connects to the white vertex of coordinates
(0,1) and contributes Be~™*2 and the north-east oriented edge that connects
to the white vertex (—1,0) and contributes Ce* . Altogether M (k) equals
what we called (k) earlier and reduces to the formula we already
knew.

Example 3.22. [Square graph] Another well-studied example is that of the
square lattice Z2 with minimal fundamental domain consisting of two ver-
tices. See Figure[1]. Note that we may set t4 := 1 by multiplying all weights
by a common factor. Also, we will see in Section[{.1] that the case tits = to
is particularly natural. With the choice of Kasteleyn matriz elements as in
the figure, check as an exercise that

pu(k) = t1 + itge™ — tzelrthz) g, eikz, (3.77)

Example 3.23 (Square-octagon graph). Consider the graph of Fig. and
assume for simplicity that all edge weights equal 1. A possible Kasteleyn
matriz for the infinite graph consists in taking all non-zero matriz elements
equal 1, except for horizontal edges with the black vertex on the left, for
which the matriz element is —1. Then, check that

-1 0 etk 1
1 1 0 —e itk

ME = , 1 (3.78)
0 ef 1 1
(k) = =5+ etk g7tk oike | =ik (3.79)

Assuming that det Ky, # 0, so that in particular each M (k) is invertible,
the inverse matrix K 9le is simply given by

K (w.b) = -5 Z —L emtkl@=a) (3.80)
k€Dy,

where w (resp. b) is a white (black) vertex of type a (a) and coordinates x
(resp. z’).
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FIGURE 14. The square lattice with its fundamental domain
(encircled; the black and white vertex in the same funda-
mental domain have the same coordinates x = (x1,x2)), the
elementary vectors €1, € that serve for the definition of co-
ordinates of vertices. Next to the four edges incident to the
central black vertices are marked the values of the Kasteleyn
matrix elements K (b,w) (the Kasteleyn matrix is invariant
under translations by ne) + meés.

3.6. Phase structure: liquid, frozen and gaseous phases. Once we
get to , we would like to go back to Egs. and and to
repeat the arguments of Section to compute the infinite volume of the
free energy as

. 1 1
Jim 75108 26,1 = s /[] log (k). (3.81)

Also, one would like to prove that the analog of Theorem [3.§ holds. Namely,
if the edge e; has white vertex of coordinates x;,a; and black vertex of
coordinates y;, a; then the Lh.s. of (3.29) tends to

n
7TG$(€1, ...,€6p € M) = H Koo(ej) X det{K(:ila/‘ (CL',L - yj)i,jﬁk} (382)
%
j=1

where

]. N /
Ka,a’ (17 —_ 33/) = LILH;O Ke_ﬂl_ (’U}, b) = W /ﬂ}ﬂ]Q[M(k)];;/elk(zx )(383)
As we saw in Sections and for the hexagonal graph, for the proof
of Theorems [3.3] and [3.8] and for the study of the long-distance behavior
of K=! (Proposition , it is of primary importance to know what are
the zeros of () and the asymptotic behavior of p close to them. For the
hexagonal graph with elementary fundamental domain it was immediate to
study the zeros of u, as a function of the weights A, B, C'. Accordingly, we
saw that the infinite-volume measure 7g; obtained as the L — oo limit of
the measure on the torus of period L can be of the following two types:
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o If A, B, C satisfy the triangle condition then y has two simple zeros.

All three types of dimers have a non-zero asymptotic density, and
the inverse Kasteleyn matrix decays like the inverse of the distance.
Then, 7 is called (with the nomenclature of [22]) a “liquid phase”.
If one of the three weights is strictly larger than the sum of the
other two, then p has no zeros and the dimers of the corresponding
type have asymptotic density 1. Therefore, in the L — oo limit
there are no fluctuations in mg; and we have a so-called “frozen
phase”. In general, 7, is called “frozen” in [22] if there exist faces
f, f arbitrarily far away such that the difference h(f) — h(f’) is
deterministic.

we have not really proved this, but in the limit case where one of the
weights equals the sum of the other two, then the two zeros coincide
and at least one of the dimer densities is asymptotically zero (recall
the geometric interpretation pq = 64/7 etc, and note that when
the triangle degenerates to a segment, either one or two angles tend
to zero; the other two tend to any two angles summing to 7). In
this case, fluctuations in 7g; are non-zero, if two limit densities are
both zero. However, g, is still frozen, in the sense defined in the
previous point. See Fig.

.
VAW
VAW,
NN

N

FIGURE 15. Assume that B = C' > 0, while A = 0. Then,
the densities of dimers of types of types B and C'is 1/2 and
there are no dimers of type A, as in the picture. Then, it
is clear that the height difference between two faces in the
same vertical column (say, f and f’) is deterministic (recall
the definition of height function, as in Section .

@,
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In the general case of a graph G with elementary domain containing n > 1
black/white vertices, the study of the zeros of the so-called “characteristic
polynomial”

P(z,w) := p(—ilog z, —ilog w)
on {(z,w) € C? : |z| = |w| = 1} requires deeper algebraic ideas that we
do not explain here, referring the interested reader to [22]. Let us mention
here only the following (see also the discussion in Remark 4.7 below). In the
general case, three situations can happen (excluding degenerate limit cases
like that where A = B + C in the hexagonal graph):

(1) p has two simple zeros p* = —p~ and a¥, fF, defined as in ,
satisfy a/B% ¢ R. Then the inverse Kasteleyn matrix decays like
the inverse distance (liquid phase);

(2) p has no zeros and the limit measure is frozen, in the sense above;

(3) p has no zeros, the inverse Kasteleyn matrix decays exponentially
with distance but there are no arbitrarily far away faces f, f’ such
that h(f) — h(f’) is deterministic. In the third kind of situation, the
limit measure g, is called a gaseous phase in [22]. This situation
cannot happen on graphs with elementary fundamental domain (n =
1). Perhaps the simplest example where a gaseous phase occurs is
the square-octagon graph of Fig [13| with constant weights. Note by
the way that p in (3.79) clearly has no zeros for |z| = |w| = 1.
Another well-known case is that of the square grid with weights that
are periodic only under even translations of the lattice, as in Fig.

Given this input, it is not hard to check that the arguments of Sections
and still work and one finds indeed (3.81]) and (3.82]).

Exercise 3.24. Compute the characteristic polynomial for the graph[19 and
verify that it has no zeros if a # 1.

4. SURFACE TENSION, LARGE DEVIATION PRINCIPLE AND LIMIT SHAPE

4.1. Height change and Legendre duality. Suppose we have an infinite,
periodic, planar weighted graph G (with weights ¢) and we consider its L-
periodization Gp, as in Section We know how to compute its partition
function Zg, 4, via Theorem and its infinite-volume free energy and
infinite-volume correlations, as explained in Sections and in the case
of the hexagonal graph with minimal fundamental domain consisting of just
two vertices. Here, we will learn how to compute infinite-volume free energy
and correlations for the model “with imposed slope”.

Recall from Section that on the toroidal (therefore not planar) graph
G, the height function is not well-defined. However, given the oriented
self-avoiding paths 71,2 of Section (recall that 41 has winding number
(1,0) and 72 has winding (0, 1)) and given a dimer configuration M € Q¢ ,
let

Aj(M) =" oelleer — leemy) = 3 Oeleens + LK, j=1,2, (4.1)
en~y; e~y

where:
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e the sum runs over the edges crossed by ~;;
e 0., My are as in (3.4); we assume that the reference configuration
My has been chosen to have the same periodicity as the weights ¢;
e Kj=—(1/L) EGNW 0elecn, is an L-independent constant that de-
pends on the choice of Mj.
We will refer to A;(M) as to the height change of M in direction j and to
A;(M)/L as to the j-th component of the slope of M. Given A € Z?, we let
Q¢, (A) be the subset of {2, consisting of configurations with height change
equal A = (A, Ag). It is natural to introduce the probability measure

w (M)

T aA(M) = Zi A

M € QGL (A)

MEQGL (A)

Zrac= Y. w(M) (42)

where as usual wy(M) := [[.cpste- (We drop the explicit dependence of the
measure and of the partition function on the weights, to lighten notations).
Note that 77, A is just the restriction of mg, + to Qg, (A).

We would like now to study the asymptotic (in L) properties of the mea-
sure 7y, A, especially in terms of free energy. This will be a crucial ingredient
for the variational problem that determines the “macroscopic shape”, as dis-
cussed in next section. In principle, Kasteleyn’s theory does not provide a
formula to compute the partition function Zj o “with fixed height change”.
However, we can resort to a classical trick of statistical mechanics, known as
“equivalence of ensembles” or “Legendre duality”. In simple words, the idea
is to replace the “micro-canonical” measure with constraint on the height
change by a “gran-canonical” measure where the height change is not fixed,
but a Lagrange multiplier suitably modifies the edge weights, thereby im-
posing the desired (average) height change. The fluctuations of A/L in the
gran-canonical measure tend to zero as L — 0o, so the micro-canonical and
gran-canonical measures are actually close in a sense. This is a bit like im-
posing a given average magnetization for the Ising model by introducing a
suitably chosen magnetic field instead of directly fixing the value of the sum
of the spin variables.

Let us see how this works in practice. First of all it is easy to see, using the
ideas of Section[I.1] that Aq(M) is unchanged if the path v is translated in
direction €5, and similarly Ag(M) is unchanged if the path s is translated

in direction €. We let ’yy),i = 1,...,L be the distinct translations of ~;
in direction €5, and similarly for vg),i =1,...,L. Next, given “magnetic
ﬁelds”ﬂ B = (B1, By) € R?, we introduce modified edge weights simply by

(Nt N )
multiplying an edge weight ¢, by BN =N;7) where N j+ (resp. N ;) is the
number of paths 7]@,2' < L that cross e leaving its white endpoint on the

right (resp. on the left). If the original edge weights were called ¢, the new
one will be denoted L(B).

4The name “magnetic fields” is used due the above analogy with the Ising model
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Example 4.1. Suppose that the initial graph is the hexagonal lattice H
with weights identically equal to 1. After the magnetic transformations,
one obtains the usual A, B,C weighted hexagonal graph, with A = 1, B =
e B1.C = e B2, Note that, by choosing a suitable (By, Bs) € R?, we can
obtain any weights A, B, C (recall that we can set one weights, say A, to one
by multiplying all of them by a common prefactor).

Example 4.2. Suppose that the initial graph G is the square lattice 72 with
weghts identically equal to 1. A look at Figure shows that the magnetic
transformation turns the weights into those of Figure witht; = e Bty =
e B1=B2 o — =82 gnd t, = 1. Note that tits = to.

The partition function of the dimer model with magnetically modified
weights can be trivially written as

ZGL7§<B) = Z Z wﬂB)(M)a (4.3)

A MGQGL (A)
where the sum runs over all values of A such that Q¢, (A) # (. Now, write

wym (M) = wy(M)eTees leen Eymn s B B 00 (4.4)
2

= wi(M)e>i=1 LB;(A;(M)—LK;) (4.5)

where:

e in the exponent the first sum runs over all edges of G,

e xij(e) equals +1 (resp. —1) if path 'yj(i) crosses ¢ leaving the white

endpoint to the right (resp. left) and 0 if it does not cross it;

e C; is the same constant as in (4.1]).
As a consequence, the partition function is given by a linear com-
bination of the partition functions Zj A, each of them weighted with the
exponential of the height change multiplied by the magnetic field:

Zg, ymy = e RN LBA ) A (4.6)
A

The “magnetically modified” dimer model (on the torus) can be solved by
discrete Fourier analysis, as we did in Sections and and, more gener-
ally, We call (B)(.) its characteristic polynomial and we assume that
its zeros are such that holds (there is actually no loss of generality in
this; see Remark [4.7| below). We let

1

= — dklog | B) (k).
e RO
On the other hand, setting

p=(p1,p2) == (A1/L, As/L),
we see from (4.6 that this implies

1 . 1
0(B) == Fy(B) + K- B = lim ﬁlogzeﬁ [Boriroezin]  (yq)
p

(the “x” in o* is because we are actually rather interested in the Legendre
transform o(-) of ¢*(-)). Intuitively, the r.h.s. should be dominated by the



42 FABIO LUCIO TONINELLI

value of p such that the quantity in square parenthesis is maximal. The sum
over p runs over the values such that Lp is in Z2.

Recall that o} (B) is a convex function of B (being the limit of convex
functions). Define its Legendre transform as

oup) :==sup{p- B-o{(B)},  pe R?, (4.8)
that is a convex function of p and as usual we have, by duality,

o (B) = supfp - B~ 0y(p). (4.9)

Usually the function oy(-) is referred to as “surface tension”. We let N be
the set where o¢(+) is strictly convex.

Remark 4.3. In the hexagonal graph case with constant weights t = 1, the
function o*(+) is strictly convex on the simply connected set

B={B=(By,Bs): (1,e B, e7P2) satisfy the strict triangle condition(}t.10)
while it is not strictly convex outside. In fact,
aBjFl(B) = —e J’@efngl(B)

that, in view of Example is minus the density of north-west (if j =1)
or north-east oriented dimers. We know that if, say, 1 > e~ B1 4+ 752 then
north-east and north-west oriented dimers have both density zero, i.e. the
gradient of Fi(-) is constant, i.e. the function is not strictly conver. A
similar argument holds when either e B1 or e=B2 exceeds the sum of the
oher two weights. Conversely, if (1,e~B1,e=B2) satisfy strictly the triangle
condition, then the dimer densities (i.e. the angles of the triangle with those
side-lengths) are bijectively determined by B. Therefore, the gradient of
Fi(-) cannot take the same value for two different values of B, and
follows.

The surface tension o(-) can be computed by evaluating explicitly the Le-
gendre transform and the result is that, if p = K + r, then [20]

o(p) = L [A(=mr1) + A(=7rg) + A(w(1+ 71 +12))] <0, r€TUIT
)= +00 otherwise

with ;
AO) = / In(2 sin(t))dt
and T the triangle ’
T={peR?: -1<p <0,-1<ps<0,-1<p+p<0}) (412

One can check that this expression vanishes for r € T and is strictly nega-
tive, strictly convex and smooth for r € T. In particular, N =T + K

Similarly, for the dimer model on Z? with constant weights t = 1, the
function of(-) is strictly conver on a simply connected set B and its Legendre
transform o(-) is strictly convex, smooth and strictly negative is the open
square of vertices

(_L O)a (0? 0)7 (07 _1)7 (_17 _1)7

translated by IKC, and +o0o outside. Actually, for the surface tension one finds
an expression similar to .

(4.11

)



LECTURE NOTES ON THE DIMER MODEL 43

Exercise 4.4. Compute B for the dimer model on Z? and constant weights.

Let us now go back to the problem of studying the constrained measure
mr,A- We will deduce from a Large Deviation Principle-type statement
that essentially says that the probability that the height change A takes some
value pL, for the original model with unmodified weights ¢, is at leading order

exp[—L*(Fy(0) + a4(p))]. (4.13)

Note that —o¢(p) has the interpretation of an entropy per unit volume, being
approximately 1/L? times the logarithm of the number of configurations
with height change close to pL. Note also that F;(0) is just the infinite-
volume free energy of the model with unmodfied weights t.

The following is a rigorous version of the above statement:

Theorem 4.5. For p € R? and € > 0, let U(p, €) be the ball of R? of radius
€ centered at p.
Let also
A(M
Proec=7a, ¢ <(L) e U(p, 6)) . (4.14)

Then, for p in the interior of N (the set where the surface tension is strictly
convex)

1
limsup 5 108 Py e < —(Fi(0) + 04(p)) + O(¢) (4.15)
L—o0
and
1
liminf — log Pr , > —(F¢(0) + ou(p)) — O(e). (4.16)
Looo L2 i - -

Remark 4.6. From Theorem[{.5 is is clear that —oy(p) < Fy(0) for every
p, and actually the mazimum of —oy(-) equals F(0), as follows from (4.9).
The value p*(0) of p that mazimizes —(F;(0) + o(p)), i.e. that minimizes
ai(p), is therefore the typical value of A(M)/L under the measure ng, ;. It
is related to of(-) by

p"(0) = V507 (0). (4.17)

assuming that o*(-) is differentiable at 0. More generally, under TG, 43)s
the typical value of A(M)/L is

p*(B) = Vpo*(B). (4.18)

Proof. For simplicity of exposition, we will suppose that the surface tension
is not only strictly convex at p, but also differentiable (this is not really a
loss of generality, since a convex function is differentiable almost everywhere
and we can always slightly move the center of the ball U(p,¢)).

Let

Zipe =Y. Zra (4.19)
A/LeU (p,e)

We have from (4.6]), for any choice of B,

1 1
I3 log Zp, pe < B-(K—p)+ 7 log Z¢, 5 + |Ble. (4.20)
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Choosing the value B*(p) that realizes the supremum in 1) taking the

limsup w.r.t. L and recalling that % log Z¢, + converges to F;(0) gives the

upper bound (4.15).
As for the lower bound, assume by contradiction that
Zppe < e Elonlo) 1 (4.21)
for some large M. Given R > 0 define
R *
U£ )(p) := sup {p-B—o0;(B)} (4.22)
|BI<R

to be compared with (4.8). Note that its Legendre transform az ’(R)(B)
coincides with o} (B) if |B| < R and is +oc if [B| > R. The possible values

of A/L are in a compact, L-independent set C. Let p; be a finite collection of
O(672) points of C\ U(p, €) such that the union of U(p;,§) covers C\ U (p, €).

Using (4.21]) we have

2 p* . * . * .
Zyweone” PO < N Zp P FTOALN T N 2 a8
A/LEU(pye) i A/LEU(pi.0)
< eLZ1B*(p)-p+elB*(p)|—ot(p)=Me] | ,L?8|B*(p)| Z LB (0)pit 7108 21 p, 6]
%
— LTB DB OI=M)] . (L2815 () $ 2B () pin 108 2y,

)

(4.23)

Fix R > 0 large enough (how large, not depending on € or ¢) so that at(R) ()

defined in ([#22)) coincides with o4(-) in an e-independent neighborhood of
p. Given p;, let B; be a value of B that realizes the supremum in (4.22)).
From (4.20) we see that

1
ﬁ log ZL,pi,cs < —-B;-p;i+ O'Z(Bz) + 0(1) + R) (424)

=~ (p;) + o(1) + RS, (4.25)
where o(1) vanishes as L — oo.

(R)

Since o4(-) (and therefore o,"”(+)) is strictly convex around p, it follows
that )

sup [B*(p) - o' — o™ (p)] < 0 (B*(p)) — e(e) (4.26)
p' U (pse)

for some c(€) > 0. In fact, if (4.26)) fails then
* R R R
B*(p)- (0 = p) = Vo (p) - (0 = p) = () =0t (p)  (4.27)

for some p’ # p, which contradicts strict convexity. Putting together (4.23]),
[E2) and (E26) we get

L2t (B*(p))+o(1)] Z, 5wy VBT (01K

< PT BB ()] 4 (L2107 (B (0) e +0R+o(] o const  6-2. (4.28)

5B*(p) is easily seen to be finite because p is in the interior of the region where oy (-)
is finite. Actually, B*(p) = Vo(p).
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This is a contradiction if M > |B*(p)| and RS < c(e).
n

Remark 4.7. In general, the set B where of is strictly convez is called,
in the language of algebraic geometry, the “amoeba” of the characteristic
polynomial P(z,w) = p(—ilogz, —ilogw). For general bipartite, periodic
weighted graphs, in general B is not simply connected. The complemen-
tary of B contains both unbounded components U; and bounded connected
components, or “holes”, H;. of(-) is affine on each component of the com-
plementary of B. The slope p; of of(-) in H; is in the interior of N (the
set where the surface tension is strictly convex). On U, instead, the slope
is “extremal” (i.e. it belongs to the boundary ON ). This has interesting
consequences, as discovered in [22]. Namely, each “hole” Hy,...,Hy of B
corresponds to a “gaseous phases” of the model. ILe., if B is in H,, then
the limit measure mg 45 is gaseous (in the sense of having exponentially
decaying correlations, cf. Section and it depends only on n (i.e. two
values of B in the same hole yield the same infinite-volume measure). The
typical slope under ¢ ), for B € H;, equals p;, the slope of the affine
function oy (-) in H;. Correspondingly, o¢ has a conical singularity at p;,
where it is not C'. The case where B belongs to an unbounded component
U; corresponds instead to the case where TG yB) 15 G “frozen phase” with
extremal slope in ON. :

Finally, the generic point’| B € B corresponds to a “liquid phase” TG (B) s
whose characteristic polynomial has two simple zeros. :

We refer to [22] for a more complete discussion.

4.2. Macroscopic shape. In many situations, a typical random dimer con-
figuration M of a finite, large graph G has the following two features:

e if the lattice spacing is rescaled by 1/L, with L the diameter of
L, so that the diameter of the graph becomes of order one, then the
height function hps(-), also rescaled by the L, tends to a deterministic
function ¢(-) (“limit shape”, or “macroscopic profile”);

e the profile ¢(-) is in general non linear and depends on the detail of
the boundary of G.

See for instance Figures 4 and 16 in [20], in the case of the dimer model on
the hexagonal graph.
The purpose of this section is two-fold:

e to explain how the limit shape is determined by a variational prin-
ciple, involving the “surface tension” oy(-) that we computed in the
previous section;

e to explain how the same variational principle also gives the asymp-
totics of the free energy per unit volume of the dimer model in the
large graph G.

Let us start by recalling (cf. also Remark that for more conven-
tional statistical mechanics models without “hard constraints”, like the Ising

6For special choices of the weights, a hole H; can shrink to a point. The corresponding
value B would not be a “generic point B”
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model, the free energy log Z, in a large domain A is, at leading order, equal
to
[A[(F + o(1))

where |A| is the volume of A, F' is a function that depends on temperature,
magnetic field, etc. but not on the shape of A, and o(1) vanishes as [A| — oo
(under the assumption that the surface area of the boundary of A is negligible
w.r.t. to the volume). For the dimer model, this fails. I.e. the logarithm
of the partition function, divided by the volume, turns out to depend non-
trivially on the shape of the domain and actually on its fine details, even in
the limit of infinite volume. See Fig.

Let us make some more precise assumptions on the domains we are in-
terested in. We start as usual from an infinite, weighted, periodic bipartite
graph G. Recall from that a dimer configuration M on G is in bijection
with a tiling of the plane, where admissible tiles are unions of two adjacent
faces of the dual graph G*. Recall also that the height function hp(-) is
defined on faces of GG, i.e. on vertices of G*. A tileable domain U of the
plane defines a finite graph G(U) (see e.g. Figure [3f G(U) is on the left
and U is the union of rhombi on the right). Fixing by convention the height
function to 0 at some vertex vg € G* on the boundary of U, the height
function on all other vertices of QU is the same for every tiling of U, i.e. for
every dimer configuration on G(U): the boundary height is independent of
the configuration inside the domain. We call hyy the boundary height and
we extend it to every point on QU (not just the vertices of the dual graph)
by linear interpolation.

Let {UL}r>1 be a sequence of finite and growing domains of the plane,
formed of faces of G*, that admit a tiling. We will make the following
assumptions:

Assumption 4.8. The sequence {UL}L satisfies the following conditions:

(1) Up tends to the whole plane as L — oo, i.e. G(Ur) tends to the
whole graph G;

(2) Uy, is simply connected and the rescaled domain Uy, := (1/L)Uy, con-
verges in Hausdorff distance to a domain U of R?, whose boundary
is a simple, piecewise smooth curve;

(3) the rescaled height function v € dUL — h(u) := (1/L)h(uL) con-
verges to a function ¢ay : OU +— R (such function is necessarily
continuous and actually Lipshitz).

Note that point (2) does not imply at all (3). Actually, one can easily

construct two sequences such that U g), U g) tend to the same limit domain
U but the boundary heights converge to two different boundary heights. See
Figure [T6

Given the dimer model on the domain (or rather on the sequence of do-
mains) G(UL), the probability measure mg(r, ) on dimer configurations M
induces a probability measure on the height function hy;. We denote has
the rescaled height function that to a vertex w in the rescaled graph U,
associates the value (1/L)hps(ul).

Further, we denote ®y 4, the set of Lipshitz functions ¢ : U — R that
coincide with ¢y on OU (we will say that ¢ is compatible with the boundary
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0 L

FiGURE 16. The two domains are approximately hexagons
of side L, and once rescaled both tend to a unit hexagon.
However, in the first case the boundary height is identically
zero, while in the second it ranges from 0 to L and once
rescaled tends to a non-trivial function. A possible tiling
of the domains is drawn in order to visualize the boundary
height more easily. Actually, the domain on the left has only
one possible tiling, so that its free energy is zero, while the
one on the right has exponentially many (in L) tilings, so its
free energy is positive.

height). Given ¢ € @ 4,,,, we write iLM 2 ¢ to mean that
|har(u) — o(u)| <6 VueUy.

In words, the rescaled height function has is everywhere within distance &
from the target profile ¢. Finally, we let

Y[ ::/Uat(qu)(M. (4.29)

The following theorem has been proven in [4] for the dimer model on the
square and hexagonal grids. The general case is treated in [23]:

Theorem 4.9. There exists a unique minimizer ¢ of E[¢p] on Py g, and
) 1
Jim [ log Zav,)e = —E[4] (4.30)

Moreover, given ¢ € @y g,,,, we have

o 1
lim lim mlog Z we(M) | = —X]g)]. (4.31)

0—0 L—o0
M:hp 20
For the statement about uniqueness of the minimizer, see also [6]. Note
that the theorem in particular implies that, for large L, the height profile
concentrates around the deterministic “macroscopic shape” ¢. Determining
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the actual macroscopic shape given a domain U and a boundary height ¢grs
is in general not doable explicitly. For nice enough domains and boundary
heights, the macroscopic shape can be actually worked out and it turns out
to be parametrized by analytic functions [2I]. In the regions where ¢ is
smooth and not “frozen”lZL it solves the non-linear, parabolic PDE

2
div(Vo o V) := Y 0:(V$)0s,,. di(x) =0 (4.32)
ij=1
where 0; j(p) = 8[2)1, p;0t(p) and where the boundary value of  is fixed by the
boundary height ¢5;7. Note that (4.32)) is just the Euler-Lagrange equation

associated to the variatonal problem of minimixing X[¢] over @y 4.,
For the proof of Theorem we refer to [4, 23] but, in view of Theorem

claims (4.30) and (4.31]) should look very natural to the reader.

5. HEIGHT FLUCUATIONS IN “LIQUID” PHASES, AND MASSLESS (FAUSSIAN
FieELD

One of the most interesting aspects of dimer models is the emergence,
in the infinite-volume limit, of the so-called massless Gaussian field, also
known as Gaussian Free Field (GFF). That is, the height function hps(-),
for a configuration sampled from the infinite-volume measure 7 ¢, tends on
large scales to a log-correlated Gaussian field, provided that mg; is a liquid
phase (in the sense of Section i.e. if its characteristic polynomial y has
two simple zeros).

For definiteness, let us restrict once more to the case of the hexagonal
lattice with elementary fundamental domain and we assume that the weights
A, B, C satisfy the strict triangle condition, so that p has simple zeros p™
and p~ = —p* asin . We denote for lightness of notation the infinite-
volume measure simply as II. Given M sampled from II, we denote hps(-)
the corresponding height function defined as in on the faces of G, with
the convention that the height is zero at some reference face, say the origin.
Let us choose ¢(e) in to be equal to II(e € M). This way, the gradients
of hps(+) are by construction centered. A first natural question is, how does
the variance of the gradients behave at large distances. This is answered by
the following (the proof is quite instructive and it is given later):

Theorem 5.1. If A, B, C satisfy stricly the triangular inequality, then
|f=f|=00 1
Varn(ha(F) — e (F) T Zioglo(n) e+ 001). (5)

Note that the r.h.s. of is also 1/(72)log|f — f'| + O(1). Tt is a
remarkable fact that the prefactor of the logarithm does not depend on
the weights A, B,C. Actually, one finds the same prefactor 1/72 on any
bipartite periodic graph, provided the measure II is a liquid phase! [22].

It is possible to prove also that the height gradient, suitably rescaled, tend
to a Gaussian variable:

It may happen that at some points V¢ is an extremal slope, (i.e., for the model on
the hexagonal graph, it is on the boundary of the triagle N of allowed slopes). In this
case, the PDE (4.32) does not make sense literally, since o; ; are not defined there.
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Theorem 5.2. Under the same assumptions as in the previous Theorem,
one has the convergence in law

hoaa (f) = b (f')
v/ Varr(h(f) — h(f"))

as |f — f'| = oo, where N(0,1) is a standard Gaussian random variable.

= N(0,1), (5.2)

The proof of Theorem is quite similar (just a bit more technical) to
that of Theorem one proves that all the moments of the random variable
in the L.h.s. of tend to the moments of N'(0, 1) (for Gaussian variables,
moments determine the law). The way one estimates the n-th moment is
very similar to the way one estimates the second moment in the proof of
Theorem (we will not give details for moments of order > 3; see for
instance [24, Th. 2.8] and see also the proof of Theorem below).

We already see from Theorem that on large scales height gradients
become Gaussian, but we do not yet see a Gaussian “field”. To see the
emergenge of the GFF we should look not just at the law of the gradient
har(f) — har(f") but at the joint law of n such gradients. Then, we have:

Theorem 5.3. Let A, B, C satisfy strictly the triangle inequality, let fi, ..., fa
be four faces of the graph and let D(f1,..., fa) denote the minimal distance
between f;, fj,1 <1 # j < 4. Also, let

(f, 1) == (6(f) — d(f" ) Lppp 4+ Ly—pr. (5.3)
Then,

Covir(har(f2) — har(f1), har(f1) — har(f3))
= g({f17f2}7{f37f4}) +O(1/D(f17f2¢f37f4))

G({fi. o). {fs Fa)) o= 5 gRlog (jgﬁ Q;jgzg) (5.4)

Moreover, given n € N and faces fi, f!,i <n we have

n n/2
I H(hM<fi>—hM<f;>>] = Y T[990 s Foiy b {Fotivny P })

i=1 o€M|n] i=1
+O0(1/D(f1,.-.. f2)) (5.5)

where the sum runs over the matchings o of {1,...,n} and is to be inter-
preted as zero if n is odd. Finally, D(f1,..., f}) is the minimal distance

among faces fi, f1,- .-, fn, [h-

The reason for distinguishing f equal or not equal f’ in (??) is simply
that we want to make sense also when some faces coincide.

Recall the so-called Wick theorem for Gaussian processes: if X;,i < n are
a jointly Gaussian family of centered random variables and G; j := E(X;X}),
then the following identities hold (and actually they characterize Gaussian

processes):
E( H XL) = Z HjSr(i)vjo’(iJrl)

i<2k oceMIk] i<k
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and is instead zero if the product contains an odd number of terms. There-
fore, Theorem is saying that, at large distances, height gradients form
an approximately Gaussian process.

The following result is in the same spirit (and actually is an easy con-
sequence of the previous one) and is another way of seeing that the height
field tends to the GFF:

Theorem 5.4. Given a smooth function 1 : R? v 1)(z) € R of compact
support and average zero, fR2 Y(x)dx =0, deﬁneﬂ fore>0

he() =€ > har(F)e(ef). (5.6)

fegr

Then, for any finite family {1; }i<n of such functions one has the convergence
in law

{he(¥i) Yi<n = {R(¥) }i<n (5.7)

as € — 0, where {h(¢;)}i<n is the family of centered, jointly Gaussian vari-
ables of covariance

Bwh) = [ do [ dli@u@)Ga-d) 68
)= —ggloglé@)]  (59)

om?

See later in this section for the proof (we will give details mostly for the
covariance and just a few hints for higher moments).

Roughly speaking, Theorem says that the random variable h (1)) tends
to the integral

[, v X @,

with X (-) the centered Gaussian random function on R? with covariance
G(-). We say “roughly speaking” because X (-) is not really a function: since
G(0) = 400, the random variable X (z) is almost surely infinite for every x.
Actually, one has to view X (-) not as a random function but as a random
distribution. In fact, once it is integrated against a smooth function such
as 1, it gives a perfectly defined Gaussian variable h(v) with finite variance
(note that the r.h.s. of is finite since v; has finite support and the
logarithmic singularity is integrable in two dimensions).

It might not be obvious that G(-) is actually a covariance, i.e. that for
i = j the r.h.s. of is actually non-negative. Recall that

d(x) = =T a1+ awg = 21 + iz, (5.10)
21 = —R(B)x1 + R(aT)zoe, (5.11)
29 = =3B )21 + S(aT)z2 (5.12)

and recall that o, 3T are not collinear (their ratio is not real), so that the
linear map x = Mz, with M the 2 x 2 matrix defined by the above relation,

8In (5.5), ¥(ef) can be taken to be the value of ¥ (e-) at the center of the face f. This

is not very important.
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is a bijection of the plane. Rewrite the r.h.s. of (5.1)) as
/ dz/ dz" 1 (M 2)ha(M2")Go(2 — 2'), (5.13)
R2 R2

1
Go(z) = —ﬁdet(M)Zlog\zL (5.14)

Note that Go(-) is the Green’s function (i.e. the inverse) of —CA, with A
the Laplacian on the plane and C' a suitable positive constant. Since —A is
a positive operator (its spectrum is [0, 00)), its inverse (and therefore (5.1))
is also positive.

Therefore, formally, the centered Gaussian field X with covariance Go()
is the Gaussian field with probability density proportional to

e%fde(x)[AX](x)dX _ e—gfdﬂvX(x)PdX (5.15)

The field X is called “massless” because there is no “mass-term —mX?2(z),
m > 0, in the exponent. The measure makes no mathematical sense
literally speaking, since the Lebesgue measure dX is not well defined, X is
not differentiable and it is not a function anyway. The rigorous version of
is to view X as a random Gaussian distribution, as mentioned above.
We refer to [20] for a a mathematician’s introduction to the GFF.

Proof of Theorem [5.1] Recall that
hae(f) = hae(f) = D oe(leenr — c(e)) (5.16)

eecfﬁf/

where Cy_, p/ is any nearest-neighbor path from f to f’. Therefore, one has

Varn (har(f) — har(f'))
= > Y owoll(ee € M)—Ti(e € M)I(e' € M)]. (5.17)

(1) (2)
eECf_”H e’ECf_ﬁ.,

In principle, the two paths C](cl_f}, can be the same, but we will see that it

is convenient to choose them to be different. Next, we use (3.61)) to express
the dimer-dimer correlation and we are left with

Varr(has(f) = har(f'))

=— Z Z 00 K(e)K (YK (ze — yo ) K Haw —ye), (5.18)

% @)
ecct)  erec®

where x./y. are the coordinates of the white/black vertex of e. It is out of
question to perform the sum exactly, therefore the only hope is to be able
to use simply the asymptotic behavior of K~! at large distances, provided
by Proposition [3.15] For this purpose, it is convenient to choose two paths
C’J(clj}/ that stay far from each other (except of course at the endpoints f, f’
where they necessarily meet). More precisely, we will require that:

e the lengths of Cj(clf}, are O(|f — f']);

e for some ¢ > 0, in a neighboorhood of size ¢|f — f'| of f and of f’
the two paths are straight and have distinct directions;
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e outside these two neighborhoods, the two paths are at distance at
least | f — f’| for some ¢ > 0.

See Fig. [I71 Recall now the asymptotics of Proposition [3.15] First of all,

FIGURE 17. A schematic view of the paths Cj(fl_’?},

the contribution from the O(]xz|~2) term in (3.57) gives overall a quantity
O(1), uniformly in |f — f’|, when summed over e, ¢'.

Exercise 5.5. Prove this.

Therefore, we are left with

Varn(hM(f) - hM(f,))

1 6_ip+ (xe_ye’) e_ip+ (xe’_ye)
) oo K (e)K ()R +0O(1)
™ ee% e/e% o ¢(xe o ye') (25(1’6/ - ye)
F 1 1
(5.19)
Note first of all that
Te = Ye + Ve, (5.20)

where v, = (0,0) if the edge e is horizontal, v. = (—1,0) if it is north-east
oriented and v, = (0, 1) if it is north-west oriented. Then,

1 —ipT (ze—y,.r) —ipT (T —ye)
B 72% e % e
7T (;5(5% - ye’) ¢(xe’ - ye)
1 e—z‘pJr (ve+v,r) 1 e—ip+ (TetYe—To/ —Yor)
B ﬁ ¢($e - $6’)2 ﬁ |¢($e - xe’)|2

+O0(|ze — zer| %)

(5.21)

where the error term comes from approximations of the type ¢(ze — yer) =
d(xe — zer) + O(1). Again, the error term can be neglected in the sum over
e, e’. Next, note the following crucial identity:

oK (e)e P 0 = iAgg, (5.22)

where A¢¢ is the change of ¢ (with ¢ as defined in (3.58])) when the edge e
is crossed. To check (5.21)), it is enough to recall the definition of v, and of
a™, BT (cf. (3.52))) as well as the relation

A+ Be 3 4 CeiPi =0
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that defines p™. Then, the first term in the r.h.s. of (5.20)), once summed
over e, e, gives

AcpAo ¢
S S
eEC;l_if, ’66;2_)””

&e/ i /W) — z,)Q +0(1) (5.23)

e the integral performed on the complex plane C;
e the integral over z runs over a contour from ¢( f ) o(f') (essentially
this is the path obtained from (a continuous version of) the path

1
i)

e the integral over 2’ runs over a contour from ¢(f) to ¢(f’), with f, f’
two points at distance O(1) from f, f';
e the two contours do not cross.
The reason why we take f # f and f # f is that otherwise the integral
would be divergent, while the sum in the L.h.s. is not (for x = 0, one can
replace by K~1(0) = O(1)).

The integral can be done exactly and the result is

1 (6(F") — 6()) (6
—Rlo
2m2 " ° (( o(F') — o)) (@

where:

Iz deformed through the application of the map ¢(-));

f)) %;;) = To6() — 6(/)] +O()

= %log\f — 1+ 0(@1). (5.24)

Finally, it remains only to prove that

e~ (Tetye—zor—y,r)
= D Y

O(re — Ter)|?
EEC(1> /eC}if/ | e e)’

] = 0(1). (5.25)

Suppose (without loss of generality) that the paths C](cl_’?}, have been cho-

sen so that they are made of a finite number of portions, each of them being
a straight path of length O(|f — f’|), in one of the three lattice directions
(as is the case in Fig. . When, say, e runs over one such straight portion,

the oscillating factor
e*ip_‘— (Tetye)

equals
e—2z’(npJr -w+const.)
J

where n labels the edge e along the path and w = (1,0) if the path is in
direction é;, w = (0,1) if it is in direction é3 and w = (—1,—1) if it is
vertical upward. In all cases, note from that p™ - w is not a multiple
of m (because A, B, C are assumed to satisfy strictly the triangle inequality),
so that there is a non-trivial oscillation and, as a consequence,

N
Ny =) e 2imrw (5.26)
n=1
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is bounded uniformly in N by some constant K. Since e~mP"w i the discrete
gradient of 7(+), one can perform a discrete summation by parts and transfer
the discrete gradient (both for e and for /) to the function 1/|¢(ze — zer)|?.
Note that applying the discrete gradient twice to 1/|¢(ze — x/)|? gives a
quantity that decays like |z, — z|~* at large distances. Altogether, we
obtain that ({ is upper bounded by

const. X Z Z [ =0(1) (5.27)

1 (2)
eECf e ECf-)f’

Exercise 5.6. Fill in the details.

Proof of Theorem[5.3. The proof of is essentially identical to that of
, so we give no further details.

As for with n > 2, let us sketch the main idea. The analog of
is the following:

n

[T har(£i) = B (£))

=1
= Y Y o onK(e) . K(en)
elécfl_”c{ EnEC.f7L—>f4L
X Z H @i — ypw), (5.28)
where:

e z;/y; are, as usual, the coordinates of the white/black vertex of e;;

e the sum over p runs over all permutations of {1,...,n} without fixed
pomtﬂ (i.e. such that p(i) # i for every i);

e (—1)” is the signature of the permutation p.

For each occurrence of K ! we use the decomposition
K™Y (z) = A(z) + A(z) + R(x) (5.29)

provided by Proposition with A(z) = e "% /(2n¢(z)) and R(z) the
error term O(]z|~2). When we expand the product | J KN = yp)),
we have three types of terms:

(1) those containing n terms of type A(-) or n terms of type A(-);
(2) those containing both terms of type A(-) and of type A(-) and no
error term R(-);
(3) those containing at least one error term of type R(-).
The latter two types, once summed over ey, ...,e,, contribute only to the
error term O(1/D(...)) in (5.4). The argument to see this is the same
as we gave for n = 2: the terms containing R(-) are small, while those

9 The condition that the permutation p has no fixed point comes from the fact that

the height gradients has(f;) —har(ff) in (5.4) are centered. For the same reason, in (5.17)),
the term K~ '(xe — ye) K (2o — yer) does not appear.
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containing both A and A give a small contribution due to oscillations (recall
the argument we used to estimate (5.24))).

It remains to look at the dominant terms, i.e. those of type (1). In turn,
as far as the the permutation p is concerned, one should distinguish two
cases:

(1) the permutation p is composed only of cycles of length 2 (there are

no such permutations if n is odd);
(2) the permutation p contains at least a cycle of length > 3.

Note that the permutations with no fixed points and only 2-cycles are in
bijection with matchings of {1,...,n} in . For instance, for n = 4,
the permutation (1) = 4,7(2) = 3,7(3) = 2,7(4) = 1 corresponds to the
matching (1,4),(2,3). Also, the signature of such permutations is constant
and equals (—1)"/ 2. Then, is not hard to realize that the permutations of
type (1) produce (once one sums over the edges eq,...,e,) the r.hs. of
(5.4). The argument is essentially the same as for ; the sign (—1)”/2
compensate with a (i?)™2, with each i coming from a iA, as in

As for the permutations with at least a cycle of length > 3, a different
argument is needed to see that their contribution is sub-dominant. The
crucial point is the following combinatorial identity ([12}, Eq. D.29]): if Sy
denotes the set of cyclic permutations of {1,...,¢} and ¢ > 3, then

l
1

ey fale o)

Proof of Theorem[5.4 Let us show first that the covariance of h¢(t1), h¢(1)2)
is given as in when € — 0. Let g1, go be two faces of the graph, outside
of the support of ¥;(e),i = 1,2, and at mutual distance of order 1/e. We
start by writing

alh ()b ()] = €D (e f)alef )m[(har(f) = har(91))har ()]
I

ety (e (e )nlhar(g)har ()] (5.31)
5

Let us show first of all that the second line is o(1). In fact, since v is
smooth and its integral is zero, we have that

e i(ef) = O(e) (5.32)
f

and on the other hand w[hys(g1)har(f)] = O(loge™!) thanks to Theorem
and to Cauchy-Schwarz. Similarly, one can rewrite the covariance as

m[hE (Y1) he(12)]

= e a(ef)a(ef ) [(har(f) = har(90) (har(f) — har(g2))] + o(1).
£f
(5.33)
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At this point we can use Theorem observing that D(f1,g1, f2,92) >
c|f — f'| for some ¢ > 0. Le.,

7[R (11) R (2)]
_ e (e R 1og [(OU) = 6(91))(6(g2) — &)
2 fz,f:fwl( Jvalel o <(¢>(f’) Z6(5)(@(g2) - ¢<gl>>>
+0 [ [ loolltballoce® SR Y
1 : feSlz,f:’eSz [f=Fl+1

where S; is the support of the function v;(e-). Since S; has diameter O(e™ 1),
one sees easily that the latter sum is O(e). As for the former sum, using
(5.31]) we are left with

64
r[h W)h ($2)] = —5 > U(ef)alef ) R1og(o(f') — 6(£)) + o(1)

L
4
= S vl e RIog(eo( ) — <o) + of1)
L
1 , , .
Bl /}R2 dz'yy (2)2(2')G(z — 2') + o(1).  (5.35)

For higher moments, the proof is similar except that one uses (5.4]) instead
of (3).

Exercise 5.7. Fill details.

6. RELATED MODELS: ISING, 6-VERTEX AND SPANNING TREE

In this section we show how two classical models of statistical mechanics,
namely the Ising model and the six-vertex model, can be rewritten in terms
of the dimer model. For the Ising model on a planar graph (for instance, the
square grid) one gets the dimer model on a suitable planar, weighted, “dec-
orated graph”. The partition function can then be computed by Kasteleyn
theory as explained in Section [2] and one recovers the celebrated Onsager
solution for the free energy of the Ising model.

As for the six-vertex model, instead, one ends up with a model of “inter-
acting dimers” that admits no simple solution any more. The mapping is
anyway rich in consequences, that we will only hint to.

6.1. Ising and dimers. Let I' be a finite, planar graph. The Ising model
with zero magnetic field on I' is defined by assigning to every vertex i of
I' a spin variable o; € {—1,+1} and associating to the configuration o =
{Ui}iEV(F) the weight
eZ(i,j)eE(F) Jij(oio;—1)
(o) = , (6.1)

Ising
ZF

where:
e FE(I"),V(T') denote the set of edges/vertices of T’;
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e J;; > 0is the positive “coupling” associated to edge (i, j) (the inverse

temperature /5 has been absorbed into J;;);
Ising .

e the partition function Z is
Zl*lsmg = Z eZ(i,j)eE(F) Jij(ffigj—l)‘

oe{—-1,+1}V(1@)
The constant —1 in the exponent has been added for convenience; it does
not modify the probability measure 7.

Here we present a trick due to M. E. Fisher [I1] that allows to rewrite
lesmg as the partition function of a dimer model on a “decorated” graph
G, that contains more vertices and edges than I". The point is that if I" is
planar then G is still planar, so that Kasteleyn theory can be applied.

The Ising-dimer mapping for the general planar case is explained in [11]
(see also Remark below); no spatial periodicity of the graph is assumed
there. For simplicity of exposition, we will suppose here that I' is a finite
portion of the hexagonal lattice, that we draw in a sort of distorted way
as in Fig. for later convenience. We assign couplings Ji, Js, J3 to the
three types of edges. Note that if, say, J3 — +00, then the model becomes
equivalent to the Ising model on the square lattice with horizontal/vertical
couplings Ji, Jo. This is because only configurations where all spins on J3-
type edges have the same sign have non-zero weight in the limit J3 — +oc.
Note also that vertices in the interior of the graph have degree 3, while
vertices at the boundary have degree 1 or 2.

Ficure 18. The planar graph I'

The “decorated lattice” G is obtained by splitting every vertex of I' as
follows (see Fig. [19):
e vertices of degree 1 are left unchanged;
e vertices of degree 2 are split into a double vertex connected by a new
edge;
e vertices of degree 3 are replaced by 3 vertices connected by new edges
forming a triangle.

The newly added edges will be called “internal edges”, while the edges
already present in I' are called “external edges” (the nomenclature is from
[11]). (See [LI] for the prescription to follow when I' contains vertices of
degree larger than 4). The resulting graph G = G(T'), when I is as in Fig.
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)

FIGURE 19. The rules of transformation of the vertices of
degree 1,2,3. Internal edges are drawn as dashed lines, ex-
ternal edges as solid lines.

[18] is given in Fig. [20]

FiGURE 20. The planar graph G obtained from I'. Both
internal and external edges are drawn as solid lines here.

Given an external edge (i,7), let
v;; = tanh(J;;).
Then, the following identity holds:
Theorem 6.1.
Zm9 = oV L TT (L4 wvy) | x 2Emer, (6.2)
(i,4)€E(T)

where Zgim” s the partition function of the dimer model on G, with edge
weights 1 on internal edges and 1/v;; on external edges.

Proof. We start with the so-called “high-temperature expansion” of the Ising
model. Namely, write

ejij(aioj_l) = COSh(Jz’j)e_Jij (1 + ’UZ'jUin) (6.3)
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and apply such identity to all terms appearing in the Boltzmann weight
(6-1). Then,

Z%sing — H COSh(Jij)e_Jij Z H (1 —+ ’Uijo-io-j)' (64)

(6,5)€E(T) o (i.3)eBE(T)
Then, expand the last product, choosing for every (i, j) € E(I') either 1 or
v;j050;5. For each term of the expansion, mark the edge (i, j) if v;jo;0; has
been chosen. When we sum over o, since
2 if riseven
02105 :{ 0 if risodd, (6.5)
we see that the non-zero terms in the expansions are those such that for

every vertex i € V(I'), there is an even number of marked edges containing
it. Altogether, we see that

Zl{smg: H cosh(J;;)e 74 | x Yr
(1.5)EE(T)

TF: Z H Uij (66)

PeP(T) (i,j)eP

where P(I") is the set of all polygon configurations made of edges of I', such
that at each vertex ¢ an even number of sides meet.

At this point, the idea is to find a one-to-one mapping between polygons
P on I' and dimer configurations on G. Namely, we put a dimer on an
external edge (i,j) of G iff the corresponding edge of I' is not in P. Then,
there is a unique way of putting dimers on the internal edges of G such that
the resulting configuration is indeed a dimer covering of G. See Fig.
Since the edge weights of the dimer model on G are 1 on the internal edges
and 1/v;; on external edges, we see that the weight of a dimer configuration
M on G is

n S |

v, .. v,
(i,j)EM,(i,5) external " [i.j) extemal Vi (i,§)&M.,(i,5) external

1 X H Vij- (67)

H(ivj)eE(F)Uij (i,/)€E(D):(i,j)€P

Therefore,
TF = Zgimer X H Vij (68)
(i.5)€E(T)
and the claim of the Theorem follows, observing that e~/ sinh(J;;) =
vij /(1 +vij). "

Given Theorem the computation of the infinite-volume free energy
of the Ising model is done as in Sections and except that we have
Pfaffians instead of determinants since the graph is non-bipartite. We give
just the result and skip details. Note that, when the graph I of Fig. [I§|tends
to the infinite hexagonal graph, the decorated graph G tends to an infinite,
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(a) B ——

F1GURE 21. The local configurations of a polygon P (left)
and of the dimer configuration (right). In drawing (a), the
case of a degree-one edge, where there is no choice: it cannot
belong to any polygon and the incident edge must be covered
by a dimer. In drawing (b), the case of a degree-two vertex,
where 2 cases are possible. In drawing (c) the case of a
degree-three vertex: either it belongs to no polygon edge
(first case) or to two of them (one of the three possibilities is
given here)

periodic graph whose fundamental domain contains six vertices. See Fig.
where a Kasteleyn (clock-wise odd) orientation is given. The subsequent

FIGURE 22. A finite portion of the infinite graph G obtained
by decorating the infinite hexagonal graph, with its Kaste-
leyn orientation and its fundamental domain.
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steps in the computation of the infinite-volume free energy are:

e periodizing the graph on a torus of size L x L to get a finite graph
Gr;

e expressing the partition function as a sum of four Pfaffians;

e using discrete Fourier analysis as in Section to reduce the four
Kasteleyn matrices to a block-diagonal form, with 6 x 6 blocks;

e computing the determinant of each matrix, which turns out to be
the product over the Fourier mode k of u(k), the determinant of the
6 x 6 block;

e computing the four Pfaffians via the identity Pf(A4)? = det A;

e taking the L — oo limit of (1/L?)log Zgzm”, whereby the sum over
Fourier modes becomes an integral over k € [—, 7%

The final result is that the infinite-volume free energy of the Ising model on

the hexagonal graph, with couplings Ji, Jo, J3, is

F(J1,J2,J3) = 2log2 —log(1 4 v1)(1 + v2)(1 + vs3)
1
— dkidks log D(ky, ke, k
- 22n)? /[_MF]Q 1dka log D(ky, ka, k3),
D(k1, ko, k3) = 1+ v3v3 4+ v3v3 + v3v} — 2(1 — v})vavs cos(ky)
—2(1 — v3)vyvs cos(ks) — 2(1 — v3)vovy cos(ks)  (6.9)
where v; = tanh(J;) and k3 is defined by k1 + k2 + k3 = 27.
In particular, putting J3 = 400 one recovers Onsager’s formula [25] for
the free energy of the Ising model on the square lattice and couplings Ji, Ja:

F(Ji,J2) =log2 — (J1 + J2) (6.10)
1
1 h(2 h(2 A1
32 /[Wr]2 dkydko log [cosh(2.J7) cosh(2.J3) (6.11)
—sinh(2J7) cos(k1) — sinh(2J2) cos(k2)] . (6.12)

From this expression one can recover the relation between .J; and Js that
determines the critical point, where F fails to be analytic.

Remark 6.2. The Ising-to-dimers mapping given above fails if there is a
magnetic field h, i.e. the Boltzmann weight (6.1)) is modified by the expo-
nential of h times the sum of o; for i € V(T').

Remark 6.3. Suppose that the planar graph U where the Ising model is
defined contains vertices of degree > 4. Then, one first changes T' to T,
where degrees are all < 3. This is done by suitably “splitting vertices”, as in
Figure and assinging a coupling J* to the auxiliary edges: in the limit
J* — 400, the partition function tends to that of the Ising model on the
original graph.

At this point, one applies the above Ising-to-dimer mapping to the Ising
model on the graph T.

6.2. 6-vertex model and dimers. TO BE DONE

6.3. Temperley’s bijection and spanning trees. TO BE DONE



62 FABIO LUCIO TONINELLI

F1GURE 23. A vertex v of degree n > 3 is split into n — 2
vertices, each of degree 3, and in the process n — 3 “internal”
edges €,..., el 5 are added.

APPENDIX A. A FEW TECHNICAL ESTIMATES

A.1. Proof of Lemma Let @y the square of side 27/L centered at k
and with sides parallel to the horizontal /vertical axes of R%. Write

1 1
7 2 loelnl — G 3 [ tesluto)ldands
KAk, KRG,
C
<73 Z; max [V log (@)l (A-1)
k:’ékG,‘r

Since k = k:;tj is excluded from the sum and p(-) vanishes linearly at p™, we
can bound

CI

win(k = L= (4.2)

max |V, 1o <
quk! qlog |u(g)|] <

Note that this would be false for k = k:g;, as the Lh.s. would be simply
+o00. It is standard to deduce that the r.h.s. of (A.1)) is O(1/L), because

1 e
/ —dzydzy =" 0(1). (A.3)
e<|z|<1 |
Finally, one has
L—oo
| tosluta)ldanda "= o(1) (A4)
Qk;t

because log(-) is integrable. Altogether, we have proven that

= 2 ol - g /[] loglyu(q) dqrdgs| = o(1).  (A5)

kitky
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A.2. Proof of (3.33). This is very similar to the proof of Lemma One
has

1 eily— x)k i(y—z)q
2> W z / L dgday
kG,T
y—z)q
<5 2 ma |V, {01/ () || (A6)
k;é 0,7
The r.h.s. is O(log L/L) because
/ 2d$1dl‘2 = O(\loge|) (A.7)
<|z|<1 2]
Also,
i(y—z)q
(& L—o0
———dqdgs "= o1 A8
LS (1) (A8)

because 1/q is integrable close to zero, in two dimensions. The claim then
follows.

A.3. Proof of Lemma It is sufficient to prove the claim when (0, 7) —
(0',7") equals either (1,0) or (0,1) and, for definiteness, assume we are in
the former case. Also, without loss of generality, assume that ]k;tT —pF| <

ki , — p*|. As was noted in Remark

ki (A.9)

+ 7T
Tlip |Zﬁ’

while \k;tT — pi| can be much smaller, possibly zero. Write the ratio of
determinants as

1 1
expd Y <10g ulk) = 5 log p(k™) = 5 log u(k*)) : (A.10)
k€Dy,
with k7 = k+ (n/L,0) € Dy and k~ = k — (7 /L,0) € Dy +. Decompose

Dy as the disjoint union AUB, with A containing the values of k at distance
at most, say, 10/L from p*, and B all the others. The cardinality of A is
uniformly bounded as a function of L.

Note that for all k € A, |u(k%)| and |p(k7)| are upper and lower bounded
by positive constants times 1/L, because p vanishes linearly at p* and the
values of k™, k" are at distance of order 1/L from p* (cf. (A.9)). The same
holds for |u(k)|, k € A, except possibly for k = k;'fT. One has then

S Co.

pu(kg )ik 1) 1 ey 1 -
¢ < wli k) exp {% <10gu(k) = 5 logu(k™) — 5 log u(k ))}
(A.11)
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It remains to prove that (A.10]), with k restricted to B, is upper and lower
bounded (in absolute value) by L-independent positive constants. Write

1 1
log u(k) = 5 log u(k™) — 5 log (k™) (A12)
71'2 5 3

where k' is a point in the segment joining & and k™. Since u(-) vanishes
linearly at p*,

105, log pu(k")| = O((min(|k — p*], [k —p~)7°).

Here it is important that k& € B, since this means that 8,:;’1 log p(k'), com-
puted in the unknown point k', can be safely replacd by the derivative
computed at k. Therefore,

3 Z 3 log u(K') = O(1). (A.14)
keB

The sum of the term involving 8,%1 log pu(k) requires more care since at first
sight it diverges like log L. However, write

4

with Qy the square of side 27 /L centered at k. Therefore, the ratio (A.10)),
with k restricted to B, times the exponential of

1

4 /[—m?\uvwzv)

2 1 _
ﬁf),%l log (k) = /Q 831 log 11(q)dqidgs + O(L |0} log u(k)|), (A.15)
k

dk Of log u(k), (A.16)

with N* the neighborhood of radius 10/L around p*, is upper and lower
bounded in absolute value by positive constants.

The integral has a finite limit as L — oo. Indeed, recalling from
that u(p” + k') = ¥k} + Bkl + O(|K'|?), the possibly singular part
of the integral is proportional to

dk
/(awkl+5wk2)21{<10/ms|k|s1}- (A-17)

We make the change of variables ¢; = w(a1ky + B1k2), g2 = (a2k1 + Bak2),
where «;, 3; were defined in . The Jacobian matrix A, has non-zero
determinant (this is because, as observed in Remark the ratio /%
is not real). Then, the integral becomes

dgq
det(A,) / ml{(w/L)S\Awaﬁl} (A.18)

dq

In the first equality we used the fact that the symmetric difference between
the balls of radius 10/L for q and for A,q has area of order L~2, while the
integrand is O(L?) there; in the second step, we noted that the integral is
zero, using the symmetry (q1, ¢2) <> (g2, —q1).
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