LOCALLY Ryp-CATEGORICAL THEORIES AND LOCALLY ROELCKE
PRECOMPACT GROUPS

ITAT BEN YAACOV AND TODOR TSANKOV

ABSTRACT. It is well-known that Polish Roelcke precompact groups are the
groups that can be represented as automorphism groups of Ny-categorical struc-
tures in continuous logic and that there is a precise correspondence between prop-
erties of the group and properties of the structure. The goal of this paper is to
extend this correspondence to the classes of locally Roelcke precompact groups
and locally No-categorical structures, the latter of which we define here.

We characterise locally Roelcke precompact groups in terms of their isomet-
ric actions. We define locally Ro-categorical theories and structures, prove an ap-
propriate version of the Ryll-Nardzewski theorem, and identify the Polish locally
Roelcke precompact groups as the automorphism groups of such structures. In
all locally Ro-categorical structures, there is a definable metric, which we call loc-
alising, and which captures the coarse geometric structure of the corresponding
automorphism group. We show that two locally Ry-categorical structures are bi-
interpretable if and only if their automorphism groups are isomorphic. Finally,
we show that (the unit ball of) a Banach space is Ny-categorical if and only if the
corresponding affine space is locally Ny-categorical (as a metric space).
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INTRODUCTION

Recall that a permutation group G < Sym(M) on a set M is called oligomorphic
if the diagonal action G ~ M" has finitely many orbits for every n. By a clas-
sical theorem of Ryll-Nardzewski, oligomorphic permutation groups are precisely
the automorphism groups of Ny-categorical structures and if M is such a struc-
ture, the definable subsets in M" are the G-invariant sets. This allows to study
oligomorphic groups from different viewpoints and has led to a rich interaction
between model theory, group theory, combinatorics, and computer science.

The correspondence between groups and Ny-categorical structures was gener-
alised in [BT2016] to the metric setting. We recall that a topological group G is
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Roelcke precompact if it is precompact in the Roelcke uniformity; equivalently, if for
every non-empty, open U C G, there exists a finite F C G such that UFU = G.
All compact groups are Roelcke precompact and other typical examples are given
by the symmetric group Sym(A) for any set A, the unitary group of any Hilbert
space, or the isometry group of the Urysohn sphere.

When (A, d) is a metric space and G ~ A is a group action by isometries, we
let

AJG={Ga:a€ A}

be the collection of orbit closures. The set distance defines a metric on A /G, which
is complete if A is complete.

The following is a combination of the Ryll-Nardzewski theorem for continuous
logic [BBHU2008] and results from [BT2016] and [BK2016].

Fact. Let M be a separable, continuous logic structure and let G = Aut(M). Then the
following are equivalent:

(i) The structure M is Xy-categorical.

(ii) The space M /G is compact, and any of the following equivalent conditions holds:
(a) The space M" )/ G is compact for every n.
(b) The group G is Roelcke precompact.

If these equivalent conditions hold, then, in addition:

o A predicate P: M" — R is definable if and only if it is continuous and G-
invariant.

o An Wy-categorical structure N is bi-interpretable with M if and only if
Aut(N) = G as topological groups.

Since every Polish group G can be represented as the automorphism group of
a separable structure M with M /G a singleton, this gives a characterisation of
the Roelcke precompact groups: they are exactly the automorphism groups of
Ro-categorical structures. Moreover, one can establish a precise correspondence
between dynamical properties of G on one side and model-theoretic properties of
M on the other. See [BT2016, Iba2016, BIT2018] for more details.

The goal of the present paper is to establish a similar correspondence between
natural generalisations of Roelcke precompact groups and Ny-categorical struc-
tures, both of which may be qualified, for different reasons, as “local”.

Locally Roelcke precompact groups, introduced by Rosendal [Ros2022], are to-
pological groups in which the identity admits a Roelcke precompact neighbour-
hood. They were also considered by Zielinski [Zie2021], who characterised the loc-
ally Roelcke precompact groups as the ones whose Roelcke completion is locally
compact and by Hallback [Hal2020], who studied some model-theoretic aspects.
Examples include the Roelcke precompact groups, the locally compact groups,
isometry groups of metrically homogeneous graphs, affine isometry groups of Hil-
bert spaces, the isometry group of the infinite-dimensional hyperbolic space, and
the isometry group of the Urysohn metric space.

On the model-theoretic side, we should like to call the structures from the pre-
vious paragraph locally Ny-categorical. Their common feature is that models of the
theory can be represented as disjoint unions at infinite distance of local components,
with no interaction between them, and the structure itself is the unique separable
local model (i.e., consisting of a single component). The term “local” is borrowed
from Hrushovski [Hru2020], where related notions are considered.

The main new feature that distinguishes locally Roelcke precompact groups
from the Roelcke precompact ones is the presence of coarse geometric considera-
tions. This means that one is no longer only concerned with what happens near
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the identity, but also at large distances. Our main result concerning locally Roel-
cke precompact groups is a characterisation in terms of their isometric actions (see
Theorem 1.10). We recall that a metric space is proper if all closed balls are compact
and an action of a topological group G on a metric space (X, d) is coarsely proper if
forevery x € Xandr € R, the set {g € G : d(x, gx) < r} is coarsely bounded in G
(see [Ros2022] for more details).

Theorem. Let X be a complete separable metric space and let G < Iso(X) be such that
X/ G is a proper metric space. Then the following are equivalent:

(i) The group G is locally Roelcke precompact and the action G ~ X is coarsely

proper.
(i) The quotient X" /G is a proper metric space for every n.

A (non-trivial) coarse geometric structure is most conveniently coded by an (un-
bounded) metric. Model theoretically, we can view an unbounded metric d as a
definable predicate, provided that we allow it to take values in the compact inter-
val [0, co]. This makes d a generalised metric, possibly attaining the value infinity in
other models of the theory.

If d is a definable generalised metric in a theory T, then the relation given by
d(a,b) < oo on models of T is open, in the sense that it is given by an open set in
the space of types S,(T), and it is an equivalence relation. The converse of this is
a metrisation theorem that will be very useful for us but which we also believe to
be of independent interest (see Theorem 2.7).

Theorem. Let T be a theory in a separable language, and let ~ be an equivalence relation
on models of T given by an open set of 2-types. Then T admits a definable generalised
metric d, unique up to uniform and coarse equivalence, such that d(a,b) < oo if and only

ifa~b.

We define a weakly local theory as one whose models can be presented as disjoint
unions of local components with no interaction between them. Formally, this is a
pair (T, ~), where T is a theory and ~ is an invariant equivalence relation on mod-
els of T, such that every ~-class (local component) of a model of T is an elementary
substructure and a map between models of T is elementary if and only if it pre-
serves ~ and is elementary on each component separately (see Definition 3.1). If
the equivalence relation ~ is of the form d(x,y) < co for a definable generalised
metric d, then 4 is unique up to coarse and uniform equivalence, and we say that
it is localising.

A theory in a separable language is locally Ro-categorical if it is weakly local with
respect to some equivalence relation ~, and it admits a unique separable local model
(i.e., consisting of a unique component) up to isomorphism (see Definition 3.9).
When ~ is the trivial equivalence relation (by which all members are equivalent),
this coincides with ordinary R(-categoricity.

In this paper, we do not attempt to give a general definition of a local theory (or
local logic) outside of the locally Ny-categorical context.

In order to give a Ryll-Nardzewski-style characterisation of locally No-
categorical theories, we require a slight weakening of the notion of an isolated
type. Let a be an n-tuple, and p = tp(a). Fori,j < n, say that i ~, j if tp(a;, a;)
is isolated. We say that p is locally isolated if, first, ~}, is an equivalence relation
on 1, second, the restriction of p to each equivalence class of indices is isolated,
and third, p is determined by ~, and the restrictions to its equivalence classes (see
Definition 3.3).

With this definition, the Ryll-Nardzewski characterisation of Ry-categorical the-
ories, as these in which all types are isolated, generalises as follows (see The-
orem 3.8).
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Theorem. A weakly local theory (T, ~) is locally Ro-categorical if and only if it is com-
plete and all types are locally isolated.

Moreover, if these equivalent conditions hold, then: a ~ b if and only if tp(a,b) is
isolated; the unique separable local model of T is its prime model; the isolated types in
Su(T) form an open set for each n; and T admits a localising metric, i.e., a definable
generalised metric d such that d(a,b) < oo if and only if a ~ b.

Say that a structure M is locally Wy-categorical if it is the unique separable local
model of its theory. As we recalled in the beginning, M is Ny-categorical if and
only if M" /G is compact for all n, if and only if G is Roelcke precompact and
M//G is compact, where G = Aut(M). An analogous characterisation of local
Np-categoricity, solely in terms of the action of G, is not possible. For example,
(Z,s), where s is the successor function, and (Z, <), are two structures with the
same underlying set and (locally compact) automorphism group (Z, +). The first
is locally Ny-categorical (see Example 6.1). However, the second is not because the
order is a non-local relation, in the sense that it allows interactions between dis-
tinct local components (Example 6.2). The problem lies in the fact that the action
of the automorphism group only provides information about the realised (equi-
valently, isolated) types, while the theory of M admits non-isolated types (unless
M is actually Np-categorical).

To overcome this obstacle, we need to prescribe the behaviour of definable pre-
dicates at infinity. To that end, we introduce the notion of proper G-invariance.
A unary predicate is properly G-invariant if it is G-invariant, and a binary predic-
ate P is properly G-invariant if it is G-invariant and limg .« P(a, gb) exists for all
a,b € M (here g is an element of G and g — oo means that g eventually leaves
every coarsely bounded set). The definition for higher arities is more complex and
we postpone it to Definition 4.1.

A key technical tool is the construction of a metric structure A® from a com-
plete, separable metric space A together with a closed subgroup G < Iso(A) (see
Definition 2.10). The structure A® is characterised by the following: it is the prime
model of its theory, Aut(A®) = G, and the collection of definable predicates on
A is minimal given these two properties (Proposition 2.11).

With this in hand, we can state the full analogue of the characterisation of N-
categorical structures. The following is a summary of our main results (see Co-
rollary 3.12, Theorem 3.13, Theorem 4.4, Corollary 4.5, Theorem 5.7, Theorem 6.4,
and Corollary 6.5).

Theorem. Let M be a separable, continuous logic structure with a (possibly unbounded)
metric d and let G = Aut(M). Then the following are equivalent:
(i) M is locally Ro-categorical and d is a localising metric.
(i) The metric space MJ/G is compact, every atomic formula in M is properly G-
invariant, and any of the following equivalent conditions holds:
(a) The metric space M" )| G is proper for every n.
(b) The group G is locally Roelcke precompact and the action G ~ M is
coarsely propetr.
If these equivalent conditions hold, we have in addition:

e The structure M is bi-definable with M©.
o A predicate P: M" — [—o0, 00| is definable if and only if it is uniformly con-
tinuous and properly G-invariant.
o A locally Ny-categorical structure N is bi-interpretable with M if and only if
Aut(N) = G as topological groups.
While most of these results are parallel to (and indeed, generalise) ones about
Rg-categorical structures, the local setting is rather more delicate. An important
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obstacle is the fact that, unlike Ny-categoricity, local Ry-categoricity is not pre-
served under reducts (see Example 6.3).

Applied to the action of a Polish group on its left completion, the theorem yields
the following characterisation.

Corollary. A Polish group is locally Roelcke precompact if and only if it is the automorph-
ism group of some locally Wo-categorical structure.

In practice, to check that a particular structure is locally Ry-categorical, one usu-
ally verifies condition (ii.a) of the theorem. In particular, for pure metric spaces,
we have the following (see Corollary 6.6).

Corollary. Let (A,d) be a complete, separable, unbounded metric space, and let G =
Iso(A). Then (A, d) is locally Ro-categorical if and only if A))G is compact and A" |G is
proper for every n € N.

An important class of locally Ng-categorical metric spaces is given by affine
Banach spaces. By the Mazur-Ulam theorem, every isometry of a Banach space
is automatically affine, so it is natural to consider affine Banach spaces in the pure
metric language. For a Banach space E, let E; denote the closed unit ball equipped
with the trace of the linear structure (this is the usual way to consider Banach
spaces in continuous logic). Many (unit balls of) Banach spaces are known to be
Ro-categorical (e.g., Hilbert spaces, L” spaces for 1 < p < oo, the Gurarij space).
The following (see Theorem 6.12) establishes, in particular, that the corresponding
affine spaces are locally ¥(-categorical.

Theorem. Let E be a separable Banach space. Then E (in the pure metric language)
is locally No-categorical if and only if the unit ball Ey (with its linear structure) is Ny-
categorical.

A structure is absolutely categorical in continuous logic (i.e., its theory has a
unique model up to isomorphism) if and only if it is compact if and only if it is
Rog-categorical and its automorphism group is compact. The analogous result in
the local setting is the following (see Theorem 3.15).

Theorem. Let T be a locally Ny-categorical theory, let M be its prime model equipped
with a localising metric d, and let G = Aut(M). Then the following are equivalent:
(i) The metric space (M, d) is proper.
(if) The group G is locally compact.
(iii) The structure M is the unique local model of T up to isomorphism.
When T is not Xy-categorical, these are further equivalent to

(iv) The theory T is x-categorical for some (every) uncountable cardinal .

1. LOCALLY ROELCKE PRECOMPACT POLISH GROUPS

Let G be a Polish group. By the Birkhoff-Kakutani theorem, it admits a compat-
ible left-invariant metric, that we usually denote by d;. Any two such metrics are
uniformly equivalent, giving rise to a unique (as a uniform space) left completion
@L. For the following fact, see [RD1981] and [BT2016].

Fact 1.1. Let G be a Polish group, d;, a compatible, left-invariant metric on G, (X,d) a
metric space, and G ~ X a continuous, isometric action. Then:

o The action map G x X — X extends uniquely to a continuous map G x X —

X, denoted (a, x) — ax, where X is the completion of X. For a € Gp, the map

X v ax is isometric. For x € X, the map a — ax is uniformly continuous (with
a continuity modulus dependent on x).
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o In the special case where X = (G, dy ), this defines a semigroup law Gy x Gy —
Gr.

o In the general case, Gp x X — X defines a semigroup action, by which we mean
that a(bx) = (ab)x for a,b € Gy and x € X.

Definition 1.2. Let G be a group, let (X, d) be a metric space, and let G ~ X by
isometries. For x € X, we shall denote by [x] the orbit closure Gx C X. The
collection of all orbit closures will be denoted by X //G.

For x,y € X, letd(x,[y]) and d([x], [y]) denote the distances from a point to a
set and between sets in X, respectively.

Let G »~ X be an action as in Definition 1.2. Since it is isometric, the relation
x € Gy is an equivalence relation and we have

d(x, [y]) = d(x, Gy) = d([x], [v])
for all x,y € X. It follows that the distance between sets defines a metric on X /G,
and if X is complete, then so is X/ G.

Lemma 1.3. Let G be a group acting by isometries on a complete metric space X. Then
X/ G is compact if and only if there exists a compact subset K C X that meets every orbit
closure in X | G.

Proof. Let m: X — X /G denote the quotient map. If K C X is a compact set
meeting every orbit closure, then 77(K) = X /G is compact.

Conversely, assume that X//G is compact. For each k € N, let Py be a finite
2 K-net in X/G. We may choose by induction on k subsets Ay C X such that
|Ax| = |P|, m(Ay) = Py, and d(x, Ay) < 27K for each x € Ag,q. Indeed, if
2] € Piy1, then there exists y € Ay such thatd([z], [y]) = d([z],y) <27% and any
x € [z] such that d(x,y) < 27% will do as a preimage for [z].

The union |J; Ay is totally bounded, so K = [J; A is compact. If p € X//G, then
there exist py € P, such that py — p. Let x; € Ay be the corresponding preimages.
If y € K is a limit point of (xi )k, then [y] = p,ie.,y € p.

We equip finite products of metric spaces with the maximum metric:

d(x,y) = max d(xi, y;).

Thus, a finite product of isometric actions of G gives rise to an isometric action.
In particular, we obtain natural continuous isometric actions G ~ éﬁ, and the
quotient spaces éf /| G are well-defined up to uniform equivalence of the metric.
For n = 1, the quotient Gr //G is a singleton. For n = 2, we have a canonical to-
pological embedding G C é%//c, identifying ¢ € G with [1,¢] = [¢71,1] € (AS%//G
The uniform structure induced on G from é% /|G is called the Roelcke uniform-
ity. Equivalently, the Roelcke uniformity is generated by a system of entourages
{(g,vgu) : g € G; v,u € V}, where V varies over neighbourhoods of the identity.

Consequently, G2 /G is the Roelcke completion of G, also denoted by R(G).
For more details on these constructions, see, for example, [BT2016].

Definition 1.4. Let G be a topological group.
o A subset A C G is Roelcke precompact if it is totally bounded in the Roel-
cke uniformity. Equivalently, if the image of A in the Roelcke completion
R(G) is precompact. Equivalently, if for every neighbourhood of the iden-
tity U, there exists a finite set F C G such that A C UFU.
e The group G is locally Roelcke precompact if it admits a Roelcke precompact
neighbourhood of the identity.
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We will also need some notions from coarse geometry of topological groups, as
developed by Rosendal in [Ros2022].

Definition 1.5. Let G be a topological group. A subset B C G is coarsely bounded if it
is bounded for every continuous, left-invariant pseudo-metric on G. Equivalently,
if for every sequence of symmetric open sets U, such that G = |J, U, and U2 C
U,+1, we have B C U, for some n. The group G is locally bounded if it admits a
coarsely bounded neighbourhood of the identity.

For locally Roelcke precompact groups, the coarsely bounded sets were identi-
fied by Zielinski [Zie2021].

Fact 1.6. Let G be a Polish, locally Roelcke precompact group. Then the coarsely bounded
subsets of G are precisely the Roelcke precompact subsets.

Definition 1.7. Let G be a topological group acting by isometries on a metric space
(X, d). We say that the action G ~ X is coarsely proper if for every r > 0 and every
(equivalently, some) x € X, the set {g € G : d(gx,x) < r} is coarsely bounded.

A compeatible, left-invariant metric d;, on G is called coarsely proper if the left
translation action G ~ (G,dr) is coarsely proper, i.e., the d;-bounded sets are
precisely the coarsely bounded subsets of G.

The following is an immediate consequence of [R0s2022, Theorem 2.28].

Fact 1.8. Let G be a Polish group. Then G is locally bounded if and only if admits a
coarsely proper, compatible, left-invariant metric. In particular, if G is locally Roelcke
precompact, then it admits such a metric.

We recall that a metric space is called proper if all closed bounded sets are com-
pact.

Lemma 1.9. Let G be a Polish, locally Roelcke precompact group. Then the class of actions
G ~ X such that X is a complete metric space, the action is continuous, isometric, and
coarsely proper, and the quotient X //G is a proper metric space, is closed under finite
products.

Proof. Let G ~ X and G ~ Y be as in the statement. Clearly, X X Y is a complete
metric space, and the action G ~ X x Y is continuous, isometric, and coarsely
proper. It remains to show that (X x Y)/G is a proper metric space. In other
words, we need to show that if B C X X Y is bounded, then its image in (X x
Y)//G, which we denote by B//G, is totally bounded. We may assume that B =
B1 X By, where B; C X and B, C Y are bounded.

Let 6 > 0 be given. By hypothesis, B /G is totally bounded, so there exists a
finite family {x;}; C By such that for every x € B; we have d([x], [x;]) < J for
some i. In other words, d(x,gx;) < J for some i, and some ¢ € G. Notice that, in
this case,

g€k = {g eG: d(Bl,gBl) < 5}

Since the action G ~ X is coarsely proper and Bj is bounded in X, the set E; is
coarsely bounded. Similarly, there exists a finite family {y;}; C B such that for
every y € By wehaved(y, gy;) < ¢ for some j, and some g in the coarsely bounded
set

E, = {g€ G:d(By,gBy) <46}.
Choose a neighbourhood of the identity U C G such that d(ux;, x;) < ¢ and
d(uyj,y;) < forallu € Uandi,j. The set E; 'E; is coarsely bounded and there-
fore Roelcke precompact, so there exists a finite set F such that E;- 'E, C UFuU.
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Let (x,y) € B = By x By. By construction, there exist i, j, and (g,h) € E; X E
such that

max (d(x, gx;),d(y, hy;)) <o

Then there exist f € F and u,v € U such that ¢~k = ufov. Now, letting ~ mean
“at distance < ¢”, we have

[xi, fyj) ~ [y, foy) = [gxi hyj) ~ [x, ).
It follows that the finite set of balls of radius 26 and centres at [x;, fy;], where i, ],
and f vary, covers B//G. u

Theorem 1.10. Let X be a complete separable metric space and let G < Iso(X) be a closed
subgroup. Assume that X |G is a proper metric space. Then the following are equivalent:
(i) The group G is locally Roelcke precompact and the action G ~ X is coarsely
proper.
(i) The quotient X" /G is a proper metric space for every n.
(iii) For every x € X andr > 0, the set O = {g € G : d(x,gx) < r} is Roelcke
precompact.

Proof. (i) = (ii). By Lemma 1.9.
(if) = (iii). Let V C G be a neighbourhood of the identity. Possibly replacing
V with a smaller set, we may assume that there exist y € Xk ¢ > 0 such that

V={geG:d(ygy) <e}

Define 6: G — X?*//G as 0(g) = [y, gy]. The set 8(0) C X% /G is bounded, and
therefore totally bounded. In particular, there exists a finite set {h; : i < m} C O
such that for every ¢ € O there exists i < m with

d(6(g),0(hi)) <e.
By definition, this means that there exists v € G such that

max (d(y,vy),d(gy, vhiy)) < €

Equivalently, v € Vand u = hi_lv_l g € V. In particular, there exist v,u € V such
that ¢ = vh;u. Thus O C V{h; : i < m}V, as promised.
(iif) = (i). Since a Roelcke precompact set is always coarsely bounded. ]

The equivalence between the first and the last item of the following corollary is
due to Zielinski [Zie2021].

Corollary 1.11. Let G be a Polish group. Then the following are equivalent:
(i) The group G is locally Roelcke precompact.
(ii) The group G admits a compatible, coarsely proper, left-invariant metric dy,, and
the induced metric on G} |G is proper for every n.
(iii) The Roelcke completion R(G) is locally compact.

Proof. (i) = (ii). Let d| be a coarsely proper, compatible, left-invariant metric on
G (Wthh exists by Fact 1.8), and let GL denote the completion. Then the action
G ~ Gy is coarsely proper, and G; //G is a singleton. By Theorem 1.10, G” 1/Gis
proper for every n.

(ii) = (iii). The Roelcke completion R(G) = G? /G is a proper metric space,
and therefore locally compact.

(iii) = (i). Let U C R(G) be any compact neighbourhood of 1 = [15,1¢].
Then U N G is a Roelcke precompact neighbourhood of 1. |
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It is obvious that if G is a locally compact group and G ~ X is a proper, isomet-
ric action, then the stabiliser of every point is compact. We end this section with a
suitable analogue of this fact in the Roelcke precompact setting.

Lemma 1.12. Let X be a complete metric space, let G be a Polish group, and let G ~ X
continuously by isometries. For x € X, let Gy < G denote the stabiliser of x for this
action. For any fixed n, define a map 1y: X" )Gy — X"T1)/G sending [y] — [x,y].
Then:
(i) The map 1y is well-defined. It is 1-Lipschitz, and sends unbounded sets to un-
bounded sets.
(i) Suppose that Gx is a Gy set. Then iy is a homeomorphic embedding and X" /G
is a proper metric space if and only if the image of iy is a proper metric space.
(iil) If G ~ X is transitive, then 1y is surjective.

Proof. Lety,z € X", and letX = (x,x,...,x) € X" and g € G. Then, on the one
hand,

d(Gxy, Gxz) = d(Gx - (x,¥),Gx - (x,2)) > d(G- (x,y),G - (x,2)),
so iy is indeed well-defined and 1-Lipschitz. On the other hand,
d(Gxy, GxX) = d(y, %) < d(x,gx) +d(y,8%) < 2d((x,y), 8 (x,%)),
so 1y sends unbounded sets to unbounded sets. For the second assertion, lety € X"
ande > 0. Let V = {g € G : d(y,gy) < €}. By Effros’s theorem [Eff1965],
Vx is open in Gx, so it contains B(x,6) N Gx for some 6 > 0. Suppose now that
d([x,y], [x,z]) < & for some z € X". Then there exists ¢ € G such thatd(x, gx) < 6

and d(y,gz) < 6. Consequently, there exists h € V such that hgx = x. Then
hg € Gy, and

d(y,hgz) < d(y,hy) +d(hy, hgz) < e+ 6.

Therefore d([y], [z]) < e+ J, which is enough to show that 11! is continuous on
the image of 1,. By the first item, a set K C X" /Gy is bounded if and only if its
image is, so properness is preserved as well.

The last assertion is immediate. u

Proposition 1.13. Let X be a complete, separable metric space, and let G < Iso(X) be a
closed subgroup that acts transitively on X. Then the following are equivalent:

(i) The group G is locally Roelcke precompact and the action G ~ X is coarsely
proper.

(ii) For some (every) x € X, the stabiliser Gy is Roelcke precompact and X )Gy is a
proper metric space.

Proof. (i) = (ii). By Theorem 1.10, X"*! /G is a proper metric space for every 7,
and by Lemma 1.12, X" /Gy is proper. By Theorem 1.10 applied to Gy ~ X, the
stabiliser Gy = {g € Gy : d(x,gx) < 1} is Roelcke precompact.

(if) = (i). Since Gy is Roelcke precompact, it is coarsely bounded, so Gy ~ X
is coarsely proper. By Theorem 1.10, X" /Gy is proper for every n, and by
Lemma 1.12, X"*1 /G is proper. We conclude by Theorem 1.10. |

2. A METRISATION THEOREM AND PRIME MODELS

Ordinarily, predicates and formulas in continuous logic are required to be
bounded, taking values in some fixed compact interval. However, coarse geo-
metric structure, which plays a key role in this paper, is naturally expressed by
an unbounded definable metric. Moreover, most examples, such as the Urysohn
space, come already equipped such a metric.
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In order to incorporate an unbounded metric in the logic, we will allow pre-
dicates (and formulas) to take values in the compact interval [—oo,c0]. This has
two consequences: first, the uniform continuity requirement for predicates should
be considered with respect to the uniformity of this interval as a compact space;
and second, by the compactness theorem, in some models the predicates can actu-
ally take infinite values. In particular, if a definable metric is unbounded, then it
should be viewed as a definable generalised metric, i.e., a metric which can take the
value co.

One should not worry too much about this. The quantifiers sup and inf work
just as well on [—oo, 0], which is order-homeomorphic to [0,1]. As for connect-
ives, a [—o0, co]-valued formula can be combined with other formulas using any
continuous function (continuous connective) defined on [—oo, o], keeping in mind
that the ordinary arithmetic operations do not always admit a continuous exten-
sion to [—oc0, o0].

Alternatively, let 6: [0, 0] — [0, 1] be the order-homeomorphism 0(t) =1 —e~ .
It is not difficult to check that d is a generalised metric if and only if ' = fod isa
[0, 1]-valued metric that satisfies the stronger triangle inequality

(2.1) d'(x,z) <d'(x,y) +d'(y,z) —d'(x,y)d (y,2).

Therefore, specifying a definable generalised metric is the same thing as specifying
a definable metric that satisfies (2.1). Similarly, we may replace other unbounded
predicates by bounded ones if desired.

Convention 2.1. A definable metric on a structure M is exactly that: a metric defined
by a formula. A definable metric may be unbounded, in which case the defining
formula has to be [0, co]-valued, in the sense of the preceding discussion. Variants
such as bounded or generalised metric will be qualified as such explicitly.

On the class of all models of a theory T we can either have a generalised defin-
able metric or a bounded one, and we shall attempt to be careful to always qualify
them as one or the other.

Definition 2.2. Let T be a theory. An invariant binary relation on (models of) T is a
set of 2-types R C Sp(T). It induces a binary relation on each model M E T, where
R(a,b) holds if tp(a,b) € R. If it induces an equivalence relation on each model,
then it is an invariant equivalence relation. If R C Sy(T) is an open subset, then it is
an open relation.

Clearly, if d is a definable generalised metric on models of T, then the relation
d(a,b) < oo is an open equivalence relation. Below we prove the converse, using
an argument inspired by Urysohn.

Definition 2.3. Let T be a theory. Given subsets A, B C S,(T), define
A-B={tp(a,c):3btp(a,b) € A, tp(b,c) € B} CS,(T),
A% = {tp(b,a) : tp(a,b) € A}.
We say that A is symmetric if A = A°P.

By amalgamation of types, this operation is associative, so an iterated product
[T;<» Ai depends only on the sequence of sets (A; : i < n). Moreover, if A and B
are compact, then A - B is compact. Finally, this product operation admits a neutral
element, namely the diagonal

A={pxy) €S(T):pEx=y}.

Lemma 2.4. Let T be a theory. Let K; C Sy(T) be compact for i < n, let U C Sy(T)
be open, and assume that []; K; C U. Then there exist open sets V; C Sy(T) such that
K; € Viand IT; V; C U.
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Proof. By induction, it suffices to consider the case n = 2. Suppose, towards con-
tradiction, that for every pair « = (V, V1) of open neighbourhoods of Ky and
K3, there exists a type pa(x,y,z) € S3(T) such that pa|xy € Vo, palyz € Vi, and
Palxz & U. The p, form a net if we order the indices by reverse inclusion and any
limit point of this net witnesses that Ky - K; §Z u. |

The following is a technical definition used in the proof of the metrisation the-
orem.

Definition 2.5. Let T be a theory, and let ~ be an open equivalence relation on
models of T. Let S C R>? and for each s € S, let Us C S»(T) be an open set.
We call the family Us = {U;, : s € S} good if

o each U is symmetric and satisfies A C Us C U, C ~; and
e wheneversy,...,5,_1,t € Saresuchthat),; ,s; <t wehave[];,, Us C
Us.

Lemma 2.6. Let S C R>Y be finite and let Us be a good family as per Definition 2.5.
Then for every t > 0, Ug can be extended to a good family Usg (4.

Moreover, if Vo C Sy(T) is open such that A C Vo C Vo C ~, and if t < s (respect-
ively, t > s) forall s € S, then we may choose U to be contained in (respectively, contain)
Vo.

Proof. Let
K= U{H@:SO,...,SH,1 €S, ZS,’ < t}.
<n <n
Note that K is compact as a finite union of compact sets. As ~ is an equivalence
relation and each LTS, C ~, we have that K C ~. We include the case n = 0 in the
above union, so A = []@ C K. Since each U; is symmetric, so is K.

Set Ks = K, = U for s € S and K; = K. Let us consider a sequence (s; : i < 1),
where s; € SU{t}, and r € S, such that ) ;s; < r. By the definition of K and the
fact that the family Us is good, we have []; K5, € U,. By Lemma 2.4, there exists
an open set V O K such that, if we define K] = V, then [; Kgl_ C U, as well. There
exist only finitely many such sequences to consider, so there exists V that works
for all of them. In addition, we may assume V C ~. Letting U; = V N VP, the
family Ug (4 is good.

The moreover part is immediate. n

Theorem 2.7. Let T be a theory in a separable language, and let ~ be an open equivalence
relation on models of T. Then T admits a definable generalised metric d such that d(a,b) <
oo if and only ifa ~ b.

Moreover, this definable metric is unique up to uniform and coarse equivalence. In other
words, if d and d’ are two such metrics, then for every e > 0 there exists 6 > 0 such that

dix,y)<é = d(xy)<e dxy >1/6 = d(xy)>1/¢
and similarly the other way round.

Proof. Choose a countable dense set S C R>’. By Lemma 2.6 and induction, we
may construct a good family of open sets Ug. Since the language is separable,
S»(T) is second-countable, so we can ensure that (; Us = A and |J; Us = ~. Since
Sis dense and for all s < ¢, U, C Uy, for every p € Sy(T), we have the equality

sup{seS:pg U} =inf{seS:pel}.

Call this common value d(p). In particular, p € A if and only if d(p) = infS =0,
and p ¢ ~ if and only if d(p) = sup S = co.
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Forp € S3(T)andt € RT,d(p) <t <= p € UseyUsand d(p) <t —
p € Ns>t Us, so d is continuous. Therefore we may identify it with a [0, co]-valued
formula d(x,y). Consider a, b, and ¢ in some model of T. By construction, d(a,b) =
d(b,a), and d(a,b) = 0if and only if tp(a,b) € A, if and only if 2 = b. Assume
now thats,t,r € S, d(a,b) <s,d(b,c) <t ands+t < r. Then tp(a,b) € U,
tp(b,c) € U;, and Us - Uy C Uy,. Therefore d(a,c) < r, which is enough to prove the
triangle inequality. We conclude that the formula d defines a generalised metric.
In addition, d(a,b) < co if and only if tp(a, b) € ~ if and only if a ~ b, as desired.

For the moreover part, assume that d’ is another such generalised metric. If
¢ > 0, then the closed condition d(x,y) = co implies the open condition d’(x,y) >
1/e. Therefore, by compactness, there exists § > 0 such that d(x,y) > 1/ implies
d'(x,y) > 1/e. The argument for uniform equivalence near zero is similar (and
standard). |

Remark 2.8. The proof of Theorem 2.7 only uses compactness and amalgamation,
so the conclusion holds in the greater generality of Robinson theories, i.e., universal
first-order theories whose models satisfy the amalgamation property. In that case,
both the equivalence relation ~ and the generalised metric d are defined using
quantifier-free types.

Let us turn to prime models. Let T be a complete theory in a separable language.
Recall that p € S,(T) is isolated if the logic topology and the topology given by
the type metric coincide at p; equivalently, if p is realised in every model of T;
equivalently, if the set of realisations of p, in any model of T, is a definable set. Let
J,(T) C S, (T) denote the space of isolated n-types of T. A model M F T is atomic
if it only realises isolated types.

Itis a standard fact that a model M = T is prime (embeds elementarily into every
model of T) if and only if it is separable and atomic. A prime model exists if and
only if J,(T) is dense in S, (T) for every n, and it is unique up to isomorphism.
Moreover, if M is a prime model, then it is homogeneous: if a,b € M" have the same
type, then there exists ¢ € Aut(M) such that d(ga, b) is arbitrarily small.

Given M F T and p € S,(T), let p(M) denote the set of realisations of p in M.
For a € M", the type distance d(tp(a), p) is equal to the set distance d(a, p(N))
for a sufficiently saturated N = M, but in general may be strictly smaller than
d(a,p(M)) (in fact, p need not even be realised in M). It is an immediate yet
important observation that this cannot happen when p is isolated.

Fact 2.9. Let T be a complete theory and p € 3,,(T). Then the distance to p in S, (T) is a
continuous function, i.e., a definable predicate, that we may denote by d(x,p). f M E T
is any model, and a € M", then d(a, p) is the distance from a to the set of realisations of p
in M.

Consequently, if M is a prime model of T and G = Aut(M), then M" )G ~ T3,(T)
isometrically via the map [a] — tp(a), and [a] is the set of realisations of tp(a) in M.

Proof. Since the set of realisations of p is definable, we may quantify over it. In
particular, there exists a formula that we may denote by ¢(x) = inf,,)d(x,y),
such that ¢(a) evaluates to the distance to p(M) in every model M F T. In partic-
ular, this distance cannot change when passing to an elementary extension, so it
coincides with d(tp(a), p). This proves our first assertion.

Assume now that M is prime, and leta € M". Then every b € Ga realises tp(a),
and since formulas are uniformly continuous, every b € Ga = [a] realises tp(a)
Conversely, since M is homogeneous, every realisation of p in M belongs to [a]
Since the types realised in M are exactly the isolated ones, the map [a] — tp(a)
defines a bijection M" /G ~ J,(T). It is isometric by our first assertion. |
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We conclude this section with a construction of a structure from an appropriate
group action G ~ A. The constructed structure is automatically the prime model
of its theory.

Definition 2.10. Let A be a complete separable metric space, G a group, and G ~
A an action by isometries. We define a metric structure A® by equipping A with
an n-ary predicate symbol D, for each n € N and each a € A", interpreted as

Dq(b) = d(b, Ga).

If ap — ain A", then D, — D, uniformly modulo Th(A®). Therefore, the
language of A® is separable (modulo its theory).

In A®, a predicate D, only depends on the orbit closure [a] = Ga € A"//G.
Therefore, given p € A" /G, we may denote by D, any predicate D, such that
p = [a]. Clearly, G acts on A® by automorphisms.

Proposition 2.11. Let (A,d) be a complete separable metric space, let G ~ A be an
action by isometries, and let AC be as in Definition 2.10. Then AC is the prime model of
its theory T. If G < Iso(A) is a closed subgroup, then Aut(A®) = G.

Conversely, let £ be some vocabulary, and A* an interpretation of £ on (A,d) such
that £ is separable modulo T* = Th(A*). Suppose moreover that A* is the prime model
of T and G = Aut(A*). Then D, is definable in A* for every a € A",

Proof. Leta € A". Since G acts on A® by automorphisms, every b € Ga real-
ises tp(a), and since formulas are uniformly continuous, so does every b € [a].
Conversely, if b realises tp(a), then D,(b) = D,(a) = 0, so b € [a]. Therefore, if
p = tp(a), then the set of realisations of p in AC is [a], and the distance to it is
defined by D,. In particular, every type realised in A® is isolated, so A® is the
prime model of its theory. If G < Iso(A), then G is, by construction, dense in
Aut(AC);if G is closed, then G = Aut(A°).

Conversely, assume that A* has separable language, is prime, and its auto-
morphism group is G. If a € A" and p = tp*(a), then the set of realisations of p is
[a], and D,(x) = d(x, p) is definable in A* by Fact 2.9. |

The second part of Proposition 2.11 asserts that AC is the least prime structure
on A with automorphism group G.

Remark 2.12. Consider the special case of Definition 2.10, where G is a Polish group
equipped with a left-invariant metric dy, and the action is G ~ Gr.

By Fact 1.1, this extends to a semi-group action G, ~ Gy. Fora € Gy, let us
denote the map x > xa by R,: Gy — Gr. These maps are uniformly continuous,
and the family of symbols consisting of the distance and the maps R, for a € G
(or even just in G) can be construed as an alternate language for Gr. It will be
useful, especially for the examples, to observe that this language is bi-definable
with the language of éLG given in Definition 2.10.

Indeed, in one direction, for g € G",

Dg(x) = inf \/ d(x;,yg:)-
Y i<n
Since G is dense in Gy, this is enough to recover the language of @E

Conversely, fixa € éL. Since R, is uniformly continuous, there exists a continu-
ous, increasing continuity modulus p: [0, 0] — [0, o] such that 1(0) = 0 and

d(xa,ya) < pod(x,y).



14 ITAT BEN YAACOV AND TODOR TSANKOV

We may assume that y(t) > tforall £. If x,y € Gy and h € G, then
pod((x,y),(hha)) > uod(x,h)Vd(y ha) > d(xa, ha) Vv d(y,ha) > d(xa,y)/2.
Therefore, in ég,

poDp g (x,y) =pod([x,y],[1,a]) >d(xa,y)/2.
Consequently,

d(xa,y) = inf (d(y,z) +2p 0 Dy g (%, 2)),

where the infimum is attained at z = xa. We conclude that the map R, is definable
in G for every a € G.

3. LOCALLY Ny-CATEGORICAL THEORIES

The main goal of the present paper is to extend some of the theory of Ng-
categorical structures to ones that are locally so. While we are quite confident in our
definition of locally Ny-categorical theories, general local theories are more subtle
and several definitions are possible. For the purposes of this paper, the following
weak variant will suffice.

Definition 3.1. Let T be a theory and let ~ be an equivalence relation on models
of T. We say that T is weakly local relative to ~, or that the pair (T, ~) is a weakly
local theory, if the following hold:

o If ME T and My C M is an equivalence class, then My < M.

e A map between models of T is elementary if and only if it is elementary on
each equivalence class and sends distinct equivalence classes into distinct
ones.

The equivalence classes in M are its local components. If M F T has a single local
component, then M is a local model of T.

A localising metric for a local theory (T, ~) is a definable generalised metric d
such that a ~ b if and only if d(a, b) < oco.

By Theorem 2.7, if (T, ~) is a weakly local theory in a separable language and
~ is open, then it admits a localising metric, which is unique up to uniform and
coarse equivalence.

Definition 3.2. A weakly local theory (T, ~) is locally Ro-categorical if it has a sep-
arable language and it admits a unique local separable model up to isomorphism.

Definition 3.3. Let T be a complete theory, and let p = tp(a) € S,(T). Fori,j <n,
we write i ~, jif tp(a;, a;) € Sy(T) is isolated. Say that p is locally isolated if the
following conditions hold:
e ~, is an equivalence relation on 7;
e for each equivalence class I C n, p; = tp(ay) is isolated, where a; = (a; :
iel);and
e if g € S,(T) is such that ~, coincides with ~,, and q; = p; for each
equivalence class I, then g = p.

Lemma 3.4. Assume that T is complete and all types of T are locally isolated. Then every
1-type is isolated. Moreover, for every 1-type p, there exists € > 0 such that for every a, b
that realise p, if d(a,b) < e, then tp(a, b) is isolated.

Proof. A locally isolated 1-type must be isolated by definition. Moreover, local
isolation implies that for each 1-type p, there exists at most one non-isolated 2-
type g = tp(a,b) such that tp(a) = tp(b) = p. Since p is isolated, so is tp(a,a).
Therefore, if such a type g exists, then a # b, and we may choose ¢ = d(a,b) > 0;
and if no such type exists, then any ¢ > 0 will do. |
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Lemma 3.5. Assume that T is a complete theory in a separable language and that all
types of T are locally isolated. Let q(x) € S, (T) be isolated, and let Q C S,,1(T) be the
collection of types extending q. Then the set of isolated types in Q is dense in Q.

Proof. Let U C S, 11(T) be open, and assume that p(x,y) € UN Q. Letr(y) €
S1(T) be the restriction of p to the last variable.

If p is isolated, then we are done, so assume that it is not. Since the type space is
metrisable, there exists a sequence of types pi(x,y) € S,+1(T) such that py — pin
the logic topology but not in the type metric. Let gx(x) and r¢(y) be their respective
restrictions. Then g, — g and r, — r in the logic topology. The type g is isolated
by hypothesis, and r is automatically isolated as a 1-type, so gy — gand r, — 7
in the type metric as well. This means that (in a sufficiently saturated model)
we may find realisations (a, bx) F pi, as well as a;, = g and b}, F r, such that
d(axby, aiby) — 0. Let p; = tp(ay, by). Then d(py, p;.) — 0, and since py — p in
the logic topology but not in the metric, the same holds for the sequence (p; ).
Therefore, for some large enough k, we have p; € U and p;. # p. However, p; and
p have the same restrictions to x and to y, both of which are isolated. Since p is
non-isolated, by local isolation, p; must be isolated (or else p = p;), showing that
U N Q contains an isolated type.

Lemma 3.6. Assume that T is a complete theory in a separable language and that all types
of T are locally isolated. For M T and a,b € M, say that a ~ b if tp(a, b) is isolated.
Then ~ is an invariant equivalence relation, and T is weakly local relative to ~.

Proof. Clearly, ~ is an invariant, symmetric relation. Reflexivity follows from
Lemma 3.4. Transitivity follows from the local isolation of types.

Assume now that M F T, and N C M is an equivalence class. Since isolated
types form a metrically closed set, N is a closed subset of M. Therefore, in order
to see that N < M, all we need to show is thatif a € N¥, b € M and ¢(x,y) is
a formula with y a singleton such that ¢(a,b) > 0, then there exists b’ € N such
that ¢(a,b") > 0. By local isolation, every type realised in N is isolated, and in
particular, so is g = tp(a). By Lemma 3.5, there an isolated type p € S, ,(T) such
that ¢(p) > 0 and whose restriction to x is 4. Since p is isolated, we may quantify
over the set of its realisations, and since its restriction to x is g, we have:

ME inf d(a,x)=0.
(xy)Fp

In other words, there exist realisations (a, by,) € M*Y of p such that a,, — a. In
particular, ¢(am,, b)) = ¢(p) > 0. We may assume that a is non-empty. Denote
by c the first member of 4, and by c,, the first member of a,,. If d(a,a,,) is small
enough, then, first, ¢(a,b,) > 0, and second, tp(c, ci) is isolated by Lemma 3.4.
By local isolation, tp(a, am, by) is isolated, so by, € N. This concludes the proof
that N < M.

The condition regarding elementary maps now follows immediately from local
isolation, so (T, ~) is indeed weakly local. [ |

Lemma 3.7. Assume that T is a complete theory in a separable language and that all types
of T are locally isolated. Then for every n, the set of isolated n-types is open in S, (T). In
particular, the joint isolation relation ~ of Lemma 3.6 is open.

Proof. Assume that py — p in Sy(T), where pj are non-isolated. Let g(x) and r(y)
be the restrictions of p(x,y) to the first and second variables, respectively, and
similarly for g; and . Then q; — g and r, — r. Since g and r are 1-types, they are
isolated, so d(qx,q) + d(ry,r) — 0. By passing to a subsequence, we may assume
that d(q, q) + d(r,7) < 27572, In particular, d(qx, gis1) + d(re, 751) < 27K
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By Lemma 3.6, T is a weakly local theory. We assume that T admits non-isolated
types, so it must admit a non-local model M  T. Let M’ be any local component of
M. Then M’ is a model of T, and since the types gj are isolated, we can construct a
sequence (ay)x in M/, such that ay F gy and d(ay, ax1) < 27F. Leta = limga, € M'.
Similarly, in another local component, construct a sequence (by ), such that by = ry
and by — b. By local isolation, tp(ag, bx) = px, so p = tp(a, b). Since a and b belong
to distinct local components, p is non-isolated.

This proves that the set of isolated types in Sy(T) is open. A type in S, (T) is
isolated if and only if all its restrictions to 2-types are isolated, by local isolation,
so the isolated types form an open setin S, (T) as well. |

Theorem 3.8 (Local Ryll-Nardzewski). Let T be a theory in a separable language, and
let ~ be an invariant equivalence relation on models of T. Then the following are equival-
ent:

(i) The theory (T, ~) is locally Ry-categorical.
(ii) The theory T is complete, the types of T are locally isolated, and a ~ b if and only
iftp(a,b) is isolated.

If these equivalent conditions hold, then, in addition:

o The isolated types in S, (T) form a dense open set for each n.

o A model of T is local if and only if it is atomic; in particular, the unique local
separable model of T is its prime model.

o The isomorphism type of any model of T is determined by the isomorphism types
of its local components and their multiplicity.

Proof. Assume first that (T, ~) is locally Ry-categorical, and let My denote the
unique local separable model of T. Every model of T admits a separable sub-
model, and every separable model of T admits at least one local component, iso-
morphic to My. Therefore, T is complete and Mj is its prime model. In addition,
every 1-type is realised in some local component of a separable model. Therefore,
all 1-types are isolated.

Let us consider a 2-type p. We may realise p in a separable model by a pair (a, b).
If p is isolated, then p is realised in My, so a ~ b. Conversely, if p is not isolated,
then it cannot be realised in the local component of a, so a = b. We conclude that
a ~ bif and only if tp(a, ) is isolated.

Consider now any type p € S,(T), realised by a tuple a in some separable
model M. Given our characterisation of ~, it is immediate that the relation ~ of
Definition 3.3 is an equivalence relation. Assume now that g € S,(T) is another
type with the same relation ~; and the same restrictions p; = g to the equivalence
classes. If n = 0, then g = p since T is complete, so we may assume that n > 0. We
may realise g in a sufficiently saturated model N F T, say by b. In particular, N
has at least as many local components as M. Let M, < M be a local component of
M,andlet] =1, = {i <n:a; € My}. If I # @, then it is an equivalence class of
~p, and there exists an elementary embedding fa: My — N thatsends aj — by. If
I = @, then we can choose an elementary embedding f,: M, — N into an unused
local component of N. The union f = |J, fx sends a — b. It is moreover element-
ary on each local component and sends distinct local components to distinct ones,
so it is elementary. Therefore, p = g, proving that the types of T are indeed locally
isolated.

For the converse implication, it follows from Lemma 3.6 that (T, ~) is weakly
local. It also follows that every local model is atomic, so local Rg-categoricity fol-
lows from the uniqueness of the separable atomic model.
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The set of isolated types is open by Lemma 3.7 and it is dense because the theory
admits a prime model. The other two items in the second part of the theorem are
clear. -

Definition 3.9. A theory is locally No-categorical if it is locally Ro-categorical relative
to the only possible locality relation (according to Theorem 3.8), namely,

a~b <= tp(a,b)isisolated.

A structure M is locally Ro-categorical if Th(M) is locally Ry-categorical and M is
its unique separable local model.

It follows from Theorem 2.7 that every locally Ny-categorical theory, or struc-
ture, admits a localising metric d in the sense of Definition 3.1. This is a gener-
alised definable metric such that for any n-tuple a, tp(a) is isolated if and only if
d(a;,a j) < ooforalli,j < n. In particular, it is finite-valued (i.e., a metric) on every
locally Ny-categorical structure.

If M is an Ry-categorical structure, then it is, in particular, locally so. In addition,
every type of T = Th(M) is realised in M and every model of T is local. It follows
that every definable metric on M is localising and bounded.

Proposition 3.10. Let T be a locally Ro-categorical, non-Ro-categorical theory and let M
be its unique separable local model. Let d be a definable metric on M. Then d localising if
and only if it is unbounded.

Proof. Since T is not Ryg-categorical, it admits a non-isolated type, so a localising
metric must be unbounded. For the opposite implication, assume that 4 is un-
bounded, and let p(x,y) € Sy(T).

If p is isolated, then it is realised in M, so d(x,y)? < co. Conversely, assume that
p is non-isolated, and let g(x) and 7(y) denote its restrictions to each variable. By
compactness, there exists a type pyg € Sy(T) such that d(x, )P0 = oco. Since S1(T)
has finite diameter, there exists p; € Sy(T) that extends g(x) and r(y), such that
d(p1,po) < . Then d(x,y)P! = oo, so p; is not realised in M, and is non-isolated.
By local isolation of types, p; = p, so d(x,y)? = co. Therefore, d is localising. W

We extend a localising metric to n-tuples by taking the maximum:
d(a,b) = maxd(a;, b;).
<n

We may then equip the type spaces S, (T) with the corresponding generalised met-
ric structure.

Corollary 3.11. Let T be a locally Ro-categorical theory. Let S, (T) be equipped with the
generalised metric structure induced by a localising metric d, and let 3,(T) C S,(T)
denote the collection of isolated types.

Then (3,(T),d) is a proper metric space for all n.

Proof. If p,q € J,(T), then they can be realised in the prime model of T, and
therefore at finite distance. Therefore (J,(T),d) is a metric space. Assume now
that K C J,(T) is metrically closed and bounded. Let (py)x be any sequence in
K. By passing to a subsequence, we may assume that py — p € S,(T) in the
logic topology. Since K is bounded, d(po, px) < C for some fixed C, and since the
metric on S,(T) is lower semi-continuous, d(pg, p) < C < co. It follows that p
is isolated as well. Therefore d(pg, p) — 0, and in particular, p € K. We have
shown that every sequence in (K, ) admits a converging subsequence, so (K, d) is
compact. u

Corollary 3.12. Let M be a locally No-categorical structure and let G = Aut(M), T =
Th(M). Equip M with a localising metric. Then the following hold:
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(i) For each n, the orbit closure space M" G can be identified isometrically with
3.(T) C S,(T), the space of isolated n-types of T, via the map [a] — tp(a). It
is a proper metric space for each n, compact for n = 1.

(ii) The automorphism group G is locally Roelcke precompact and the action G ~ M
is coarsely proper.

Proof. Since M is the prime model of T, the isometric identification M" /G ~ J,,(T)
holds by Fact 2.9. By Corollary 3.11, M" /G is a proper metric space. For n = 1
we have J1(T) = S;(T), so the type metric on S;(T) is compatible with the logic
topology, and M /G is compact. This proves (i), and (ii) follows from Theorem 1.10.

|

The construction of Definition 2.10 provides us with an important class of ex-
amples of locally Ny-categorical structures.

Theorem 3.13. Let (A,d) be a complete metric space and let G ~ A by isometries.
Assume that Aj|G is compact and A" G is a proper metric space for every n. Then
the structure AC is locally Ro-categorical, its theory eliminates quantifiers, and d is a
localising metric.

Proof. Let T = Th(A®). Since A//G is compact, A//G = S;(T). Consider the diag-
onal embedding A//G — A" /G sending [a] — [a,a,...,a]. This map is isometric,
so its image A, C A" /G C S,(T) is compact.

Let us prove that a type p € S,(T) is isolated if and only if d(x;, x;)? < o
for all i,j < n. If p is isolated, then it is realised in the prime model AG,
where all distances are finite. For the converse, we may choose « € R with
max; <<, d(x;, xj)? < a < co. The set

ML= {g€ A"JG : d(g,Bn) < )

is closed and bounded in A" /G, and therefore compact by properness. Let
ut* = {q € Sy(T) : max d(x;, xj)1 < oc}.
i<j<n
This is an open set, p € U*, and U* N (A" J/G) C A%. Since A" /G is dense in S,,(T)
and Aj} is compact, p € A}, C A" /G, so p is isolated.

Towards quantifier elimination, let us consider the interpretation of atomic for-
mulas at infinite distance. The language of A® has two kinds of predicate symbols,
namely the metric symbol d and the type distance predicates D,. If p € A" /G,
a € A" andi,j < n, then Dy(a) > %(d(ai, aj) —d(x, xj)P). Therefore, if b is an
n-tuple in some model of T with d(b;, b;) = oo, then Dy (b) = oo.

Let us consider a tuple 2 in a model of T. We may partition a into finite distance
components, call them (ay, ..., a,_1). By our first claim, each p;(x;) = tp(a;) isisol-
ated, and tp¥(a) tells us that D, (x;) = 0, i.e., that tp(a;) = p;. Therefore, tp%(a)
determines the partition into finite-distance components, as well as the (isolated)
type of each component. Conversely, our analysis of the atomic formulas tells
us that tpd(a) is determined by the partition of a to finite distance components,
together with the quantifier-free type of each component. We conclude that the
quantifier-free type of a consists exactly of the partition and the quantifier-free
types of the components.

We need to make one last technical observation. Let p € S,(T) (not necessarily
isolated), ¢ = [b] € AJG = S1(T) (automatically isolated), and assume that A
has infinite diameter. Choose a sequence (ay), ax € A" such that tp(ay) — p.
Since A is unbounded, we may find ¢, € A" at distance at least k from a;. Let
8 = d([ck], [b]) = d(ck, ). Then there exists by € [b] such that d(by, cx) < & + 1.
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Finally, since A//G is compact, it has finite diameter R. To summarise, we found
ax and by in A such that tp(ax) — p, tp(bx) = g, and d(bg,a;) > k — R — 1. Now
letr € S;+1(T) be a limit point of the sequence tp(ay, by), let M = T be sufficiently
saturated, and leta’ € M" realise p. Then there exists b’ € M such that tp(a’,b’) =
r, and then tp(V') = g, and V' is at infinite distance from a’.

We can now prove that T eliminates quantifiers using the back-and-forth cri-
terion. For this, let M F T be sufficiently saturated, and let a,a’ € M" be such
thata =9 4’. Then a and 4’ are partitioned in the same manner into finite distance
components, as (ap, . ..,a;_1) and as (ay,...,a;_,), and a; = aj for each i < k. Let
b € M, and consider two cases.

Assume first that b is at finite distance from one of the components of 4, say
from ag. Then we can find b’ € M such that agb = apb’. The partition of ab
into finite distance components is (agb, a1, ..., ax_1), and similarly for a’b’. By our
characterisation of quantifier-free types, we have ab =9t a'p’.

The other case to consider is when b is at infinite distance from a. Then A has
infinite diameter, and we have seen that there exists b’ € M at infinite distance
from a’ such that b = ' In this case, the partition of ab is (ao, . .., a,_1,b), similarly
for a’t’, and again ab =% 'V’

This completes the proof of the back-and-forth criterion, and therefore of quan-
tifier elimination in T. Together with our characterisation of quantifier-free types,
this implies that all types are locally isolated. In addition, d(a,b) < oo if and only
if tp(a, b) is isolated, so d is a localising metric, and the proof is complete. u

Corollary 3.14. Let G be a locally Roelcke precompact Polish group, equipped with a
coarsely proper, left-invariant, compatible metric dy. Then the structure GE associated to

the action G ~ Gy is locally Ro-categorical.
In particular, a Polish group G is locally Roelcke precompact if and only if it is the
automorphism group of some locally No-categorical structure.

Proof. The space Gy //G is a single point, and for every n, éz /|G is proper by Co-
rollary 1.11. Now apply Theorem 3.13. u

A structure (in a separable language) is compact if and only if it is the unique
model of its theory, up to isomorphism, if and only if it is No-categorical and its
automorphism group is compact. The local analogue is contained in the following.

Theorem 3.15. Let T be a locally Ry-categorical theory, let M be its unique local separable
model, equipped with a localising metric d, and let G = Aut(M). Then the following are
equivalent:
(i) The metric space (M, d) is proper.
(ii) The group G is locally compact.
(iii) Every elementary embedding of M in a local model is an isomorphism.
(iv) The structure M is the unique local model of T up to isomorphism.

When T is Ry-categorical, these conditions hold if and only if T admits a unique model up
to isomorphism, which must be compact. When T is not Ny-categorical, these are further
equivalent to

(v) The theory T is x-categorical for some (every) uncountable cardinal x.

Proof. (i) = (ii). The isometry group of a proper metric space is locally compact,
as is any closed subgroup thereof.

(if) = (iii). By the homogeneity of M, we can identify Gy, with the semigroup
of elementary embeddings of M into itself. In a locally compact group, the left
uniformity is complete, so G = G and every elementary embedding of M into
itself is an isomorphism.
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Stated equivalently, M admits no proper separable local elementary extension.
By Downward Lowenheim-Skolem, it follows that M admits no proper local ele-
mentary extension, which is what we want.

(iif) == (iv). Since M embeds elementarily in every model of T.

(iv) = (i). Let us first show that T has the following property:

(%) For every R > r > 0, there exists N € N such that T forbids the existence
of a sequence (a; : i < N) withr < d(a;,a;) < Rforalli < j.

Indeed, assume that no such N exists for 0 < v < R. Then by compactness,
T admits a model containing an uncountable sequence (4, : « < ¥p) such that
r < d(by,bg) < R for every & < B < Nj. The sequence must belong to a single
local component, which is a non-separable local model of T.

By (), every local model of T is proper.

(iv) = (v). We assume that T is not Np-categorical, so M cannot be compact,
and T admits models of any density character. Any model of T of uncountable
density character ¥ must consist of ¥ many local components, which are all iso-
morphic to M. It follows from Theorem 3.8 that any two such models are iso-
morphic.

(v) = (i). As above, it is enough to prove property (x). Let x be uncountable.
We assume that T is not Ng-categorical, so M cannot be bounded, and T admits
models with arbitrarily many local components. Using Downward Lowenheim-—
Skolem, T admits a model consisting of x many separable local components. If (x)
fails, then by a similar argument, T admits a local model of density character «.
These two models cannot be isomorphic, so T cannot be x-categorical. n

Remark 3.16. While a compact metric structure is automatically Ro-categorical, a
proper metric structure is not necessarily locally Rg-categorical—see Example 6.2.

4. DEFINABILITY IN LOCALLY Ng-CATEGORICAL STRUCTURES

Our first goal for this section is to describe the full space of types S, (T) for a loc-
ally Nop-categorical theory T in terms of the isolated types. This is, in essence, equi-
valent to describing the algebra of definable predicates on a locally Ny-categorical
structure M. We start with some general considerations.

Recall that when G is a topological group, coarsely bounded subsets, in the
sense of Rosendal [R0os2022], form an ideal of subsets of G which contains all
compact sets. When G is Polish and locally bounded, it admits a compatible left-
invariant metric d; which is coarsely proper, namely, such that the d;-bounded
sets are precisely the coarsely bounded sets. When G is Polish and locally Roel-
cke precompact (which implies locally bounded), the coarsely bounded sets are
exactly the Roelcke precompact ones.

For the following definition we do not need a topology but just a coarse struc-
ture, i.e., a reasonable notion of when a sequence (g¥); of elements of G “diverges
to infinity”. This can be coded, for example, by a left-invariant pseudo-metric d,
on G, where we say that ¢¥ — o if d;(1,¢¥) — oo, without requiring d; to arise
from a topological structure. In this section, we will often consider sequences in
Cartesian powers of G and will need double indices. In particular, superscripts on
elements will denote indices and not powers in the group.

Definition 4.1. Let G be a group equipped with a left-invariant pseudo-metric dy,,
acting on a set X. Fixn > 1 and let x denote a tuple in X". Let ~ be an equivalence
relation on #, and let 1/~ be the associated partition of # into equivalence classes.
We will say that ~ is trivial if it has only one equivalence class.
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e For a sequence (gX); of elements of G"/~, write that ¢¢ ~» oo if
dr(g%, g’]‘ ) —¢ oo forall I # J. In particular, if ~ is trivial, then g% ~» co
vacuously.

e For I € n/~, we denote by x; € X! the restriction of x to the index set I.

e Forg = (g7: 1 € n/~) € G"~, we define gx € X" by letting (gx); =
g1xg for all I € n/~, giving rise to an action G/~ ~ X".

e Let K be a topological space and P: X" — K be a map. We say that P
is ~-properly G-invariant if for every sequence (g*); of elements of G"/~
and every x € X", if g¢¢ ~ oo, then the sequence P(g*x) converges. If
this holds for every equivalence relation ~ on n, we say that P is properly
G-invariant.

When ~ is trivial, we always have gF ~ oo in G, so P is ~-properly G-invariant
if and only if it is G-invariant, whence the terminology. In particular, if P is prop-
erly G-invariant, it is G-invariant.

Remark 4.2. We have the following dichotomy:

e If d; is bounded, then we can never have g ~ oo for a non-trivial ~.
Therefore, a predicate P is properly G-invariant if and only if it is G-
invariant.

e If d; is unbounded, then for every ~, we can find a sequence gk ~» 00 in
G"/~.If P is properly G-invariant, then the limit P(g*x) depends only on
x and ~, and will be denoted by P (x).

Definition 4.3. Let X be a metric space, and G ~ X by isometries. Let d; be a
left-invariant pseudo-metric on G, and assume that d; (g*,#¥) — oo if and only
if d(g*x,h*x) — oo for some (equivalently, any) x € X. Then we say that d is
coarsely compatible with the action G ~ X.

We say that a predicate P: X" — K is (~-)properly G-invariant if it is so relative
to any coarsely compatible, left-invariant pseudo-metric.

Clearly, a coarsely compatible, left-invariant pseudo-metric always exists (e.g.,
dr(g,h) = d(gx, hx), where x € X). Moreover, all such pseudo-metrics induce the
same notion of ¢¥ ~+ o, and therefore the same notion of a properly G-invariant
predicate.

When M is a locally Ry-categorical structure equipped with a localising metric
and G = Aut(M), then the action G ~ M is coarsely proper. Therefore, a left-
invariant, compatible pseudo-metric d}, is coarsely proper on G if and only if it is
coarsely compatible with the action G ~ M.

Theorem 4.4. Let M be a locally Ny-categorical structure equipped with a localising
metric and G = Aut(M). Let K be a compact space (for example, a closed bounded
subset of R).

Then a predicate P: M" — K is definable (without parameters) if and only if it is
uniformly continuous and properly G-invariant.

Proof. We may equip M with a localising metric, so that the action G ~ M is
coarsely proper by Corollary 3.12.

Assume first that P is definable. It is a standard fact that every definable pre-
dicate is uniformly continuous. In order to check that it is properly G-invariant,
assume that a € M", ~ is an equivalence relation on 7, and gk ~ 00 in G"™ asin
Definition 4.1. Let T = Th(M). Let p* = tp(g*a) € S,(T), and for I € n/~, let
p1 =tp(ar) € S(T).

Let g be a limit point of (p*). If i ~ j, then d(x;, xj)1 = d(a;,a;). On the other
hand, if i »~ j, then d(x;, x],)q = limy d(g’fai,g’]‘aj) = oo, where I and | are the
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respective classes of i and j. By local isolation of types, g is the unique type such
that ~; = ~ and q; = p; for each I € n/~. Therefore, p* — g, and P(g*a) =
P(p*) = P(q).

Conversely, assume that P is uniformly continuous and properly G-invariant.
By Corollary 3.12, we may identify M" /G, as a metric space, with J,(T) C S, (T),
the space of isolated n-types of T. It follows from continuity and G-invariance that
P induces a continuous function M" /G — R. Therefore, all that is left to show is
that P admits a continuous extension (necessarily unique) to S, (T). It will suffice
to show that if p* € 3,(T) and p* — g € S,,(T), then P(p¥) converges.

We may assume that p* = tp(b¥) and g = tp(c), where b¥ € M" but ¢ may
belong to another model of T. Recall that ~; is the equivalence relation on n where
i~gjifd(cic;) < oo If I € n/~y, then gy = tp(cy) is isolated, so it is realised by a
tuple a; € M!. Since the classes I are disjoint, we may view the a; as subtuples of
some a € M".

If I € n/~yg, then tp(b¥) — tp(c;) = tp(as) in J;(T). Since, on isolated types,
the type metric is compatible with the logic topology, there exist ¢¥ € G such that
d(b%, gkar) — 0. Equivalently, there exist g¢¥ € G"/~7 such that d(b, gka) — 0. If
i =g j, then d(bF, b;‘) — d(cj,¢j) = oo, and therefore d(g’fai,g’faj) — o0, where I
and ] are the respective classes. Therefore g€ ~~ oo, so P(g*a) — P-.(a) by proper

G-invariance, and since P is assumed uniformly continuous, P(b¥) — P.(a) as
well. |

Recall that two structures on the same set (but possibly in different languages)
are bi-definable if they have the same definable predicates.

Corollary 4.5. Let My and My be two locally Ry-categorical structures in possibly dis-
tinct languages, with a common underlying set M, common automorphism group G, and
uniformly equivalent definable metrics. Then My and My are bi-definable.

In particular, if M is a locally Ro-categorical structure and G = Aut(M), then M is
bi-definable with MC.

Proof. Since the metrics on the two structures are uniformly equivalent, the auto-
morphism group G carries the same locally Roelcke precompact topology for both
structures, and therefore the same coarse structure. We may assume that the defin-
able metrics are isolating, in which case G ~ M,; is coarsely proper, implying that
the localising metrics are coarsely equivalent as well, and give rise to the same no-
tion of proper G-invariance. We conclude using the characterisation of definable
predicates in Theorem 4.4.

In particular, if M is locally Ro-categorical, then MC is locally Ro-categorical by
Theorem 3.13, so the main clause applies. u

We have given a description of the algebra of definable predicates on M", from
which the space of types S, (T) can be obtained as the Gelfand dual. Next we
provide a more explicit construction of S,,(T) as the completion of M" /G = J,(T)
with respect to an appropriate uniform structure. This uniformity can be defined
in the abstract setting of a group acting isometrically on a metric space.

Definition 4.6. Let G be a group acting on a metric space (X, d) by isometries and
letn € N.
e We recall that for x € X" and I C n, x; € X! denotes the restriction of
the tuple x to I. Notice that [x;] € X!/G only depends on [x] € X" /G
and on I, allowing us to define [x]; = [x]. For p,q € X" /G, letd;(p,q) =
d(pr,q1),sod; <d, =don X")G.
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e Forp = [x] € X"/G,i <n,and m € N, define
I(x,i,m) = {j < n:d(x;,x;) <2"}.
This only depends on p = [x], i, and m, so we may also denote it by

I(p,i,m).
e Form € N, define

= 4 ( sty )
Llﬂl (p q) S (1( //:)2 d] p,t,m (p’q) <

e We denote by U™ the collection of subsets of (X" /G)? that contain U for
some 71.

Lemma4.7. Let G be a group acting by isometries on a metric space (X, d) and let n € N.
Then:

(i) For every m, the set Uy, is symmetric.
(ii) The sequence (U )m is decreasing, and the intersection (1, Uy is the diagonal

of (X" G)?.

(iii) For every m, we have U, 11 © uy 1 C us,.

Consequently, the family (Uy; )y generates a metrisable uniform structure on X" /G,
which is exactly U*°. It is coarser than the uniform structure induced by the metric on
X" |G, and induces the same topology as the metric.

Proof. The first two assertions are immediate. For the third, let p = [x], ¢ = [y],

r = [z], and assume that (p,q),(q,7) € U, ;. Leti,j < n, and assume that

j € I(p,i,m), ie., that d(x;,x;) < 2™". Then there exists ¢ € G such that
d(xix;, g(yiyj)) <271, s0d(y;,y;) < 2™ +1 < 2"+1 It follows that

I(p,i,m) C I(p,i,m+1)NI(q,im+1).
Therefore,
Ar(p,iom) (P:7) < dip,imy (P, 0) + A1(pim) (q,7)
< dipimr1) (P q) +d1(gimer)(qr) <27

One shows similarly that dy, ;) (p,r) < 27", so (p,r) € Uy Therefore, U7, ; o
ue,, Cug.

For the last assertion, note that {(p,q) : d(p,q) < 27"} C Us;, so U™ is coarser
than the uniform structure defined by the metric on X" /G. Conversely, for a fixed
p = [x] € X"//G, if max;jd(x;,x;) < 2" and (p,q) € Uy, thend(p,q) < 27"
Therefore U™ defines the same topology as d on X" //G. u

We defined U® on X" /G, which we may pull back to a uniform structure on
X". A predicate P: X" — R is U*-uniformly continuous in this sense if and only
if it factors through a function P: X" /G — R, and P is U®-uniformly continuos.

Lemma 4.8. Let (X, d) be a metric space and G ~ X an action by isometries. Then every
U*-uniformly continuous bounded function P: X" — R is d-uniformly continuous and
properly G-invariant.

Proof. By Lemma 4.7, P is d-uniformly continuous. To see that it is properly G-
invariant, fix an equivalence relation ~ on 1. Let (g*); be a sequence of elements
of G"/~ such that g¥ ~~ oo, and let x € X". Let p* = [¢"x]. For every m, and
every k large enough relative to m, the set I(p*,i,m) is contained in the ~-class
of i. It follows that the sequence (p¥); is U®-Cauchy, so by assumption, P(g*x)
converges. u
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We can now show that for a locally Ny-categorical structure M, the space
of all n-types of Th(M) can be constructed explicitly as the U®-completion of
M" ) Aut(M). We shall use the following easy and standard fact: if the algebra
of uniformly continuous, bounded functions on a metrisable uniform space X is
separable, then X is precompact.

Proposition 4.9. Let M be a locally Ny-categorical structure equipped with a localising
metric, and let G = Aut(M), T = Th(M). Then the identification of 3, (T) with M" |G
extends to an identification of S,,(T) with the U®-completion of M" )| G.

Proof. Let UCB(M" /G, U*) denote the algebra of bounded, U*-uniformly con-
tinuous functions on M" /G. By Theorem 4.4 and Lemma 4.8, we can identify
UCB(M" /G, U*”) with a subalgebra of the algebra of continuous functions
C(Su(T)). As the language of T is separable, so is the algebra C(S,(T)), and there-

_

fore also UCB(M" /G, U®). It follows that the U*-completion M" /G is compact;

from Gelfand duality, we obtain a continuous, surjective map 6: S,(T) — M"//G.

It remains to show that 6 is injective. Let p,q € S,(T) be such that 6(p) =
0(q). Let (pF)x and (g*)x be sequences in M" /G such that p* — p and ¢ — g
in S, (T). Say thati ~ jif limgd(x;, x;)Px = d(x;,x;)P < oo, and similarly for
q. Since 8(p) = 6(q), the intertwined sequence (p*, g*); is U®-Cauchy, so ~, and
~, coincide. Similarly, for each I € n/~y, the intertwined sequence (p%,q%)y is
d-Cauchy, implying that p; = g;. Using the local isolation of types, we conclude
that p = ¢. |

5. INTERPRETATION IN LOCALLY Ny-CATEGORICAL STRUCTURES

We turn to questions of interpretability of structures. For the formal defini-
tion of an interpretational expansion and bi-interpretability, we refer the reader to
[Ben2023], but we briefly recall it here. Roughly speaking, an interpreted sort is a
definable subset of a pseudo-metric quotient of a countable Cartesian product of
basic sorts, where the basic sorts always include the constant sort {0,1}. An inter-
pretational expansion is an expansion that adds an interpreted sort, together with its
induced structure, as a new basic sort. In order to establish that the addition of a
new sort is an interpretational expansion, we need to show that, in the expanded
structure, the new sort admits a definable bijection with an interpretable sort of the
original structure, and that all the newly introduced structure is definable, via this
bijection, from the structure on the original sorts. Two structures are bi-interpretable
if they admit a common interpretational expansion.

Remark 5.1. A sort can be interpreted in a single structure or in a theory, i.e., uni-
formly across all its models. However, any sort interpretable in a structure is also
interpretable in its theory, so for complete theories the two notions are essentially
the same. To be more precise, if T = Th(M), then T and T’ are bi-interpretable if
and only if M is bi-interpretable with some M’ such that T" = Th(M’).

If M’ is an interpretational expansion of M, then Aut(M) = Aut(M’). There-
fore, if M’ is bi-interpretable with M, then Aut(M) = Aut(M’). For a similar
reason, M is a prime model of its theory if and only if M’ is.

Definition 5.2. Let T be a weakly local theory and let D be an interpretable sort
in T. We say that D is a local sort if for every model M F T, if M = | ], M, is its
decomposition into local components, then DM = | |, DM«,

Lemma 5.3. Let M be a locally Ro-categorical structure, and let G = Aut(M). Let D be
a local interpreted sort of T = Th(M). Then DM, together with its induced structure, is
locally Wo-categorical as well.
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Proof. Let Tp = Th(DM) in the induced structure. The type space S,(Tp) coin-
cides with Sp«(T), the space of types of n-tuples in D, viewed as an interpreted
sortin T. In particular, type isolation in one sense coincides with the other.

By the definition of a local sort, every p € S1(Tp) = Sp(T) is realised in a local
model of T, so it must be isolated. Similarly, since each member of D is represented
in a unique local (and therefore, atomic) component, the joint isolation relation on
D is an equivalence relation.

Let N E T be an N;-saturated model of T and let p € S,,(Tp). Then p is realised
by somea € (DN)". Let N = | |, N, be the decomposition of N into local compon-
ents, and for i < n, let ¢; be the index of the component such that a; € DNai,

For each i, tp(a;) is isolated (since N, is atomic). Similarly, if a; = «j, then
tp(a;, a;) is isolated. Conversely, assume that tp(a;, a;) is isolated. Then it is real-

ised in DN for every N’ F T, and in particular, in the separable local model, say
by (b,b). Since N is N;-saturated, there exists an elementary embedding N’ < N
that identifies (b, b') with (a;, 4;). Since N' is local, it embeds in a single local com-
ponent of N, so a; = u;.

We conclude that a; = «a; if and only if tp(a;, a;) is isolated, which we denote

by i ~, j. For each class I, a; € (DN)! for a unique ay. If I # | are distinct
classes, then a; # wj. Therefore, tp(a) is entirely determined by the types tp(a;)
for I € n/~y. This proves local isolation of types, so Tp is locally Ry-categorical.
Finally, DM is separable and atomic, so it is the prime model of Tp, and there-
fore its unique separable local model. |

If M is an unbounded locally Rg-categorical structure, a simple example of a
non-local interpreted sort is M2. In this case, the structure M? is not locally No-
categorical.

Let T be a theory, and let Dy, D; be two interpreted sorts in T. Equip them with
definable metrics dy and dj, both bounded by one. Let (D, d) be the quotient of
{0,1} x Dy x Dj by the following definable pseudo-metric:

di(ai, bi) =],
1 i#j.
Then D can be identified with the disjoint union Dy LI D, where each D; is
equipped with the respective metric d;, and the two sets are at distance 1 from
one another. The projection from {0,1} x Dy x Dj to the first coordinate induces
a definable predicate on D, equal to i on D;, so each D; is a definable subset of D.

The space of types in (Dg L D1)" is the topological disjoint union of all spaces of
types in products of copies of Dy and D;.

d((i,a0,a1), (j,bo, b1)) = {

Lemma 5.4. Let My and M; be locally No-categorical structures, with automorphism
groups G; = Aut(M;). Assume that:

e for each i, D; is a local interpretable sort in M; (on which G; acts as well);

o there exist uniform homeomorphisms 0p1: Mo ~ Dy and 6p: Dy ~ My; and

o there exists a group isomorphism ¢: Go ~ Gy which is compatible with 0, and
0p, by which we mean that fora € Moy, b € Dy, and g € Go:

¢(8)-0m(a) = Om(ga),  ¢(g)-Op(b) = Op(gD).
Then My and M are bi-interpretable.
Proof. Construct the disjoint unions M; U D; for i = 0,1 as above. Then each is a
local interpretable sort in the respective M;, and therefore, by Lemma 5.3, a locally

Ng-categorical structure in its own right. Moreover, M; U D; is an interpretational
expansion of M;. Identifying the underlying sets of My U Dy and D; U My via
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Oy U 6p, by Corollary 4.5, these two structures are bi-definable. Thus we have
constructed a common interpretational expansion of My and of M;, whence the
conclusion. |

Remark 5.5. Let K be a compact metric space. As K can be represented as the
continuous image of {0,1}Y, it is interpretable in any structure using only the
constant sort {0,1}. Since automorphisms act as the identity on {0,1}, they also
act as the identity on K. If T is a local theory, M F T and M = ||, M, is the
decomposition of M into local components, then M x K decomposes as | |, (M, X
K). Therefore, if M is locally Ny-categorical, then M x K is a local sort in the sense
of Definition 5.2, and therefore, with the induced structure, is locally ¥(-categorical
as well.

Lemma 5.6. Let M be locally Ny-categorical, and let G = Aut(M). Equip G with a

compatible, coarsely proper, left-invariant metric dp, and let Gy denote the completzon Let

the structure GG be as in Definition 2.10, relative to the left translation action G ~ Gy.
Then GE is locally Wo-categorical, and it is bi-interpretable with M.

Proof. We have a natural identification G = Aut(M) = Aut(@LG). We may assume
that M is equipped with a localising metric.

We may view MN as an interpreted sort in M and equip it with a compatible,
definable metric, for example,

d(a,b) = sup (27" Ad(a;, b;)).
ieN

Fix & € MN that enumerates a dense subset of M and let p = tp(¢&). Since M is
prime, p is isolated, so D = [¢] a definable set. The map G — G¢, g — g€ is
a uniform homeomorphism. Therefore it extends to a uniform homeomorphism
Gr — D between the completions.

Next we interpret M in the structure GE (which is locally Ry-categorical by Co-
rollary 3.14). By Lemma 1.3, there exists a compact set in M that meets every orbit
closure in M /G. Let us write this set as {a; : t € K}, where K is a compact space

and t ~ a; is a homeomorphic embedding into M. Define a pseudo-metric d on
G x Kby

d((g,t), (h,s)) = d™(gay, has).

It is uniformly continuous and therefore extends to a uniformly continuous
pseudo-metric on Gr x K. As the action G ~ (Gp, x K) is trivial on the second
coordinate, d is G-invariant. By the coarse properness of the action, if fy — oo
in G, then d((g,t), (f¢h,s)) — oo, so d is properly G-invariant. By Remark 5.5,
the product Gy x K, equipped with the induced structure from @LG, is locally Np-
categorical. Therefore, by Theorem 4.4, d is definable (in GE x K, and therefore in
GO).

Let E denote the complete quotient of (G; x K, d), i.e., the completion of the quo-
tient by the zero-distance equivalence relation. The map G x K — M sending
(g,t) — ga; has dense image (by the choice of K), and induces an isometric bijec-
tion E >~ M.

We have constructed the interpreted sets D in M and E in G@, as well as uniform

isomorphisms 0p : @L ~ Dand 0g: E ~ M. Consider g,h € G and t € K. Then
§0p(h) = ghd = 0p(gh), g0k ([h,t]) = ghar = Op (g[h, t]).

By density, the same holds everywhere on G; or E. We conclude using Lemma 5.4.
[ |
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From this, we deduce an analogue of Coquand’s theorem for locally RNg-
categorical structures.

Theorem 5.7. Let My and My be locally Wo-categorical structures. Then My is bi-
interpretable with My if and only if Aut(My) = Aut(My) as topological groups.

Proof. If the structures are bi-interpretable, then, up to an isomorphism, they ad-
mit a common interpretational expansion (My, M), in which case Aut(M,) =
Aut(My, M) = Aut(M;). For the converse, let us identify G = Aut(My) =
Aut(M;). Each M; is bi-interpretable with CA;E, so all three structures admit a com-
mon interpretational expansion (in the three sorts (M, My, éL)), so My and M;
are bi-interpretable. |

Corollary 5.8. Suppose that My and My are locally Ry-categorical structures that are
bi-interpretable. Let d; be a localising metric on M; for i = 0,1. Then the metric spaces
(Mo, do) and (M, dy) are coarsely equivalent.

Proof. Let G = Aut(My) = Aut(M;). By Corollary 3.12, the actions G ~ M; are
coarsely proper. They are also cobounded (since M; /G is compact), and therefore
each of the metric spaces (M;, d;) is coarsely equivalent to G. |

6. EXAMPLES

We start with a natural family of examples that have already appeared. As-
sume that G is a Polish, locally Roelcke precompact group. Let 4} be a compatible,
coarsely proper, left-invariant metric, and for ¢ € G, let Rg: x — xg denote the

associated right translation map. By Remark 2.12, the structure (@L,d L, Rg) 9€G

is bi-definable with GLG of Definition 2.10, which, by Corollary 3.14, is locally ®-
categorical. In addition:

e If S C G generates a dense subgroup, we lose nothing when considering
Gy in the sublanguage (d;, Rg)ges-

e When G is locally compact, d; is complete, so G = G, and we obtain the
structure (G, dr, Rg)qes-

e When G is a discrete, countable group, we may drop d; in favour of the
equality relation, since d(gy, h,) — oo if and only if &, 'g, leaves every
finite set, and this is definable using equality and the right-translation
maps.

e Therefore, when G is finitely generated and S is a generating set, we ob-
tain a locally Np-categorical structure (G, Rq)ees, which is the labelled
right Cayley graph of G. In that case, the localising metric is the word
metric on G.

Example 6.1. When G = Z and S = {1}, we obtain the locally No-categorical struc-
ture (Z,s), where s is the successor map.

Example 6.2. For a very similar non-example, consider the structure (Z, <), in
which the usual metric on Z is definable as a [0, oo]-valued predicate. This is a
proper metric structure whose automorphism group is isomorphic to Z. How-
ever, (Z, <) is not locally Ny-categorical, since its theory admits a unique 1-type
but two non-isolated 2-types, namely x < y and x > y.

A reduct of an Ry-categorical theory is again Xy-categorical. The following show
that a general reduct of a locally Ny-categorical theory or structure need not be one.

Example 6.3. Consider the action of 2Z ~ Z by translation, and let M = Z?Z (in
the sense of Definition 2.10). By Theorem 3.13, M is locally ¥j-categorical, and its
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theory has quantifier elimination. From this it is straightforward to check that M
is bi-definable with (Z,s, P), where P is a unary predicate for the even numbers.
We may also define in it an equivalence relation Q(x, y), which holds when x and
y have the same parity.

Consider the structure M’ = (Z,s,Q). It is a reduct of M, and the localising
metric of M is definable in M’ (since it is definable using s and equality). However,
M’ has only one 1-type but two distinct 2-types at infinite distance: one where
Q(x,y) hods and one where it does not. Therefore, M’ is not locally Xy-categorical
and neither is its theory.

We show that a reduct of a locally Ny-categorical structure is also locally No-
categorical under additional hypotheses. In fact, these hypotheses imply that the
structure and its reduct are bi-definable, so the applicability is more restricted.
Nonetheless, this allows us to produce important examples, first as structures of
the form MS, and then, using the following theorems, as structures in a more
natural language.

Theorem 6.4. Let M be a locally No-categorical structure, equipped with a localising
metric, and let M’ be a reduct of M. Assume that M and M’ share the same metric and
automorphism group. Then M’ is locally No-categorical, and is bi-definable with M.

Proof. Denote T = Th(M) and T' = Th(M'). Let G = Aut(M) = Aut(M’). Let
also MC be the structure constructed in Definition 2.10. It is locally Ro-categorical
by Theorem 3.13. By Corollary 4.5, M® and M are bi-definable.

For R > 0, define

Br = {p € Su(T) sd(xj,xj)P < Rforalli <j< n}.

Since d is localising, Bx C J,(T) = M"//G and it is bounded there, so By is
metrically compact. The reduct map 7t,: S, (T) — Su(T’) is 1-Lipschitz in the
respective type metrics, so By := 71,(Bg) is metrically compact. Consequently,
the metric topology and logic topology coincide on Bj. On the other hand,
By = m,(Br) C Su(T’) is open, since d is definable in T’. Therefore, for every
p' € By, the metric topology and logic topology of S,(T") coincide at p/, i.e., p' is
an isolated type of T'.

Since Jg By consists of all n-types realised in M’, the latter is atomic, and is
the prime model of T’. It is a reduct of M®, and by Proposition 2.11, the two are
bi-definable. Therefore, M' and M are bi-definable, so M’ is locally N(-categorical
as well. u

Corollary 6.5. Let M be a metric L-structure, and let G = Aut(M). Assume moreover
that M)/ G is compact, M" /G is a proper metric space for every n, and that every atomic
L-formula is properly G-invariant in M. Then M is locally Xy-categorical and its metric
is localising.
Special cases where the hypotheses hold include:
(i) When MJG is compact, G is locally Roelcke precompact, G ™~ M is coarsely
proper, and every atomic L-formula is properly G-invariant in M.
(il) When M is proper as a metric space, M J/G is compact, and every atomic L-
formula is properly G-invariant in M.
(i) When (M, d) is a pure metric space (ie., L = {d}), M//G is compact, and
M" G is proper for each n.

Proof. By Theorem 3.13, MC is locally Np-categorical. By Theorem 4.4, every
atomic L-formula is definable in MS, so M is a reduct of MC. By Theorem 6.4,
M and M’ are bi-definable, and M is locally N,-categorical.
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For the special case (i), just apply Theorem 1.10. For (ii), it is enough to observe
that if M is proper, then so is M" /G. For (iii), note that d is always properly G-
invariant. u

Corollary 6.6. Let (A,d) be a complete, separable, unbounded metric space, and let G =
Iso(A). Then (A,d) is locally No-categorical if and only if A /G is compact and A" |G is
proper forall n € N.

Proof. One direction holds by Proposition 3.10 and Corollary 3.12, the other by
Corollary 6.5(iii). ]

Let £ be a countable signature in [—oo, oo]-valued continuous logic. In partic-
ular, the distance symbol d may be [0, co]-valued, and every symbol has a pre-
scribed uniform continuity modulus relative to d. Let £2!(n) denote the collection
of atomic formulas in n variables, and let ng(ﬁ) C [—00,00]£" (") denote the collec-
tion of quantifier-free n-types in £, which is a compact space. For any £L-structure
M, the quantifier-free type map tpaf: M" — S;,lf(ll) is uniformly continuous relat-
ive to the uniform structure of S%f(ll) as a compact space. It factors via a uniformly
continuous map 60,: M" /G — ng(ll), where G = Aut(M).

An L-structure M is quantifier-free homogeneous if 6, is injective for every n. Equi-
valently, if for every a,b € M" with the same quantifier-free type, there exist auto-
morphisms that send a arbitrarily close to b. If there always exists an automorph-
ism that sends a to b, then M is exactly quantifier-free homogeneous.

Corollary 6.7. Let M be a quantifier-free homogeneous L-structure with (finite-valued)
metric d and let G = Aut(M). Suppose, moreover, that M)/ G is compact and that every
atomic L-formula is properly G-invariant on M. Finally, suppose that for every n and
every closed bounded set & C M" /G, the map 0;': 0,(E) — M")G is uniformly

—
(=)

continuous, where 0, (2) is equipped with the uniform structure induced from the compact
space ng(L).
Then M is locally No-categorical and the metric d is localising.

Proof. Let 2 C M" /G be closed and bounded, and let (pi), be a sequence in E.

Then (6,(pk)), is a sequence in the compact space ng(L) so it admits a Cauchy
subsequence. Therefore, (px)x admits a Cauchy subsequence. Since E is also com-
plete, it is compact.

Therefore M" /G is proper, so Corollary 6.5 applies. |

This observation is very similar to [Zie2021, Theorem 7]: the condition of pair-
propinquity defined there is a slightly restricted version of the last condition of
Corollary 6.7.

Example 6.8. The Urysohn space U is quantifier-free homogeneous (and even ex-
actly so). The last condition of Corollary 6.7 holds by Uspenskij [Usp2008, Pro-
position 7.1]. Therefore U is locally Ry-categorical and Iso(U) is locally Roelcke
precompact. The fact that Iso(U) is locally Roelcke precompact was first proved
by Rosendal [Ros2022].

Example 6.9. The Urysohn diversity was introduced by Bryant, Nies, and Tupper
in [BNT2017]. Hallbéack [Hal2020] proved that its automorphism group is locally
Roelcke precompact, and the predicate symbols are properly G-invariant essen-
tially for the same reason that the metric is. It follows from Corollary 6.5(i) that it
is locally Rog-categorical.

Example 6.10. If (X, d) is a proper metric space with X/ Iso(X) compact, then con-
dition (ii) of Corollary 6.5 holds. Therefore, X is locally Ry-categorical and its
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metric is localising. Furthermore, all equivalent conditions of Theorem 3.15 hold
in this case. Examples include Euclidean spaces, finite-dimensional hyperbolic
spaces H", and quasi-transitive locally finite graphs (quasi-transitive means that
the automorphism group of the graph has finitely many orbits).

Many of the spaces in Example 6.10 admit infinite-dimensional analogues. For
instance, all metrically homogeneous graphs are locally Xj-categorical (see also
[Ros2022]).

The infinite-dimensional hyperbolic space H* has been considered in many
places in the literature and its isometry group was studied in detail by Duch-
esne [Duc2023]. We will need the following three basic facts about it (see
[BIM2005] and [Duc2023]).

o It is exactly quantifier-free homogeneous: every isometry between finite
subsets of H* extends to an element of G = Iso(H®). In particular, the
action G ~ H® is transitive.

e It is a geodesic metric space.

e For every point x € H*, the stabiliser Gy is isomorphic to the orthogonal

group O(co).

Example 6.11. The metric space H* is locally Ny-categorical, its metric is localising,
and its isometry group G = Iso(H®) is locally Roelcke precompact.

Indeed, let x € H®. Define ¢: H® /Gy — [0,00) by ¢([y]) = d(x,y). It follows
from the triangle inequality that ¢ is a contraction. It is also surjective since H* is
geodesic and unbounded. It is injective by exact homogeneity. Finally, assume that
0 <a < B =d(x,y). Since H® is geodesic, there exists y' € H® with d(x, 1) = «
andd(y’,y) = p—a. Then ¢(y) = B, ¢(y') = wand d([y], [y']) = B — a. Therefore,
@ is an isometry.

It follows that H* /Gy is a proper metric space. Furthermore, G, is isomorphic
to the orthogonal group, which is Roelcke precompact. By Proposition 1.13, G is
locally Roelcke precompact and G ~ H® is coarsely proper. By Corollary 6.5, H*
is locally Ny-categorical with a localising metric.

The fact that Iso(H*) is locally Roelcke precompact was first proved by Bar-
ritault.

Banach spaces provide another important class of examples. Let Iso(E) denote
group of isometries of a Banach space E, and let Isop(E) < Iso(E) denote the sta-
biliser of the origin. By the Mazur—Ulam theorem [MU1932], Iso(E) coincides with
the group of affine isometries of E, and Isoy(E) with the group of linear isometries.

In order to view E as a metric structure in the sense of continuous logic, one
may consider the unit ball E;, equipped with its metric convex structure (see
[BBHU2008, 2.1 Examples (4)]). This unit ball structure is what is generally re-
ferred to as a Banach space in the context of continuous logic. Its automorphism
group is Isog (E). It follows from Mankiewicz’s theorem [Man1972] that this group
also coincides with the isometry group Isog(E;) (i-e., the group of all isometries of
E, fixing 0).

Alternatively, one may consider the entire space E as an unbounded metric
space, whose automorphism group is Iso(E) = (E,+) x Isog(E). We will refer
to this structure as an affine Banach space.

Theorem 6.12. Let E be a separable Banach space Then the following are equivalent:

(i) The affine Banach space E (i.e., E as a pure metric space) is locally Rg-categorical.
(ii) The group Iso(E) is locally Roelcke precompact and the action Iso(E) ~ E is
coarsely proper.
(iii) The group Isog(E) is Roelcke precompact and Eq |/ Isog(E) is compact.
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(iv) The closed unit ball structure associated to E (namely, Eq with its metric convex
structure) is No-categorical.
(v) The pointed metric space (Eq,0) is Ro-categorical.

Proof. (i) <= (ii). This follows from Corollary 6.6 (and Theorem 1.10).

(ii) <= (iii). By Proposition 1.13, observing that E/ Isog(E) is a proper metric
space if and only if E; // Isog(E) is compact.

(iii) <= (iv) <= (v). This follows from [BT2016] and Mankiewicz’s theorem
mentioned above. ]

Examples of Ny-categorical Banach spaces to which this applies are L? spaces
(for 1 < p < o) and the Gurarij space. It is interesting to note that for p # 2,
the groups Isog(L?(R)) are all isomorphic, so (the unit balls of) the spaces L”(R)
are bi-interpretable. This is not the case for the affine spaces: L?(X) and L7(X)
are not coarsely equivalent for p # g (see the discussion before Example 3.18
in [Ros2022]). Therefore the affine Banach space LP(X) and L7(X) are not bi-
interpretable for p # g, by Corollary 5.8. For the Gurarij space, the ques-
tion whether its affine isometry group is locally Roelcke precompact is listed in
[Hal2020] as an open problem.
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