NON-SINGULAR AND PROBABILITY MEASURE-PRESERVING ACTIONS
OF INFINITE PERMUTATION GROUPS

TODOR TSANKOV

ABSTRACT. We prove two theorems in the ergodic theory of infinite permutation
groups. First, generalizing a theorem of Nessonov for the infinite symmetric
group, we show that every non-singular action of a non-archimedean, Roelcke
precompact, Polish group on a measure space ({2, ;) admits an invariant o-finite
measure equivalent to y. Second, we prove the following de Finetti type theorem:
if G ~ M is a primitive permutation group with no algebraicity verifying an
additional uniformity assumption, which is automatically satisfied if G is Roelcke
precompact, then any G-invariant, ergodic probability measure on ZM, where Z is
a Polish space, is a product measure.

1. INTRODUCTION

The theory of dynamical systems of Polish (non-locally compact) groups has
recently seen a rapid development, as many connections with combinatorics and
probability theory have emerged. This paper is a contribution to the ergodic theory
of infinite permutation groups, that is, dynamical systems that preserve a measure
or a measure class.

Infinite permutation groups arise naturally in a model-theoretic context as the
automorphism groups of countable structures. A particularly important class
of such groups, where the action remembers all model-theoretic information
and there is a perfect dictionary between model theory and permutation group
theory, is that of oligomorphic groups. Recall that a permutation group G <
Sym(M) is called oligomorphic if the diagonal action G ~ M" has finitely many
orbits for every n. From a model-theoretic perspective, these are precisely the
automorphism groups of Ng-categorical structures. If one slightly relaxes this
condition and considers locally oligomorphic actions instead (an action is locally
oligomorphic if its restriction to any finitely many orbits is oligomorphic), there is
also a characterization in terms of topological groups that makes no mention of a
particular action. Recall that a topological group G is non-archimedean if it admits
a basis at 1 consisting of open subgroups and it is Roelcke precompact if for every
neighborhood U of 1¢, there is a finite set F C G such that G = UFU. Then a
non-archimedean Polish group is Roelcke precompact iff it admits a continuous,
topologically faithful, locally oligomorphic action on a discrete countable set iff all
of its continuous actions on a discrete set are locally oligomorphic [T]. An action
of G on a discrete set M is topologically faithful if the associated homomorphism
G — Sym(M) is a homeomorphic embedding, where Sym (M) is equipped with
the pointwise convergence topology. Some (uninteresting, from a dynamical
perspective) examples of Roelcke precompact groups that cannot be represented
by faithful oligomorphic actions are the infinite compact non-archimedean groups,
i.e., the profinite groups.
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Roelcke precompact groups share some tameness properties with compact
groups. For example, the unitary representations of non-archimedean Roelcke
precompact groups can be completely classified [T]. However, in contrast to the
situation with compact groups, irreducible representations are usually infinite-
dimensional. This classification has proved helpful for studying their probability
measure-preserving (pmp, for short) actions. For example, an analogue of de
Finetti’s theorem holds for appropriate actions of such groups ([JT], also see below)
and Jahel and Joseph [J]] have been able to classify the invariant random subgroups
of some of them.

The first part of this paper deals with non-singular actions of non-archimedean,
Roelcke precompact, Polish groups. A non-singular action is an action on a o-finite
measure space that preserves the measure class; equivalently, it is an action on
the measure algebra by automorphisms, not necessarily preserving the measure.
This is a classical topic in ergodic theory with many applications. In a recent
development connected to permutation groups, Conley, Jahel and Panagiotopou-
los [CJP], extending a result of Ackerman, Freer, and Patel [AFP] for invariant
measures, described all subgroups H < Sym(N) such that the homogeneous space
Sym(N)/H carries a measure for which the translation action is non-singular. In
a somewhat different direction, Neretin [N1] also studies non-singular actions of
some Polish groups.

Examples of non-singular actions can be obtained by starting with a system
that preserves a finite or a o-finite measure and then taking a measure in the same
measure class. It turns out that for non-archimedean, Roelcke precompact, Polish
groups, this is all one can do, as our first main theorem shows.

Theorem 1.1. Let G be a non-archimedean, Roelcke precompact, Polish group and let
G ~ (Q, ) be a non-singular action. Then Q) can be represented as a disjoint countable
union | |; €); of invariant subsets on each of which the action is isomorphic to an induced
action from a pmp action of an open subgroup of G. In particular, there exists a o-finite
measure equivalent to y which is preserved by G.

Induction is a standard construction in ergodic theory that takes an action
V ~ X of an open subgroup V < G and produces a suitable action of G on the
disjoint union of [G : V| copies of X. See Subsection 3.2 for more details.

A slightly less detailed version of this theorem, in the special case where G is
the full symmetric group Sym(N), was obtained by Nessonov [N2].

It is instructive to compare Theorem 1.1 with the situation for compact groups.
An ergodic, non-singular action of a compact group G is conjugate to the action on
a homogeneous space G ~ G/ H equipped with the quotient of the Haar measure,
which is finite, while an ergodic action of a Roelcke precompact, non-archimedean
group can preserve an infinite measure (for example, any transitive action on
a countably infinite set). Moreover, pmp actions of such groups can be very
complicated.

The proof of the theorem is based on the classification of the unitary repre-
sentations of such groups as well as on a new result concerning the algebraic
closure operator for locally oligomorphic actions: in model-theoretic terms, the
quasi-order on M® given by a € acl®1b is well-founded (Theorem 2.4).

Theorem 1.1 reduces the study of non-singular actions of a group G satisfying
its hypotheses to pmp actions of its open subgroups, making the question of
understanding the pmp actions of these groups all the more interesting. This
problem is intimately connected to exchangeability theory in probability, which,
in most general terms, attempts to classify all possible distributions of random
variables (¢, : 4 € M) invariant under the action of a certain permutation group
G < Sym(M). This is equivalent to classifying the invariant measures for the
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shift action G ~ ZM, where, without loss of generality, one can take Z to be an
arbitrary fixed uncountable Polish space, for example, the interval [0, 1]. In view
of the ergodic decomposition theorem, one can also assume that the measure
is ergodic. The problem is easier the bigger the group G is (as there are fewer
invariant measures), and indeed, the first result of the theory is the classical de
Finetti theorem which states that the only such ergodic measures are the product
measures when G is the full symmetric group Sym(M). In probabilistic terms,
this means that the variables ¢, are independent, identically distributed. While a
full classification with a reasonably general hypothesis on the permutation group
G < Sym(M) (for example, oligomorphic) seems for the moment out of reach, in
the second part of the paper, we concentrate on isolating the optimal hypotheses
to obtain de Finetti’s conclusion of independence.

This problem was already considered in [JT, Theorem 1.1], where it was proved
that the conclusion holds if G < Sym(M) is a transitive oligomorphic permuta-
tion group with no algebraicity and weak elimination of imaginaries, and the
techniques used there were again based on the classification of the unitary repre-
sentations. The no algebraicity assumption (this means that the actions of stabilizers
of finite subsets A C M have infinite orbits outside of A) is clearly necessary; see
[JT, Example 5.1.2]. It is natural to try to replace weak elimination of imaginaries
by the weaker assumption of primitivity of the action but it is claimed in [JT, Ex-
ample 5.1.3] that this is not possible. However, the example contains a mistake
(cf. Remark 4.12) and primitivity is indeed sufficient, as follows from the theorem
below. Finally, the assumption of the action being oligomorphic is essential for
the methods of [JT] because a classification of the unitary representations is not
available for non-Roelcke precompact groups, but here we present a different
proof based entirely on probability theory that dispenses with this assumption.
The price we have to pay is an additional uniformity requirement in either of the
no algebraicity or the primitivity hypothesis. The precise definitions are given in
Section 4.

Theorem 1.2. Let G < Sym(M) be a primitive permutation group with no algebraicity
such that at least one of the following two conditions holds:

(i) G ~ M has uniform non-algebraicity; or
(ii) Ewvery stabilizer G, is a boundedly maximal subgroup of G.

(If G is Roelcke precompact, then both conditions hold automatically under the other
hypotheses.)
Then any G-invariant, ergodic measure on [0,1)M is a product measure.

Condition (ii) above is satisfied, for example, if the action G ~ M? has finitely
many orbits but also in many other situations. This condition has been considered
in the pseudo-finite case in [LMT]. Both conditions (i) and (ii) are remnants of
compactness and are automatically satisfied if G is Roelcke precompact. Condition
(i) is also satisfied, for example, if M is a homogeneous structure whose age
is given by a first-order universal theory (or, equivalently, a collection of finite
forbidden configurations) and G = Aut(M). An important class of examples
where the hypotheses are not satisfied but the conclusion still holds is the rational
Urysohn space and some generalizations of it. In a very recent preprint [B]]],
Barritault, Jahel, and Joseph manage to classify all unitary representations of its
isometry group and deduce, in particular, a version of Theorem 1.2.

Jahel and Perruchaud [JP] have constructed an example of a primitive action
G ~ M with no algebraicity, and an invariant measure on RM based on a Gaussian
random process, where the conclusion of the theorem does not hold, so the
uniformity conditions cannot be omitted. Finally, we note that the transitivity
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assumption is not essential; see Theorem 4.10 for the precise general statement of
the theorem.

The proof of Theorem 1.2 is based on a simple, general result that we believe to
be of independent interest (cf. Corollary 4.5 and Remark 4.8).

Theorem 1.3. Let G < Sym(M) be a permutation group such that for every a € M, the
orbits of G, on M\ {a} are infinite. Let (§, : a € M) be random variables whose joint
distribution is G-invariant. Then they are conditionally independent over the tail o-field.

Acknowledgments. I would like to thank Tomads Ibarlucfa and Yuri Neretin for
bringing to my attention Nessonov’s article [N2], which inspired Theorem 1.1. I
am also grateful to Rémi Barritault, Colin Jahel, and Matthieu Joseph for useful
remarks on a preliminary version of the paper and to the anonymous referee for
useful suggestions.

2. LOCALLY OLIGOMORPHIC PERMUTATION GROUPS

2.1. The lattice of algebraically closed sets. Let G be a non-archimedean, Roelcke
precompact, Polish group. All continuous actions of G on a discrete set N are locally
oligomorphic: i.e., for every n and every orbit G - a, there are only finitely many
orbits of the diagonal action G ~ (G - a)" [T, Theorem 2.4]. Equivalently, for any
tuple a from N, every G-orbit splits into finitely many G; orbits (here G; denotes
the stabilizer of the tuple ). It follows that if G acts locally oligomorphically on
N, then so does any of its open subgroups. The theory of locally oligomorphic
permutation groups is parallel to the one of Ny-categorical structures in model
theory, with the additional subtlety that one must allow infinitely many sorts.
Some of the theory was developed using permutation group theoretic language in
[ET]. In this section, we prove a well-foundedness result for a certain partial order
that will be crucial for the proof of Theorem 1.1.

Let G be Polish, Roelcke precompact and let G ~ M be a continuous action on
the countable set M. If D C M, we denote by Gp the setwise stabilizer of D

Gp:={ge€G:g-D =D},
and by G(p) the pointwise stabilizer:
Gpy={g€G:g-a=aforalla € D}.

Borrowing some terminology from model theory, we will say that a set D C M is
definable if Gp is open. Note that every finite set is definable.

We denote by Fin(M) the collection of finite subsets of M. If A € Fin(M), we
define the algebraic closure of A by:

aclA = {b € M: Gy -bis finite}.

A subset D C M is algebraically closed if acl A C D for every finite A C D. A subset
D C M is locally finite if it intersects each G-orbit in a finite set.

Lemma 2.1. Let A C M be finite. Then acl A is definable, algebraically closed, and
locally finite.

Proof. We have that G4 < G, 4, 50 Gaq 4 is open and acl A is definable. To see
that acl A is algebraically closed, let B C acl A be finite and let ¢ € acl B. Then
Gg - ¢ is finite, so (G4 N Gp) - ¢ is also finite. On the other hand, G4 - B is finite,
so G4 N Gp has finite index in G4, and therefore G4 - ¢ is also finite. Finally, local
finiteness follows from the fact that the action G4 ~ G - ¢ has only finitely many
orbits for any ¢ € M, and thus the union of the finite orbits is finite. 0
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For the next lemma, recall that two subgroups of G are commensurate if their
intersection has finite index in both. If H < G, the commensurator of H in G,
denoted by Commg(H), is the subgroup of all g € G such that H and gHg ™!
are commensurate. We also denote by Ng(H) the normalizer of H in G. The
subgroup H is called self-commensurating if Commg(H) = H and self-normalizing
if Ng(H) = H.

Lemma 2.2. Let D C M be definable, algebraically closed, and locally finite. Then the
following hold:

(i) There exists a finite A C D such that G4 = Gp and D = acl A.
(ii) For every g € G, if §Gpg~! N Gp has finite index in Gp, then g € Gp.
(iii) In particular, Gp is self-commensurating and, therefore, self-normalizing.

Proof. (i) Write H = Gp. Let Sy, Sy, ... be an enumeration of the orbits of G
on M. Let A; = Uj<;S;ND. As D is locally finite, each A; is finite. Moreover,
Gay 2 G, 2 -+ and N; G4, = H. As H is open, by Roelcke precompactness, each
G, contains only finitely many H-double cosets, so there is i such that G4, = H.
Let A = A;. We check that acl A = D. The C inclusion follows from the fact that
D is algebraically closed. For the other,ifa € D, then Gy-a=H-a C DNG-gq,
which is finite by the local finiteness of D.

(ii) If gGAg_1 N G4 has finite index in G4, then G4g - A is finite. Thus g- A C
acl A = D, which implies that g- A C A. As A is finite, this means that g- A = A
and thus g € G4 = Gp.

(iii) This follows directly from (ii). O

Lemma 2.3. Let D C M be definable, algebraically closed, and locally finite and let
H = G(D) Then:

(i) Every infinite Gp-orbit in Fin(M) splits into infinite H-orbits;

(ii) Every G-orbit in Fin(M) splits into finitely many H-orbits.

Proof. (i) This follows from [ET, Lemma 2.4], noting that for K < G and A €
Fin(M), the orbit K - A is infinite iff there exists a € A with K - 4 infinite.

(ii) Note that H <t Gp and that Gp/H acts faithfully on D with finite orbits.
It follows from [ET, Lemma 2.9] that the action Gp/H ~ D is topologically
faithful, so Gp/H is a profinite group. As every G-orbit splits into finitely many
Gp-orbits by Roelcke precompactness, it suffices to show that every Gp-orbit
splits into finitely many H-orbits. Let A € Fin(M) and F C Gp be finite such
that Gp = HF(G4 N Gp). Then F - A is a set of representatives for all H-orbits in
Gp - A. O

Consider the quasi-order < on Fin(M) defined by:
(2.1) A<B < ACacB <= aclA CaclB < Gg- A is finite.

The second equivalence follows from Lemma 2.1.
This quasi-order gives rise to the equivalence relation ~ on Fin(M) defined by:

A~B << A<Band B< A <= aclA = aclB.

At the level of stabilizers, A < B iff G4 N Gp has finite index in Gg, and A ~ B iff
G4 and Gg are commensurate. It follows from (2.1) that for all A, B € Fin(M),

(2.2) ACB — A <B.

For A € Fin(M), we denote by [A] the ~-equivalence class of A. If A, B € Fin(M),
we write A < Bif A < Band A ~ B.
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Theorem 2.4. Let G be a non-archimedean, Roelcke precompact, Polish group and let
G ~ M be a continuous action on a discrete, countable set. Let the quasi-order < be
defined as in (2.1). Then the following hold:

(i) The partial order (Fin(M)/~, <) is a lattice.

(ii) The relation < on Fin(M) is well-founded.

Proof. (i) Let A, B € Fin(M). The least upper bound [A] V [B] is given by [A U B].
That [A U B] is an upper bound follows from (2.2). If [C] > [A], [B], then AUB C
aclC, so acl(AUB) C aclC by Lemma 2.1.

For the greatest lower bound, let D = acl A Nacl B and note that D is alge-
braically closed and locally finite. It is also definable because G4 p) is a subgroup
of Gp. Use Lemma 2.2 to find a finite Dy C D with D = acl Dy and Gp = Gp,.
We show that [Dg] = [A] A [B]. It is clear that [Dy] < [A], [B]. If C € Fin(M) is
such that C < A, B, then C C aclANaclB, so aclC C acl ANaclB = acl Dy, and
it follows that C < Dy.

(ii) Suppose, towards a contradiction, that there exist Ao, Ay, ... € Fin(M) with
Ag > Ay > ---. Let D; = acl A; and note that D; 2 D;yy and A; C D; foralli > j.
Let Hi = G(Di)’ so that HO < H1 <l

We prove that for every i, the inclusion H; - Ay C H;i1- Ag is proper. By
assumption, Gg,,, - A; is infinite, so H;,1 - A; is also infinite by Lemma 2.3 (i). On
the other hand, A; C acl Ay, so Gy, - A; is finite. Hence there exists ¢ € H; 1 with
gl A ¢ Ga, - Ai. We will show that ¢ - Ag € H; - Ag. Suppose, to the contrary,
that there is 1 € H; with h- Ag = g+ Ag. Theng~'h € G4 and g7 1h-A; = g1 A;,
contradicting the fact that g_l “Ai & Gy, - Aj

We obtained that Hy - Ag C H;-Ap C --- is an infinite strictly increasing
sequence of Hy-invariant subsets of G - Ap, which contradicts Lemma 2.3 (ii). [

2.2. The universal action and unitary representations. Let G be a Roelcke pre-
compact, non-archimedean, Polish group. Among all actions of G on a countable
set, there is a universal one that can be constructed as follows. Let (V; : i € I) be
a collection of representatives for the equivalence relation of conjugacy on open
subgroups of G. Note that the set I is countable by [T, Corollary 2.5]. Let

u=||G/v

and equip it with the left translation action. Note that for any open V < G, there
exists a € U with V = G,. This implies, in particular, that the action G ~ U is
topologically faithful (see [ET, Lemma 1.9]). This action is universal in the sense
that every continuous, transitive action of G on a countable set embeds into it and
it is minimal with this property. If one wants to embed any continuous action of
G on a countable set, one has to take infinitely many copies of U.

If G is the automorphism group of an Ry-categorical structure M, then the set
U can be constructed model-theoretically essentially as the structure M®9.

The universal action has canonical representatives for the ~-equivalence classes
discussed in the previous subsection. Define s: Fin(U) — U by

s(A) = the unique a € U such that G, = G, 4-

Indeed, by Lemma 2.1 and Lemma 2.2, G, 4 is an open subgroup of G. Let V; be
the representative of its conjugacy class that appears in the definition of U and
let ¢ € G be such that ¢V;g™! = G,q4. Then one can take a = gV;. To verify
uniqueness, note that Gy, = gV; ¢~ L. By the construction of U, if Ggv; = Guy, then

Vi =Vjand h~1lg € Ng(V;). By Lemma 2.2, V; is self-normalizing, so hV; = gV;.
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It is easy to check that A ~ s(A) for all A € Fin(U) and that s is idempotent in
the sense that s({s(A)}) = s(A) for all A € Fin(M). Thus the set

A:={s(A): A eFin(W)},

which we also identify with a subset of Fin(U) by confounding a with {a}, is a
complete section for ~ and (A, <) = (Fin(U)/~, <).

We recall that a unitary representation of G is a continuous action on a complex
Hilbert space J{ by unitary isomorphisms. If G ~ M is any continuous action on
a countable set, we have a natural representation G ~ ¢2(M). The representation
G ~ 2(U) is universal in the following sense.

Fact 2.5 ([T, Theorem 4.2], [JT, Fact 3.1]). Let G be a Roelcke precompact, non-
archimedean, Polish group, and let G ~ U be its universal action. Then every unitary
representation of G is isomorphic to a subrepresentation of a direct sum of copies of £2(U).

Let now G n~ H be a unitary representation of G. For a € A, we denote
Ha={& € H: G, is finite}.

It is clear that HH, is a closed subspace of H and that H, C H; fora < b.
If 31, Hy, Hs3 are closed subspaces of a Hilbert space H with H, C H; N Hs, we
write

H L K
13{2 3

if the orthogonal complements of H, in H; and in H3 are orthogonal. If p1, p2, p3
denote the orthogonal projections on Hj, My, H3, respectively, this is equivalent to

psp1 = p2p1-
The next proposition is similar to [JT, Proposition 3.2]; see also [BIT].

Proposition 2.6. Let G be a non-archimedean, Roelcke precompact, Polish group and let
G ~ U be the universal action of G. Let G " H be a unitary representation. Then, for
alla,b € A,

2. H, L 3.
(2.3) uﬂ'f,mb b

Proof. First we check the condition for H = ¢2(U). The main observation is that
Ho = {f € 2(U) : supp f C acla}.

Notice that the subspace on the right-hand side is closed. To see the C inclusion,
let f € 3, be such that G, - f is finite. Then there is an open finite-index subgroup
V < G, which fixes f. If we suppose that there is b € M \ acla such that f(b) # 0,
we have that f is constant on V - b, which is infinite, and this contradicts the fact that
fe fz(U). Conversely, write acla = |J; A;, where each A; is finite, G,-invariant,
and A; C A;j;1. Then for each f with supp f C acla, we have that fx4, — f and
Ga - (fxa,) is finite for each i. Now, recalling that acl(a A b) = acla Naclb, the
conclusion is clear for H = ¢?(U).

From Fact 2.5, we have that 77 is a subrepresentation of a direct sum of copies of
£2(U). If X and I are two representations and a € A, then (H ® KX), = H, ® K,, so
it is clear that (2.3) passes to direct sums. To see that it passes to subrepresentations,
denote by P! the projection onto K, and observe that (2.3) can be equivalently
written as P PJt = P¥, PX. Let now X C H be a subrepresentation and suppose
that (2.3) holds for H. Then H, = K, & in-, and similarly for b and a A b. Then
we have, for any ¢ € X,

P RG = B By“C = P, Pi°E = Po, Pie. 0

a
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We conclude this section with a variant of a well-known lemma. First, we have
the following (see, e.g., [T, Lemma 3.1]).

Lemma 2.7. Let G be a non-archimedean group and let G ~ H be a unitary representa-
tion. Let (V; : i € I) be a basis of open subgroups at 1. Then the set

{eH:FielV,-E=¢}
is dense in H.

Corollary 2.8. Let G be a Roelcke precompact, non-archimedean, Polish group, and let
G ~ 3 be a unitary representation. Let the set A and the subspaces H, for a € A be
defined as above. Then \J,c 4 Ha is dense in 3.

Proof. Let ¢ € J( be arbitrary and let € > 0. Recalling that every open subgroup
of G is the stabilizer of some point in U, by Lemma 2.7, there exists ¢y € H and
b € U such that Gy, - &y = &y and ||& — &o|| < €. Let a € A be such that acla = aclb.
Then G, N Gy, has finite index in Gy, so G, - §g is finite and ¢y € H,. O

3. NON-SINGULAR ACTIONS OF ROELCKE PRECOMPACT, NON-ARCHIMEDEAN GROUPS

3.1. Non-singular actions. Let (Q), B, i) be a o-finite measure space and let N =
{B € B : u(B) = 0} be its null ideal. The measure algebra MALG () is the quotient
Boolean algebra B/N. We denote by Aut” () the group of automorphisms of the
Boolean algebra MALG(u). Another way to view Aut”(u) is as the group of all
bi-measurable bijections g of () which preserve the null ideal (or, equivalently,
such that g,y is equivalent to y), where two such bijections are identified if they
are equal on a co-null set. The * in the notation Aut*(u) is there to distinguish it
from its subgroup Aut(yu) consisting of the transformations which also preserve
the measure y. Note that Aut®(y) only depends on the measure class of y; in
particular, we can always replace y by a probability measure.

Aut* (i) embeds into the unitary group U(L?(Q)) via its Koopman representation:

6 (N = (B Fwse 0, forg e Aur oS e 1),

where dg;j " denotes the Radon-Nikodym derivative. The Hilbert space L?(Q)) is
also endowed with the structure of a (complex) Banach lattice, where the positive
elements are the positive functions and the elements of the image of the embedding
of Aut*(u) are precisely the elements of U(L?(Q)) preserving the order. Thus the
image of Aut*(u) in U(L?(Q)) is closed and we equip Aut*(u) with the group
topology coming from this embedding.

If f € L2(Q)), we denote by supp f € MALG(u) the support of f, which is the
set of x € Q) such that f(x) # 0. Note that if f1, fo € L>(Q) are positive, then

fi L fo <= supp fiNsupp fr = D.

Definition 3.1. Let G be a topological group. A non-singular action of G on the
o-finite measure space (Q), B, i) is a continuous homomorphism G — Aut*(u).
The action is called ergodic if it has no fixed points in MALG() apart from 0 and
1. The action preserves the measure p (as opposed to just the measure class) if the
image of the homomorphism is in the subgroup Aut(y), i.e., u(g-E) = u(E) for
all E € MALG(p).

Remark 3.2. An action on MALG(u) as above is often called in the literature a
Boolean action. It is clear that any pointwise Borel action of G on () such that
sy ~ u for all g € G gives rise to a Boolean action. The converse, for pmp
actions and non-archimedean Polish groups, is also true, as shown by Glasner and
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Weiss in [GW, Theorem 2.3]. Theorem 3.4 below implies that the same holds for
non-singular actions of Roelcke precompact, non-archimedean, Polish groups.

The following lemma gives a simple criterion for a non-singular action to
actually preserve a measure.

Lemma 3.3. Let G ~ (Q, B, u) be a non-singular action. Then the following are
equivalent:

(i) The action G ~ L?(Q) has a non-zero fixed vector;
(ii) There is a probability measure v < u, which is G-invariant.

Proof. (i) = (ii). Suppose that fy € L2(Q) with || fo|| = 1 is fixed. Then |fy| is
also fixed and positive of norm 1. Let v be the probability measure defined by
d—;: = |fo|?. Then, for every ¢ € G, using the equation (3.1), we have

dv\1/2 B dg*y 1/2 dg*y 1/2 B dg*y 1/2
(dilu) _( du ) (dg*‘u) _< du ) ’
showing that v is invariant.

(i) = (i). We will check that (9%

i)
(5 () )00 = (50 " ) "t
"

1/2 . .
/ € L2 ) is invariant. Indeed,

(45 ()
- (258 " ) "= (50) "0

If G % (Qy,Bi, pi), i € Iis a countable family of non-singular actions, one can
form the disjoint union action on | |; (); with measure }; y; defined by:

g Ai=]g A
i i
Note that this action is never ergodic unless possibly if |I| = 1.

3.2. Induced actions. In this subsection, we recall the standard construction of
induction. Let G be a topological group and let V < G be an open subgroup of
countable index. We denote by ¢ the counting measure on G/ V. If V. A7 (Q, B, )
is a non-singular action, we can construct an action of G on (G/ VxQ,P(G/ V) ®
B,¢ @) as follows. Lets: G/V — G be a section for the quotient map G — G/V,
i.e., a map such thats(gV) € gV for all g € G. Define the cocyclec: G x G/V — V
by

(3-2) c(8,hV) = s(ghV)~'gs(hV)
and note that it satisfies the cocycle identity:
c(£182,hV) = c(g1,82hV)c(ga, hV)  for g1,82,h € G.
Then one can define the induced action Ind$ () of G on MALG(Z ® ) by
g-({hV} x A) ={ghV} xo(c(g,hV))-A forghe G, Aec MALG(u).

The action does not depend on the choice of the section s (up to conjugacy). Note
that if ¢ preserves the measure , then Ind$} (') preserves the measure & ® y. Also,
if o is ergodic, then so is Ind$ (¢).



10 TODOR TSANKOV

3.3. A classification theorem for non-singular actions.

Theorem 3.4. Let G be a Roelcke precompact, non-archimedean, Polish group and
let G ~ (Q,B,u) be a non-singular action. Then there exist countably many self-
commensurating, open subgroups (V; : i € I) of G and measure-preserving actions
Vi % (Q, B, i), with each y; a probability measure, such that the original action
G ~ Q) is isomorphic to the disjoint union

(33) |_| Ind‘G,l_ ().

In particular, every non-singular action of G is isomorphic to a measure-preserving action

(with a possibly infinite measure) and every ergodic such action is of the form Ind$ (a),
where V and « are as above.

Proof. First, we show that there is a non-null G-invariant set E € MALG(y) such
that the action of G on E is isomorphic to Ind$(a) as above. Let H = L2(Q), )
and consider the Koopman representation x of G on 3 given by (3.1). Let (A, <)
and the subspaces H{, for a € A be defined as in Subsection 2.2. By Corollary 2.8,
Usca Ha is dense in J, so there exists a with 3, # 0. By Theorem 2.4, there is a
<-minimal element a2 € A with 3, # 0.

Let fo € 3, be non-zero with G, - fo = {fo,..., fu} finite. Then f, := Y |f]|
is a Gy-invariant positive element of H, and, after normalizing, it gives rise to a
Gg-invariant probability measure v, < y as in Lemma 3.3. Let E = supp v, and
note that E is Gg-invariant. Let T be a set of representatives of the cosets in G/ G,
with 15 € T. We will show that for t; #t, € T, t1 - ENty - E = @. It suffices to see
that for t # 15, t- EN E = @. By Proposition 2.6, H, J_g-(a/\m Ht.a. We also have
thatt~1-a ¢ acla by Lemma 2.2, s0 a A t-a < a and by the choice of a, Haat.a = 0.

Now (%1;?)1/2 = fao € H, and (d(éi';:”))l/z =t fs € Hp.q. This shows that the two
Radon-Nikodym derivatives are orthogonal, so the measures v, and ¢ - v, have
disjoint supports, i.e.,, ENt- E = @, as desired.

Denote the probability measure-preserving action of G, on (E,v;) by a. We
will see that the actions Indga (o) and G ~ | ser t - E are isomorphic. In order to
make the isomorphism more transparent, we choose the section s: G/G, — G
appearing in the definition of the cocycle (3.2) to have image T, i.e,

s(gGy) =t < t € T and tG, = gGq.
Now define a map

®: MALG(Indg (x)) — MALG(| |t E, Y t-v,)
teT t

by
®({tG,} x D) =t-D forte T,D € MALG(E, v,).

It is straightforward to check that ® is an isomorphism.

To conclude with the proof of the theorem, we apply Zorn’s lemma. Let D be
the collection of all elements of MALG(p) which are G-invariant and such that the
restriction of the action of G to them is of the form (3.3), and order it by inclusion.
If ¢ C D is a chain, we can always find a cofinal set ¢’ C €, which is countable,
because (€, C) is isomorphic to ({u(C) : C € €}, <) C (R, <). It is clear that
U €’ is an upper bound for €. Let D be a maximal element of D. If D # ), we
can apply what we already proved to the action of G on )\ D and contradict its
maximality. 0
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4. A GENERALIZATION OF DE FINETTI'S THEOREM

In this section, we prove a classification result for some specific pmp actions of
permutation groups, inspired by de Finetti’s theorem. We let G < Sym(M) be a
permutation group with M countable. We equip G with the topology inherited
from Sym(M), so that G becomes a non-archimedean group, and consider pmp
actions of G continuous for this topology. (We call a pmp action G ~ (Z, )
continuous if the corresponding morphism G — Aut(y) is continuous.) One loses
nothing if one requires in addition that G is a closed subgroup of Sym(M): every
continuous action of G extends to its closure in Sym(M). Moreover if G is closed
(i-e., Polish), then every Borel pmp action G ~ (Z, u) on a standard probability
space gives rise to a continuous homomorphism G — Aut(y). Our main goal is
to classify, under suitable assumptions on G, the G-invariant Borel probability
measures on the space Q := [0, 1]M under the shift action

1

(¢-w)a)=w(g " -a), weaeM.

It will be helpful to adopt a probabilistic viewpoint. For each 2 € M, we consider
the projection &,: QO — [0,1], s(w) = w(a) as a random variable and the problem
becomes to classify all possible G-invariant distributions y of the variables (&, : a €
M). A o-field of events corresponds simply to a closed subalgebra of MALG(p).
If § € MALG(p) is a o-field, we denote by Eg the conditional expectation relative
to G. We let L?(G) be the closed subspace of L?(Q)) consisting of G-measurable
functions and recall that Eg restricted to L?(Q) is the orthogonal projection on
L%(G). If A is a collection of events or random variables, we denote by (A) the
o-field generated by A.

The tail o-field is a classical object in the study of random processes; here
we will define a dynamical variant of it that exists in any pmp G-system for a
permutation group G.

Definition 4.1. Let G < Sym(M) be a permutation group and let G ~ (Z, i) be a
continuous pmp action. For a finite A C M, we denote

F4:={E € MALG(n):g-E=Eforall g € Gy}
If a € M, we write F, instead of F {a}- If D € M is an arbitrary subset, we let

Fp = |J{Fa: A C D finite}.
We define the invariant o-field as
J:=9p={E€MALG(u):g-E=Eforall g € G}.
The action G ~ (Z, u) is ergodic if § is trivial. Finally, we define the dynamical tail
o-field as
T:=({Fma: A C M finite}.
We note that Fc C Fp forall C,D C M, g-Fp = Fep,and ¢-T =T for all
g € G. It follows from Lemma 2.7 that
(4.1) Fm = MALG(p).
The following permutation group lemma is well-known. See, for example,
[H, Lemma 4.2.1] for a proof.
Lemma 4.2 (Neumann). Let G < Sym(M) be a permutation group. Then the following
are equivalent:

o The orbits of G are infinite;
e For all finite A, B C M there exists g € G with g- ANB = Q.
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Proposition 4.3. Suppose that the action G ~ M has infinite orbits. Then J C 7.

Proof. Let E € J. It follows from (4.1) that there exists a finite set A C M and a F4-
measurable event E’ with y(EAE’) < e. If B C M is any finite set, by Lemma 4.2,
there is g € G with g¢- AN B = @. By invariance of E, this implies that for any B,
there is an J);, g-measurable event E” (namely, E"” = g - E’) with y(EAE") < e.
Taking limits as B exhausts M and € — 0, we obtain that E € 7. O

If Gq,5y, 93 are three o-fields, we write G; 1L g, 93 to denote that §; and 33
are conditionally independent over G,. We refer to [K] for the basic properties of
conditional independence.

Proposition 4.4. Let G < Sym(M) be a permutation group and let A C G be such that
the orbits of the action G4y ~ M\ A are infinite. Let G ~ (Z, ) be any continuous

pmp action. Then T4 L5 Fana-

Proof. Let M = U, Sn with S, finite and increasing and let §, = Jj\s,. Then
502G 2---and N, 5, = TJ. Let B C M\ A be finite. Using Lemma 4.2, for
each n, find g, € G(A) such that g, - BN'S;, = @, so that, in particular, ¥, .p C Gy.
Let now ¢ be any bounded J4-measurable random variable. Note that ¢ = ¢
forall g € G(4).

Let € > 0. By reverse martingale convergence [D, Theorem 5.6.3], we have
Eg, ¢ — Eg ¢ in L2 let n be such that ||Eg, ¢ — ||[Es¢&|| < € (here ||| is the
L?-norm). We have:

[Egvay Ell = 1Eg,-avar,, 5 & - Ell
= ||E‘J‘\/3"gn.3 gl
< [Bgys » ]
= ||Eg, ¢l < [Eg ¢l +e.

As this is true for all €, we obtain that ||[Egyg, {|| = [|Eg ¢||, whence Eqy g, ¢ =
Eg ¢, showing that ¥4 and Fp are independent over T [K, Proposition 5.6]. U

Corollary 4.5. Let G < Sym(M) be a permutation group such that for every a € M, the
orbits of G, on M\ {a} are infinite. Let G ~ (Z, u) be a continuous pmp action. Then
the o-fields &, are conditionally independent over 7.

Proof. To prove the conclusion, it suffices to check that for every a € M and finite
B C M with a ¢ B, J, 1Ly Jp. This follows from Proposition 4.4 applied with
A ={a}. O

Proposition 4.6. Let G < Sym(M) and G ~ (Z, ) satisfy the assumptions of Corol-
lary 4.5. Then:
TN\ F.=\ TnF.
acM acM
Proof. Let § =\, F,. Letay,...,a, be distinct elements of M and let, for each i, ¢;
be a bounded J;,-measurable random variable. Then, by Corollary 4.5,

(4-2) Es g1 8n=(ExG1) - (Egén)-

For every ¢ € Gy, we have that ¢ - Ey §; = E¢.5¢- 8 = Eg{;, 50 Egg; € . In
particular, Eg ¢; - - - §; is §-measurable, so also TN §-measurable. As Eqng Eq =
Egng, this implies that Eq ¢y ¢y = EgngCp- - Gn. Linear combinations of
variables of the form ¢ - - - {, generate a dense subspace of L%(G),s0 Ex & - -+ &
generate a dense subspace of L?(T N G). However, by (4.2), each of them belongs
to V, TN JF, and we are done. 0
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For the rest of the section, we will specialize to the action G ~ ([0,1]M, ),
where y is an arbitrary invariant probability measure. We recall that ¢, denotes the
projection on the coordinate a. In particular, MALG(y) = (§a : a € M) =/, F,.
In this setting, we also have the usual tail o-field.

Definition 4.7. Let (¢, : a € M) be a collection of random variables. Then the tail
o-field is
To=({(G:a e M\ A): AC M finite}.

Remark 4.8. We note that Proposition 4.4 and Corollary 4.5 remain true if one
replaces T with TJj. In the proofs, one simply needs to replace the o-fields 4 (for
A C M) by F/, defined by

Fy=(Ca:a € A).

In fact, under a somewhat stronger hypothesis on the action G ~ M, the two
tail o-fields coincide. We recall that G ~ M has no algebraicity if for every finite
A C M, the action G(4) ~ M \ A has infinite orbits.

Proposition 4.9. Suppose that the action G ~ M has no algebraicity. Then T = T.

Proof. As ¢, is F,-measurable for every a € M, the inclusion Ty C T is clear. For
the converse, let E € T, let C C M be finite, and let € > 0. There exists a finite
AC Mand E' € (¢ :a € A) with y(EAE’) < e. As E € T, there also exists a
finite B C M with BN A = @ and E” € Fp such that u(EAE") < e. Using the no
algebraicity assumption and Lemma 4.2, let ¢ € Gp) be such that g- ANC = @.

Then g-E' € (¢;:a € M\ C) and
WEAg-E') < p(EAE") + u(E"Ag - E')
<e+u(E"AE") < 3e.
As C and € were arbitrary, this shows that E € 7). O

In order to motivate the next definition, we recall some terminology and facts
from model theory. For a permutation group G < Sym(M), we will say that
two finite tuples a,b € M" have the same type (notation: tpa = tpb) if they are
in the same G-orbit for the diagonal action G ~ M". Two countable tuples a, b
have the same type if for all n € N, tp(a|,) = tp(bl,). It is easy to see that having
no algebraicity is equivalent to the following condition: for every n € N, every
b € M", and a € M not from b, there exists a’ # a such that tp(ba) = tp(ba’).
We will need the following uniform version for infinite tuples. Say that M has
uniform non-algebraicity if for all (possibly infinite) tuples b from M and a € M not
from b, there exist b’,a’,a” such that a’ # 4" and tp(b'a’) = tp(b'a”) = tp(ba). We
note that uniform non-algebraicity implies non-algebraicity. The converse holds
in the presence of compactness (for example, if G ~ M is oligomorphic or, more
generally, if M is a homogeneous structure whose age is given by a first-order
universal theory and G is its automorphism group).

Recall that a permutation group G < Sym(M) is called transitive if there is
only one orbit and a transitive permutation group is called primitive if there are
no non-trivial G-invariant partitions of M. A transitive action is primitive iff the
stabilizer G, is a maximal subgroup of G for every (some) a € M. We will say
that G, is boundedly maximal if there is d € N such that for every g ¢ G,, every
element of G can be written as a word of length at most d in g, ¢!, and elements
of G,. This is automatic for primitive actions if there are only finitely many orbits
of G on M? but can also happen in other situations. For a classification in the
pseudo-finite case, see [LMT].
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Theorem 4.10. Let G < Sym(M) be a permutation group with no algebraicity such that
for every a € M, the stabilizer G, is a maximal subgroup of M (i.e., the action on every
orbit is primitive). Suppose, moreover, that at least one of the following conditions holds:

(i) G ~ M has uniform non-algebraicity; or
(ii) for any a € M, G, is boundedly maximal.

Let G ~ Q) := [0,1]M be the shift action and let y be an invariant probability measure.
Then T = {. In particular, the projections ¢, are conditionally independent over J and if
the action is ergodic, the measure y is a product measure.

Proof. The inclusion J C T follows from Proposition 4.3.

For the other inclusion, by Proposition 4.6, it suffices to show that for every
ae M F,NTCJ. Let E€ F,NT. As E € T, for every n, there exists a finite
B, € Mwitha ¢ B, and E, € Fp, such that u(EAE,) < 1/n.

Suppose now that (i) holds and let the tuple b enumerate the set |, B,. By
uniform non-algebraicity, there exist b’ and a’ # a” with tp(ba) = tp(b'a’) =
tp(b'a”). Let g € G be such that g-a = a’ and let E' = g - E. In particular, E' € F,.
Let B;, C B’ be such that there is h, € G satisfying hy, - B, = B, and h,, -a = a'.
This implies that h, - E = E'. Let E}, = hy, - E,, so that we have u(E,AE") < 1/n
and E}, € Fp,. Let gn € G(p,) be such that g, -a’ =a",so0that g, - E' € F,n. We
have:

i(gn E'AE") < p(gn - E'AE,) + u(E,AE") <2/n.
Taking limits as n — oo, we obtain that E' € J,». Thus E’ is fixed by both G,
and G,». As the orbit G, - a” is infinite, we must have that (G,, G,#) 2 G, so by
maximality of G, E' is fixed by G. Therefore, sois E = g~1 - E’.

Suppose now that (ii) holds and let d be such that for every i ¢ G,, every
element of G can be written as a word of length at most d in h, h~1 and elements
of Gy. Let € > 0 and let n > (4d%)/€?. By the no algebraicity assumption, there
ishe€ G, ¢ Ga Let E' = h-E, so that u(EAE’) < 2/n. Let ¢ = 1¢ and note
that

4-3) G —n-gl =1 —h~"-&| = p(EAE")? < e/d.

Let g € G be arbitrary. By assumption, there exist g1,...,97 € Gsand €1,...,€;4 €
{+£1} such that ¢ = h€1g; - - - hédg,. Notice that for every ¢’ € L2(Q)) and any g;,

1G—¢'lI=1¢—gi- &'l
and for any €;, using (4.3),
1§ —he- &' < |he- &=k -+ [[h - ¢ =Gl < (| = &'l +e/d.

So, by induction, ||§ — g - {|| < € and this holds for all § € G. Let # be the unique

element of minimal norm in the closed convex hull of G - {. Then || —7|| < € and

1 is G-invariant. As € was arbitrary, we conclude that ¢ is fixed by G, so E € J.
Finally, the last claim follows from Corollary 4.5. O

Corollary g.11. Suppose that G < Sym(M) is a primitive, oligomorphic permutation
group with no algebraicity. Let G ~ [0, 1]M be the shift action. Then any G-invariant,
ergodic measure on [0,1]M is of the form A®M, where A is a probability measure on [0, 1].

Proof. If the permutation group G < Sym(M) is oligomorphic, it satisfies both
conditions (i) and (ii) of Theorem 4.10. Indeed, (i) follows from the no algebraicity
assumption and the compactness theorem for first-order logic (by considering M
as an Np-categorical structure) and (ii) follows from primitivity and the fact that
each G, has only finitely many double cosets in G. 0
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Remark 4.12. Corollary 4.11 is a strengthening of [JT, Theorem 1.1] because instead
of weak elimination of imaginaries, one requires just primitivity of the action. It
is claimed in [JT, Example 5.1.3] that primitivity is not sufficient. However, the
example presented there is incorrect because it does have algebraicity. To see
this, observe that, in the notation of [JT, Example 5.1.3], for any c¢,d € 51, we
have that |[R(c) N R(d)| < 1. Indeed, if a,b € R(c) " R(d), then ¢,d € R(a) N R(b),
contradicting the condition in the age. In fact, by the extension property of Fraissé
limits, |[R(c) N R(d)| = 1 for all ¢,d € S;. This means that the algebraic closure
in Sy is non-trivial: take ay, by, ap, by with R(a;) N R(b;) = {¢;} with ¢; # c3. Then
R(c1) NR(cp) is a singleton, which is in the algebraic closure of a1, by, a5, b,.

We end the paper with several examples of non-oligomorphic groups where
Theorem 4.10 applies. All of the examples are constructed as appropriate Fraissé
limits.

Example 4.13. Let Uz be the integer Urysohn space, i.e., the Fraissé limit of all
finite metric spaces with integer-valued metric. It is well-known that this is an
amalgamation class and it is not difficult to check that the action Iso(Uz) ~ Uz
satisfies condition (i) and the other hypotheses of Theorem 4.10. However, it does
not satisfy condition (ii) (and it is not oligomorphic). Indeed, let a € Uz be any
point and let ¢ ¢ G,. Then any element of G which can be written as a word of
bounded length in elements of G, and g, ¢~! can move the point a only a bounded
distance from itself. Theorem 4.10 for Uz is not new—it was already proved in
[BJJ]—but this example is a good illustration for the type of situations where
condition (ii) fails.

Example 4.14. Let L = {R; : i € N} be a signature with infinitely many binary
relations. Let F7 be the Fraissé class of all finite £-structures such that all relations
are symmetric and for every pair of points, exactly one relation holds. Let M; be
its Fraissé limit. Then the action Aut(M;) ~ M is not oligomorphic (because it
has infinitely many orbits on pairs) and it satisfies both conditions (i) and (ii) of
Theorem 4.10.

Next consider the Fraissé class J, in the same signature where, in addition, one
forbids monochromatic triangles, i.e., configurations {R;(a,b),R;(b,c),R;i(c,a)}
for all i € N, and let M, denote the Fraissé limit. Then condition (ii) holds but
(i) fails. To see this, let a € M, and let b be an infinite tuple such that R;(a,b;)
for all i. Then it is impossible to have two distinct points 4’,a” which have the
type of a over a copy b’ of b: R;(a’,a”) must hold for some i and this will create a
monochromatic triangle {a’,a”,b’}.
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