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ABSTRACT

We are interested in the following null controllability problem for the heat equa-
tion in the positive half-line Ry = (0,00): given a number T' > 0, a function
uo € L?(R;) and an open set w C Ry, find a control function f such that the
solution u of

(1) U(t, 0) =0, te (OaT)a
U(O,JL‘):UO(SU), z€Ry,
satisfies
u(T,)=0.
Here, x., denotes the characteristic function of w.

Micu and Zuazua [?] proved that, within the class of solutions defined by trans-
position, there is no smooth compactly supported initial datum ug that might be
driven to zero in finite time if w is a bounded interval. This lack of null controlla-
bility comes from the fact that the controlled heat equation holds in an unbounded
domain, while control is localized on a bounded set, so that an unbounded region
is left without control. More recently, Cabanillas, De Menezes and Zuazua [?] gave
a positive result to the above problem when w is an unbounded interval of the form
(a, 00) with a > 0.

Then, it seems natural to ask if it possible to control the heat equation with
a control acting on an unbounded region w of finite measure, which would be the
”smallest” control region that one can hope to be efficient to obtain null controlla-
bility results. We will show that this is indeed the case discussing the results of [?]
for problem (??) in weighted spaces.
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