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What is quantum field theory? Renormalization

Quantum Field Theory

What is quantum field theory?

Is it putting together quantum mechanics and special relativity?

Is it functional integrals?

Is it Feynman diagrams?

Is it axioms (Wightman... C ? algebras...)?

Remark/statement/suggestion: quantum field theory has a soul which is
renormalization.
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Quantum Gravity

Is quantum gravity a quantum field theory?

Is it renormalizable (with space-time the emerging outcome of its RG
flow)?

Many approaches currently in competition: string theory, loop gravity,
noncommutative geometry...
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Enlarging Quantum Field Theory

To answer the second question we would like to develop a space-time
independent formulation of QFT.

Intermediate steps in this direction are QFT on curved backgrounds and
QFT on noncommutative backgrounds, or noncommutative field theory.

First renormalized NCQFT in 2004 by Grosse and Wulkenhaar.

Recent developments in collaboration with
J. Ben-Geloun, P. Bieliavsky, M. Disertori, R. Gurau, J. Magnen, A. Tanasa,
F. Vignes-Tourneret, R. Wulkenhaar.

NCQFT is a step towards understanding what is fundamental in QFT.
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Trees, Forests, Jungles...

At the core of quantum field theory and renormalization lies the
computation of connected quantities, hence trees and forests. In fact trees
and forests appear in almost endless ways in quantum field theory:

In the parametric representation of Feynman amplitudes
(Kirchoff-Symanzik polynomials)

In renormalization theory (Zimmermann’s forests, Gallavotti-Nicolo
trees, Connes-Kreimer Hopf algebra...)

In constructive field theory (cluster expansions, Mayer expansions,
Brydges-Kennedy-Abdesselam-R. forest formulas...)

In NCQFT they are also there but everything is different in a subtle
way.
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Quantum Field Theories as weighted species

A quantum field theory F should be the generating function for a certain
weighted species, in the sense of combinatorists. It should involve only a
few parameters: the space-time dimension, masses, coupling constants.
The weights are usually called amplitudes.

Some of these weights may be naively given by divergent integrals, and the
series defining the generating function itself might have zero radius of
convergence.

Renormalization theory adresses the first problem. → Constant moves
with scale.

Constructive field theory adresses the second problem. Species of
Graphs → Species of Trees.
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Renormalization

Renormalization in physics is a very general framework to study how a
system changes under change of the observation scale.

Mathematically it reshuffles the initial theory with divergent weights into an
infinite iteration of a certain ”renormalization group map” which involves
only convergent weights.

In combinatoric terms roughly speaking it writes F = lim GoGo...G , where
G corresponds to a single scale.

Single scale constructive theory reshuffles G itself. It relabels the ”large”
species of graphs in terms of the smaller species of trees. The result is
typically only defined at small couplings, where it is the Borel sum of the
initial divergent series.

Multiscale constructive theory tries to combine the two previous steps in a
consistent way, but...
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The snag

Even after the first two problems have been correctly tackled, the flow of
the composition map delivered by the renormalization group may after a
while wander out of the convergence (Borel) radius delivered by
constructive theory.

This phenomenon always occur (either at the ”infrared” or at the
”ultraviolet” end of the renormalization group) in field theory on ordinary
four dimensional space time (except possibly for extremely special models).
This is somewhat frustrating.

8
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Ordinary φ4
4

It is defined on R4 through its Schwinger functions which are the moments
of the formal functional measure:

dν =
1

Z
e−(λ/4!)

R
φ4−(m2/2)

R
φ2−(a/2)

R
(∂µφ∂µφ)Dφ, (2.1)

where

λ is the coupling constant, positive in order for the theory to be stable;

m is the mass, which fixes some scale;

a is called the ”wave function constant”, in general fixed to 1;

Z is the normalization, so that this measure is a probability measure;

Dφ is a formal product
∏

x∈Rd

dφ(x) of Lebesgue measures at each

point of R4.

9
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The ordinary φ4
4 propagator

An infinite product of Lebesgue measures is ill-defined. So it is better to
define first the Gaussian part of the measure

dµ(φ) =
1

Z0
e−(m2/2)

R
φ2−(a/2)

R
(∂µφ∂µφ)Dφ. (2.2)

where Z0 is again the normalization factor which makes (2.2) a probability
measure.

The covariance of dµ is called the (free) propagator

C (p) =
1

(2π)2

1

p2 + m2
, C (x , y) =

∫ ∞
0

dαe−αm2 e−|x−y |2/4α

α2
, (2.3)

where we recognize the heat kernel.

10
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Feynman Rules

The full interacting measure may now be written as the multiplication of
the Gaussian measure dµ(φ) by the interaction factor:

dν =
1

Z
e−(λ/4!)

R
φ4(x)dxdµ(φ) (2.4)

and the Schwinger functions are the normalized moments of this measure:

SN(z1, ..., zN) =

∫
φ(z1)...φ(zN)dν(φ). (2.5)

Expanding the exponential as a formal power series in the coupling constant
λ we get perturbative field theory:

SN(z1, ..., zN) =
1

Z

∞∑
n=0

(−λ)n

n!

∫ [∫ φ4(x)dx

4!

]n
φ(z1)...φ(zN)dµ(φ) (2.6)
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Feynman Rules
By Wick theorem, SN is a sum over “Wick contractions schemes”, i.e. ways
of pairing together 4n + N fields into 2n + N/2 pairs. There are exactly
(4n + N − 1)(4n + N − 3)...5.3.1 = (4n + N)!! such contraction schemes.
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Figure: A contraction scheme
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Feynman Rules

Each internal position x1, ..., xn is associated to a vertex of degree 4 and
each external position zi to a vertex of degree 1.
The Feynman amplitude is in position space

AG =

∫ n∏
v=1

ddxv

∏
`

C (x`, y`) (2.7)

There is an interesting combinatoric factor in front, which counts how
many ”Wick schemes” lead to that graph and multiplies by 1

n!(
−λ
4! )n.

Feynman amplitudes are functions (in fact distributions) of the external
positions z1, ..., zN . They may diverge either because of integration over all
of R4 or because of the singularity in the propagator C (x , y) at x = y .
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What is quantum field theory? Renormalization

A Recipe for Renormalization

In ordinary field theory renormalization relies on the combination of three
ingredients:

A scale decomposition

A locality principle

A power counting

The first two elements are quite universal. The third depends on the details
of the model.
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Scale decomposition

It is convenient to perform it using the parametric representation of the
propagator:

C =
∑
i∈N

C i , (2.8)

C i (x , y) =

∫ M−2(i+1)

M−2i

dαe−αm2 e−‖x−y‖2/4α

α2
(2.9)

6 KM2ie−cM i‖x−y‖ (2.10)

where M is a fixed integer.

Higher and higher values of the scale index i probe shorter and shorter
distances.

15



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Scale decomposition

It is convenient to perform it using the parametric representation of the
propagator:

C =
∑
i∈N

C i , (2.8)

C i (x , y) =

∫ M−2(i+1)

M−2i

dαe−αm2 e−‖x−y‖2/4α

α2
(2.9)

6 KM2ie−cM i‖x−y‖ (2.10)

where M is a fixed integer.

Higher and higher values of the scale index i probe shorter and shorter
distances.

15



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Scale decomposition

It is convenient to perform it using the parametric representation of the
propagator:

C =
∑
i∈N

C i , (2.8)

C i (x , y) =

∫ M−2(i+1)

M−2i

dαe−αm2 e−‖x−y‖2/4α

α2
(2.9)

6 KM2ie−cM i‖x−y‖ (2.10)

where M is a fixed integer.

Higher and higher values of the scale index i probe shorter and shorter
distances.

15



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Scale decomposition

It is convenient to perform it using the parametric representation of the
propagator:

C =
∑
i∈N

C i , (2.8)

C i (x , y) =

∫ M−2(i+1)

M−2i

dαe−αm2 e−‖x−y‖2/4α

α2
(2.9)

6 KM2ie−cM i‖x−y‖ (2.10)

where M is a fixed integer.

Higher and higher values of the scale index i probe shorter and shorter
distances.

15



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Scale attributions, high subgraphs

Decomposing the propagator means that for any graph we have to sum
over an independent scale index for each line of the graph.

At fixed scale attribution, some subgraphs play an essential role. They are
the connected subgraphs whose internal lines all have higher scale index
than all the external lines of the subgraph. Let’s call them the ”high”
subgraphs. They form a forest for the inclusion relation.

16



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Scale attributions, high subgraphs

Decomposing the propagator means that for any graph we have to sum
over an independent scale index for each line of the graph.

At fixed scale attribution, some subgraphs play an essential role. They are
the connected subgraphs whose internal lines all have higher scale index
than all the external lines of the subgraph. Let’s call them the ”high”
subgraphs. They form a forest for the inclusion relation.

16



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

What is quantum field theory? Renormalization

Locality principle

The locality principle is independent of the dimension: it simply remarks
that every ”high” subgraph looks more and more local as the gap between
the smallest internal and the largest external scale grows.

Let’s visualize an example
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Power counting

Power counting depends on the dimension d . The key question is whether
after spatial integration of the internal vertices of a high subgraph, save
one, the sum over the gap between the lowest internal and highest external
scale converges or diverges.

In four dimension by the previous estimates of a single scale propagator C ,
power counting delivers a factor M2i per line and M−4i per vertex
integration

∫
d4x . There are n − 1 ”internal” integrations to perform to

compare a high connected subgraph to a local vertex. For a connected φ4

graph, the net factor is 2l(G )− 4(n(G )− 1) = 4− N(G ) (because
4n = 2l + N). When this factor is strictly negative, the sum is
geometrically convergent, otherwise it diverges.

For instance the previous graph diverges (logarithmically) because there are
two line factors M2i and a single internal integration M−4i .

18
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Perturbative renormalisability of φ4
4

High subgraphs with N = 2 and 4 diverge when inserted into ordinary ones.

However this divergence can be absorbed into a change of the three
parameters (coupling constant, mass and wave function) which appeared in
the initial model.

This means physically that the parameters of the model do change with the
observation scale but not the structure of the model itself. This is a kind of
sophisticated self-similarity.

Such models are called (perturbatively) renormalizable. But...

19
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The unavoidable Landau ghost?

In the case of the φ4
4 theory the evolution of the coupling constant λ under

change of scale is mainly due to the first non trivial one-particle irreducible
graph we already saw.

It gives the flow equation

−λi−1 = −λi + β(−λi )
2,

dλi

di
= +β(λi )

2, (2.11)

whose sign cannot be changed without losing stability.This flow diverges in
a finite time! In the 60’s all known field theories sufferered from this
Landau ghost.
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Asymptotic Freedom

In fact field theory and renormalization made in the early 70’s a spectacular
comeback:

Weinberg and Salam unified the weak and electromagnetic interactions
into the formalism of Yang and Mills of non-Abelian gauge theories,
which are based on an internal non commutative symmetry.

’tHooft and Veltmann succeeded to show that these theories are still
renormalisable. They used a new technical tool calleddimensional
renormalization.

’t Hooft (1972, unpublished), Politzer, Gross and Wilczek (1973)
discovered that these theories did not suffer from the Landau ghost.
Gross and Wilczek then developed a theory of this type, QCD to
describe strong interactions (nuclear forces).

Around the same time K. Wilson enlarged considerably the realm of
renormalization, under the name of the renormalization group.

Happy end, all the people in red in this page got the Nobel prize...
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