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Scales in the universe

Physical phenomena occur over a wide range of scales from the Planck scale
`P =

√
~G/c3 ' 1.6 10−35 m to the radius of the observable universe, in practice

about 45 billion light-years, hence around 4.4 1026 m or better, 2.7 1061`P .

The universe therefore is made of roughly 61 powers of 10 or 140 powers of e.
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Terra Incognita

We have a fair knowledge of the 45 biggest scales of the universe.

But the fifteen to sixteen scales between `P and 2 10−19 meters (about 1 Tev), are
still terra incognita for physics.
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The “last” big collider?

This year, the Large Hadron Collider at Cern, Geneva should open up a new power
of 10 to direct observation.

After that treat no new spectacular advance of this type is planned on terra
incognita, hence we have some time to deepen our theoretical and mathematical
understanding.
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Noncommutative Geometry

Noncommutative geometry generalizes ordinary geometry.
In ordinary geometry the product of two functions is commutative: fg = gf .
In classical mechanics observables are functions on classical phase space and they
commute.

But in quantum mechanics conjugate coordinates x and p have a non trivial
commutator: [x , p] = i~, related to Heisenberg uncertainty relations.

This is a first physical example of noncommutative geometry.

Space-time itself could be of this type; for instance at a certain scale new
uncertainty relations could appear between length and width which would
generalize Heisenberg’s relations.
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The Moyal space R4
θ

One of the simplest example of a noncommutative geometry is the flat (Euclidean)
vector space R4 but with a constant commutator between coordinates, proportional
to a new kind of “Planck constant”, θ, which would be measured in square meters.

[xµ, xν ] = ıΘµν ,

where Θµν is an antisymmetric constant tensor which in the simplest case can be
written as:

Θµν = θ


0 1
−1 0

(0)

(0)
0 1
−1 0


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The Moyal product

The unique product (associative, but noncommutative) generated by these
relations on (Schwarz class) functions is called the Moyal-Weyl product and writes:

(f ? g) (x) =

∫
d4y

(2π)4
d4z f (x + y)g(x + z)e2ıy∧z

where x ∧ y = xµθµνy
ν

This may be derived eg from the Baker Campbell Hausdorff formula which leads to

eıkx ? eık
′x = e−

ı
2 Θijkikj eı(k+k′)x

followed by Fourier analysis. The ? product is tracial, ie
∫

f ? g =
∫

fg .
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The Matrix Base

I This is a base for the functions : Rd → C (d even, here d = 4)

I in which the star product becomes a simple matrix product.

φ(x) =
∑

m,n∈Nd/2

φmnfmn(x)

fmn ? fkl = δnk fml

(φ ? φ)(x) =
∞∑

m,n=0

φ2
mnfmn(x)

,

φ2
mn =

∑
k∈N

φmkφkn

and integration becomes a trace:
∫

fmn(x) = 2πθδmn.

In d = 4 every index m, n... is a pair m = (m1,m2) ...
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Motivations for Quantum Field Theory on the Moyal
space

I Quantum gravity (Effective regime of both string theory and loop gravity)

I Standard physics but in strong background field. It can be either particle
physics or condensed matter:

I Quantum Hall effect
I Quark confinement

I Reformulation of the standard model physics ”beyond” standard model

I Better reformulation of the standard model (Connes....)
I Alternative to current ideas, eg on supersymmetry
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The φ4 theory on Moyal R4
θ

I The (naive) version of φ4
4 on Moyal space has action

S =

∫
d4x

(
1

2
∂µφ ? ∂µφ+

µ2
0

2
φ ? φ +

λ

4
φ ? φ ? φ ? φ

)
(x)

I The relevant species is now the species of ribbon graphs.
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Ribbon Graphs

I V is the number of vertices,

I L is the number of lines or propagators,

I F is the number of faces (following the ribbons borders),

I E is the number of external lines,

I g is the genus defined by Euler’s relation χ = 2− 2g = V − L + F ,

I EF is the number of external faces (i.e. containing arriving external lines).
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Ultraviolet-infrared mixing

I Amplitudes of planar graphs remain unchanged.

I Nonplanar amplitudes create a new type of divergence, of the infrared type.
This is called UV/IR mixing.

Ù The theory cannot be renormalized.

For instance,

k

p
∝ λ

∫
d4k

e ipµkνθµν

k2 + m2

∝ λ

√
m2

p̃2
K1(
√

m2p̃2) ∼p→0 p−2

13
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The Grosse-Wulkenhaar breakthrough:

The Euclidean theory with an additional harmonic potential

S =

∫
d4x

(
1

2
∂µφ ? ∂

µφ+
Ω2

2
(x̃µφ) ? (x̃µφ) +

µ2
0

2
φ ? φ +

λ

4!
φ ? φ ? φ ? φ

)
(x)

where x̃µ = 2Θ−1
µν xν , is covariant under a symmetry pµ ↔ x̃µ called

Langmann-Szabo symmetry and is renormalizable at every order in λ!
This result has now been proved through many independent methods

I matrix base or ”coherent states”;

I direct space

I parametric representation and dimensional renormalization

14
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Random matrices

A Gaussian measure dµG (M) on NxN matrices is a Gaussian measure on N2

variables Mij .
It is caracterized by its covariance G (m, n; k , l) =

∫
MmnMlkdµ(M).

I If the covariance is G (m, n; , k , l) = δmkδnlg(m, n) we say that the measure is
independently distributed.

I If furthermore g(m, n) is a constant, we say that the measure is independently
identically distributed or iid.

Most specialists of random matrices only work on independent identically
distributed, because this is the case where one can compute the large N limit
(' law of large numbers for ordinary random variables) .

Among other aspects, the GW model is a theory of non independent, non
identically distributed random matrices for which one can understand the large N
limit.

15
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φ?4
4 in the Matrix Base

In the matrix base, the action is

S = (2πθ)2
∑

m,n,k,l

{
1

2
φmn∆mn;klφkl +

λ

4!
φmnφnkφklφlm

}

Recall the interaction is very simple namely Trφ4. But the propagator is not.

16
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The Propagator at Ω 6= 1

Computation of he propagator at Ω 6= 1 was done by Grosse and Wulkenhaar. It
depends on 3 indices, not four. More precisely one finds that G (m, n; k, l is zero
unless n −m = k − l = h. It writes

Gm,m+h;l+h,l =
θ

8Ω

∫ 1

0

dα
(1− α)

µ2
0θ

8Ω

(1 + Cα)2

(√
1− α

1 + Cα

)m+l+h

×
min(m,l)∑

u=max(0,−h)

A(m, l , h, u)

(
Cα(1 + Ω)√
1− α(1− Ω)

)m+l−2u

:

with A(m, l , h, u) =
√(

m
m−u

)(
m+h
m−u

)(
l

l−u

)(
l+h
l−u

)
and C (Ω) = (1−Ω)2

4Ω .

It corresponds to a Gaussian distribution for random matrices which is
non-independent, non-identically distributed.
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Computation of he propagator at Ω 6= 1 was done by Grosse and Wulkenhaar. It
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The Propagator at Ω = 1

The propagator simplifies enormously at Ω = 1:

Gm,n;k,l |Ω=1 = δmkδnlGmn, Gmn =
1

m + n + A
, A = d/2 + µ2

0

It is a Gaussian distribution for random matrices which is independent,
non-identically distributed.
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The propagator in x-space

The propagator for this theory is best understood through its parametric
representation. In dimension d :

G (x , y) =

∫ ∞
0

dt e−
µ2

0θ

4Ω t

Ω

(2π sinh Ωt)d/2
exp

(
− Ω cosh Ωt

2 sinh Ωt
(‖x‖2 + ‖y‖2) +

Ωx · y
sinh Ωt

)
.

and involves the Mehler kernel rather than the heat kernel.
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The Moyal vertex

The Moyal vertex in matrix base it is simply a trace of φ4:
V =

∑
m,n,k,l φmnφnkφklφlm.

It can be also computed explicitly in direct space. V is proportional to∫ 4∏
i=1

d4x iφ(x i ) δ(x1 − x2 + x3 − x4) exp
(

2ıθ−1 (x1 ∧ x2 + x3 ∧ x4)
)

This vertex is non-local and oscillates. It has a parallelogram shape in each
symplectic pair, and its oscillation is proportional to its area:
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Non commutative renormalization

It relies again on the combination of three elements, but they are

I A new scale decomposition

I A new locality principle (Moyality)

I A new power counting

As in the commutative case the first two elements are quite universal. The third
depends on details of the model, such as dimension and interaction.
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Scale decomposition

Multiscale analysis relies again on a slicing of that propagator according to a
geometric sequence G =

∑
i G

i .

I In matrix base at Ω = 1: G i could be defined throughgh the condition
M i ≤ sup(m1,m2, n1, n2) ≤ M i+1, then G i

mn ≤ K .M−i

I In direct space

G i (x , y) =

∫ M−2(i−1)

M−2i

dt · · · 6 KM2ie−c1M
2i‖x−y‖2−c2M

−2i (‖x‖2+‖y‖2)

The corresponding new renormalization group corresponds to a completely new
mixture of the previous ultraviolet and infrared notions. Furthermore there exists
only a half direction which is infinite for this RG.
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Moyality

It replaces locality and it is best seen in the direct space representation :

This principle applies only to planar graphs with a single external face.
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Power Counting

It is best seen in the matrix base at Ω = 1. Up to constants, at scale i one has to
pays Mdi/2 per internal ribbon face, and one earns M−i per internal line.

ω =
d

2
(F − EF )− L =

(
2− E

2

)
− 4g − 2 (EF − 1) if d = 4.
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Examples of power counting

g = 1− (V − L + F )/2 , ω = 2− E/2− 4g − 2(EF − 1)
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//
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Ù
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//
V=3
L=3
F=2
E=6

EF=2

 Ù g = 0, ω = −3
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oo��
MMQQ
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Ù //
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Examples of power counting

g = 1− (V − L + F )/2 , ω = 2− E/2− 4g − 2(EF − 1)
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Noncommutative Renormalization

Renormalization again follows from a combination of arguments. The scale
decomposition allows to select a unique forest of ”high subgraphs” and to restrict
renormalization to their study. Power counting tells us that among these high

subgraphs only planar graphs with two and four external legs arriving on a single
external face must be renormalized.

The Moyality principle tells us that when the gap grows between internal and
external lines in the sense of the new renormalization group slicing, these terms
look like Moyal products. The corresponding counterterms are therefore of the
form of the initial Lagrangian.

Unexpected: No Landau ghost, so complete constructive analysis (with loop
vertices exansion) should be possible!
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