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Abstract

We estimate the decay of correlations for some Markov maps on a countable states space. A
necessary and sufficient condition is given for the transfer operator to be quasi-compact on the
space of locally Lipschitz functions. In the non quasi-compact case, the decay of correlations
depends on the contribution to the transfer operator of the complementary of finitely many
cylinders. Estimates are given for some non uniformly expanding maps and for birth-and-death
processes.

Introduction

Coming from the theory of countable Markov chains, Markovian dynamics on countable states
spaces also arise naturally when studying non uniformly expanding systems or non hyperbolic
systems (interval maps with neutral fixed points, unimodal maps, Henon maps [Yo|, [B,Y]).
Several techniques have been developed to study statistical properties of such Markov systems
and especially to estimate their decay of correlations. Most of these techniques are based on the
quasi-compactness of the Ruelle-Perron-Frobenius operator (or transfer operator) on a suitable
Banach space and lead to exponential decay of correlations ([Bre], [Sa]). When the transfer oper-
ator does not have spectral gap, there are estimates of the decay of correlations from C. Liverani,
B. Saussol and S. Vaienti ([L, S, V1]), M. Pollicott and M. Yuri ([Po,Y]) and H. Hu ([H]) for some
maps with neutral fixed point and L.-S. Young ([Yo]) for towers systems. Young’s strategy is very
powerful if you are able to estimate the asymptotics of return times on the base of the tower.
We propose another strategy which does not require any a priori knowledge on return times. It
is based on cones and projective metrics of G. Birkhoff ([Bil], [Bi2]) and is especially adapted to
maps with “small branches” like birth-and-death processes. It is also efficient to estimate the decay
of correlations for the well known Gaspard-Wang example of interval map with neutral fixed point.

Section 1 contains the setting, the results, the basic definitions and properties of Birkhoff’s cones.
Section 2 is devoted to the exponential decay of correlations. We give a necessary and sufficient
condition to ensure that the transfer operator is quasi-compact on the space of locally Lipschitz
functions. To this aim, we construct a cone which is strictly contracted by some iterate of the
transfer operator.

In section 3 we obtain sub-exponential decay of correlations for a class of maps “without big
branches at infinity” (definition page 5). In this case, the decay of correlations depends on the
contribution to the transfer operator of the complementary of finitely many cylinders. The es-
timate is done by truncating the previous cone: Cy ; is a cone of locally Lipschitz functions,
specified only on finitely many states, it is mapped by some iterate of the transfer operator into
Cn,j—1 with some contraction d;. The product of the J; gives sub-exponential decay of correla-
tions.



In section 4, we give some explicit estimations. As far as we know, the results concerning birth-
and-death like maps (section 4.1) are new. It does not seem possible to associate to these systems
a tower that enjoys the properties required by L.-S. Young ([Yo]).
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pointing out to me that the norm used in section 2 were adapted to the cones.

1 Setting, results and basic properties of cones.

Let ¥ be a sub-shift of finite type on a countable alphabet A. That is, ¥ is given by B =
(bij)ijeaxa a Ax A matrix of 0 and 1: ¥ = {x € AN/ bej i = 1}

On ¥, we consider the shift o defined by: o(zg,...,zpn,...) = (21,...).

We will always assume that A = N. Since the alphabet is infinite, ¥ is, in general, non compact
and not even locally compact. The space ¥ is endowed with the product topology (on A we
consider the discrete topology) which is also given by the natural distance: let r €]0, 1],

dlz,y)=r"iff x; =y, i=0...n—1 z, # yn.
The product topology is generated by the cylinders: let (ag,...,ar_1) € A* and
[ag,...,ak—1] ={z€X /zi=a; i=0,...,k—1}.

[ag, ... ,ak_1] is called cylinder or k-cylinder. So the space ¥ is separable.
We will say that X is irreducible if and only if

Vi,j € A, In € N such that o7 "[i] N [j] # 0,

or, equivalently if and only if o is topologically transitive. We will say that X is aperiodic if and
only if
Vi,j € A, Ing € N such that Vn > ng o~ "[i| N [j] # 0,

or, equivalently if and only if ¢ is topologically mixing.

We will denote by C\,(X) the Banach space of uniformly continuous and bounded functions on .
We will say that a function f on X is uniformly locally Lipschitz (or u.l.L) if there exists some
constant C' > 0 such that for any  and y in the same 1-cylinder,

|f(z) = f(y)] < Cd(z,y),

we will denote by K(f) the smallest positive number satisfying this property, it will be called
Lipschitz constant of f. Let L be the space of u.l.L. functions that are bounded on ¥. For f € L,
let || f]| = max(K(f), || f|lc), this defines a norm on L which turns L into a Banach space.

Let F be the borelian sigma-algebra on 3, m be a borelian probability on ¥ whose support is X
and ® a u.l.L. function. According to thermodynamic formalism we will call ® a potential. We
will always assume that ® satisfies the following assumptions.

Standing assumptions on the potential (SA).

1. ® is a u.l.L. function,



2. sup W < o0, so the transfer operator L¢ associated to ® is well defined and acts on

B ocy=a

Cy(X): for fe Cu(X),z e X

Lof(z) =Y "W f(y),

oy=x

3. the measure m is a conformal measure for L4, that is, for any f € C (%),

/zq,fdm: /fdm.

Remark 1.1 The fact that we assume that the conformal measure is given may seem strange.
Indeed, on one hand, under suitable assumptions, such a measure can be constructed and satisfies
a variational principle (see [Sa]). On the other hand, one may think that ¥ represents the coding of
some geometric dynamic for which there are a natural potential and a natural conformal measure.

Using the fact that ® is u.l.L., an easy computation leads to the following Bounded Distortion
property for Lg:
there exists C' > 0 such that for any « and y in the same 1-cylinder, for n € N,

L§1(x) < LEL(y)e ™Y, (BD)
The fact that m is a conformal measure for Lg implies that if 4 = hm with h € C,(X) then, p is
o-invariant if and only if A is a fixed point for L. It suffices to remark that for f and g in C, (%),
m(goo-f) =m(Ls(goo- f)) because m is conformal and by definition of L, Lo(goo-f) = gLa f,
so we have m(goo - f) =m(gLaf).

We expect that the mixing properties of such a measure are related with the spectral proper-
ties of Lg. To be more precise, let us assume that there exists a fixed point h € Cy(X) for Lo
which is normalized (m(h) = 1) and let u = hm. For f € C,(3) and g € L'(m), the correlations
of f and g measure the lack of independence between f and g o ¢™ with respect to the invariant
measure p: for n € N,

en(fy9) = ‘/f(goan)du—/fdu/gdu’-

The measure p is mizing if and only if the coefficients ¢, (f, g) go to zero for any f € C,(X) and
g € L*(m). In this case, estimates on the speed of convergence to zero of ¢, (f,g) or equivalently
estimates on the decay of correlations may lead to the Central Limit Theorem (see [Li3]) and to
the determination of asymptotic laws for entrance times (see [G, S] and [Sau]). The following
trivial computation relates the decay of correlations to the asymptotic behavior of the iterates of
Lo:

co(£.9) = [128 (1) = ol sl (1)
so that if £ f — hm(f) in some reasonable way then p is mixing and estimates on the speed of

this convergence would precise the decay of correlations.
Let us state our main results.



1.1 Results.

Under the following additional hypothesis:
dM > 0 such that Vn € N ||[L1]|o < M. (K)

we have the following result.

Theorem 1.1 Let ¥ be aperiodic, ® satisfying (SA) and (K), then there exists a fixed point
h € L for Lo, h > 0 on X, m(h) = 1, this fixed point is unique up to multiplication by a constant.
Moreover, we have the following convergence for f € Cy(%):

af =3 hm(f), (1.2)

this convergence is uniform on the compact subsets of . and takes place in L*(m).

The proof of this theorem follows Sarig’s proof (theorem 4 in [Sa]) excepted for some details in
the construction of h. Let us give the outline of the arguments.

From (K) and (BD), we deduce that the sequence (L31),ecn is an equicontinuous and bounded
sequence of elements of L. Let

1 n—1
Qn=— > ch
p=0

Ascoli’s theorem on separable sets implies that the sequence (@Qp)nen admits an accumulation
point for the topology of uniform convergence on compact sets and for the L'(m) topology by
Lebesgue’s dominated convergence theorem. Let h be such an accumulation point. Using (BD)
and (K), we get that h belongs to L. Using that m is a conformal measure whose support is X,
we get that h is a fixed point for L which is non zero because Lebesgue’s dominated convergence
theorem implies that m(h) = 1. Now, if h(z) = 0 for some x € 3, since h > 0, for any n € N and
any z € {y / o™y = x}, h(z) = 0. Since ¥ is irreducible (indeed it is aperiodic), this set is dense
in X, so that h = 0 since it is continuous. This contradicts the fact that h is non zero. So, h > 0.
The rest of the proof follows Sarig’s proof and uses some general arguments on Markov dynamics

from [A,D,U]. A

In fact, we have a more precise description of the spectrum of L. Such a description is usual in
quasi-compactness setting. Our purpose is to give estimates on the decay of correlations so we
will omit the proof of the following result which may be found in [Ma]. Let us just remark that
(K) implies that the spectral radius of L4 on the space Cy,(X) is less or equal than 1.

Theorem 1.2 Let X be irreducible, ® satisfies (SA ) and (K) then 1 is a simple eigenvalue for Lg
acting on L, if h is the normalized eigenfunction then h is strictly positive on ¥ and the invariant
measure . = hm is ergodic. Moreover, L¢ has only finitely many eigenvalues of modulus 1, there
are all simple. If ¥ is aperiodic then 1 is the only eigenvalue of maximal modulus and the invariant
measure . = hm is mixing. We have the convergence for f € C, (%)

nf =S w(f),

uniformly on compact subsets of ¥ and in L'(m), where 7 is the spectral projection on the finite
dimensional space associated to the eigenvalues of modulus 1. In particular, if 3 is aperiodic then

2 f =3 hm(f).



From now on, we assume that ¥ is aperiodic and ® satisfies (K) and (SA). The normalized fixed
point (given by theorem 1.1) for Lg will always be denoted by h and p will be the invariant
measure 4 = hm. We will give additional conditions under which the speed of convergence in
(1.2) can be estimated.
We will say that ® satisfies (Expl) if
Jk1, Ing such that Yk > ki, Ip, < 1 such that Vn > ny, sup £E1(z) < py. (Exp1l)
z€[n)

(Expl) means that the cylinders close to infinity do not contribute too much to the transfer
operator, in fact their contribution is assumed to be uniformly strictly smaller than one. This
condition is sufficient to guaranty exponential decay of correlations for observables in L (see
theorem 1.3 below).

The system (X, 0) is without big branches at infinity if it exists K € N such that for any n € N,
for = € [n], ox belongs to [p] with p > n — K. In other words, the matrix which defines ¥ has the
following form:

0 *
K| x
0 =
0 0 *

with « € {0,1}. If ny and N > n; are fixed integers, let us note
Oy j = sup{LE1(z) /x € [n], N<n<N+kKj}, j>0, keN.

We will say that ® satisfies (S-Exp1l) if there exists n; € N such that for N > ny, there exists
k1(N) such that for k > ki, there exists R(k), 0 < R(k) < N + kK and

Oy < (1 — NR(k) .

’ + Kkj

(S-Expl) means that the contribution to the transfer operator of the cylinders close to infinity
is strictly smaller than one but not uniformly. Under this condition and the assumption that X
has no big branches at infinity, we can estimate the decay of correlation for observables in L (see
theorem 1.4 below).
Before stating our main results, let us remark that:

) ,a >0, Vj > 0. (S-Expl)

(Expl) = (S-Expl) = (K).

The first implication is trivial: take (5;: ; = pi for all j € N. Let us prove the second implication.
Let N > nj be fixed and let ky = k1(IN), (S-Expl) implies that for n > N, k > kq,

sup £51(2) <1,
z€[n]

moreover, since we always assume that ||£31]ec < 00 (SA), we have

sup H/Jf%lHoo < 00,
k<ki



finally, let n be smaller than N, the Bounded Distortion property implies

z€[n]

1
b1(r) < / £1
sup Lgl(z) < Ct () Lg1ldm
[n]

IN

1 k1dm
Ct 7m([n]) /£q>1d

Ct sup ———

using the fact that m is conformal.
n<N m([n])

So we have proven that there exists some M > 0 such that for any n € N, ||[£51]. < M, which
is (K). A

Finally, let us recall that two potential W1 and W9 are cohomologous if there exists a positive
function v € C(X) such that ¥y = ¥y + v — v o 0. The function v is called change of potential.

Theorem 1.3 Let ¥ be aperiodic. If ® satisfies (SA) and (Expl) then Lg is quasi-compact on
L so we have the following exponential decay of correlations: there exist 0 < v < 1 and C > 0
such that for f € L, g € L'(m),

cn(fr9) SC A gllpr- (1.3)

Moreover, (Expl) is a necessary condition for quasi-compactness in the following sense:
let @ verify (K) and (SA) then L is quasi-compact on L if and only if there exists ¥ cohomologous
to ® with a change of potential in L and bounded away from zero such that Ly satisfies (Expl).

Let us recall that a linear operator P on a Banach space B is quasi-compact if there exists
0 < © < 1 such that if A belong to the spectrum of P and |A| > s(P)© where s(P) is the spectral
radius of P then ) is an eigenvalue with finite multiplicity.

The fact that (Expl) is a necessary condition for quasi-compactness in the sense of theorem 1.3
is easy to see. Indeed, let us assume that Lg is quasi-compact on L, because of theorem 1.1, we
have for f € L, k € N,

1£6.f = hm(f)Il < C ¥ £, (1.4)

with C > 0 and 0 < v < 1. Let ¥ be cohomologous to ® with change of potential v in L and
bounded away from zero. We have:

v
so, using (1.4) we get:
k Lk h
Lyl = ;[ﬁ@('[}) — hm(v)] + Em(v)
h
N
g < edry ey

It is always possible to find v € L (indeed, v can be chosen to be constant on 1-cylinders) such

that m(v) = 1, infv > 0 and
h
sup sup —(z) <1
n>N z€[n] V
provided N is big enough. This conclude the proof of the necessity part of theorem 1.3. JAN
The rest of theorem 1.3 will be proven in section 2. This won’t be done using the standard



approach consisting in the application of the Ionescu-Marinescu Tulcea theorem ([IT,M]) but we
will use Birkhoff cones and projective metrics. The main advantages of this technic are: first it
provides a constructive bound for the rate of convergence, second the cones are adaptable to non
quasi-compact cases. Indeed in section 3 we will prove the following result.

Theorem 1.4 Let 3 be aperiodic and without big branches at infinity, ® satisfies (SA) and
(S-Expl). For any compact set () of 3, there exists a sequence u,(Q) which goes to zero when
n goes to infinity such that for any f € L,

1£6f = hm(f)lle < C(Q) un(Q)[| ]l

where || || denotes the uniform norm on @ and C(Q) is a positive number depending on Q).
There exists a sequence u, which goes to zero when n goes to infinity such that for f € L and
g € L>(m),

Cn(f59) < unllfIl lglloo-

Moreover, for fixed @,
u

n
—— < KVneN
and the sequences u,(Q) and u, depend on the product of the 5;: j and on the measure of cylinders
close to infinity.

In section 4, we give large classes of examples satisfying (Exp1) or (S-Exp1l) and compute explicit
bounds for some birth-and-death like dynamics and non uniformly expanding maps.
We will now recall definitions and results on cones and projective metrics.

1.2 Cones and projective metrics.

The theory of cones and projective metrics of G. Birkhoff [Bil] is a powerful tool to study linear
operators. P. Ferrero and B. Schmitt [F,S 1] applied it to estimate the correlations decay for
random dynamical systems. Then, this strategy had been used by many authors. Let us mention
e C. Liverani [Lil], C. Liverani, B. Saussol and S. Vaienti [L, S, V1] for one dimensional Lasota-
Yorke type dynamics with finite or countable partition,

e C. Liverani [Li2] and M. Viana [V] for Anosov and Axiom A diffeomorphisms,

e V. Baladi, A. Kondah, B. Schmitt [B,K,S], T. Bogenschiitz ([Bog]) and J. Buzzi ([Buz|) for
random dynamical systems.

They all used Birkhoff cones to obtain exponential decay of correlations. In [K,M,S] the Birkhoff
cones techniques were used in a different way to obtain sub-exponential decay of correlations. The
way we use cone’s techniques in section 3 follows some ideas of P. Ferrero and B. Schmitt ([F,S 2]).

Let us recall definitions and properties of cones and projective metrics (see [Li2] or [L, S, V1]
for a more complete presentation).

Let B be a vector space and C' C B a cone with the following properties.
e ( is convex.
e CN-C=4.

e if oy, is a sequence of real numbers such that o, - @ and z — o,y € C Vn then x —ay € C.
This property is called “integral closure”.



For such a cone, the pseudo-metric 6o on C' is defined in the following way. Let x,y € C,
p(z,y) = inf{8 > 0 such that Sz —y € C},
Az, y) = sup{a > 0 such that y — ax € C'},

with the convention: pu(z,y) = oo and A(x,y) = 0 if the corresponding sets are empty. Let
Oc(z,y) =log §. Oc is called pseudo-metric because it is not necessarily finite. Moreover, it is a
projective pseudo-metric: if z and x; are proportional then for any y € C, 0c(z,y) = 0c(z1,y).

The following two results reveal the usefulness of projective metrics.
Let C and C’ be two cones, P a linear operator P : C' — C’. Let A denotes the diameter of PC
in C”:
A= sup 8oi(Pf, Py).
f.9eC

Theorem 1.5 [Bil] For any f,g in C, we have:

0cr(Pf, Pg) < tanh (i) bo(f,9).

This theorem implies that P : C' — C’ is always a contraction (in wide sense) for the projective
metrics. If A < oo then it is a strict contraction.

The following result relies the metric f¢ to certain norms on B. A norm || || on B is a norm
adapted to C if for f and ¢g in B such that f 4 g belongs to C and f — g belongs to C then
llgll < IIf]l- p is a homogeneous form adapted to C if p maps C to RT, for any A > 0 and f € C,

p(Af) = Ap(f) and if f — g € C implies p(g) < p(f).

Theorem 1.6 [Bil], [L, S, V1] Let C be a cone, let || || and p be adapted to C. For any f and g
in C such that p(f) = p(g) # 0 we have:

1f = gll < ("9 — 1) min(|| £, llg])-

2 Quasi-compact case (proof of theorem 1.3)

In this section, we prove the first part of theorem 1.3, so we assume that X is aperiodic, ® satisfies
(SA) and (Expl). As we already mentioned, (Expl) implies (K). Let us note y = hm where h
is the normalized fixed point for Lg given by theorem 1.1. Since ® satisfies (K), h is bounded by
M = supy, | L1, so for any A € F, % < M.

For f € C,(X), the iterates of Lg(f) are converging to hm(f) in L'(m) (by theorem 1.1), this
implies the following mixing property which will be used to obtain decay of correlations for ob-
servables in L.

n—o

VAeF, g=14, Vf € Cu(X), [m(goa”f) — u(g)m(f)] — 0. (2.1)

’/g[ gf—h/fdm]dm]

\caf—h / fdm|.

Indeed, we have,

im(goa™- f)— ulg)m(f)|

IN

Let us set some notations.
For s and t fixed integers, we will denote by Ps; the finite partition of ¥ defined by:



o Py =P1UPy
e Py is the partition in s-cylinders of the set |0,t] := {z € ¥ / o < t}.
o Py ={[0,t]°} := {}.
We will denote by D; the diameter for the distance d of P; :
Dy = max{diam(P),P € P1} =r®,

and by Dy the measure of Py :
Dy =m([0,¢]°).
Since the measure m is finite, Ds can be chosen as small as we want provided ¢ is large enough.
We will also use the following conventions:
e o =b+4 cmeans that b — ¢ < a < b+ ¢, where a, b and c are real numbers.
e If z and y belong to the same 1-cylinder, for any k € N their preimages under o” are in

bijection. If 2’ is a preimage of z, we will denote by ¢’ the preimage of y belonging to the
same k-cylinder.

e for any k € N, let g; be defined by:

Vo €%, Vf € Cu(X), Lof(x)= Y fla)gu(a).

okx'=x

Finally, let us remark that for o and o’ such that o < 1 < o/, since the partition Ps; is finite, the
mixing (2.1) implies that there exists an integer kg such that:

< m(c=*Pn P ,

vk > ko, VP, P’ s —_—
> ko, VP, P" € Psy, a < (P (P) <a

(2.2)

2.1 A family of cones.

Let us begin the proof of the first part of theorem 1.3. To this aim, we will construct a cone C
and an integer k£ such that E’%C C C and the projective diameter of E’%C in C' is finite.

Let us consider the following family of cones. For given real positive numbers a, b, ¢ and integers
s, t, CZZ . is the set of functions f in L which satisfy:

1
OVPGPS7,O</fdm§a/fdm,
' M(P)P

« K(7)<b [ fam.

o sup |f(z)] Sc/fdm.

rePs

When there won’t be any ambiguity, we will simply note C' instead of CS’Z .- The following
properties follow straightforward from the definition of C :

e CN—-C =0,



e (' is a convex cone,
e (' is closed for the uniform topology, in particular, it is integrally closed.

Moreover, the following result is easily verified.

Lemma 2.1 Any ¢ € L satisfies:

1
VP € Py, Yx € P, ¢(x) = m(P)/gadm + K(¢)Dy, (2.3)
P
and for x € Py,
1
x) = dm £+ 2su . 2.4
Po) = s P/ pdm 2s1p (24)
2

So that if ¢ belongs to C, for any x € ¥,
min[—c, Ma — bD] /cpdm < p(z) < max|c, Ma + bD1] /godm. (2.5)

In order to use the cone Cj’z . and its projective metric, we shall need an adapted norm and an

adapted homogeneous form. Of course p(f) = [ fdm is an adapted homogeneous form. For any
d > 0, let us consider the norm

J fdm
Il = max | d| [ fdml.2| P PPl K1) |
the norm || ||4 is equivalent to the norm || || of L.

Lemma 2.2 If d > max(b,c,2D1b) then the norm || ||4 is adapted to C' in the sense of section
1.2.

Proof: Let f and g be such that f 4+ g and f — g belong to C, (2.3) gives for z € P, P € Py,

1

@) -9) = / (f — g)dm + bD, }[ (f — g)dm,

1
f@)+a@) = o [(7+a)im =Dy [(7+ g)dm.
P
By substracting these inequations, we obtain,

lg(x)| < 2max(1/m(P)|/gdm|,bD1/fdm).
P

Since f —g € C and f+ g € C, we have ]/gdm! < /fdm for any P € Py, so that for any
P P

x € P1, |g(z)] < ||flla if d > 2bD;. Moreover, if x € Ps, the inequality |g(z)| < c/fdm follows

10



from (2.4) in the same way. We also have | [ gdm| < / fdm. It remains to take care of the part

of the norm which is given by the Lipschitz constant. Since f —¢g € C' and f 4 g € C, we have for
z and y in the same 1-cylinder,

flz)—g(x) = (fly) —g(y)) = =Fbd(x,y) /(f—g)dm
F(@) +g(@) — (o) +9l) = +bd(z,y) / (f + g)dm

By substracting these two inequalities, we get

K(g) < b/fdm-

Finally, if d > max(b, ¢,2bD1), we have ||g|la < || f]|4- A

2.2 Contraction of the cone.

We are going to prove that the cone C’Z’Z . 1s strictly contracted by E{% provided k, a, b, ¢, s and t
are large enough.

Lemma 2.3 There exist k e N*, a > 0,b6>0,¢>0,s e N* t e N and 0 <y <1 such that

k s,t
L Ca b,c < C’ya,'yb,'yc'

Proof: Letusfix a <1 < o and 8 < 8 < 1. The parameters a,b,c, s and t are chosen to
verify:

L.a>d(14 5%)871,

2. ¢c>Ma+1,

3. b> ,8 ,8”

4. D1 < 1/bs,

5. tis such that ¢t > n; and Ds < ﬁ.

Moreover, let kg satisfies (Exp1), be such that (2. 2) is verified for o and o/ and Yk > ko, Mr* < .

Let us fix k > ko, v = max(8,px) < 1 and fin C abc Let P € P,
1/,ck’fd = / fd
P) P m = m
P kP

g |

P'EPstg—kprpr

using (2.3) and (2.4),

M(lp)/d%fdm: Z kPmP, /fd *
s

P/EPy s

11



m(c= kPN P
m(P")u(P)

m(a’kP N PQ)

mP) 4 2 (P

DK (f) Z

P'ePy
Since f belongs to C’;’ZC, this leads to (using (2.2)):

m(P,)sup |f|
Py

M(lp)/ﬁ’%fdm < o//fdm[1+D1 b+ 2Dy ¢| and
P

1 k

by the choices (4. and 5.) of a, b, c and Ps; we obtain,

v

[a—o/(le+2Dgc)]/fdm,

L k m O/ (6% CKI m
a/2/fdm§M(P)IZ£¢,fd < o/(1+a/( ))/fd | (2.6)

For any ¢ € L and k € N, the fact that ® verifies (BD) and (K) leads to the following standard
inequality
K(Lgp) < Mr*K(p) + Rsup ¢, (2.7)

Combined with (2.5) and the definition of the cone, this gives for f € Cj’z .

K(Lgf) < /fdm [bMTk + Rmax(c, Ma+bDy)
and with the choices 2. and 4. above:

K(LEf) < @b / fdm + cR / fdm, (2.8)

725 (which is 3.).

so, K(LKf) < ,Bb/fdm if b >
Finally, for x € Ps,

Chf@)] = |3 am@)@) + Y gl @)

z'eP; z'ZPy
< c/fdm Z gk(x’)+(Ma—|—bD1)/fdm Z gr(z), using (2.3)
' EPs $/€P2
< max(c,Ma+bD1)/fdm [sup £E1(x)],
€ P>

< pkc/ f, by the choices 2., 4. and 5. above and hypothesis (Exp1l) ,

this conclude the proof of the lemma. A

2.3 Computation of the projective diameter and conclusion.

In order to obtain the speed of convergence of the iterates of the transfer operator to the spectral
projection, it remains to estimate the projective diameter of E%(C) in C.
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14+~ 2a’+a)

Lemma 2.4 The projective diameter of £§,C in C' is bounded by 2 log max (177, m

Proof: Let f and g be in £’$C and 7 > 0 such that nf — g belongs to C, n should verify:

n 1
1. VPGP,,O</fdm—/gdmgan/fdm—a/gdm,
Sy P )

2. for any x and y in the same 1-cylinder,

oy [ gam+v [ gin < n(f(x)_f(% —y§g<x>—g<y>>

bn/fdm—b /gdm,
3. for any = € P,

—C(n/fdm— /gdm) <nf(z) —g@) < C(n/fdm—/gdm)-

a [ gam~1/u(P) [ gam [ gam

AN

IA

To have 1., n should verify:

P P
n Z sup 7and n Z sup ——,
PEPs,t a/fdm— l/u(P)/fdm PEPs.t /fdm

P P

By (2.6), it is sufficient to have:

1
¢ < min[l—%’y, a }
/fdm 1+v 2+«
So, the diameter A of E’;C in C' is bounded by 2 log max (%7 2”2%) A

The following lemma shows that any function in L can be pushed into the cone C.

Lemma 2.5 For any f € L, ifa > 1,b > K(h) and ¢ > sup,¢p, |h(z)| then there exists C(f) >0
such that f + C(f)h belong to C, moreover C(f) < Ct ||f||. In particular, h belongs to C

13



Proof: Let f € L, C(f) should satisfies

d
/ sim u(P) [ sdu—a [ i
L : P PeP
w(P) a—1

e C(f) > max

)

)

K(h-b [ 1
d C(f)Zb——K'(h)

[f@)|—c [ fdm
e C(f) > sup /

wep, ¢ = |M(z)

A
We will always assume that a, b and c satisfy the hypothesis of lemma 2.5.
Let x = (tanh(A/4))Y/*. Using the fact that h belongs to C, the results of section 1.2 give for
d > max(b, 2bDy, c):

Vi e I ~h [ famla<Cont [ gam
since the norms || || and || ||4 are equivalent,
ero,wgf—h/}de§(kn"/fmn
Let f € L and fo = f + C(f)h.
Ic5f h [ faml < 1Chfo b [ fodm] + 1)z~ b [ hdm]
— \£ife b [ fodm]

< Ct /i"/fodm since fo € C
Ct &"||f] (2.9)

IN

(2.9) implies exponential mixing for g € L!(m) and f such that fh belong to L (recall (1.1)):

(g oo™ f) — u(g)u(f)l < Ct ™| fRllllglzromy,

it also implies that Lg is quasi-compact on L. This concludes the proof of theorem 1.3. A

3 Dynamics without big branches at infinity

In this section, we prove theorem 1.4. So we don’t assume (Expl) anymore but we assume that
Y has no big branches at infinity and that ® satisfies (SA) and (S-Exp1l) (definition page 5).
Let us recall that (S-Exp1l) implies (K). So, let us note u = hm where h is the normalized fixed
point for L4 given by theorem 1.1.

14



Remark 3.1 Moreover, we will assume that lim &}, ; = 1. Indeed, if limsup 57 ; <1, then @
Jmroo j—ooo

satisfies (Exp1) and the results of the preceding section show that the convergence of the iterates

of Lg to the spectral projection is uniform on ¥ and exponential.

For N € N, || ||x is the uniform norm on [0, N| (notation page 9). The cones of the preceding
section may be adapted to give the following result.

Proposition 3.1 If ¥ has no big branches at infinity and ® verifies (S-Expl) then, VN >
n1,Vf € L, Vk > ki, there exists a sequence (a;(N))jen, oj(N) — 0 such that

Ickif—n / fllw < @ I£1] + m(]0, N[)sup f, (3.1)

Moreover, a; can be expressed in terms of H%:o 51{3,4' A suitable choice of N with respect to j
gives theorem 1.4.

The proof of this proposition follows theorem 1.3’s proof. The point is that for £ and n large
enough, £LE1(x), z € [n], is strictly smaller than 1 but this bound is not uniform in n. This is
why we shall use a family of cones specified only on the set |0, N+kKj[, that is away from infinity.

For fixed N > n; and k > ki, let D(j) denotes the set [0, N + kKj| and for f € L, K;(f)
denotes the Lipschitz constant of the function f: D(j) — R.

Let us consider the following family of cones. Let a,b,c be positive real numbers, j,s,t € N and
Ps, the finite partition of ¥ defined page 9, C%;(a, b, c) is the set of functions f of L such that:

1
1. VP6P37,PCDj,O</fdmga/fdm,
n PP <L )

D)

2. K;(f)<b [ fdm,
J

3. < dm.
sup(j)]f(m)]_c/fm

zeP>ND ]
D(j)

The arguments of the proof of lemma 2.2 prove that the norm

[ fdm

1 flla; = max(d !D(/) fdml,2 Ijn(im P e Pyt N D), [1flIn-trrcs) (3-2)
J

is adapted to the cone C'ij (a,b,c) provided d > max(2bDq,c). Let us remark that for any d > 0,
the norm || ||4,; is equivalent to the uniform norm on D(j). Moreover, C};(a, b, ¢) is a convex cone

which is closed for the norm || || p(;) and ijv(a, b,c)N —C’fv(a, b,c) = 0. Of course, f — / fdm is
. D(j)

also adapted to C%(a, b, c). When there won’t be any ambiguity, we will simply write C%; instead

of C%(a,b,c).

15



Outline of the proof of proposition 3.1 We will prove that provided a, b, ¢, s, t, N and k are
large enough and well chosen, for all j € N,

EIE,C]{,(CL, b,c) C C]jvfl('ya,vb, djc) C C]j\,*l(a, b, c)

where 0 < v < 1, §; satisfies for any ¢ € N, Hf 0; < Ct Hf d}.; and tanh J < §; where A; is the
diameter of EI(%C]{,(q, b,c) in ijv_l(a, b,c).

Now, let C = ﬂj C%(a,b,c). Provided a, b and c are large enough, h belong to C. Then, the
results of section 1.2 give for any f € C:

Ot (ape) (Le f, 1) (H&) js

(S-Exp1l) gives that (Hé;% d¢) A goes to 0 when j goes to infinity. Using || ||q,0 and fD(O) as
adapted norm and homogeneous form, we obtain proposition 3.1 and theorem 1.4.

Let us begin the proof of proposition 3.1 with the following simple property of the sets D(j).
Lemma 3.2 Since ¥ has no big branches at infinity, for any { € N we have,

o "Dt —1) c D(0).
Moreover, the sequence m(D(f)\ o= *D(¢ — 1)) is summable.

Proof: The fact that ¥ is without big branches at infinity directly leads to = *D(¢£ —1) C D(¥).
Let us prove that the sequence u; = m(D(j) \ e ¥D(j — 1)) is summable. We have

uj =m(D(j)) —m(o*D(j — 1)) = m(D(j)) — (1 —m(c*D(j — 1)¢)) and

m(aikD(] — 1)6)) = /1D(]1)C o dem
= / LE1dm.
D(j=1)°
(S-Exp1) implies £51(z) < 1 on D(j — 1)¢ C [0, N]¢, so that
m(o™*D(j —1)%)) <m(D(j — 1)°).

This leads to u; < m(D(j)) — m(D(j — 1)) and u; is summable. A

3.1 Contraction of the cone.

We are going to prove that for any v <1 and N, k,a,b,c,s,t well chosen,
L5 (a,b,¢) € O% (ya,vb, §;¢) and the diameter of E"‘C J:(a,b,¢) in O3 " (a,b, ¢) is bounded by

J:gj where §; = 97, (1 —m(5))~! and m(j) = c m(D(j) \o7*D(j — 1)).

2log §

Remark 3.2 For any fixed c, it exists jo such that for any j > jo, m(j) < 1 and 6; < 1. In order
to make the reading easier, we will always assume that jo = 1.
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Let us note m = sup; m(j), since m(j) < 1 for all j > 1 and m(j) — 0, we have m < 1.

Lletusfixa<1l<d,0<B8<(1=m),y= % and 3 < B. The parameters a,b,c, s, t
and k are chosen in the following way:

Loa>d (14 5%)87
2. ko is such that Yk > ko, Mr* < g,
3. ¢c>Ma+1,

Rc
4. b> B—p>
5. D1 < 1/bﬁ,

6. let ¢p be such that for all ¢ > #yp we have Dy < 5°—. Let N and ¢ < N be such that ¢ > ¢
and

N
Dy <2 ) m([n)), (3.3)

7. k1 is such that (2.2) is satisfied for P, and k; verifies (S-Expl),
8. k > max(ko, k1).

Let f € C]j\,(a, b,c) and P C D(j — 1), lemma 3.2 implies that c~*P C D(j). Let us remark that,
by the choice 6. above,
m(e*PNP,N D) me*PNP)  m(P)

WP)m(B0DG) | uPym(P) mBnDG)

m(aikP N P2)
1(P)m(Py)

Using this and following the proof of lemma 2.3, we obtain (using (2.2) and the definition of the
cone):

Mlp)/ﬁgfdm < o//fdm[l—l—le—i—éngc]
P D(j)

,u(lP) / £§>fdm > [oe — o/ (D1b+ 4DQC)] / fdm.
p D(j)

which leads, by the choices (5. and 6.) above, to

a2 / fdm < 'u(lp)/ﬁf%fdm <d' (14 a/(2a)) / fdm.
D(j) P D)

Moreover, since ¥ is without big branches at infinity, (2.7) becomes

Kj-1(L§f) < Mr*E;(f) + R%lgp) |£1;
J

and, for any f € C]jv(a, b,c) and x € D(j) we have, (as in lemma 2.1),

min[—c¢, Ma — bD1] / fdm < f(x) < max[e, Ma + bD;] / fdm

D(3) D(j)

17



This gives K;_1(L5f) < / fdm [erk + Rmax(c, Ma + bDl)] so, by the choices (3. and 5.)
D(35)

above,

cR

D(j)

Finally, for z € P, N D(j — 1), (S-Exp1l) gives:

L5 ()] < & pe / fdm.

To prove that .C’(%C]{[(a, b,c) C C]jv_l(’ya, b, d;c), it remains to compare / fdm and / LE fdm.

D(3) D(-1)

Lemma 3.3 ForanyfeCj(abc / Efdm—/fdmlim( )]
D(j-1) D(j)

Proof: Let f € C’gv(a, b, c), following lemma 3.2, we have o~ *D(j — 1) C D(j),

/ LY fdm = / fdm = / fdm — / fdm.

D(j—1) o—kD(j—1) D(j) D(j)\o=*D(j-1)

If 2 belongs to D(j) \ 0 ¥D(j — 1) then

min[—c, Ma — bD1] / fdm < f(x) < / fdm max[c, Ma + bD1],
D(5) D(3)
this gives / LY fdm = / fdm[1 £ ¢ m(D(4)\ 6 *D(j — 1))] (we have chosen bD; < 1 and

D(j—1) D(j)
¢ > aM + 1) and the lemma is proven. A
So we have L’gC{V(a, b,c) C C{V_l(’ya, vb,65c). It remains to estimate the projective diameter.

1+6

Lemma 3.4 The projective diameter A ofﬁ’%Cf\,(a, b,c) in C'ij_ (a,b,c) i
and for f and g in C{V(a, b,c),

where 0; denote the projective metric of the cone C’Jj\,(a, b, c).

Proof: Following the proof of lemma 2.4, we obtain A; < 2log max(ltgj_ 2a’ta 147) gince

) a ) 1—v
limd; = 1 (see remark 3. 1), we may 1+6: > 20‘;'0‘ and igj > H% so we have
Aj <2log }+6J: and tanh 4 L < anh[ 1+5 } = ;.
Let f and g belong to c’ v(a,b,c), pr0p081t10n 1.5 and the estimate of A; imply

‘90]1'\;1(%1)76) (,C]%f, »Cl%g) < 5j‘90]7'\](a7b7c)(f7 9).

A
Finally, let us remark that since }; m(j) < oo, the product of (1 —m(j 1))~ goes to some positive

limit so that , H dp < Ct H 5k’£.
(=0,....j (=0,....j
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3.2 Estimate of the decay of correlations.

In this section, we conclude the proof of proposition 3.1 and we show how (3.1) can be used to
estimate the speed of convergence of L£g to the spectral projection, on compact sets and the decay

of correlations. Let C = >0 C%(a,b,¢). The cone C is non empty indeed, we have the following
result.

Lemma 3.5 If a, b and c are large enough, then for any f € L, it exists R(f) > 0 such that
f+ R(f)h € C, moreover R(f) < Ct || f]]

Proof: It suffices that R(f) verify (recall that Vj € N, [0,n1] C D(0) C D(j))
Msupf—a [ f

10,m1]
>
.R(f)_a [ h—Msuph’
I]Ovnlﬂ
K(f)=b [ f
|]0,n1|]
>
* B 2 T TRy
ﬂovnlﬂ
supp, f —¢ [ f
. R(f)> ol
~c¢ [ h—supph
HO,TUH

The parameters a, b and ¢ are chosen in order to ensure that the three denominators are strictly
positive. A
In what follows, a, b, c are large enough to guaranty that lemma 3.5 is verified. In particular, h
belongs to C. ‘ '

Let f € C and j € N, f belongs to C%(a,b,c) and LE f belongs to C{VJ((L, b,c,) for £=0,...,7.

boo (LEIF 1) < 81601 (L6971 h)
j—1
< A ]
(=1
The norm || ||4,0 defined by (3.2) and p(f) = / fdm = / fdm are adapted to C%, moreover

D(0) 10,N]
the norms || ||o,0 and || || & are equivalent, so for f € C,

. h . i1 J-1
jo.N]  [0.N] =1 =17 Do)
Ifp=~kj+r,
h r kj h kj
L5 f — ﬂ / Lofllv < Ll L5 f - ﬁ / L fln
jo,N] [0,N] lo,N] [0,N]
kj h kj
< M- [ R
lo,N] [0.N]
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It is easy to prove that (recall that [ hdm = 1),

h
I~ | Cafdm = h [ gami < o sup im0, NT)
J0,N] 10,N]

Finally, for f € C and p = kj +r, r < j we have

j—1 j—1
Hﬁfpf—h/fllw <CtA; [ 6 exp (AJ’ H&) I/fdml + Ct m([0, N[*)sup[f[. ~ (3.4)
=1 =1

j—1 j—1

Remark 3.3 A; H dp exp (Aj H 5g> depends on N and k, (S-Exp1l) implies that for fixed
(=1 (=1

N and k, this expression goes to zero when j goes to infinity.

Lemma 3.5 and (3.4) imply for f € L,

ki —n / fllv < Ct a | f]| +m(]0, N|) sup f,

j—1

with o (N) = A; Hi;i 0y exp (Aj H (5g> . This conclude the proof of proposition 3.1. A
=1

Now, we are going to show how (3.4) leads to the estimate of the speed of convergence on compact

sets of 3 and to the decay of correlations. Let ¢ € N and f belongs to C, so that f belongs to

C’i,(j +29) and EI;(]JFQ) fe C']]i,q. This leads to the following estimate which will be used to bound
the speed of convergence on compacts.

|kt / Fllnvsrcng <

j—1 j—1
exp[Ajiiq H Oe+9]Dj+q / fdm H Or4+q +m(]0, N + Kkg[)sup |f]. (3.5)
(=1 (=1

D(0)

We choose a sequence ¢(j) such that ¢(7) 2% o0 and

j—1 Jj—1
Ajiat) 1] 0erat) exp <Aj+q<j> H54+<1(j)> =a; —0.
(=1 /=1

For example, if 52,;‘ <(1- m)a, since A; < 2log igj, for any 0 < &€ < €’ < 1, we can choose

q(j) = j°, then we have, a; < C(N,e,€) L

- 7.
a—¢
J

Remark 3.4 The condition (S-Expl) may be replaced by: it exists a sequence ¢(j) which goes
to infinity with 7 and such that

7—1
Jj—o0
Njiay) ] 0eray = 0.
=1
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Now, let x belongs to some compact @, it exists jg such that
Q C [0, N+ Kkq(j0)] C [0, N + Kkq(j)] Vj > jo, so, for any f € L, j > jo and p = k(j +q(j)) +,
lemma 3.5 and (3.5) give,

£4 ) = (o) [ fam] < Ce (@5 + m(0.N + Kha() IS
If u;j(N) = aj + Rm[0, N + kKq(j)]°], this can be written as

B f—h / fdmllo < Co)u /] (3.6)

where C(jp) goes to infinity with jo:

Lhf—h [ fd 1
C(jo) = sup I ‘Pf ff mHQ < Ct sup —.
K+ <P<k(+1+a(G+D) Uy 11l §<jo Uj
J=J0

Let us also remark that if ¢(j) = o(j) then, for p € N, the integer j which verify k(j + ¢(j)) <
p < k(j+1+¢q(j +1)) has the same order as 7.

Finally, the decay of correlations is obtained in the same way. Let f be such that fh € L
and g € L*°(m), using (3.5) we obtain:

lu(goa®f) — u(g)u(f)|
< | [ usum - [ sranlgani ) [ chismgdn

[0,N+Kkq(5)] [0,N+Kkq(5)]°)

w0 [ amdml| [ hl

[0,N+KEkq(5)]°)
< |£e(fh) - h/fhdeN-i-qu(j)”g”oo + Ct [flloollglloons([0, N 4+ Kkq(5)]°)
< [ag + Ct p((0, N + Kkq(HI)fIHlglleo < Ct uillFIl [I9lloo- (3.7)

This conclude the proof of theorem 1.4. A

4 Some examples.

We will now give some examples of applications of theorems 1.3 and 1.4. We first give large classes
of dynamics satisfying (Expl) and (S-Exp1). For this dynamics, it will be sufficient to control
Lo1(z) for z € [n] for large n. Let us begin with a sufficient condition for ¢ to satisfy (K). We
will say that ® has small contribution at infinity if

Jng such that Vn > ng, (Lel)n = sup Lol(x) <1, (H)
z€[n]

Lemma 4.1 If ® satisfies (SA) and (H) then it satisfies (K).

Proof: Recall that we have the bounded distortion for Lg: for  and y in the same 1-cylinder
and k € N, we have £51(z) < eC¥=¥) £E1(y). If 2 belongs to [n], by integrating on the cylinder

21



[n], we get:

LE1(z) < //Lkldm

pldm = (because m is conformal).

R
m([n])
for some constant R > 0. Let ng be given by (H), n < ng and k € N.

sup £X1(z) < Rmax = M.

z€[n] p<no m([p])

Let us note My, = sup £E1. If n > ng, we have, for any z € [n], Lo1(z) < 1 and
2
L'f;fll(a:) < Lol(z) s;pﬁf%l < sgpﬁ’é,l < max Mj,

so we get, My1 < max(M’, M) and by induction My < max(M’,1). This proves that ® satisfies
(K). A
We will say that ¥ has no jumps to infinity if it exists an integer K such that, for all n € N
and for all z € [n], oz € [p] with p < n + k. In other words, the matrix which defines ¥ has the
following form:

x .- x 0

with * € {0,1}.

Example 4.1 [Dynamics without jumps to infinity satisfying (Exp1l).]
If ¥ has no jumps to infinity and if ® verifies(SA) and:
Jng such that ¥n > ng, (Lol)n < p <1, (Exp2)
then @ verifies (Expl) .
Indeed, (Exp2) implies (H) which implies (K) by lemma 4.1. So, it exists M > 0 such that

for any n € N, ||[£§1]|cc < M. If ¥ has no jumps to infinity and ® satisfies (Exp2) then, by
induction, we may show,

Vp>1, Vn>no+ (p— 1)K, sup Lh1(z) < pP.

z€([n)
Let us fix k&y € Nand ny =ng+ (k— 1)K, if £ > k; and n > ny then:

sup LE1(z) < sup(ﬁ’gkll) sup L'Igl(x) < Mph.
z€[n] z€(n]

Then, it suffices to chose k; such that Mpk < 3 < 1. A
We will say that ¥ has bounded jumps if it exists an integer K such that for all n € N, for = € [n],
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ox € [p] with n — K <p <n+ K. In other words, the matrix which defines ¥ has the following
form:

* k
0 = * 0
0 0 = * 0

with « € {0,1}.

Example 4.2 [Dynamics satisfying (S-expl).]
If 3 is aperiodic and has bounded jumps, if ® verifies (SA) and the following two properties:

1
1. 3ng such that Vn > ng, Vx € [n], Lol(z) < (1——=)% a >0, (S — Exp2)
n

2. the invariant density h goes to zero at infinity (that is, if sup h(x) := h,, then h,, goes to
z€[n]
zero when n goes to infinity),

then @ verifies (S-Expl).

First of all, let us remark that (S-Exp2) implies (H) which implies (K). Now, if ¥ has bounded
jumps and @ verifies (S-Exp2) then, by induction, we have: for any £ > 1 and n > no+ (k— 1)K,

k—1
1
sup LE1(z) < 1-— ). 4.1
s 2160 < 0 - ) (1)

The following lemma gives an estimate of £%1(z) for # € [n] and N < n < N + (k— 1)K provided
N and k are large enough.

Lemma 4.2 For any (%)0‘ < 1n < 1, it exists n; > ng such that for any N > n; it exists k1 such
that for k > kq,

sup sup LE1(x) <.
N<n<N+(k—1)K z€n]

Proof: Let ¢ < 1 such that 2e < 7, let
1. Ngy > ng such that n > Ny, h,, < e and n; = max(Ng + K, ng), let us fix N > n.
2. ko such that Vk > ko, LE1(2) < h(z) +¢, for @ € [n], n < N}

N+K(k+1

3. k' > ko such that for k > &/, < N+ oKk )> < n and k; > k' such that & > kq,

N+ (K +1)K\°
1 (J\MK) < 1 where uy, is defined by

up =sup{LE1(z) /x € [n],N <n< N+ K(k—1)}.

!Since ¥ has bounded jumps, the set [0, N| is compact. So theorem 1.1 imply that such an integer ko exists.
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Let k > ki, N > ny and x € [n] with N < n < N + kK, if 2/ is the preimage of x by o, then
2 e€n]with Ngo< N—K<n' <N+ (k+1)K,

LaH1(z) = ) go(a)L31(a")

ox'=x

= > gol@)LiL() + > go(a) L5 (") + > g0(a")L51(a’)

No<n/<N N<n<N+(k-1)K N+(k—1)K<n/<N+(k+1)K

(1] (2] (3]
The choices of Ny and k give
1] < Z go(z)[e + h(z")] (by the choice 2. of k > ko),

No<n/<N

2] < w > ),

N<n/<N+(k—-1)K

1
8] < Z go(z) H(l - m)a (by (4.1))
N+(k—=1)K<n/<N+(k+1)K §=0 J
k—1 1
< JJa- ) )« > go(@").
Jj=0 N+K(G+k+1) N+(k—1)K<n'<N+(k+1)K
So, for k > k',
k—1 1
LE11(2) < maxle+  sup A, us, 1— - NLol(x
N+ K(k+1) 1
< 2 ST e )
< maxe,un, (o 10T R
< maxfug, (1 - )
< max[ug, 7 R
and finally,
k—2 1 1
< ’ 1——)“ 1—— )KL
{=k'+1
A
So, if 2% < n < 1is fixed, we have: for all N > nq, it exists k1 such that for k > kq,
8y = sup{Lo"1(z) [z € [n], N <n <N +kKj}
< max [ sup  LE1(x) z € [n], sup LE1(z) z € [n)
N<n<N+kK N+kK<n<N+kKj
k—1 1 o
< 1-— ing 4.1
< max [n,E)( N+K(k:j+i)> ] (using 4.1)
this is sufficient to get (S-Expl). A

To finish, we give some explicit estimates on the decay of correlations for some maps of the
interval and estimates on the speed of convergence of some positively recurrent birth-and-death
process.
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4.1 Uniformly expanding maps of the interval and birth-and-death process.

We are going to adapt our methods to some uniformly expanding maps of the interval which do
not satisfy the “big branches property” ([Sa]) nor the “covering” property of [L, S, V1] and some
non uniformly expanding maps.

In what follows, I is the interval [0,1], A\ is the Lebesgue measure on I. For a given parti-
tion Z = (I, )nen (mod 0) of I in open subintervals, B is the Banach space of functions on I which
are Lipschitz on each I,, with uniformly bounded Lipschitz constant. Let K (f) be the sup of the
Lipschitz constants for f € B. For f € B, let || f|| = max(||f|loo, K(f)), || || is & norm on B which
turns it into a Banach space. If T : I — I is C' and injective on each I,,, then the Lebesgue
measure is conformal for the transfer operator associated to the potential —logT’. We will denote
by L this transfer operator. We assume that 7' verifies the Markov property: for any n € N, T'I,,
is a union (mod 0) of elements of Z and that the partition Z generates the borelian sigma-field
under 7'. Such systems are always conjugated to some sub-shift of finite type. We will say that T’
is expanding if T7"(z) > 1 for any = € |J,, I, and that 7" is uniformly expanding if it exists D > 1
such that T"(z) > D for any = € |J,, I. If T is uniformly expanding then B injects naturally in
L and we may work on the symbolic dynamic as well as on the interval. But, since we also wish
to consider non uniformly expanding maps, it is preferable to work directly on I. The techniques
that we have developed in sections 2 and 3 are directly applicable to the uniformly expanding case
and are applicable with some modifications to the non uniformly expanding case. In the interval
maps setting, the k-cylinders correspond to subintervals of I of the form ﬂ;:ol T-I,,. We will
treat the following example.

Example 4.3

Let T : I — I be defined in the following way:

T is C?, monotone and increasing on each I,,, it may be continued to a continuous function on
the closure of I,, and there exists some integer K such that

= |J 5
n—K<p<n+K

(with the convention that I,, = () if n < 0). Moreover, T is uniformly expanding and there exists
R > 0 such that T"(z) < R for any x € |J I,,.

These dynamics are aperiodic and with bounded jumps. We will denote by

An .

DM

p=n—K

Let us remark that
ot = )\nl/ T'd\.
In

Lemma 4.3 If the sequence (A, )nen satisfies one of the two following properties:

A
1. lim 27 < 1, in this case, we would say that the sequence A, is of exponential type,
n—o0 n
)\n+1 .. . _9
2. is increasing to 1 for n > ng, and A\, = o(n™=).

n
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then L satisfies (H).

Proof: We have for any « and y in I,,

T (z) = T'(y)| < Sup T"(2)|l — yl.
zZCin

By integrating on I, we get:

—“R\I,) + pl < T'(z) < RAI,) + pl. (4.2)

An+1

Let us assume that lim = 0 < 1, this implies that p, goes to % < (2K +1)"! and

n—o0 n

SUP,cy £1(z) to (2K + 1)% < 1 (it uses (4.2)) so that (H) is satisfied.

Let us assume that it exists ng such that from ng, the sequence ! increases to Llet0<u, <1

n
be such that for n > ng, up+1 < uy, the sequence u,, goes to zero and

An+1
—— = (1 —uy),
forany j =1,---, K and n > ng + K, it exists a sequence u, ; such that u, ; goes to zero when
n goes to infinity, 0 < u,41; < up; and:
Antj
n

We get for some ng > ng and for any n > nj + K :

pil = (2K +1) ZuanrZun”JrZun” > (2K +1).

Remark that > u, j = oo for all j, since A\, = o(n™2), we have that :‘2—” goes to zero for all j.

n,j

So, using (4.2), we get L1, < 1if n > ng + K and (H) is verified. A
As we already noticed, (H) and the fact that A is a conformal measure for £ imply (K), let h be
the invariant density and p = hA. The proof of lemma 4.3 shows that if (\,,)nen is of exponential
type, then L satisfies (Exp2). Since 7" has bounded jumps, example 4.1 proves that £ satisfies
(Expl), so that the decay of correlations is exponential on the space B.

Moreover, if T is affine on each I, then it is easy to see that ¢ defined by p(z) = A\psx+- -+ -k
if z € I, is a fixed point for £ (so it is the only one up to a normalization by theorem 1.1). Let
us consider Jy = < v x In- We have

(TN Iy N 1) — u(JIn)p(Io)] = pu(Jn) (o) because T "Jn N I = (.

In particular, it is not possible to have an exponential decay of correlations of type (1.3) if
the sequence A, is not majored by an exponential sequence. The decay of correlations may,
nevertheless, be estimated in some cases. For P € N, let || |p denotes the uniform norm on

Ung 1.
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Proposition 4.4 If \, = Ky +o0(y""), 1/2 < a < 1 then, for any r > 0 and any P € N, there
exist C'(r) > 0 and C(r, P) such that: for any f and g such that fh € B and g € L*°,

0(F9 o T") — w(Ni(o)] < Cr)- 171 gl

1
and |L"f — hm(f)||p < C(r, P)ﬁ||f|| for any f € B.

Proof: Let us assume that A(I,,) = K4 +0(7™"), a < 1. p, satisfies for some positive constant

C:
1 C 1

Skl e T OGEn )
So, it exists ng such that for some positive constant C' and n > ny,
1 C

PSSR 1 n2ia)

Pn

So, using (4.2), if n > ny,

2K +1)C 1 c

sup ;Cl(.x) S 1-— n2(1*a) . — m

z€[n]

Let 8 = 2(1 —a) < 1if a > 3, which we will assume. This means that £ verifies (S-Exp2).
Moreover, for v(z) = n=%, a > 0 for x € I,, if £, is the transfer operator associated to this
change of potential, the arguments of lemma 4.3 prove that £, satisfies (H); this implies that the
invariant density h of £ goes to zero at infinity (indeed, we have that % is bounded). So example

4.2, shows the following estimate.

Lemma 4.5 It exists ni such that for N > nq, it exists kg such that for k > kg,

k—1 . k—1 1 c
L= su £k, < 1-— < (1_“) )
j.k NgnSJI\)erkj te g (N+kj+i) — E) (N + kj+ )P

So L satisfies (S-Expl). Moreover, (3.6) and (3.7) give for f € L, ¢(j) = 5%, 0 < u < 1 and
n=k(j+q(j) +r Jj=0(%) if 5 <1,

1£7f = hm(f)|[p < CH(P,N) [exp(—c(N + k)" )+ Y ™)

n>N+kq(j)
and for f such that fh € B and g € L™,
u(fgo T = p(f)u(g)] < CH(N) [exp(—c(N + ki)' )+ > 4] (4.3)
n>N+kq(j)

Since szn AP* = O(n'=*y™"), we have the announced estimate for 3 < 1. The same computation
leads also to the result for 5 = 1. A

< a < 1, for example

Remark 4.1 When the convergence to zero of A(I,,) is slower than 4™, 3

if it is polynomial, we have

sup L1(z) < (1 — %) with 8 > 1
z€[n] n

provided n is large enough, this estimate is not sufficient to use the techniques of section 3.
However, it is maybe possible to estimate the decay of correlations by improving the above estimate
for iterates of L.

27



Birth-and-death process. Using the same method, we obtain the following results for birth-
and-death process (see [Se| for a review on non negative matrices). We consider a stochastic matrix
P = (pij)ijen (O ;pi; =1 for all j). We assume that there is an integer K such that p; ; = 0 if
li — j| > K (this is why we call these process birth-and-death process) and we assume that the
matrix is aperiodic. In this situation, 1 is a fixed point for the Markov operator P and we are
looking for an stationary measure, i.e. a fixed point for the dual ‘P of P. Let us denote P by L.
The measure defined by mi[i] = 1 and mq[i1, -, in] = Piyiy - - Pi,_4i, 1S & conformal measure for
L but it is not finite. To any function v constant on the 1-cylinders and such that »° v, < 00,
we associate a transfer operator £, by change of potential (see page 6). The measure m, = vm;
is finite and conformal for £,. We make the following assumptions of the matrix.

e For any n € N, let Pu(n) =) .., pin and Pd(n) = >, Pin.

e We assume that for n large enough, Pu(n) = a(l — w,) and Pd(n) = b(1 + u,) where a and b
are positive numbers and (u,) and (w,,) are positive sequences that go to zero.

We have the following results:

e If a + b < 1 then there exists a change of potential v such that £, satisfies (S-Exp2). So
the matrix is positive recurrent and geometrically ergodic in the sense of D. Vere-Jones ([V-J1],
[V-J2]): we have the following exponential convergence

sup [p}") — v;] < Ct ™,

1,7€EN
where v is the stationary measure and 0 <y < 1.
elfa+b=1,a<b, for n large enough w, < u, and ) w, = oco then there exists a change
of potential v such that £, satisfies (S-Exp2). So that the matrix is positive recurrent and we
have the following estimate: for any N € N and any r € N there exists C'(IN,r) > 0 such that if
1,7 < N then

P = vl < CN)n .

elfa+b =1, a =0, for n large enough, w, < w, and if z, = u, — w, then > 2z, = co
then there exists a change of potential v such that £, satisfies (S-Exp2). So that the matrix is
positive recurrent and we have the following estimate: for any N € N and any r € N there exists
C(N,r) > 0 such that if 4, j < N then

") — v < CNx)n "

4.2 Non uniformly expanding maps of the interval.

We conclude this article with the estimation of the decay of correlations for Gaspard-Wang type
applications. Let (I,)nen be a partition (mod 0) of I with A([,) = ﬁ, K >0 a>1.
Let us consider the following piecewise affine application. 7 is increasing, affine on each I,
TI, =1,_1 for n > 1 and TIy = I. This is a linearization of smooth non uniformly expanding
maps of the interval considered for example by M. Thaler ([T]), C. Liverani, B. Saussol et S.
Vaienti ([L, S, V2]) and introduced by P. Gaspard et X.-J. Wang (|G, W], [Wan]) in order to
model intermitency phenomenons. It is well known that T" admits a unique absolutely continuous
invariant measure whose density h verifies cn < h(z) < Cn if x € I,, ([La,Si,V]). In particular,
i = h\ is a finite measure if and only if o > 2. Moreover, this measure is mixing. Let us notice
that the dynamic is without big branches at infinity and aperiodic.

If d > 0 we denote by vg : I — RT the locally constant function:

va(z) = v, =ndifx € I,
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let £ be the space of functions f such that

h
f—EBforanyd>1and sup
Vd d>1

h
i <o
d

We are going to prove the following result.

Proposition 4.6 For any ¢ > 0, there exists C'(e) such that for all f € E and g € L,

[1(fg o T") — p(H)(g)l < Ce)IfIl HgHoona,lQ,5~ (D

Let us remark that since ecn < h(xz) < Cn for x € I,,, the space B is included in E and for f € B,
we have || f]| < Ct[| f].

Remark 4.2 There exists many results on the decay of correlations for this map (linearized or
not). The oldest are from A. Lambert, S. Siboni, S. Vaienti ([La,Si,V]), M. Mori ([Mo]) and N.
Chernov ([Ch]). A.M. Fisher and A. Lopes ([F, L]) and S. Isola ([I]) get a speed of convergence in
W—I,Q for observables which are finite linear combinations of characteristic functions of cylinders.
Concerning the smooth model, using approximation techniques, C. Liverani, B. Saussol et S.
Vaienti ([L, S, V2]) obtain a rate of convergence in j;gj; for Lipschitz functions on the interval I,
this space is included in E. Using a coupling method, L.-S. Young ([Yo]) get, on the same space,
a rate of convergence of order ﬁ; in [H] H. Hu proves the same result and that this result is
optimal for Lipschitz functions on I. More recently, M. Pollicott and M. Yuri ([Po,Y]) get an

estimation for observables in a space containing {x%, 0<y< a%rl}

Proof of of the proposition 4.6: The transfer operator L associated to the potential & =
—log T satisfies

Loly = < >a+>\(lo).

Since h is not bounded, Lg cannot verifies (K). This is why we use a cohomologous potential.
For d > 1, let £L; be the transfer operator associated to the change of potential vy, Lq4f =

é&p(fvd).
n+1\""%  Mlo)
1(z) = .
sup Lal(z) (n+2> o

n-+2

So, if n is large enough, £41, < 1, which means that L4 satisfies (H) so it satisfies (K) provided
that the conformal measure mgy = vgA remains finite: the potential is constant on each I, so it
is uniformly locally Lipschitz on the partition (I, )nen. We have mg(I) = > v, A(I), so mg(I)
is finite if and only if @« —d > 1, since d > 1, we recover the condition a > 2 which guaranty
the existence of an absolutely continuous invariant measure . In what follows, we assume that
a > 2, a—d > 1 and the measure my is normalized (i.e. mg(l) = 1). Let hy be the normalized
fixed point of L4, we have yu = hgmg = hA.

Let us prove that L4 verifies (S-Expl). Let usfix 0 <n<a—d,let f=a—d—n.

Lemma 4.7 It exists n; = ni(d,n), it exists ko such that for N > ny and k > ko,

k—1 B
1
8 .= sup sup £F1(z) < <1 — >
k.j N<n<N+kj z€[n] al(®) g) N+kj+Ll+2
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Proof: L, satisfies (K), so there exists M > 0 such that ||£]1| < M for all n € N. Let
us fix ng such that if n > ngy then (1 — n%_z)" + 25/\271;)1\/[ < 1. This implies that if n > ng,

Lql, < (1-— n%ﬂ)ﬂ Now, the following estimate can be proved by induction.

k-1 B

1
F > k, £k1,, < 1——) .
or any n > ng + K, dn_g( n—|—€—|—2>

It remains to estimate sup ¢, LF1(z) for N <n <ng+k. Let N <n<mng+k,

a—d
sup LEF11(z) < (1 - ) sup LF1(x)+ )\(IO)M,

z€(n] n+2 z€[n+1] nd
by induction, we prove
k—1 k—1 p
1 _ AIo) M 1 _
k a—d 0 a—d
sup Lgl(z) < | |(1— ———5)" "+ 1+ (1- ———)).
vef] 5130 n+j+2 nd ;g n+0+42

This leads to

N K
sup Egl(x) < <n ::: k:> + —— where K is a constant which depends neither on n nor on k.
zeN n n

Let (%)aid < v <~ < 1, and ny be such that n > nq, % <~ —7"and N > ny, we choose

ko such that k > ko, (1 — noi%)o‘*d < /. Since N < n < ng + k, Z—ii <1- noiﬁ% we have for
x € [n], LE1(z) < ~. This is sufficient to get the lemma. A

So, we have,

, 1 ok
o< (1
’fd-( N+k(j+1)+2> ’

and Ly satisfies (S-Expl). In order to adapt the method of section 3, it suffices to estimate
K;(Lkf) for f € CY(a,b,c). Let us note p(x) = (T'(z))~! and py(z) = Hf:_ol p(T'x). For z and
y€l,,n < N+k(j—1)and f € B, since T is without big branches at infinity and affine, we get:

Lif (@) = Laf )| < K5(f) d(wy) Y gula)pw(a’),

Tka' =g
e p. <1, s0 that forn > N
ILhf(x) — LEf()| < K;(f) d(z,y) 6

e Let 0 <n < N. For any p < k and z € 3, we have pi(z) < pp(2). So,

Y a@)e(@) < Y ge(@)pp(a’) = Lipp(@),

Tk =x Tky!'=zx

if z € U,< In, theorem 1.1 applied to £, implies that LEp,(x) goes to ha(x)ma(pp) uniformly in
x. Birkhofl’s ergodic theorem applied to log p and the fact that p(log p) < 0 imply that p,(2) goes
to zero when p goes to infinity for p-almost all z. We have p = hgmyg, so that p,(z) goes to zero
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when p goes to infinity for mg-almost all z. Lebesgue’s dominated convergence theorem implies
that mq(pp) goes to zero when p goes to infinity. So, there exists k() such that for k > k(N),

> gk@)pr(a) < Lipy(x) < 55

Tky'=z

Finally, for k > k(N), we have K;_1(Lk f) < K;(f)d} ;- With the notations of section 3, for any
k> max(k(N), ko) and 0 <y < 1

ESC{V(Q, b,c) C Cfv_l (va,0;b,d;c)

and the hyperbolic diameter of £XCY (a,b,¢) in C4 ' (va,d;b, §;¢) i 1+6 . The

fixed point of L4 verifies hg = @. If f is such that fhy = {)—d € B and g € L™, the estlmate (3.7)
gives with ¢(j) =j% 0 <u <land n=k(j+q(j)) +r, j = O(%),

ln(fgoT") — u(f)u(g)l

< Ot log(N + (j + (7)) (W)ﬁk N + k)12 gl
< O |~ + | Vo ol
J
Let f belongs to . Wefixe >0and 1 <d<1+4¢,let u= g:ﬁ <land k> % ﬁ then
[u(fgoT") — u(f)ulg)] < Ct(f)ja_lg_slllflll 191
Since j = O(%) and k = k(c) we deduce:
19 0 T") — w(F(o)] < Ct(E) s Il e
This conclude the prove of the proposition.
A

Remark 4.3 We can also apply the same techniques to affine non uniformly expanding Marko-
vian maps of the interval with bounded jumps provided they satisfy (S-Exp2). Moreover, the
techniques may be improved to consider dynamics which do not verify the bounded distortion
property (but a bounded distortion on each I,,) and then obtain estimates for piecewise smooth
non uniformly expanding maps.
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