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ABSTRACT. In this article we investigate the existence and ergodic properties of absolutely
continuous invariant measures for a class of piecewise monotone and convex self-maps of
the unit interval. Our assumption entails a type of average convexity which strictly gen-
eralizes the case of individual branches being convex, as investigated by Lasota and Yorke
(1982). Along with existence, we identify tractable conditions for the invariant measure
to be unique and such that the system has exponential decay of correlations on bounded
variation functions and Bernoulli natural extension. In the case when there is more than
one invariant density we identify a dominant component over which the above properties
also hold. Of particular note in our investigation is the lack of smoothness or uniform
expansiveness assumptions on the map or its powers.

1. INTRODUCTION AND STATEMENT OF RESULTS

We study nonsingular transformations 7" from the unit interval I = [0,1] into I that are
piecewise monotone and continuous. Specifically, there is a finite partition of I given by
0=ay<a <ay <---<ay =1 and such that on each (a;_y,a;) we have T; = T'|(4,_, a))
being continuous and (strictly) increasing. Since each T is 1-1, they have well defined inverses
¢; = T, ' which may be extended continuously to increasing (and hence a.e. differentiable)
functions v; : [0,1] — [a;—1,a), where ¥;(x) = a;—1 if @ < infye@, 0 Ti(y); Yi(z) =
a; if ¥ > supye(y, ;0 Ti(y). Since we are assuming m o T, ' << mforeachi=1,2,...,N,
we have

dmo T, !
dm
Throughout this article m denotes the Lebesgue measure on Borel subsets B of [0, 1].

=, m—a.e.

We consider the Perron—Frobenius operator P on L' = LY(I,B,m), uniquely defined by
the identity

(1.1) /Pfgdm:/fgonm; VfeL',ge L™,

Department of Mathematics and Statistics, University of Victoria, P.O. Box 3045, Victoria, B.C., VEW
3P4, CANADA. Supported by NSERC Grant no. OGP0046586
*Université de Bourgogne, Laboratoire de Topologie, UMR 5584 du CNRS, FRANCE
3Department of Mathematics, Ajou University, Suwon, 442-749, Korea. Supported by NSERC Grant no.
OGP0046586 and PIMS PDF 1999-2001
1991 Mathematics Subject Classification. Primary: 37E05, 37A05, 37A25. Secondary: 37A40.
1



2 INVARIANT MEASURES FOR PIECEWISE CONVEX TRANSFORMATIONS OF AN INTERVAL

In view of our setup we have the following pointwise representation for P, taking g = X[o,4)-
For each x € [0, 1],

/Om Pf(t)dm(t) = Z /:nl[o ]f(s)dm(s)
r dm o Ti_l
-3 / o) (1) dm()

_ / xzf<wi<t>>¢;<t> dmi(t)

from which it follows that Pf(z) = Y2, /(x)f(¢i(x)) for almost every z € [0,1]. Our
convexity assumption takes the following form.

(C) Assume that for ¢ = 1,2,..., N there are measurable functions F; : [0,1] — R with
F; = ¢ m—a.e, and such that the family F; satisfies both

(C1): For each k =1,2,..., N the functions Fy + Fy + - - - + F}, are decreasing, and
(C2): F1(0) < 1.

Observe that a branch T; is convex iff its associated F; may be chosen decreasing. Our
assumption (C) therefore is strictly weaker than the requirement that each branch be convex.

Under assumption (C) we may again rewrite the pointwise version of (1.1) as

(1.2) Pf(z) = Fi(x)f(u(@)); ¥f € L'

Remark 1.1. Of course, the formula (1.2) requires the following interpretation. Given
f € L', any version of f used on the right hand side of (1.2) will produce a version of Pf.

Theorem 1.1. Let T be piecewise monotone and continuous on I as above, and satisfy
the convezity condition (C). Then T admits an absolutely continuous invariant probability
dv

measure v, whose density g = 5= may be chosen to be a decreasing function on I.

Remark 1.2. We note that no continuity assumption is made on the derivative 7" so our
result is not like most of the classical existence criterion depending on smoothness of the
map. See, for example [6], [2] and references cited there. An extensive analysis by Rychlik [9]
is closer in spirit to our present investigation, but the uniform expansiveness assumed there
is replaced by the weaker form in (C2) which only implies that the branch T} is expanding.

Perhaps closest to our present investigation is an older result of Lasota and Yorke [7]
for piecewise convex maps where the main result proved there should be compared to ours.
There, all branches are assumed to be convex, and the leftmost branch T} is assumed to
satisfy 77(0) > 1. Further, all branches satisfy 71(0) = T2(ay) = -+ = Tn(an-1) = 0.
The assumption of nonsingularity is not necessary as the stronger convexity assumption
implies it. Our convexity assumption (C1) is not only weaker than that of Lasota—Yorke,
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but is also more natural in the sense that, as we shall see, the condition (C1) is necessary
and sufficient for the Perron—Frobenius operator P to preserve the class of non-negative,
decreasing functions on I (Lemma 2.2). So, our condition is invariant under taking powers
of T'. Also, this observation leads to a very simple proof of a classical variational inequality,
after which the existence of an invariant density can be deduced in the classical manner; see
for example [6]. This is discussed in §2, providing the proof of Theorem 1.1 above.

In [7], Lasota—Yorke convex maps are shown to have the property that there is a unique
invariant probability density g and that the a.c.i.p.m. du = gdx is exact for T. This is
not the case for maps satisfying our weaker convexity condition. In §4 and §5 we identify
a dominant component for a given decreasing invariant density and prove uniqueness and
exactness of this dominant component (an interval). Also, in §4 we prove exponential decay
of correlations, the uniform expanding property and the Bernoulli property when the dom-
inant component is not normalized Lebesgue measure. This restriction is equivalent to the
requirement that 7" be expanding at the rightmost endpoint of the dominant component,
which we call condition (E), for expanding. We note that exponential decay of correlations
and the uniform expanding property were proved for Lasota-Yorke convex maps in [3].

The remaining question of when there exists a unique a.c.i.m for 7" is discussed in §6. We
identify a mixing conditon (M) which ensures that there is exactly one invariant density in
BV and the resulting system (7', gdx) is exact. Again, if the expanding condition (E) is also
satified, then some power of T  is expanding and 7' is Bernoulli with respect to its unique
a.c.i.m.. Lasota-Yorke convex maps satisfy our condition (M), but (M) does not imply that
some power of T' is uniformly expanding, so this final section identifies a proper extension of
the results in [7].

Much of our argument depends on the identification of suitable invariant cones for the
operator P and the construction of norms equivalent to the bounded-variation norm from
these cones. We give a brief discussion of these matters in §3. The reader looking for more
complete background on this method should consult [8] where many of the omitted details
may be found.

The first author is pleased to acknowledge the hospitality of the Laboratoire de Topologie,
Université de Bourgogne during the Fall of 1996 where first the idea to revisit the Lasota-
Yorke maps from a more current point of view was proposed.

2. EXISTENCE OF AN INVARIANT DENSITY

Throughout this section 7' is assumed to satisfy the conditions of Theorem 1.1.

Lemma 2.1. Without loss of generality, we may assume that for k =1,2,..., N the func-
tions Fy + Fy + - - - + Fy are decreasing, and upper-semicontinuous on [0, 1].
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Proof. Every decreasing function on [0, 1] can be modified on a set of measure zero to be
upper-semicontinuous and decreasing. Apply this inductively for £k = 1,2,..., N. Changing
each of the functions F; on sets of measure zero will not change the operator P. 0

Remark 2.1. The simple result above leads to a kind of uniqueness in the pointwise rep-
resentation of the Perron-Frobenius operator. Suppose Ff(z) = S.n | Fi(x)f(1:(z)) while
Gf(z) =N, Gi(x) f(¢i(x)) for all f € L' are two Perron-Frobenius operators with weight
functions {F;}, {G;} both satifying (C1). Suppose F'f = Gf for all f € L'. If both sets of
weight functions have upper-semicontinuous sums as in the above lemma, then F; = G; on
(0, 1] since two upper-semicontinuous, decreasing functions which agree almost everywhere
must be identical except possibly at zero. Now it is a simple matter to change the definition
of the Fy at the single point zero, still maintaining condition (C1) so that F; = G; on [0, 1]
We will have a number of opportunities in the following arguments to make use of this simple
observation.

Remark 2.2. In a similar vein, suppose ¢ € (a;_1,a;) for some i = 1,2,... N. Define
T](x) if1 <)<
T;(z) if j =14 and z € [a;_1, ]
Tj(x) = e
T;(z) if j=i+1and z € [c, a;]
Tiy(z) ifi+l1<j<N+1

in other words, we split the ¢-th branch into two sub-branches at the point ¢. Then this new
T with N + 1 branches still satisfies the convexity condition (C) and generates the same
operator P, although the pointwise representation (1.2) will be changed.

Let J = {f :[0,1] — [0,00)|f(x) > f(y) whenever z < y} be the cone of nonnegative,
decreasing functions on I. As a further consequence of the convexity condition (C1) we
have

Lemma 2.2. A necessary and sufficient condition for an operator of the form
N
Pf(z) = Fi(x)f(¥i(x)); F; >0
i=1

to satisfy P : J — J is that the F;’s satisfy condition (C1).

Since T'(0) = 0 is implied by condition (C1) with k£ = 1 the above lemma leads to

Corollary 2.3. Convexity condition (C) is preserved under powers of T
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Proof of Lemma 2.2. Let f € J and © < y. Define x; = ¢;(x) and y; = 1;(y) > «; for
i=1,2.....N.

Pf(x)— Pfy) = _[Fi(x)f(z:) — Fiy)f ()]
(2.1) '

since F; > 0 and f(x;) > f(y:).

Define the following N-dimensional vectors.

AF = (F(z) — Fi(y)) € RY

f = (f(z;)) € interior of positive cone of RY

—

b; =(1,1,...,1,0,0,...,0); j=1,2,...,N
-~

j times
With this notation we rewrite (2.1) simply as
(2.2) AF- T

The convexity assumption (C1) implies

(2.3) AE- b >0, j=1,2,...,N.
Furthermore,
N-1 R .
(2.4) f=)_ (f(zj) = f(zj41))b; + fzn)bw,
=1

with all coefficients in this expression nonnegative since f € J. Using (2.3), (2.4), linearity
in (2.2) implies Pf € J.

As for the converse, note that the inequality at (2.1) is sharp on 7, that is, if the F; fail
to satisfy the convexity assumption (C1), then there exists an f in J with Pf ¢ J. O

If f:[0,1] — R we denote the variation of f by \/, f and let BV denote the Banach
space of bounded variation functions (with norm || f||gy = \/; f + || f]l1).- As in the classical
situation, we seek a variational inequality for P in order to establish compactness of the
sequence of iterates of a function in BV. We have been unable to prove such an inequality
on all of BV, but following below is the inequality on the sub-cone J C BV, and this will
turn out to be sufficient for our purposes.
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Lemma 2.4. For each a satisfying F1(0) < a < 1 there exists a constant b = b(a) < 0o so
that for all f € T,

\/ Pf<a\/f+bllfls
I I

Proof. We first note that there exists a weak variational inequality: there exist positive
constants A, B < oo such that

\/ Pf<A\/f+Bllflh VfeJ.
I 1

For f € 7,

Note, by condition (C1), T' > ~, and for f € J, f(1) < || f]|1 so we obtain

\ Pr<T\/ f+@ =l
I I

This shows we may set A = I' and B = I' — 7 in our first variational inequality. It also
shows that the lemma is true on the the subspace {cl}.>0, S0 we may restrict our attention

to j — {61}020-

Suppose the lemma is false. Then there is a number a, with F1(0) < @ < 1, and sequences

0# f.ed, V;fn#0and A, >0, lim, A, = +oo satisfying

(25 < a,

Since the left hand side of (2.5) is invariant by f — cf; ¢ > 0, we may assume \/, f, =1
for all n. Using the weak variational inequality established above, we have

A + Ban”l - &
1 fallx

The left hand side above is uniformly bounded on sets where || f,||1 > d > 0, so we must have
| fnll1 = 0. Dropping to a subsequence if necessary, we may assume f,, — 0 for m—a.e. z € I.
Choose x¢ € (0,ay) satisfying f,(xo) — 0. Let 6 > 0 be fixed, and pick ng so fp,(z¢) < 6.

(2.6) > A, — o0
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Then we have f,,(a;) <6, i=1,2,..., N, f,,(0) <146, and we may make the estimate.
an()(()) - ano(l) < Pf”o( )

S Z fno Qi— l)
) N
< F(0)(1+06)+ (> F(0)d
=2
N
= F1(0) + (Z Fi(1))6
i=1
<a
provided § was chosen sufficiently small. Thus \/; Pf,, < a\/; fy,, which contradicts the
sign in (2.5). This completes the proof of the lemma. O

Proof of Theorem 1.1. Applying the previous lemma iteratively to the function 1 we obtain

\/Psl <b(l4+a+a*+--+a)<b1l—a) .

Now consider the sequence g, = + ZS o P°1. The following properties are now evident.

(1) gn € J and HgnHl—fgn—l n=>1.

(2) |Pgn — gnll1 "= 0 since sup || P*1]|os < o0.

(3) The sequence {gn} is relatively compact in L' by Helley’s Theorem.
(4

) If g7 =" limy, g,,, for some subsequence, then g > 0, Pg =g, and ||g|j; = 1.
Finally, since g may be obtained as the L! limit of a sequence of decreasing functions, we

may, by an elementary argument, find a version of g which is decreasing. This completes the

proof of the Theorem 1.1. 0

3. PRELIMINARIES ABOUT CONES AND NORMS EQUIVALENT TO || - ||pv

Recall that J = {f : [0,1] — [0,00)|f is decreasing}. Given a function f on I = [0, 1], we
will simply denote \/, f by \/ f. BVj denotes the (Banach) subspace of bounded variation
functions which integrate to zero. We continue to reserve || - || for the L'-norm || - ||;. Of
course for a given f € BV, there exist f!, f? € J such that f = f'— f2. In fact the following
is also true.

Lemma 3.1. Given f € BV, there exist f', f?> € J such that

(1) f=f—r1%
2)VI=V/+V/I
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(3) if f=g—h€ BV andg,h €J, then\| f1 <\ g and \/ f*> <\ h and || f*]|+| f*|] <
lgll + W]l Furthermore, if g # f* (so h # f2), then |[f! + [Lf*Il < lgll + lIA]]-

Proof. For each z € I, let Ty(z) =\/ f. Define f! and f* by
0

fr= SOV S+ F =Ty and 2= SO\ f+ 7] = f =T,

so clearly f = f! — f2. Tt is easy to check that f! and f? are decreasing. Since f'(1) =
()] + f(1)} > 0, we have f' >0 and similarly f2 > 0. Thus f!, /2 € J. Also

\V I+ 2= 110 = 1)+ £20) = £2(1)
1

= 20O~ 7+ 1)+ 5 (FQ) — FO) + V1)

:\/f,

Suppose f =g — h with g,h € J. Then
g+ \/h=\g+n0)—n(1)]
=\ 9+ [9(0) = £(0) — g(1) + f(1)]
=2\/g— f(0)+ f(1).

In particular, \/ f1 +\V f2 =2V f' — f(0) + f(1) =2V f! =V g+ \/ h. This implies that
VfP<Vg since \/ f1+V 2=V [f<Vg+\h. Similarly, we have \/ f2 < \/ h.

To see || fX|| + 1|/2] < llgll + |||, notice that for each z € I,

51) o<\ r-Tyx) =\ -\ r<\Vr<\Vo+\Vh

and hence
VI =T = 1V £ = T3l < gl + 0] = 9(1) = A1)
Since [f(1)] < g(1) + h(1), it follows that
120+ 120 =5 [V 181+ F =1+ [ f 41501 7 - 39)]
=/ 7+ £ = 1751 < gl + ]
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Finally suppose [|f*|| + [|/2]l = llgll + ||2]|. It follows from (3.1) and (3.2) that |f(1)| =
g(1) + h(1), which implies that for each = € I,

)+ @) =\ f+1FQ)] = Ty(x)

= g(z) + h(z) — g(1) = h(1) + | f(1)]
= g(z) + h(z),
ie, f'4 f2 =g+ h. Since f' — f2 =g — h, we have g = f! and h = f2. O

Definition 3.1. For a given f € BV, with f!, f? defined as above, we will call f = f! — f?
the variational decomposition of f.

Notice that J is an RT-module, i.e., if f,g € J, then f + g € J and for any ¢ € RY,
cf € J. We now introduce a class of submodules (or cones) of 7.

Definition 3.2. For a given K > 0, define Cx by

Ck ={feBV|feJ and \/ f < K| [}
From each Cx, K > 0, we may construct a vector space ['y of functions on I via
Tk = {f € BV| there exist f', f> € Cx such that f = f' — f* and || '] = || ?||}-
On T'k define || - ||r, as follows.

1A llese = inf{[IF1) | f=f" = f% where f', f* € Cx and |[f'[| = [I/*]}.

We collect some basic facts about these objects.

Lemma 3.2. For each K > 0, the following hold.
(1) T with || - ||r, is a normed vector space. (In fact it is a Banach space.)
(2) f € Tk if and only if f € BVj.

(3) If f = f' — f? is the variational decomposition of f € BVy, then there exists ¢ > 0
such that f' +c, f> +c € Cx and || fllr, = ||f* +||.

(4) For a given f € BVj,
min{1, K} fllr, < [Ifllpv < 2(K + D fllr,-
In particular, all the norms || - ||r,. are equivalent, and equivalent to || - ||gy on BV;.

Proof. (1) It is an elementary check that ' is a vector space and that || - ||r, is a norm on
it. Completeness follows from (2) and (4) below.

(2) If f € Tk, then by definition there exist f!, f> € Cx such that f = f' — f? and
1/ = I/21l. Since [ f =/ = |If?]] =0, it follows that f € BVj.
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Conversely, suppose f € BV and f = f! — f? is the variational decomposition of f. Since

0= f =/ = £, we have | f1]] = | f2]|. Let
o= max\/ £\ 72}~ 7]

fa < 0, then V' < K|[f] and V/ /2 < K|/ = K|/, so that f*, f € Cic. Thus
f €Tk. Ifa > 0, then it is easy to check that f'+a, f2+a € Cg. Since f = (f'4+a)—(f*+a)
and || f* + a|| = || f* + «), it follows that f € T'k.

(3) Let f € BVy and f = f! — f? the variational decomposition of f. Let a be given as
above and ¢ = max{«, 0}. It follows from the proof of (2) that f'+¢, f2+c € Cx. If a < 0,
i.e.,, ¢ = 0, then it is clear that ||f|r, = ||f*]] = ||f* + ¢| (see Lemma 3.1). Now suppose
c=a>0.If f=g—hand g,h € Cx C J, then it follows from Lemma 3.1 that \/ f! <\/ ¢
and \/ f2 < \/ h. Thus

1 1
17 ell = 1+ o = = ma\/ £V £2) < = ma(\/ 9./ 1)
1
< oo max{K|gll, K[|h[[} = gl

Since f' 4 ¢, f> 4 ¢ € Ck, it follows that || f||r, = | f' + ¢||. Note that there is at most one
value of ¢ which can satisfy the previous identity.

(4) Let f = f' — f? be the variational decomposition of f and let ¢ be as in (3) so that
I fllre = IIf* + ¢||. Assume that ¢ = @ > 0 and make the estimate

15+ el = 10+ e = omaxtV/ £\ £2)

On the other hand, if ¢ = 0 and o < 0 we proceed as follows. Notice that either f!(1) =0
or f%(1) = 0 for otherwise we could subtract a small multiple of the identity from both,
contradicting Lemma 3.1 (3). Assuming the first case (the other is identical) estimate

1+l = A< (1 f oo
<\
<\/f

<||fllBv-
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This proves the first inequality in (4). For the other inequality, by the proof of (3) with ¢
defined as above

1fllsv =\ F+1F1 =\ ++ (P +o)+ 1]
SK|ff el + K2+l + 1A+ 12
<2(K +D|If' + ¢
= 2(K + D[ flIrs-
This completes the proof. O

Remark 3.1. We remark that the above construction follows closely the setup in [8], al-
though our choice of the basic cones Cg is different, leading to some changes in the proofs
and to some of the constants in the estimates.

Using Lemma 2.4, choose a and b < oo so that Fj(0) < a < 1 and for any f € 7,
VPf<a\lf+blf]. Itinductively follows that for any given f € J and for each m > 1,
" m b(l —a™

(33) Vg <am\/ 4 Dy
Lemma 3.3. For a given K > b/(1 —a), P preserves Cg, i.e., P maps Cx into Ck.
Proof. Let K > b/(1 —a). If f € Cg, then
\ Pf<a\/F+olfl <aK|fll+ (1 - a)K]|f]
= K||fll = K|PfIl
which shows Pf € Ckg. O

Remark 3.2. Let S; denote the unit sphere in L'. Each subset Cx N S; is a convex and
compact subset of L!. Using Lemma 3.3 and the Markov property for P, for all sufficiently
large K each of these subsets is preserved by P. By the Schauder-Tychonov Theorem, P
will have a fixed point in Cx N .S;. This gives another proof of the existence of a decreasing
invariant probability density as was already derived at the end of §2.

4. ERGODIC PROPERTIES OF AN INVARIANT MEASURE: CASE I

The techniques developed in the previous section will now be used to study the question
of ergodic properties. Throughout this section 7' is assumed to satisfy the conditions of

k

Theorem 1.1. For each k = 1,--- , N, let F}, denote Fj, = > F;. From Lemma 2.1, without
i=1

loss of generality, we may assume that for each £ = 1,--- | N, F is upper semicontinuous.

Also, for a given closed interval [¢,d] C [0,1] (¢ < d), we define T'[e, d] to be

N

Tle,d] =T(c,d) = U Ti([aj—1,a;] N (c,d)).

j=1
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Consequently, T'[c,d] is a finite union of non-trivial closed intervals. Under this notation,
the following holds.

Lemma 4.1. For each k =0,1,2..., T*0,a,] is a closed interval containing [0, a;]. More-
over, T*0,a;] € T*[0,a;] so that we have an increasing sequence of closed intervals.

Proof. The first statement is obviously true for k = 0. Suppose T*[0,a;] = [0,b;]. Choose
[ > 1 such that a;—; < by, < q;. Then

T"0,a1] = T1[0, a1] U -+ - U Ti1[ar—2, 1) U Ti[a;—1, by),

where each of these sets is a closed interval. If the union is not connected, then there exists
an interval (¢, d) with d < sup{T'(z)|z € [0,bx]} and F; = 0 on (c,d) since the F; = 0 almost
everywhere on this interval for 1 <+ <[ and the sum F; is upper semicontinuous. But also,
there exists a point y > d such that F;(y) > 0 which contradicts our convexity condition
(C1). So T*[0,a] is an interval. Now note that since Tj is convex and F;(0) < 1 we have
0,a:] C T1[0,a,], so T**1[0,a1] D [0,ay]. Finally, since [0,a;] C T[0,ay], it follows that for
all k, T*[0, a,] C T*10, a4]. O

FIGURE 4.1

Let 8 € (0,1] be determined by |J T*[0,a,] = [0, 3]. Then, by Lemma 4.1, a; < 3 < 1
k=0

and T[0, 5] = [0, B]. Following Remark 2.2, without loss of generality, we may assume that
p = ay, for some N, € {2,--- |N}. Then Fy,(z) = 0 on (f,1] and for any ¢ € (0, 5),
T10,¢] € [0, ¢], which leads to the following (see Figure 4.1).

Lemma 4.2. For each ¢ € (0,3), Tlc, 8] € ¢, B].
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Proof. Suppose 0 < ¢ < § and Tc, f] C [, 5]. Again, in view of Remark 2.2, without loss of

N*
generality, we may assume that ¢ = a, for some 5,1 < s < N,. It follows that >  F;(x)=0
1=s+1
on [0,¢), i.e., (Fy, — Fs)(xz) =0 on [0,c). Also

1 1 c
= / Pryjo (t)dt = / Fu(t)dt > / Fut)dt > c- Fu(o),
0 0 0

which means F,(c) < 1. Since Fy(x) = Fn,(z) on [0, ¢), this implies that lim Fy, (z) <1,
r—c—
and so Fu,(c) < 1. Thus

B8
/ F.(t)dt < (8- ) Fa.(c) < B —c

Meanwhile,

/3—c—/ e (1)t = /(fN ~F) ()t

/ (Fn, — t)dt < / F, (t

Therefore ff Fn.(t)dt = 3 —cand [ F, P F,(t)dt = 0. Then T[0,c] C [0,c], which is a contra-
diction. O

Lemma 4.3. There exists an integer r > 1 such that |J T*[0,a,] = [0, 5].
k=0

Proof. Let d = max{T;(a;)|1 < i < N, —1}(< f). Then d > ay,—1. For, otherwise,

U T%[0,a,] C [0,an,_1] € [0, ], which is a contradiction. We claim d = 3, in which case
k=0

it is easy to see that there exists r > 1 such that |J T*[0,a,] = [0, 5]. To prove the claim,

k=0
first suppose T, (d) > d. Then T'[d, 5] C [d, 5] and so by Lemma 4.2, d = 8. If T, (d) < d,
then 70, d] C [0, d], which implies d = f. O

Lemma 4.4. Let g € J be an invariant density for T and A = foﬁ gdm. Define g : [0,1] —
R* by

if f<ax<1.

Then gz € J s an invariant density of T, i.e., Pgsz = gg.

05(a) = {g(a:)/A if0<z<p

Proof. Let g1 = g - Xj0,5) and g2 = g — g1. Then g1 + g» = Pgy + Pg,. Since T'[0, 8] C [0, ],
we have g; > Pg;. From the fact that ||Pg;|| = ||lg1||, it follows that Pg; = ¢;. Thus
g5 = g1/||g1]1 € J is an invariant density of 7' O
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Remark 4.1. For the rest of this and the following section, we will study the ergodic
properties of (T, ggdm). In effect we will study T = T'[j,5) an N,-branched convex map on
0, 8]. The Perron Frobenius operator P on L'(3) = L'([0, f]) is defined according to (1.2)
using 7. The connection between the two operators follows

Pg = P|pis)

This is easily seen from the representation (1.2). Similarly, we will adopt the notation
BV (B), BVy(B), J(B) and Ck(B), K > 0, for each K > 0 to denote the function spaces and
cones on the restricted domain [0, 3]. For example it easily follows from Lemma 3.3 that for
a given K > b/(1 — a), Ps preserves Cx (), i.e., Pg maps Cx (/) into Cx(B).

Recall that the condition (C2) implies only that T is uniformly expanding on [0, a;],
however, it need not be the case that T (or even some power of it) must be uniformly
expanding on [0, §]. Suprisingly, if in addition, T} is assumed to be expanding at 3, then we
will prove that some power of T} is uniformly expanding. This motivates the terminology in
the following;:

We say Tj satisfies the expanding condition (E) if
(E) Fn.(87) < 1.

We say (T, 1) has exponential decay of correlations if there exist C' < oo and A < 1 such
that for any h € L'(u), f € BV (u), and for each k > 1,

| / (ho ) fdp — / hdyi / fap| < C X - £l

We first show the following.

Theorem 4.5. Suppose T satisfies the conditions in Theorem 1.1 and the expanding con-
dition (E). Let gg be an invariant density of Tz as defined in Lemma 4.4. Then (Tp, gzdm)
1s exact. Moreover it has exponential decay of correlations.

The proof of Theorem 4.5 results from a series of lemmas which will be proved later.
Similar methods may be found in the work of Bowen [1].

To simplify notation, and in view of the above correspondences, we will generally refrain
from including the subscript § from 7" and P with the underlying assumption in this and
the next section that the domain has been restricted to [0, 3].

Lemma 4.6. Let r > 1 be given as in Lemma 4.3. Let K > 0 be given and choose s > 0 so
that 5(a1) < 1/K. Then the following hold.

(1) For each x < ay, there is A\g = A\o(x) > 0 such that for any f € Cx, (P°f)(x) > Aol f]l-
(2) For each x < 3, there is o = dp(x) > 0 such that for any f € Cx, (P™"*f)(x) > | f]|-

Lemma 4.7. Let K > b/(1 —a). Then there exist | = [(K) > 1 and h € J(f8) such that
['h> 0 and for any f € Ci(8), P'f — | f]| - € T(5).
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Lemma 4.8. Let K > b/(1 —a). Then there exist n = n(K) > 1 and h € J(B) such that
[ >0 and for any f € C(8), P"f — ||| - b € Cie(B).

Proposition 4.9. Let K > b/(1 — a). Then there exist n = n(K) > 1 and 6 = 6(K) > 0
such that for any given f € BVy(B), for each k > 1,

125" fllrse < (1= 0)"[[f v

Proof of Theorem 4.5. Fix K > b/(1 — a). It follows from Proposition 4.9 that there exist
n=n(K)>1and § = 0(K) > 0 such that for any given f € BVy(5), for each k > 1,

1P fllre < (1= 6)"1fllr-

Since the right hand side converges to 0 as K — oo, the left hand side converges to 0 as
k — oo and so by Lemma 3.2 (4) in || - || pv, which implies

|P*" f]ly — 0 as k — oc.
Since P is a contraction in || - ||1,
|IP"flli = 0 as m — oc.

This will be enough for the exactness of the a.c.im. (see, for example [5] where the term
asymptotic stability is used). In fact, let ¢ € BV() and ¢ > 0. Noticing that f =
¢ — ([ ¢)gs € BVo(B), we have ||[P™f|; — 0 as m — oo, ie., 1i_r>n Pmg = ([ ¢)gs in L.

Therefore, (T, gsdm) is exact.

To prove the second statement, fix K > b/(1 — a). Notice that P is also a contraction in
| - |lr. It follows from Lemma 3.2 and Proposition 4.9 that there exist C; = C}(K) < oo
and A = A(K) < 1 such that for any given f € BVy(3), for each k > 1,

IP*fllay < Ci- A5 || fllsv.

Let h € L' and f € BV. Then with du = gsdm, f=f- [ fdu € BV and f-gﬁ € BVy(5).

Since V/(f - g5) < llgslloe V(f) and [1f - gsll < llgslloollfIl < llgslloc(1£1] + llgsllocl 1 £]]) =
1951 loo (1 +[lgslloc) [ F]1; we have [[f-gsl| v < (1+][gslloc)llgsllool | f] By Thus for each & > 1,

| [horysan— [ nag [ ol

_ ‘/(hoTk)fdu‘ = )/h'P’“(ﬁgﬂ)dm

< bl - I1PE(F - g8)llse < NIy - I1P*(S - 98)llBv
< bl - Cy- X f - gsllsy

< Al Co- A (14 [gsloo) - lgslloo - | flBv
< C- Nl fllev
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where C' = C1 - (1 +|95/le) - lg8llc < 00. Therefore (T, gsdm) has exponential decay of
correlations. O]

Now in order to prove Lemma 4.6, we will use the following notations. For each n > 1,
{a{™} denotes the partition for T"; for each i = 1,---,N,, T, ™ and F™ are
similarly defined.

Proof of Lemma 4.6. (1) Let y < 1/K. We will first show that there exists e = €(y) > 0
such that for any f € Cg,

(4.1) fy) =€l 7l

In fact, define € = ¢(y) by

1—- Ky
. . )
CTITK1-y)

Then for a given f € C,
F0) = f(y) < £(0) = f(1) =\/ f < K|Sl
< K[f(0 )y+f( )(1—y)]
which leads to
1+ K(1-y)lf(y) > (1 - Ky)f(0) > (1 - Ky)[lf],

ie, fly) = el fl.
Let © < ay be given. Then Fl(s)(m) > 0 and 1/}18)(30) < @Df)(al) < 1/K. Let A\g = Mo(z) =
F(S)(m) : e(@Z)IS) (x)) > 0. It follows from (4.1) that for any f € Cg,

ZF“ 07 (@)

> F(2) f (1 ()

> F(x) - e ()] f]
= ol /1

(2) Note that for any = < S, Fl(T)(x) > 0. Fix x < p. It follows from (1) that \g =
Ao(7 (2)) > 0 is well defined, since ¥\ (z) < ay. Let 8y = 6o(z) = F\" (2) - A(2\" (2)) > 0.
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From (1), for any given f € Ck,
(P ) (z Z F ¢(T)<x>)

ZFWWX P f)() (x))
> P (@) - Doy (2))]| £
= dollfI,
which completes the proof. [l

Proof of Lemma 4.7. Given a function ¢ on I, for each x € (0,1), ¢(z~) will denote lim ¢(t)
t—x~

provided the limit exists; similarly for ¢(z"). Let r,s be given as in Lemma 4.6 and let
l=1+r+s>2.

The first guess for a choice of h would be h = || f||- Pxo,5 for then h € J and P'f —h =
P(P™'f —|1fl|x0,51) which is decreasing on [0, 3]. However, it is not the case that we can
always choose [ large enough, independent of f such that this function is positive on [0, /5].
A slight modification is required.

We break the analysis into three cases.

Case 1. d=T(p7) < p.

By Lemma 4.6 (2), ég = do(an.—1) > 0 is well defined. Noticing that (Pxpg)(d") =
Frn.—1(dT) >0, let t =&y - (Pxp,g)(d") > 0 and define h € J(B) b

h=1-Xp.a + 0 PXps - X(ap)-
Then [ h > 0. For a given f € Cx(5), let f = Prsf and observe

i (Pf)() =t ito<z<d
(Pf—=Ifll - h)(=) = { (PF)(@) = doll FI(Pxpos)(z) ifd<z<p
0 if B<ax<l.

It is clear that Pf —||f||- k is decreasing on [0

,d]. Let d <z < . Foreachi=1,--- N, —1,
f@hi(x)) > f(dn.1(2))

> flan.—1) = ol f]-

Thus
Ni—1

(Pf = 1IfIl- ) E:F x)) = ool f]] =

and it is decreasing on (d, 3]. Using the fact that h is continuous at d, we conclude that
— |IfIl - h > 0 is decreasing on [0,1], i.e., P'f — || f|| - h € T(B).

Case 2. T'(87) =  and Pxjo,5 # X[0,]
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Notice that there exist c,d, ¢ < d < 3, such that (Pxjog)(c") > (Pxo,5)(d”). Since
¥y, (dT) < B, it follows from Lemma 4.6 (2) that 6y = do(¢on, (d1)) > 0 is well defined. Let

t = do[(Pxjo,8)(c") — (Pxpo,8)(d7)] > 0
and define h € J(8) b
h =1t Xpod + % - [Pxp.s — (Pxp)(d )] - Xea-
Then [h > 0. Let f € Cx(8) and f=Prtsf. Letting s = & - Pxo,5(d™) - || |, we have

) (Pf)(x) —HlIf] o<z <o
(Pf = IIfIl- 1)) = § (PF)() = ol £ (Pxpp.)(2) +5 i<z <d
(Pf)(x) ifd<z<1

Observe that Pf — ||f]| - h is decreasing on each of the three intervals [0,¢], (¢, d] and
(d,1]. Since h is continuous at ¢ and d, then Pf — ||f]| - h is decreasing on [0, 1]. Since
(Pf=Ifl- )(1) = (Pf)(1) = 0, it follows that P'f — [ f||-h € T(B).

Case 3. T(7) = B and Px,5 = X[o,5 (and Fy,(B) < 1).
t

Since ay,—1 < f, it follows from Lemma 4.6 (2) that dy = dp(an,—1) > 0 is well defined.
Let ¢ = (1 = Fy.(f)) - 6o > 0 and define h € J(f) by h =1 xjo,5. Then [h >0 We

show that for a given f € Cx(83), P'f —||f|| - h € J(B). Let f = Pr+sf. It is clear that
— || f]| - h is decreasing. Using the fact that Fy,(8) = 1, we have

- 2&(5#( ED L CHIE!

Ny,—1

> Z F aN*_l)

_(L—Ew(»wMVHZHUW
Thus P f — ||f| - h e T(B). O

Proof of Lemma 4.8. Let | = I(K) > 1 and h € J(/3) be given as in Lemma 4.7. Choose

0 > 0 so that

K —b/(1-a)

K+b/(1—a) ~ "
Note that K > b(1 4+ 9)/[(1 —d)(1 —a)] > b(1+6)/(1 —a). Let ¢ = \/h > 0 and X\ =
min{d/( [ h),1} > 0. Since a < 1 one may choose m > 0 so that
K(1-=06)(1—a)—>b(1+)9)
(K+Xe)(1—a)—b(1+0)1

0<d<

m > log, [
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A simple computation shows

b(1+5)>am+ b(1+ 0)

—a

(4.2) 0< (K + e — < K(1-9).

1—a

Let n = m~+1>1and h = P™(\-h) € J(8). For agiven f € Cx(8), let ¢ = P"f—||f||-h
and ¢ = M||f|| - h € J. Note that

¢=P™(P'f = Alfll-h)
=P"(P'f = |fll- B) + @ = NP"(|If] - h)
from which ¢ € J, since P'f — ||f||-h € J and ||f|| - h € J. Also ||¢|| < §||f]|. Thus
1K = 1P (P f = AFI- )l = [P fIl = 1P|
= [FI1=llell = (L =)l
Using (3.3) and (4.2), observe

¢\ Prry) +\/Pm¢
< (a\/ P+ 2T 1 (a6 P2 g

spw+ﬁiﬁl mx+ﬁi%lhw

1—a 1
b(1+6 1+6
= (1 4 20 = LEy g MEED
<K@ =9)|fl
< K||¢]-
Clearly ¢(z) = 0 on (8,1]. Therefore, ¢ = P"f — || f|| - h € Cx(B). O

Proof of Proposition 4.9. Fix K > b/(1 —a). Let n = n(K) > 1 and h € J(8) be given as
in Lemma 4.8. Let 6 = [h > 0. Suppose f = f! — f* € BVy(5), where f!, f* € Cx(5) and
I fllre = ||f1|| = ||f?|| (such f!, f? exist from Lemma 3.1). It follows from Lemma 4.8 that

Prf' —|f']| - € Cc(B) and P"f> — || f||-h € Cxe(B). Note that P f = (P f' || f!]|-h) -
(P"f2 = |21 - ) and [P f* = || 1] - Al = ||P" £ = || f?]] - Al Thus
(P e VR |
==l =@ =)l fllrs-
Since P"f € BVy(5), it follows that
1P (P )y < (1= 0)IP" flle < (1= 0)[|£llrs-

Repeating this process, we obtain that for each k > 1,

1P fllre < (1= 0)"[[f v



20 INVARIANT MEASURES FOR PIECEWISE CONVEX TRANSFORMATIONS OF AN INTERVAL

O

We will show some other ergodic properties of (T, gsdm) and use a notation such as iy - - - i,
n > 1, to denote an index with i, € {1,---, N} for each k = 1,--- ,n. This notation is

particularly involved in the map T"; for a given index iy - - - iy, Ii(ﬁ?,in will denote the interval
that is the domain of T; o---oT;,, and define

11

B = Fuy 00 )y (i 0 0thy,) - B, (v,)F
Then, for almost every x
F (@) = ) (@) = (i 00 4,)' (2),
so the Fz(ln) ;, form a consistent set of weights for the Perron-Frobenius operator for 7.
Let Z denote the set of all finite strings of indices such as i; - - -4, with i, € {1,--- N}
for each k = 1,--- ,n, and Zy = {iy---1, € Z|1 < iy < N, for k = 1,--- ,n}. Recall that
ﬁ = an,-

Theorem 4.10. Suppose T satisfies the conditions in Theorem 1.1 and the expanding con-
dition (E). Then

< 1.

limsup max H i Zn”

n—oo i1in€lg
Corollary 4.11. If T satisfies the conditions in Theorem 1.1 and the expanding condition
(E), then the partition of I = [0, 8] into monotonicity intervals for T is weak-Bernoulli for
(T3, gs dx). The natural extension of this system is therefore isomorphic to a Bernoulli shift.

Proof. One can easily deduce that

lim max [[F, 1% <

n—00 11 -~~zn€IB
Choose a power s > 0 such that 77 is uniformly expanding on [0, 5]. Combining this with the
exponential rate of decay in Theorem 4.5 (applied to TB) it is not difficult to show directly
that the monotonicity partition for 773 is weak-Bernoulli, and by elementary argument, so
is the original monotonicity partition for Tj. Alternatively, the article of Rychlik [9] may
be invoked. A few comments are in order. First the assumptions in [9] may appear to be
incompatible with our convexity assumption (C), however, note that the latter implies the
weight function ¢ (in the notation of [9]) is of bounded variation. The condition that g|s =0
is not generally satisfied by our maps, but can be obtained with a measure-zero perturbation
of our weight function, so the operator P in that work is identified with our Perron-Frobenius
operator (1.2). The proof of the weak-Bernoulli property in §3 of [9] depends only on the
uniform expanding condition and the fact that the peripheral spectrum of the operator P
consists of one simple eigenvalue at 1. These follow from our Theorem 4.5 applied to Tj5. [
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Remark 4.2. The convexity condition (C) always guarantees that

<1

oo T

max ’ ’ iy Zn

11+ ’Lnel—ﬂ

for all n large enough. This is obvious from Theorem 4.10 when Fy,(5) < 1, i.e., T satisfies
the expanding condition (E). Suppose Fy,(5) = 1. It follows that Pxpgs = X[o,8, Or
equivalently, Fn, = X[0,, wWhich means that for each j = 1,--- N,, Fj(z) < 1 for all
x € [0,1]. Thus for all n > 1

< 1.

max [|F, |, <

i1+ ln625

In fact, in case where Fy, () = 1, we have T, (5) = f3, so that ¥y, (8) = 5. Thus for each
n>1,

max [|EX | = FAY v (B)

i1-in€Lg
n—1 n—1
= [I v k. (8) = ] Fw.(8) =
k=0 k=0

which implies
max HF (n)

i1 ’LnEIﬁ 1 ZnHOO

= 1.
Thus Fy, (f) < 1 if and only if some power of T' is expanding on [0, 3] (see [3]).

To prove Theorem 4.10, we first present two simple observations which require the con-
vexity only.
Lemma 4.12. There exists M > 1 such that for allm > 1, ||P™1||. < M.

Proof. Recall (the paragraph preceding Lemma 3.3) that there exist a € (#71(0),1) and b < oo
such that for any given f € J and for any m > 1,

Vg <an\/p
With f =1 € 7, we have \/ f = 0 and | f||; = 1. Thus for any m > 1,
VErs o
Since (P™1)(1) < 1, it follows that
\/ P"1 = (P™1)(0) — (P™1)(1) > (P™1)(0) — 1,

so that

b
Pm"1 = (P™1 < P"1+1<
[P 1o = (P"1)(0) < \/ P41 < ——

Letting M = b/(1 — a) + 1 completes the proof. O

+ 1.
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Lemma 4.13. Let n > 1 and E(ln)zn(iﬁ*) > B > 0 for some index iy - - -i, and z* € [0,1].
Then for any given p,q, 0 < p < q < n, letting 441 = Vi, 0Vi, 0 -0, () (Tpyr = 27),
we have

(4-p) b

i,if”iq (Tg41) > ek

Proof. Let w1 = ¥y, 0y, 0 0y (2%). If 1 < p < ¢ < n—1, then it immediately
follows from Lemma 4.12 that

B S F(n) ([E*) — F(P) (xp+1> . F(q

i1 i1-ip

p) (xq+1) _F'(n—q) ((L'*>

Ip+1-iq lg41-in

<M-FTY, (2400) - M,

tp+1-lq

which implies F7%) (441) > B/M?>.

ip+1°ig

If p =0 or ¢ = n, then similarly we have

B<FY, (1) <M F9P, (2,.1)

i1 ipt1-iq

which will imply that F"). (£441) > B/M > B/M?>. O

tp+1-lq

Lemma 4.14. Suppose the assumption in Theorem 4.10 holds. Then for each j =1,---  N,,
there exists a(j) € N such that

a(j)

15 @

k=1

U
NSIVE

Proof. For j = 1, since ||Fi||« < 1, there exists m > 1 such that (||Fi|l)™ < 1/(2M?).
With a(1) = m, it is clear that

(1)
[T A@s™
k=1

‘ o

Fix j, 2 < 7 < N. First suppose either Tj(x) < x for all x € I; = [aj_1,a,], or that
Tj(x) > x for all x € I;. Then either T;(a;) < a; or Tj(aj—1) > aj_1. It is easy to see that
there exists m > 1 such that either for any k > m,

a; + Tj(ay)

V¥ (x) > 5 > Tj(a;)  forallz

or for any k > m,

a1+ Tj(a; 1)

Yhla) <

<Tj(aj_y)  for all z,
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which implies in either case that for any k > m, we have F;(¢§(x)) = 0 for all z. Letting
alj) =m+ 1, we get

a(j)

15 @

k=1

=0,

oo

which completes the proof in this case.

Now assume 2 < j < N, and Tj(z*) = 2* (so ¢;(z*) = z*) for some z* € [a;_1,q;]
(0 < z* < B if such z* exists). Then

*

S =) = [ B+
(4.3) _ /0 " (@) + / jfj_l(x)dx

> [ Az 2 5,
0

J
since F; = > F; is decreasing. Thus F;(z*) < 1 and hence for any = > z*, F;(z) < 1.
i=1

We claim that such z* is unique. In fact, if ¢;(20) = 20, ¥;(21) = 21, and 0 < zp < 21 < 3,
then F(z) <1 on [z, 1] so that z; — 2y = fzzol F;(t)dt and hence Fj(x) =1 on [zg, z1]. Then
Fi—1(z) =0 on [z, z1]. Thus 8 < zy, which is a contradiction.

We will show that there exist € > 0 and w* < z* such that for any y € [w*, 1], F;(y) <
1—e < 1. First suppose F;(z*) < 1. The assumption that F; is upper semicontinuous implies
then that there exist e > 0 and w* < z* such that for any y € [w*, 1], F;(y) <1 — € and so
F;(y) <1—e€ < 1. Next in case F;(z*) = 1, it follows from (4.3) that F;(x) =1 on [0, 2*] and
Fi—1(x) = 0on (2*,1]. Thus § < z*, which means z* = fand so j = N,. Then Fy,(z) = 1on
0, 5], which indicates that Fy, is increasing on [0, 3]. Since Fiy, () < 1, it easily follows that
there exists e(= 1 — Fy,(8)) > 0 such that for any y € [0,1], F;(y) = Fn.(y) <1—€ < 1.
Therefore in either case, there exist ¢ > 0 and w* < z* such that for any y € [w*, 1],
Fi(ly) <1l—-e<1.

Note that for any = < z*, ¢f(z) 7 z* as k — oo and for any = > z*, ¢F(x) \, 2*

as k — oo. Thus there exists m > 1 such that for any given k& > m, for any = € [0, 1],
YF(z) > w* and hence Fj(¢F(x)) <1 —e. Let
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By Lemma 4.12,

() m a(j)
[re| <|Iae)| | I se)
k=1 o0 k=1 oo M g=m+1 o0
o ()
m k—1
<l T [mei]
N——— =m+1
, 1
< M- (1—¢))m <
which completes the proof. O

We now introduce some notations and definitions.

Definition 4.1. (1) For a given n > 3, an index i; - - - 4,, is said to be bowl-shaped if there
exists 7,2 < r <n — 1, for which i; > i, and

7:1Zi22"'2ir<ir+1<"'<in-

(2) For a given n > 1, an index iy - - - i,, is said to be increasing if i1 < iy < -+ < ip.

(3) For a given n > 1, an index iy - - - i,, is said to be decreasing if iy > iy > -+ > iy,.

(4) For a given n > 1, an index iy - - - i,, is said to be monotone if it is either increasing or
decreasing.

N*
Under the notations in Lemma 4.14, let o = > a(j).
j=1
Lemma 4.15. Suppose the assumption in Theorem 4.10 holds. Let n > 1 and an index
i1 -in, € Ig be given so that HFZ(IH)MHOO > 1. If for some s,t, 1 < s <t < n, a subindex
s+ 1z 1S monotone, thent — s < a.

Proof. Suppose t — s > «. Since either iy < --- <1, or iy > --- > 1, there exist j and r such
that 1 <j< N,and s —1<r <t—«a(j) and

Z‘7"Jr1 == Z‘rJrcy(j) = ]
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Using Lemma 4.12 and Lemma 4.14, we obtain

1< ‘F.(”), ‘ < ’F(’n). ‘F'(oc(j)). ) (n—r—a(j))
— 11tn 00 — 11 r 00 Lr41lrpa(y) 00 lrda(f)+1"tn 00
< M- “F('Oé(j)).H M
J )l
a(j)
a(j)
=M T E@ ‘
k=1 00
1 1
< M?*. = —
oM?2 2’
which is a contradiction. O

Remark 4.3. The proof of Lemma 4.15 directly shows that especially when is---4, = j5---J

N——
t—s+1

for some j € {1,--- N}, we have t — s+ 1 < a(j).
It is not difficult to show the following result.

Lemma 4.16. For any n > 1 and for any given index iy --- iy, there exists a (unique)
partition of {1,--- ,n} such that

(1) 1=ng<mny <ng <- - <ng <ngry =n for some k > 0;
(2) either ny =1 or iy« -+ iy, is increasing with iy, 1 < in,;
(3) foreachl=1,--- k—1, iy, - is bowl-shaped;

(4) ip, - iy 1s decreasing.

.. anJrl

Definition 4.2. For a given index w = iy -+ -i,, n > 3, b(w) denotes the number of bowl-
shaped subindices contained in w, i.e., b(w) = max{k — 1,0} with the notation as above.

For each n > 1, define U,, to be
Uy = {ir-in € LYIED L 2 1)

i1in

and let U = | U,.

n=1
Lemma 4.17. Suppose the assumption in Theorem 4.10 holds and that there exists {ng}3,
for which n, — oo as k — oo and Uy, # 0. Then for any given L > 1, there exists w € U
such that b(w) > L.

Proof. We first show that there exists D > 1 for which for any n > 1 and for any given
w =1y, €Uy, there exists a (unique) partition of {1,--- ,n} such that

(1) 1=ng<njp <ng <-- <ng < ngyp =n for some k > 0;
(2) either ny =1 or iy - - - iy, is increasing with i, 1 < in,;
(3) foreach I =1,--- k=1, iy, - - iy, is bowl-shaped;
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(4) ip, - - iy is decreasing;
(5) for each I = 0,1, -k, njy —mny < D.

By Lemma 4.16, it suffices to show (5). In fact, it immediately follows from Lemma 4.15
that ny —ng =n; —1 < o and ngy; — g = n — N < «, since each corresponding index
is monotone. Also, for each [ = 1,--- |k — 1, we have n;.1 — n; < a + N,, since each

index i, * -+ in,,, consists of one decreasing index and one strictly increasing index. Letting

D =a+ N, —1, we obtain n;,; —n; < D foreach I =0,1,--- k.

Now choose n > (L 4 3)D and w = iy - - - i, € U,,. Using the notations as above, we get
k
(L+3)D<n=> (np—m)+1<(k+1)-D+1,
1=0

which implies that b(w) =k —1 > L. O

Remark 4.4. In case k > 1, it is easy to see that

n
b — — 2.
> 7

The following is true for any interval map that satisfies the conditions (C1).

Lemma 4.18. Let ji-- - jm, m > 3, be bowl-shaped, i.e., there exists r, 2 <r <m — 1 such
that 71 > j, and

jl Z]QZZ]T<]T+1<<]7H

Let zp11 € (0,1] be given and for each s = 1,--- ,m, let

(1) 2z, = thj 00 wjm(zm—l—l) = ¢j5(23+1), (25 € ]js){
(2) A, = Fjs(zs+1)'

Then for each s =1,--- 'm,
A,
Zs+1
Moreover, if for somet € {1,--- ,r — 1},
N2 2> g == Jr < Jry1
(such t always exists), then
A, <2 A,

Zt+1
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Proof. First, note that for each s =1,--- ,m, we have z,,; > 0. Then for a fixed 5,1 < s <
m7

Zs41
Ze = V5, (2511) = / Fy (x)dx + aj,—
0
Zs4+1 1
= Fj(x)dx + Fj.—1(x)dx
0 Zs+1
Zs+1
> Fi, (z)dx

0
> Zoy1 - Fj, (2e41)
> Zoy1 - Fy (2s41)

= Zs+1 " AS?

which implies
ZS

A, <

Rs+1

To prove the second statement, observe that 2,11 € [;,,, and 2,41 € I} ,,, so that 2,1, <

Zy41, since jip1 < Jr41. Noticing that j; > j,, we have F;, > F; + F},, which means

Fi(ze41) = Fj (2e41) + Fj, (2041)
> Fj(2rs1) + Fj,(2041)
> A, + A,

Thus similarly

Zt+1

2 = V), (%141) > Fj (x)dw
0

> 21 Fj(2e41)

Z Zt_|_1(AT + At)
Therefore

2t

At<__A’I‘7

Zt+1
which completes the proof. 0

Proof of Theorem 4.10. Let w = i1---1, € Uy, n > 3c, and choose z* € [0,1] so that

FZ-(;L,),Z-” (z*) > 1/2. Denote the partition of {1, -+ ,n — a(1)} given from Lemma 4.16 by
l=ng<ny<ng<---<np<ng=n—al), k>2.

Note that b(w) < k — 14 «(1). Let x,.; = 2* and for each s = 1,--- | n, let

Ty = Pi, 00y (%) = P (Ts11).
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Since i,_q(1)+1 -0 # 1---1 (see Remark 4.3), we have z, > 0 for each s = 1,--- ,n —
a(l) + 1. Also for each [ = 2,--- | k, x,, > ay, since i, > in,—1 > 1.

Fix [,)1 <[ < k — 1, and consider a bowl-shaped index ji -+ jm = ip, "%y, ,, Where
m = ngy1 —n+1. Let zpq1 = 25,41 (> 0) and for each s = 1,- -+ ,m, define z, = 1, (2541)
(= Yin o1 (Tny+s)) and Ay = Fj (2541). Under the notations in Lemma 4.18, observe that
for each s=1,--- ,m,

(4.4) A, <

and

Atfi—AT:<1—@-Ar>-i

Rt+1 2t Zt+1

We now show that there exists ¢ > 0, which depends on T only, such that

2o A, >06>0.
2t
First it follows from Lemma 4.13 that for each s =1, -+ ,m,
1
Ay > SN
Consequently,
Zep1 2> Apyr 20 2o 2 Ay - Ay oo Ar - 21

Using the notation in the proof of Lemma 4.17, we have r —t < m —2 < D — 1. Also using
the fact that z,41 € I;,, and j,41 > j, > 1, we get 2,41 > a; and so

r+1

1 )D*l

Zip1 2 (2M2

- ap.
Let 6 = (1/2M*)? - a; > 0. Then

Zt+1 ]_ D—1 ]_
Sl oA s (2 - —— = .
Az (Gap) g =

This indicates that
2t

A <(1-06) -

Zt+1
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which combined with (4.4) implies that for a fixed I, 1 <1 <k —1,

F'(nz+1—m) (xnz+1) :F(m—l) (2m)

7fnl“‘inl+1—1 JiJm—1
m—1 m—1 >
=[[4<a-9 :
s=1 s=1 Fst1
21
=(1-6) - —
) -
—(1—5). -
xnl+1
Therefore
1 k—1
n * ni—1 (n ny) n—ng+1 %
5 S ‘F“ )zn (‘T ) - 2(1 11n1) 1(xn1) (H inll+zlnl+i_1(l‘nl+1)) z(nkz}; )( )
=1
k—1 -
<M H((1—5) ul ) M
=1 T
< M2_ Tny (1 o 5)k71
T,
< M2l pyper—a)
a1
where we have used the fact that for each [ = 2,--- |k, z,, > a1, since i, > i1 > 1.

This shows a contradiction, if n is chosen so that

n _ In(ay/2M?)
D In(1 = 0) + 2+ a(l1),
which would imply that
n In(ay /2M?)
—al)> = —2—a(l) > 2 )
b(w) a()>D a(l) > (1 —0)

(see Remark 4.4) or equivalently

1 1
M?2. = . (1= §)w-al) - —
aq ( ) 2
Therefore there exists L > 1 such that for any n > L, U,, = 0. ]

5. ERGODIC PROPERTIES OF AN INVARIANT MEASURE: CASE II

Throughout this section T is assumed to satisfy the conditions of Theorem 1.1. As men-
tioned in Remark 4.2, when Fy, (5) = 1, every power of the map T fails to be expanding on
0, B]. However it turns out that (T, gsdm) is exact.
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Theorem 5.1. Suppose T satisfies the conditions in Theorem 1.1 and Fy,(B) = 1. If
feBV(E),f>0,and | f|l1 =5, then

IP"f = X1 =0 asn— oco.

Notice that the assumption Fy,(8) = 1 implies Pxog = X0, Let g« = Xp,5/8 €
BV (). Theorem 5.1 shows that (7', g.dm) is exact (see the proof of Theorem 4.5), so that
98 = g+ = X[0,8)/B- Combined with Theorem 4.5, this concludes the following.

Corollary 5.2. Suppose T satisfies the conditions in Theorem 1.1. Then gz obtained from
Lemma 4.4 is a unique invariant density of T in BV (B) and (T, ggdm) is exact.

In order to show Theorem 5.1, we establish convergence in Theorem 5.1 at the single point
zero, after which the full result will follow easily.
Lemma 5.3. Let f € J(B). Then (P"f)(0) — ||f]] as n — oo.

Proof. Since we assume PX[o5 = X|o,3], using Remark 2.1, without loss of generality we may
assume that Fy, = 1.

For each n > 0, let C,, = (P"f)(0). Then

N

Chyr = ZF (P"f)(@:(0)) < > F(0)(P")(0) = Cy,

i=1
so that as n — oo, C,, \ C, for some C, > || f].
Let by = 0. For each k > 1, let [, = max{i|l <i < N,, F;(bg_1) > 0} and by = ¢y, (br—1).
Next, we claim that for each k, 7lll—>r& P f(by) = 7}1—{20 P f(by) = C.
Once again we use (C1) for a fixed k to find
By (bg-1) =1 = Fia(bp—1) >0

while for each n > 0,

(P f)(bg1) ZF (be—1) (P ) (4s(br-1))

=1

Uk
=2 Flbe) (P ) (Wi(by-))

<3 R ) PI0) + F ) (P )
= 3 Rt )G + By () (P ().

=1
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Thus for each k& > 1,
lim inf(P" £)(bi-1) < (1= Fiy ())Ce o Fiy (bi) - Tian inf (P ) ().

n—o0

Noticing that lim (P"f)(by) = C. and using Induction on k, we have for each k > 0,
n—oo

Cy < liminf(P" f)(by).

n—oo

Meanwhile, fix & > 0. Since for any given n > 0, P"f is decreasing, it follows that
(P"f)(bg) < (P"f)(0) = C,,, which implies

lim sup(P" f)(br) < C,.

n—oo

Thus for each £ > 0, lim (P™f)(by) = C., as we have claimed.
n—oo

Next, observe that for each k& > 0, b, < [ for if not, and if k£ is chosen to be minimal
such that by = ( then obviously I, = N, and Fy, (by—1) > 0. However, Fy, = 1 — Fn, 4
is increasing, so Fy, > 0 on [bg_1,b;] = [bx_1, 8], contradicting ¥y, = 5 on [bg_1, 3] in the
convexity condition (C1).

However, we will show that
(5.1) sup{bx|k > 0} = 3,
in which case for any = € [0, ), TLILHSO(P”f)(x) = (.. Since nhﬁrglo(P”f)(x) =0on (8,1], it
easily follows that C. = || f||, i.e., nh_}rrolo(P”f)(m) = || f|| on [0, 8]. In particular, (P"f)(0) —
| fIl as n — oo, which completes the proof.

To see (5.1), let r = max{lx|/k > 1} and notice that Iy > 2 so r > 2. If r < N, set
s = inf{T(z")|a, <z < B}, otherwise set s = . We want to show that the sequence by is

Ny
contained in [0,s]. If for some k, by > s, then r < N, and > F;(bg) > 0. If this is not the

i=r+1
N. N,
case, i.e.; >, Fj(by) =0then >  F,=0on [s,b] since the sum is an increasing function
i=r+1 i=r+1

on [0, 5], which in view of convexity condition (C1) contradicts the definition of s above.
But then clearly Iy > r, another contradiction.

Choose m > 1 so that I, = r. Then b,, = ¥y, (byn—1) = V¥ (by-1) € lar_1,a,]. Since
0<b, < and

T[bm, 8] C [T7:(bim), Bl U [s, 8] C [T5:(bim), Bl U [bm, B,
it follows from Lemma 4.2 that b,, 1 = T,.(by,) < b, 1€, Tr(ar—1) < To(bin) < by < s.
Now, on [0, s] F, is increasing, so

0 < F(bm—1) = F(T5 (b)) < Fo(b)
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which implies [,,,17 = r. A simple induction shows that l,,,, = r for all £ = 0,1,... and
that the sequence by, is increasing on [a,_1,a,] for all k =0,1,....

Define b* = klim bk = llim b;. Using a,_1 < 0* < a, and b* < s, combined with

—00 —00
T.(b*) = b* yields
T, 8] € [T.(b"), Bl U [s, B] € [b%, B]

Finally, Lemma 4.2 implies b* = 3 and (5.1) has been verified. O

Proof of Theorem 5.1. Let f € J(B) and ||f|| = 5. For each n > 1, let d,, = inf{z €
[0, 1]|(P"f)(z) < 1}. Clearly, for any given n > 1, d,(< () exists, and
dn 1
s=lensl= [Py [ P
0 n

which implies that
1 B
[Pt =xeal = [ 0= P)@) do
dn, dn
dn dn
— [P p@ - yde= [P = xoal
0 0

Since for each n > 1, P"f is decreasing, we have

dn
1" = xoal =2 [ 1PF = xaa)
< 2-d,[(P"1)(0) — 1] < 2[(P"f)(0) — 1].
It follows from Lemma 5.3 that [[P"f — x4 — 0 as n — oo.
Now suppose f € BV (), f >0, and || f|| = 3. Then f — xj0,5) € BVy(8), and hence there
exist f1, f2 € J(B) such that f — xpg = f' — f* and || f*|| = || f?||. Thus
1P f = xpall = I1P"(f* = )
= (P fF = 1M xwo.0/8) — (P2 = 11£21 - X0.0/8)]
< [IP"B/1E1) = xioall+ IP"BE/L) = Xl - 11/8,

where the last expression converges to 0 as n — oo. Therefore ||P"f — xjo4 — 0 as
n — oo. 0

6. ERGODIC PROPERTIES ON THE UNIT INTERVAL

Suppose T satisfies the conditions of Theorem 1.1 and |J 7™[0, a;] = T'[0, 1] (which is the
n=1

case, especially when § = 1). Corollary 5.2 indicates that g € BV obtained from Theorem

1.1 is a unique invariant density of 7" and (7, gdm) is exact. Furthermore, Theorem 4.5,

combined with Theorem 4.10, shows that if Fiy(1) < 1, then (7, gdm) has exponential decay
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of correlations and some power of T is expanding, hence Bernoulli. In this section, we will
consider the case where |J T"[0,a1] € T7[0,1] (so 5 < 1) and investigate ergodic properties
n=1

of (T, gdm) on the unit interval. Maps satisfying the Lasota—Yorke convexity condition are
known to have the property that the invariant probability density is unique and the unique
a.cim. is exact for 7' [7]. It turns out that our weaker convexity condition (C) is not
sufficient to imply exactness, or even to guarantee uniqueness of the invariant probability
density as the following simple example shows.

FIGURE 6.1

Example 6.1. Let

22 ifo<z<1/4

T(z)={2x—1/2 if1/4<z<3/4

2r—1 if v >3/4
(see Figure 6.1). Lebesgue measure is preserved and 8 = 1/2. However, T supports infinitely
many a.c.i.m. on [0,1]. with densities g1 = 2x0,1/2, 92 = 2X[1/2,1) and go = agy + (1 — ) go,
for 0 < o < 1, so T is certainly not exact. (However, Tj is exact, as required by the
arguments in §5, and obviously T|;12,1) is also exact.) Consider the nontrivial invariant
interval [5,1]. If it is only noticed that T[3,1] C [3,1] then T7*[5,1] D [3,1] from which
it follows that the interval is invariant. This simple observation turns out to be the key to
understanding exactness, even when Lebesgue measure is not invariant.

With this example in mind, we define our mixing condition denoted by (M):

(M) For each d € (8,1], T([8,d] € |8, d].
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Remark 6.1. We present two conditions related to the uniqueness of the invariant density.
(A) For any ¢,d,0 < ¢ <d, we have 0 € (| U T%[c, d].
n>1k>n

(B) If D is a finite union of closed intervals, then either 0 € D or T(D) € D.

It can be shown directly that the condition (A) is a necessary and sufficient condition for
T to have a unique invariant density in BV. It is clear that the condition (A) implies the
condition (B), which is stronger than (M). In general, neither of the converses is true. It,
however, turns out that the condition (M), together with the convexity condition (C), does
imply the condition (A). In other words, it guarantees the uniqueness of invariant density
and in fact the exactness also follows.

Throughout this section T is assumed to satisfy the conditions of Theorem 1.1 and the
condition (M).
Lemma 6.1. Let gz be the invariant density defined in Lemma 4.4. Then gg = g.

Proof. Let g2 = g+ x(8,1] = g — gs- Since Pgg = gg, it follows that Pg, = g,. Suppose go Z 0.

Since g, is decreasing on (83, 1], there exists v € (3, 1] such that g; (R \ {0}) = [8,7]. We
claim that T'[8,v] C [5,~], which contradicts the mixing condition (M) and so concludes
g2 =0, i.e., gs = g. To prove the claim, let B = [0, 5) U (v, 1] and observe

0= / gadim — / Pgs - xpdm — / gadm — gadm,
B T-1B BenT—1B

which implies that BENT~'B C {,~}. Since T(B¢) = T[3,~] is a finite union of non-trivial
closed intervals, it follows that T'(B¢) C B¢, as we have claimed. O

Lemma 6.2. For a given f € BV,
[(P"f) - X(671]||1 —0 asn — oo.

n—1
Proof. For each n > 1, let h,, = £ > P*1 and take a subsequence {n;}72, so that h,, — h
s=0
in ||- ||y as ny — oo where h € J is an invariant density of 7" (see the proof of Theorem 1.1).
It follows from Lemma 6.1 that h(xz) = 0 on (5, 1].

Let f > 0 and f € BV. Since T0, 3] C [0, 8], we have T~![3,1] C [8,1] and so

/ﬂledmg/Blfdm.

Let M = || f||oo < 00. It inductively follows that for a given n > 1,

1 1 1
/ P"’lfdm < / P”’Qfdm <. o< / fdm,
B B B
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which implies

1 1 n—1 1 1 n—1 1
P fdm = / P fdm < / P fdm
/B n; 8 ”; B
1 n—1 1
- Ps(M - 1)dm
2

n—1 1
2
=M= P*1dm
”Zo B

= M- ||hn - x@ullh < M- |lhn = Al

IA

Since ||y, — h|l1 — 0 as nx — oo, it follows that

[(P"f) - X(6,1]||1 — 0 asn— oc.

For any given f € BV, letting f = f. — f_, where f.,f- > 0 and f,,f € BV, and
applying the same argument to f., f_, we have

[(P"f) - x@yllh =0 asn — oo,

which completes the proof. O

Corollary 6.3. Let gg be the invariant density defined in Lemma 4.4. Then gz = g is a
unique invariant density of T.

Proof. Suppose ¢ € BV, ¢ > 0, and P¢p = ¢. By Lemma 6.2

1 1
/ gbdm:/ P"¢dm — 0 as m — oo,
B B

which implies ¢(z) = 0 on (8,1], i.e., ¢ € BV(S). From Corollary 5.2, we get ¢ = g¢.
Therefore g = g is a unique invariant density of 7. O

Theorem 6.4. Suppose T satisfies the conditions in Theorem 1.1 and the condition (M).
Then (T, gdm) is ezxact.

Proof. Let f € BV, f >0, and ||f|; = 1. Let € > 0 be given. From Lemma 6.2, there exists
m > 1 such that
. €
1™ 7) sl < 5

Let fs = (P™f) - xpp € BV(8) and A = || fs|/:. Using Theorem 4.5, choose n > m so that

I[P (J/4) = gl < 5.
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Since A =1—[[(P™f) - x1ll1 £1and P is a contraction in || - ||,
I1P"f = gls <P fs = A-glli + [(A=1) - glls + [[P"™(P™f = f3)lh
<[P (fs/A) = gl + (A1 = A) + [[(P™f) - xsulh
<€ n € N €
—+=-+=-=c¢€
3 3 3
Therefore (T, gdm) is exact. O
Theorem 6.5. Suppose T' satisfies the conditions in Theorem 1.1 and the conditions (M),
(E). If lirg+ Fn.+1(z) < 1, then some power of T is expanding, hence Bernoulli.
T—
Using the additional hypothesis: lirg+ Fn,11(z) < 1 and mixing condition (M), we modify
—
the proof of Lemma 4.14 and obtain the following.

Lemma 6.6. Suppose the assumption in Theorem 6.5 holds. Then for each j =1,--- N,
there exists a(j) € N such that
a(j) 1
Ei Y| < :
[1505 | <aip

Proof. From the proof of Lemma 4.14, it suffices to show that if N, < j < N and T}(2*) = 2*
for some z* € [aj_1,a;] (2 > (), then there exist € > 0 and w* < z* such that for any
y € [w 1], Fj(y) < 1—e€ < 1. In fact, in case where F;(z*) < 1, similarly the fact that
F; is upper semicontinuous completes the proof of the claim. If F;(2*) = 1, then it also
follows from (4.3) that F;(xz) = 1 on [0, z*). Using T'[0, 5] = [0, 5] and the markov property
of P fol Fn, = foﬁ Fn. = [ so that Fy,(z) =1 on [0, 8]. Conclude that (F; — Fy,)(z) =0
on [0,6]. Thus T[5,2*] C [8,2*]. By the mixing condition (M), we get z* =  and so
j = N.+ 1. Note that Fx,1(z) = 0 on [0,5] and Fy, 1 is decreasing on (/3,1]. Since
lirg{r Fn,1(z) < 1, it follows that there exist € > 0 and w* < 2z* = [ such that for any

y € [w* 1], Fj(y) = Fn,11(y) <1 —¢€ < 1. We observe also that there can be at most one
fixed point in each monotonicity interval. For if a;_1 < 21 < 22 < a; are two fixed points,
then as in the proof of Lemma 4.14 we see that F; =1 on [z1, 2] from which it follows that
T8, z2] C [B, 22, contradicting (M). The remainder of the argument follows as in Lemma
4.14. We omit the details. U

For the completion of the proof of Theorem 6.5, the rest of the arguments in the proof of
Theorem 4.10 can be applied only with a slight modification, e.g., replacing N, and Zz with
N and Z, respectively.
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