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Let now 0 € M = M(R™®) (bounded complex measure on R"), and £ € B, The element

f * o of B is defined to bhe

(2) £% 0= [8(u) ao(n) ,

the integral being understood as g Bochner-Stieltjes integral of the (continuous,

bounded) B-valued function .. Observe that £ * (g 4 )= (£%a) + (£ %1), and &

similar distributive law holds with respect to f. From basic properties of the in-

tegral we have alse
(3) lle * ally < flall, flly

Observe that for every k & | = rAAmsV. since k is naturally identified as an ele-

ment of M, we have a natural interpretation of f # k, for f €8,

We now impose our final axiom:

(H3) For svery pair g, T € M ang every f € B,
(4) f* (¥ r)=(f*g) ®q

Of course, in ﬁpv. the asterisk between o and T stands for convolution in M,

whereas the remaining asterisks stand for the operation defined by (2

9.2.1.1 Definition.

An sbstract homogeneous Banach space (abbreviated AHBS) mm.mn

is a Banach space B, together with a gTroup ﬁen% of linear operators on B, such that

(H1), (H2) and (H3) are satisfied.

iemark.

Later we will want to consider a more particular situation, whereby B is a

ipace of measursble functions on w: and ﬁeﬁw is the set of translations; however, we

refer to develop as much ag we can of the necessary machinery in this abstract

‘ramework. The prototypical examples to keep in mind are B = hvﬁw:v or B = Hmﬁedv‘

< p<®, with heﬁ () = £t - u). In these cases (H2) is the well-known “con-

‘inuity of translationsh property. (H2) is not satisfied in maﬁmnv. but it is in the

losed subspace C(R™) thereof, consisting of all bounded uniformly continuous func-

ions on R%. The validity of (H3) Tequires some discussion; it is a consequence of

+3.2.3,

together with the fact that the spaces just enumerated satisfy the axioms

203

for an HBS (see 9.3).

n y
3.2.2 Dilations of measures. Let oo = ooﬁm ) denote the set of continuous
tions on B™ which vanish at infinity. If 0 € M and a > 0, the map g —> %ehmf

& continuous linear functional on oo, and hence the integral equals geﬁzv de

for some element Qn ) of M., This measure qﬁmv. we call the a-dilation of g.
a e

function k € L'(8%), we write k(,) to dencte the function defined by
™

-n -1

wﬁmu?u =a  kla %).

This is consistent with the preceding notation if k is interpreted in the ne
"way as an element of M.

fie leave as exercises the proofs of the relations

A.wv. _qum.v:g = __HS ] a >0
(2) (O(a)) (v) = Fap)

21 T = Py Y ey
Although the relation

@ [otw) a0y = [o(an) ao(w)

holds & priori only for pE oo. it is easily shown that it remains valid al:
&ll bounded continuous functions ¢ on mz. in particular for the functions g

HH&. for each x € de therefore we have

t—=>e

(5) Fayx) = Blag)

Moreover, we leave toc the reader the verification that (4) holds even when

bounded continuous B-valued function,

Let B be an AHBS, and suppose ¢ € M and %uo = O, Then

1) lim [lf*o, \l=0, allfresn.
(1 HE i



JAUOD DBYBUTWOP DPUB 2°¢*2*¢ AQ Q) «— B S8 0192 0} SPUS] TBIFSJUT 4687 2Yj3 puw

we |(mp1] (e tn[s 1 . a) - g

‘1o0ad Futpscsad syl modgg s jooag

() Q<%
.,Hu uﬂu,ﬂﬂ,ﬂ

usyg ‘| = 3p x.—. pu®E ._.q 51 ‘d>J ‘Sdlv ue 9q g 197 *XIe((0d0) AT
cme | (8] + D] (B0 s
ne e
me |2t (e ) s e (@ BT - 3 [ (PR ) - )
feg*zr2*6 Jo Jooxd 8y} UT $® q8n[ *Tooag

(w5

BPTIeng SY3 T[eusn se sejousp |n| Pus .qm ISAD 5L [BLF0IUL 243 38U% BAIDEGO )

(1)

me (@] (o) + O @0 s (w5 - g

UsyT *| = 3p x% _fg =¥ DUe ‘g o J ‘SEOy UE 9q g 87

CEe (L + ) s (e)e (L +u)s (8(L +u))ms (& )0
aaBYy am ‘Y Butpaso
W xsFequUT 188FIBT SY3 ST U JT ‘sousy -+ *fr iz L= uf(E)ou s (Buln saTTduT |
»ryonput £g *£3TATITPPENS Oyj ‘a1 la)m + (B)m = (q + ®)m setqdut Ajrrenbs

1B 2Y) ‘adojagayl *q + ¥ |%] TTea aus ut ssnT®A 1% uo Sa3®4 4 + n uns ayj

v ot TL SUOT4Tpuos 8y3 o4 30alque Area A ‘n JT *g £ q ‘g & B mou asoddng

- e - St -

A+T A+TL

I8 = 3%l + 1@ - S0 = s - S+ % - s g - P

~W JO UOTLTUTFOP 2Y3 JO sousnbssucs B ST £3T0Tuojoucu auyj pue f(zn) pue (1u)

WuBpTA® ST ‘p = (Q)m 18Y3 SB oM BE fssaupspunoq pur £3INUTIUOO 8yy *JooIg
e (L) s (mOm ()

S0t

—_—

0 < X UoEs I0] pus

‘0 = (0)m *Isacazow t

:H__m A9 PRpUMOQ pUE YBATATppEqnS Tutewsios p-uou ¢ s h; Uo snom

-UTIuoo ST (® {I)m = (v)n *T°0°T 8Ug *g o J PUE TCUNV U9 8q g 387

‘uotissub ur to'otw syy LITo

\FH_,)
-ads 04 ro48 ¢\ ?ﬁw £3)m .mmm f3)" s® suotTimicu yons fordus TTeys em *Lrwcssosu ey

‘pbumw Ut saBY as ¢ somds yseueg FUTUTBIUOD BYj FUTudsouos £3nFtauws syqresod st sgayul

$BQY ZsUUEW B yons ur pajussasd ST § uorqouny e 9d8UM SBEBO UT *T 0°W ¢ AU5 Jo yeaus

GOWTLBWOS [TBYS oM I93®] *0° 0w Pa1BTASIqQ® B [TTa ,LITNUTIUGS O snjupoy

ugTIouUNy auy

BF J Jo MINUTIUGS JO SHINPOE oYL *g = J DU SENY ue sq g 107 -TSTITETSSH

L}TAUTIUCS Jo enrnpoy ¢ 2°§%

< T8INEWIUW OBIT( = ¢ 44D 3 - g aanewau BUY L*2°2°6 UT O JoJ eywl +Fo0xg
0 <@
B
o= iy 1) -3 wrt

‘Usyy *| = 4p V: u® T = ¥ ss0ddns pu® fogny ue 3q g 387 *BumsT

8T AImTTOIO “}BIpOWWT U

<<

*80USAISAUCT pajBUTWOD £q (2) woay smottor
0 - ¥
B
n; _um 30 ysss x03 g = (n) 4 wIT AJeT13®S pUR cm UG PEpunoq ATWIoJTuu aam

‘Jep
Cla- T = %

_.ma BUCTAOUNI ENCNUTIUGD h@w:?;lﬁmmpu 843 JOUTS pum

ne _.. (&) ’
()ge 13 - 27l s o w gy (2)
‘o JO UOT3®IIREA TBY0% ay3l o £gq Futjousp ‘ecuay

oy 7

" (@2 [(0)% - ()] [ = (n)op () [ = (m)(Pop (nylef - ()

@ABY 9§ *JOOIL

N7



9.3 Homogeneous Banach spaces of functions on R™

9.3.1 Definition of a HBS. Throughout this section,

B shall denote some Banach

space, the elements of which are ﬁhmdmthmu measursble functicns on R™

, and en shall

denote the operator of translation; that is, for r & B,
(TO(t) = £(t -v) , uneg",
Consider now the following axioms that a space B may satisfy:

« n ; i ’
(H°1) For each u = R®, T, is an isometry of B on itself.

(E2) "Pranslation is continuous in BYy i.e. for each f & By the map u —» aum

. : ’ n
18 a continuous B-valued function on R,

(E°3) The functions in B are uniformly locally integrable, i.e. there is some

constant o such that

™ [le( = Wl at < a 1o,
W

for every f €3, n & mwm here W denotes the cube ﬁo s ty <1 .5 0% ds < AQ.
Cbserve that (1) implies that the analogous inequality holds with W replaced

by an arbitrary compact set V, provided g is replaced by a suitable constant o{V).

9.3.1.1 Definition.

A Banach space B consisting of Lebesgue measurable funetions on

R® is & homogeneous Banach space (abbreviated HBS) if (H"1), (H"2) and Am\uv are

satisfied.

Exercises. (Note:

the notations introduced in these exercises will be used later

without further commentary.) a) Prove that C = ¢(R™, the Banach space of bounded

uniformly continuous funections on mb. is a HBS.
b) Prove that LP(R®) is a iBs, for 1 < p <=,

¢) Let bvﬂeuv denote the Banach space of measurable functions on R™ which

have period 2n in each variable, normed by

21 2n

llell = [(2n)™ ;, .:ﬁf. SRR Lo T %nﬂ\w

o o
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Prove that, for 1< p <=, IP(T™) is a ms.

d) Let sP = mvﬂmév denote the ("Stepanov") space of measurable f

on mg such that

u+l

T R REOILEBRE

s? der unenr

u

is finite. Prove that'S® is a Banach space, satisfying (¥°1) and (H"3), but
{Note: The study of closed subspaces of SP which satisfy (H'2) is closely re

the theory of almost-periodic functicna, of. BOHR & FPLNER.)

; 1 ]
mu Construct a Banach space of measurable functions on R’ which

“(E71) and (H°2) but not (E73).

9.3.2 Relation of the concepts HES and AHBS. TIn this section we shall prov

every HBS is an AFBS (relative, of course, to the group of translations). Th

obvious, because the axioms (H3) and (E°3) are very different in appearance.

We begin with

9.2.2.1 Lemma. If f is any measurable function on A" which is uniformly lo

. n
integrable, i.e. ﬁﬂ [£(t - u)| dat < C, where W is the unit cube of R, and C

W

n
dependent of u € R®, and if o = U(®™), then for almost all + & R

(1) g(t) = L_.a? - u) do(u)

exists as a Lebesgue-Stielties integral, and g is again uniformly locally in

Proof. Clearly it is enough to give the proof for a positive measure o. Now

le(t = o) <[I2(t = s - )| do(u) .

Tw?-w:mﬁ MTL:HATT&_%?:% = ?EZT?zZ%ZE& < ot_,aq ‘
W W W

In perticular, for f in a HBS, (1) defines a locally integrable functi

Observe that (HE°3) implies f is a tempered distribution, and one verifies thes
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(ii) B is an AMBS (and so, the results proved in 9.2 are applicable, with

f * o interpreted as the function g in (1)).

9.3.3 Jackson’s theorem in HBS. As a simple but important first application, we

cbserve from 9.2.4.1: if k = r;. %w dt = 1, then lim f * g ) = £, for £ in & HBS.
oy a—>0 nm.
This is a rather general form of "approximate identity"; a quantitative version is

9.2.4 (1).

1
9.3.3.1 Theorem (Jackson s thecrem for HBS). Let B be any HBS on R, and suppose

f € B has veriod 2n, Then, for each integer n 2 1, there exists U € Mﬂag satisfying

(M e - ull < au(es 1/m)

where A is an sbsolute constant.

1 and

n

Proof. Let k& 1] (R) satisfy (1) 21 < x(8)] at <, (1) T at
Gk, Wﬁﬂu =0, |x| = ﬁmnn: k obviously exist; we can choose any wrwmm times
differentiable function K on m vanishing outside [-1, 1] and satisfying K(0) = 1,
and define k to be the inverse Fourier transform of K. Then k(t) = oﬁ_ﬁ_uuu at ®, so
(1) holds.) Define U = 1 # wnéxgv. Now, the definition of HBS guarantees that

fe ﬁAAHVN also, the Fourier transform of wﬁi\sv vanishes for |x| = n, and from this

fact it is easy to deduce U m.Nln# (ef. mmbmHmod_ pp. 48 ff.).(Observe that, hy

slight abuse of notation, we are here denoting by Nl

i the space of trig. polys. of

degree at most n - 1 with complex coefficients; we have done this also on several

oceasions earlier.) Finelly, 9.2.4 (1) with a = 1/n yields (1), with

A = %AJ + ]} |x(w)]| au . <

Remarks. a) This method ot proof obviously yields also the analogous result for HB3S

of functions on R* which have period 27 in each variable. Moreover, it yields the
corresponding result where we assume in place of periodicity that £ has its apectrum
in some discrete set A, and require that U shall be a trigonometric sum whose fre-

quencies are chosen from A and have absolute value less than n. As this kind of

generalization involves no new idea, we omit the details.

211

b} Choosing B to be C(T) we obtain of course the classical Jackson -
for trigonometric Polynomial approximation; we have only to cobserve that the m
in the EBS sense coincides here with the classical m.0.¢. In like manner, one

tains the LF versions of Jackson‘s theorem (cf. TIMAN).

¢) The idea of obtaining an approximating trigonometric polynomial ¢
convolution in the ebove manner occurs in wonmzmmm (we Tegret that, owing to it

peculiar cOﬂﬁmw&..wﬂuw had escaped our notice when mmwamod was awuw»mzv.

9.3.3.2 Concerning functicns of higher smoothness, we have: the Favard -Ahiezer

theorem 7.5.2 is valid in HBS, i.e. if £ € B has period 2% and is the r-fold in

of some element of B (denoted by HAHUU then for a suitable U & Mﬂnq we have
(RSN

where yH is as in 7.5.2, The rroof we gave for 7.5,2 applies word for word. \In
same way, one can generalize many other results in earlier chapters to HBS; we ¢

not deal with all of these generalizations explicitly. )

Algebraic Suppose now f € 0(I) and w denotes the {classic

me0ec. of f. The function g: g(t) = f(eos t) is in ¢(T), wigy a) T w(r, a) and ¢

exists U m.NM|d satisfying |lg - U]| < 4o{g; 1/n). Moreover, since &l- t) = g(t),

can assume that U ig g :oOmH:m,ﬂOMQ:DEMmH: 80 that U(t) = Pleos t) for a suitabl

PE \“:g. Therefore
lle - #lly gy = lle - oy < aules 1/n) < ao(e; 1/n)

; >
for a suitable absolute constant A, which is Jackson“s theorem for \3 4 It is o
interest, as shown by Timan (ef. TIMAN) that a more careful analysis leads to a

sharper estimate,

T

heorem (Timan

>
- Let f € C(I). For each n > 1 there exists P € /oy BU

(1) | £(x) - Hx)| € Aauls; mﬂhxvv , where

(2) ouhxv -n ey 5|Ah4 . xmua\m
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f € B, and denote the Fourier coefficients of f by .T.;T.QW ® . Suppose
=-o

(1) lim Tim M

|£%(n)] = ¢ .
p—=>1 N—>= X< |n| <N

(In particular, (1) holds if f"(n) = 0(1/n).) Then, the Fourier partial gums s, of f

converge to f in the B norm.

~

Proof. Choose wb € H_(Hﬁmu so that its Fourier transform Hn = xu equals one on [-1, 1]

and zero for _H_ 2 p > 1, and is bounded by one in between (e.g. a "trapezoid func-

tion"). Then, * denoting convolution of tempered distributions on R,

(k) *f =g +71
P7(1/m) v
where
-3 it
ry(t) = WL £%(n) Nnﬁ#\zv e
: N < |n| < pN
hence
e ~
LN O N TG W
N < |nl €p¥N exs

(here 4 is an upper bound for the norms of the characters). We have, therefore

(2) Mo (1[(x)) #f]l-gfl< Tim By = w(e)
F>= P(1/n) n N—=>= WP ger,
where, by hypothesis, lim ¥(p) = 0. Now, (k) * f tends to £ as N = = by
p—> 1 P/
9.2.4.1. Therefore, from (2), 1lim ||f - s )| < ¥(p), and since p > 1 here is
N—> o
arbitrary, lim [|If - sl = 0. <

N—> =

Remarks. a) The anslogous theorem in several variables is also true, the proof be-

ing essentielly the same.

b) This theorem is quite sharp; for example, if lim
5 T
find £ € C(T) such that [£f"(n)| < AL+ In])”" and yet the Fourier series for f 4i-

y: = @, one can

verges at a point (ZYGMUND, vol. 1, p. 304).

215

The m.o.c. corresponding to certain Banach norms other than the cla
norm have interesting connections with other topica. Thus, the wmgu {or L
is related to absolute convergence of Fourier series (or Fourier transform
the H_ATE {or H_Aﬁmuv m.c.c. is related to the rate of decay of Fourier coe

(or Fourier transforms).

9.3.4.5 Theorem .,o,m. Bernstein). If f & rmgv and the

2
L(T) m.o.c. w of T

1
.ﬁ w(s) a2 i m

o]

¥

, (in particular, if f € C(T) telongs to
@ > 1/2) then N [£%(n)| < =,

Lip o in the classical sense, for s

Proof. Dencte £%(n) by ¢,+ Then, for m > 0, we have (with an easily under:

tion)
MH._; m.BnT,_
B & REE i T
M. Gwp L n /, 03_ ) 1
An;nms.r._ _H_nmq_i
and
MH..:
2 N 2
Lo lalfs Y g2
In|=2"+1 In| > 2™

where A is an absolute constant, by 9.3.%.1, since in bm.nq; norm the Fourie

gives at least as food approximation to f as any other trig. pely. of the s

gree. Thus,
i _B_ N.\ mgnn_ ) _._W.Lo ms i »._\m SMD m?i.,_v\m emmnﬁv
and since
A g
225 o2y w2™ < [ oute) 772 at
NIE

we obtain from (1)
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¢) Same question as b) for r times differentiable functions, with usual Ba-

nach topology.

d) Prove that, if B is a space of periodic functions which satisfies (g71)
and (H"3), and containsg all characters, then (H2) holds if and only if the trigono-

metric polynomials are dense in B.

e) Prove that it f belongs to an AHBS mbm its m.o.c. is o(a), then o= £
for all u € % in particular, if f belongs to a HBS and w(f, a) = o(a), f is con~-

stant.
£) Prove the remark "Observe ... " following the formulation of ("3},
g) Prove 9.3.2.2 in R°,

h) Can you prove snything similar to 9.3.3.4 in the LP(I) metric?

i) Prove 9.3.4.5 without using Jackson’s theorem for hm.

J) Carry out the omitted estimations in 9.3.4.7. Also, prove that f € Lip 1/2
without quoting the "inverse theorem".

k) Prove that the L' (T) m.c.c. of the function £(t) = mu\_«_ lt] €1 is
EmA\w

1) Prove the analog of 9.3.4.8 for Fourier coefficients. What estimate does
this give for the coefficients of the function defined in the preceding exercise? Is

this a good estimate?
m) Let W denote any compact subset of H.:eu. Prove that

lin sup [£(n)| =0,
In] == rew

(i) using the preceding exercise, and (ii) not using it, but rather 8.2.1.(Hint for
: -1 ~int -1 12 ; -int
Qe @) = 1@m)™ 2% £(e) o7 44| o |(2n) 2% (2(0) - u(e)) o7int gy

<t - G__ y for every U mwll,_.v
(1) %

n) Prove that if f & L7(T) and £(n) = 0(1/n), the partial sums of the Fourier
series of f are uniformly bounded. (Hint: convolve f with a suitable "trapezoid"

kernel.)

o) Prove the foellowing form of "Fourier inversion": Suppose K €

k(t) = (1/29) ??U o gy belongs to L c& and ? dt = 1, Then, for s

®e have: if f .(t) denctes {1/2x) .?AM K(ex) oltx dt, lim kha - £l
g = o

L

p) Deduce from ©) that if r e H.:E and f € iﬁc. then

o R i
£(t) = (2r) T?u " % helde aue,
)
a) Prove-that if B ig a4 HBS on R, containing the function fofp

Fejér sums g, formed from f ﬁoz = Tuo +oaee + mﬂu\nsiuv converge to f

Hint: i -
(Hint: establish the formuls I () = (£ # WQ\&VE where k(t) = (2/

r) Prove the analogous @H..ovomu..ﬁ..oz for the Abel means f(x, t), be

iy o : 2, -1
formula £(e”% t) = (£ # k muufﬂv with k(t) = (1/2)(1 + ¢ ). (Note: tr
guggested in q) and r) are not the usual onesy the study of summability

series by means of convolutions on the infinite line is often useful, esg

multidimensional problems. )

9.4 Comparison theorems

The material in this section is based on BOMAN & mmbmvaOM.

9.4.1 The notion of o-modulus

Definition. Let B be any ABS and f € B, Foroga iy = M(R™), the

of £, denoted by wy(f; a) or Sq.mnw“ a) is the function on [0, ®) defined

{

) w (f; a) = sup f g
¢ onwﬁ.m: hgv_

(For the meaning of Qﬁ.uv. see 9.2.2.)

Clearly, for fixed I €3, 0 €M the g=modulus is g non-jecreasing

Moreover, it satiafies the following relations, whose verification we

the reader,
(2) Sour (L3 8) Slolly o (17 a)

(3) w (f; a) € w

T+T

Gﬁ.: m.v.fsa (£; a) .
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.Rmu_ - H nbuwﬂmv #qﬁmnu.u .

Therefore, for f € B,

T T
£l < M | u._s e * oyl <) o _ﬂg ug(£5 8d) < &y u(f5 4se)
J=1 3 J=1
and now (1) follows. <

We work from now on in the slightly lesser generality of HBS, because we will

require that the elements of the space under consideration be tempered distributions.

3.4.4.2 Iemma. Let B be an HBS, f € B (in particular, f is local

~

moreover is a tempered distribution on waun and suppose the support of f does not

contain the origin. For any b > O we have
(1) el < ) lewg o -
Pl i {2p)

Proof., Suppose first f has compact support. Then, for a suitably large integer N

(depending on b and supp )

N
f = v g
= (29b)
since the Fourier transform of vJ Mllz ? P V‘ namely Nw..nlz eﬁmu.cnu. equals 1 on
~ =8 (2“b
& neighborhood of supp f. Hence
N @
lfl <) Hewe o <Y Nexg . .
JoN (2b) (27v)

jume

~
In the general case, choose k(t) 2 0 such thet ._.w 4t = 1 and k has compact support;
then f # wﬁwu has a (distributional) Fourier transform whose support is compact and

does not contain the origin, so we may apply the above to it and obtain

< 3 lewe o,

uﬂlﬂu

iz * Wﬁm.v_ < VL Iz » wnmu g. enmudu

j=-=

and now, letting & = O and cbserving that ||f * Wﬁmv: = ||f]l (see 9.2.4.1),
tain (1).
For later purposes, it is important to observe that the restriction

support of f is not really essential; indeed:

| ;
If B does not contain the function identically equal to 1, then (1)

all f € B. Moreover, in any case, (1) holds with f replaced by g ¥ T provid

T €M and 7(0) = 0,
) To see this, observe that (1) holds trivially unless

VL le*re , f<e.

(2) (23%)

J=-=

We may therefore suppose: that (2) holds. Hence

=1
V o ry
e (29b)

converges (in B) to an element which we denote by h., If ¥ is any element of

whose Fourier transform vanishes in neighvorhoods of O and ®, then
1

s:an:u*e.u:f
o (23b)

@

{cf. the proof of Lemma 9.4.4.2) hence the Fourier transform of £ - h is su

at the origin, so f - h is a polynomial. Since f - h, being an element of B

formly locally integrable, it reduces to a constant. Hence, if 1 € B, f = M

\L

and (1) holds. If 1 € B, we have in any cage, for each g € B and some consti

L= ag)
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(3) o (8 a) Sllully - uyles @) +w (£; a)
and
(4) eqﬁhm a) & ._.eqhw“ u) dufu .

a

Substituting into (3) the estimates for w, and wy from (4}, (2) respectively, gives
(1). <

By a slight generalization of the arguments leading up to 9.4,4.4 one can

prove the more general proposition: if T, Tis eeey O € M(R™), N.MnA _muhau_ satis-

fies the Tauberian condition, and # belongs locally (at x = 0) to the ideal generated

by &,y ..., 8., then

Ba r

(5) i) < a] () % (13 W) av/u
o j=1

where A, B depend only on T, Tys weny 0. The details are left to the reader.

The point of Theorem 9.4.4.4 is that only & local divisibility condition is
imposed; in case § divides T (globally), we have in place of (1), and without assum-

ing & satisfies the Tauberian condition,
(8) w (ffa) S Ay Eqﬁwm B, a)

with suitable constants bg. w#. This is a consequence of the relatively trivial in-
equality 9.4:1.1 (2). What is striking is that (1) is nearly as strong as (6), and
fully as useful for many applications. We shell discuss later other hypotheses under
which (6) holds. Firet, however, we shall deduce from 9.4.4.4 another comparison
theorem, whereby T is 8lightly more restricted but in exchange the local divisibility

hypothegis can be dropped.

2.4.4.5 Theorem. Suppose o, T € M(R") and & satisfies the Tauberian condition. Let

P be a positive-nomogeneous function on B of degree r (i.e. P(ecx) = o P(x) for

e > 0) where v is _a positive real number, P € oEAmm N\ ﬁo%v.mba suppogse for some

& € M(R™ we have #(x) = 8(x) P(x) for all x in some neighborhood of the origin. Then,

for £ €38,

227

©

(1) Eanwm a) €4 % [min (1, m\sugw thhm u) du/u

o]

where A depends only on g, T,

A

Proof. We may suppose that © has compact support, since this can be schiev

multiplication by an element of whwdu which hes compact support and equals

neighborhood of 0. We can then write T =y + v, where y, v € zﬂm:v. and
(2) i(x) = P(x) 8(x) , all x=g"

(3) O(x) vanishes in a neighborhood of 0.

A

For, Po belongs to mnwsu at each point of mb. including infinity (eof. the d

~ ~
in 7.3.11), hence PO is an element of B(R™); denoting it by &, § = % -3

W
def.
satisfies (3). Kow,

) w(fya) € Evmmw a) + E<Ahm a)

and, because of (3) and 9.4.4.%

(5) w (f; a) € A % sqmwm u) dufu
o

for suitable constants PJ. wé. If 4 is chosen large enough, the right side

ceeds that of (5). Hence, in view of (4), it suffices to prove (1) with w
W
of W . We have, for ¢ > 0, by the generalization of Lemma 9.4.4.2,

@

(&) e *ugll € ) e uey = s

jmme

Amuomv

Since {i has compact support and #(x) = 0 for |x| € 1/2, we can choose ¢ (iné

=0 for j € - 1§ making this choice of c, we

of &) such that B( *p
a) 3
(2Yca)

those summands in (6) with j < 0. Now,

oy * 9 4 )" () = Glax) $(2dcax) = B(ax) &ax) §(230ax)

(29ca)

= mnmuomxv mﬁmMoPHv mﬂwHuﬂmbounﬁ = ﬂmunulﬂ oﬂwuowxv Wmmﬁu
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P

paTticular (1) holds with B = 1, in view of 9.4.1.1 (2).

The full results of Boman, which reach much deeper than the special case Just
sussed, are not yet published. He kindly made available to us a preliminary mam-
-pt and consented tc the ineclusion of some of his material (which here was placed
‘he setting of HBS) in the present paragraph.

It should also be mentioned that Hmhuﬁmﬂmzdm* of a different character, of
rems 9.4.4.4 and 9.4.4.5 are known when the underlying KBS is LP(R") or P(o™,

p < =@ see BOMAN & mmwaqu r
]

5 __An "inverse thecrem".

The preceding comparison theorems have numerous applica=-

184 in the case where the underlying HBS is C(T) or C(R) (bounded uniformly con-

ious functions on R), a number of such applications were given in wm>MHmodm one

4 repeat these applications nearly word for word in the general context of HES.

e this is just a matter ot routine, we shall choose only one example, to which

ave already referred earlier: the inverse theorem (due to S. Bernstein and de la

ée Poussin) for trigonometric

o(m.

approximetion. The classical case is that where

5.1 Theorem. Let B be a HBS consisting of 2n-periodic measurable functiocns on

nd nouﬁwwnwmm.wﬁ. n=0,1, ..., Suppose f €B and dist (f, MMV = 0(n™®), where

¢ < 1. Then w(f, &) = 0(a%), where w denotes the B-modulus of continuity of £f.

f. If T is the "dipole" measure, which places masses of 1, -1 at the points

3y 1 respectively, 24nwm a) is just w(f, a). For this memsure Fx) =1 -e7X

?
T satisfies the hypotheses of Theorem 9.4,4.5 with ¢ = 1, P(x) = x. Let now

1 % )

L(R), k(x) = 1 for x| €1, and define & to be the measure & - k dt. Then, o

sfies the Tauberian condition. Let now & > 0, and denote by n = n{a) the largest

ger not exceeding 1/a. Since 8(x) vanishes for |x| <1, we have, denoting by T,

5 ; * = 01
2losest element to f in NM " eﬁ anv 0; hence

e * oggyll = e = 1) = o Il ol dist (2, 7) = 0(a®)  as a0 .

>u(f; a) = 0(a®) subatituting this into 9.4.4.5 (1) (with r = 1) gives

231

a -3
-1 =1
wfsa) <4 % A, ™ du 4+ %Am\ﬁu A, W au] g A, a®

e] a

and the theorem is proved.

Remark 1. 1In case ¢ = 1, 9.4.4L.5 (1) yields
w(f3 a) = 0(a log (1/a)) .

If we use, as our choice of T, that measure with #(x) = (1 - m;uxvm.dwmu the hypc

theses of 9.4.4.5 are satisfied with r = 2, P(x) = Nmm am:o&mmﬁ‘pnommmnuJ.

the estimate Eammm a) = 0(a) from 9.4.4.5 (1). For this T, however, w_ is not &

modulus of continuity but rather an analog thereof based upon the second differer

(so-called "modulus of smoothness"), and we obtain (in the case 3 = (7)) a theor

of Zygmund, cf. e.g. hOWﬁZ%NA or NATANSON.

Remark 2. If our hypcthesis about f is taken in the more general form
dist (£, 7)) = o{¥(n)) ,

where y(n) is a decreasing function and lim ¥(n) = 0, we can atill, as a rule, ge
information about w(f, a) with the aid of Theorem 9.4.4.5. However, when y(n) ten
very slowly to O, roughly when ¥(n) tends to zero like 1/log n or slower, the in-
tegrel on the right of 9.4.4.5 (1), which arises upen application of the above te
nique, is found to diverge; Theorem 9.4.4.5 fails in this case to give any inform
tion. This is a weakness of the theorem, insofar as other methods (ef. hommzemé.
Sectien p.w. or TIMAN, Section 6.1) allow a non-trivial conclusion about w(f, a)
be drawn, no matter how slowly y(n) tends to zero.

Just this is the point of Boman’s refinement of Theorem 9.4.4.5, discugsed
9.4.4.6; the measure ¢ is of the special type for which 9.4.4.6 (2) holds, and th
integral on the right side of that inequality converges always. It can be shown ¢
yield an essentially best possible estimete for w(fy &) (corresponding to theorem
of A.F. and M.F. Timan when B = IP(T), 1 < p <@, and of Stechkin when B = e 4
references in TIMAN); there are a few remarks concerning this matter in BOMAN & S

PIRC,, and it shall be discussed in detail in = forthecoming work of Boman. It can
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