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Abstract. The symmetric rank-one update method is well known in optimization for its ap-
plications in quasi-Newton algorithms. In particular, Conn, Gould, and Toint proved in 1991 that
the matrix sequence resulting from this method approximates the Hessian of the minimized function
under a suitable linear-independence assumption. Extending their idea, we prove that symmetric
rank-one updates can be used to approximate any sequence of symmetric invertible matrices, which
has applications to more general problems, such as the computation of constrained geodesics in shape
analysis imaging problems. We also provide numerical simulations for the method and some of these
applications.

Introduction. Let d be an integer and f : R — R a C? function. We consider
the problem of minimizing f over R%. A well-known efficient algorithm to numerically
solve this minimization problem is Newton’s method: starting at some point xg, it
considers the sequence

Tpr =z — e H(f) 'V f (k)
with V f the gradient of f, H(f) its Hessian, and hj, > 0 some appropriate step length.

However, very often the Hessian of f is too computationally difficult to compute,
leading to the introduction of so-called quasi-Newton methods. The methods define
a sequence

Tpp1 = op — hy By 'V f(z1),
where (By) is a sequence of symmetric matrices such that
Bi1 (g1 — 2k) = V(zr1) — VI (zp). (0.1)

Indeed, since

1
Vi(@rsr) = V(zk) = (A H(f)wk+t(1k+1—$k)dt) (Tht1 — k)

H(f)il)k (xk-i-l - fk),

12

we get

Bry1 (k1 — ) = H(f)zy, (Tht1 — k).

It is reasonable to expect By to be close to H(f),, in the direction s = 41 — ok
(see [4, 5, 7]).

There are many ways to build a matrix sequence (By,) satisfying (0.1). However,
it was proved in [3] and [9] that some of these methods let By approximate H(f),,
in all directions instead of just one, i.e.,

”Bk H(f)mka > 0
—00
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which implies
1By = H(f)e. | =0,
—00
with the additional assumption of uniform linear independence of the sequence

Sk = Lk+1 — Lk

a notion that will be recalled later. In [3] for example, this is proved for the update
of Bk by

T
TET
yr = Vf(xry1) — V(o) = Agsk, 711 =yx — Brsk, Bry1 = B+ r];sk , (0.2)
k ok

with

1
Ak = ~/0 H(f)xk+t(xk+1fzk)dt'

In this paper, our aim is to generalize the approach in [3] by defining the above
symmetric rank-one algorithm for any sequence of symmetric matrices (Ay) and vec-
tors (sk), and to derive a convergence result, opening a wider range of applications.

For instance, if a sequence Ay converges to an invertible matrix A,, then we can
use the above algorithm to approximate the inverse A of the limit A,. Indeed, let
(€g,-..,eq—1) be the canonical vector basis of R?. We define the sequence (s3) in R?
by

—1
5k = Apepmodd, Yk = AL Sk = €kmodd- (0.3)

This sequence is uniformly linearly independent, hence the sequence Bj defined by
(0.2) will converge to A; 1. The rate of convergence depends on the dimension d and
on the rate of convergence of Ay, but By is much easier to compute than A,;l.

One of the motivating applications is the computation of geodesics constrained to
embedded submanifolds of Riemannian spaces. Indeed, to obtain a geodesic between
two fixed points of a submanifold, we need to find a converging sequence of maps
t — Ap(t) given implicitly by an equation of the form

Ay, (t)/\k (t) = Ck (t),

where A (t) is a convergent sequence of symmetric, positive definite matrices of high
dimension (see [1]). The A, are Lagrange multipliers induced by the equations of
the submanifold. It may be very computationally demanding to solve such a linear
system for every time ¢ and every step k. Instead, we can take

)\k (t) = Bk(t)ck (t),

with By (t) obtained by applying the symmetric rank-one algorithm described in the
previous paragraph. This is particularly useful in Shape Spaces, where the studied
manifolds have a very high dimension and a very complex metric.!

IThe present article was actually motivated by such a problem appearing in shape analysis,
investigated in [1].



This paper is structured as follows. We give the general framework in Section
1, then state the main result after recalling two equivalent definitions of the uniform
linear independence of a sequence of vectors in Section 2. Section 3 is dedicated
to intermediate results that will, along with notions developed in Section 4, lead to
the proof of our theorem. Section 5 presents numerical simulations for approximat-
ing random matrices and their inverse. Finally, in Section 6, we describe the shape
deformation problem for which the algorithm was introduced and apply the symmet-
ric rank-one update method to some simple examples, comparing it to the classical
method described in [1].

1. Notations and symmetric rank-one algorithm. Consider a sequence
(Ag)ken of real square symmetric d x d matrices. Assume that this sequence con-
verges to some matrix A, i.e.,

[Ax — Asll — 0,
k— o0

where || - || is the operator norm on the space My(R) of d x d matrices induced by the
canonical Euclidean norm | - | on R?. Then define

kg = sup [|A; — Axll, and . = sup [|A; — Al
E<i<l i>k

for all £ <1 € N. Note that
VE<leN, nri <ng« and M« =0 as k — oo.

Now let (s3)ren be a sequence of vectors in RY.

The objective is to find a somewhat simple sequence (By)ren of symmetric matrices
such that By — A, using only si and yr = AgSk.

We use the symmetric rank-one update method from [3]. Start with By = I, the
d x d identity matrix. Define for k € N

yr = Arsk, 1k = (Ax — Bi)sk = yr — Bsk,
and compute

T
TET
Bit1 = B+ ——.

Tk Sk

Remark: When r} s, = 0, one just skips the update.
2. Main Result. For every k, we have
Biy15k = Brsk + 1k = Brsg + Y — Brsk = Yk,
SO
Apsp = Biy15k.

The main idea is that if Ay, Agi1, ..., Akrm are not too far from each other (which is
the case for k large enough), we expect By Sg+i to be close to Agym sk for i < m.
Then, if we can extract from every finite subsequence (s, . .., Sg4+m) & vector basis of
R?, we will obtain the desired convergence.
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For a more precise statement, we next define the notion of uniform linear inde-
pendence. The most intuitive and geometric definition is the following.

DEFINITION 1. Take a sequence s = (si)ren of vectors in R?, d € N\ {0},
and let m > d be an integer. Then s is said to be m-uniformly linearly independent
if there exists some constant o > 0, such that for all k € N, there are d integers
k4+1<k <---<kqy<k+m such that

|det (Skyy- -y Sky)| > @|Sky |- [Sky]-

In other words, from every finite segment of (sj) of length m, we can extract a
linear basis sg,,..., Sk, that will, once normalized, form a parallelepiped that does
not become flat as k goes to infinity.

Remark: A sufficient condition for s = (sg)gen to be m-uniformly linearly inde-
pendent is the following. If the sequence of subsets ({Sk+1,. ., Sk+m })keN converges
to a subset {S. 1, ..., Sxms}, with m’ < m a positive integer, that generates R?, then,
for some integer ko large enough, (Sk,+k)ren is m-uniformly linearly independent.
This is an obvious consequence of the continuity of the determinant.

Another definition was given in [3] after [8] as follows.

DEFINITION 2. A sequence s = (sg)ren of vectors in RY, d a positive integer, is
said to be (m, B)-uniformly linearly independent, where d < m € N and 8 > 0, if for
all k € N, there are d integers k+1 < ky <--- < kq < k+m such that

‘)\ (—S’“ o b )‘ > B,
|Sk1 | |Skd |
where N(M) is the singular value of the square matriz M of smallest magnitude.
Remark: A sequence s = (s3) in R? is (m, B)-uniformly linearly independent
for some m > d and § > 0 if and only it is m-uniformly linearly independent in the
sense of Definition 1. Indeed, let vy, ...,v4 € R% and denote V = |v_1|7 ey |v—d| .
(% Vd
If IA\(V)| > B8 > 0, then det(V) > 3¢, which proves the first part of the equivalence.
On the other hand, we know that the eigenvalue of V' with largest modulus has

modulus less than Vd max Iskil = Vd. Now, assume that det(V) > a > 0. Then
1=1,..., Ski
IA(V)| > —f, ensuring the second part of the equivalence.

d—1 >
T
THEOREM 1. Let (Ar), (sk), (yr), (rx) and (By) be defined as in Section 1, with
(Ag) having a limit A.. Assume that there exists a constant ¢ > 0 such that for every
integer k,

Ik skl > clrel|skl.

Then, for every 8 > 0 such that (si) is (m, )-uniformly linearly independent in the
sense of Definition 2, we have for every k € N the quantitative estimates

m—+1
2 JCF C) ) %nk,*- (2.1)

1Bum — Adl| < (1 n (

The next two sections are dedicated to the proof of this theorem.
Remark: The assumption |r} si| > c|rg||sk| is necessary, as showcased by the
following counter-example.



Fix a constant sequence of matrices Ay, = A and the uniformly linear independent
SeqUENce S = €4 mod d, With e, ..., eq_1 the canonical basis of R?, and & mod d the
remainder of the Euclidean division of k£ by d. Assume that the first column of A has
a 1 in every entry. Then ry = 0 for every [ € N, hence the update will be skipped
every d steps, and the first column of By will stay equal to

1
0

0

for every k. In particular, By does not converge toward A.
So, even though the update happens relatively often, it does not happen often
enough to get the desired result.

3. First estimates. In this section, we give upper bounds on

s
‘(Bkij — Ap) 2|
|sk]
and deduce estimates on
||

for a particular set of x € R%.

PROPOSITION 1. Let (Ag)ken be a sequence of real symmetric matrices in My(R),
d € N, and (si) be a sequence in R9. Define yi, By and ri as above. Assume that
there exists a constant 0 < ¢ <1 and for every k € N,

Irk skl > clrel|skl.

Then, for everyl > k+1,
I—k—1
2+c
[(Ax — By)sg| < (T) M i—1Sk|-

Proof: We prove this inequality by induction on [, with k& € N fixed. For [ = k+1,
we know that Byi1sr = Agsk = yk, hence

|(Ax — Bit1)sk| = 0.

We will use the notation

I—k—1
2+c
TH(l) := ( . > Nk, 1—1]5k]

where IH stands for Induction Hypothesis. Now, assume the result to be true for
some | > k+1,ie.,

24+ ¢ l—k—1
|(Ak — Bl)8k| S <T) nk,l71|5k| = IH(Z) (31)
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Let us prove that

I—k
24+c
|(Ar — Biy1)sk| < (T) Mialsk| = TH( + 1).

Note that

T
rr
|(Ax — Biy1)sk| = [Arsk — (B + rlT;l)Sk|
l

T
rr; Sk
= |Aksy — Bis, — :,{ |
st (3.2)
|r]|r sl
< (A = B)sk| + ————
clri||si]
T
< rHQ) + T
clsi

s
clsi| 2

Let us find a bound for

the second term of the right-hand side. First we have

rl skl = [y sk — s/ Bisi|
< |y sk — s{ yrl + Is] (yr — Bus)|
= [y s — si vkl + |/ (Ax — Bu)sk|
< |y sk — s{ yul + st TH (D).

However, since A; is symmetric and y; = A;sy,
i sk — 51 gl = Isi (A= Aw)sil < mwalsil[sel,
from which we deduce
7 skl < mialsillsk] + TH ()]s
Using (3.2), we get

| sk]

[(Ax — Biy1)se| < TH(I) +
clsi

1 1
< TH(I)+ Eﬁk,l|5k| + EIH(Z)

1 1
= (1 + E)IH(Z) + Eﬁk71|8k|

B 1—|—c(2—|—c

I—k—1 1
) Mie,i—1]Sk| + =1k.1 |5k
C C

C

IN

I—k
2+c
(355) il = 110+ ),

where the last inequality comes from the simple fact that 7, ;-1 < ;. O

This proposition shows that if Ax, Agt1,..., A; are close to one another (i.e., if
Nk, is small), then B;sj, stays quantifiably close to Aysy.
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Now, note that ||A. — Ax|| < Mk, and 7y . decreases to 0 as k goes to infinity.
Keeping the same assumptions, we obtain the following result.
COROLLARY 1. Take m,k € N, and let x € R? be in the span of Sk, ..., Skim. If

then

|Brtmi1x — Az 24\ ™ —
< « 1 VIR
2] S ks (14— ;l |

Proof: First, it follows from Proposition 1 that

By, 1z — Az TN
[ Bt m+ il < Z | | Biet-m—+1Sk+i — AxSktil
|| ‘=0 | Skt
A
<> |Skl y (|Bk+m+15k+i — AptiSki| + |Awskri — Ak+i5k+i|)
i=0 17kt
m 7
2+c
< Z [Ail (( C > M, ke+m +77k,*> .
1=0
Letting

and using Nk k+m < Mk, «, We get

| Brymi17 — Az

||

< nk,*c(m) Z | i
1=0

The result follows. [J

In particular, if we can let k go to infinity while keeping Z |Ai| bounded, then
i=0
we obtain Bjyimz — A,x. Thus, if we can do it for all z € R?, we will have proved
that B, — A,.

Thus, if we prove that every normalized vector 2 € R? is a uniformly bounded
linear combination of s, ..., Sk+m as k goes to infinity, we have proved our theorem.
In the next section of this paper, we will define a third notion of uniform linear
independence of a sequence directly related with this property and prove that it is
equivalent to the previous definitions.

4. Uniform m-span of a sequence and applications. In order to investigate
the subspace on which By, — A, we need a notion that is more general than uniform
linear independence, that of a uniform span of a sequence of vectors.

DEFINITION 3. Let s = (si)r>0 be a sequence in R?, and let m € N. We say that
a vector x in R? is uniformly in the m—span of s if for some fized v, > 0,

VEEN, os...,Am €R I%ZZAi% and Y N < (4)
i=0 * i=0
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We denote by USy,(s) the set of all such vectors.

We have the following trivial result.

LEMMA 1. US,,(8) is a vector sub-space of R™. Moreover, there exists a constant
v > 0 such that Property (4.1) holds for all x € US,,(s) with v, =, i.e.,

Iy >0, VEkeN, 2 eUSn,(s), Fo,..., \m €R,

X Ui Sk+i - (42)
HZZ)\i|S ] and Z|)\i|§7.
=0 17k i=0

To prove the existence of 7 in (4.2), it suffices to consider an orthonormal basis
(x;); of USy(s), associated with some constants (7, )1<i<d, in Property (4.1). Then
we can just take v = v, + - 4+ Vo,

Remark: There holds US,,(s) C ﬂ span(sg, - . ., Sktm)-
k=0

Example: Define the sequence s = (si) by

€k mod d when k # d— 1modd,

Sk 1
e + Eed,l when k£ =d— 1modd.

Then

US(s) = {0} if 0<m<d-1
mi8) = span(eq, . .., eq—2) otherwise.

Using this definition, a simple application of Corollary 1 gives the following result.
PROPOSITION 2. Let (Ag), (sk), (yx), (rx) and (Bg) be defined as in Section 1,
assuming that (Ay) has a limit A, and that |r}sg| > c|rg||sk| for some fized constant
c>0.
Then, for every m € N

|Br+m+17 — Azl

sup

< C(m)yn,«, (4.3)
z€USp, () |I|

where vy is taken from (4.2) and

w1+ (22)

Finally the main result is a consequence of this proposition and of the following
lemma.

LEMMA 2. Let s = (sg)k>0 be a sequence in R, and let m € N. Then s is
(m, B)-uniformly linearly independent if and only if US,,(s) = R%. Moreover, we can

take v = % in (4.2). Proof: Let v1,...,vq be linearly independent elements of R¢
and define the invertible matrix

V().
oa]” " fudl
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Let A = (A1,..., )T € RY be such that x = VA has |z| = 1. Then

d
DI < VAN = V[V < %.

This proves that if a sequence s = (s;) in R? is (m, 3)-uniformly linearly independent,
then US,,(s) = R? and we can take 7,,(s) = %.

On the other hand, take a unit vector z € R¢ such that

1
VvTy =g = )\(V)Qx'
Then, denoting (\1,..., )T = A =V~"1z,
1 1 ¢
V) A(V) VR~ AWV 2| = AV)[V AL < AL < I,

i=1
which proves the converse. [J

Our main result is proved.

5. Numerical simulations. In this section, after running numerical simulations
of our algorithm on random symmetric matrices, we check that the sequence of inverses
of a sequence of matrices can indeed be approximated.

All simulations were done using Matlab on a standard desktop computer.

5.1. Approximation of a sequence of matrices. Here we test the algorithm
on random symmetric matrices with coefficients generated by a normalized Gaussian
law.

Let d € N\ {0} and define a square symmetric matrix A, = (M +M7), where the
entries of the d x d matrix M were chosen at random using the normalized Gaussian
law. Fix 0 < A < 1, and define the sequence (Ag)ken of symmetric matrices obtained
by perturbing the matrix A, as follows

)\k
A=A, + 7(Mk+Mg),

where M}, is a matrix with random coefficients taken uniformly in [—1, 1]. This gives
[[My]] < d. Obviously, Ar — A, linearly as k — oco. More precisely, we have

|Ax — A, < dXF,

SO Mpe,se < d\F.

Remark: While the Gaussian law is better suited to generate random real num-

k
bers, we wanted to have clear bounds on the norm of the perturbations &- (M +M]).
This is why we only took coefficients with absolute value less than one for each Mj.

We define the sequence of unit vectors (sy), k € N, (d, 1)-uniformly linearly in-
dependent, by the formula

Sk = €k mod ds Kk EN,
9



where (e, ..

.,eq_1) is the canonical basis of R?. Then we apply the symmetric

rank-one update to obtain a sequence of symmetric matrices (By)ken, starting with
By = I,. If we assume that there exists ¢ > 0 such that |[r]'si| > c|ri||sg| for every

k € N then we can apply Theorem 1 with m =d, =1, and obtain

where

e(d, k, A\ c) = <1 + (

HBk - A*” < E(Cv dvka A)

d+1
) ) d3/2Ak_d.

Remark: In the algorithm, the term rkTsk = efmodd(Ak — Bj)ekmod d 1s just the
kmod d-th diagonal term of (A — By). It is difficult to give an a priori estimate on
the term ¢ in Theorem 1. For example, if the diagonal terms of the A; are equal to
one, since By = I, r{sk = 0 for every k and By will never be updated.

2+c

Table 5.1 computes the best (i.e., the smallest) upper bounds ¢(c, d, k, A) possible
for d = 10 for different values of &k and A\. They are obtained by taking ¢ = 1. This
will let us compare the rates of convergence of our simulations with the best possible
estimates obtainable by Theorem 1. A zero corresponds to a numerical value smaller
than the machine epsilon 2.2e-16.

e(1, 10, k, \) k=10 k=20 k=50 k=100
X =0.9 5.6x10° 2.0x10° 8.3x107 4.4%107
X =0.5 5.6x10° 5.5x10° 5.1x10°° 0
X =0.1 6.5x10" | 5.6x10 7T 0 0
Table 5.1: Values for e(c,d, k, \)

We computed the final distance § = || By — A.|| between By, and A, for d = 10,

various values of A\, and various numbers of steps k. We repeated the simulation 1000
times for each value of A and k, each time with new random values for both A, and
every My, k € N. Table 5.2 gives the mean value and the maximum value of §; over
these 1000 simulations for each number of steps and each .

k=10 k=20 k=50 k=100
mean(d;) | max(dy) mean(dy) max(dy) mean(dy) max(dy) mean(d;) | max(dy)

X =0.9 1.4x10 4.7x107% 7.5x107 3.8x10% 1.8x10° T 8.0x107 1x10°3 1x10° T

X =05 2.7x107 1.7x10° 6.4x10~ 7T 3x10~ 2 7.4x10- 3 | 5.3 x107 T 0 0

XA =01 | 6.8x10° 2 | 7.0x10° | 8.3x10 2 | 2.1x10° 7 0 0 0 0

Table 5.2: Simulation results for § = | By — A

Comparing the two tables, we see that the numerical convergence rate is even
better than the best possible one given by Theorem 1. These simulations strongly
support the theoretical results.

5.2. Approximation of a sequence of inverses. As mentioned in the intro-
duction, our algorithm lets us compute the inverse A7 ! of the limit A, provided A,

is invertible.

Indeed, consider the following sequences for the symmetric rank-one algorithm

Sk i= Akel mod d,

10

—1
Yr = AL Sk = €k mod d-

(5.1)




In other words, sy, is the k mod d-th column of Aj. Then the sequence (si)xen is (d, B)-
linearly independent for some 8 > 0 starting at some kg large enough since, as k goes

to infinity, the finite set {Sk, ey 3k+d—1} = {Akek mod ds -« -y Aktd—1€k+d—1 mod d}
will converge to the generating set {A.eq, ..., Aceq—1}, and the sequence (Sg,+k)ken
is therefore d-uniformly linearly independent for some kg big enough. The smallest

singular value of the matrix

Sk Sk+d—1
N T 5.2
<|sk| |sk+d1|) (5:2)

( Aseg Aeq- )

ool TAeeq])

which depends only on A, which gives an insight on the correct value of 3. The value
of ¢ in Theorem 1, however, cannot be guessed here either.

Take the sequence (Bj)gen obtained by applying the symmetric rank-one update
method, with starting point By = I; and using the sequence (sy)ren defined by (5.2).
Assuming that there exists ¢ > 0 such that |rfsy| > c|rg||sk| for every k € N, this
sequence converges to A ' by Theorem 1. The rate of convergence depends on the
dimension d and the rate of convergence of Ay. Note that Bj is much easier to
compute than A,;l. Indeed, the complexity for the computation of the inverse of a
d x d matrix is greater than the O(d?) complexity required in each symmetric rank-
one update. This can be useful when solving approximately converging sequences of
linear equations, as we will show in the next section.

will converge to that of

In our numerical simulation, we computed the distance &), between By, and A ! for
different values of k£ and A\. We used the same sequence (Aj) with random coefficients
as in the previous section, with (Ay) converging linearly to a random (but invertible)
symmetric matrix A, with rate 0 < A < 1. For each number of steps and each value
of X\ considered, we repeated this simulation 1000 times for different A, and different
random matrices Ay. Table 5.3 gives the mean value and maximum value of ;. over
these 1000 simulations.

k=10 k=20 k=50 k=100
mean(d;) | max(d,) | mean(d;) max(9;,) mean(9;,) max(d;,) mean(9;) max(d;,)
X =0.9 6.5x10 2.4x10% 2.0x10 4.5x10° 3.5%x 10 2.4%107% 2.2x10° 1 9.1x10
X =0.5 3.3x10 1.3x10% 2.5x10Y 1.8%10° 2.8x10~ 2.8x107° | 2.8x107° 2.6x10°°
X =0.1 1.4x10 6.7x10% | 4.8%x107Y | 1.9x10°°% | 3.7x10" 11 | 2.8x10~ 2.2x107 2 | 1.4x10~ 10

Table 5.3: Simulation results for symmetric rank-one update on inverses

We see that 6, = || By, — A7 || does decrease to zero, but with a slower rate than
that of the approximation of A, itself given in Table 5.2. Moreover, the maximal value
is significantly larger than the mean value for this distance. A reasonable explanation
for both discrepancies is that A, can be ill-conditioned when generated in such a
random way. This can cause them to be almost singular, which would have two
consequences. First, the rate of convergence of (A,;l)keN to A7 is slower than that
of (A,;l)keN to A,. Therefore, the 7, from Theorem 1 is larger than in the case
described in Section 5.1. Second, the sequence sy = Age€rmoda is “less” uniformly
linearly independent (that is, the constant 8 from Definition 2 is smaller).

To test this hypothesis, we tried the simulation again but this time we forced A,
to have a good conditioning. This will make the sequence of matrices Ay uniformly
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well-conditioned. This kind of sequence can appear in certain numerical simulations of
PDEs, in cases where the Ay are discretized versions of a positive-definite self-adjoint
operator.

For the simulation, we took A* so that its singular values all belong to [0.5,1.5].
For this, we used A, = OT DO, where D is a diagonal matrix of size 10 x 10 with
diagonal coefficients randomly generated using the uniform law on [0.5, 1.5], and O was
obtained by orthonormalizing the columns of a random matrix Z, whose coeflicients
were generated using a Gaussian law. Leaving the rest of the process unchanged, we
performed 1000 simulations for the same values of A\ and k as those from Table 5.3
and obtained Table 5.4.

k=10 k=20 k=50 k=100
mean(d;) | max(d}) mean(9;) max(d;,) mean(9;) max(d;,) mean(9;,) max(9;,)
X =0.9 2.3x10 2.3x10° 1.1x10 2.2x10° 2.5x10° T 2.5%x10 2.3x10°° 1.2%10°

X =0.5 2.8%10° 2.2x102 1.2x107° | 1.6x107 T | 1.3x10712 | 4.8x107 1% | 1.5x10" 2 | 8.7x10 12

A =0.1 | 3.6x10° ! 3.8x10 | 7.4x10° 12 7x10° 1.1x107 1 | 4.8x107 2 | 8.2x10° 1% | 1.4x107 12

Table 5.4: Simulation results for inverses of matrices with singular values in [0.5,1.5]

As expected, the numbers on Table 4 show that the sequence (By)ren converges
to A7! much faster than in the case of a purely random A,. In fact, the convergence
is almost as good as the one shown by Table 5.2 in the previous section. This confirms
that the method is more effective with sequences of matrices that are well scaled.

We also did an extra simulation in the case of a purely random A,: since the
sequence (s )ken in (5.1) has no reason to be particularly good (i.e., uniformly linearly
independent with a nice constant), we applied our algorithm this time by taking a
new sequence for (yx)ien, letting each y; be a random vector with coefficients taken
along a normal Gaussian law at each step. We still set s = Agyr. This is done
in the hopes that, on average, the sequence s; could be "more” uniformly linearly
independent, that is, the term 8 in Definition 2 could be higher. We computed the
mean values for 0), = || By — A;!|| over 1000 repetition of this simulation. They are
given in Table 5.5.

k=10 k=20 k=50 k=100
X =0.9 | 8.3x10 5.6x10 4.7%x10 1.2x10
A =0.5 | 8.5x10 2.9%10 1.0x10~ % | 1.2 x10~ 7
A=0.1 | 5.4x10 | 2.1x10~F | 3.7x10°7 | 1.0x10~°

Table 5.5: Simulation results for inverses of matrices yy, randomly generated

This experiment shows that taking a random sequence of vectors (yi)ren is not
as effective as taking the y;, periodically equal to the canonical basis of R?.

For large values of d, as k goes to infinity, this method gives us an approximation
of the whole sequence (A,;l)keN and is faster than computing the inverse of Ay at
every step. Indeed, the complexity of one rank-one update is only in O(d?).

Remark: This method does not allow for better computations of the inverse of
a badly scaled matrix A by setting A = A for every k. A quick Matlab simulation
showed that the command inv(A) gives more precise results.

6. An application: optimal deformations of constrained shapes. The
main problem of shape deformation analysis is to find an optimal deformation from
one shape to another. From the numerical point of view, a shape is usually a collection

of distinct points ¢ = (27,...,2L) where n is a positive integer and each x; is an
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element of R%. These points are usually a discretization of the boundary of a certain
domain in R%. The space of such shapes is called the space Lmkgy(n) of n landmarks
in R%, ie.,

Lmka(n) = {q= (z1,...,a) e R" i £ j = x; # x;}.

A deformation of an initial shape qo, with ¢¢ = (33{0, . 7555,0), is a curve t — ¢(t)

with ¢(0) = qo, of Sobolev class W12, that is, an absolutely continuous curve with
square-integrable speed.

6.1. Large deformation diffeomorphic metric mapping.. The so-called
LDDMM (Large Deformation Diffeomorphic Metric Mapping) setting for studying
deformations of landmarks is used in computational anatomy [2, 6, 11].

We start by considering a Reproducing Kernel Hilbert Space V' of smooth vector
fields on R?, that is, a subspace V of C*°(R% R?) equipped with a Hilbert product
(,-)y such that the inclusion V' < C*°(R%,R?) is continuous. For such a space, there
exists a matrix-valued reproducing kernel K : RY x R — My(R?) such that, for any
z,v € RY, and every X € V,

(K(-,z)v, X)y, = 0" X ().

Such a space V' is completely determined by its reproducing kernel K. The kernel we
use in this example is given by

_lz—y?

K('r7 y) =€ 2 Id?

for some o > 0.
Then, one considers deformations ¢ — ¢(t) € Lmkq(n) of the form

a&)" = (@) - 20)" = (¥ (O)(x10)T, .- ™ () (@n0)T),

where (X (t))tefo,1) is a family of diffeomorphisms of R?, flow of a time-dependent
vector field t +— X (¢,-) € V on R? such that t — || X (¢,)||y is square-integrable. The
optimal deformation ¢ € [0, 1] = ©™ () - qo from a starting shape qo to a target shape
q1 is the one such that the total energy 3 fol (X(t),X(t)), dt is minimal. The reason
of using such a setting is that it actually provides an optimal deformation of the full
space R? thanks to the flow X,

In particular, as ¢(0) is the discretization of the boundary of a certain domain
U of R?, ¢(t) will then be a discretization of the boundary of the deformed domain
U(t) = () (U).

Since it is extremely hard to determine this minimum, one usually considers the
penalized functional

J) = 5 [ XX W)y i+ 9% (1)),

where g : R? — R is a smooth data attachment term, minimal at ¢;. A classical result
[12], consequence of the solution to the spline interpolation problem for vector fields
in V, is that minimizing .J is equivalent to minimizing the functional

1 1 & i 0)2
T = /0 S e w0 ()t + g(q(1),
ij—=1
13



where u; € L%(0,1;R%) for every i = 1,...,n, and q(t) = (21(t),...,2,(t)) satisfies
the control system

N et —a(4))2

q(0) = qo, j:i(t):Ze 20 u;(t) ae.tel0,1], i=1,...,n.

j=1
We can retrieve the corresponding flow ¢~ by integrating the vector field

N a2
X(t,:v):Ze 5 ui(t).

Jj=1

We can write this differential equation as ¢(t) = Kg(t)u(t), where K is the block

matrix of size nd x nd consisting of blocks of size d x d, with the (i,j)-th block
. lzs () —a; (1)|2 T T d L .
is equal to e 2= Iy, and u = (uy,...,u,)" € (R*)™. This is a symmetric,

positive-definite matrix for every ¢ in Lmky(n), and we also have

" Jmi—ayl?
t_J T _ Tyro
E e @ u;uj=u Kju.

ij=1

In this form, this an optimal control problem in finite dimension. It has an optimal
solution which satisfies certain Hamiltonian equations, and can be solved numerically
(see[l, 11, 12]).

6.2. Shapes with constraints.. The shape deformation problem which moti-
vated the symmetric rank-one update described in this paper is an extension of the
one described in the previous section, aimed at studying several shapes simultane-
ously. Let n',n? be two positive integers. Assume that we have two different starting
shapes ¢} and ¢2, belonging to different landmark spaces Lmkg(n') and Lmkq(n?),
each one being a discretization of a different domain U! and U? with U N U? = 0.

Usually, one would just consider the total shape to be the union of those two
shapes, and deform it using a single diffeomorphism. However, the objects we want
to model should be considered as two independent shapes, as in the case of images of
different parts of the brain.

This is why, instead, we would like to model a deformation of ¢} and ¢ such
that they evolve independently from one another (each one being deformed by a
different diffeomorphism), but are immersed in a deformable background (deformed by
a third diffeomorphism), whose boundary coincides with the union of the boundaries
of U' and U?: one obtains a discretization ¢ of this boundary by concatenation
(@) = ()", (d)T) € Lmky(n®), where n® = n' + n?  The total shape ¢l =
(@)T, (@)T,¢3)T) belongs to the space Lmkq(n') x Lmkg(n?) x Lmkq(n?).

The main reason for considering constrained shape deformation is to model such
a system [1]. Indeed, to model a deformation q(t)T = (¢ ()T, *()T, ¢*(t)T) of the
total shape, we can use the control system ¢(0) = qo, ¢'(t) = Kgll(t)ul(t), §*(t) =
K& u2(t), () = K&ui(t), ae. t € [0,1], where ul € L2(0,1;R),i =
1,2,3. This control system can be written ¢(t) = K,yu(t), where

Kgf 0 0
Ky=| 0 K& 0
0 0 Kg;f

14



Note that the matrix K, is symmetric and positive definite for every ¢ € Lmkq(n') x
Lmkg(n?) x Lmkg(n®). The functional we want to minimize is therefore given by

I =5 [ Kyyute)dt + gfaln).

K, is a symmetric positive definite matrix. However, one also needs to preserve the
condition ¢*(t)T = ((¢*(t))T, (¢*(t))T) for every t € [0,1] (that is, the boundary of
the deformed background coincides with the boundaries of the deformed domains).
This means that we should impose on our control system the constraints (¢%)7 =

(@), @*)7), e,

3 1 2

53(t)u3(t) = ((Kgl (t)ul (t))T, (ng(t)u2(t))T)T a.e. t e [0, 1]
These linear constraints can be as written C'Kyyu(t) = 0, with
C=(I,s —In).

In conclusion, we wish to find a minimum of J(u) = 3 fo ()T Kyyu(t)dt + g(q(1))
over all square-integrable functions v : [0, 1] — (Rd)" +n*+1% such that ¢(0) = go and,
for almost every ¢ in [0, 1], ¢(t) = Kgyu(t) and CKypu(t) = 0.

Now, define for ¢ € Lmkg(n')x Lmkg(n?) x Lmky(n+n?) the symmetric positive
definite n® x n3 matrix 4, = CK,CT.

Then, according to an appropriate version of the Pontryagin Maximum Principle
([1, 10]), if u is optimal for our constrained minimization problem, and ¢ is the curve
such that ¢(0) = ¢o and ¢ = K u, then there exists an absolutely continuous curve p :
[0,1] € (RH)™ +7°+7° " called the momentum of the trajectory, with square-integrable
speed such that p(1) + Vgg) = 0, and, for almost every ¢ in [0, 1],

ul(t) = (p(t) = CT A CE ()

Q) = Ky (p(t) = CTALL CRyp(®))
1
5(1) =~ ()~ O AL CEyop(®) Vo (plt) — C7 A CR (1))
(6.1)
Here, we used the notation a” VK b for the gradient of the map q — a® Kb at ¢, for
a,be (Rd)"l+"2+"3 fixed. Since this is a differential equation with smooth coefficient,
it has a unique solution for fixed (go, po)

Remark: The system (6.1) actually consists of the Hamiltonian geodesic equa-
tions on the submanifold defined by C' = 0 for the Riemannian metric whose cometric
tensor is K.

Moreover, in this case, ¢ — u(t)TKq(t)u(t) is constant. Hence, the minimization
of J reduces to the minimization of

1 _ T _
5 (po - CTAqochQOpo) qu (po - CTAqochqopo) + g(Q(l))

j(Po): D)

with respect to the initial momentum py = p(0). Note that this reduction is funda-
mental in our approach.
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The computation the gradient of J requires solving an adjoint equation with coef-
ficients depending on the derivatives of the right-hand side of (6.1). This is described
in more detail in [1].

All operations involved in the computation of this gradient have complexity in
O((n' +n?)?) at each time step, with the distinct exception of the computation of
the inverse of A, (or, at least, the resolution of linear equations of the form A,a =b
which appear both in (6.1) and several times in the associated adjoint equation),
whose complexity is higher.

6.3. Implementation of the symmetric rank-one update.. One of the most
time-consuming aspects of this method is the computation, at each time step, of the
inverse of A;. We can speed things up by applying a symmetric rank-one update as
follows.

Let eg, ..., €q(n14n2)—1 be the canonical vector basis of Rdn'+dn®  For any k € N,
define

Yk = €k mod d(nt4n2)-

We start with the initial momentum py = 0 and let Bo(t) = A_' for t € [0,1]. The
computation of A;}l is necessary to compute the different gradients anyway, so this
does not add any extra time, and gives a better initial conditioning of the matrix.
Then, assuming we have constructed an initial momentum py and a family of matrices
By (t), t €0,1], we use (6.1) to compute a trajectory a(t), replacing A, by By(t).
Finally, at each time ¢, we define

sk(t) = Ag, 1)Uk,
Ti(t) = Bi(t)sq(t) — Yk,
_ re(t)ri (t)
Bjt1(t) = Bk(t) + W;Z(t)

We can then compute the gradient of J with an adjoint equation, where any directional
derivative

_ _ _ n3 nlan2in3
0q(Agy(1y@) "1 (0) = = AL Oy (Age(1)) (DAL [ pya, a€R™, be (R
is replaced with — By (t)0yAg, (+)(v) Bx(t)a. This lets us perform the minimization of
J using gradient descent or a regular quasi-Newton algorithm.

As long as the algorithm gives a converging sequence of initial momenta py, the
trajectories g (t) will also converge to a trajectory g.(t), making each Ay, (), with
t € [0,1] fixed, a converging sequence, with invertible limit A,(t). Therefore, each
By (t), for t € [0,1] fixed, converges to A, (t) as k — oo. In other words, as k — oo,
we are indeed computing the true gradient of .J.

6.4. Numerical simulations. We consider the shapes ¢} and ¢2 as an equidis-
tant discretization of n' = n? = n points on circles of radius 1 in R?, centered at
(—1,0) (resp. (2,0)), and we try to match them with circles of radius 1 (resp. 0.9)
centered at (—0.75,0) (resp. (1.5,0)). See Figure 6.1.
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Figure 6.1: Multiple shape experiment: initial shapes (two outer circles)

and target shapes (two inner circles).

This is actually a difficult matching to perform without the context of constrained
shape deformation, because deforming two separate shapes into targets that are so
close to each other is very difficult using a single diffeomorphism. Constrained multiple
shapes provide an appropriate framework for finding such a matching.

The following values are taken for the constants: ¢! = 0.5, 02 = 0.3 and o> = 0.1.
We used 10 time steps, with step length At = 0.1.

The first thing that we compared is the time necessary to accomplish one gradient
step using the adjoint equations to (6.1) as described in [1]. Then we measured the
time required to complete the algorithm with the same stopping condition on the
gradient algorithm. Finally, we compare how much the constraints are satisfied in the
final deformation obtained by the gradient algorithm. This is done by computing the
total value of the lack of satisfaction of the constraints

1
Y(u()) = \//O |CK ynyu(t)|2dt.

We obtain Table 6.1. It gives a comparison between the regular method of com-
puting the exact solutions of any linear system Aj,a = b appearing in the adjoint
equations, and the one using the symmetric rank-one update method described in the
previous paragraph.

Number of points n=30 n=60
Method used Regular method Rank-one update | Regular method | Rank-One update
Time (one step) 3.3 1 9.8 2.6
Total time 63 23 69 23
~(u(-)) 1.0x10 1° 6.6x10 " 1.0x10 ™° 1.1x10°

Table 6.1: Comparison of the time necessary to perform a gradient

descent algorithm and satisfaction of constraints

As expected, the symmetric rank-one algorithm is much faster. However, since
the regular method computes the exact solutions for satisfying the constraints, those
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are satisfied with great precision. This is not the case when using the rank-one update
method where we obtain y(u(-)) = 1.1 in the case n = 60.

Remark: this value is actually quite small, since we are computing an Euclidean
norm in R +7° = R120,

Figure 6.2 is a picture of the final deformation obtained by the rank-one up-
date (since we are in the framework of LDDMM, the deformations are induced by
diffeomorphisms, showcased by their action on a grid).
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Figure 6.2: Multiple shape experiment: matching circles with the rank-one update method.

Four circles are required to fully represent the total shape: one for each of the two
shapes, and two for the background. The constraints are satisfied when the two shapes
coincide with the background, so that only two circles appear.

In Figure 6.2, the constraints forced the background and the shape to coincide on
the left-hand side. On the right-hand side, however, the background and the disk did
not move together completely and so the constraints are only approximately satisfied.
Note that while visible, the difference is rather small.

We could force the constraints to be better satisfied by increasing the number of
gradient steps. In fact, we obtained numbers as small as le-4 for the value of y(u(-))
by taking a great number of steps (around 2000 or so). However, in this case, it is
faster to use the regular method.

7. Conclusion. The symmetric rank-one update used in quasi-Newton methods
for minimizing real functions can be generalized to a more abstract framework. The
algorithm this paper obtained can be used to approximate sequences of symmetric
matrices. This opens several possible applications, one of which is the computation
of the sequence of inverses of a sequence of invertible matrices. This can be applied
to compute constrained optimal controls for which the computation of the inverse of
the constraints is too computationally demanding. This is particularly useful when
tackling problems of shape deformations, where the number of constraints can be
quite large. We are hopeful that other applications of the symmetric rank-one update
method can be given.
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However, some limitations remain. In particular, the rate of convergence may be

low, since, in higher dimensions, the term (%)mle in the main theorem will be quite

large, because m is at least equal to the number of columns in the matrices of the
sequence and is therefore large in high dimensions. Moreover, just as for the classical
quasi-Newton algorithms, there is no clear way to find a lower bound for ¢, even in
the more simple cases.
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