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1

STOCHASTIC PROCESSES

1.1 Background

A subset A of Ω is negligible if there exists B ∈ F such that A ⊂ B and
P (B) = 0. Note that this notion is relative to F and P but we shall not
mention them. The probability space (Ω,F , P ) is called complete if F contains
all the negligible sets.

An incomplete probability space (Ω,F , P ) can easily be completed in the
following way. Let N denote the set of all negligible sets. Let F be the σ-
algebra generated by F and N . It is easy to see that it coincides with the set
of subsets of Ω which are of the form B∪N for some B ∈ F and N ∈ N . One
extends P to a probability measure P on F by putting P (B ∪ N) = P (B).
The probability space (Ω,F , P ) is then complete. It is called the completion
of (Ω,F , P ). From now on, all our probability spaces are implicitely assumed
to be complete.

1.2 Stochastic Processes

The main goal of the theory of stochastic processes is to study the behaviour
of families (Xt)t∈I of random variables Xt indexed by a subset I of R. In the
sequel we shall mainly consider the cases where I is R+ or a sub-interval of
R+; in the discrete time setup we are interested in I = N . We shall give here
a rigorous framework for the study of stochastic processes and their laws.

Let I be a subset of R. A process (or stochastic process) indexed by I is
a family (Xt)t∈I of random variables defined on a common probability space
(Ω,F , P ). When I is R+ one simply says a process and (Xt)t∈I may be simply
denoted by X.

For each finite subset T = {t1 . . . tn} of I one denotes by µX,T the law of
the n-tuple (Xt1 . . . Xtn). If (Xt)t∈I and (Yt)t∈I are two processes indexed by
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the same set I and if µX,T = µY,T for all finite subsets T of I, we say that
(Xt)t∈I and (Yt)t∈I are versions of each other.

Let I be a subset of R. Suppose we are given for any finite subset T of I
a probability measure µT on R|T | (where |T | denotes the cardinal of T ). It is
natural to wonder if one can construct a process (Xt)t∈I such that µX,T = µT

for all T . The answer is given by the famous Kolmogorov Consistency Theorem
that we state without proof.

Let I be a set. Let (E, E) be a measurable space. Suppose that for all finite
subsets T of I we are given a probability measure µT on (ET , ET ). The family
{µT ; T finite subset of I} is called consistent if, for all finite subsets T1, T2 of
I such that T1 ⊂ T2, the restriction of µT2 to the σ-algebra ET1 coincides with
µT1 .

On the product space Ω = EI , we consider the σ-algebra EI generated by
the finite cylinders

{ω ∈ Ω;ω(t1) ∈ A1, . . . , ω(tk) ∈ An},

that is, the σ-algebra generated by the coordinate mappings

Xt : Ω −→ R
ω 7−→ ω(t) .

Theorem 1.1 (Kolmogorov Consistency Theorem). Let (E, E) be a Polish
space together with its Borel σ-algebra. Let I be a subset of R. If for all finite
subsets T of I there exists a probability measure µT on (ET , ET ) such that
the family {µT ; T finite subset of I} is consistent, then there exists a unique
probability measure µ on (EI , EI) which extends all the probability measures
µT .

Consider a process (Xt)t∈I on (Ω,F , P ). Let µX be the unique probability
measure on (RI ,B(R)I) which extends the consistent family of probability
measures {µX,T ; T ⊂ I, T finite}. This measure µX on (RI ,B(R)I) is called
the law of the process (Xt)t∈I . With these definitions, the following result is
straightforward.

Proposition 1.2. Two processes (Xt)t∈I and (Yt)t∈I are versions of each
other if and only if they have the same law.

Let (Xt)t∈I be a process on (Ω,F , P ). For all t ∈ I, define the function Yt
on RI by Yt(x) = x(t), that is Yt is the t-th coordinate mapping. This defines
a process (Yt)t∈I on

(
RI ,B(R)I , µX

)
and we have

µY,T (At1 × · · · ×Atn) = µX
(
Y −1
t1 (At1) ∩ · · · ∩ Y −1

tn (Atn)
)

= µX({x ∈ RI ; x(t1) ∈ At1 . . . x(tn) ∈ Atn})
= µX,T (At1 × · · · ×Atn).
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Thus (Yt)t∈I is a version of (Xt)t∈I . This version is called the canonical version
of (Xt)t∈I . The probability space (RI,B(RI), µX) is called the canonical space
of (Xt)t∈I . We shall say more about the notion of canonical version in next
section.

From now on, unless otherwise stated, all the processes are indexed by R+.
Two processes X and Y defined on the same probability space are modi-

fications of each other if, for all t ∈ R+, Xt equals Yt almost surely. They are
indistinguishable if, for almost all ω ∈ Ω, Xt(ω) equals Yt(ω) for all t.

Note the subtle difference between the two definitions. “Modification” and
“indistinguishable” both mean that Yt = Xt for all t and almost all ω, but
in the first case the null set of ω may depend on t, whereas in the second
defintion it does not depend on t.

A subset A of R+×Ω is evanescent if there exists a negligible subset B of
Ω such that A ⊂ R+× B. From all these definitions one can check easily the
following properties.

Proposition 1.3. a) If X and Y are indistinguishable then they are modifi-
cations of each other.
b) If X and Y are modifications of each other then they are versions of each
other.
c) X and Y are indistinguishable if and only if the set of (ω, t) such that
Xt(ω) 6= Yt(ω) is evanescent.

Let X be a process. For all ω ∈ Ω, the mapping t 7→ Xt(ω) defines a
function on R+. These functions are called the paths of the process X. One
says that the process X has continuous paths (or simply, is continuous) if
for almost all ω ∈ Ω the path X·(ω) is continuous on R+. In the same way
one defines right-continuous processes, left-continuous processes (we take the
convention that any process is left-continuous at 0). A process is said to be
càdlàg if its paths are right-continuous and admit left limits at all points.

Proposition 1.4. Let X and Y be two right-continuous (resp. left-conti-
nuous) processes. If they are modifications of each other then they are in-
distinguishable.

Proof. There exists a negligible set N such that for all ω 6∈ N the paths
X·(ω) and Y·(ω) are right-continuous and Xt(ω) = Yt(ω) for all t rational.
Thus passing to the limit we have Xt(ω) = Yt(ω) for all t. ut

A process X is measurable if it is measurable as a mapping from R+×Ω
to R, where R+×Ω is equipped with the σ-algebra B(R+)⊗F .
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1.3 Regularization

At that stage of this chapter we have to discuss a rather fine point about the
definition of the canonical version of a stochastic process. This section can be
avoided at first reading. We do not give all details.

There is quite an important problem attached to the way the canoni-
cal space of a process X has been constructed. Indeed, the canonical space
furnished by Kolmogorov’s Theorem 1.1 is not good enough, for the σ-field
F = EI associated to this construction is too poor. Recall that this σ-algebra
is the one generated by finite support cylinders in Ω = EI . One can show that
the events of E are those which depend only on a countable set of coordinates
of ω ∈ Ω. As a consequence, one cannot “ask” if the process we are interested
in is continuous or not. Indeed, the set

{ω ; t 7→ Xt(ω) is continuous }

has no reason in general to be in F . The same problems hold when one wants
to study simple objects such as

inf{t;Xt(ω) > 0} , lim
s→t

Xs(ω) , sup
s≤t
|Xs| ... (1.1)

This clearly implies strong restrictions for whom wants to study the properties
of a given stochastic process!

The way this problem is solved in general follows the following path. For
most of the processes we will be interested in (for example martingales, ...)
we will be able to prove that the process in question X admits a modification
Y which is càdlàg (or sometimes better: continuous). Let D denote the set
of càdlàg functions from R+ to R. This is a subset of E = RR+

which is not
measurable for the cylinder σ-field F = B(R)R+

.

Lemma 1.5. If a process X admits a càdlàg version then the measure PX of
any F-measurable set F such that F ⊃ D is equal to 1.

In general measure theory, the property described above means that the
outer measure of P is equal to 1 on D.

Proof. Assume that on some probability space (Ω′,F ′, P ′) there exists a pro-
cess Y which is a version of X and which has almost all its paths càdlàg.

Let F be a F-measurable set such that F contains D. The probability
PX(F ) is the probability that a certain countable set of constraints on Xt,
t ∈ R+, is satisfied. It is then equal to the probability P ′(F ′) of the same set
of constraints applied to Yt, t ∈ R+. But the fact that F contains D implies
that F ′ is the whole of Ω′ (up to a null set maybe). Hence the probability is
equal to 1. ut
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Let us give an example in order to make the proof above more clear. Let
F be for example the set

F = {ω ∈ Ω; lim
s→0
s∈Q

ω(s) = ω(0)} .

This set is F-measurable, for it can be written as

F =
⋂
ε>0
ε∈Q

⋃
η>0
η∈Q

⋂
s>0
s∈Q

{ω ∈ Ω; |ω(s)− ω(0)| ≤ ε} .

Hence we have

PX(F ) = PX

⋂
ε>0
ε∈Q

⋃
η>0
η∈Q

⋂
s>0
s∈Q

{ω ∈ Ω; |ω(s)− ω(0)| ≤ ε}


= PX

⋂
ε>0
ε∈Q

⋃
η>0
η∈Q

⋂
s>0
s∈Q

{ω ∈ Ω; |Xs(ω)−X0(ω)| ≤ ε}


= P ′

⋂
ε>0
ε∈Q

⋃
η>0
η∈Q

⋂
s>0
s∈Q

{ω′ ∈ Ω′; |Ys(ω′)− Y0(ω′)| ≤ ε}


= P ′({ω′ ∈ Ω′; lim

s→0
s∈Q

Ys(ω′) = Y0(ω′)}) .

But as the path of Y are almost all càdlàg we have lim s→0
s∈Q

Ys(ω′) = Y0(ω′) to
be satisfied by almost all ω′. Hence the above probability is equal to 1.

When the situation P (F ) = 1 for all F ∈ F , F ⊃ D, occurs we have the
following result, whose easy proof is left to the reader.

Lemma 1.6. On the space D define the coordinate mappings Yt(ω) = ω(t).
Then the σ-algebra FD generated by the Yt, t ∈ R+ coincides with F ∩ D.
Furthermore, putting, for all F ∈ FD

Q(F ) = PX(F̂ )

for any F̂ ∈ F such that F = F̂ ∩D, defines a probability measure on (D,FD).

Hence we have defined a version (D,FD, Q, Y ) of X whose paths are all
càdlàg. On that probability space, elements such as in (1.1) are now all well-
defined and measurable.

Actually the σ-algebra FD is much richer than was F . One can for ex-
ample prove the following. The space D admits a natural topology, called



6 1 STOCHASTIC PROCESSES

the Skorohod topology, that we shall not describe here. Let C be the space of
continuous functions from R+ to R. The Skorohod topology coincides on C
with the topology of uniform convergence on compact sets. Both D and C are
Polish spaces with these topologies.

Theorem 1.7. On D (resp.C) the σ-algebra FD (resp.FC) coincide with the
Borel σ-algebra B(D) (resp.B(C)) associated to the Skorohod topology.

1.4 Uniform Integrability

We concentrate here on a notion which is fundamental, in particular for the
study of martingales. Let U = {Xi ; i ∈ I} be any family of integrable random
variables on (Ω,F , P ), one can think of U as a subset of L1(Ω,F , P ). The
family U is uniformly integrable if

sup
X∈U

E
[
|X| 1l|X|≥a

]
−−−−−→
a→+∞

0. (1.2)

Proposition 1.8. Let U be a subset of L1(Ω,F , P ). The following assertions
are equivalent.
i) U is uniformly integrable.
ii) One has

a) supX∈U E [|X|] <∞
and

b) for all ε > 0, there exists a δ > 0 such that A ∈ F and P (A) ≤ δ imply
E [|X| 1lA] ≤ ε, for all X ∈ U .

Proof. If U is uniformly integrable and A ∈ F then

sup
X∈U

E [|X| 1lA] = sup
X∈U

E
[
|X| 1l|X|≥a1lA

]
+ sup
X∈U

E
[
|X| 1l|X|<a1lA

]
≤ sup
X∈U

E
[
|X| 1l|X|≥a

]
+ a sup

X∈U
E
[
1l|X|<a1lA

]
.

Let c be such that the first term above is smaller than ε/2 for all a ≥ c. We
then have supX∈U E [|X| 1lA] ≤ ε/2 + cP (A). Taking A = Ω gives a). Taking
δ = ε/2c gives b). We have proved that i) implies ii).

Conversely, assume ii) is satisfied. Let ε > 0 and let δ > 0 be as in b).
Let c = supX∈U E[|X|]/δ < ∞. Let A be the event (|X| ≥ c). We have
P (A) ≤ E[|X|]/c ≤ δ. Thus E [|X| 1lA] ≤ ε for all X ∈ U . ut

One case of uniformly integrable familly which appears quite often is de-
scribed by the following result.

Proposition 1.9. Let X be an integrable random variable. The set of random
variables E[X | B], where B runs over all the sub σ-fields of F , is a uniformly
integrable family.
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Proof. Put Y = E[X | B]. We have

E[|Y | 1l|Y |≥a] ≤ E
[
E[|X| | B] 1l|Y |≥a

]
= E

[
|X| 1l|Y |≥a

]
.

As we have
P (|Y | ≥ a) ≤ a−1E[|Y |] ≤ a−1E[|X|] ,

one can choose a large enough such that P (|Y | ≥ a) ≤ δ and hence
E
[
|X| 1l|Y |≥a

]
≤ ε. ut

The main use of the notion of uniform integrability is the following result.

Theorem 1.10. Let (Xn) be a sequence of random variables belonging to
L1(Ω,F , P ). Suppose that (Xn) converges almost surely to a random vari-
able X∞ ∈ L1(Ω, F , P ). Then (Xn) converges to X∞ in L1(Ω,F , P ) if and
only if (Xn) is uniformly integrable.

Proof. If (Xn) converges to X∞ in L1(Ω,F , P ) we then have

sup
n

E[|Xn|] ≤ sup
n

E[|Xn −X∞|] + E[|X∞|] < +∞

and
E[|Xn| 1lA] ≤ E[|X∞| 1lA] + E[|Xn −X∞| 1lA] .

The second term of the right hand side is dominated by ε for n large enough
(independently of A); as any finite sequence of random variables is always
uniformly integrable, the conclusion follows.

Conversely, if (Xn) is uniformly integrable, let ε > 0 and aε be such that
if a ≥ aε then supn E[|Xn| 1l|Xn|≥a] ≤ ε/3. Let φa be the following function.

! -a a- !+a-a

a

-a

By Fatou’s lemma we have E[|X∞| 1l|X∞|≥a] ≤ ε/3 and
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E [|Xn −X∞|] ≤ E [|Xn − φa(Xn)|] + E [|φa(Xn)− φa(X∞)|]
+ E [|φa(X∞)−X∞|]

≤ E
[
|Xn| 1l|Xn|≥a

]
+ E [|φa(Xn)− φa(X∞)|]

+ E
[
|X∞| 1l|X∞|≥a

]
.

As E[|φa(Xn) − φa(X∞)|] tends to 0 by Lebesgue’s theorem, this gives the
result. ut

1.5 Brownian Motion

In this section and in the next one, we shall consider two fundamental exam-
ples of stochastic processes: Brownian motion and the Poisson process.

Let us first study Brownian motion. We wish to construct a process
(Wt)t∈R+ with values in R such that

1) for all s < t, the random variable Wt−Ws is independent of the random
variables Wu, u ≤ s,

2) for all t ≥ 0, the random variable Wt follows the Gaussian N (0, t)
probability law,

3) a.s. the paths t 7→Wt are continuous.
Let us construct such a process. Recall the following well-known construc-

tion.

Theorem 1.11. For any given probability measure µ on R, there exists a
probability space (Ω,F , P ) and a sequence (Xn) of random variables on Ω
such that the random variables Xn are independent and each have the law µ.

We can now prove the following.

Theorem 1.12. Let H be a separable Hilbert space. There exists a probability
space (Ω,F , P ) and a family X(h), h ∈ H, of random variables on Ω such
that

i) the mapping h 7−→ X(h) is linear,
ii) each random variable X(h) follows the N (0, ‖h‖) law.

Proof. Let (en) be an orthonormal basis of H. By Theorem 1.11, there exists
a probability space (Ω,F , P ) and a sequence (Zn) of independent random
variables on Ω, with individual law N (0, 1).

For any h ∈ H, put X(h) =
∑
n〈en , h〉Zn. This series is convergent in

L2(Ω,F , P ) and defines a random variable X(h) on Ω. The family X(h),
h ∈ H, satisfies the assumptions of the theorem, as can be easily checked. ut
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Note that, by construction we have

〈X(h′) , X(h)〉L2(Ω,F,P ) = 〈h′ , h〉 .

Also note that the set {X(h), h ∈ H} is a Gaussian subspace of L2(Ω,F , P ),
that is, any linear combination of the X(h) is a Gaussian random variable. By
the fundamental characterization of Gaussian families, this means that every
finite family (X(h1), . . . , X(hn)) is Gaussian.

Now the construction of a Brownian motion is easy. Take H = L2(R+)
and construct a family X(h), h ∈ H, as in Theorem 1.12. We claim that the
process Wt = X(1l[0,t]), t ∈ R+, is a Brownian motion. Indeed, the random
variable Wt follows the law N (0, t) by ii) above and thus satisfies condition 2)
in the definition of Brownian motion; furthermore, we have, for all u ≤ s ≤ t

〈Wt −Ws , Wu〉L2(Ω,F,P ) = 〈1l[s,t] , 1l[0,u]〉H = 0 .

But the pair (Wt−Ws,Wu) is Gaussian, hence they are independent random
variables. This gives the condition 1) in the definition of a Brownian motion.

We still need to prove that the process we obtained is continuous, or at
least can be modified into a continuous process. Actually, we shall establish
a stronger property for the paths: the Hölder continuity of order α for every
α < 1/2. This property is based on a general criterion due to Kolmogorov
that we state here without proof.

Theorem 1.13. [Kolmogorov criterion] Let X be a process such that there
exists strictly positive constants γ, C and ε such that

E[|Xt −Xs|γ ] ≤ C|t− s|1+ε .

Then there exists a modification of X whose paths are Hölder continuous of
order α for every α ∈ [0, ε/γ]. ut

Once this is admited, the fact that the increments of the Brownian motion
are Gaussian gives

E
[
(Wt −Ws)2p

]
= Cp|t− s|p

for every p > 0 (this fact is rather easy to check and left to the reader). This
immediately yields the following.

Theorem 1.14. Up to modification, the paths of Brownian motion are lo-
cally Hölder continuous of order α for every α < 1/2. In particular they are
continuous. ut

Another very important property of the Brownian motion is that it admits
a non-trivial quadratic variation.

Theorem 1.15. For any t ∈ R+, the quantity
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i;ti≤t

(
Wti+1 −Wti

)2
converges to t, in the L2 sense when the diameter δ of the partition {ti ; i ∈ N}
tends to 0.

Proof. Let us compute the L2-norm of the difference (for simplicity, we assume
that the partition ends at t):∥∥∥∥∥∥

∑
i;ti≤t

(Wti+1 −Wti)
2 − t

∥∥∥∥∥∥
2

= E


∑
i;ti≤t

(Wti+1 −Wti)
2 − (ti+1 − ti)

2


=
∑
i;ti≤t

E
[(

(Wti+1 −Wti)
2 − (ti+1 − ti)

)2]
,

where we used the independence of the increments and the fact that

E[(Wti+1 −Wti)
2 − (ti+1 − ti)] = 0 .

Furthermore, for a Gaussian random variable Y with mean 0, we have E[Y 4] =
3E[Y 2]2. This gives∥∥∥∥∥∥

∑
i;ti≤t

(Wti+1 −Wti)
2 − t

∥∥∥∥∥∥
2

= 2
∑
i;ti≤t

(ti+1 − ti)2

which converges to 0 with the diameter of the partition. ut

It is actually possible to prove the same result for almost sure convergence,
but we do not give a proof of this fact here.

This quadratic variation property has many important consequences; one
very important application of it is the following.

Theorem 1.16. The paths of the Brownian motion are almost surely of infi-
nite variation on any interval.

The paths of the Brownian motion are almost surely nowhere locally Hölder
continuous of order α for α > 1/2.

In particular, the paths of the Brownian motion are almost surely nowhere
differentiable.

Proof. Note that almost surely we have∑
i;ti≤t

(Wti+1(ω)−Wti(ω))2 ≤

≤
(

sup
i;ti≤t

∣∣Wti+1(ω)−Wti(ω)
∣∣) ∑

i;ti≤t

∣∣Wti+1(ω)−Wti(ω)
∣∣ .
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The first term in the right hand side converges to 0 by the continuity of
Brownian motion. The second term is dominated by the total variation of the
Brownian path. As the left hand side converges to a finite quantity, this forces
the total variation to be infinite.

The case of the non-Hölder property is treated by following the same idea:
for all α > 1/2 we have∑

i;ti≤t

(Wti+1(ω)−Wti(ω))2 ≤

≤ t
(

sup
i;ti≤t

|ti+1 − ti|2α−1

) (
sup
i;ti≤t

|Wti+1(ω)−Wti(ω)|2

|ti+1 − ti|2α

)
.

If the Brownian paths were Hölder of order α the last term above would be
dominated independently of the partition. The rest of the right hand side
converges to 0. This contradicts the fact that the left hand side converges to
t. This proves the non Hölderian character of Brownian motion for α > 1/2.

Non-differentiability is immediate now. ut

We have not yet said if the Brownian paths are Hölder-continuous of order
exactly 1/2 or not. It so happens that they are not, but this result needs
further developments; we just mention it as a remark.

1.6 Poisson Processes

We now construct the Poisson process. Let (Ω,F , P ) be a probability space.
Let (Tn) be a strictly increasing sequence of positive random variables. The
Tn’s are thought as arrival times. A process X such that, for all t ∈ R+

Xt =
∑
n

1lTn≤t

is called a counting process associated to (Tn). It is valued in N ∪ {+∞}. If
supn Tn =∞ a.s. one says that X is a non-exploding counting process.

A Poisson process is a non-exploding counting process N whose increments
are independent and stationary. That is,

1) Nt −Ns is independent of all the random variables Nu, u ≤ s
2) Nt −Ns has the same law as Nt+h −Ns+h for all t ≥ s ≥ 0 and h ≥ 0.

Theorem 1.17. Poisson processes exist and they are all of the following form:
there exists λ ∈ R+ such that

P (Nt = n) =
(λt)n

n!
e−λt (1.3)

for all n ∈ N, all t ∈ R+. In other words, the associated sequence (Tn) consists
of sums of independent times each of which follows an exponential distribution
with parameter λ.
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Proof. One direction is easy. If (Tn) is the sequence given by Tn =
∑
m≤n Sm

where the Sm’s are independent, identically distributed random variables fol-
lowing the exponential law with parameter λ ≥ 0, it is then easy to check that
the associated counting process

Nt =
∞∑
n=0

1lTn≤t

is a Poisson process and follows the Poisson law (1.3).
The converse is more difficult. From the hypothesis we have

P (Nt = 0) = P (Ns = 0)P (Nt −Ns = 0) = P (Ns = 0)P (Nt−s = 0)

and thus
P (Nt = 0) = e−λt

for some λ ≥ 0 and for all t ∈ R+.
We now claim that P (Nt ≥ 2) = o(t). Indeed, divide [0, 1] into n intervals

of the same length. Let Sn be the number of subintervals which contain at
least two times of the sequence (Tm). Clearly Sn has a binomial distribution
B(n, P (N1/n ≥ 2)). Therefore E[Sn] = nP (N1/n ≥ 2). For a fixed ω, for n
sufficiently large there is no interval with more than one stopping time. Thus
limn→+∞ Sn(ω) = 0 a.s. We now wish to apply the dominated convergence
theorem in order to conclude that limn→+∞ E(Sn) = 0 and hence the an-
nounced estimate. As we clearly have Sn ≤ N1, we just need to prove that
E[N1] < ∞. The intervals Tn+1 − Tn between the jumps are independent
random variables, with the same law: the one of T1. Hence

E[e−Tn ] = E[e−T1 ]n = αn.

This proves that

P (|Nt| > n) ≤ P (Tn < t) ≤ E[e−Tn ]
e−t

≤ etαn.

That is, Nt admits exponential moments.
Now, we have

P (Nt = 1) = 1− P (Nt = 0)− P (Nt ≥ 2)

and thus

lim
t→0

1
t
P (Nt = 1) = lim

t→0

1− e−λt + o(t)
t

= λ .

Finally, for β ∈ [0, 1] put f(t) = E[βNt ]. Clearly f(t+ s) = f(t)f(s) and f is
of the form f(t) = et g(β). But
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f(t) =
∞∑
n=0

βnP (Nt = n)

= P (Nt = 0) + βP (Nt = 1) +
∞∑
n=2

βnP (Nt = n)

and g(β) = f ′(0). This gives

g(α) = lim
t→0

P (Nt = 0)− 1
t

+
αP (Nt = 1)

t
+

1
t
o(t)

= −λ+ λα,

so

f(t) = e−λt
∞∑
n=0

(λt)nβn

n!

and the required result follows. ut

The parameter λ is called the intensity of N . In particular we have

E[Nt] = λt

Var[Nt] = λt .

1.7 Filtrations, Conditional Expectations

From now on, unless otherwise stated, all our processes are indexed by R+.
Let (Ω,F , P ) be a probability space. A filtration of the space (Ω,F , P )

is a family (Ft)t∈R+ of sub-σ-algebras of F such that Fs ⊂ Ft for all s ≤ t.
We shall denote the filtration by (Ft) simply (we cannot simplify the notation
to F as for processes, because there would be too much confusion with the
σ-algebra F).

The quadruple (Ω,F , (Ft), P ) is called a filtered probability space.
Let (Ω,F , (Ft), P ) be a filtered probability space. For all t ≥ 0 one defines

Ft− =
∨
s<t

Fs, Ft+ =
⋂
s>t

Fs

with the convention F0− = F0. One also puts

F∞ =
∨
t≥0

Ft.

This way one defines two new filtrations of (Ω,F , P ), namely (Ft−)t∈R+ and
(Ft+)t∈R+.
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A filtration F is right-continuous if Ft = Ft+ for all t ≥ 0. The filtration
(Ft+)t∈R+ is always right-continuous. In the same way one can speak of left-
continuous filtrations or continuous filtrations.

A filtration (Ft)t≥0 on (Ω,F , P ) is called complete if F0 (and hence each
Ft, t ∈ R+) contains the negligible sets of (Ω,F , P ). If it is not the case we
make it complete by adding the negligible sets to F0 in the same way as in
Section 1.1.

From now on, all the filtered probability spaces are supposed to be com-
plete and right-continuous (one replaces (Ft) by (Ft+)t∈R+ if necessary).

A process X defined on a filtered probability space (Ω,F , (Ft), P ) is
adapted if Xt is Ft-measurable for all t ∈ R+.

The natural filtration of a process X is the filtration generated by X, that
is the filtration (Ft) where Ft = σ{Xs; s ≤ t} is the σ-algebra generated by
all the random variables Xs, s ≤ t. Once again, the natural filtration of a
process is understood to be made complete and right-continuous. The natural
filtration of a process is the smallest (complete and right-continuous) filtration
that makes this process measurable and adapted (exercise).

A process X is progressive if for all t ∈ R+ the mapping (s, ω) 7→ Xs(ω) on
[0, t]×Ω is measurable for B([0, t])⊗Ft. A subset A of R+×Ω is progressive if
(s, ω) 7→ 1lA(s, ω) is a progressive process. The progressive subsets of R+×Ω
form a σ-algebra of R+×Ω. This σ-algebra is called the progressive σ-algebra.
A process is progressive if and only if it is measurable with respect to this
σ-algebra.

It is clear that a progressive process is measurable and adapted, but the
converse is not true (cf. [?], p. 47), one needs a little more regularity.

Proposition 1.18. An adapted process with right-continuous paths (or with
left-continuous paths) is progressive.

Proof. For all n ∈ N let

Xn
t =

∞∑
k=0

X(k+1)2−n1l[k2−n,(k+1)2−n[(t).

As X is right-continuous, Xn
t converges to Xt for all t. But the process Xn is

clearly progressive with respect to the filtration (Ft+2−n)t∈R+. Consequently
X is progressive with respect to the filtration (Ft+ε)t∈R+ for any ε > 0.

For all s ≤ t we have

Xs = lim
ε→0

Xs1l[0,t−ε](s) +Xt1l{t}(s).

The term within the limit symbol is measurable with respect to B([0, t])⊗Ft,
thus so is Xs. This proves that X is progressive.

The case where X has left-continuous paths is treated in the same way.
ut
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We now turn to the definitions and properties of conditional expectations.

Theorem 1.19. Let (Ω,F , P ) be a probability space. Let G ⊂ F be a sub-
σ-algebra of F . Let X be an integrable random variable on (Ω,F , P ). Then
there exists an integrable random variable Y which is G-measurable and which
satisfies

E[X1lA] = E[Y 1lA] for all A ∈ G. (1.4)

Any other G-measurable integrable random variable Y ′ satisfying (1.4) is equal
to Y almost surely.

Proof. Assume first that X is square integrable that is, X ∈ L2(Ω,F , P ). The
space L2(Ω,G, P ) is a closed subspace of L2(Ω,F , P ). Let Y be the orthogonal
projection of X on L2(Ω,G, P ). Then Y belongs to L2(Ω,G, P ) and satisfies

E[XZ] = E[Y Z] for all Z ∈ L2(Ω,G, P ). (1.5)

In particular E[X 1lA] = E[Y 1lA] for all A ∈ G. This also implies that if X is
positive then so is Y , for Y has a positive integral on any set A ∈ G.

Now, assume X is only integrable. Its positive part X+ is also integrable.
For all n, the random variable X+ ∧ n is square integrable. Let Y +

n be as-
sociated to X+ ∧ n in the same way as above. Then Y +

n is positive and the
sequence (Y +

n ) is increasing. The random variable Y + = limn Y
+
n is integrable,

for E[Y +
n ] ≤ E[X+]. In the same way, associate Y − to X−. The random vari-

able Y = Y + − Y − answers our statements.
Uniqueness follows immediately from our remark about positivity. ut

The almost sure equivalence class of integrable, G-measurable random vari-
ables Y such that (1.4) holds is called the conditional expectation of X with
respect to G. It is denoted by E[X | G]. We also denote by E[X | G] a represen-
tative of the equivalence class E[X | G].

Here are the main properties of conditional expectations.

Theorem 1.20. Let (Ω,F , P ) be a probability space, G be a sub-σ-algebra of
F and X be an integrable random variable on (Ω,F , P ).

i) The mapping X 7→ E[X | G] is linear.
ii) If X is positive then so is E[X | G].
iii) If (Xn) is an increasing sequence of integrable random variables

a.s. converging to an integrable random variable X then E[Xn | G] converges
a.s. to E[X | G].

iv) (Jensen inequality) If f is a convex function on R and if f(X) is
integrable then

f ◦ E[X | G] ≤ E[f(X) | G] a.s. (1.6)

v) If X is G-measurable then E[X | G] = X a.s. The converse is true if G
is complete.
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vi) If G1 ⊂ G2 ⊂ F are σ-algebras then

E [E [X | G2] | G1] = E[X | G1] a.s. (1.7)

In particular
E [E [X | G]] = E[X]. (1.8)

vii) If Y is G-measurable and XY is integrable then

E[XY | G] = Y E[X | G] a.s. (1.9)

viii) If X belongs to Lp(Ω,F , P ), for 1 ≤ p ≤ ∞, then E[X | G] belongs to
Lp(Ω,G, P ) and ‖E[X | G] ‖p ≤ ‖X‖p.

Proof. i) is obvious. ii) has been already proved.
iii) Let Y = limn E[Xn | G]. Then

|E[Y 1lA]− E[X 1lA] | ≤ |E[Y 1lA]− E [E[Xn | G] 1lA] |+ |E [E[Xn | G] 1lA]− E[X 1lA] |
≤ E [ |Y − E[Xn | G]| 1lA] + E [ |Xn −X| 1lA] −−−−→

n→∞
0.

iv) f is the superior convex envelop of a countable family of affine functions
ln and ln(X) is integrable, n ∈ N. We have

ln ◦ E[X | G] = E[ln(X) | G] ≤ E[f(X) | G]. (1.10)

Passing to the superior envelop gives iv).
v) is easy and vi) is straightforward.
vii) If Y is simple then the statement is clear, for

E[X 1lB1lA] = E[1lBE[X | G] 1lA]

for all A,B ∈ G. For a general Y one takes a monotone limit.
viii) This is Jensen inequality applied to the convex functions f = ‖ · ‖p.

ut

1.8 Stopping Times

We now enter into the definitions and properties of a notion which is very
particular to Probability Theory: the notion of stopping times. It appears to
be a rather unknown concept for most of the mathematicians from other areas
(and from almost all the physicists). But it is a completely fundamental tool
in the framework of stochastic processes.

Let (Ω,F , (Ft), P ) be a filtered probability space. A stopping time is a
measurable map T : Ω 7→ R+∪ {+∞} such that for all t ∈ R+ the event
(T ≤ t) belongs to Ft.
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As the filtration (Ft) is right-continuous one may equivalently replace the
condition “(T ≤ t) ∈ Ft for all t” by the condition“(T < t) ∈ Ft for all t”
(exercise).

The constant times: T (ω) = t for all ω, are stopping times. More generally,
for any stopping time T and any t ∈ R+, then T + t is a stopping time.

Let T be a stopping time. The set of A ∈ F such that

A ∩ (T ≤ t) belongs to Ft for all t

is a σ-algebra (exercise). We denote it by FT and call it the σ-algebra of events
anterior to T . This σ-algebra coincides with the σ-algebra of A ∈ F such that

A ∩ (T < t) belongs to Ft for all t.

The terminology for FT comes from the fact that its definition generalizes the
idea that Ft is the σ-algebra of events occurring before the time t. Indeed, the
constant stopping time T (ω) = t has its anterior σ-algebra FT which coincides
with Ft.

One denotes by FT− the σ-algebra generated by F0 and the events of the
form

A ∩ (T > t), t ≥ 0, A ∈ Ft.

The σ-algebra FT− is called the σ-algebra of events strictly anterior to T .
When T (ω) = t, then clearly FT− coincides with Ft−.

A stopping time is discrete if the set of its values is (at most) countable.

Proposition 1.21. Every stopping time is the limit of a decreasing sequence
of discrete stopping times.

Proof. Let T be a stopping time. For all n ∈ N put

Sn = +∞ 1lT=+∞ +
∑
k∈N

k2−n 1l(k−1)2−n<T≤k2−n .

Then the sequence (Sn) satisfies the statements. ut

Here is a list of the main properties of stopping times and of their asso-
ciated σ-algebras. Note that some of them generalize to stopping times some
properties that were known for constant times.

Theorem 1.22. a) If S, T are stopping times then so are S ∧ T and S ∨ T .
b) Let (Sn) be a monotonic sequence of stopping times and put S = limn→∞ Sn,
then S is also a stopping time.
c) For all stopping time T we have FT− ⊂ FT and T is FT−-measurable.
d) If S, T are two stopping times and if S ≤ T then FS ⊂ FT and FS− ⊂ FT−;
if S < T then FS ⊂ FT− .
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e) For all stopping times S, T and all A ∈ FS we have A∩ (S ≤ T ) ∈ FT and
A ∩ (S < T ) ∈ FT− . In particular (S ≤ T ) belongs to FS and FT , the event
(S = T ) belongs to FS and FT , finally the event (S < T ) belongs to FS and
FT− .

Proof. All the proofs are easy from the definitions and left to the reader.
We just precise that for proving d) and e) it is useful to notice the following
identities:

(S < T ) =
⋃
r∈Q+

(S < r) ∩ (r < T ) (1.11)

(S ≤ T ) =
⋂
r∈Q+

(S ≤ r) ∪ (r ≤ T ). ut (1.12)

Proposition 1.23. For all A ∈ F∞ and all stopping time T , the set A∩(T =
∞) belongs to FT−. In particular the events (T = ∞), (T < ∞) belong to
FT−.

Proof. As the set of A ∈ F∞ such that A ∩ (T = ∞) belongs to FT− is a
σ-algebra, it is sufficient to prove the result for all A ∈ Fn, n ∈ N. But, in
this case, A∩ (T =∞) is equal to ∩m≥n{A∩ (T > m)} which clearly belongs
to FT−. ut

Theorem 1.24. Let (Tn) be a monotonic sequence of stopping times. Let T =
limn Tn.
a) If (Tn) is decreasing then

FT =
⋂
n

FTn .

b)If (Tn) is increasing then

FT− =
∨
n

FTn− .

Proof. a) Clearly FT ⊂ ∩nFTn . Now let A ∈ ∩nFTn . We have A ∩ (T < t) =
∪nA ∩ (Tn < t), which is an element of Ft. Thus A belongs to FT .

b) Clearly FT− contains ∨nFTn−. Now consider A∩ (t < T ), with A ∈ Ft,
a typical generator of FT−. This set also writes as ∪nA ∩ (t < Tn), thus it
belongs to ∨nFTn−. ut

Let S, T be two stopping times such that S ≤ T . One denotes by [[S, T ]]
the following subset of R×Ω:

{(t, ω) such that t ∈ [S(ω), T (ω)]}. (1.13)

One defines in an analogous way the intervals [[S, T [[, ]]S, T ]], ]]S, T [[. All these
particular subsets of R×Ω are called stochastic intervals.

The stochastic interval [[S, S]] is denoted [[S]] and is called the graph of S;
it corresponds to the set of (t, ω) in R×Ω such that S(ω) = t.
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Proposition 1.25. Every stochastic interval is a progressive subset of R+×Ω.

Proof. The indicator function of [[S, T [[ is adapted and right-continuous, thus
progressive. The indicator function of ]]S, T ]] is adapted and left-continuous,
thus progressive. Furthermore ]]S, T [[ = [[S, T [[ ∩ ]]S, T ]] and [[S, T ]] = [[0, S[[c ∩
]]T,+∞[[c. Thus every stochastic interval is progressive. ut

Proposition 1.26. If X is a progressive process and T is a finite stopping
time, then XT is FT -measurable.

Proof. We have to prove that for every Borel set A the set (XT ∈ A)∩(T ≤ t)
belongs to Ft. But this set is equal to (XT∧t ∈ A) ∩ (T ≤ t). Let us consider
the stopping time S = T ∧ t, it is Ft-measurable. As X is progressive then
XS is Ft-measurable for it is the composition of the mappings ω 7→ (S(ω), ω)
and (s, ω) 7→ Xs(ω). ut





2

MARTINGALES

The first cornerstone of Stochastic Integration Theory is a particular family of
stochastic processes: the martingales. They provide a vaste class of non-trivial
stochastic processes which constitute the archetypes of noise. This is a very
much studied family and their properties are now well-known and established.
In this chapter we explore in details the main ingredients of this theory.

2.1 First Properties

Let (Ω,F , P ) be a probability space together with a filtration (Ft). A process
X is a martingale for (Ft) if
a) each random variable Xt is integrable,
b) for all s ≤ t one has

E[Xt | Fs] = Xs

almost surely.
A process X is a martingale, without any reference to a particular filtra-

tion, if it is a martingale for its natural filtration.
A process X is a supermartingale (resp. a submartingale) if the equality

in b) is replaced by
E[Xt | Fs] ≤ Xs ,

resp.
E[Xt | Fs] ≥ Xs .

The main example of a martingale is obtained as follows. Consider an
integrable random variable H and put Xt = E[H | Ft] for all t. The stochastic
process X then defines a martingale for (Ft). Such a martingale is called a
closed martingale, the random variable H is called a closure of the martingale
X. Note that, in general, a closed martingale may admit several closures.

Note the following properties which are easily deduced from the definitions:
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• X is a submartingale if and only if −X is a supermartingale.
• If X and Y are supermartingales then X+Y and X∧Y are supermartingales
also.
• If X is a martingale and f is a convex function such that f(Xt) is integrable
for all t, then f(X) is a submartingale. In particular |X| and X2 are positive
submartingales.
• If f is a convex increasing function then f(X) is a submartingale once X is a
submartingale, in particularX+ is a submartingale for every submartingaleX.
Conversely, if f is a convex decreasing function then f(X) is a submartingale
once X is a supermartingale, in particular X− is a submartingale for every
supermartingale X.

Before coming to the main theorems concerning martingales (existence
of a càdlàg version, Doob’s Stopping Theorem,...) we first need to consider
the theory of discrete time martingales. For a moment our processes, our
filtrations are indexed by N, that is, they are of the form X = (Xn), (Fn)... A
stopping time relative to (Fn) is a random variable T valued in N∪{+∞} such
that (T = n) belongs to Fn for all n. A martingale is a process of integrable
random variables (Xn), such that E[Xm | Fn] = Xn a.s., for all n ≤ m. All
the other time-continuous definitions are adapted to this context in the same
way.

For every adapted process X and every stopping time T we define the
stopped process XT by

XT
n = XT∧n.

Theorem 2.1. If X is a martingale (resp. supermartingale, submartingale)
and if T is a stopping time, then XT is a martingale (resp. supermartingale,
submartingale).

Proof. We have

E[XT
n+1 −XT

n | Fn] = E[(Xn+1 −Xn)1lT≥n+1 | Fn]
= E[(Xn+1 −Xn) 1l(T≤n)c | Fn]
= E[(Xn+1 −Xn) | Fn] 1l(T<n)c

= 0 (resp. ≤ 0 , ≥ 0) . ut

Theorem 2.2 (Stopping Theorem). Let X be a martingale (resp. super-
martingale, submartingale). Let T1 and T2 be two bounded stopping times such
that T1 ≤ T2. Then we have

E[XT2 | FT1 ] = XT1 (resp. ≤ , ≥) . (2.1)



2.1 First Properties 23

Proof. We give the proof in the martingale case only, the other cases are
obtained in the same way. First consider the case where T2 = k is a constant
time, with k ≥ T1. We have, for all A ∈ FT1 and all j ≤ k

E[XT11lA∩(T1=j)] = E[Xj1lA∩(T1=j)] = E[Xk1lA∩(T1=j)].

Summing over j, we obtain

E[XT11lA] =
k∑
j=0

E[XT11lA∩(T1=j)] = E[Xk1lA] = E[XT21lA].

This proves the result in that particular case. More generally, if T1 ≤ T2 ≤ k
we have

E[XT11lA] = E[XT2
T1

1lA] = E[XT2
k 1lA] = E[XT21lA] . ut

Theorem 2.3. An adapted process X is a martingale (resp. supermartingale,
submartingale) if and only if it satisfies

E[XT ] = E[X0] (resp. ≤ 0,≥ 0) (2.2)

for every bounded stopping time T .

Proof. If X is a martingale (resp. supermartingale, submartingale) and T is a
bounded stopping time, then Equation (2.2) is a direct application of Theorem
2.2, with T2 = T and T1 = 0 and taking the expectation on the identity (2.1).

In the converse direction, assume that the equality holds true in (2.2)
for every bounded stopping time T . Take n ∈ N and A ∈ Fn. Consider the
(bounded) stopping time

TA =

{
n on A

n+ 1 on Ac .

Then, by hypothesis, we have

E[X0] = E[XTA ] = E[Xn 1lA] + E[Xn+1 1lAc ]

but also
E[X0] = E[Xn+1] = E[Xn+1 1lA] + E[Xn+1 1lAc ] .

Alltogether this gives
E[Xn+1 1lA] = E[Xn 1lA] ,

that is,
E[Xn+1 | Fn] = Xn .

We have proved that X is a martingale. The cases of supermartingales and
submartingales are obtained in the same way. ut
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A process A is predictable if An is Fn−1–measurable for all n ≥ 1 and if
A0 = 0.

Theorem 2.4 (Doob Decomposition). Every submartingale X can be de-
composed in a unique way as

X = M +A

where M is a martingale and A is a predictable, integrable, increasing process.

Proof. Put A0 = 0 and An+1 = An + E[Xn+1 −Xn | Fn]. Clearly the process
A is increasing, predictable and integrable.

If we put Mn = Xn − An for all n then we check easily that E[Mn+1 −
Mn | Fn] = 0. This proves the existence of the decomposition.

Let us now prove uniqueness. If X = M ′ + A′ = M + A are two such
decompositions of X then

A′n+1 −A′n = Xn+1 −Xn − (M ′n+1 −M ′n).

Conditioning with respect to Fn gives

A′n+1 −A′n = E[Xn+1 −Xn | Fn] = An+1 −An.

That is, A = A′ and M = M ′. ut

This unique process A is called the compensator of X. There is a special
case which is very often considered is the following. Let X be a martingale,
consider the submartingale M2, the compensator of M2 is denoted by 〈M〉.

2.2 Inequalities

In this section we prove fundamental inequalities concerning martingales, sub-
martingales, etc ... They will be essential for the convergence theorems and
for the regularization theorems.

In the following, for any process X we make use of the following notation:

X∗n = sup
k≤n

Xk

for any n ∈ N.

Theorem 2.5 (Doob’s Maximal Inequality). Let X be a positive sub-
martingale. Then for all λ ∈ R+, all n ∈ N, we have

λP (X∗n ≥ λ) ≤ E[Xn 1lX∗n≥λ] ≤ E[Xn] .
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Proof. Let T = inf{k ≤ n;Xk ≥ λ}. Then clearly T is a stopping time.
Furthermore, the event (X∗n ≥ λ) belongs to FT (exercise). We have

λP (X∗n ≥ λ) ≤ E[XT 1lX∗n≥λ]

for on the event (X∗n ≥ λ) we have XT ≥ λ. But we also have

E[XT 1lX∗n≥λ] = E[XT 1lX∗n≥λ 1lT≤n]

=
n∑
i=0

E[Xi 1lX∗n≥λ 1lT=i]

≤
n∑
i=0

E[Xn 1lX∗n≥λ 1lT=i]

= E[Xn 1lX∗n≥λ] .

This gives the result. ut

Note that the first inequality in the above theorem does not make use of
the assumption “X is positive”. This theorem immediately gives the following
corollary.

Corollary 2.6. Let X be a martingale. Then for all λ ∈ R+, all n ∈ N, we
have

λP (sup
k≤n
|Xk| ≥ λ) ≤ E[|Xn| 1lsupk≤n|Xk|≥λ] ≤ E[|Xn|] . ut

For a process X and for any p ∈ [1,+∞] we define

‖X‖p = sup
n
‖Xn‖p

where the last norm is the usual Lp-norm.

Theorem 2.7 (Doob’s Inequality). Let X be a positive submartingale and
fix p > 1. Then we have the inequality

‖X∗‖p ≤
p

p− 1
‖X‖p .

Proof. For a moment put x = Xn and y = X∗n∧n. Let φ be a right-continuous,
increasing function on R+ such that φ(0) = 0. By Fubini’s theorem we have

E [φ(y)] = E
[∫ y

0

dφ(λ)
]

=
∫ ∞

0

P (y ≥ λ) dφ(λ)

≤
∫ ∞

0

dφ(λ)
1
λ

∫
{y≥λ}

x dP (by Doob’s Maximal Inequality)

=
∫
x

(∫ y

0

1
λ
dφ(λ)

)
dP .
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Taking φ(λ) = λp gives∫ y

0

1
λ
dφ(λ) =

∫ y

0

p λp−2 dλ =
p

p− 1
yp−1 .

By Hölder’s Inequality we have

E [yp] ≤ p

p− 1
E
[
x yp−1

]
≤ p

p− 1
‖X‖p ‖yp−1‖ p

p−1
=

p

p− 1
‖X‖p ‖y‖p−1

p .

This gives the required inequality after letting n tend to +∞. ut

Again, like in Corollary 2.6, note that the theorem above is valid for X =
|Y | where Y is a martingale.

The last important inequality is the one estimating the “down-crossings”
of a submartingale.

Let (xn) be a sequence of real numbers and [a, b] an interval of R. We put
A0 = B0 = 0 and

Bn = inf{p > An−1;xp > b}
An = inf{p > Bn;xp < a}

with the convention inf ∅ = +∞. We put

Da,b = sup{n;An < +∞}.

This corresponds to the number of down-crossings of the sequence (xn)
through the interval [a, b].

Lemma 2.8. Let (xn) be a sequence of real numbers and x∗ = supn |xn|. The
sequence (xn) is convergent if and only if x∗ is finite and Da,b is finite for all
rational numbers a < b.

Proof. If x∗ is finite, the sequence (xn) is bounded. If Da,b is finite for all
rational numbers a < b, put m = lim infn xn and M = lim supn xn. If m < M
we choose a, b ∈ Q such that m < a < b < M . We then clearly have Da,b =
+∞. This gives a contradiction and hence m = M .

Conversely, if the sequence (xn) converges then it is a bounded sequence
and x∗ is finite. If there exists a < b such that Da,b = +∞ then lim infn xn < a
and lim supn xn > b. This is impossible. ut

In the sequel we put

Da,b
n = sup{p;Ap < n}.
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Theorem 2.9. If X is a submartingale then for all a < b we have

E[Da,b
n ] ≤ 1

(b− a)
E[(Xn − b)+].

Proof. For every fixed n we stop at time n the submartingale X, which
becomes the submartingale Xn (Theorem 2.1). Put Anp = Ap ∧ n and
Bnp = Bp ∧ n, which is smaller than Anp . They all are bounded stopping
times. Hence by Theorem 2.2 we have

E[XAnp
−XBnp

] ≥ 0 .

This gives

E[(XBnp
−XAnp

)1lAp<n] ≤ E[(XAnp
−XBnp

)1lAp≥n] .

On the set (Ap < n) we have

XBnp
−XAnp

= XBp −XAp ≥ b− a .

On the set (Ap ≥ n) we have

XAnp
−XBnp

= Xn −XBnp
= 1lBp<n(Xn −XBnp

) ≤ 1lBp<n(Xn − b) .

Alltogether we obtain

(b− a)E[1lAp<n] ≤ E[(Xn − b)+1lBp<n≤Ap ].

Summing over p, we find the announced inequality. ut

2.3 Convergence Theorems

We are now coming to the main theorems concerning martingales: the con-
vergence theorems. They give very nice and simple conditions for having a
martingale (or submartingale, supermartingale) to converge at +∞.

We start with the simplest case: the square integrable martingales. Let M
be a martingale such that E[M2

n] < ∞ for all n. As M2 is a submartingale,
the sequence (E[M2

n]) is increasing.
For p ≥ 1 we have E[MnMn+p | Fn] = M2

n, whence

E[(Mn+p −Mn)2 | Fn] = E[M2
n+p −M2

n | Fn] ,

and
E[(Mn+p −Mn)2] = E[M2

n+p −M2
n] . (2.3)

Theorem 2.10. If M is a martingale such that supn E[M2
n] < ∞, then M

converges almost surely and in L2.
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Proof. Let m∗ = supn E[M2
n]. We have seen that the sequence (E[M2

n]) is
increasing, it converges to m∗. In particular by (2.3) we have

E[(Mn+p −Mn)2] ≤ m∗ − E[M2
n].

This shows that
sup
p

E[(Mn+p −Mn)2] −→n 0

and (Mn) is a Cauchy sequence in L2, hence it converges in L2.
Now, let us show the a.s. convergence. Let Vn = supi,j≥n |Mi −Mj |.

Clearly the sequence (Vn) is positive and decreasing. Let V be its limit. If
we show that that V = 0 a.s., then we are done. Let us apply Doob’s inequal-
ity to the martingale (Mi −Mn)i≥n (where n is fixed and i is varying). For
all ρ > 0 we have

P (Vn > ρ) = P ( sup
i,j≥n

|Mi −Mj | > ρ)

≤ P (sup
i≥n
|Mi −Mn| >

ρ

2
)

≤ 16
ρ2

sup
i≥n

E[(Mi −Mn)2]

for

P (sup
i≥n
|Mi −Mn| >

ρ

2
) = E[1l

supi≥n|Mi−Mn|2> ρ2
4

]

≤ 4
ρ2

E
[
sup
i≥n
|Mi −Mn|2 1l

supi≥n|Mi−Mn|2> ρ2
4

]
≤ 4
ρ2

E[sup
i≥n
|Mi −Mn|2]

≤ 16
ρ2

sup
i≥n

E[|Mi −Mn|2] .

This last quantity converges to 0 and by consequence P (V > 0) = 0. ut

The next convergence theorem concern submartingales which are bounded
in L1.

Theorem 2.11. If X is a martingale (resp. submartingale, supermartingale)
which is bounded in L1 then it converges almost surely.

Proof. Let us first consider the case where X is a positive submartingale. Let
M = supn E[|Xn|]. For all a < b, we have by Theorem 2.9

E[Da,b
n ] ≤ 1

b− a
(M + |b|).
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Taking the limit n → +∞ we see that Da,b is integrable, hence it is almost
surely finite. Let Na,b = (Da,b = +∞). The set N = ∪a<b∈Q Na,b is neglige-
able.

By Doob’s inequality we have

λP (X∗n > λ) ≤ sup
n

E[|Xn|] = M < +∞ .

Letting n tend to +∞ we obtain

λP (X∗ > λ) ≤M

and thus P (X∗ > λ) tends to 0 when λ tends to +∞. This proves that X∗ is
a.s. finite.

We have proved that all the hypothesis of Lemma 2.8 are almost surely
satisfied. We have proved the almost sure convergence in that particular case.

Now, if X is a martingale bounded in L1 the processes X+ and X− are
positive submartingales which are bounded in L1, hence they converge almost
surely. So does X.

If X is a general submartingale, bounded in L1, it can be decomposed
as X = M + A where M is a martingale and A is an increasing sequence,
vanishing at 0 (Theorem 2.4). We have

E[|An|] = E[An] = E[Xn −Mn] ≤ E[|Xn|] + |E[Mn]| ≤ 2K .

Hence A is bounded in L1 and as a consequence M is bounded in L1 too.
Hence the martingale M converge a.s. and A too (by monotone convergence).
This proves that X converges a.s.

The case of supermartingales is easily deduced from the one of submartin-
gales. ut

Corollary 2.12. Every supermartingale greater than a constant converges al-
most surely. Every submartingale smaller than a constant converges almost
surely.

Proof. A supermartingale greater than a constant is always bounded in L1

(exercise). The same holds for a submartingale smaller than a constant. ut

Note that the definition of supermartingale or submartingale is in the
large sense: the martingales are supermartingales and submartingales. Hence
the above theorems have very strong consequences such as: every positive
martingale converges a.s., etc.

With the help of the notion of uniform integrability, we can pass from a.s.
convergence to L1 convergence for martingales.
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Theorem 2.13. Let X be a martingale bounded in L1 and let X∞ be its a.s.
limit (Theorem 2.11). The following assertions are equivalent.
i) X converges to X∞ in L1.
ii) X is uniformly integrable.
iii) Xn = E[X∞ | Fn].
iv) There exists an integrable random variable Y such that Xn = E[Y | Fn] for
all n. In that case, X∞ = E[Y | F∞].
When any of these assertions is satisfied, we have, for every stopping times S
and T such that S ≤ T

E[XT | FS ] = XS .

Proof. We already know that i) is equivalent to ii) (Theorem 1.10). Proposi-
tion 1.9 shows that iii) implies ii).

Let us show that i) implies iii). We have, for all p ≥ n

Xn = E[Xp | Fn].

The conditional expectation is continuous in L1 and Xp converges to X∞ in
L1. This gives iii). We have proved the equivalence of the first 3 assertions.

Let us now show that if Xn = E[Y | Fn] then X∞ = E[Y | F∞]. First of
all, it is clear that X∞ is F∞-measurable. Hence we need to show that for all
A ∈ F∞ we have E[Y 1lA] = E[X∞ 1lA]. This relation is valid for A ∈ Fn. Hence
it is valid for all A ∈ ∪nFn. It remains valid for the σ-field F∞ generated by
∪nFn, by a monotone class argument. All the equivalences are proved.

We now prove the Stopping Theorem-like part. Let T be a stopping time
and A ∈ FT . We have

E[X∞1lA] =
∑
n

E[X∞1lA∩(T=n)]

=
∑
n

E[Xn1lA∩(T=n)]

=
∑
n

E[XT 1lA∩(T=n)]

= E[XT 1lA].

This shows that E[X∞ | FT ] = XT . Now, if S ≤ T is another stopping time,
we have

E[XT | FS ] = E[E[X∞ | FT ] | FS ] = E[X∞ | FS ] = XS . ut

Our last convergence theorem to be proved is one which concerns “inverse
submartingales”.

For a moment we consider a filtration (F−n)n∈N indexed by −N in-
stead of N. This means that · · · ⊂ F−n−1 ⊂ F−n ⊂ · · · ⊂ F0. An in-
verse submartingale is an integrable, adapted process (X−n)n∈N such that
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X−n−1 ≤ E [X−n | F−n−1]. When the equality holds for all n, we speak of
an inverse martingale. Note that an inverse martingale is always uniformly
integrable for X−n = E [X0 | F−n] (by Proposition 1.9).

Theorem 2.14 (Inverse Submartingale Convergence Theorem). Ev-
ery inverse submartingale X which is uniformly integrable converges almost
surely and in L1 to a random variable X−∞ which satisfies

X−∞ ≤ E[X0 | F−∞] .

If X is inverse martingale then the inequality above is an equality.

Proof. In the case of inverse submartingales the basic inequalities (Theorems
2.5 and 2.9) are stated in a somehow different way but they are proved in the
same way as for usual submartingales:
– Let X be a positive inverse submartingale. Then for all λ ∈ R+, all n ∈ N,
we have

λP (X∗−n ≥ λ) ≤ E[X0 1lX∗−n≥λ] ≤ E[X−n] .

– If X is an inverse submartingale then for all a < b we have

E[Da,b
−n] ≤ 1

(b− a)
E[(X0 − b)+] .

The existence of an almost sure limit X−∞ is then proved in the same way
as before. The uniform integrability gives easily the L1 convergence and all
the other properties, in the same way as for usual submartingales. ut

Proposition 2.15.
i) Every inverse martingale is uniformly integrable.
ii) Every inverse submartingale which is bounded in L1 is uniformly integrable.
iii ) Every inverse submartingale X such that infn E[X−n] > −∞ is uniformly
integrable.

Proof.
i) If M is an inverse martingale then M−n = E[M0 | F−n] and M is uniformly
integrable by Proposition 1.9.
ii) For inverse submartingales we also have a Doob decomposition: X = M+A
where and A is predictable, decreasing, positive and bounded in L1. This
means that A is uniformly integrable too. As M is also uniformly integrable,
we conclude that X is uniformly integrable.
iii) We have |X| = −X + 2X+ and X+ is a submartingale (exercise). As a
consequence we have

E[|X−n|] = −E[X−n] + 2E[X+
−n] ≤ − inf

n
E[X−n] + 2E[X+

0 ] .

That is, X is bounded in L1 and hence uniformly integrable by ii). ut
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2.4 Regularization Theorems

We are now back to the usual setup, that is, filtrations and processes indexed
by R+. We shall prove a fundamental theorem on the path regularity of sub-
martingales. We have already discussed in Section 1.3 the importance of such
a regularity.

We first start with an easy extension of the Downcrossing Theorem 2.9.
For a given submartingale X and a given interval [a, b] ⊂ R, for any finite
set F ⊂ R+ we put D(X,F, [a, b]) to be the number of downcrossings over
the interval [a,b] for the process X restricted to the indexes t ∈ F . For any
countable set Q ⊂ R+ we put

D(X,Q, [a, b]) = sup{D(X,F, [a, b]) ; F ⊂ Q,F finite} .

Theorem 2.9 immediately extends to the following result.

Theorem 2.16. Let X be a submartingale, let I = [r, s] be an interval of R+

and a < b ∈ R. We have

(b− a)E [M(X, I ∩Q, [a, b])] ≤ E
[
(Xs − b)+

]
.

This extension has the following important consequence.

Theorem 2.17. Let X be a submartingale. There exists a set Ω0 ∈ F∞ with
P (Ω0) = 1 and such that for all ω ∈ Ω0, all t ∈ R+

lim
s→t
s>t
s∈Q

Xs(ω) exists

and for all t ∈ R+∗

lim
s→t
s<t
s∈Q

Xs(ω) exists.

Proof. Let t0 ∈ R+ be such that lims→t0,s>t0,s∈Q Xs(ω) does not exist. Then
there exists a, b ∈ Q, a < b such that

lim inf
s→t
s>t
s∈Q

Xs(ω) < a < b < lim sup
s→t
s>t
s∈Q

Xs(ω).

Then, if t0 ∈ I = [r, s], we have M(X, I ∩ Q, [a, b]) = +∞. But by Theorem
2.16 we know that

E [M(X, I ∩Q, [a, b])] ≤ E [(Xs − b)+]
b− a

< +∞.

This in particular implies that there exists a set Ω0 ∈ F∞, with P (Ω0) = 1,
such that M(X(ω), I ∩ Q, [a, b]) < ∞ for all ω ∈ Ω0. This contradicts the
hypothesis above.

The case of the left-limit is obtained in a similar way. ut
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The limits obtained in the theorem above are respectively denoted by Xt+

and Xt−.

Proposition 2.18. Let X be a submartingale such that t 7→ E[Xt] is right-
continuous. Then all the random variables Xt+ belong to L1(Ω,F , P ) and we
have

E [Xt+ | Ft] = Xt .

Furthermore the process (Xt+)t≥0 is a (Ft+)t≥0-submartingale. If X is a mar-
tingale then (Xt+)t≥0 is (Ft+)t≥0-martingale.

Proof. Let t ∈ R+ and (tn) be a decreasing sequence converging to t with
tn > t. Then (Xtn)n∈N is a (Ftn)n∈N-submartingale and it converges to Xt+.
As t 7→ E[Xt] is right-continuous, the sequence (E[Xtn ]) converges to E[Xt],
hence this sequence is bounded. We can apply the Inverse Submartingale
Convergence Theorem 2.14 so that Xtn converges almost surely and in L1 to
Xt+. As Xt = E [Xtn | Ft], we get, passing to the limit, E [Xt+ | Ft] = Xt.
Now take s < t and A ∈ Fs+. Let (sn) be a decreasing sequence converging
to s with sn > s. We have A ∈ Fsn ⊂ Ft (for n large enough) and

E [Xt+ 1lA] = E [Xt 1lA] ≥ E [Xsn 1lA]→n E [Xs+ 1lA] .

This proves that E[Xt+ | Fs+] ≥ Xs+. ut

Now, using the fact that our filtration are always right-continuous we get
the following important theorem, which was the aim of this section.

Theorem 2.19. Every submartingale admits a càdlàg modification.

Proof. Put X̃t = Xt+ on Ω0 and X̃t = 0 on Ωc0. Then X̃ is a (Ft)-
submartingale (by the right-continuity of the filtration) and it is càdlàg. ut

Here we are! All the martingales, submartingales and supermartingales
admit a càdlàg modification. Hence, by the discussion of Section 1.3, we
can always consider our martingales (submartingales, supermartingales) to
be living on the canonical space (D,B(D), PX) of càdlàg functions.

Let us end up this section with the generalization to continuous time of
the main convergence theorems for martingales. We have already seen the
extension of the Down-crossing Theorem (Theorem 2.16). Now comes the
extension to continuous time of Doob’s Lp inequality (Theorem 2.7).

Theorem 2.20 (Doob’s inequality). Let X be a positive submartingale. Let
M∗t = sups≤tXs. Let 1 < p < ∞ and q = p/(p − 1). Then we have the
inequality

‖X∗‖p ≤ q‖X‖p .
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Proof. Let Q be a countable dense subset of R+. As X is càdlàg we have
sups≤tXs = sup s ≤ t, s ∈ QXs. The result follows no easily from the discrete
time corresponding inequality (Theorem 2.7). ut

As all the convergence theorems rely on these two inequalities we get the
corresponding extensions of the main convergence theorems.

Theorem 2.21. If M is a martingale such that supt E[M2
t ] < ∞, then M

converges a.s. and in L2.

Theorem 2.22. Every martingale (resp. supermartingale, submartingale),
bounded in L1, converges a.s.

Corollary 2.23. Every supermartingale larger than a constant converges a.s.
Every submartingale smaller than a constant converges a.s.

Theorem 2.24. Let X be a martingale bounded in L1 and let X∞ be its a.s.
limit. The following assertions are then equivalent.
i) Xt converges to X∞ in L1.
ii) X is uniformly integrable.
iii) Xt = E[X∞ | Ft].
When any of these assertions is satisfied, we have for all stopping times S ≤ T

E[XT | FS ] = XS .

2.5 Brownian Motion and Poisson Processes

As basic ewamples of continuous time martingales we recover our two favorite
stochastic processes: Brownian motion and Poisson processes (cf Sections 1.5
and 1.6).

Theorem 2.25.
1) Let W be a Brownian motion defined on the filtered probability space
(Ω,F , (Ft), P ). Then the following processes are martingales (with respect to
(Ft)):
– Wt, t ∈ R+,
– W 2

t − t, t ∈ R+,
– exp(αWt − α2t/2), t ∈ R+.
2) Let N be a Poisson process with intensity λ defined on the filtered probabil-
ity space (Ω,F , (Ft), P ). Then the following processes are martingales (with
respect to (Ft)):
– Nt − λt, t ∈ R+,
– (Nt − λt)2 − λt, t ∈ R+,
– exp(−αλt)(1 + α)Nt , t ∈ R+.
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Proof. Let us first show that the Brownian motion itself is a martingale. For
all s ≤ t we have, using the independence of the increments of W and the fact
that the law of Wt −Ws is N (0,

√
t− s)

E[Wt | Fs] = E[Wt −Ws | Fs] + E[Ws | Fs] = E[Wt −Ws] +Ws = Ws .

In the same way we have

E[W 2
t − t | Fs] = E[(Wt −Ws)2 | Fs] + 2E[WtWs | Fs]− E[W 2

s | Fs]− t
= E[(Wt −Ws)2] + 2W 2

s −W 2
s − t

= t− s+W 2
s − t = W 2

s − s .

Finally, noting that for a random variable with lawN (m,σ) we have (exercise)

E[exp(αX)] = exp(α2σ2/2− αm) ,

we have

E[exp(αWt − α2t/2) | Fs] = E[exp(α(Wt −Ws)) exp(αWs) | Fs] exp(−α2t/2)

= E[exp(α(Wt −Ws)) | Fs] exp(αWs) exp(−α2t/2)

= E[exp(α(Wt −Ws))] exp(αWs) exp(−α2t/2)

= exp(α2(t− s)/2) exp(αWs) exp(−α2t/2)

= exp(αWs − α2s/2) .

Let us now prove the corresponding results for the Poisson processes.
Recall that it has independent increments and that the law of Nt − Ns is
P(λ(t− s)). Hence we have

E[Nt − λt | Fs] = E[Nt −Ns | Fs] + E[Ns | Fs]− λt
= E[Nt −Ns] +Ns − λt
= λ(t− s) +Ns − λt = Ns − λs .

In the same way we have

E
[
(Nt − λt)2 − λt | Fs

]
= E

[
(Nt −Ns − λ(t− s))2 | Fs

]
+

+ 2E [(Nt − λt)(Ns − λs) | Fs]−
− E

[
(Ns − λs)2 | Fs

]
− λt

= E
[
(Nt −Ns − λ(t− s))2

]
+ (Ns − λs)2 − λt

= λ(t− s) + (Ns − λs)2 − λt = (Ns − λs)2 − λs .

Finally, noting that for a random variable X with law P(τ) we have (exercise)

E[exp(αX)] = exp(τ(eα − 1)) ,

we have
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E[exp(αNt) | Fs] = E[exp(α(Nt −Ns)) | Fs] exp(αNs)
= E[exp(α(Nt −Ns))] exp(αNs)
= exp (λ(t− s)(eα − 1)) exp(αNs) .

In particular the process

exp (αNt − λt(eα − 1)) , t ∈ R+ (2.4)

is a martingale. As (1 + α)Nt = exp (ln(1 + α)Nt) we obtain the requiered
result, replacing α by ln(1 + α) in (2.4). ut

2.6 Quadratic Variation

In the previous section we have seen that both the Brownian motion and the
Poisson proocesses are martingales. These two examples are very different.
We have seen in Section 1.5 that the Brownian motion is a continuous process
whose paths are of infinite variation over any interval. The Poisson processes
have of course non-continuous paths, but they are of finite variation, for they
are increasing.

The following result illustrates this difference: there is no non-trivial con-
tinuous martingale with finite variations. It is going to be a very usefull result
in the sequel.

Theorem 2.26. Every finite variation continuous martingale is constant.

Proof. Let X be a martingale with continuous and finite variation paths. We
have by the martingale property, for any subdivision 0 = t0 < t1 < . . . < tn =
t of the interval [0, t]

E

[
n−1∑
i=0

(Mti+1 −Mti)
2

]
= E

[
n−1∑
i=0

(M2
ti+1
−M2

ti)

]
= E[M2

t ] .

Let Vt be the total variation of X on the interval [0, t]. By stopping this
martingale (for example at T = inf{t ; |Vt| > n}) we may assume that our
martingale has its total variation bounded (Theorem 2.1). We get

E[M2
t ] ≤ E

[
Vt sup

i

∣∣Xti+1 −Xti

∣∣] ≤ K E
[
sup
i

∣∣Xti+1 −Xti

∣∣] .
The last quantity goes to 0 when the diameter of the partition converges to 0
for X is continuous. Hence we have proved E[M2

t ] = 0 and as a consequence
M = 0 a.s. ut

In the same way as for the Brownian motion (cf Theorem 1.15), every
continuous martingale has a non-trivial quadratic variation.
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Theorem 2.27. Let M be a continuous martingale, locally square integrable.
Then there exists a unique increasing adapted continuous process [M,M ] van-
ishing at 0 and such that M2 − [M,M ] is a uniformly integrable martingale.
This process [M,M ] is the quadratic variation of M , that is,

[M,M ]t = lim
n−1∑
i=0

(Mti+1 −Mti)
2 ,

where the limit is almost sure and taken over a sequence of partitions {0 =
t0 < t1 < . . . < tn = t} of the interval [0, t] whose diameter tends to 0.

Proof. We consider that M is bounded, up to restricting ourselves to a com-
pact interval of time if necessary. For every n ∈ N, we define the stopping
times

Tn0 = 0 , Tnk+1 = inf{t > Tnk ;
∣∣Mt −MTnk

∣∣ ≥ 2−n} , k ∈ N .

We choose to denote t ∧ Tnk by tnk simply. We then have

M2
t = 2

∑
k

Mtnk−1
(Mtnk

−Mtnk−1
) +

∑
k

(Mtnk
−Mtnk−1

)2 . (2.5)

Put
Hn
t =

∑
k

MTnk−1
1l]Tnk−1,T

n
k ](t) .

Let Hn•M be the first term of the right hand side of (2.5) and let An be
the second term of the same right hand side. Note that supt

∣∣Hn
t −Hn+1

t

∣∣ ≤
2−n−1 and supt |Hn

t −Mt| ≤ 2−n. Also note that (Tnk )k∈N is a subsequence
of (Tn+1

k )
k∈N . We consider the expression

E
[
(Hn•M −Hn+1•M)

2

∞

]
.

It can be written as

E

(∑
k

Zk∆k

)2


where ∆k = MTn+1
k
− MTn+1

k−1
and Zk is a random variable measurable for

FTn+1
k−1

satisfying |Zk| ≤ 2−n−1. The above expression can be written as

E

[∑
k

|Zk|2 |∆k|2
]

for when k < k′ we have

E [ZkZk′∆k∆k′ ] = E
[
ZkZk′∆k E

[
∆k′ | FTn+1

k′−1

]]
= 0
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for M is a martingale. Finally we obtain

E
[
(Hn•M −Hn+1•M)

2

∞

]
≤ 4−n−1‖M∞‖22 .

It is easy to check that Hn•M is a continuous martingale. It converges uni-
formly, almost surely, to a martingale N . Hence the process An converges
uniformly, almost surely, to a process A. We have

M2
t = 2Nt +At .

It is easy to see that A is an increasing process, at least on the set {Tnk ;n, k ∈
N}. But if I is an open interval in the complementray set of this set, then no
Tnk lies in I and M is constant on I. Hence so is A.

We have constructed a continuous increasing process A, vanishing at 0,
such that M2 −A = N is a uniformly integrable martingale.

Let us show uniqueness. If A′ is another such process then A − A′ is a
uniformly integrable, continuous martingale. But this martingale is also of
finite variations, hence A−A′ = 0 by Theorem 2.26.

We did not quite prove the theorem in that we did not prove that the
process [M,M ] is the quadratic variation of M . We have proved that it is the
limit of the quadratic variations of M on a particular family of subdivisions
made of stopping times. We need to prove that the result holds true for any
fixed sequence of deterministic subdivisions. We shall not give the proof of
that extension and admit it (see [?] Theorem 1.3 for a complete proof). ut
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STOCHASTIC INTEGRALS

Stochastic processes such as martingales are typically used as noises, pertur-
bating ordinary differential equations with stochastic terms (cf Chapter 4).
But as we have seen with Theorem 2.26, even the simplest martingales (the
continuous ones, the Brownian motion) have trajectories with infinite vari-
ation over any interval. This means that integrating with respect to such a
process naively (that is, path by path) is impossible. Another theory of in-
tegration has to be developed for such stochastic processes, a theory which
makes use of the martingales globally and not trajectory by trajectory. This
is the aim of Stochastic Integration Theory which we develop here.

3.1 Predictable Processes

In Stochastic Integration Theory we need a particular notion of measurability
for stochastic processes which is stronger than the notion of adaptedness or
of progressivity, we shall consider predictable processes.

We are given a fixed complete and right-continuous filtered probability
space (Ω,F , (Ft), P ) for the whole of this chapter.

The predictable σ-algebra on R+× Ω is the σ-algebra P generated by
adapted and left-continuous processes. A process X is predictable if it is mea-
surable with respect to the predictable σ-algebra P.

Proposition 3.1. The following σ-algebras all coincide with the predictable
σ-algebra.
i) The σ-algebra generated by adapted, continuous processes.
ii) The σ-algebra generated by the stochastic intervals [[0A]], A ∈ F0 and ]]S, T ]],
where S, T runs over all stopping times.
iii) The σ-algebra generated by the sets A × {0} with A ∈ F0 and the sets
A×]s, t] with A ∈ Fs and s < t rationals.
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Proof. Let us call P1,P2 and P3, respectively, the 3 σ-algebras introduced
above. Clearly P1 ⊂ P. We also have P3 ⊂ P for the indicator function of
A×]s, t] is adapted and left-continuous.

Let X be an adapted and left-continuous process. Let

Xn
t = X01l[0](t) +

∑
k

Xk/n1l]k/n,(k+1)/n](t) . (3.1)

The process Xn converges to X. This proves that P is included in P3 and
hence they are equal.

The functions 1l]u,v] can be approached by continuous functions fn with
compact support in ]u, v+1/n]. For anyH which is Fu-measurable, the process
Hfn is continuous and adapted. This shows that P3 is included in P1, hence
P1 = P.

The indicator functions of stochastic intervals ]]S, T ]] are left-continuous,
hence P2 ⊂ P. Let A ∈ Fs, by putting S = s on A and S = t on Ac, by putting
T = t, we define two stopping times such that S ≤ T and ]]S, T ]] = A×]s, t].
Hence P3 ⊂ P2 and hence P2 = P. ut

Theorem 3.2. If X is a predictable process, then XT 1lT<∞ is FT−-measurable
for every stopping time T .

Proof. Let H be the set of predictable processes X such that XT 1lT<∞ is
FT−-measurable for every stopping time T . By a monotone class argument
one sees easily that it is sufficient to prove that H contains the indicators of
stochastic intervals of the form [[0A]], A ∈ F0 and ]]U, V ]], with U ≤ V being
stopping times (cf proposition above). Let T be a stopping time. In the first
case XT 1lT<∞ equals 1lA∩(T=0) which is FT−-measurable. In the second case
we have

XT 1lT<∞ = (1lU<T − 1lV <T )1lT<∞
which is also clearly FT−-measurable. ut

3.2 Stochastic Stieltjes Integrals

The very first step in Stochastic Integration Theory is to integrate with respect
to finite variation stochastic processes.

Let us first recall few basic facts about finite variation functions. We are
interested here only into functions f from R+ to R. A function f is a finite
variation function if it is right-continuous and if its total variation

Vt(f) = lim
n−1∑
i=0

|f(ti+1)− f(ti)| ,

is finite on every interval [0, t], where the limit above is taken over any sequence
of partitions {0 = t0 < t1 < . . . < tn = t} of the interval [0, t] whose diameters
tend to 0.
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Recall that a finite variation function is always difference of two increasing
functions and always admits left-limits in all points (hence they are càdlàg ).
By convention we always put

f(0−) = f(0) .

For all s > 0 we put

∆f(s) = f(s)− f(s−) .

In particular, with our convention in 0 we have

∆f(0) = 0 .

Recall that the cardinal of jumps ∆f of f is at most countable.
To any finite variation function f is associated a measure µf on [0,+∞[

defined by µf (]a, b]) = f(b) − f(a). It is easy to show that this is enough to
define a (signed, real) measure, called the Stieltjes measure associated to f ,
which satisfies

µf (]a, b[) = f(b−)− f(a) ,
µf ([a, b]) = f(b)− f(a−) ,
µf ([a, b[) = f(b−)− f(a−) .

In particular note that
µf ({a}) = ∆f(a) .

Let g be any function on [0,+∞[, we say that g is integrable with respect
to µf if ∫ ∞

0

|g(s)| |dµf | (s) <∞ .

In that case the integral of g with respect to µf is well-defined and we shall
denote it by ∫ ∞

0

g(s) df(s) .

Note that, when dealing with general Stieltjes measures, one has to be
careful with the domain of integration: integrating over [s, t], or ]s, t] etc...
may give different results. But, with our convention in 0, the integrals

∫
[0,t]

and
∫
]0,t]

coincide. They are naturally denoted by
∫ t
0

as there is no ambiguity
anymore.

In the following theorem we list basic properties of these integrals, without
proof.

Theorem 3.3.
i) The function t 7→ h(t) =

∫ t
0
g(s) df(s) is again a finite variation function

on R+, with associated Stieltjes measure



42 3 STOCHASTIC INTEGRALS

µh(ds) = g(s) dµf (s) .

ii) ∆h(t) = g(t)∆f(t), for all t ∈ R+.

Finite variation functions also admit non-trivial quadratic variations.

Proposition 3.4. Let f be a finite variation function on R+. The quadratic
variation of f on the interval [0, t] is equal to∑

0≤s≤t

∆f(s)2 .

Proof. We can decompose f as f c + fd where

fd(t) =
∑

0≤s≤t

∆f(s)

and f c(t) = f(t)− fd(t). In particular f c is continuous. We have

n−1∑
i=0

|f(ti+1)− f(ti)|2 =
n−1∑
i=0

|f c(ti+1)− f c(ti)|2 +

+
n−1∑
i=0

|f c(ti+1)− f c(ti)|
∣∣fd(ti+1)− fd(ti)

∣∣+
+
n−1∑
i=0

∣∣fd(ti+1)− fd(ti)
∣∣2 .

The two first terms are dominated by

sup
|s−t|≤δ

|f c(t)− f c(s)|

[
n−1∑
i=0

|f c(ti+1)− f c(ti)|+
n−1∑
i=0

∣∣fd(ti+1)− fd(ti)
∣∣]

≤ 2Vt(f) sup
|s−t|≤δ

|f c(t)− f c(s)|

and hence they tend to 0 as the diameter δ of the partition tends to
0. Let us show that the last term

∑n−1
i=0

∣∣fd(ti+1)− fd(ti)
∣∣2 converges to∑

0≤s≤t∆f(s)2.
The sum

∑
0≤s≤t∆f(s)2 can be actually written as a convergent series∑

n∆f(sn)2, where the points sn are the jumping points of f . Define δ(sn)
to be the length of the largest interval around sn which meets no other sm.
We can define a new sequence (un) which is the sequence (sn) reordered in
decreasing order with respect to the values δ(sn). The sum

∑
n∆f(sn)2 is

equal to
∑
n∆f(un)2. In particular, the sum∑

n;δ(sn)≤δ

∆f(sn)2
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converges to 0 as δ tends to 0. Now, if δ is the diameter of the partition
{0 = t0 < t1 < . . . < tn = t}, we can divide the sum

∑n−1
i=0

∣∣fd(ti+1)− fd(ti)
∣∣2

into the sum over the ti’s such that [ti, ti+1[ contains only one sn and the sum
over those intervals [ti, ti+1[ which contains more than one sn (the terms with
no sn in the interval [ti, ti+1[ give no contribution). The first sum contains∑
n;δ(sn)≥δ∆f(sn)2 plus a term dominated by

∑
n;δ(sn)≤δ∆f(sn)2. The sec-

ond sum is also dominated by
∑
n;δ(sn)≤δ∆f(sn)2. This gives the result. ut

In the following we shall take the following notation:

[f, f ](t) =
∑

0≤s≤t

∆f(s)2 .

Finally, for any two finite variations functions f and g, we denote by [f, g] the
function

[f, g](t) =
∑

0<s≤t

∆f(s)∆g(s) .

With all these notations, we have the following Integration by Part For-
mula for finite variation functions.

Proposition 3.5. If f and g are finite variation functions then

f(t)g(t) = f(0)g(0) +
∫ t

0

f(s−) dg(s) +
∫ t

0

g(s−) df(s) + [f, g](t) . (3.2)

Proof. Consider the square [0, t]× [0, t]. It can be decomposed into 3 disjoint
pieces

[0, t]× [0, t] ={(u, v); 0 ≤ u < v ≤ t} ∪ {(u, v); 0 ≤ v < u ≤ t}∪
∪ {(u, v); 0 ≤ u = v ≤ t} .

Applying the measure µf × µg to this decomposition gives (exercise)

(f(t)− f(0))(g(t)− g(0)) =
∫ t

0

(f(s−)− f(0)) dg(s)+

+
∫ t

0

(g(s−)− g(0)) df(s) + [f, g](t) .

Rearranging the terms, we obtain (3.2). ut

This Integration by Part Formula extends into a formula which we shall
call the Ito Formula for Finite Variation Functions.

Theorem 3.6 (Ito’s Formula for Finite Variation Functions). Let h be
a C1 function on R and let f be a finite variation function on R+. Then we
have
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h ◦ f(t) = h ◦ f(0) +
∫ t

0

h′ ◦ f(s−) df(s)+

+
∑

0<s≤t

(
∆h ◦ f(s)− h′ ◦ f(s−)∆f(s)

)
. (3.3)

Proof. We consider that the finite variation function f is fixed, together with
a fixed compact interval of time [0, T ] on which we want to prove the relation
(3.3). Let A be the set of functions h for which (3.3) holds true. Then clearly
A is a vector space. Let us prove it is an algebra, that is, it is stable under
products.

Assume that h1 and h2 belong to A. Put F1(t) = h1 ◦ f(t) and F2(t) =
h2 ◦ f(t). Both F1 and F2 are finite variation functions satisfying (3.3) which
we write (with obvious notations)

dF1(t) = h′1 ◦ f(t−) df(t) +
(
∆F1(t)− h′1 ◦ f(t−)∆f(s)

)
dF2(t) = h′2 ◦ f(t−) df(t) +

(
∆F2(t)− h′2 ◦ f(t−)∆f(s)

)
.

Put H(t) = F1(t)F2(t), applying Proposition 3.5 we get

dH(t) = F1(s−) dF2(s) + F2(s−) dF1(s) + d[F1, F2](t) .

In particular

∆H(t) = F1(s−)∆F2(s) + F2(s−)∆F1(s) +∆F1(t)∆F2(t) .

Alltogether we have, putting h = h1h2

dH(t) =
(
h1 ◦ f(t−)h′2 ◦ f(t−) + h2 ◦ f(t−)h′1 ◦ f(t−)

)
df(t)+

+
(
F1(t−)∆F2(t) + F2(t−)∆F1(t) +∆F1(t)∆F2(t)+

+ (h1h
′
2 + h′1h2) ◦ f(t−)∆f(t)

)
= h′ ◦ f(t−) df(t) +∆H(t)− h′(t−)∆f(t) .

This is to say that h = h1h2 belongs to A. We have proved that A is an
algebra. As A obviously contains the functions 1l and f(t) = t, it contains all
the polynomials. We conclude by a usual approximation argument. ut

We finally write without proof, the analogue of Theorem 3.6 for multidi-
mensional functions.

Theorem 3.7. Let f = (f1, . . . , fn) be a finite variation function from R+ to
Rn. For any function h ∈ C1(Rn) we have

h ◦ f(t) = h ◦ f(0) +
n∑
i=1

∫ t

0

Dih ◦ f(s−) dfi(s)+

+
∑

0≤s≤t

(
∆h ◦ f(s)−Dih ◦ f(s−)∆fi(s)

)
. (3.4)
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Coming back to stochastic processes, we shall say that a stochastic process
X is a finite variation process if the trajectory t 7→ Xt(ω) is a finite variation
function on R+, for almost all ω ∈ Ω.

The Stieltjes integral of a stochastic process H with respect to a finite
variation process X is defined if∫ ∞

0

|Ht(ω)| |dXt(ω)| <∞

holds for almost all ω. In that case, we define the stochastic integral∫ ∞
0

Hs dXs

by [∫ ∞
0

Hs dXs

]
(ω) =

∫ ∞
0

Hs(ω) dXs(ω) .

The role of predictable processes already appears in these simple stochastic
integrals.

Theorem 3.8. If X is an finite variation martingale and if H is a predictable
process such that ∫ ∞

0

|Ht| |dXs| <∞ a.s.

then the stochastic process
∫ t
0
Hs dXs, t ∈ R+ is a finite variation martingale

too.

Proof. Let us start with a simple predictable process H of the form

Ht(ω) = 1lA(ω)1l]u,v](t)

with u < v and A ∈ Fu. We then have∫ t

0

Hs dXs = 1lA (Xv∧t −Xu∧t) .

Note that the above vanishes when t < u. Hence, if s ≤ u ≤ t we have

E
[∫ t

0

Hτ dXτ

∣∣∣∣ Fs] = E [ 1lA (Xv∧t −Xu) | Fs]

= E [ 1lA E [ (Xv∧t −Xu) | Fu] | Fs]
= 0

=
∫ s

0

Hτ dXτ .

When u < s < t we get
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E
[∫ t

0

Hτ dXτ

∣∣∣∣ Fs] = E [1lA (Xv∧t −Xu) | Fs]

= 1lA E [(Xv∧t −Xu) | Fs]
= 1lA (Xv∧s −Xu)

=
∫ s

0

Hτ dXτ .

We conclude by a monotone class argument for general predictable processes
H (cf Proposition 3.1). ut

The quadratic variation of a finite variation process X is denoted by
[X,X]t, t ∈ R+. The Ito Formula for finite variation processes takes the fol-
lowing form (direct application of Proposition 3.5, Theorems 3.6 and 3.7)

Theorem 3.9 (Ito Formula for Finite Variation Processes).
1) Let X and Y be two finite variation processes. Then we have

XtYt = X0Y0 +
∫ t

0

Xs− dYs +
∫ t

0

Ys− dXs + [X,Y ]t . (3.5)

2) Let X be a finite variation process. For any function h ∈ C1(R) we have

h(Xt) = h(X0) +
∫ t

0

h′(Xs−) dXs +
∑

0≤s≤t

(
∆h(Xs)− h′(Xs−)∆Xs

)
. (3.6)

3) Let X = (X1, . . . , Xn) be a finite variation process valued in Rn. For any
function h ∈ C1(Rn) we have

h(Xt) = h(X0) +
n∑
i=1

∫ t

0

Dih(Xs−) dXi
s+

+
∑

0≤s≤t

(
∆h(Xs)−Dih(Xs−)∆Xi

s

)
. (3.7)

A usefull application of this Ito formula is the one which leads to the notion
of stochastic exponential.

Theorem 3.10 (Stochastic Exponentials, the Finite Variation Case).
Let X be a finite variation process such that X0 = 0. Then the process

Zt = eXt
∏

0≤s≤t

(1 +∆Xs) e−∆Xs = eX
c
t

∏
0≤s≤t

(1 +∆Xs) , (3.8)

is a well-defined finite variation process, it is the unique solution of the equa-
tion

Zt = 1 +
∫ t

0

Zs− dXs . (3.9)

If X is a martingale then Z is a martingale too.
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Proof. Let us first check that Z is well-defined. The problem is to check the
convergence of the infinite product

Vt =
∏

0≤s≤t

(1 +∆Xs) e−∆Xs .

But we have that the series

Ṽt =
∑

0≤s≤t

(ln(1 +∆Xs)−∆Xs)

is absolutely convergent for the series
∑

0≤s≤t∆X
2
s converges. It defines a

finite variation process Ṽ . Hence the infinite product V above is convergent,
it defines a finite variation process as it is the exponential of Ṽ (Theorem 3.9).
Note that

∆Vt = Vt−
(
(1 +∆Xt) e−∆Xt − 1

)
.

We put Kt = eXt and Zt = KtVt. By the Ito formula (Theorem 3.9) we have

Kt = 1 +
∫ t

0

Ks− dXs +
∑

0≤s≤t

Ks−
(
e∆Xs − 1−∆Xs

)
and

∆Kt = Kt−
(
e∆Xt − 1

)
.

This gives

Zt = 1 +
∫ t

0

Ks− dVs +
∫ t

0

Vs− dKs + [K,V ]t

= 1 +
∑

0≤s≤t

Ks−Vs−
(
(1 +∆Xs) e−∆Xs − 1

)
+

+
∫ t

0

Vs−Ks− dXs +
∑

0≤s≤t

Vs−Ks−
(
e∆Xs − 1−∆Xs

)
+

+
∑

0≤s≤t

Vs−Ks−
(
(1 +∆Xs) e−∆Xs − 1

) (
e∆Xs − 1

)
= 1 +

∫ t

0

Zs− dXs .

This proves that Z is indeed a solution of Equation (3.9).
Let us prove uniqueness. If Z ′ is another solution of (3.9) then the process

Y = Z − Z ′ is a solution to

Yt =
∫ t

0

Ys− dXs .

In particular, Y is a finite variation process. Put Bt =
∫ t
0
|dXs| and K =

sups≤t |Ys|. We have
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|Yt| ≤
∫ t

0

|Ys−| dBs ≤ KBt

|Yt| ≤
∫ t

0

|Ys−| dBs ≤
∫ t

0

KBs− dBs

≤ K B2
t

2
(by the Ito formula)

and so on ... we get |Yt| ≤ KBnt /n! and finally Yt = 0.
The martingale property comes from Theorem 3.8. ut

We denote by E(X) the solution of (3.9). In the case where X is a martin-
gale, the process eX is not in general a martingale. whereas the process E(X)
is a martingale, called the exponential martingale associated to X.

On the other hand E(X) does not satisfy anymore the exponential prop-
erty. Anyway, we have the following very nice multiplication formula.

Theorem 3.11. Let X and Y be two finite variation processes. Then

E(X) E(Y ) = E(X + Y + [X,Y ]) .

Proof. This is just again an application of the Ito formula (Theorem 3.9). If
Zt = E(X)t and Wt = E(Y )t then

ZtWt = 1 +
∫ t

0

Zs− dWs +
∫ t

0

Ws− dZs +
∑

0≤s≤t

∆Zs∆Ws

= 1 +
∫ t

0

Zs−Ws− dYs +
∫ t

0

Zs−Ws− dXs +
∑

0≤s≤t

Zs−Ws−∆Xs∆Ys

= 1 +
∫ t

0

Zs−Ws− d(Ys +Xs + [X,Y ]s) .

That is, ZW satisfies the characteristic equation of E(X + Y + [X,Y ]). ut

3.3 Continuous Semimartingales

We shall now forget the finite variation processes for a while and enter into
a completely different family of processes, the continuous martingales, local
martingales and semimartingales.

With Theorem 2.26 we have seen that continuous martingales are really a
different object compared to finite variation martingales. In Theorem 2.27 we
have introduced the notion of quadratic variation for continuous martingales
which are locally square integrable. This has led to the definition of the square
bracket of such a martingaleM , that is, the quadratic variation process [M,M ]
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which is the uniquue increasing, adapted, continuous process, vanishing at 0,
such that M2 − [M,M ] is a martingale.

By polarization it easy to check the following.

Theorem 3.12. Let M and N be two continuous martingales, locally square
integrable. Then there exists a unique finite variation, adapted, continuous
process [M,N ] vanishing at 0 and such that MN − [M,N ] is a uniformly
integrable martingale. This process [M,N ] is also given by

[M,N ]t = lim
n−1∑
i=0

(Mti+1 −Mti) (Nti+1 −Nti) ,

where the limit is almost sure and taken over a sequence of partitions 0 =
t0 < t1 < . . . < tn = t of the interval [0, t] whose diameter tends to 0.

By the Stopping Theorem 2.1 we know that stopped martingales remain
martingales. The square bracket behaves in a good way relatively to the action
of stopping.

Proposition 3.13. Let M and N be two continuous, locally square integrable,
martingales and let T be a stopping time. Then we have

[MT , NT ] = [MT , N ] = [M,N ]T .

Proof. We have, by stopping, that (M2)T − [M,M ]T is a martingale. But
(M2)T = (MT )2, so by uniqueness in the Theorem 2.27 we have that
[M,M ]T = [MT ,MT ].

The general case is easily obtained by polarization. ut

This “locality” property for martingales and their bracket is going to be
of great importance for a generalization of the notion of martingale which
appears to be necessary for the theory of stochastic integration.

An adapted, right-continuous stochastic process X is local martingale if
there exists a sequence (Tn) of stopping times such that:
i) the sequence (Tn) is increasing and limn Tn = +∞ almost surely,
ii) for every n, the process XTn is a uniformly integrable martingale.

Of course, a martingale is a local martingale. The converse is not true, but
we shall wait next section (and the introduction to stochastic calculus) before
exhibiting a counter-example.

Note that, up to changing the sequence of stopping times (Tn) into (Tn ∧
Sn), where Sn = inf{t ; |Xt| > n}, we can always assume that the martingales
associated to a local martingale are bounded (hence square integrable).

The square bracket extends to continuous local martingales.
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Proposition 3.14. Let M be a continuous local martingale. There exists a
unique continuous, adapted, increasing process [M,M ], vanishing at 0, such
that M2 − [M,M ] is a local martingale. This process [M,M ] is such that for
all ε > 0

P

(
sup
s≤t

∣∣∣∣∣[M,M ]t −
n−1∑
i=0

(Mti+1 −Mti)
2

∣∣∣∣∣ ≥ ε
)

converges to 0 when the diameter of the partition {0 = t0 < t1 < . . . < tn = t}
converges to 0.

Proof. Let (Tn) be a sequence of stopping time such that Tn increases to +∞
and MTn is a continuous martingale. By Theorem 2.27 there exists an increas-
ing, continuous, adapted process An, vanishing at 0, such that (MTn)2 − An

is a martingale. But
(
(MTn+1)2 −An+1

)Tn is equal to (MTn)2 − (An+1)Tn .
By uniqueness of the square bracket, this means that (An+1)Tn = An. As a
consequence we can define unambiguously a continuous, adapted, increasing
process A such that ATn = An for all n. The process Y = M2 − A is such
that Y Tn is a martingale for all n, hence Y is a local martingale. The process
A is the square bracket we were looking for. Uniqueness is obvious from the
uniqueness property for martingales.

Let us prove the last property. For all stopping time S such that MS is a
bounded martingale we have

P

(
sup
s≤t

∣∣∣∣∣[M,M ]t −
n−1∑
i=0

(Mti+1 −Mti)
2

∣∣∣∣∣ ≥ ε
)
≤ P (S ≤ t)+

+ P

(
sup
s≤t

∣∣∣∣∣[MS ,MS ]t −
n−1∑
i=0

(MS
ti+1
−MS

ti )
2

∣∣∣∣∣
)
. (3.10)

The last term converges to 0 by Theorem 2.27 and S can be choosen such
that P (S ≤ t) is arbitrarily small. This gives the result. ut

Again, these result can be extended by polarization in order to define the
square brackets [M,N ] for local martingales. We do not develop here this
obvious extension. In particular, the property

[M,N ]T = [MT , NT ] = [MT , N ]

remains also true in the context of local martingales.
Finally, the result of Theorem 2.26 extends obviously to continuous lo-

cal martingales: a continuous local martingale which is of finite variations is
constant.

We now prove a fundamental inequality concerning square brackets.

Theorem 3.15 (Kunita-Watanabe’s inequality). If M and N are two
local martingales, if H and K are two measurable processes, then one has
almost surely
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0

|Hs| |Ks| |d[M,N ]s| ≤
(∫ ∞

0

H2
s d[M,M ]s

)1/2(∫ ∞
0

K2
s d[N,N ]s

)1/2

.

Proof. Let s < t be two rational numbers. The fact that for all λ ∈ Q we have

[M + λN,M + λN ]t − [M + λN,M + λN ]s ≥ 0

gives ∣∣[M,N ]ts
∣∣ ≤ [M,M ]ts

1/2[N,N ]ts
1/2

(where Xt
s means Xt −Xs).

Let {0 = t0 < t1 < · · · < tn < tn+1 = +∞} be a subdivision of R+. Take
H0,K0, Hti ,Kti to be bounded random variables, take 0 ≤ i ≤ n and define

Ht = H01lt=0 +
∑
i

Hti1l]ti,ti+1](t)

and the same definition for Kt. If one takes the previous inequalities for s =
ti and t = ti+1, multiply them by |HtiKti |, sum them and apply Schwarz
inequality one gets∣∣∣∣∫ HsKs d[M,N ]s

∣∣∣∣ ≤∑
i

|HtiKti | |[M,N ]ti+1
ti |

≤

(∑
i

H2
ti [M,M ]ti+1

ti

)1/2 (∑
i

K2
ti [N,N ]ti+1

ti

)1/2

.

That is the required inequality with the absolute value symbol outside the
integrals.

The simple processes H and K as above form an algebra which generates
the product σ-algebra on R+× Ω. A monotone class arguments allows to
extend the inequalities (with the absolute value symbol outside the integrals)
to general bounded measurable processes H and K.

Let J· be the {−1, 1}-valued process such that |d〈M,N〉s| = Js d〈M,N〉s.
If one applies the previous results to H and JK we get the inequality with
the absolute value symbol inside the integral. The inequality is brought to
the positive case and one extends to the non-bounded case by truncation and
monotone convergence. ut

We can now introduce the class of processes which is central in the the-
ory of stochastic integration (at least in this first approach): the continuous
semimartingales. A process X is a continuous semimartingale if it can be de-
composed as X = M +A where M is a continuous local martingale and A is
a continuous, adapted, finite variation process.

Because of Theorem 2.26 (and its extension to local martingales) the de-
composition of X as M +A is unique.

Quadratic variations also extend to continuous semimartingales.
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Theorem 3.16. A continuous semimartingale X = M + A has a finite qua-
dratic variation and [X,X] = [M,M ].

Proof. This is easily deduced from observing that∣∣∣∣∣∑
i

(
Mti+1 −Mti

) (
Ati+1 −Ati

)∣∣∣∣∣ ≤
(

sup
i

∣∣Mti+1 −Mti

∣∣) Vt(A)

where Vt(A) is the total variation of A on the interval [0, t]. ut

3.4 Stochastic Integral

We are now able to enter into the definition of the stochastic integrals. The
first step consists in integrating with respect to continuous square integrable
martingales.

Let Pe denote the space of bounded simple predictable processes on R+,
that is, processes H such that there exists a subdivision {0 = t0 < t1 < · · · <
tn < tn+1 = +∞} of R+, random variables Hti which are Fti-measurable and
bounded, with

Ht = H01lt=0 +
∑
i

Hti1l]ti,ti+1](t) .

Note that H0 is necessarily a constant.
We denote by Mc the space of continuous square integrable martingales.

Let M ∈Mc be fixed. Define the stochastic integral∫ t

0

Hs dMs = H0M0 +
∑
i

Hti(Mti+1∧t −Mti∧t). (3.11)

Lemma 3.17. The process
(∫ ·

0
Hs dMs

)
is an element of Mc and

E

[(∫ ∞
0

Hs dMs

)2
]

= E
[∫ ∞

0

H2
s d[M,M ]s

]
.

Proof. Put Yt =
∫ t
0
Hs dMs. From (3.11) it is clear that Y is a continuous

process. The martingale property is also immediate. Let us compute E[Y 2
t ].

We get, denoting by N the martingale M2 − [M,M ],
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E[Y 2
t ] = E

(H0M0 +
∑
i

Hti(Mti+1∧t −Mti∧t)

)2


= H2
0E[M2

0 ] + 2
∑
i

E
[
H0M0Hti(Mti+1∧t −Mti∧t)

]
+

+
∑
i,j

E
[
Hti(Mti+1∧t −Mti∧t)Htj (Mtj+1∧t −Mtj∧t)

]
= H2

0E[M2
0 ] + 2

∑
i

E
[
H0M0HtiE

[
(Mti+1∧t −Mti∧t) | Fti

]]
+

+ 2
∑
i<j

E
[
Hti(Mti+1∧t −Mti∧t)HtjE

[
(Mtj+1∧t −Mtj∧t) | Ftj

]]
+
∑
i

E
[
H2
ti(Mti+1∧t −Mti∧t)

2
]

= H2
0E[M2

0 ] +
∑
i

E
[
H2
ti(M

2
ti+1∧t −M

2
ti∧t)

]
= H2

0E[M2
0 ] +

∑
i

E
[
H2
ti([M,M ]2ti+1∧t − [M,M ]2ti∧t)

]
+

+
∑
i

E
[
H2
ti(Nti+1∧t −Nti∧t)

]
= E

[∫ ∞
0

H2
s d[M,M ]s

]
. ut

Let M be a fixed continuous square integrable martingale. Define L2(M)
to be the space of predictable processes H such that

‖H‖L2(M) =
(

E
[∫ ∞

0

H2
s d[M,M ]s

])1/2

<∞ .

Theorem 3.18 (Itô’s theorem). The linear mapping H 7→
∫∞
0
Hs dMs

from Pe to Mc extends in a unique way to an isometry from L2(M) to Mc,
still denoted H 7→

∫∞
0
Hs dMs.

Proof. The space L2(M) is the L2-space of some measure on the predictable
σ-algebra. Thus the space Pe of simple processes is dense in L2(M). The
previous lemma shows that the mapping H 7→

∫∞
0
HsMs is an isometry on

Pe, thus it extends uniquely into an isometry on L2(M). ut

We now have an important result due to Kunita-watanabe, which charac-
terizes the stochastic integral

∫
H dM as a process and not only as an operator

on L2(M).

Theorem 3.19. Let H ∈ L2(M). Then for all N ∈Mc we have

E
[∫ ∞

0

|Hs| |d[M,N ]s|
]
<∞.
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The stochastic integral Yt =
∫ t
0
Hs dMs is the only element of Mc such that,

for all N ∈Mc

E [L∞N∞] = E
[∫ ∞

0

Hs d[M,N ]s

]
. (3.12)

Furthermore we have

[L,N ]t =
∫ t

0

Hs d[M,N ]s .

Proof. The first inequality is a consequence of Kunita-Watanabe’s Inequality
(Theorem 3.15).

The Equality (3.12) come from the fact that the mapping

H 7→ E
[(∫ ∞

0

Hs dMs

)
N∞ −

∫ ∞
0

Hs d[M,N ]s

]
is continuous on L2(M) (again Kunita-Watanabe’s inequality) and the fact
that this mapping is null on Pe (immediate). Thus it is null on all L2(M).

In order to establishing the last identity, define the process Jt = LtNt −∫ t
0
Hs d[M,N ]s. Applying the previous equality to NT we get E [JT ] = 0.

Thus J is a martingale (Theorem 2.3) and [L,N ]−
∫ ·
0
Hs d[M,N ]s is a finite

variation continuous martingale, null at 0, thus it vanishes (Theorem 2.26).
This gives the requiered identity.

We just have to prove uniqueness. The second member of (3.12) is a con-
tinuous linear form in N known when one is given H and M . The first member
is a linear form N 7→ 〈M , N〉 = E[M∞N∞] which is a scalar product onMc.
Hence N is completely determined by this identity. ut

An easy consequence of the previous theorem is the following.

Theorem 3.20. Let H ∈ L2(M) and put Y =
∫
H dM . If K is any bounded

predictable process, then∫ t

0

Ks dYs =
∫ t

0

HsKs dMs.

Proof. By Theorem 3.19 we have, for all local martingale N

[Y,N ] =
[∫ ·

0

Hs dMs, N

]
=
∫ ·

0

Hs d[M,N ]s .

This gives [∫ ·
0

Ks dYs, N

]
=
∫ ·

0

Ks d[Y,N ]s

=
∫ ·

0

KsHs d[M,N ]s

=
[∫ ·

0

KsHs dMs, N

]
.

We conclude by the uniqueness property of Theorem 3.19. ut
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Stochastic integrals also behave naturally with respect to stopping.

Proposition 3.21. Let M ∈ Mc and H ∈ L2(M) be fixed. Then for any
stopping time T we have(∫ ∞

0

Hs dMs

)T
=
∫ ∞

0

Hs1l[0,T ](s) dMs =
∫ ∞

0

Hs dM
T
s .

Proof. Note that

MT =
∫ ∞

0

1l[0,T ](s) dMs

for

[MT , N ] = [MT , NT ] = [M,N ]T

=
∫ ·

0

1l[0,T ](s) d[M,N ]s =
[∫ ·

0

1l[0,T ](s) dMs, N

]
holds true for all N ∈Mc and we apply Theorem 3.19.

Hence, by Theorem 3.20 we have∫ ∞
0

Hs dM
T
s =

∫ ∞
0

Hs1l[0,T ](s) dMs

and on the other hand we have(∫ ∞
0

Hs dMs

)T
=
∫ ∞

0

1l[0,T ](s) d
(∫ ·

0

Hs dMs

)
=
∫ ∞

0

1l[0,T ](s)Hs dMs .

We have proved the requiered equality. ut

In the following we make use of the following notation, for any stopping
time T ∫ T

0

Hs dMs =
∫ ∞

0

Hs1l[0,T ]Hs dMs .

The theorem above allows to extend stochastic integrals to continuous
local martingales.

Let M be a continuous local martingale. We denote by L2
loc(M) the space

of predictable processes H such that there exists a sequence (Tn) of stopping
times, increasing to +∞ and such that

E

[∫ Tn

0

H2
s d[M,M ]s

]
<∞ .

Theorem 3.22. For any continuous local martingale M and any K ∈ L2
loc(M),

there exists a unique continuous local martingale, vanishing at 0, denoted∫ ·
0
Hs dMs such that, for all continuous local martingale N we have[∫ ·

0

Hs dMs, N

]
=
∫ ·

0

Hs d[M,N ]s .
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Proof. We can choose a sequence of stopping times (Tn) increasing to +∞
such that MTn is an element of Mc and HTn belongs to L2(MTn). Thus
we can define the stochastic integral Xn =

∫∞
0
HTn
s dMTn

s . But the result of
Proposition 3.21 shows that (Xn+1)Tn = Xn on [0, Tn]. Hence we can define a
process X such that XTn = Xn. It is now easy to check that X is the process
announced in the theorem. ut

The last step is to integrate with respect to continuous semimartingales.
We denote by Plb the space of locally bounded predictable processes, that

is, predictable processes H such that there exists a sequence (Tn) of stopping
times increasing to +∞ with HTn being a bounded process. Note that Plb is
included into L2

loc(M) for all continuous local martingale M .
For any continuous semimartingale X = M +A and any process H ∈ Plb

we define the stochastic integral∫ ∞
0

Hs dXs =
∫ ∞

0

Hs dMs +
∫ ∞

0

Hs dAs ,

that is, a sum of a stochastic integral with respect to a local martingale and
a Stieltjes stochastic integral.

3.5 Itô’s Formula

We are now going to prove the most important result of Stochastic Integration
Theory: Itô’s Change of Variable Formula.

Theorem 3.23 (Itô’s Formula). Let X be a continuous semimartingale. Let
f be a function on R of class C2. Then f(X) is a continuous semimartingale
with

f(Xt) = f(X0) +
∫ t

0

f ′(Xs) dXs +
1
2

∫ t

0

f ′′(Xs) d[X,X]s . (3.13)

Proof. Writing∑
i

(Xti+1 −Xti)
2 = X2

t −X2
0 − 2

∑
i

Xti(Xti+1 −Xti)

and passing to the limit, when the subdivision {ti ; i ∈ N} gets finer and finer,
gives the result for f(x) = x2.

In the same way one gets easily convinced that if Formula (3.13) holds
true for a function f , it will also hold true for the function xf(x). Thus the
formula is true for polynomial functions.

By stopping, one can reduce the problem to the case when X takes values
in a compact set K ⊂ R. But on K any C2(R) function f is the limit in C2(K)
of polynomials. One concludes easily. ut
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We state the multi-valued version of Theorem 3.23 without proof.

Theorem 3.24 (Itô’s Formula in Rn). Let X = (X1, . . . , Xn) be a conti-
nuous semimartingale valued in Rn. Let f be a functionfrom Rn to R of class
C2. Then f(X) is a continuous semimartingale on R with

f(Xt) = f(X0) +
n∑
i=1

∫ t

0

Dif(Xs) dXi
s+

+
1
2

n∑
i,j=1

∫ t

0

D2
i,jf(Xs) d[Xi, Xj ]s . (3.14)

We isolate a very important special case: Itô’s Integration by Part Formula.

Theorem 3.25 (Itô’s Integration by Part Formula). Let X and Y be a
continuous semimartingales. Then XY is a continuous semimartingale with

Xt Yt = X0 Y0 +
∫ t

0

Xs dYs +
∫ t

0

Ys dXs + [X,Y ]t . (3.15)

In particular

X2
t = X2

0 + 2
∫ t

0

Xs dXs + [X,X]t . (3.16)

We are now going to meet a class of random variables which will be of
great use for us: the stochastic exponentials. They are very famous in clas-
sical stochastic calculus for they are the solutions of the simplest stochastic
differential equation: the exponential one. They will be of great use in quan-
tum probability for they play the role of coherent vectors in the Fock space.

Theorem 3.26. Let X be a continuous semimartingale such that X0 = 0.
Then there exists one and only one continuous semimartingale Z such that,
for all t ∈ R+

Zt = 1 +
∫ t

0

Zs dXs . (3.17)

This solution is given by the formula

Zt = exp
(
Xt −

1
2

[X,X]t

)
(3.18)

for all t ∈ R+.

Proof. Put Yt = Xt− 1
2 [X,X]t and Zt = exp(Yt). By the Ito Formula we have

Zt = 1 +
∫ t

0

exp(Yt) dYt +
1
2

∫ t

0

exp(Yt) d[Y, Y ]t

= 1 +
∫ t

0

exp(Yt) dXt −
1
2

∫ t

0

exp(Yt) d[X,X]t +
1
2

∫ t

0

exp(Yt) d[X,X]t

= 1 +
∫ t

0

Zt dXt .



58 3 STOCHASTIC INTEGRALS

This shows that Z is indeed a solution of (3.17). Let us prove uniqueness. If
Z ′ is another solution to (3.18), then the process W = Z −Z ′ is a solution of

Wt =
∫ t

0

Ws dXs .

In particular, put

Qt = exp(−Xt) = 1−
∫ t

0

exp(−Xs) dXs +
1
2

∫ t

0

exp(−Xs) d[X,X]s .

By Itô’s formula we have

WtQt =
∫ t

0

Ws dQs +
∫ t

0

Qs dWs + [W,Q]t

= −
∫ t

0

WsQs dXs +
1
2

∫ t

0

WsQs d[X,X]s +
∫ t

0

QsWs dXs−

−
∫ t

0

WsQs d[X,X]s

= −1
2

∫ t

0

WsQs d[X,X]s .

We conclude in the same way as for the proof of uniqueness in Theorem 3.10.
ut

The solution of Equation (3.17) is called the stochastic exponential of the
semimartingale X and is denoted by E(X).

We have seen that, due to the correction term in the Itô formula, the
solution of the stochastic exponential equation is not a straight exponential.
The next result shows how much the stochastic exponential fails to be a true
exponential.

Theorem 3.27. If X and Y are semimartingales then

E(X) E(Y ) = E(X + Y + [X,Y ]) .

Proof. Let U = E(X) and V = E(Y ), then

UtVt = 1 +
∫ t

0

UsVs dYs +
∫ t

0

UsVs dXs +
∫ t

0

UsVs d[X,Y ]s .

If we put Wt = UtVt, then we have proved that

Wt = 1 +
∫ t

0

Ws d
(
Xs + Ys + [X,Y ]s

)
.

This proves our theorem. ut
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3.6 Brownian Motion and Poisson Processes

We have seen how to define the stochastic integral with respect to any finite
variation process, but also with respect to any continuous semimartingale.
This means that we are now able to integrate with respect to our two prefered
stochastic processes: the Poisson processes and the Brownian motion.

Let us first consider the case of the Poisson process N with intensity λ > 0.
It is clearly a finite variation process, with no continuous part and all jumps
equal to 1.

Following the results of Sections 2.5 and 3.2, we see that the process Xt =
Nt − λt is a (finite variation) martingale. Clearly we have

[N,N ]t =
∑

0≤s≤t

∆Ns = Nt (3.19)

and by consequence

[X,X]t = [N,N ]t = Nt = Xt + λt . (3.20)

The Ito formula (for finite variation processes) takes the following form when
specialized to the process N :

f(Nt) = f(0) +
∫ t

0

f ′(Ns−) dNs +
∑

0≤s≤t

(
∆f(Ns)− f ′(Ns−)

)
. (3.21)

In particular

N2
t = 2

∫ t

0

Ns− dNs +Nt (3.22)

and

X2
t = 2

∫ t

0

Xs− dXs +Xt + λt . (3.23)

The formula for the stochastic exponential of N takes the following form:

E(N)t = eNt
∏

0≤s≤t

(1 +∆Ns)e∆Ns

= eNt−
P

0≤s≤t∆Ns
∏

0≤s≤t

(1 + 1)

E(N)t = 2Nt . (3.24)

In the same way, we get

E(X)t = eXt
∏

0≤s≤t

(1 +∆Xs)e∆Xs

= eXt−
P

0≤s≤t∆Xs
∏

0≤s≤t

(1 + 1)

E(X)t = e−λt 2Nt . (3.25)
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We will also be interested in the following. Let h ∈ L2(R; C) and put Yt =∫ t
0
h(s) dXs. Then

E(Y )t = exp
(∫ t

0

h(s) dXs

) ∏
0≤s≤t

s jump of X

(1 + h(s)) exp(−h(s)∆Xs)

E(Y )t = exp
(
−λ
∫ t

0

h(s) ds
) ∏

0≤s≤t
s jump of X

(1 + h(s)) . (3.26)

Let us come now to the case of the Brownian motion W . It is a continuous
martingale. By Theorem 2.25 we have

[W,W ]t = t . (3.27)

Hence the Ito formula takes the following form:

f(Wt) = f(0) +
∫ t

0

f ′(Ws) dWs +
1
2

∫ t

0

f”(Ws) ds . (3.28)

In particular

W 2
t = 2

∫ t

0

Ws dWs + t . (3.29)

Let h be a function in L2(R+; C). Consider the martingale

Mt =
∫ t

0

h(s) dWs .

Then the stochastic exponential of M is given by

E(M)t = exp
(∫ t

0

h(s) dWs −
1
2

∫ t

0

h(s)2 ds
)
. (3.30)

Stochastic exponentials also allow a very nice characterization of the Brownian
motion.

Theorem 3.28 (Levy’s Theorem). A process X is a Brownian motion if
and only if it is a continuous martinale with [X,X]t = t for all t ∈ R+.

Proof. We have already proved the “only if” part. Let us prove the converse.
By the Ito formula we have

eiuXt = 1 + iu

∫ t

0

eiuXs dXs −
u2

2

∫ t

0

eiuXs ds

for [X,X]s = s. In particular
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eiu(Xt−Xs) = 1 + iu

∫ t

s

ei(Xτ−Xs) dXτ −
u2

2

∫ t

s

eiu(Xτ−Xs) dτ

and

E
[
eiu(Xt−Xs)

]
Fs = 1− u2

2

∫ t

s

E
[
eiu(Xτ−Xs)

]
Fs dτ .

The above equation is easily solved and we obtain

E
[
eiu(Xt−Xs)

]
Fs = e−(t−s)u2/2 .

That is, the conditional law of Xt −Xs, given Fs, is gaussian N (0,
√
t− s).

This gives the result. ut





4

STOCHASTIC DIFFERENTIAL
EQUATIONS

4.1 Markov Processes

We first start with a basic introduction to Markov processes, their semigroup
and their generator.

Intuitively speaking, a process X, with state space (E, E) is a Markov
process if, to make a prediction at time s on what is going to happen in the
future, it is useless to know anything more about the whole past up to time s
than the present state Xs. The minimal past of X at time s is the σ-algebra
Fs = σ{Xu;u ≤ s}. Let us think of the conditionnal probability

P [Xt ∈ A | Fs]

where A ∈ E , s < t. If X is Markov in the intuitive sense described above,
this should be a function of Xs, that is, g(Xs) where g is a E-measurable,
[0, 1]-valued function. As a function of A the above ought to be a probability
measure, clearly. Thus the above is better written

gs,t(Xs, A).

This motivates the following definition.
Let (E, E) be a measurable space. A transition probability on E is a map

Π from E × E to [0, 1] such that
i) for all x ∈ E, the map A 7−→ Π(x,A) is a probability measure on E ,
ii) for all A ∈ E , the map x 7−→ Π(x,A) is E-measurable.
Transition probabilities act on bounded functions by

Πf(x) =
∫
E

f(y)Π(x, dy)

for all f ∈ L∞(E, E).
Transition probabilities act on probability measures by
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µΠ(A) =
∫
E

Π(x,A) dµ(x) .

for all probability measure µ on E.
Transition probabilities can be composed by

Π1Π2(x,A) =
∫
E

Π2(y,A)Π1(x, dy) ,

defining this way a new transition probability.
Transition probabilities describe how an initial position x for X0 is dis-

tributed later on for XT , where [0, T ] is a fixed interval of time. In order to
consider Markov processes we have to make this definition time-dependent.

A transition function on (E, E) is a familly Ps,t, 0 ≤ s < t of transition
probabilities on (E, E) such that for every s < t < u we have

Ps,u(x,A) =
∫
E

Pt,u(y,A)Ps,t(x, dy)

for all x ∈ E, A ∈ E , that is, Ps,tPt,u = Ps,u. Think of Ps,t as the transition
probability describing what happens to the Markov process in between time
s and time t. The transition function is homogeneous if Ps,t depends on t− s
only. In that case we write Pt for P0,t and the above relation reduces to

Pt+s(x,A) =
∫
E

Pt(y,A)Ps(x, dy) ,

that is, PsPt = Pt+s. In other words, (Pt) is a semigroup (cf Chapter ??).
A Markov process on a filtered probability space (Ω,F , (Ft), P ), with tran-

sition function P , is an adapted process X such that, for any f ∈ L∞(E, E),
any s < t

E [f(Xt) | Fs] = Ps,tf(Xs) .

In the homogeneous case this gives more simply

E [f(Xt) | Fs] = Pt−sf(Xs) .

The measure ν = X0(P ), that is the law of X0, plays an important role and
is called the initial measure.Initial measure

We have a first existence theorem for Markov processes.

Theorem 4.1. Given a transition function P on (E, E) and a probability mea-
sure ν on (E, E), there exists a unique probability measure Probν on (ER+

, ER+
)

such that the coordinate mapping X (given by Xt(ω) = ω(t)) is a Markov pro-
cess with respect to its natural filtration, with transition function P and initial
measure ν.
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Proof. Consider the measures

P t1,...,tnν (A0 × . . .×An) =

=
∫
An

. . .

∫
A0

Ptn−1,tn(xn−1, dxn) . . . P0,t1(x0, dx1) ν(dx0) .

They constitute a consistent familly of probability measure and then we apply
Kolmogorov’s Theorem 1.1. ut

Of course, the discussion we had in Section 1.3 is still valid in this context.
This means that the above existence theorem is not enough to work decently
with a Markov process. We will need to know some regularity of the paths
of the processes we are interested in. We do not discuss this point for the
moment.

In the sequel we concentrate only on the homogeneous case. Note that, in
that context we have

Pν [X0 ∈ A0, Xt1 ∈ A1, . . . , Xtn ∈ An] =

=
∫
An

. . .

∫
A0

Ptn−tn−1(xn−1, dxn) . . . Pt1(x0, dx1) ν(dx0) .

Also note that for all x ∈ E, if δx denotes the Dirac measure on x, then we
put Px for Pδx and we have

Px[Xt ∈ A] = Pt(x,A) .

This is all for the general theory on Markov processes and their transition
functions. We shall concentrate now on a particular class of homogeneous
Markov processes which is very workable, for we ask a little more regularity.

A Feller semigroup on C0(E) is a familly Tt, t ≥ 0, of positive linear
operators on C0(E) such that:

i) T0 = I and ‖Tt‖ ≤ 1, for all t,
ii) Tt+s = Tt ◦ Ts for all s, t ∈ R+,
iii) limt→0 ‖Ttf − f‖ = 0 for all f ∈ C0(E).
Note that (Tt) is then a strongly continuous semigroup on C0(E) (cf Chap-

ter ??).

Proposition 4.2. To each Feller semigroup T on E is associated a unique
homogeneous transition function P on (E, E) such that

Ttf(x) = Ptf(x)

for all f ∈ C0(E), all x ∈ E.
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Proof. The mapping f 7→ Ttf(x) is positive linear and continuous on C0(E)
and thus, by Riesz’s theorem, there exists a measure Pt(x, ·) on E such that

Ttf(x) =
∫
E

f(y)Pt(x, dy) .

The mapping x 7→
∫
E
f(y)Pt(x, dy) is C0 hence Borel. In particular x 7→

Pt(x,A) is measurable for all A ∈ E . The rest of the proof is easy and is left
to the reader. ut

A transition function P which is associated to a Feller semigroup T is
called a Feller transition function.

The following result gives a weaker characterization of Feller transition
semigroups.

Proposition 4.3. A (homogeneous) transition function P is Feller if and only
if
i) PtC0(E) ⊂ C0(E) for all t,
ii) For all f ∈ C0(E), all x ∈ E, we have limt→0 Ptf(x) = f(x).

Proof. Of course, only one direction remains to be proved.
As Ptf belong to C0(E) then, by hypothesis, lims→0 Pt+sf(x) = Ptf(x).

The function (t, x) 7→ Ptf(x) is thus right-continuous in t and therefore mea-
surable on R+× E. The function

x 7→ Upf(x) =
∫ ∞

0

e−ptPff(x) dt,

for p > 0, is measurable and by ii)

lim
p→+∞

pUpf(x) = f(x).

One checks easily that Upf belongs to C0(E). Note that one also gets easily

Upf − Uqf = (q − p)UpUqf = (q − p)UqUpf.

As a result the image D = Up(C0(E)) does not depend on p > 0. Finally
observe that ‖pUpf‖ ≤ ‖f‖.

Let us show that D is dense in C0(E). Indeed if µ is a bounded measure
vanishing on D then, for any f ∈ C0(E)∫

f dµ = lim
p→+∞

∫
pUpf dµ = 0

and thus µ = 0. Finally, we have

PtUpf(x) = ept
∫ +∞

t

e−psPsf(x) ds

hence
‖PtUpf − Upf‖ ≤ (ept − 1)‖Upf‖+ t‖f‖.

It follows that limt→0 ‖Ptf − f‖ = 0 for f ∈ D. One concludes easily. ut
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A Markov process whose transition function is Feller is called a Feller
process.

The following theorem shows that Feller processes have a sufficient regu-
larity in order to apply the regularization procedure developed in Section 1.3.
We do not prove this result (see [?], Theorem 2.7).

Theorem 4.4. Every Feller process admits a cadlad modification.

We now refer to Chapter ?? and in particular to the results of Section ??.
Let X be a Feller process and P be its semigroup. In particular P admit

a generator A, it is called the infinitesimal generator of X.
Note that in particular we have

E [f(Xt+h)− f(Xt) | Ft] = hAf(Xt) + o(h) .

In other words, the operator A describes the infinitesimal motion of X.
We have a property which is very usefull for the study of Markov processes

in general.

Proposition 4.5. If f belongs to DomA then the process

Mf
t = f(Xt)− f(X0)−

∫ t

0

Af(Xs) ds

is a martingale. In particular, if Af = 0 then f(Xt) is a martingale.

Proof. Since f and Af are bounded function, the random variable Mf
t is

integrable and

E
[
Mf
t | Fs

]
= Mf

s + E
[
f(Xt)− f(Xs)−

∫ t

s

Af(Xu) du | Fs
]
.

By the Markov property, the last term is equal to

EXs
[
f(Xt−s)− f(X0)−

∫ t−s

0

Af(Xu) du
]
.

But we have, for any y ∈ E

Ey
[
f(Xt−s)− f(X0)−

∫ t−s

0

Af(Xu) du
]

=

= Pt−sf(y)− f(y)−
∫ t−s

0

PuAf(y) du = 0 .

This gives the result. ut

The following theorem will never be used here in its full generality but we
give it for information and for comparison with the Lindblad generators that
we will obtain later on.
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Theorem 4.6. If P· is a Feller semigroup on Rd and C∞K ⊂ DomA then
i) C2

K ⊂ DomA,
ii) for every relatively compact open set U , there exist functions aij , bi, c on
U and a kernel N such that for f ∈ C2

K and x ∈ U

Af(x) = c(x)f(x) +
∑
i

bi(x)
df

dxi
(x) +

∑
i,j

aij(x)
d2f

dxi∂xj
(x)

+
∫

Rd\{x}

[
f(y)− f(x)− 1lU (y)

∑
i

(yi − xi)
df

dxi
(x)

]
N(x, dy)

where N(x, ·) is a Radon measure on Rd \ {x}, the matrix a(x) = ‖aij(x)‖ is
positive, c is negative.

4.2 Brownian motion and Poisson processes

Our two prefered stochastic processes are basic examples of Markov processes.
Let us start with the Brownian motion.

Let C2
0 (R) be the space of C2 functions f on R such that f , f ′ and f ′′

tend to 0 at ±∞.

Theorem 4.7. The Brownian motion is a Feller process, with semigroup

Ptf(x) =
1√
2π

∫ +∞

−∞
e−y

2/2 f(x+ y
√
t) dy .

Its generator is 1
2∆, with domain C2

0 .

Proof. To prove the Markov character of the Brownian motion let us first
establish a usefull lemma.

Lemma 4.8. Let Y and Z be two random variables and G be a σ-algebra such
that Y is independent of G and Z is G-measurable. Then for every bounded
measurable function f on R2 we have

E[f(Y,Z) | G] = g(Z)

where g is given by
g(z) = E[F (Y, z)] .

Proof (of the lemma). The result is immediate when f is of the form f(y, z) =
h(y)k(z). One concludes easily by an approximation argument. ut
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We are now back to the proof of Theorem 4.7. Let W be a Brownian motion
on the filtered probability space (Ω,F , (Ft), P ). For any bounded measurable
function f on R and all s ≤ t we have

E[f(Wt+s) | Fs] = E[f(Wt+s −Ws +Ws) | Fs] = g(Ws)

where g(x) = E[f(Wt+s −Ws + x)] (by Lemma 4.8). More precisely we have

g(x) = E[[f(Wt + x)]

=
1√
2πt

∫ +∞

−∞
e−y

2/2t f(y + x) dy

=
1√
2π

∫ +∞

−∞
e−y

2/2 f(y
√
t+ x) dy .

This proves the Markovian character of W and the explicit form of the semi-
group. Checking that this semigroup is Feller is easy and left to the reader.

Let us compute the generator of W with its exact domain. If f ∈ C2
0 then

by Taylor’s formula we have

Ptf(x) =
1√
2π

∫ +∞

−∞
e−y

2/2

[
f(x) + y

√
tf ′(x) +

y2t

2
f ′′(θ)

]
dy

for some θ ∈ [x, x+ y
√
t]. This gives

Ptf(x) = f(x) +
1√
2
f ′′(x) +

1√
2π

∫ +∞

−∞
e−y

2/2 y
2t

2
(f ′′(θ)− f ′′(x)) dy .

Let us denote by R(t, x) the last term of the right hand side. Let M be a finite
bound for f ′′ (it exists by hypothesis). Let R > 0 be fixed, we have

|R(t, x)| ≤ Ct
∫
|y|≤R

y2e−y
2/2 |f ′′(θ)− f ′′(x)| dy + CMt

∫
|y|>R

y2e−y
2/2 dy

≤ Ct sup
|u−v|≤Rt

|f ′′(u)− f ′′(v)|
∫
|y|≤R

y2e−y
2/2 dy + CMt

∫
|y|>R

y2e−y
2/2 dy .

The first term of the right hand side tends to 0 with t by the uniform continuity
of f ′′ on compact sets. The second term tends to 0 as R tends to +∞. Hence
|R(t, x)| can be made arbitrarily small. We have proved that for all f ∈ C2

0

we have

lim
t→0

Ptf(x)− f(x)
t

=
1
2
∆f(x) .

This proves that the generator A is the announced operator, with domain
containing C2

0 . We need to prove that this domain coincides with C2
0 . By

Proposition ?? we know that DomA = Rp(A)(C0(R)) where

Rp(A) =
∫ ∞

0

e−pt Ptf(x) dt .



70 4 STOCHASTIC DIFFERENTIAL EQUATIONS

A direct computation shows that

Rp(A)f(x) =
∫ +∞

−∞
f(y)

1√
2p
e−
√

2p |x−y| dy .

It is now an exercise to check that for all f ∈ C0(R) we have f ∈ C2
0 (R) and

pRp(A)f − f = 1
2 (Rp(A)f)′′. ut

Here is for the Brownian motion. Let us consider the Poisson processes.

Theorem 4.9. Let N be a Poisson process with intensity λ > 0. Then N is
a Feller process with semigroup

Ptf(x) =
∞∑
n=0

f(n+ x)
(λt)n

n!
e−λt

and generator
Af(x) = λ(f(x+ 1)− f(x))

defined on all C0(R).

Proof. The proof is very similar to the one of the previous theorem. We have,
using again Lemma 4.8

E[f(Nt+s) | Fs] = E[f(Nt+s −Nt +Nt) | Fs] = g(Ns)

where
g(x) = E[f(Nt+s −Nt + x)] = E[f(Nt + x)] .

A direct computation with the Poisson law of Nt gives the explicit form of
the semigroup as above.

Deriving with respect to t at time t = 0 gives trivially the generator. ut

4.3 Stochastic Differential Equations

Let us first recall well-known results concerning ordinary differential equa-
tions, they are all very classical and easy to prove (we leave the proofs to the
reader).

Theorem 4.10. Let f be a Lipschitz function on R and let x ∈ R be fixed.
Consider the equation

Xx
t = x+

∫ t

0

f(Xx
s ) ds , t ∈ R+. (4.1)

Then Equation (4.1) admits a unique solution (Xx
t ). The family of operators

Pt on C0(R) defined by
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Pth(x) = h(Xx
t )

forms a strongly continuous semigroup, with generator

A = f(x)
d

dx

defined on C1(R). This semigroup is invertible, with inverse P−t being given
by

P−th(x) = h(Y xt )

where Y x is the unique solution of

Y xt = x−
∫ t

0

f(Xx
s ) ds , t ∈ R+.

With stochastic differential equations we are considering perturbations of
equations of the form (4.1) by addition of a supplementary term, a noise. That
is, the general form of the equation becomes

Xx
t = x+

∫ t

0

f(Xx
s ) ds+

∫ t

0

g(Xx
s−) dYs , (4.2)

where Y is a fixed semimartingale. Of course, more general equations may be
considered. For example, the coefficients inside the integrals may depend on
the whole trajectory: f(Xu;u < s), g(Xu;u < s); they may also depend on
the time itself: f(s,Xu;u < s), g(s,Xu;u < s) etc. We do not aim to develop
a serious theory of stochastic differential equations here, but just consider
few examples which illustrate the connection with the Markov property, in
order to make a parallel with the quantum version of these equations. The
two main examples we consider here are equations of the form (4.2) where Y
is a Brownian motion or a Poisson process.

Theorem 4.11. Let Y be a Brownian motion or a compensated Poisson pro-
cess. If b and σ are bounded Lipschitz functions on R then the equation

Xt = x+
∫ t

0

σ(Xs) dYs +
∫ t

0

b(Xs) ds (4.3)

in the Brownian case,

Xt = x+
∫ t

0

σ(Xs−) dYs +
∫ t

0

b(Xs−) ds (4.4)

in the Poisson case, admits a unique solution.

Proof. We proceed, for proving the existence, by a usual Picard iteration
method. Let us describe it in the Brownian case. Let X0

t = x, for all t. For all
n ≥ 1 put
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Xn+1
t = x+

∫ t

0

σ(Xn
s ) dYs +

∫ t

0

b(Xn
s ) ds.

Then

‖Xn+1
t −Xn

t ‖
2 ≤ 2

∫ t

0

‖σ(Xn
s )− σ(Xn−1

s )‖2 ds+2t
∫ t

0

‖b(Xn
s )− b(Xn−1

s ‖2 ds.

(4.5)
By the Lipschitz assumptions the above is bounded by

C

∫ t

0

‖Xn
s −Xn−1

s ‖2 ds.

Iterating we get

‖Xn+1
t −Xn

t ‖
2 ≤ Cn

∫
0<s1<...<sn<t

‖X1
s −X0

s‖
2
ds1 . . . dsn

≤ KCn t
n

n!
.

The series
∑
nX

n+1
t − Xn

t is thus normaly convergent to a limit Xt. The
arguments are afterwards rather standard. By Doob’s maximal inequality,
one proves the uniformly almost sure convergence to Xt. One then prove, by
an easy approximation argument, that this X is a solution of the stochastic
differential equation.

The uniqueness is obtained in the same way as for the exponential equa-
tion: using the isometry formula and Gronwall’s lemma, the difference between
two solutions can only be 0.

The main ingredient we used above is the fact that, for the Brownian
motion, we have [Y, Y ]t = t. Fact which gives the norm estimate (4.5). In the
Poisson case we have [Y, Y ]t = λt+ Yt, hence

E
[∫ t

0

Hs dYs

]
= E

[∫ t

0

H2
s (dYs + λds)

]
= λE

[∫ t

0

H2
s ds

]
.

The arguments then go on in the same way. ut

4.4 Markov Property

Theorem 4.12. The solution of the equation (4.3) or (4.4) is a homogeneous
Markov process.

Proof. Let us prove the Brownian case. Let us denote, for a moment Xx,s
t ,

the unique solution of the equation

Xt = x+
∫ t

s

σ(Xu) dYu +
∫ t

s

b(Xu) du, t ≥ s.
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As

Xt = Xs +
∫ t

s

σ(Xu) dYu +
∫ t

s

b(Xu) du

we have
Xt = XXs,s

t .

In other words, if we define

F (x, s, t, ω) = Xx,s
t (ω)

we have
Xt(ω) = F (Xs, s, t, ω)

for all t ≥ s. Note that ω 7→ F (x, s, t, ω) is independent of Fs.
We aim to prove that, almost surely

Ex [f(Xt+h) | Ft ] (ω) = EXt(ω) [f(Xh)] (ω)

which we may rewrite as

Ex [f(F (Xt, t, t+ h, ·)) | Ft ] (ω) = E [f(F (x, 0, h, ·))]x=Xt(ω) .

Put g(x, ω) = f ◦ F (x, t, t + h, ω) and approximate g pointwise by functions
of the form ∑

k

φk(x)ψk(ω) .

We get

E [g(Xt, ·) | Ft] = E

[
lim
∑
k

φk(Xt)ψk(·) | Ft

]
= lim

∑
k

φk(Xt)E [ψk(·) | Ft]

= lim
∑
k

E [φk(y)ψk(·) | Ft]y=Xt

= E [g(y, ·) | Ft]y=Xt = E [g(y, ·)]y=Xt .

But one easily checks that

E [f(F (Xt, t, t+ h, ·)) | Ft] = E [f(F (y, t, t+ h, ·))]y=Xt
= E [f(F (y, 0, h, ·))]y=Xt .

Which is the requiered identity.
These arguments are clearly working in the same way for the Poisson case.

ut
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Theorem 4.13. In the case where Y is a Brownian motion, the infinitesimal
generator of the solution of (4.3) is

A = b(x)
d

dx
+

1
2
σ(x)2

d2

dx2
.

In the case where Y is a compensated Poisson process with parameter λ, the
infinitesimal generator of the solution of (4.4) is

Af(x) = (b(x)− λσ(x))
d

dx
f(x) + λ(f(x+ σ(x))− f(x)) .

Proof. Let us first consider the Brownian case. By the Ito formula we have

f(Xt) = f(X0) +
∫ t

0

f ′(Xs) dXs +
1
2

∫ t

0

f ′′(Xs) d[X,X]s

= f(x) +
∫ t

0

f ′(Xs)σ(Xs) dYs +
∫ t

0

f ′(Xs)b(Xs) ds+

+
1
2

∫ t

0

f ′′(Xs)σ(x)2 ds .

In particular

E [f(Xt)] = f(x) +
∫ t

0

E [Af(Xs)] ds.

This gives the result, recording that

Af(x) =
d

dx
E[f(Xt)]|t=0 .

In the Poisson case, the Ito formula gives

f(Xt) = f(X0) +
∫ t

0

f ′(Xs−) dXs +
∑

0≤s≤t

∆f(Xs)− f ′(Xs−)∆Xs

= f(X0) +
∫ t

0

f ′(Xs−)σ(Xs−) dYs +
∫ t

0

f ′(Xs−) b(Xs−) ds+

+
∑

0≤s≤t

(f(Xs− + σ(Xs−))− f(Xs−)− f ′(Xs−)σ(Xs−)) .

For a general continuous function k, let us compute a quantity like

d

dt
E

 ∑
0≤s≤t

k(Xs−)


|t=0

.

Let T1, . . . , Tn, . . . be the successive jumping times of X (that is, those of Y ).
We have
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E

 ∑
0≤s≤t

k(Xs−)

 =

=
∑
n∈N

E
[
1lT1+...+Tn≤t<T1+...+Tn+1(k(XT1−) + . . . k(X(T1+...Tn)−))

]
.

The random variable k(XT1−) + . . . + k(X(T1+...Tn)−) is a certain function j
of x and T1, T2, . . . , Tn only. This gives

E

 ∑
0≤s≤t

k(Xs−)

 =

=
∫

0≤t1+...tn≤t≤t1+...tn+1

j(x, t1, . . . , tn)λn+1eλ(t1+...+tn+1) dt1 . . . dtn+1 .

Changing the variables into u1 = t1, u2 = t1 + t2, . . . , un+1 = t1 + . . .+ tn+1,
we get ∫

0≤u1≤...≤un≤t≤un+1

j̃(x, u1, . . . , un)λn+1eλun+1 du1 . . . dun+1 .

When deriving with respect to t at t = 0, only the term with n = 1 survives
and the derivative in 0 is equal to∫ ∞

0

j̃(x, 0)λ2eλu2 du2 = λk(x) .

The conclusion is now easy. ut

4.5 Dynamical Systems

In this section we connect the stochastic differential equations and their
Markov generator to the notion of dynamical system. This section is to be
put in perspective with Section ??. It also prepares to what we are going to
develop in the quantum context.

Let us consider the Brownian motion W on its canonical space (Ω,F , P )
where Ω = C0(R+). We define, for all s ∈ R+, on C0(R+), the shift θs as an
application from Ω to Ω by

θs(ω)(t) = ω(t+ s)− ω(s) .

From this, we define the shift operators Θs as follows. For any random variable
F ∈ L2(ω,F , P ) we put

Θs(F )(ω) = F (θs(ω)) .
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In particular we have Θs(Wt) = Wt+s −Ws.
As the process Yt = Wt+s −Ws, t ∈ R+, is again a Brownian motion, this

implies that the mapping θs preserves the measure P . As a consequence Θs
is an isometry of L2(Ω,F , P ).

Lemma 4.14. If H is a predictable process, then, for all fixed s ∈ R+, the
process Kt = Θs(Ht−s), t ≥ s is also predictable.

Proof. The process K as a mapping from Ω × R+ to R is the composition of
H with the mapping φ(ω, t) = (θs(ω), t− s) from Ω × [s,+∞[ to Ω ×R+. We
just need to check that φ is measurable for the predictable σ-algebra P.

If A×]u, v], with u < v and A ∈ Fu is a basic predictable set, then

φ−1(A×]u, v]) = θ−1
s (A)×]u+ s, v + s] .

We need to check that θ−1
s (Fu) ⊂ Fu+s. The σ-algebra Fu is generated by

events of the form (Wt ∈ [a, b]), fort ≤ u. The set θ−1
s (Wt ∈ [a, b]) is equal to

(Wt+s −Ws ∈ [a, b]), hence it belongs to Fu+s. ut

Lemma 4.15. Let H be a predictable process such that
∫ t+s
0

E[H2
u] du < ∞.

Then we have

Θs

(∫ t

0

Hu dWu

)
=
∫ t+s

s

Θs(Hu−s) dWu . (4.6)

Proof. If H is an elementary predictable process then the identity (4.6) is
obvious (from the fact that Θs(FG) = Θs(F )Θs(G)). As a general stochastic
integral

∫ t
0
H − s dWs is obtained as a limit in the norm

‖
∫ t

0

Hs dWs‖
2

=
∫ t

0

‖Hs‖2 ds ,

and as Θs is an isometry, it is clear that Equation (4.6) holds true for any
stochastic integral. ut

Theorem 4.16. Let f and g be two bounded Lipschitz functions. Denote by
Xx the unique process solution of the stochastic differential equation

Xx
t = x+

∫ t

0

f(Xx
u) du+

∫ t

0

g(Xx
u) dWu .

Then, for all s, t ∈ R+, we have

Θs

(
X
Xxs
t

)
= Xx

s+t ,

in the sense that, for almost all ω ∈ Ω, we have

X
Xxs (ω)
t (θs(ω)) = Xx

s+t(ω) .
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Proof. Define

Y xu (ω) =

{
Xx
u(ω) if u ≤ s ,

X
Xxs (ω)
u−s (θs(ω)) if u > s .

Then Y xs+t is solution of

Y xs+t = Θ
(
X
Xxs
t

)
= Xx

s +Θs

[∫ t

0

f(XXxs
u ) du

]
+Θs

[∫ t

0

g(XXxs
u ) dWu

]
= x+

∫ s

0

f(Xx
u) du+

∫ s

0

g(Xx
u) dWu +

∫ t

0

Θs

(
f(XXxs

u )
)
du+

+
∫ s+t

s

Θs

(
f(XXxs

u−s

)
dWu

= x+
∫ s

0

f(Y xu ) du+
∫ s

0

g(Y xu ) dWu +
∫ t

0

f(Y xu+s) du+

+
∫ s+t

s

f(Y xu dWu

= x+
∫ s

0

f(Y xu ) du+
∫ s

0

g(Y xu ) dWu +
∫ s+t

s

f(Y xu ) du+

+
∫ s+t

s

f(Y xu dWu

= x+
∫ s+t

0

f(Y xu ) du+
∫ s+t

0

g(Y xu ) dWu .

This shows that Y x is solution of the same stochastic differential equation as
Xx. We conclude easily by uniqueness of the solution. ut

We are now ready to establish a parallel between stochastic differential
equations and dynamical systems. Recall that we defined discrete time dy-
namical systems in Section ??. In continuous time the definition extends in
the following way. A continuous-time dynamical system on a set E is a one-
parameter family of applications Tt, t ∈ R+, on E such that Ts ◦Tt = Ts+t for
all s, t. That is, T is a semigroup of applications on E. Each mapping Tt can
be lifted into an operator on L∞(E), denoted by T̂t and defined by

T̂tf(x) = f(Ttx) .

The following result is now a direct application of Theorem 4.16.

Corollary 4.17. Let (Ω,F , P ) be the canonical space of the Brownian motion
W . Consider the stochastic differential equation

Xx
t = x+

∫ t

0

f(Xx
u) du+

∫ t

0

g(Xx
u) dWu .
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Then the mappings Tt on R×Ω defined by

Tt(x, ω) = (Xx
t (ω), θt(ω))

define a continuous time dynamical system on R.

This is to say that a stochastic differential equation is nothing more than
a deterministic dynamical system on a product set R × Ω, that is, it is a
semigroup of point transformations of this product set. We then have a result
analogous to the one of Theorem ?? when this dynamical system is restricted
to the R-component.

Before establishing this result, we need few technical lemmas. In the fol-
lowing Ωt] denotes the space of continuous functions on [0, t]. For all ω ∈ Ω we
denote by ωt] the restriction of ω to [0, t]. Finally Pt] denotes the restriction
of the measure P to (Ωt],Ft).

Lemma 4.18. The image of the measure P under the mapping

Ω → Ωt] ×Ω
ω 7→ (ωt], θt(ω))

is the measure Pt] ⊗ P .

Proof. Recall that ω(s) = Ws(ω) and θt(ω)(s) = Wt+s(ω)−Wt(ω). If A is a
finite cylinder of Ωt] and B a finite cylinder of Ω, then the set

{ω ∈ Ω ; (ωt], θt(ω)) ∈ A×B}

is of the form

{ω ∈ Ω ; Wt1(ω) ∈ A1, . . . ,Wtn(ω) ∈ An,
(Ws1 −Wt)(ω) B1, . . . , (Wsk −Wt)(ω) ∈ Bk}

for some t1, . . . , tn ≤ t and some s1, . . . , sk > t. By the independence of the
Brownian motion increments, the probability of the above event is equal to

P ({ω ∈ Ωt] ; Wt1(ω) ∈ A1, . . . ,Wtn(ω) ∈ An})
P ({ω ∈ Ω ; (Ws1 −Wt)(ω) B1, . . . , (Wsk −Wt)(ω) ∈ Bk}) .

This is to say that

P ({ω ∈ Ω ; (ωt], θt(ω)) ∈ A×B}) =
P ({ω ∈ Ω ; ωt] ∈ A)P ({ω ∈ Ω ; θt(ω) ∈ B}) .

This is exactly the claim of the lemma for the cylinder sets. As the measures
P and P ⊗P are determined by their values on the cylinder sets, we conclude
easily. ut



4.5 Dynamical Systems 79

Lemma 4.19. Let g be a bounded measurable function on Ωt] ×Ω. Then we
have ∫

Ωt]

∫
Ω

g(ω, ω′) dPt](ω) dP (ω′) =
∫
Ω

g(ωt], θt(ω)) dP (ω) .

Proof. First consider g of the form 1lA⊗B . We have

Pt] ⊗ P (A×B) = Pt](A)P (B)

= Pt](A)P (θ−1
t (B)) (for θt preserves P )

= P ({ω ∈ Ω ; ωt] ∈ A, θt(ω) ∈ B}) (by Lemma 4.18)
= P ⊗ P ({(ω, ω′) ∈ Ω ×Ω ; ωt] ∈ A, θt(ω) ∈ B}
= P ⊗ P (φ−1(A×B)) .

This proves the lemma for such functions g. It now easy to extend to general
functions g by a usual monotone class argument. ut
Theorem 4.20. Let (Ω,F , P ) be the canonical space of the Brownian motion
W . Consider the stochastic differential equation

Xx
t = x+

∫ t

0

b(Xx
u) du+

∫ t

0

σ(Xx
u) dWu

and the associated dynamical system

Tt(x, ω) = (Xx
t (ω), θt(ω)) .

For any bounded function h on R consider the mapping

Pth(x) = E
[
T̂t(h⊗ 1l)(x, · )

]
.

Then P is a Markov semigroup on R with generator

A = b(x)
d

dx
+

1
2
σ(x)2

d2

dx2
.

Proof. The fact that each Pt is a Markov operator is a consequence of Theorem
??. Let us check that they form a semigroup. By definition we have

Pt(Psh)(x) = E
[
T̂t(Psh⊗ 1l)(x, · )

]
=
∫
Ω

Psh(Xx
t (ω)) dP (ω)

=
∫
Ω

∫
Ω

h(XXxt (ω)
s (ω′) dP (ω′) dP (ω)

=
∫
Ω

h(XXxt (ωt])
s (θt(ω)) dP (ω) (by Lemma 4.19)

=
∫
Ω

h(Xx
s+t(ω) dP (ω) (by Theorem 4.16)

= Ps+th(x) .

We have proved the semigroup property. ut
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We have proved the continuous time analog of Theorem ??. Every Markov
semigroup, with a generator of the form above, can be dilated on a larger set (a
product set) into a dynamical system. This means again an open system point
of view on Markov processes: Markov processes are obtained by restriction of
certain types of dynamical systems on a product space, when one is averaging
over one inaccessible component.

In this section we have developed the Brownian case only. But it is clear
that all this discussion extends exactly in the same way to the case of the
Poisson process. Indeed, the arguments developed above are only based on
the independent increment property.
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