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INTRODUCTION

HIJ KLMNOLP QORSIMQOTS SMUSLULQ RN VRSW QXMSJ Y ZJ[NJZ \] ^LZQRN MNZ_M`OIMQM`MOI] ab^c_ de TQ M NRNcSRPPLOMOTfJ JgOJNQTRN Rh OIJ LQLMU QOR SIMQOTS SMUcSL ULQ i jO ZJMUQ k TOI RXJ`MOR`Q RN OIJ \RQRN VRSW QXMSJ l m n opq ors tt MNZ MUURk QOR ZJ[NJ KLMNOLP QOR SIMQOTS TNOJu`MUQv wx y z {|}zRh MZMXOJZ RXJ`MOR` X`R SJQQJQ oy w tw~x k TOI `JQXJSO OR OIJ OI`JJ \MQTS KLMNOLPNRTQJQ o|sw tw~x Y o|�w tw~x Y o|�w tw~x aS`JMOTRN Y MNNTITUMOTRN MNZ SRNQJ`fMOTRN X`RcSJQQJQe MNZ k TOI `JQX JSO OR OIJ OTP J X`R SJQQ o| �w tw~x i HIJ `JQLUOTNu RXJ`MOR`� wx y z {|}z TQ RNU] ZJ[NJZ RN M XM`OTSLUM` QL\QXMSJ Rh l Y OIJ QXMSJ � Rh SRIJ`JNOfJSOR`Q i HITQ ZRPMTN SRNQO`MTNO X`JfJNOQ KLMNOLP QOR SIMQOTS TNOJu`MUQ h`RP \JTNuSRPXRQJZ i � KLMNOLP jOR hR`PLUM kMQ NJfJ`OIJUJQQ JQOM\UTQIJZ TN M kJMW QJNQJ ijO kMQ MSOLMUU] M KLMNOLP jOR TNOJu`MOTRN \] XM`O hR`PLUM OIMO TQ Y hR` OIJ � SRP cXRQTOTRN� Rh OkR KLMNOLP QOR SIMQOTS TNOJu`MUQ �w MNZ �w i jN OIJT` hR`PLUMOTRN MUURX J`MOR` SRPXRQTOTRNQ y � kJ`J `JXUMSJZ \] JgX`JQQTRNQ Rh OIJ hR`P�y �� o� t � � � o�t���� ����� � �12()13 4),5*24)65 52751714 D 012()13 4+3 63 2-)6(<27+4 D 012()13 =-25C+)4 D 012()13'), /,-3172 @� ��� �  ¡���¢£  � �¢�¤ � ¥ ¦§¨© @ ª



kIJ`J � o� t � � o� t M`J M`\TO`M`] SRIJ`JNO fJSOR`Q i HIJT` hR`PLUM MZP TOOJZ NR JgOJNcQTRN OR hL`OIJ` hLNSOTRNMU SMUSLUL Q i VR` JgMPXUJ Y TO TQ TPXRQQT\ UJ OR JgO`MSO h`RPOITQ hR`PLUMOTRN M hR`PLUM hR` OIJ OIT`Z XRkJ` Rh M KLMNOLP QORSIMQOTS TNOJu`MU ijN b�c� d Y OIJ ZJ[NTOTRN Rh KLMNOLP QOR SIMQOTS TNOJu`MUQ TQ JgOJNZJZ OR M`\ TcO`M`] ZRP MTNQ TN l i � Q M SRNQJKLJNSJ RNJ PM] IMfJ \RLNZJZ KLMNOLP QOR SIMQOTSTNOJu`MUQ ZJ[NJZ RN OIJ kIRUJ Rh l i HITQ MUURk Q SRPXRQTOTRN MNZ M O`LJ KLMNcOLP jOR TNOJu`MOTRN \] XM`O hR`PLUM i jN b�O
ª
d Y M QXMSJ � Rh KLMNOLP QOR SIMQOTSX`R SJQQJQ Rh OIJ hR`P �w m �� � �

}�s �x �� ��
v wx y }z {|}z �ZJ[NJZ RN MUU l TQ R\OMTNJZ Y MNZ TO TQ X`RfJZ OIMO � hR`P Q MN MUuJ\`M LNZJ`RX J`MOR` SRPXRQTOTRN aTO TQ JfJN M �cMUuJ\`M OI`RLuI OIJ MZ	RTNO PMXXTNue i HITQMUuJ\`M � OILQ MUURk Q XRU]NRP TMU hLNSOTRNMU SMUSLULQ i jN b
 T�d TO TQ X`RfJZ OIMOOIJ hLNSOTRNMU SMUSL ULQ RN � SMN \J JgOJNZJZ OR MNMU]OTSMU hLNSOTRN Y MNZ JfJN OR

� qs hLNSOTRNQ hR` OIJ QJUhcMZ	RTNO JUJP JNOQ Rh � i HIJ MUuJ\`M � ZJQJ`fJQ TOQ NMP J 
OIJ MUuJ\`M Rh `JuLUM` KLMNOLP QJP TPM`OTNuMUJQ ijN b�O
ª
d M OIJR`] Rh KLMNOLP QKLM`J MNZ MNuUJ \`MSWJOQ TQ MUQR ZJQS`T\JZ iHIJQJ KLMNOLP \`MSWJOQ M`J OIJ NRNcSRPPLOMOTfJ JgOJNQTRNQ Rh OIJ QKLM`J MNZMNuUJ \`MSWJOQ Rh SUMQQTSMU QOR SIMQOTS SMUSLULQ ab� J]de i HIJ TNOJu`MOTRN \] XM`OhR`PLUM RN � OIJN OMWJQ OIJ hRUURk TNu hMP TUTM` hR`P 
�w�w m �x�x � v wx �z{� z � v wx {�z� z � �� � � �w � o�tjh o�w tw~x MNZ o�w tw~x M`J TN � OIJN QR TQ o�w� w tw~x Y \LO TN uJNJ`MU NRNJ Rh OIJOI`JJ X`RSJQQJQ MXXJM`TNu TN OIJ `TuIO IMNZ QTZJ Rh a

ª
e \ JURNuQ OR � i jNZJJZ YOIJ] QMOTQh] OIJ QMP J WTNZ Rh X`RX J`OTJQ MQ OIJ JUJPJNOQ Rh � Y \LO OIJ] M`J NRO TNuJNJ`MU P MZJ Rh \RLNZJZ RXJ`MOR`Q i HITQ `JP M`WQ \`RLuIO OR ZJ[NJ MNROIJ` QXMSJ

� � Y kITSI TQ UM`uJ` OIMN � MNZ kITSI MUkM]Q SRNOMTNQ OIJ X`R SJQQJQ o� wx �z{� z tw~x Yo� wx {�z� z tw~x Y o �� � � �w tw~x hR` � � � � � iHIJ QXMSJ � � IMXXJNQ MUQR OR \ J M �cMUuJ\`M \LO hR` OIJ QKLM`J \`MSWJOX`RZLSO 
 � � � � � �� � �o� � � � �t ��� o �� � � � ��w tw~x �jN OITQ M`OTSUJ kJ uTfJ M ZJJX QOLZ] Rh � MNZ � � Y OIJT` `JUMOTRNQ MNZ OIJT` MUuJc\`MTS X`RX J`OTJQ i �J QOLZ] QRP J NR`P Q RN OIJP MNZ X`RfJ OIMO OIJ] M`J �MNMSIMUuJ\`MQ iHIJ P MTN XRTNO TQ OIJ ZJ[NTOTRN Rh M O`MNQhR`P � kITSI P MXQ KLMNOLPQOR SIMQOTS X`R SJQQJQ OR KLMNOLP QORSIMQOTS X`R SJQQJQ Y kITSI TQ TNfJ`OT\UJ MNZ kITSI
�



JQOM\UTQIJQ M XJ`hJSO \ T	 JSOTRN \JOkJJN � MNZ � � i HITQ `JQLUO TQ QL`X`TQTNu hR` OIJhRUURk TNu `JMQRNQ 

� TO TQ fJ`] QTPXU] ZJQS`T\ JZ Y
� TO X`RfJQ OIMO OIJ MUuJ\`M � TQ UM`uJ Y
� OIJ O`MNQhR`P � IMQ OIJ X`RX J`O] OR P MWJ \RLNZJZ RXJ`MOR` X`R SJQQJQ kITSIkJ`J NRO i

II. ELEMENTS OF QUANTUM STOCHASTIC CALCULUS

II.1. The Fock space

HIJ VRSW QXMSJ l m n opq ors tt TQ OIJ ZT`JSO QLP ��
�
�
x p q ors t�� RN OIJ � cOIQ]PPJO`TS OJNQR` X`RZLSOQ Rh pq ors t aSh i b_M`d hR` SRPXUJP JNOQe i � uRRZ kM] ORLNZJ`QOMNZ l TQ OR LQJ �LTSIM`ZJO �Q NROMOTRNQ ab�LTde i �JO 	 \J OIJ QJO Rh [NTOJQL\QJOQ Rh rs Y OIJN 	 m 
�	� kIJ`J 	 x m ��
 MNZ 	 � TQ OIJ QJO Rh � cJUJP JNOQQL\QJOQ Rh rs i jZJNOTh] TNu 	 � kTOI OIJ TNS`JMQTNu QTPXUJg �� m �� � �� � � � � �

�� 
 RNJ SMN JKLTX 	 � kTOI OIJ �J\JQuLJ P JMQL`J QO`LSOL`J i �] XLOOTNu OIJ � T`MSP MQQ �� RN 	 x Y OITQ MUORuJOIJ` uTfJQ M QO`LSOL`J Rh � c[NTOJ P JMQL`JZ QXMSJ OR 	 YkIRQJ RN U] MORP TQ ��
 i jO TQ NRO ZT� SLUO OR QJJ OIMO pq o	 t TQ NMOL`MUU] TQRPR`XITSOR l \] TZJNOTh] TNu � cfM`TM\ UJ Q]PPJO`TS hLNSOTRNQ RN rs OR hLNSOTRNQ RN �� i jNOI TQ M`OTSUJ OIJ VRSW QXMSJ l k TUU MUkM]Q \ J LNZJ`QORRZ MQ pq o	 t i � UJP JNOQ Rh
	 M`J ZJNROJZ \] QP MUU � `JJW UJOOJ`Q � Y � Y � Yiii MNZ OIJ SR``JQXRNZTNu fRULPJJUJP JNO TQ ZJNROJZ \] {� � {� � {� � � � �

�JO L Q QJO QRP J NROMOTRNQ MNZ `JSMUU QRP J \MQTS `JQLUOQ TN OITQ SRNOJgO i VR` MUU
� � 	 Y kJ ZJNROJ \] �� OIJ PMgTPLP Rh � aTh � m �e MNZ \] � c OIJ QJO � � ��� 
 iVR` MUU � � rs MNZ MUU � � 	 UJO � w� m � � �� � � �� �  w m � � �� ��! �Y � 
 � m � 
 ��
 i
�JO 	 w� a`JQX i 	  w e \ J OIJ QJO Rh � � 	 QLSI OIMO � " �� � �� a`JQX i � " �� ��! �e iHIJ QXMSJ pq o	 w� t a`JQX i pq o	  w te TQ TZJNOT[JZ k TOI OIJ QL\QXMSJ Rh # � pq o	 tQLSI OIMO # o� t m � kIJNJfJ` � $" �� � �� a`JQX i � $" �� ��! �e i %NJ MUQR k`TOJQlw& m pq o	 w� t MNZ l 'w m pq o	  w t iVR` MUU � � pq ors t UJO � o� t \J OIJ JUJP JNO Rh l QLSI OIMO �� o� t� o� t m (z)*

� o+tak TOI OIJ JPXO] X`RZLSO \JTNu JKLMU OR
ª
e i HIJ fJSOR`Q � o� t M`J SMUUJZ ,-. /0/1 2

3/,2-04 RN l i HIJ QXMSJ � uJNJ`MOJZ \] OIJ SRIJ`JNO fJSOR`Q TQ ZJNQJ TN l i HIJ
5



3�,,�� 3/,2-0 TQ OIJ fJSOR` � m � o� t OIMO TQ � o� t m �� o� t i �ROJ OIMO Y hR` MUU� � pq ors t RNJ IMQ �� o�t �q m � �� �	 i VR` � � pq ors t MNZ � � rs RNJ k`TOJQ� w& m �� 'x �w& MNZ � 'w m �� 'w �s� ' i HIJ P MXXTNul �� lw& 
 l 'w� o� t ��� � o�w& t 
 � o� 'w tJgOJNZQ OR MN TQRPR`XITQP \JOkJJN l MNZ lw& 
 l 'w i HITQ X`RX J`O] TQ OIJ QRcSMUUJZ
,-1 2�1�-�4 2/14-0 � 0-
�,2 4 20�,2�0/ Rh l i

II.2. Calculus on l
�J M`J NRk uRTNu OR ZJ[NJ QRPJ LQJhLU RXJ`MOR`Q RN l i �JO � � rs � �� 
 i �JO� w \ J OIJ R`OIRuRNMU X`R 	 JSOTRN h`RP l RNOR lw& i HIMO TQ Y

�� w # � o� t m # o� t���� o� t �
�J ZJ[NJ �� x # � o� t m �� o� t# o�t i HIJ fJSOR` � x # TQ RhOJN QJJN MQ M QSMUM` NMP JU]Y
# o�t TN QOJMZ Rh # o�t� iVR` M # � l MNZ � � rs ZJ[NJ

�� w# � o� t m # o� 
 �t���� o� thR` MUU � � 	 i %NJ SMN JMQTU] SIJSW OIJ hRUURk TNu aSh i b�O�de i����# � % & �-0 ��� # � l -1/ .�4v �x v� ��� w# � o� t �q {� {� m �# �q � �# o�t �q �HILQ Y hR` MUU # � � Y MUP RQO MUU � � rs Y � w# TQ MN JUJP JNO Rh l i� hMP TU] o� w tw~x Rh JUJP JNOQ Rh l TQ QMTZ OR \J MN � 2- �1 2/�0���/ � 0- ,/44 Th 
Te o� � � t �� � w o� t TQ P JMQL`M\UJ RN rs � 	 YTTe � w � lw& hR` MUU � YTTTe � �x �� w �q{� � ! ijh o� w tw~x TQ MN jOR TNOJu`M\UJ X`R SJQQ ZJ[NJ � �x � z{� z \]�v �x � z{� z o� t m ! � Th � m ���
*
o��t ROIJ`k TQJ i

�JJ b�O�d hR` OIJ X`RRh Rh OIJ hRUURk TNu i "



����# � % & �-0 ��� � 2- �1 2/�0���/ � 0- ,/44 o� w tw~x -1/ .�4v� ���
�v �x � z{� z o� t ���q {� m v �x �� z �q{+ � ! �

�.�4 � �x � z{� z �/�-1� 4 2- l �V`RP MUU OIJQJ ZJ[NTOTRNQ MNZ UJPPMQ Y RNJ JMQTU] ZJZLSJQ OIJ hR UURk TNu
����"�� � aVR SW QXMSJ X`JZTSOM\UJ `JX`JQJNOMOTRN X`RXJ`O] e % & �-0 ��� # �l � 2. / � 0- ,/44 o� w # tw~x �4 � 2- �1 2/�0���/ � 	1/ .�4 2. / �1 �
�/ 0/� 0/4/1 2� 2�-1

# m �x # � v �x � z# {� z o�t
�� 2. �# �q m �� x # �q � v �x �� z# �q{+ o
t�1 
 �� � # � m �x�� x # � v �x �� z� �� z# �{+ o� t
�-0 ��� � � l �

�J ZJNROJ \] � �
� � z{� z OIJ jOR TNOJu`MU � �x � z� '� ��& o+t{� z i

II.3. Adaptedness

�N RXJ`MOR` y RN l TQ QMTZ OR \J �
�� 2/
 � 2 2�� / � aR` �c�
�� 2/
e Th y TQ RhOIJ hR`P y w 
 � TN OIJ OJNQR` X`RZLSO QO`LSOL`J l � lw& 
 l 'w Y hR` QRPJ RXJ`MOR`
y w RN lw& i jh OIJ RX J`MOR` y TQ ZJ[NJZ RN OIJ SRIJ`JNO fJSOR` ZRPMTN � Y OIJ
�cMZMXOJZNJQQ k`TOJQ MQ hR UURk Q 
Te y � o�w& t � lw& YTTe y � o�t m �y � o�w& t� 
 � o� 'w thR` MUU � � pq ors t i �N �
�� 2/
 � 0- ,/44 -� -� /0� 2-04 RN l TQ M hMP TU] oy w tw~x RhRX J`MOR`Q ZJ[NJZ RN M ZRP MTN � QLSI OIMOTe � �� yw # TQ P JMQL`M\ UJ hR` MUU # � � YTTe y w TQ �cMZMXOJZ Y hR` MUU � � rs i

�



II.4. Quantum stochastic integrals

�JO LQ `JSMUU OIJ uJNJ`MUT�JZ ZJ[NTOTRN Rh KLMNOLP QOR SIMQOTS TNOJu`MUQ MQ ZJ[NJZTN b�c� d i
�JO � \J M ZRP MTN RN l QLSI OIMO # � � TP XUTJQ � w # � � MNZ � w# � � hR` M iM

� � rs i �LSI M ZRP MTN � TQ SMUUJZ �
�� 2/
 
-���1 i
�JO oy }w tw~x Y � m � � � � � � � Y \ J hRL` MZMXOJZ X`R SJQQJQ Rh RXJ`MOR`Q RN � QMOTQch] TNuv wx �y �z � z # �q{+� v wx �y sz � z# �q{+� v wx �y �z � z# �{+� v wx �y �z � z# �{+ � ! o�t

hR` MUU # � � Y MUU � � rs i�N MZMXOJZ X`R SJQQ Rh RX J`MOR`Q o� w tw~x TQ QMTZ OR \ J OIJ 
��1 2�� 4 2- ,.�4 2�,�1 2/� 0�� X`R SJQQ � w m �
}�s �� �� ��

v wx y }z {|}z � � � rs � o�t
-1 2. / 
-���1 � ThTe � " ��� �w YTTe � wx ��z� z# �q{+ � ! hR` MUU # � � Y MUU � � rs YTTTe hR` MUU � � rs Y MUU # � � RNJ IMQ
�w� w # m v wx � z� z# {� z � v wx y �z � z# {� z � v wx y sz � z# {� z

� v wx y �z � z# {+ � v wx y �z � z# {+ � o�t
����"�� � ab� c� de % & 	1 2. / �
�� 2/
 
-���1 � �1 
 �1 
/0 2. / ,-1 
� 2�-1

	
� � 2. / /
�� 2�-1 	�� �
� � 24 � �1 �
�/ 4-� �2�-1 o� w tw~x -1 � �. �,. �4 
/2/0� �1/
�
 2. / �
/1 2� 2
�� o� t � � w� o� t� m �
}�s �� �� ��

v wx �} o+t � � o� t � y }z � o� t � {+

�-0 ��� � � � � pq ors t � ��� � � rs �1 
 �. /0/

�} o+t m ���
��

� o+t� o+t �� � m �� o+t �� � m �� o+t �� � m �
� �� � m � �

�



����"�� � ab�c� de a�LMNOLP jOR hR`PLUMe % & � /2 �w m �
}

� wx y }z {|}z �1 
�w m �
}

� wx � }z {|}z � � � rs � �/ 
��1 2�� 4 2- ,.�4 2�, �1 2/� 0��4 -1 2. / �.-�/ -� l �

�./1 o�w� w tw~x �4 � 
��1 2�� 4 2- ,.�4 2�, �1 2/�0�� � 0- ,/44 -1 2. / �.-�/ -� l �1 

�w�w m �

}
v wx �zy }z {|}z � �

}
v wx � }z � z {|}z � v wx � �z y �z {|�z
� v wx � �z y �z {|�z � v wx � �z y sz {|sz � v wx � �z y sz {| �z �

III. THE ALGEBRAS OF QUANTUM SEMIMARTINGALES

III.1. The algebra �

�JO � \J OIJ QXMSJ Rh KLMNOLP QOR SIMQOTS TNOJu`MU X`R SJQQJQ o�w tw~x PMZJ Rh\RLNZJZ RXJ`MOR`Q MNZ QLSI OIMO �w m �
}

� wx y }z {|}z RN � Y k TOI MUU OIJ RX J`MOR`Q
y }z \ JTNu \RLNZJZ MNZ � �� �y }w � � p �  }��� � ors t k TOI # o�t m �! Y # o� t m # o�t m � Y
# o�t m � i

����"�� 	 ab�O
ª
de % & �./ 4 2- ,.�4 2�, �1 2/�0�� 0/� 0/4/1 2� 2�-1 -� /�,. /�/� /1 2o� w tw~x -� � ,�1 �/ /
 2/1 
/
 2- 2. / �.-�/ -� l � �. / ���� �1� � �� ��w � �/�-1� 4 2-p��� � ors t � �. / 4� �,/ � �4 � ����� /�0� �-0 2. / �
� -�1 2 ���� �1� �1 
 2. / ,-�� -4� 2�-1

-� -� /0� 2-04 �HIJ MUuJ\`M � MZP TOQ MNROIJ` SIM`MSOJ`T�MOTRN kITSI JgX`JQQJQ RN U] TN OJ`P QRh o� w tw~x aMNZ NRO Rh TOQ SRJ� STJNOQ y }z e i HITQ SIM`MSOJ`T�MOTRN SMN \J hRLNZ TNb�O
ª
d Y \LO k TUU NRO \ J LQJZ IJ`J iHIJ TNOJ`JQOTNu XRTNO k TOI � TQ OIMO HIJR`JP � MUURk Q OR X J`hR`P M XRU]NRP TMUhLNSOTRNMU SMUSLULQ RN � MNZ OR ZJ`TfJ MQQR STMOJZ KLMNOLP jOR hR`PLUMJ ab�O

ª
de iHITQ hLNSOTRNMU SMUSLUL Q SMN JfJN \J JgOJNZJZ OR MNMU]OTSMU hLNSOTRNQ aMNZ OR � qshLNSOTRNQ TN OIJ SMQJ Rh QJUhcMZ	RTNO JUJP JNOQ Rh � e Y Sh i b
 T� d i HIJQJ `JQLUOQ QIRkOIMO � `JMUU] \JIMfJQ UTWJ M QXMSJ Rh KLMNOLP QJP TP M`OTNuMUJQ i






III.2. Quantum brackets, the algebra � �

VR` �w m �
}

� wx y }z {|}z MNZ �w m �
}

� wx � }z {|}z Y JUJP JNOQ Rh � ZJ[NJv wx �z{� z m �
}

v wx �zy }z {|}zv wx {�z� z m �
}

v wx � }z � z{|}z
�� � � �w m v wx � �z y �z {|�z � v wx � �z y �z {|�z � v wx � �z y sz {|sz � v wx � �z y sz {+

�� � � �w m v wx � �z y sz {+ �HIJ UMQO OkR JgX`JQQTRNQ M`J `JQX JSOTfJU] SMUUJZ 
��1 2�� 4
��0/ �0�,�/2 MNZ 
��1 �
2�� �1��/ �0� ,�/2 Rh � MNZ � iHIJ KLMNOLP jOR hR`PLUM RN � OIJN k`TOJQ�w�w m v wx �z{� z � v wx {�z�z � �� � � �w �jN uJNJ`MU Y NRNJ Rh OIJ X`R SJQQJQ o� wx �z{� z tw~x Y o� wx {�z� z tw~x MNZ o �� � � �w tw~xTQ TN � � RNU] OIJT` QLP TQ i HIJQJ OI`JJ X`R SJQQ MSOLMUU] \ JURNu OR M UM`uJ` QXMSJ i
�JO � � \J OIJ QXMSJ Rh MZMXOJZ X`RSJQQJQ o�w tw~x QLSI OIMO �w m �

}
� wx y }z {|}z RN� Y k TOI MUU OIJ RXJ`MOR`Q y }z \JTNu \RLNZJZ MNZ � �� �y }w � � p �  }��� � ors t k TOI
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