arXiv:1401.3305v1 [quant-ph] 14 Jan 2014

Open Quantum Walks on Graphs

S. Attal

Université de Lyon, Université de Lyon 1, C.N.R.S., Institut Camille Jordan, 21 av
Claude Bernard, 69622 Villeubanne cedex, France

F. Petruccione

Quantum Research Group, School of Chemistry and Physics and National Institute for
Theoretical Physics, University of KwaZulu-Natal, Durban, 4001, South Africa
I. Sinayskiy*

Quantum Research Group, School of Chemistry and Physics and National Institute for
Theoretical Physics, University of KwaZulu-Natal, Durban, 4001, South Africa

Abstract

Open quantum walks (OQW) are formulated as quantum Markov chains on
graphs. It is shown that OQWs are a very useful tool for the formulation of
dissipative quantum computing algorithms and for dissipative quantum state
preparation. In particular, single qubit gates and the CNOT-gate are imple-
mented as OQWs on fully connected graphs. Also, dissipative quantum state
preparation of arbitrary single qubit states and of all two-qubit Bell-states
is demonstrated. Finally, the discrete time version of dissipative quantum
computing is shown to be more efficient if formulated in the language of

OQWs.

Keywords: Open quantum walk, dissipative quantum computing,
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1. Introduction

Recently, the experimental realization of a quantum computer has been
the focus of extensive research @] One of the main problems of the physical
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implementation of well known quantum algorithms [2] is the creation and ma-
nipulation of entanglement between qubits. Any physical system is subject
to interaction with the environment, which inevitably leads to decoherence
and dissipation [3]. One way to compensate for this destructive environmen-
tal influence in the unitary implementations of the quantum algorithms is
to introduce error-correcting codes [4]. However, this approach treats the
interaction with the environment as an effect the influence of which needs to
be minimized.

A paradigm shift in looking for alternative strategies to realize quantum
computers was induced with the theoretical prediction that dissipation can be
used to create complex entangled states [5] and to perform universal quantum
computation [6]. This fundamental change is based on the assumption that
one can manipulate the coupling of a system to an environment in such a
way that the system is driven towards a thermal state, which is the solution
of a particular quantum computing task [6] or a target state in quantum
state engineering [3, 16]. The feasibility of this strategy was demonstrated by
implementing dissipative quantum state engineering with ensembles of atoms
[7] and trapped ions [8].

Quantum algorithms for universal quantum computing are conveniently
formulated in the language of quantum walks [9]. For example, a discrete time
quantum walk implementation of the search algorithm on complex graphs has
been shown to be more efficient than other known implementations of this
quantum algorithm [10]. As for any other unitary implementation of quan-
tum computing the efficiency of the quantum walk based realization decreases
due to interaction with the environment. In view of the appeal of dissipa-
tive quantum computing it seems natural to formulate a dissipative version
of the quantum walk so that algorithms for dissipative quantum computing
and quantum state engineering are implemented efficiently. In other words,
if dissipative quantum computing can make use of the interaction with the
environment for performing universal quantum computation, can one intro-
duce a framework which will use dissipative rather than unitary dynamics as
a "driving force” of the quantum walk?

During the last few years attempts were made to take into account dis-
sipation and decoherence in the description of quantum walks [11]. In these
approaches decoherence is treated as an extra modification of the unitary
quantum walk scheme, the effect of which needs to be minimized and elimi-
nated. In fact, the general framework of quantum stochastic walks was pro-
posed [12], which incorporates unitary and non-unitary effects of the quan-
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tum Markovian dynamics. In particular, by adding extra decoherence in
experimental realizations of quantum walks, the transition from quantum to
classical random walks was observed [13].

Recently, a formalism for discrete time open quantum walks (OQW),
which is exclusively based on the non-unitary dynamics induced by the en-
vironment was introduced [14]. OQWs are formulated in the language of
quantum Markov chains |15] and rest upon the implementation of appropri-
ate completely positive maps [3, [16].

2. Formalism

To review briefly the formalism of OQWSs, we consider a random walk
on a set of nodes or vertices V with oriented edges {(i,7); i,7 € V} as
illustrated in Fig. 1(a). The number of nodes is considered to be finite or
countable infinite. The space of states corresponding to the dynamics on the
graph specified by the set of nodes V will be denoted by K = CY and has an
orthonormal basis (|i));.,,- The internal degrees of freedom of the quantum
walker, e.g. the spin or m-energy levels, will be described by a separable
Hilbert space H attached to each node of the graph. More concisely, any
state of the quantum walker will be described on the direct product of the
Hilbert spaces H ® K.

To describe the dynamics of the quantum walker, for each edge (i, 7) we
introduce a bounded operator B; € H. This operator describes the change
in the internal degree of freedom of the walker due to the shift from node j
to node i. By imposing for each j that,

it i
> Bi'Bi=1, (1)

)

we make sure, that for each vertex of the graph j € V there is a corre-
sponding completely positive map on the positive operators of H: M;(7) =
> B§TB§T. Since the operators B} act only on # and do not perform tran-
sitions from node j to node i, an operator M; € H ® K can be introduced in
the following form M} = Bi®1i)(j]. It is clear that, if the condition expressed
in Eq. (D) is satisfied, then .M]ZT.M]Z = 1. This latter condition defines a
completely positive map for density matrices on H ® I, i.e.,

M(p) =23 Mjp M. (2)
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Figure 1: Schematic illustration of the formalism of the Open Quantum Walk. (a) The
walk is realized on a graph with a set of vertices denoted by i7,j,k € V. The operators
B! describe transitions in the internal degree of freedom of the “walker” jumping from
node (i) to node (j). (b) The simplest non-trivial example of the OQW on the finite
graph is a walk on a two-node network. In this case the walk is performed using four
operators M} (i,j = 1,2). In particular, the transitions between node 1 and node 2 are
induced by the operators M = B; ®|1)(2]| and M3 = By ®|2)(1]; the operators describing
changes in internal degrees of freedom of the ”walker”, if the ”walker” does not jump, are
M} = C; @ i), (i = 1,2).



The above map defines the discrete time open quantum walk (OQW). For an
arbitrary initial state the density matrix >, ; p; ; ® [i)(j| will take a diagonal
form after just one step of the open quantum walk. By the direct insertion
of an arbitrary initial condition in Eq. ([2) we get

M (Zpk,m®|k><ml) = > B2l (prm @ k) m]) By @ |5)il

k,m i,5,k,m

i it N /s
= Z ijk,mBj ®‘Z><’l‘6j,k6j,m

i7j7k7m

- > <Z B;pj,jB;*) ® i) il (3)
i j
Hence, we will assume that the initial state of the system has the form
= > . pi @ [9)(i], with >, Tr[p;] = 1. It is straightforward to give an
explicit formula for the iteration of the OQW from step n to step n 4+ 1:
Pt = M(pi) = Y0, o @ Jiyil, where o™ = S0 Bipl BT, This
iteration formula gives a clear physical meaning to the mapplng M the
state of the system on site ¢ is determined by the conditional shift from all
connected sites j, which are defined by the explicit form of the operators Bi

Also, one can sece that Tr[p" ] = 37 Tr[pl"*"] = 1. Generic properties of
OQWs have been discussed in [14].

As a first illustration of the application of the formalism of open quantum
walks we consider the walk on a 2-node graph (see Fig. 1b). To be specific,
the transition operators are M = B; ® [1)(2| and M) = By ®|2)(1| and the
operators describing changes in internal degrees of freedom of the ”walker”,
if the "walker” does not jump, are M} = C; ® |i)(i|, (¢ = 1,2). In this case
for each node (i = 1,2) we have:

BB, +CiC, =1 (4)
The state pl™ of the walker after n steps is given by,
P = @ 1)1 + o3 @ [2)(2, (5)
where the particular form of the pl["] (1 =1,2) is found by recursion,
pil = Cipy el + B2p[2"_” B}, (6)
= Cop" et + Bipy B
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Figure 2: Open quantum walk on Z. (a) A schematic representation of the OQW on Z:
all transitions to the right are induced by the operator Bf“ = B, while all transitions
to the left are induced by the operator B ' = C (see Eq. (7)); Figures (b)-(e) show the
occupation probability distribution for the “walker” with the initial state I5/2®0){0| and
transition operators given by Eq. () after 10, 20, 50 and 100 steps, respectively. Two
distinctive behaviors of the walker are observed: a Gaussian wave-packet moving slowly
to the left (dots) and a deterministic trapped state propagating to the right at a speed of
1 in units of cells per time step (cross).



Next we consider an open quantum walk on the line. The situation is
depicted in Fig. 2 (a). For this simple one-dimensional walk, the only non-
zero transitions out of cell i are given by operators of the form B! = B
and B/™' = C. Obviously, the operators B and C satisfy the condition
B'B + C'C = I, as imposed in Eq. (). Assuming the initial state of
the system to be localized on site 0, i.e., pgp = p ® |0)(0|, after one step
the system will jump to sites 41 so that the new density matrix will be
ol = BpB' @ [1)(1] + CpCT @ | — 1)(=1]. The procedure can easily be
iterated. In Figs. 2(b)-(e) we show the probability to find a “walker” on a
particular lattice site for different numbers of steps. For this simulation we
have chosen the transition matrices B and C' as follows,

B =sinf0|=)(—| + [+){(+], C =cos|—){—|, (7)

and cosf = 4/5. One can see that already after 10 steps, there are two
distinctive behaviors of the “walker”. The first is a Gaussian wave-packet
moving slowly to the left and the second one is a completely deterministic
trapped state propagating to the right at a speed of 1 in units of cells per
time step. Interestingly, the state of the “walker” in the “soliton like” part is
given by 1|+)(+|, while in the other, Gaussian part is given by the p,|—)(—|,
where, of course |+) and |+) states are defined as |£) = (|0) £ |1))/v/2 and
pn is the probability to find the “walker” on the site n. Even this simple
example demonstrates a remarkable dynamical richness of OQW. Further
examples of OQW on Z which show a behavior distinct from the classical
random walk and the unitary quantum walk can be found in [14].

3. OQW for dissipative quantum computing and state engineering

To motivate the potential of the suggested approach for the formulation of
quantum algorithms for dissipative quantum computing and quantum state
engineering we consider the example of an OQW on the 2-node fully con-
nected graph in Fig. 1 (b). This example, will show that it is possible to
implement all single-qubit gates and the CNOT-gate in the language of the
suggested formalism. To be specific, in order to realize an X-gate with OQWs
we prepare the system in some initial state [i) in node 1 and we will read
the result of the computation in the node 2 (See Fig. 1(b)). If we choose

By = /pX, C1 = \/qls, B, = \/qX and C; = /pl3, where p and q are
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Figure 3: OQW preparation of the Bell-states of two qubits. A generic OQW walk on a
4-node graph is decomposed in two walks on two-nodes graphs: “left-right” and “down-
up” walks. For an initial unpolarized state of two-qubits on any nodes pg = %14 ® i) {i]

the corresponding Bell-pairs are obtained by measuring the position of the walkers after
performing the OQW.

positive constants such that p+ ¢ = 1, then the stationary state of this walk
will have the following form pgs = q|to) (o] @ |1) (1| + pX |1o) (0| X @ |2)(2].
Therefore, the OQW on this graph realizes the X-gate with probability p
upon read-out of the presence of the “walker” in node 2. In a similar way, in
order to implement the CNOT-gate we initially place two “walkers” in node
1. We choose Bl = \/]_)UCNOT, Cl = \/614, BQ = \/C_]UCNOT and Cg = \/]3]4
and if the presence of both “walkers” is measured in the node 2 then the
OQW realized the CNOT-gate with probability p.

On the same 2-node network we can also implement dissipative state
preparation (see Fig. 1(b)). To this end, we consider trivial transition ma-
trices on the node 1, i.e., By = C; = [2/\/5 and non-unitary transition ma-
trices on the node 2, i.e., By = /pYyM) (@@ | and Cy = /g|y@) (@] +
[pWY (M|, where p and ¢ are positive constants such that p + ¢ = 1,
[ = (cos @, sin e ™) and [1®)) = (- sin a, cos ae™")T. With this choice
an arbitrary initial state will converge to a unique steady state, namely

= [ (W ® |2)(2|. The probability of detecting the system in the
steady state after 2m steps of the walk is given by Pgg ~ 1 — p22 ( )/4m —

(P3(0) + p12(0))[min(1/4, )™, where pgj)(O) are the elements of the initial

density matrix of the system, pg-?(()) = (1,99 |p(0)], ).

OQWs on more complex graphs allow the dissipative preparation of en-
tangled multi-qubit states. With two “walkers” on a 4-node network (see
Fig. 3) we can prepare all two-qubits Bell-states. In this particular case,

the OQW can be decomposed in a combination of two walks on two inde-
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Figure 4: Efficient transport with Open Quantum Walk. Fig. (a): a scheme of the chain
of the N nodes with neighbor-neighbor interaction. Fig. (b): occupation probability
distribution as a function of time and lattice sites. The initial state of the walker is
localized in the first node and given by pg = 31> @ [1)(1].

pendent 2-node networks. The first “walker” moves up and down, while the
second one moves left and right (see Fig.3). We choose the transition op-
erators to be B, = %(I — IhZy), C, = %(I + Z1Z5), By = %(I — X1 X5)
and C, = %([ + X1X5), where X; and Z; denotes Pauli matrices acting on
the corresponding qubit i (i = 1,2). Starting with “walkers” initially in an
unpolarized state in any node, i.e. py = 11y ® [j)(j|, the OQW will con-
verge to a state p = ¢|v7) (0| @ |U, L)(U, L| + ]¢™){¢~| @ |U, R)(U, R| +
)Wt @ |D, L)(D, L| + |¢*)(¢T|® |D, R)(D, R|. This means that mea-
suring the position of the “walkers” will determine corresponding Bell-state
of their internal degrees of freedom ﬂﬂ]

Another application of the OQWs is a description of a dissipatively driven
quantum bus between computational quantum registers. To this end we
consider a chain of nodes (see Fig. 4(a)). Initially, the first node of the
chain is in the exited state, so that pp = 21, ® |1)(1]. To be specific, we
chose transition operators B and C as follows, B = /p|¢(V) (4P| and C =
V@) (@ |+ M) (M|, Tt is very interesting to note that in this case the
state [¢)()) propagates through the chain with velocity almost equal to 1 (in
units of cells per time step): the initial excitation in node (1) is completely
transferred to the last node (N) in N+2 steps. In Fig. 4 (b) we consider
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Figure 5: OQW formulation of dissipative quantum computing (DQC). The initial state is
prepared in the time-register 0. After performing the OQW, the results of the algorithm
can be readout from the time-register N. The internal state of the ”walker” in the register
T will be given by |1) = Ur...Ui|to). The positive constants w and X satisfy w+ A = 1.

a 100 node chain with \/p = 4/5, [vV) = |+), [¢®) = |-) and show
that the initial excitation reaches the final node (100) in 102 steps. The
high performance of transport of excitations in the OQW formalism opens
up new avenues of research into the understanding of quantum efficiency in
open systems.

OQWs include the discrete time version of the dissipative quantum com-
puting (DQC) introduced by Verstraete et al. [6]. In the original setup a lin-
ear chain of time registers is considered and the initial state is prepared in the
time register 0. A quantum computation is performed by the dissipative evo-
lution of the system into its unique steady state p = 75 >, [¢0) (11| @ [£) (1]
[6]. The result of the quantum computation can be read-out by measur-
ing the state of the system in the last time register 7' which is given by
|Ur) = UpUp_y ... UsUi|tho), where {U;}L_, is an appropriate sequence of
unitary operators [6]. The probability of a successful read-out is 1/(7 + 1).
A discrete time version of DQC can be realized as an OQW on a linear chain
of time registers (Fig. 5) by choosing the transition operators as it is shown in
Fig. 5 and constants w = A = 1/2. However, with the same number of steps
in the OQW formulation of DQC the probability of successful read-out can
be increased arbitrarily close to one. In order to understand this dramatic
improvement in efficiency we recall that in the original DQC formulation the
probability of read-out of the final state is determined by the form of “jump-
ing” operators between time registers, i.e., L, = U; @ [t)(t+ 1|+ U] @ [t+ 1) (t].
The probability to ”jump” forward and backward in the time register is the
same. In the OQW formulation of the DQC we have the freedom of choos-
ing w > A\ which induces the steady state of the OQW with probability of
read-out of the final state between 1/(7 + 1) and 1.
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4. Conclusion

In conclusion, we have shown that the recently introduced formalism of
OQWs is a very useful tool for the formulation of dissipative quantum com-
puting algorithms and for dissipative quantum state preparation. OQWs are
to dissipative quantum computing what Hadamard quantum walks are to cir-
cuit based quantum computing. In particular, we have shown OQW imple-
mentation of circuit and dissipative models of quantum computing. Remark-
ably, the OQW discretisation of dissipative quantum computing increases the
probability of successful implementation of the quantum algorithm with re-
spect to the original formulation. It is to be expected, that OQWs will lead
to the optimal formulation of certain classes of quantum algorithms. Fur-
thermore, we have indicated that OQW can be used to explain non-trivial
highly efficient transport phenomena not only in linear but also in more
complex topologies of the underlying graphs. This implies that OQW as
quantum walks which are driven by dissipation and decoherence are one of
the candidates for understanding the remarkable transport efficiency in pho-
tosynthetic complexes [18]. We expect the potential of this framework to be
soon revealed in the realms of quantum computing and quantum biology.

Acknowledgements

This work is based upon research supported by the South African Re-
search Chair Initiative of the Department of Science and Technology and
National Research Foundation. Work supported by ANR project “HAM-
MARK” N° ANR-09-BLAN-0098-01

References
[1] T. D. Ladd et al., Nature (London) 464, 45 (2010).

[2] A.M. Childs, W. van Dam, Rev. Mod. Phys., 82,1 (2010); M. Mosca,
Quantum algoritms, Encyclopedia of Complexity and Systems Science,
Springer, New York (2011), pp. 7088-7118.

[3] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems
(Oxford University Press, 2002).

11



[4] M. Grassl, M. Rétteler, Quantum Error Correction and Fault Tolerant
Quantum Computing, Encyclopedia of Complexity and Systems Science,
Springer, New York, (2011), pp. 7324-7342.

[5] S. Diehl et al., Nature Phys. 4, 878 (2008);
G. Vacanti and A. Beige, New J. Phys. 11, 083008 (2009);
B. Kraus et al., Phys. Rev. A 78, 042307 (2008);
M. J. Kastoryano, F. Reiter, and A. S. Serensen, Phys. Rev. Lett. 06,
090502 (2011).

[6] F. Verstraete, M. M. Wolf, and J. I. Cirac, Nature Phys. 5, 633 (2009).
[7] H. Krauter et al., larXiv:1006.4344.
[8] J.T. Barreiro et al., Nature 470, 486 (2011).

[9] A. M. Childs, Phys. Rev. Lett, 102, 180501 (2009);
S. Venegas-Andraca, Quantum Walks for Computer Scientists, Morgan
and Claypool, San Rafael, CA, (2008).

[10] A. Ambainis, J. Kempe, and A. Rivosh. Coins make quantum
walks faster. In Proc. 16th ACM-SIAM Symp. on Discrete Algorithms
(SODA), pp. 1099 - 1108 (2005).

[11] V. Kendon, Math. Struct. Comput. Sci. 17, 1169 (2007);
D. Ellinas and I. Smyrnakis, Phys. Rev. A 76, 022333 (2007);
T. A. Brun, H. A. Carteret, and A. Ambainis, Phys. Rev. Lett. 91,
130602 (2003);
A. Romanelli, R. Siri, G. Abal, A. Auyuanet, and R. Donangelo, Physica
A 347, 137 (2005);
P. Love and B. Boghosian, Quant. Info. Proc. 4, 335 (2005);
R. Srikanth, S. Banerjee, C.M. Chandrashekar, Phys. Rev. A 81, 062123
(2010);
V. Kendon and B. Tregenna, Phys. Rev. A 67, 042315 (2003).

[12] J. D. Whitfield, C. A. Rodriguez-Rosario, A. Aspuru-Guzik, Phys. Rev.
A 81, 022323 (2010).

[13] D. Shapira et al., Phys. Rev. A68, 062315 (2003);
D. Pandey, N. Satapathy, M. S. Meena, and H. Ramachandran, Phys.
Rev. A 84, 042322 (2011);

12


http://arxiv.org/abs/1006.4344

[14]

[15]

[16]

[17]

M. A. Broome et al., Phys. Rev. Lett. 104, 153602 (2010);
A. Schreiber et al., Phys. Rev. Lett. 106, 180403 (2011);
A. Regensburger et al., Phys. Rev. Lett. 107, 233902 (2011).

S. Attal, F. Petruccione, C. Sabot, and I. Sinayskiy, FE-print:
http:/ /hal.archives-ouvertes.fr/hal-00581553 /fr/.

S. Gudder, Found. Phys. 40 Numbers 9-10, 1566, (2010);
S. Gudder, J Math. Phys., 49, 072105, (2008);
C. Liu, and N. Petulante, arXiv:1104.2653.

K. Kraus, States, Effects and Operations: Fundamental Notions of
Quantum Theory, Springer Verlag (1983).

Please note that this is not a unique steady state of the system and it is
depends on initial conditions. It is clear that this type of the random walk
will not affect an initial state of the following form, p = |y ™) (7| ®
U, L)(U, L| + Blo™){¢7| @ |U, R)(U, B + 7| ") {47 @ [D, L)(D, L| +
doT)(¢T| ® |D, R)(D, R|, where o, 3,7,06 >0and a+ S +v+5 =1

P. Rebentrost, M. Mohseni, and A. Aspuru-Guzik, J. Phys. Chem. B
113, 9942 (2009);

M. Mohseni et al, J. Chem. Phys. 129, 174106 (2008);

F. Caruso et al., ibid. 131, 105106 (2009);

M. Plenio and S. Huelga, New J. Phys. 10, 113019 (2008);

P. Rebentrost et al., ibid. 11, 033003 (2009).

13


http://hal.archives-ouvertes.fr/hal-00581553/fr/
http://arxiv.org/abs/1104.2653

	1 Introduction
	2 Formalism
	3 OQW for dissipative quantum computing and state engineering
	4 Conclusion

