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Chapter 1

The formalism of quantum mechanics

1.1 Mathematical preliminaries

Bra-ket notation

In all the notes, we denote by H, H1, H2 complex Hilbert spaces of finite dimension. Many of
the concepts we introduce make sense in infinite-dimensional spaces, but we choose to work in
the simpler finite-dimensional setting

The inner product on H is denoted as ⟨·|·⟩ (or ⟨·, ·⟩). Following the physics convention, it is
anti-linear in the first variable and linear on the second variable:

⟨λx|y⟩ = λ̄⟨x|y⟩, ⟨x|λy⟩ = λ⟨x|y⟩ ∀x, y ∈ H, ∀λ ∈ C.

Elements of H are denoted |x⟩ (“ket”). The linear form given by |y⟩ ↦→ ⟨x|y⟩ is denoted ⟨x|
(“bra”). The map

H → H∗, |x⟩ ↦→ ⟨x|

is anti-linear: ⟨λx| = λ̄⟨x|. The Hilbert space norm is ∥x∥ =
√︁
⟨x|x⟩.

Exercise 1. Check the following formulas

|x⟩⟨y| · |z⟩⟨t| = ⟨y|z⟩ |x⟩⟨t|, |x⟩⟨y|∗ = |y⟩⟨x|, Tr|x⟩⟨y| = ⟨y|x⟩.

Hermitian and positive operators

We denote by B(H1,H2) denotes the linear operators from H1 to H2, and B(H) = B(H,H). We
also consider

B(H)sa = {A ∈ B(H) : A∗ = A}

which is a real vector space.
Recal the spectral theorem: any self-adjoint operator A ∈ B(H)sa can be written as

A =
∑︂
i

λi|xi⟩⟨xi|, λi ∈ R,

where (xi) is an orthonormal basis of H. The λi are the eigenvalues, and |xi⟩⟨xi| is the rank 1
orthogonal projection onto Cxi.

A self-adjoint operator A is said to be positive if its eigenvalues are ⩾ 0. We denote B(H)+
the set of positive operators. If A,B are self-adjoint, we write A ⩽ B if B −A is positive.

Exercise 2. Let A ∈ B(H) (not assumed to be self-adjoint). Then

A positive ⇐⇒ ⟨x|Ax⟩ is real and ⩾ 0 ∀x ∈ H.

[This is false over R.]
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Every positive operator has a positive square root A1/2, defined by taking the square root of
the eigenvalues:

A =
∑︂
i

λi|ui⟩⟨ui| =⇒ A1/2 :=
∑︂
i

√︁
λi |ui⟩⟨ui|, (A1/2)2 = A,

with λi ⩾ 0 and (ui) an orthonormal basis. Actually A1/2 is a polynomial in A, so every operator
that commutes with A also commutes with A1/2.

For every A ∈ B(H1,H2), A∗A ∈ B(H1)+ is self-adjoint positive (because ⟨A∗Ax|x⟩ =
∥Ax∥2 ⩾ 0), and we set

|A| =
√
A∗A ∈ B(H1)+.

Warning! In general

|A∗| ̸= |A|, |AB| ̸= |A||B|, |A+B| ̸⩽ |A|+ |B|.

(The first two expressions do not even make sense for operators between different Hilbert spaces.)

Partial isometries, polar decomposition, singular value decomposition

An operator U : H1 → H2 is a partial isometry if there is a subspace E ⊂ H1 such that

∥Ux∥ = ∥x∥ ∀x ∈ E, ∥Ux∥ = 0 ∀x ∈ E⊥.

E is the initial space of U and F = Ran(U |E) = RanU is the final space.

Proposition 1. U : H1 → H2 is a partial isometry ⇐⇒ U∗U is an orthogonal projection (onto
E) ⇐⇒ UU∗ is an orthogonal projection (onto F ).

We denote by U(H) the group of unitary operators on H (i.e., isometries, or operators U ∈
B(H) such that U∗U = IdH)

Theorem 2 (Polar decomposition). For every T ∈ B(H1,H2) there exists a partial isometry
U : H1 → H2 such that

T = U |T |

We can choose U to have initial space Ran|T | and final space RanT ; we also have |T | = U∗T .

Proof. Since for all x, y ∈ H1,

⟨|T |x, |T |y⟩ = ⟨|T |2x, y⟩ = ⟨T ∗Tx, y⟩ = ⟨Tx, Ty⟩,

we may define
U : Ran|T | → RanT, |T |x ↦→ Tx.

One checks that the map U is well-defined and that ∥Uy∥ = ∥y∥ for all y ∈ Ran|T |. We extend
U to a map on H1 by setting U = 0 on (Ran|T |)⊥. We have U |T | = T .

Theorem 3 (Singular value decomposition). Any T ∈ B(H1,H2) can be written as

T =
∑︂
i

si|ui⟩⟨vi|,

where (ui) is an orthonormal family in H2, (vi) is an orthonormal family in H1, (si) are positive
numbers such that s1 ⩾ . . . ⩾ sd > 0 and d = rk(T ). We also have T ∗ =

∑︁
i si|vi⟩⟨ui|.
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The numbers s1 ⩾ . . . ⩾ sd are called the singular values of A. A variant of the formulation
is that every T ∈ B(H) can be written as

T =
∑︂
i

si|ui⟩⟨vi|

with si ⩾ 0 and (ui), (vi) are orthonormal bases of H.

Proof. By the spectral theorem applied to |T | (note that rkT = rk|T |) after discarding eigenval-
ues equal to zero, we obtain an family (vi) orthonormal basis of Ran |T | and numbers s1 ⩾ . . . ⩾
sd > 0 such that

|T | =
∑︂
i

si|vi⟩⟨vi|

By the polar decomposition, there is a partial isometry U with initial space Ran |T | such that
T = U |T |. We then have

T = U |T | =
∑︂
i

si|Uvi⟩⟨vi|.

If we denote ui = Uvi, the result follows by observing that ⟨ui, uj⟩ = ⟨U∗Uvi, vj⟩ = ⟨vi, vj⟩ since
U∗U is the projection onto Ran |T |.

In matrix form, the singular values decomposition states that A ∈ Md1,d2 can be written
A = U1∆U2 with U1 ∈ U(d1), U2 ∈ U(d2) and ∆ij = 0 if i ̸= j.

Norms of operators

We introduce three important norms on operators. Given a linear map A : H1 → H2 with
singular values s1(A) ⩾ . . . sd(A) > 0, we define

• The operator norm ∥A∥op

∥A∥op = sup
x∈H1
∥x∥⩽1

∥Ax∥ = sup
x∈H1
∥x∥⩽1

sup
y∈H2

∥y∥⩽1

|⟨y|Ax⟩|, ∥A∥ = ∥A∗∥.

We have ∥UAV ∥op = ∥A∥op if U ∈ U(H2) and V ∈ U(H1), and thus ∥A∥op = s1(A) (largest
singular value).

• The Hilbert–Schmidt norm ∥A∥HS , which is the norm of A seen as a vector of dimension
dimH1 × dimH2. Given orthonormal bases (ui) of H1 and (vj) of H2, we define

∥A∥HS =
(︂∑︂

i

∥Aui∥2
)︂1/2

=
(︂∑︂

i,j

|⟨Aui, vj⟩|2
)︂1/2

= Tr(A∗A)1/2 = Tr(|A|2)1/2 =
(︂ d∑︂

i=1

si(A)
2
)︂1/2

We also have ∥UAV ∥HS = ∥A∥HS if U ∈ U(H2) and V ∈ U(H1). Other simple to verify
inequalities are, for B ∈ B(H2,H3)

∥AB∥HS ⩽ ∥A∥HS∥B∥op, ∥AB∥HS ⩽ ∥A∥op∥B∥HS

• The trace norm ∥A∥1

∥A∥1 = Tr|A| =
d∑︂

i=1

si(A).

As before, we have ∥UAV ∥1 = ∥A∥1 if U ∈ U(H2) and V ∈ U(H1).
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The triangle inequality is not obvious!

Proposition 4. For every operators A,B ∈ B(H1,H2), we have

Tr|A+B| ⩽ Tr|A|+Tr|B|.

Proof. Introduce the polar decompositions A = U |A|, B = V |B|, A + B = W |A + B|. For an
orthonormal basis (ui) of H1, write

Tr|A+B| =
∑︂
i

⟨ui|W ∗(A+B)ui⟩ =
∑︂
i

⟨ui|W ∗U |A|ui⟩+
∑︂
i

⟨ui|W ∗V |B|ui⟩.

Now
|⟨ui|W ∗U |A|ui⟩| = |⟨|A|1/2U∗Wui||A|1/2ui⟩| ⩽ ∥|A|1/2U∗Wui∥ ∥|A|1/2ui∥,

so by Cauchy–Schwarz∑︂
i

|⟨ei|W ∗U |A|ei⟩| ⩽
(︂∑︂

i

∥|A|1/2U∗Wei∥2
)︂1/2(︂∑︂

i

∥|A|1/2ei∥2
)︂1/2

⩽ ∥|A|1/2U∗W∥HS ∥|A|1/2∥HS

⩽ ∥|A|1/2∥HS ∥|A|1/2∥HS = Tr|A|.

Using a similar computation for the B term, we obtain Tr|A+B| ⩽ Tr|A|+Tr|B|.

Another useful inequality is

Proposition 5. For every operators A,B ∈ B(H)

∥AB∥1 ⩽ ∥A∥1 ∥B∥∞.

Proof. We claim that the unit ball for the operator norm in B(H) is the convex hull of U(H).
Since ∥AU∥1 = ∥A∥1 when U ∈ U(H), the proposition then follows from the triangle inequality
for the trace norm.

We now prove the claim. Clearly, every B ∈ convU(H) satisfies ∥B∥op ⩽ 1 (since U ∈
U(d) ⇒ ∥U∥op ⩽ 1). For the converse, we use the fact that every number s ∈ [0, 1] can be
written as s = α+β

2 with α, β ∈ C, |α| = |β| = 1. The singular value decomposition of an
operator B with ∥B∥op ⩽ 1 reads as B =

∑︁
i si|ui⟩⟨vi| for 0 ⩽ si ⩽ 1 and (ui), (vi) orthonormal

bases. If we introduce complex numbers αi and βi of modulus one such that si = αi+βi

2 , then

B =
1

2

[︂∑︂
i

αi|ui⟩⟨vi|⏞ ⏟⏟ ⏞
∈U(d)

+
∑︂
i

βi|ui⟩⟨vi|⏞ ⏟⏟ ⏞
∈U(d)

]︂
,

proving our claim.

Exercise 3. If we identify B(H1,H2)
∗ with B(H2,H1) via

A ↦−→
(︁
B ↦→ Tr(AB)

)︁
,

then the norms ∥·∥1 and ∥·∥op are dual to each other.

4



Tensor products of vector and Hilbert spaces

We introduce tensor products in the most elementary way, using expansion of vectors into fixed
bases. Given vector spaces V1 and V2 (on an arbitrary field K) with bases (uk)k and (vl)l, we
define

V1 ⊗ V2 :=

⎧⎨⎩∑︂
k,l

αk,luk ⊗ vl : αk,l ∈ K

⎫⎬⎭ ,

which is a vector space with a basis whose elements are labeled as (uk ⊗ vl)(k,l).
Given elements x ∈ V1 and y ∈ V2, written as

x =
∑︂
k

λkuk y =
∑︂
l

µlvl

we then define
x⊗ y :=

∑︂
k,l

λkµl · uk ⊗ vl ∈ V1 ⊗ V2.

Observe that the map t : (x, y) ↦→ V1 ⊗ V2 defined this way is a bilinear map from V1 × V2 to
V1 ⊗ V2. If W is any vector space and b : V1 × V2 → W is a linear map, there is a unique linear
map b̃ : V1 ⊗ V2 → W such that b = b̃t : set b̃(uk ⊗ vl) = b(uk, vl) and extend b̃ to V1 ⊗ V2 by
linearity. This «universal property» of the tensor product can be used to define it in a more
abstract way, without relying on choices of bases. It is routine to show that the construction we
introduce does not depend on the choice of bases (i.e., other choices of bases lead to other vector
spaces which are canonically isomorphic to our definition of V1 ⊗ V2).

Elements of V1 ⊗ V2 which have the form x⊗ y for x ∈ V1 and y ∈ V2 are called pure tensors
or elementary tensors.

Assume now that H1 and H2 are (finite-dimensional complex) vector spaces and that (uk)k
and (vl)l are orthonormal bases. We can then equip H1⊗H2 with a Hilbert space structure such
that (uk ⊗ vl)(k,l) is an orthonormal basis. More precisely, we define a inner product on H1⊗H2

by the formula
⟨x1 ⊗ x2, y1 ⊗ y2⟩ := ⟨x1, y1⟩ · ⟨x2, y2⟩

(extended to a map on (H1 ⊗H2) × (H1 ⊗H2) by linearity and anti-linearity in each separate
variable); it is routine to verify that this indeed defines an inner product.

All the considerations above can be readily extended to define the Hilbert space tensor
product H1 ⊗ · · · ⊗Hk of finitely many Hilbert spaces H1, . . . ,Hk.

Schmidt decomposition

If H is a Hilbert space, the canonical map |x⟩ ↦→ ⟨x| from H to H∗ is anti-linear. Once we choose
an orthogonal basis (ui), we could define a linear isometry from H to H∗ by

∑︁
λi|ui⟩ ↦→

∑︁
λi⟨ui|,

but such an isomorphism is not canonical and depends on a choice of basis.
Another possibility is to define a new Hilbert space structure on H by using the same vector

addition, but defining a new scalar multiplication as λ · x = λ̄x (the norm being unchanged). If
we denote by H the Hilbert space obtained this way, then H∗ and H are canonically isomorphic.

There is a canonical identification

H1 ⊗H2 −→ B(H∗
1,H2), |x1⟩ ⊗ |x2⟩ ↦−→ |x2⟩⟨x1|

This map is an isometry from (H1 ⊗ H2, ∥·∥) to (B(H∗
1,H2), ∥·∥HS) and allows to translate

statements about operators to statements about tensors.
For example, here is the tensor version of the singular value decomposition, which is called

the Schmidt decomposition.
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Proposition 6. Every element z ∈ H1 ⊗H2 can be written as

z =
∑︂
i

si xi ⊗ yi

where (si) are positive numbers, (xi) is an orthonormal family in H1 and (yi) is an orthonormal
family in H2. The numbers si are called the Schmidt coefficients of z.

Tensor products of operators

If T1 : V1 →W1 and T2 : V2 →W2 (Vi,Wi vector spaces), we define T1 ⊗ T2 by

(T1 ⊗ T2)(v1 ⊗ v2) = T1v1 ⊗ T2v2

and then extend to a linear map. Alternatively, one could use the universal property, since
(v1, v2) ↦→ T1v1 ⊗ T2v2 is bilinear..

Suppose now that T1 and T2 are operators between Hilbert spaces. If we have singular value
decompositions

T1 =
∑︂
i

si|ui⟩⟨vi|, T2 =
∑︂
j

tj |wj⟩⟨xj |,

then
T1 ⊗ T2 =

∑︂
i,j

sitj |ui ⊗ wj⟩⟨vi ⊗ xj |

is a singular value decomposition for T1 ⊗ T2. In particular, we obtain the formulas

∥T1 ⊗ T2∥op = ∥T1∥op∥T2∥op, ∥T1 ⊗ T2∥1 = ∥T1∥1∥T2∥1, ∥T1 ⊗ T2∥HS = ∥T1∥HS∥T2∥HS .

1.2 The postulates of quantum mechanics for closed systems and
pure states

Postulate 1. A quantum system is modeled by a complex Hilbert space H. A pure state is a
unit vector in H.

If H = C2, such a system is a “qubit”, a quantum bit. It could be the spin of an electron, or
the polarization of a photon. We don’t care, like in a classical computer we don’t care how the
bit is implemented.

Postulate 2. An observable is modeled by a self-adjoint operator A on H. The possible outcomes
of the observation are the eigenvalues of A.

If σ(A) is the spectrum of A, we have

A =
∑︂

λ∈σ(A)

λPλ, (1.1)

where Pλ is the orthogonal projection onto the eigenspace of eigenvalue λ.

Postulate 3. If we observe a quantum state in state ψ using an observable A given by (1.1),
the outcome is a random variable X such that

P(X = λ) = ∥Pλψ∥2 (1.2)

Moreover, after the outcome λ has been observed, the post-measurement state of the system is

Pλψ

∥Pλψ∥
.
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By Pythagoras theorem, we have
∑︁

λ ∥Pλψ∥2 = ∥ψ∥2 = 1, so the formula (1.2) defines a
probability distribution.

The description of a quantum systems comes with a distinguished observable called the
Hamiltonian H(t), which may depend on the time t ⩾ 0. Observing the Hamiltonian gives the
energy of the system.

Postulate 4 (Schrödinger equation). The state at time t ⩾ 0 of a system governed by a Hamil-
tonian H(t) in initial pure state ψ0 is the solution of the differential equation

ψ′
t = −ıH(t)ψt

If H(t) = H does not depend on time, the solution to this equation is given by

ψt = U(t)ψ0

with U(t) = exp(−ıtH) is a unitary transformation on H.

Postulate 5. If two disjoint quantum systems are modeled by Hilbert spaces HA and HB,
the joint system is modeled by the Hilbert space HA ⊗ HB. If each systems are described by
unit vectors ψA ∈ HA and ψB ∈ HB, without interaction, the pure state of the joint system is
ψA ⊗ ψB.

We now describe the limitations of this formalism. Observing the system modeled by HA

using the observable M in state ψA is equivalent to an observing the joint system model by
HA ⊗HB using the observable M ⊗ idB in state ψA ⊗ ψB. By these we mean that the statistics
of the observation outcomes are the same, and do not depend on ψB.

However, is the joint system is in a pure state z ∈ HA⊗HB which is not of the form ψA⊗ψB,
there is no pure state on HA which gives the right statistics for every operation! This suggest
that our formalism is not complete since is does not allow to describe the state a subsystem—a
major issue !

Another minor issue is that there is no reason to distinguish the states ψ and −ψ (or more
generally eıαψ for α real), since the statistic outcomes for any observation are the same for both
states. This suggest that the set of possible states of a system is not the unit sphere of the
Hilbert space, but rather the associated projective space.

An elegant way to solve this minor issue is to replace a unit vector ψ by the corresponding
rank 1 projection |ψ⟩⟨ψ| as our notion of pure state. Indeed, we have |ψ⟩⟨ψ| = |ϕ⟩⟨ϕ| if and only
if the unit vectors ϕ, ψ satisfy ϕ = eıαψ for some α ∈ R. As we will see, this also solves the
major issue.

1.3 The postulates of quantum mechanics for open systems and
mixed states

Let us modify our notion of state.

Postulate 1’. A quantum system is modeled by a complex Hilbert space H. A mixed state is
a self-adjoint operator on H with trace 1.

It is common to denote mixed states with the letter ρ or σ. We recover the notion of pure
states from Postulate 1 by declaring that we we call pure states on H a mixed state which has
the form |ψ⟩⟨ψ| for a unit vector ψ ∈ H.

The mixed state formalism also describes in a natural way probabilistic scenarios. A situation
such as “I toss a fair cone, if it turns Head I prepare my system in state ρ and if it turns Tails
I prepare my system in state σ” is equivalent, in terms of measurement statistics, to having a
system which in state 1

2(ρ+ σ).
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By the spectral theorem, any mixed state ρ of a n-dimensional Hilbert space can be written
as

ρ =

n∑︂
i=1

pi|ψi⟩⟨ψi|

where (ψi) is an orthonormal basis and (pi) are numbers such that pi ⩾ 0 and p1 + · · ·+ pn = 1,
which can be interpreted as a probability density. Thus, any state can be identified with a
probabilistic mixture of pure states.

We can also reformulate this fact by saying that the set of mixed states is the convex hull of
the set of pure states.

We now define how the other postulates have to be modified at the level of mixed states.
Postulate 2 is unchanged.

Postulate 3’. If we observe a quantum state in mixed state ρ using an observable A given by
(1.1), the outcome is a random variable X such that

P(X = λ) = Tr(Pλρ)

Moreover, after the outcome λ has been observed, the post-measurement state of the system is

PλρPλ

Tr(Pλρ)
.

Observe that if the mixed state ρ is a pure state |ψ⟩⟨ψ|, this is consistent with Postulate 3.

Postulate 4’. The state at time t ⩾ 0 of a system governed by a Hamiltonian H(t) in initial
mixed state ρ0 is the solution of the differential equation

ρ′t = −ı[H(t), ρt]

Here, we denote by [A,B] = AB−BA the commutator of the operators A and B. Again, this
is consistent with Postulate 4: if ψt is the solution of the equation ψ′

t = −ıH(t)ψt, the associated
mixed state ρt = |ψt⟩⟨ψt| satisfies

ρ′t = |ψ′
t⟩⟨ψt|+ |ψt⟩⟨ψ′

t| = −ıH(t)|ψt⟩⟨ψt|+ ı|ψt⟩⟨ψt|H(t)

In the case of a time-independent Hamiltionian H(t) = H, the solution to the equation is

ρt = U(t)ρ0U(t)∗

with U(t) = exp(−ıtH).

1.4 Partial trace and purification of mixed states

We now introduce the concept of partial trace. Given a bipartite system HA⊗HB, we implicitly
use the isomorphism between B(HA ⊗HB) and B(HA)⊗B(HB) in the following. We define the
partial trace over HB as the operation

TrB : B(HA ⊗HB) → B(HA)

equal to TrB = idB(HA) ⊗ Tr. In this last formula, Tr denotes the linear form, as a map from
B(HB) to C.

Equivalently, the partial trace can be defined as

TrB(X ⊗ Y ) = Tr(Y ) · C
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for every X ∈ B(HA) and Y ∈ B(HB), extended by linearity to B(HA ⊗HB).
The partial trace satisfies the following property, which is reminiscent to properties of the

conditional expectation in probability: for every X,Y ∈ B(HA) and Z ∈ B(HA ⊗HB),

Tr [(X ⊗ idHB
)Z(Y ⊗ idHB

] = X · TrB Z · Y

This formula is simple to check if Z is of the form ZA ⊗ ZB and the general case follows by
linearity.

The following proposition shows that every mixed state has appears the partial trace of a
pure state. As a warm up, we consider the following computation. If a vector z ∈ HA ⊗HB has
a Schmidt decomposition

z =
∑︂

sixi ⊗ yi

with (yi) being orthonormal, then since Tr|yi⟩⟨yj | = δij

TrH′ |z⟩⟨z| =
∑︂
i,j

sisj TrB (|xi⟩⟨xj | ⊗ |yi⟩⟨yj |) =
∑︂
i

s2i |xi⟩⟨xi| (1.3)

This computation shows that the partial trace of a positive (resp., self-adjoint) operator on
B(HA ⊗HB) is a positive (resp., self-adjoint) operator on B(HA).

Proposition 7. Let ρ ∈ B(H). The following are equivalent

1. ρ is a mixed state (i.e., is positive and has trace 1)

2. there is a Hilbert space H′ and a unit vector ψ ∈ H ⊗H′ such that

ρ = TrH′ |ψ⟩⟨ψ|

Proof. The implication 2 =⇒ 1 is easy. To show 1 =⇒ 2, consider a spectral decomposition of ρ

ρ =
∑︂

λi|xi⟩⟨xi|

where (xi) is an orthonormal family in H and λi are positive numbers such that
∑︁
λi = 1.

Consider the vector z ∈ H ⊗H defined by

z =
∑︂√︁

λixi ⊗ xi

This vector has norm 1 and the computation (1.3) shows that the partial trace of |z⟩⟨z| equals ρ.
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Chapter 2

Completely positive maps and quantum
channels

2.1 The Choi isomorphism

We use freely the following canonical isomorphisms

HA ⊗HB ≃ HB ⊗HA, (HA ⊗HB)⊗HC ≃ HA ⊗ (HB ⊗HC), (HA ⊗HB)
∗ ≃ H∗

A ⊗H∗
B

Another canonical isomorphism is given by the trace duality: the spaces B(HA,HB)
∗ and

B(HB,HA) are isomorphic if we identify S ∈ B(HB,HA) with the linear form T ↦→ Tr[ST ],
which is an element of B(HA,HB)

∗.
However, it turns out to be very useful to consider a non-canonical isomorphism between the

spaces L(B(HA),B(HB)) and B(HA ⊗ HB). (We denote by L(V,W ) the space of linear maps
between the vector spaces V and W .) This isomorphism is not canonical since it depends on a
choice of basis.

Consider on orthonormal basis (ei) in HA. We denote Eij = |ei⟩⟨ej |. The family (Eij) is a
basis of the vector space B(HA).

Given Φ ∈ L(B(HA),B(HB)), we define its Choi matrix CΦ ∈ B(HA,HB) as

CΦ =
∑︂
i,j

Eij ⊗ Φ(Eij)

It is easy to see that the map Φ ↦→ CΦ is an isomorphism. Another useful formula for CΦ can
be written using the “maximally entangled vector” χ ∈ HA ⊗HA defined as

χ =
∑︂
i

ei ⊗ ei

We leave as an exercise the verification of the following formula

CΦ = (idHA
⊗ Φ)(|χ⟩⟨χ|) (2.1)

The choice of a basis (ei) in HA also allows to identify the spaces B(HA,HB) and HA ⊗HB

(again, this isomorphism is not canonical). Given X ∈ B(HA,HB), we define

vec(X) =
∑︂

ei ⊗X(ei) ∈ HA ⊗HB

Lemma 8. Let X,Y ∈ B(HA,HB) and consider the linear map Φ : B(HA) → B(HB) given by
M ↦→ XMY ∗. The Choi matrix of Φ is CΦ = |x⟩⟨y|, where x, y ∈ HA ⊗ HB are defined by
x = vec(X) and y = vec(Y )

10



Proof. This is an straightforward computation

CΦ =
∑︂
i,j

Eij ⊗ Φ(Eij)

=
∑︂
i,j

|ei⟩⟨ej | ⊗ |Xei⟩⟨Y ej |

=
∑︂
i,j

|ei ⊗Xei⟩⟨ej ⊗ Y ej |

= |vec(X)⟩⟨vec(Y )|

as needed.

2.2 Completely positive maps

We start with a simple observation. Given a C-linear map Φ : B(HA) → B(HB), the following
are equivalent (a map satisfying this condition is said to be ∗-preserving)

1. For every self-adjoint X ∈ B(HA), the operator Φ(X) is self-adjoint

2. For every X ∈ B(HA), we have Φ(X∗) = Φ(X)∗

3. The Choi matrix CΦ is self-adjoint.

To show the equivalence: 2. =⇒ 1. is obvious; assuming 1., we see that 2. is true is X is either
self-adjoint or anti-self-adjoint (i.e., ıX is self-adjoint) and the general case follows; 3. means
that Φ(Eij) = Φ(Eji)

∗ for every i, j, which is equivalent to 2.
We also note that there is a one-to-one correspondence between

• C-linear maps from B(HA) to B(HB) which are ∗-preserving

• R-linear maps from B(HA)sa to B(HB)sa

If Φ : B(HA) → B(HB) is a linear map, we may consider its adjoint Φ∗ : B(HB) → B(HA)
which is characterized by the property

Tr[XΦ(Y )] = Tr[Φ∗(X)Y ]

for every X ∈ B(HB) and Y ∈ B(HA).
A useful convention (which we do not follow) from physics literature is to use different symbols

to denote different notions of adjoint. The (Hilbert space) adjoint of an operator X ∈ B(H) is
denoted X†, and the (vector space) adjoint of a linear map Φ : B(H) → B(H) is denoted Φ∗.

Definition. A linear map Φ : B(HA) → B(HB) is said to be

1. positive if, for every positive operator X ∈ B(HA), the operator Φ(X) is positive

2. n-positive if the map Φ⊗ idMn : B(HA ⊗ Cn) → B(HB ⊗ Cn) is positive

3. completely positive (CP) if it is n-positive for every n ⩾ 1.

One check that Φ is positive (resp., CP) if and only if Φ∗ is positive (resp., CP).
We now give a very example of a map which is positive but not completely positive. Consider

the map T : B(Cn) → B(Cn) which sends a matrix M to its transpose tM , i.e.

T ((Mij)i,j = (Mji)i,j

11



(this map is not canonical, it is associated with the choice of the canonical basis as a distinguished
orthonormal basis in Cn). This map is positive, for example because for every ψ ∈ Cn we have
the relation.

⟨ψ|tMψ⟩ = ⟨ψ|Mψ⟩
However (if n ⩾ 2), the map T is not 2-positive. The map T ⊗ idM2 : B(Cn ⊗C2) → B(Cn ⊗C2)
acts on block matrices as (︃

A B
C D

)︃
↦−→

(︃
tA tB
tC tD

)︃
.

This map is not positive. Assume n = 2 for simplicity and consider the positive rank-one matrix⎛⎜⎜⎝
1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

⎞⎟⎟⎠
Its image is ⎛⎜⎜⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞⎟⎟⎠ ,

which is not positive, since its middle 2× 2 block(︃
0 1
1 0

)︃
has eigenvalues 1 and −1.

It turns out that the class of completely positive maps has a simple structure.

Theorem 9 (Choi). Consider a C-linear map Φ : B(HA) → B(HB). The following are equivalent

1. The map Φ is completely positive

2. Its Choi matrix CΦ is positive

3. There exist A1, . . . , AN is B(HA,HB) such that

ϕ(ρ) =

N∑︂
i=1

AiρA
∗
i (2.2)

Equation (2.2) is called a Kraus decomposition of Φ, the operators Ai are called the Kraus
operators and the minimal such N is called the Kraus rank of Φ.

Proof. We show that 3. implies 1. For every X ∈ B(HA,HB), it is easy to see that the map ΦX

defined by ρ ↦→ XρX∗ is positive. It is even completely positive, since

ΦX ⊗ idMn = ΦX⊗idCn

Since a sum of CP maps is CP, this proves 1.
The implication 1. =⇒ 2. follows from the formula

CΦ = (Φ⊗ idB(HA))(|χ⟩⟨χ|)

Assuming 2., by the spectral theorem, there are ai in HA ⊗ HB such that CΦ =
∑︁

|ai⟩⟨ai|.
To conclude, we define operators Ai by the relation ai = vec(Ai) and use Lemma 8.

If Φ as a Kraus decomposition given by (2.2), the adjoint map Φ∗ has a Kraus decomposition
given by

Φ∗(σ) =
∑︂
i

A∗
iσAi

12



2.3 Quantum channels

A map Φ : B(HA) → B(HB) is said to be

• unital if Φ(idA) = idB

• trace-preserving if TrΦ(X) = TrX for every X ∈ B(HA)

• bi-stochastic if it is both unital and trace-preserving (this is only possible if dim(HA) =
dim(HB).

These properties are dual to each other: Φ is unital if and only id Φ∗ is trace-preserving.
If a map Φ has a Kraus decomposition Φ(ρ) =

∑︁
AiρA

∗
i , then

Φ is unital ⇐⇒
∑︂

AiA
∗
i = idΦ is trace-preserving ⇐⇒

∑︂
A∗

iAi = id

Definition. A quantum channel is a map Φ : B(HA) → B(HB) which is trace-preserving and
unital.

Quantum channels preserve quantum states, even when applied to part of larger system.

Theorem 10 (Stinespring). Let Φ : B(HA) → B(HB) be a CP map. There exists a Hilbert space
HE and a map V : HA → HB ⊗HE such that, for every X ∈ B(HA)

Φ(X) = TrE V XV
∗ (2.3)

Moreover, Φ is trace-preserving if and only V is an isometry.

Proof. Write a Kraus decomposition

Φ(X) =

N∑︂
i=1

AiXA
∗
i

Set HE = CN , with its canonical basis (ei). Define V : HA → HB ⊗ HE by the formula, for
every x ∈ HA

V x =

N∑︂
i=1

Aix⊗ ei

We compute

V |x⟩⟨x|V ∗ = |V x⟩⟨V x| =
N∑︂

i,j=1

Ai|x⟩⟨x|A∗
j ⊗ |ei⟩⟨ej |

It follows that

TrE V |x⟩⟨x|V ∗ =
N∑︂
i=1

Ai|x⟩⟨x|A∗
i = Φ(|x⟩x)

By linearity, formula (2.3) holds for every X ∈ B(HA).
The map V is an isometry iff V ∗V = idHA

. The last part of the theorem follows since

V ∗V =
∑︂
i,j

A∗
iAj⟨ei|ei⟩ =

∑︂
i

A∗
iAi

Here is the variant when the domain and range are equal. For every quantum channel
Φ : B(H) → B(H), there exist a Hilbert space H′, a unit vector ψ ∈ H′ and a unitary operator
U ∈ U(H⊗H′) such that

Φ(ρ) = TrH′ U(ρ⊗ |ψ⟩⟨ψ|)U∗

Choose ψ ∈ H′ arbitrarily and identify H with the subspace H ⊗ ψ ⊂ H ⊗ H ′. The isometry
V : H⊗ ψ → H⊗H′ given by Stinespring theorem can be extended to a unitary operator.

We now give some examples of quantum channels. A unitary channel is a channel of the
form ρ ↦→ UρU∗ for a unitary operator U .

13



Exercise 4. Unitary channels are the only channels which send pure states to pure states, and
also the only channels such which are bijective and such that the inverse map is also a channel.

A mixed-unitary channel is a convex combination of unitary channels. Mixed unitary channels
are unital.

The completely depolarizing channel is the map Φ :Md →Md given by

Φ(X) = Tr(X)
id

d

The channel
X ↦→ (1− p)X + pTr(X)

id

d

can be used as a model of noise, which with probability p destroys the information.
The dephasing channel is the map which sends a matrix to its diagonal part (i.e. replaces

non-diagonal entries by 0).

Exercise 5. Show that the depolarizing and dephasing channels are mixed-unitary channels.
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