THE PARALLEL REPETITION THEOREM

1. INTRODUCTION

The goal of this note is to give a complete proof of the parallel repetition theorem which
is a fundamental result in theoretical computer science proved by Raz [4]. Our presenta-
tion follows essentially the approach from [3, 1] with some minor twists (in particular, we
completely avoid the use of entropy).

A game G = (X, ), A, B,m,V) is the data of

(1) finite sets X, Y, A, B
(2) 7, a probability measure on X x )
(3) afunction V : X x ¥ x Ax B — {0,1}.

A (deterministic) strategy is a couple (fa, fp) of functions f4 : A — X and fp: B— ).
The value w(¥) of a game ¥ is defined as
(1) w(¥) = sup P(V(X,Y, fa(X), fe(Y)) = 1)

(fa,fB) strategies
where (X,Y) is a random variable with distribution 7. We describe the game using the
concept of one referee and two players (named Alice and Bob): the referee select a pair
(X,Y) € X x Y of random questions with distribution 7w, Alice answers f4(X) to the
question X and Bob answers fp(Y') to the question Y.

Alternatively, we could consider randomized strategies, which are random variables taking
values in the set of deterministic strategies. This gives the same value for the supremum.
In this case it should be understood that (fa, fp) is independent from (X,Y") in (1).

Let n > 1. The n-parallel repetition of ¢ is the game ¢ defined as

Ggn = (X", Y, A" B, %" V)
where for z € X", y € V", a € A", be B,

V(Z,,a,b) : HV (i, i, ai, by).

In other words, the players play n rounds of the game, where they are asked i.i.d. pairs of
questions, and win the game ¢¥" if they win each round of ¢¥. We have

(2) w(@)" < w(@") < w(@).

Indeed, a possible strategy for 4™ is ato nswer the jth round as a function of the jth question

only; in that case the rounds are independent instances of ¢, leading to the left inequality

n (2). The right inequality follows by observing that in order to win 4", the players must

win the first round. It is instructive to describe an example with w(%?) = w(¥4) € (0,1).
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For this equality to happen, Alice and Bob must correlate their answers in such a way that
they either win both rounds or lose both rounds.

Ezample 1. Consider the game ¢ given by X = {1,2}, Y ={3,4}, A=B=1{1,2,3,4}, =
the uniform measure and V' defined as
0 otherwise
One can check that w(¥4) = 1/2. However, w(¥4?) = 1/2 as showed by the following strategy
fa(zr,z2) = (21,21 +2), fB(y1,92) = (v2 — 2, 2)
which wins whenever 1 + 2 = ypo.

The parallel repetition theorem states that for any game ¢ with w(¥9) = 1 -6 < 1,
the quantity w(¥4") tends to 0 exponentially fast, at a rate which depends on ¢ and on
Y =|AxB.

Theorem 1 (Raz [4], Holenstein [3]). If ¥ is a game with w(¥) =1 — 9, then

n c§3n
W(@") < exp (—bgz)

where ¢ > 0 s a constant.

2. THE MAIN LEMMA

We fix a game ¥ = (X, ), A, B, 7, V), an integer n and a deterministic strategy (F4, F)
for 4™. We consider an instance of the game ¥™ where players use the strategy (Fa, F).
Let (X;,Yi)i<i<n be the questions (i.e., i.i.d. random variables with distribution 7) and
(A;, B;)1<i<n be the answers defined as (A1,...,A,) = Fa(Xy,...,Xn), (B1,...,By) =
Fp(Y1,...,Y,). For 1 <i < n, we consider the event

Wi ={V(X;,Y;, Ai, B;) = 1}
that the ith round of the game is a win.

Here is the main lemma. Here ¢ > 0 is an absolute constant.

Lemma 2 (Main lemma). Assume that k < ffgzg and PW1N---NWy) = X%, Then

1

= 5
— > P(WjWin--NWy) <1- .

j=k+1
We show how Lemma 2 implies Theorem 1. Up to reordering the rounds of the games,
we may assume that

d

whenever k < kg = fo‘;;g and PWyN---NW,) = 7% If we set pp, = P(Wy N --- N W),
we have

P < max (z—'f“, (1- 6/4>pk_1) < (1—6/4)F
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and therefore,
P < Py < (1 — 8/4)™ < exp(—kod/4) = exp(—cd>n/ log )

and Theorem 1 follows by taking the supremum over strategies (Fa, Fig).

2.1. Coupling, total variations, shared randomness. Let u1, puo be probability mea-
sures on a finite set S. The total variation distance between p1 and o is

Alpr @ p2) = %Z () = pa(x)| = 1= min(p (2), ().

€S TeS

If X, Y are random variables with respective distributions p, v, we sometime write A(X :
Y') instead of A(p : v). A basic coupling lemma states there is a probability space 2 and
random variables X,Y defined on , with respective laws p,v such that P(X # Y) =
A(p @ v). Here is a more advanced version.

Lemma 3 (shared randomness). Let S be a finite set. There is a probability space 2 and,
for every probability measure p on S, a random variable X, : Q — S with distribution p
such that, for every probability measures p, v on S,

P(X, #X,) <2A(u : v)

Proof. Denote by m the uniform measure on S x [0,1] (i.e., the product of the discrete
uniform measure on S and of the continuous uniform measure on [0, 1]). We associate to a
probability measure p on S its histogram H,, C S x [0, 1] defined as

H, ={(z,t) € S x[0,1] : t < p(x)}.

Observe that m(H,) = 1/|S]| and that m(H,AH,) = 2A(p : v)/|S|, where A denotes the
symmetric difference. If (Y},), is a i.i.d. sequence of random variables with distribution m,
we may define for every probability measure p a random variable

X, =inf{n : Y, € H,}.
The distribution of X, is precisely p. If v is another probability measure, then

m(H,AH,)

P(X, # X)) < m(H, UH,)

Indeed, the event {X, = X,} is verified whenever the infima in the definition of X, and
X, coincide, which happens whenever the first element of the sequence (Y;,) which belongs
to H, U H, actually belongs to H,, N H,. The result follows since m(H, U H,) > m(H,) =
1/1S|. O

We use Lemma 3 in the following form: from shared randomness, Alice can generate
X ~ p, Bob can generate Y ~ v such that P(X #Y) < 2A(p : v). This does not require
Alice to know the measure v, nor Bob to know the measure u.
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2.2. A first look at the strategies. We describe a randomized strategy (fa, fg) for ¥
which depends on integers k < n and on a deterministic strategy (Fa, Fp) for the game
gn.

Here is a sketch of the strategy. Alice and Bob select an integer j € {k+1,...,n}. When
Alice is asked a question z, she generates a random n-tuple of questions

E=(&,...,&) €&

with &; = z, and defines f4(x) as the jth coordinate of F4(§). Similarly, when Bob is asked
a question y, he generates a random n-tuple questions

n=(m--nn) € V"

with 7; = y, and defines fp(y) as the jth coordinate of Fp(n).
In order for this strategy to be efficient, Alice and Bob need to correlate their randomness
generation. How they achieve this is explained in the next sections.

2.3. Clues. We introduce a more complicated equivalent version of the game ¢™. In this
version, in a first stage, the referee reveals a random selection of half of the questions (which
we call the clues) and reveals the full list of questions only in a second stage.

Introduce a symbol x which is distinct from elements in X' and from elements in ). The
symbol x will play the role of an unknown element. Define the set of clues to be

C=(Xx{x}H)U{*}xD).

A clue is a pair of questions, one of them being unknown. Let (X,Y") be a pair of questions
with distribution 7, and C' be the random clue defined as either (X,x) of (x,Y) with
probability 1/2. We denote bt # the distribution of C. For ¢ € C, let 7! the distribution
of X|[C = ¢] (when ¢ = (x, *), this distribution is the Dirac mass d,; when ¢ = (%,y), this
distribution is proportional to 7(-,y)). Similarly, let 72 the distribution of Y|[C = ¢].
An equivalent way to generate the questions (X;,Y;)1<i<n is as follows
(1) Generate i.i.d. clues (C;)1<i<n with distribution 7,
(2) For each 1 < i < n, generate X; according to the distribution wéi and Y; according
to the distribution 7%1_. All choices are assumed to be independent (note that half
of the 2n variables (X;,Y;) are in fact deterministic given (C;).)

2.4. A non-admissible strategy. We define a transcript to be an element of T := X* x
VE x AF x BF.

We consider an instance of the game ¥ where the questions are revealed in the 2-step
procedure via clues. Let (C;) be the clues, (X;,Y;) be the questions and (A;, B;) be the
answers. The transcript of the game is the random variable

(3) T = (Xi,Yi, Ai, Bi)i<i<k € T.
For j € {k+1,...,n}, we denote by C-; the random variable

Cﬁj = (Ck—l—la PN ijl, Cj+1, e 7Cn) c Cn_k_l‘
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We now explain how Alice and Bob generate the questions € and 7 in a correlated way.
We first describe a strategy which is not acceptable since it requires communication between
Alice and Bob at the stage (3). We then modify the strategy to remove communication.

(1) The strategy depends on an index j € {k+1,...,n}. Alice sets {; = = and Bob
sets n; = y.

(2) The strategy depends on a transcript t = (%, 7,a,b) € T. Alice sets (£1,...,&,) =7
and Bob sets (n1,...,mx) = 7.

(3) Using shared randomness, Alice and Bob generate a random list of clues C' with
distribution C—;|[T'=1t,X; = x,Y; = y]. Set C4 = Cp =C.

(4a) If C4 = (Chg1s---+Cj—1,Cjs1,---,Cn), then Alice generates using local randomness
(&ht1s -, &—1,&41, - - -, €n) according ti) the distribution ﬂ-gk-‘rl ®- - '®7Téj,1 ®7Tij+1 ®
-+~ @, conditioned to the event (Fa(€)i)1<i<k = @.

(4b) If Cp = (Ck+1,---,Cj—1,Cj+1,-..,Cn), then Bob generates using local randomness
(Mh+15 - - -+ Mj—15Mj+1, - - - » ln) according to the distribution TrSk+1 - @773],71 ®7rgj+1 ®

-+~ @2 conditioned to the event (Fg(7)i)1<i<k = b.
(5) Alice defines fa(z) as the jth coordinate of F4(§), and Bob defines fp(x) as the
jth coordinate of Fg(n)
In this procedure, the random variables (£,7 have the same distribution as the random
variables (X;)i<i<n, (Yi)i1<i<n conditioned to Wi N --- N W, N {(X;,Y;) = (z,y)}. This
strategy loses the game ¢ with probability

P(W,|T =t,X; = 2,Y; = )

2.5. Correcting the strategy. We modify the strategy described at the previous section,
to eliminate communication between Alice and Bob. We replace step (3) by the following

(3a) Alice generates a random list of clues C4 with distribution C;|[T" =t, X; = x].
(3b) Bob generates a random list of clues Cp with distribution C—;|[T =t,Y; = y].

This step must be done in a correlated way using shared randomness. By Lemma 3,
there exists a probability space  and for every x € X,y € Y random variables I';,, 'Y, T'% :
Q — C" %=1 such that

e the random variable I'; has the distribution of C;|[T' = t, X; = z]
e the random variable I'V has the distribution of C—;|[T' =t,Y; = y]
e the random variable ' has the distribution of C;|[T = ¢, X; = z,Y; = y]
o« P(T, =TV =T%) > 1 d(t,,,1)
where

t, g,z y) =2A0(C4|[T =t, Xj=2] : C4|[T=t,X;=2,Y;=1y])
+2A(CH[[T =1,Y; =y :+ Cyl[T =1, X =2,Y; =y])
In order to correlate their random selection, we require that Alice and Bob perform steps
(3a) and (3b) by setting C4 = I', and Cp = I'Y. Note that setting C4 = Cg = I'4 would

exactly implement step (3). It follows that this strategy, when asked (z,y), loses with
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probability at most

When asked a random question with distribution 7, this strategy loses with probability at
most

z,y z,y

< P(W]’T = t) =+ Al(tv.j) + AQ(t7j)
where Aq(t,7) = A(r : (X;,Y;)|[T =t]) and

7,y

= 2A((X;, V[T =t], C5|[T =t, X;5] + (X;,Y;,Cy)|[T = 1))
F2A((X;, V)T = 1), Coj|[T = ¢, X;] + (X5, Y5, C)|[T = 1]).

By definition of w(¥), this strategy loses the game ¢ with probability at least §. There-
fore the inequality

(4) §<PWHT =t) 4+ Aq(t, j) + Aa(t, )

holds for every index j and every transcript t.

We now state a fundamental lemma which bounds the parameters Aq(t, j) and Aq(¢, 5)
which appeared as the error when we modified the strategy to forbid communication. Given
a transcript t = (Z,9,a, b) € T, let p(t) be the probability that the transcript ¢ occurs when
@™ is played with strategy (Fa, Fp), where the first k rounds of questions are deterministic
according to (Z,7), and the next rounds are independent with distribution 7.

Lemma 4. Let t be a transcript. Then

S Ault,j) < 2¢/nlog(1/p0)

j=h+1

D Aoty ) < 8+/nlog(1/p(h))
j=k+1

2.6. Proof of the main Lemma. We complete the proof of the main Lemma (Lemma 2)
assuming Lemma 4. Let t = (7,7, @, 0) € X* x Y* x A* x B* a transcript. We say that t is
likely if p(t) > X73% and that t is winning if V (x4, y;, a;,b;) = 1 for every 1 < i < k.
Consider a game where questions (X, Y;)1<i<n are i.i.d. with distribution 7 and where
the players use the strategy (Fa,Fp). Let T' be the random transcript given by (3). For

every T, 7 € X* x V¥, by the union bound when summing over the ¥* possible @, b,

P(T unlikely|(X1,...,Xg) =7, (Y1,...,Yy) =7) < 2Fu 3k = -2
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and therefore the same bounds holds without conditioning on Z,3. It follows that

P(T unlikely) —_ »2k
P(Wlﬂ---ﬁWk) Sox-k

Whenever ¢ is a likely transcript, we have log(1/p(t)) < 3klog ¥ and therefore

P(T unlikely|W; N --- N Wy,) < =nr<1/2

1 - ) . 10/3nklog> 6
E Al(t,]) +A2(t,j) < - < a
n—kj:kH n—k 2

if we assume that k& < c¢6°n/log ¥ for a well-chosen ¢ > 0. Finally, using (4),

1 " S
— ‘Z P(W;|Win---NWy)
j=k+1
1 n
= Y P(T=tWin--nW) > PWIT =1)
teT ne Jj=k+1
1 < . .
> Y0 P =t 0Wi)—r 37 (06— At ) = As(1,))
t likely J=k+1
5
> ZP(T:t|Wm---ka)§
t likely
§ :
= §P(T11kely‘W1ﬂ-~-ﬂWk)
§
2 —
4

and Lemma 2 follows.

3. PROOF OF LEMMA 4

The following lemma appears as |3, Lemma 5|. We give a different and arguably simpler
proof in Section 4, by using Hoeffding’s inequality instead of considerations about entropy
(our works in the case, say, P(F) < 1/10, which is the range in which we apply it).

Lemma 5. Let Z1,...,Z, be independent random variables and E an event. Then
n
S_AZIE : 2))? <log(1/P(E))
j=1

Lemma 6. Let S be a random variable, Z1,...,Z, be random variables conditionally in-
dependent given S, and E an event. Then

ZA(,UJ . I/j)g\/ﬁ IOg(l/P(E))a
j=1
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where pj is the distribution of (SZ;)|E and vj is the distribution of a pair (s,z;j), where s
is distributed as S|E and z; is distributed as Z;|[S = s.

Let us show how Lemmas 5 and 6 imply Lemma 4. Fix a transcript t = (%, 7, a,b) € T.
Consider independent random variables Z; = (X, Y}), where Z; is deterministic and equal
to (xj,y;) for j < k and of distribution 7 for j > k, and let T" the corresponding random
transcript. Consider the event E = {T" = t}. Observe that p(t) coincides with P(E). For
k < j <n, we have

At j) = A(Z; : Zj|E)
and therefore
n n 1/2
S M) <V | S AGIE - w2 | < Valog(/n(D)
j=k+1 j=k+1

and the result follows.

For the second part of Lemma 4, consider S = (C})k<j<n, the clues in the 2-step pro-
cedure to generate the questions (X, Y;). It is indeed the case that (Z;) are conditionally
independent given S. We apply Lemma 6 to obtain

n
> Apy c ;) < v/ny/log(1/p(T))
j=k+1
where g5 is the distribution of (5, (X, Y;)) and v; is the distribution of (S, (X;,Y;)|S). By
reasoning on whether C; = (X, %) or C; = (%, Y]), we obtain
1 1
Alpy = vj) = 5AC X, Yy O, X5, YiIXG) + S A(CH;, X5, Yy 2 Oy, XY, Y5).
This bound implies
A(Cy, X, V51X Oy XY, Y5) < 4A(H5 2 vg)
Finally, observe that
Ao(T,j) = A(Cj| X5, X5, Yy = OV, X, Yy) = A(C—y, X5, V51X 0 Crgy XGIYG, Y))
Therefore, we have
n n
D Do(T5) <4 ) Al : vyj) < 4v/ny/log(1/p(T))
j=k+1 j=k+1
as needed.
4. PROOF OF LEMMAS 5 AND 6

Lemma 7 (a la Hoeffding). Let (X;) be independent random variables, with X; taking
values in an interval of length 0;. Assume 2912 =1, and set S == > X;. Then for any
event E with P(E) < 1/10,

E[S|E] - E[S]| < /log,(1/P(E))
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Proof. We recall Hoeffding’s inequality [2]: under the same assumption, for any ¢ > 0
P (S > E[S] +1t) <exp (—2t%).

We may assume that E[S] = 0. Assume also that P(F) < 1/2. Write, for 8 to be
determined.

o0 CP(S>t) 1 o 9
Using the bound fﬁoo exp(—2t?) dt < fﬁoo %exp(—2t2) dt = exp(—2/%)/4/3, we obtain
exp(—26°)

and the choice f = /In(1/P(FE))/2 gives

In(1/P(E)) V2

BSIES 8 " i mnp)

/3 410

< VIn(1/P(E))

1 V2 ]

using that P(F) < 1/10. Since % + 41n‘/§10 < \/ﬁ, Lemma 7 follows by applying the same

inequality to —S. g
We now prove Lemma 5. We need to show that
1/2

() Y AZIE = 2| < logy(1/P(E)).

J=1

First, note that (5) is equivalent to the fact that for every 6 € S7~1

> 0AZ|E : Zj) < \/og,(1/P(E)).

j=1

Next, for any random variables U, V', we have A(U : V) =supE[f(U) — f(V)] where the
supremum is over functions f : R — {—1/2,1/2}. It suffices therefore to show that for
every functions f; : R — {—1/2,1/2}

n

Y65 (BIf(Z)|E] — E[f;(Z))]) < log,(1/P(E)),

Jj=1

which follows from Lemma 7.
We now turn to the proof of Lemma 6. We write, using successively the inequality
between the ¢1 and /2 norms on R", Lemma 5 and the concavity of x — +/logx for = > 1
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n

> A v) = Y P(S=S$E)> A(ZI|E,S=s5 : Zj|S=5)

j=1 ses Jj=1
. 1/2

< V) P(S=S$E) | Y _A(ZIE,S=s : Z|S =s)

ses j=1
< Vi) P(S=s|E)\/log(1/P(E|S = 5))

seS

P(S = s|E)

S Vg log (; P(E|S = s)>

P(S=s
= vn ]og(}Z;(E))>

sesS
= Vn\/log(1/P(E))
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