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ABSTRACT. In this paper we study self-improving properties in the scale of Lebesgue
spaces of generalized Poincaré inequalities in spaces of homogeneous type. In con-
trast with the classical situation, the oscillations involve approximation of the iden-
tities or semigroups whose kernels decay fast enough and the resulting estimates
take into account their lack of localization. The techniques used do not involve any
classical Poincaré or Sobolev-Poincaré inequalities and therefore they can be used in
general settings where these estimates do not hold or are unknown. We apply our
results to the case of Riemannian manifolds with doubling volume form and assum-
ing Gaussian upper bounds for the heat kernel of the semigroup et with A being
the Laplace-Beltrami operator. We obtain generalized Poincaré inequalities with
oscillations that involve the semigroup e~*# and with right hand sides containing
either V or A/2,

1. INTRODUCTION

In analysis and PDEs we can find various estimates that encode self-improving prop-
erties of the integrability of the functions involved. For instance, the John-Nirenberg
inequality establishes that a function in BMO, which a priory is in L] (R"), is indeed

exponentially integrable which in turn implies that is in L (R™) for any 1 < p < oo.

loc
Another situation where functions self-improve their integrability comes from the clas-

sical (p, p)-Poincaré inequality in R", n > 2,1 < p < n,

][ |f = fol”dz < CK(Q)][ IV f|P d.
Q Q

It is well-known that this estimate yields that for any function f € LI (R™) with

VfelLl (R, toe
1/p* 1/p
(][ f = fol” dx) <CUQ) (][ |V f|P da:)
Q Q

loc
where p* = p—"p. Again f gains integrability properties, since the previous inequality

n—

gives f € L” (R™). Both situations have something in common: they involve the
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oscillation of the functions on some cube @ via f — fg. In [FPW], general versions of
these estimates are considered. They start with inequalities of the form

(11) ]élf—fcﬂdaséa(@f),

where «a is a functional depending on the cube (), and sometimes on the function f.
There, the authors present a general method based on the Calderén-Zygmund theory
and the good-\ inequalities introduced by Burkholder and Gundy [BG] that allows
them to establish that under mild geometric conditions on the functional a, inequality
(1.1) encodes an intrinsic self-improvement on L? type for p > 1.

On the other hand, in [Mal] a new sharp maximal operator associated with an
approximation of the identity {S;}~0 is introduced:

M f(z) = Sup][ | = Sigfdy,
Q3zJQ

where tg is a parameter depending on the side-length of the cube ). This operator
allows one to define the space BMQOg, for which the John-Nirenberg inequality also
holds (see [DY]). In this way, starting with an estimate as (1.1) where the oscillation
f— fqis replaced by f—S;, f, and a(Q, f) = C a self-improving property is obtained.
This new way of measuring the oscillation allows one to define new function spaces
as the just mentioned BMOg of [DY] and the Morrey-Campanato associated with an
approximation of the identity of [DDY], [Tan].

In [Jim] and [JM] self-improving properties related to this new way of measuring
oscillation are under study. The starting estimate is as follows

(12) ][Q f = Sigfde < a(@. f),

with S; being a family of operators (e.g., semigroup) with fast decay kernel. By anal-
ogy to (1.1), we will refer to these estimates as generalized Poincaré inequalities. The
case a increasing, considered in [Jim] both in the Euclidean setting an also in spaces of
homogeneous type, yields local exponential integrability of the new oscillation f—S; f.
In [JM] functionals satisfying a weaker ¢"-summability condition (see D, below) are
studied in the Euclidean setting. In this case L™ local integrability of the oscillation
is obtained.

In this paper we continue the study in [Jim], [JM] considering (1.1) in the setting
of the spaces of homogeneous type for functionals satisfying some summability con-
ditions. We obtain estimates in weak Lebesgue spaces with the oscillation f — S;f
in the left hand side and an expansion of a over dilations of balls on the right hand
side. These expansions, that already appeared in [Jim], [JM], have fast decay coeffi-
cients and are natural due to the lack of localization of the operators S;. The proofs
are more technically involved since the setting is less friendly. However, we are able
to obtain applications in settings where one may lack of Poincaré inequalities. That
is the case of some Riemannian manifolds assuming only doubling volume form and
Gaussian upper bounds for the heat kernel associated to the semigroup generated
by the Laplace-Beltrami operator. In order to present these applications, which are
the main motivation of the general results presented here, we need to introduce some
notation, see Section 4.3 for more details.
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Let M be a complete non-compact connected Riemannian manifold with d its geo-
desic distance. Assume that volume form p is doubling and let n be its doubling order
(see (2.1) below). Then M equipped with the geodesic distance and the volume form
it is a space of homogeneous type. Let A be the positive Laplace-Beltrami operator
on M given by

(Af.g) = /M Vf-Vgdy

where V is the Riemannian gradient on M and - is an inner product on T'M. We
assume that the heat kernel p;(z, ) of the semigroup e~** has Gaussian upper bounds
if for some constants ¢,C' >0 and all t > 0,2,y € M,

oL@y

C
pe(z,y) £ ————F——e€ (UE)
u(B(x, V1))

We define ¢, as the supremum of those p € (1,00) such that for all ¢t > 0,
Ve 2 f1 |, < Ct2 flle- (Gy)

If the Riesz transform |VA~/2| is bounded in L?, by analyticity of the heat semigroup,
then (G)) holds. Therefore, ¢, is greater than the supremum on the exponents p for
which the Riesz transform is bounded on LP. In particular ¢, > 2 by [CD].

As a consequence of our main results and in the absence of Poincaré inequalities we
obtain the following (see Corollary 4.5 below for the precise statement):

Theorem 1.1. Let M be complete non-compact connected Riemannian manifold sat-

isfying the doubling volume property and (UE). Given 1 < p < oo we set p* =

np/(n—p)if 1 <p<n andp* = oo otherwise.

(a) Givenm > 1 (m is taken large enough when 1 < p < n), let ST = [ — (I —e t2)™
and 1 < q < p*. Then, for any smooth function with compact support f we have

1/q 1/p
(f 1 =susran) " <c X omre m (f, 1810 an)

k>1
where ¢p(k) = o=*% and 0 depends on m, n and p.

(b) For any p € ((G+),00) U [2,00), any 1 < g < p* and any smooth function with
compact support f we have

(][ f _tBqud )1/(1<C ook ( kB (][ |prd )I/P
[ —cmrppan) <o ot B (£, 9ePdn)

k>1

In this result o is a large constant depending on the doubling condition (see below).

The plan of the paper is as follows. In Section 2 we give some preliminaries and
definitions. The main result and its different extensions are in Section 3. Applications
are considered in Section 4. In particular, we devote Sections 4.1 and 4.2 to study
various Poincaré type inequalities in general spaces of homogeneous type. In the
former we start from an estimate whose right hand side is localized to the given ball
B, in the latter we take into account the lack of localization of the approximation of
the identity or the semigroup and the right hand side contains a series of terms as
in the applications to manifolds stated above. As a consequence, in Section 4.1 we
obtain global pseudo-Poincaré inequalities. In Section 4.3 we consider the application
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above and obtain generalized Poincaré inequalities in Riemannian manifolds. The
subsequent sections contain the proofs of our results.

2. PRELIMINARIES

2.1. Spaces of homogeneous type. For full details and references we refer the
reader to [CW] and [Chr]. Let (X,d, 1) be a space of homogeneous type: X is a set
equipped with a quasi-metric d and a non-negative Borel measure p satisfying the
doubling condition

p(B(z,27)) < ¢, pu(Blz,r)) < oo,

for some ¢, > 1, uniformly for all z € X and r > 0, and where B(z,r) = {y €
X :d(y,z) < r}. We note that, in general, different centers and radii can define the
same ball. Therefore, given a ball B we implicitly assume that a center and a radius
are specified: B = B(xp,r(B)) where xp is the center and r(B) is the radius. The
doubling property implies

. 11(Bs) r(B2)\"
(2.1) p(B(z,Ar)) <, X" p(B(x,r))  and 1(By) S G (r(Bl)) ’

for some ¢,,n > 0 and for all z,y € X, r > 0 and A > 1, and for all balls B, and B,
with By C Bs.

Let us recall that d being a quasi-metric on X means that d is a function from
X x X to [0,400) satisfying the same conditions as a metric, except for the triangle
inequality that is weakened to

d(x7y> < Dy (d(ﬂ?, Z) + d(Z,y)),

for all z,y,2 € X and where 1 < Dy < oo is a constant independent of z,y, z.
Unfortunately, when Dy > 1 it does not follow, in general, that the balls are open.
However, Macias and Segovia [MS] proved that given any quasi-metric d, there exists
another quasi-metric d’ equivalent to d such that the metric balls defined with respect
to d are open. Thus, without loss of generality, from now on we assume that the
metric balls are open sets. Also, in order to simply the computations, we assume that
X is unbounded and therefore p(X) = oo, see for instance [Ma2].

We make some conventions: A < B means that the ratio A/B is bounded by a
constant that does not depend on the relevant variables in A and B. Throughout this
paper, the letter C' denotes a constant that is independent of the essential variables
and that may vary from line to line. Given a ball B = B(zp,r(B)) and A\ > 0, we
write A B = B(zp, Ar(B)). For any set £ we write diam(E) = sup, ,cx d(r,y). The
average of f € Li in B is denoted by

1
fo— ][ @) dte) = == / £(x) diu(z)

and the localized and normalized norms of a Banach or a quasi-Banach function space
A by

||f||A,B = ||f||A(B, dit_y and ||f||A(w),B = ||f||A(B

w(B) 7wEUB))'

Examples of spaces A are LP*°, LP or more general Marcinkiewicz and Orlicz spaces.
)
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2.2. Dyadic sets. We take the dyadic structure given in [Chr] (here we use the
notation in [Jim]).

Theorem 2.1 ([Chr]). There exist o > 4 D3 > 1 large enough, 0 < ¢;,Cy,Cy < 00
and D = Ugez Dy a countable collection of open sets () with the following properties:

(i) Dy is a countable collection of disjoint sets such that X = Ugep, @ p-a.e.
(i1) If Q € Dy, then diam(Q) < C) o*.

(i13) If QQ € Dy, then there exist xg € AQ and balls Bg = B(zg,c10") and BQ =
B(zg,Cy o%) such that Bg C Q C Bg.

(1) If Q1 € Dy, and Qo € Dy, with k1 < ko, then either Q1 N Q2 = O or Q1 C Q.
We will refer to Q as dyadic cubes and to Dy, as the k-th generation of D.

In what follows, we fix ¢ > 4 D} large enough and consider the dyadic structure
given by Theorem 2.1. We will use the following decomposition of X in dyadic annuli:
given Q € D, we write X = U1 Cr(Q) with C1(Q) = o Bg and Cr(Q) = o* Bg \
okl EQ, k > 2. Also, given a ball B, we write X = U;>1Ci(B) with Cy(B) = ¢ B
and Cy(B) =c" B\ o* ' B, k> 2.

2.3. Muckenhoupt weights. A weight w is a non—negative locally integrable func-
tion. For any measurable set E, we write w(F) w(z) du(x). Also, we set

][fdw ][f ) du(a /f (2).

We say that a weight w € A,(n), 1 < p < o0, 1f there exists a positive constant C
such that for every ball B

(o) (f )

For p = 1, we say that w € A;(p) if there is a positive constant C' such that for every
ball B,

][ wdp < Cwl(y), for p-a.e. y € B.
B
We write Ao (1) = Up>1A4,(1t). See [ST] for more details and properties.

4. Functionals. Let a : B x F — [0, 400), where B is the family of all balls in
X and F is some family of functions. When the dependence on the functions is not
of our interest, we simply write a(B). We say that a is doubling if there exists some
constant C, > 0 such that for every ball B,

a(o B) < C,a(B).

In [FPW] the classes D, are introduced: given a Borel measure v and 1 < r < 0o, a
satisfies the D, (v) condition (we simply write a € D,(v)), if there exists 1 < C, < 00
such that for each ball B and any family of pairwise disjoint balls {B;}; C B, the
following holds
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We write ||a||p, @) for the infimum of the constants C,. By simplicity, we write D, or
D,(w), when v = p or w is a weight. Note that, by Hélder’s inequality, the D, (v)
conditions are decreasing: D, (v) C Dy(v) and ||a|/p,w) < ||la||lp, @), for 1 < s <7 < oo.
On the other hand, if a is quasi-increasing (that is, a(By) < C, a(By), for all By C By)
then, a € D,(v) for any Borel measure v and 1 < r < co.

2.5. Approximations of the identity and semigroups. We work with families
of linear operators {S;}:~o that play the role of generalized approximations of the
identity. The reader may find convenient to think of {S;};~0 as being a semigroup
since this is our main motivation. We assume from now on that these operators
commute (that is, S; 0S5 = Ss0 5, for every s,t > 0). Families of operators that form
a semigroup (that is, S5 Sy = Ssyy for all s,¢ > 0) satisfy this property. We assume
that these operators admit an integral representation:

S.f(x) = /X so(,y) £ () duty).

where s;(x,y) is a measurable function such that

1 d(z, y)"
(2.2) \3t<x’y)|§u(3(g¢,t1/m))g( t )

for some positive constant m and a positive, bounded and non-increasing function g.
Observe that (2.2) leads to a rescaling between the parameter ¢ and the space variables.
Thus, given a ball B, we write tg = r(B)™ in such a way that the parameter ¢ and
S; are “adapted” or “scaled” to B.
We also assume that for all N > 0,
lim 7 g(r) = 0.

r—00

We can relax the decay on g by fixing N > 0 large enough (such that the estimates
obtained below are not trivial). Further details are left to the reader. Let us note
that the decay of g yields that the integral representation of S; makes sense for all
functions f € LP(X) and that the operators S; are uniformly bounded on LP(X) for
all 1 < p < oco. Asin [DY], we consider a wider class of functions for which S; is well
defined: M = U,ex Upso Mz, Where M, ) is the set of measurable functions f
such that

B f ()]
st = (1+ )™ (B, 1+ d(w.p))

It is shown in [DY] that (M, ), || - ||M(;c B)) is a Banach space, and if f € M then,
Syf and Sy (Syf) are well defined and finite almost everywhere, for all ¢, s > 0.

dp(y) < o0

As examples of semigroups we can consider second order elliptic form operators in
R™ Lf = —div(AVf), with A being an elliptic n x n matrix with complex L*-valued
coefficients. The operator —L generates a C’-semigroup {e‘tL }=0 of contractions on
L*(R™). Under further assumptions (for instance, real A in any dimension; complex
A in dimensions n = 1 or n = 2, etc.) the heat kernel has Gaussian bounds, that
is, the above estimates hold with m = 2 and ¢(t) = ce . In this way we can take
S; =etor Sy =1—(I—e )N for some fixed N > 1. Note that for the latter
we lose the semigroup property, however, we still have the commutation rule and the
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Gaussian decay. Thus we can apply our results to that families. In some applications
it is interesting to have NV large enough so that one obtains extra decay in the resulting
estimates (see [HM], [Aus], [AM2] and the references therein). Similar examples could
be considered in smooth domains of R™ since these are spaces of homogenous type.

Another examples of interest are the Riemannian manifolds X with the doubling
property. In such situation we can consider the Laplace-Beltrami operator A. We
assume that the heat kernel p;(z,y) of the semigroup e~*# has Gaussian upper bounds
(UE). As before, this allows us to use our results both for S; = e™*2 or S; =
I — (I —e )N for some fixed N > 1. Note that the Gaussian upper bounds imply
(2.2) with m = 2 and g(t) = ce ", See Section 4.3 for applications of our main
results to this setting.

3. MAIN RESULTS

Theorem 3.1. Let {S;}i~0 be as above, 1 < r < oo and a € D,(u). Let f € M be

such that

(3) 18 = Sunfldu < a(B),

for all balls B and where tg = r(B)™. Then for any ball B, we have
(32) If = Stsfllpre s < CD_0*" glea™ ) a(e" B)

k>0

with C' > 1 and 0 < ¢ < 1. Furthermore, if a s doubling, then
If = Stpfllpree 5 S a(B).

The previous theorem can be extended to spaces with A (u) weights as follows:

Theorem 3.2. Let {S;}=0 be as above, w € Ax(p), 1 <7 < 00 and a € D,(w) N
Di(p). If f € M satisfies (3.1) then,

1f = Sinfll roequy s < C Yo" glea™") a(o* B)

k>0

for all balls B with C > 1 and 0 < ¢ < 1. Further, if a is doubling, we can write
Ca(B) in the right hand side.

Remark 3.3. We would like to call attention to the fact that (3.1) is an unweighted
estimate and that from it we obtain a weighted estimate for the oscillation f — S5, f.

Remark 3.4. We notice that we have imposed the mild condition D;(u), since in the
proof we are going to use Lemma 5.1 and (f) in Theorem 5.2 below. Observe that if
we assume w € A,(u), then a € D,(w) implies a € D;(u), see [JM].

We would like to point out that one could have removed the condition a € Dy ()
in the particular case where S; is a semigroup. The argument of the proof is somehow
different and more technical as one needs an alternative proof for Lemma 5.1 and (f)
in Theorem 5.2. We leave the details to the reader.

As in [FPW], [JM], we extend Theorems 3.1 and 3.2. We change the hypothesis on
the functional a so that the D, (u) condition allows a different functional in the right
hand side.
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Theorem 3.5. Let {Si}i~o be as above and f € M be such that (3.1) holds. Given
1 <r < oo, and functionals a and a we assume the following D, (u) type condition:

(33) > a(B)" u(B:) < a(B)" u(B),

i

for each ball B and any family of pairwise disjoint balls {B;}; C B. Then, we have
(3.4) If = Sigfllroe 5 < C Y 0™ glca™ ) a(o" B).

k>0

for all balls B with C' > 1 and 0 < ¢ < 1. Furthermore, if a is doubling, we can write
C'a(B) in the right hand side.

Remark 3.6. Given two functionals a and @, abusing the notation, we say that (a,a) €
D, (p) if (3.3) holds. As in Theorem 3.2 we can consider a weighted extension of the
previous result: we assume that (a,a) € D,(w) N D;(u) and obtain the corresponding
L™ (w) estimate. Details are left to the reader.

4. APPLICATIONS

We recall that Kolmogorov’s inequality implies that for any 0 < ¢ <r < oo

r 1/q
4.]. q < D 7,00 .
(@) flen < (=22 ) Ul

This means that whenever we apply the previous results, we can replace L™ by L4
for every 0 < ¢ < r. Note that the same occurs in the weighted situations.

Ezample 1 (BMO and Morrey-Campanato spaces). Let a > 0 and {S;}i~o be
as above, the space of Morrey-Campanato Lg(«) is defined as follows

1
Ls(a) = {f € M:sup u(B)O‘]{g f — S fldn < o0}
When a = 0 this space coincides with BM Og. These spaces are defined in [DY] and
[Tan] under the additional assumption that {S;};~o is a semigroup (see also [DDY],
[Jim], [JM]).

Take a(B) = pu(B)®, we intentionally drop the constant as it is harmless. Note that
a is increasing (a(B1) < a(Bs), for every By C Bsy) and doubling, therefore a € D,.(u)
for every 1 < r < co. Thus, applying Theorem 3.1 and Kolmogorov’s inequality (4.1),
for any f € Lg(a), a >0,

Hf - SthHLT,B 5 M(B)a,

for every 1 < r < oo and for all balls B. Also all these estimates hold in L"(w) with
w € Ax ().

We would like to call the reader’s attention to the fact that in these examples [Jim]
obtains a better self-improvement in the scale of Orlicz taking exp L in the left hand
side (which clearly implies the previous estimates).

On the other hand, self-improving results for f € BM O, s(¢t) can be also obtained.
The spaces BMO,, (1) generalize those defined by S. Spanne [Spa] in R (see [JM]
and [Jim] for further details.)
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For the following examples we assume that all annuli are non-empty, i.e., B(x, R) \
B(z,r) # O for all 0 < r < R < co. This implies that r(B) ~ diam(B) and also that
By C By yields 7(B;) < r(By) —we notice that these two properties fail to hold in
general. In particular,

1(Bs) r(B2)\"
42 o <o (1)

for every By C By. Also, in the examples below, 7(B) can be replaced by diam(B)
which is univocally determined (we however keep r(B) to emphasize the analogy with
the Euclidean case). The non-empty annuli property implies that p satisfies the reverse
doubling condition (see [Whe]): there exist n > 0 and ¢, > 0 such that

(43) mBy) <@) |
11(B2) r(Bs)
for all balls B; and By with By C Bs.

Ezample 2 (Fractional averages). These are related to the concept of higher gra-
dient introduced by J. Heinonen and P. Koskela in [HeK1], [HeK2]. Given A > 1,
0<a<n,1<p<n/aand a weight u, we set

oo (52)”

Note that if p > n/a, by (2.1) a is increasing; therefore, a € D,.(u) N D,.(w), for every
r>1and w € Ax(p). Thus, Theorem 3.1 together with (4.1) give self-improvement
in all the range 1 <r < oo for L"() and L"(w) with w € A ().

As in [FPW] (see also [JM]), we have that a € D,(u) for 1 < r < pn/(n — ap).
Thus, if f € M satisfies

][ f — Supfldu < r(B)" (
B

for all balls B, then

(]{9 If = Sth\rdx> L <SS et glea™ ) (ot B) <%)w7

k>0

for every 1 < r < pn/(n—ap). If in addition we assume that u € A, (1), as in [FPW],
we have a € Dn’izp+€<”) for some € > 0 depending on the A () constant of the weight

w. In this case u is doubling (thus, one can simply take A = 1) and consequently so is
a. We can apply Theorem 3.1 to obtain an estimate of the generalized oscillation in

L#a5"% which in turns implies by (4.1),

(fr-suna) ™ s (18)"

A particular case of this is the following: let X be a differential operator such that
for some function f € M and for all balls B,

< o 1 p l/p
F 17 =S fldn s r(3) (m [ du)
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with A > 1,0 < a < mnand 1 < p < n/a. Then, we have proved the following
self-improvement: for every 1 < r < pn/(n — ap)

S ™ d 1/T< 2nk mk kBa 1 X Pd 1
(f1r=suran) s X o glea o e~ [ xsran)

k>0

If we further assume that | X f|? € Ao () then,

pn pn 1/p
(][ = S, f75 du) < r(B) (][ X f|pdp) |
B B

4.1. Reduced Poincaré type inequalities. As in the previous examples and mo-
tivated by the classical (1,1)-Poincaré inequality, one could consider estimates as

follows: Let f € M be such that

(1.4) F 1t = S fldu < o(B) f b

for all balls B and where h is some non-negative measurable function: Typically
h depends on f. For instance, in R™ one can take h = C'|V f|. However, in the
computations below we can work with any given function h. We call this estimate a
reduced Poincaré type inequality, in contrast with the expanded estimates (4.17) that
we consider in Section 4.2 below. In this context it is more natural to relax (4.4) and
take as an initial estimate

(45) F 15 =Sl < () (]i n du) "

with 1 < p < o0.
We would like to apply our results to obtain self-improvement from (4.5).

Ezample 3 (Poincaré-Sobolev inequality). We show that (4.5) yields
1/p
(46) IF =St e < S o0t B) (1)
k>0 ok B

for all balls B, for some sequence {¢(k)};>, and where p* = *£. Hence, applying

n—p

1/p
h? du) :

Kolmogorov’s inequality (4.1), we get

(4.7) (]i f = Sy fl du) i >_ok)r(e" B) (][ k

kZO ot B

for every 1 < r < p*.

We take a(B) = r(B)(f, h? du) "7 Note that when p > n, a € D,.(u) for every
1 < r < oo (since a is increasing). Therefore, (4.7) holds for every 1 < r < oco. This
case is studied in [Jim] where an exponential type self-improvement is obtained:

1/p
1 = Sip oy < S 6(K) r(o* B) (][ p du> |

k>0 ot B
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Otherwise, if 1 < p < n, we have a € D, (u): Let B be a ball and {B;}; a family
of pairwise disjoint subballs of B. From (2.1) and the fact that

p*/p p*/p p*/p
W du) < ( / W du) < ( / W du) ,
(), >, B

7

we get a € Dy« (p). Hence, we can apply Theorem 3.1 and this readily leads to (4.6)
as desired.

Ezample 4 (Poincaré-Sobolev inequality for A;(u) weights). Given w € A;(u)
and 1 < p < n, (4.5) implies the following: for all balls B and for some sequence

(9} oo
1/p
48 =Sl < o0 re B (f, wav)

k>0
As a consequence of the previous inequality and the weighted version of Kolmogorov’s
inequality, we get the strong norm L"(w, B) for every 1 < r < p*.
In order to show (4.8) we use Theorem 3.2. First, using that w € A;(u), we have

that (4.5) gives
1/p
fir=surlans o (f wie) =)
B B

We claim that @ € Dp(w). Indeed, take a ball B and a family {B;}; C B of
pairwise disjoint balls. First, note that (2.1) and w € A;(u) imply w(B)/w(B;) <
(r(B)/r(B;))" where we have used (5.15) below. Then, as p* > p, we have

7 7

p*/p
Sr(BY w(B)' PPN ( / h? dw) < a(B)"” w(B).
i Bi
Notice that w € A;(p) C A,-(p) and therefore a € Dy(p) (see Remark 3.4). Thus,
applying Theorem 3.2, we obtain (4.8).
As before, when p > n, we can obtain exponential type self-improvement since the
functional is increasing (see [Jim]).

Ezample 5 (Poincaré-Sobolev inequality for A,(u) weights, » > 1). We show
that (4.5) with 1 < p < n implies that for every » > 1 and w € A,(u), there exists
q > £ (depending on p, n, w) such that the following holds

n—p

1/(rp)
A9 U= Sl s < o0 rie B(f, wrae)

k>0

To check (4.9), we first see that (4.5) and w € A,(u) give
1/(rp)
Lir=santans o) (f wraw) " =am),
B B
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The openness property of the A,.(u) class gives that w € A, .(u) for some 0 < 7 < 1.
Without loss of generality, 7 can be chosen so that 2 < 7 < 1. Hence, for any ball B
and any measurable set £ C B we have, by (5.15) below,

D) ¢ (u0))”
w(E) Y A\uE))
We pick go = (n77p)/(nT—p) and observe that ¢y > Z;’; . Using this and proceeding
as in the previous one can easily see that a € Dy, (w) which by using Theorem 3.2 and

nrp

Remark 3.4 (since go > r) lead to an estimate in L%°°(w). Next taking e <4 < qo,
Kolmogorov inequality gives to (4.9).

Ezample 6 (Two-weight Poincaré inequality). Given 1 < p < ¢ < r < o0, let
(w, v) be a pair of weights with w € A,(u), v € Ag/p(p) such that the following balance
condition holds

r(B) (BN BN e e
(4.10) r(32)<w(32)) §<v(32)) : for all By, By with By C Bo.

Then, (4.5) allows us to obtain

(4.11) 1f = Stofl iy, p < D 0(k) (0" B) (][k

k‘ZO o~ B

1/q
h? dv> )

Consequently by Kolmogorov’s inequality, we obtain strong type estimates in the
range 1 < s <.

In order to obtain (4.11), note that by (4.5) and using that v € Ag,(1), we get

F 17 =S fldu S r(B) (][ o dv) s

Using the balance condition together with r/q¢ > 1, it is not difficult to see that
a € D.(w). Hence, applying Remark 3.4 and Theorem 3.2, we obtain the desired
inequality.

Ezxample 7 (Generalized Hardy inequality). We take 1 < p < i (where 7 is the
exponent given in (4.3)) and fix xy € X. Let us consider w,,(x) = d(z,z¢)"?. Then
from (4.5) we obtain

1/p
(412) 1 = Sta Sy, ) < S 00k <w o hpdu) |
k>0 zo

As a consequence of (4.1), we automatically obtain strong type estimates in the range
1 < r < p. Note that the claimed estimate implies

N 1/p
sup Awy{z € B |f(2) — Sy fz)] > ANP/P < qu(k:) (/thpd,u> :

A>0 k>0

and this should be compared with the classical Hardy inequality

[ 1#@ fB|2 el SRORE
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To obtain (4.12) it is easy to see that for every ball B = B(zg,r(B))

(4.13) ][ d(z,x0)" du(x) ~ d(zg, zp)%, xg€2Dy B, «€R,
B
and
(4.14) ][ d(x,xz0)" du(x) =~ r(B)?, rg €2Dy B, o> —n.
B

Using these estimates it follows that w,, € A;(u) and 7(B) (w.,(B)/u(B))'/? < 1.
Then we readily obtain that (4.5) yields

(4.15) 17 =S fldus (wl( 5 du) " am).

It is trivial to show that a € D,(w,,) and also that @ € D;(i) by Remark 3.4 and the
fact that w,, € A,(x). Thus Theorem 3.2 gives as desired (4.12).

Ezample 8 (Generalized two weights Hardy inequality). We take 1 < p < n
and 0 < ¢ < p. Fixed zy € X we set wy,(z) = d(z,z) 7P and w,,(x) = d(x, x¢) "%
Then from (4.5) we obtain

1/p
110) 17 = Sl linmqangn < 200 (o [, #n)

k>0
As a consequence of the weighted version of (4.1), we automatically obtain estimates
in L"(w,,) for every 1 <1r < p.

Taking the functional from the previous example, we have already shown (4.15) and
a € Dy(p). Using (4.13) and (4.14) we obtain the following balance condition

U_):BO(Bl) wwo(BQ) <1
U_)CEO(B2) wl‘o(Bl> ~

This easily gives a € D,(w,,). Note also that w,, € A;(x). Thus, Theorem 3.2 yields
(4.16).

B, C Bs.

Global pseudo-Poincaré inequalities. As a consequence of our results and arguing
as in [JM], we are going to obtain the following generalized global pseudo-Poincaré
inequalities, see [Sa2]. These are of interest to obtain interpolation and Gagliardo-
Nirenberg inequalities, see [Sa2|, [BCLS]|, [Led], [MM]. Assume that f € M satisfies
(4.5) with 1 < p < n. Then for all ¢t > 0:

e Global pseudo-Poincaré inequalities:
1f = Sefllzrexy S ™ hllzoex)

e Global weighted pseudo-Poincaré inequalities: for every w € A,(u), 1 <r < oo
1f = Seflzorwy S /™ [1hllzorw)

e Global pseudo-Hardy inequalities: Let 1 < p < n and take w,,(x) = d(z, ()",
ro € X, then

Hf - StfHLP@O(sz) 5 ||h||L”(X)
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Let us show the first estimate. We fix ¢t > 0 and take kg € Z such that C) o* <
t/m < Cy g%t Then, we write X = Ugen,, @ a.e.. Note that for each @ € Dy,
there exists 7 with 1 < 7 < ¢™ such that t = 7 tpy- As in Lemma 5.5, we fix Qg € Dy,
and consider the family J, = {Q € Dy, : 0" Bg N " By, # O}. It is easy to
see that each Q € Jj, satisfies Q C 0" Bg, C 03 By. This and the fact that u is
doubling imply #J, < ¢, (C1/c;)" 0™ ¥+3) On the other hand, Example 3 gives (4.7)
with r = p. Then, Minkowski’s inequality and Lemma 5.4 imply

||f_Stf||LP(X):< > /If Sif |pdp)
QEDy,

1/p
— S, flPd
(QEZD /wBQ 50| u)
1/p\ p\ 1/p
(2 wemsafgowremsalf, va)))
o1/ Bgo

QEDkO k>0

1/p
< (/m Z¢( k (1—n/p) < z /k+1 hpdu)
~ @Dy, Bg
i 1/p
Stl/mZaﬁ(k)a’“(””/p"/p)(/ hpdﬂ) S (R,
k>0 X

where we have used that {¢(k)}r>0 (given in Theorem 3.1) is a fast decay sequence

by the decay of g.
In the weighted case with w € A,(u), we use Example 4 for r = 1 and Example 5
nrp

for r > 1. For r = 1 we have p* > p, and if r > 1 we observe that p > TP Thus, in
both cases we obtain

S 1/(rp) i 1/(rp)
— S, fI'*d < k)r(o* B W d .
(f1r=suirran) " <X owriem)(f, 1)

k>0

Proceeding as before and using that the wdu is doubling we obtain the desired in-
equality.

For the pseudo-Hardy inequalities one uses the same ideas with the weak-type norm
in the left-hand side.

4.2. Expanded Poincaré type inequalities. We introduce some notation: given
1 < p,q < oo we say that f € M satisfies an expanded L? — LP Poincaré inequality if
for all balls B C X

£, 17 = Suflan < S att oo (f wa)”

where {a(k)}r>o is a sequence of non-negative numbers and h is some non-negative
measurable function.

In this section we start with an expanded L' — LP Poincaré inequality and show
that it self-improves to an expanded L? — LP Poincaré inequality for ¢ in the range
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(1,p*). More precisely, our starting estimate is the following: let p > 1 and f € M
be such that

1/p
(4.17) F 17 = i1 < 3l (][thpdu) |
k>0 g

for all balls B C X and where {a(k)}r>0 is a sequence of non-negative numbers and
h is some non-negative measurable function.

In the classical situation, replacing S;, f by fp and taking h = C' |V f| and a(k) =0
for k > 1, this inequality is nothing but the L! — L? Poincaré-Sobolev inequality. Let
us also observe that if a(k) = 0 for k > 1, we get back to (4.4) in the previous section.
On the other hand, if h? is doubling and {«(k)}r>o decays fast enough, then (4.17)
leads us again to (4.5). As mentioned in [JM] and [Jim], we believe that the estimates
(4.17) are more natural than (4.4) or (4.5) in the sense that they take into account
the tail effects of the semigroup in place of looking only at a somehow local term.

Following the computations in [JM], assuming that S;1 = 1 a.e. in X and for all
t > 0, one can obtain that the following L' — LP Poincaré-Sobolev inequality

][|f faldu < Cr(B ( ISf\pdu) ,

for some (differential) operator S, implies (4.17) with h = |Sf|. As we show below,
under some conditions on a Rlemanman mamfold we can obtain (4.17) without any
kind of Poincaré-Sobolev inequality, thus our results are applicable in situations where
such estimates do not hold or are unknown.

Starting with (4.17) we are going to apply our main results to obtain a self-
improvement on the integrability of the left hand side. For the sake of simplicity,
we are going to treat only the unweighted Poincaré-Sobolev inequality analogous to
those in Example 3. We notice that the same ideas can be used to consider Example 4
and obtain (4.8) with L"(w), 1 < r < p*, in place of LP"**(w) (here one can show that
a € Dy_(w)); Example 5 and obtain (4 9) for some ¢ > 7F (here one can show that
a € Dy _(w) and this allows us to pick such value of ¢); and Example 6 for which we
can show (4.11) with L*(w), 1 < s <7, in place of L™ (w) if we further assume that
1 <p < g < r (here one can show that a € D,_.(w)). Further details are left to the
interested reader.

We proceed as in [JM, Section 4.2.]. We fix 1 < p < n and define

1/p
hP d,u) .

We are going to find another functional @ with a similar expression so that (a,a)
satisfies a D, condition as in Theorem 3.5.

a(B) =Y _a(k)ag(c* B) with ao(B) = r(B) (][

k>0 B

Proposition 4.1. Given a as above, let 1 < p <n and 1 < g < p*. There exists a
sequence of non-negative numbers {a(k)}x>o0, so that if we set

a(B) =>_a(k) ag(o* B),
k>0

we have that (a,a) € D,,.
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The proof of this result is postponed until Section 5.4. From the proof we obtain
that @(0) = C a(0) and a(l) = Co'™/a > ksmax{l-21) o=@ a(k) for I > 1 with
G = max{q, p}

This result, Theorem 3.5, and Kolmogorov’s inequality (4.1) readily lead to the
following corollary:

Corollary 4.2. Given 1 <p <n, let f € M satisfy (4.17). Then, for all 1 < q < p*
there exists another sequence of non-negative numbers {&(k)}r>o so that

(][ = Sig fI° dp) <3 ak) <£thpdu>1/p_

k>0
It is straightforward to show that a(k) = C ZJ 002" glca™)a(k — 7).

Remark 4.3. We would like to call the reader’s attention to the fact that in the case
p > n, the functional a defined above is increasing since so it is ag. Therefore the
previous estimate holds for all 1 < ¢ < oo with a sequence & defined as before with
a=q.

As in [JM, Section 4.2] one can consider generalized Poincaré inequalities at the
scale p*. More precisely, one can push the exponent ¢ to p* and obtain an estimate
in the Marcinkiewicz space associated with ¢(t) ~ t'/?" (1 4 log™ 1/t) (A+9/P" e > 0.
Notice that ¢ is the fundamental function of the Orlicz space LP" (log L)~*9 and
the Marcinkiewicz space is the corresponding weak-type space (as L% is for L9).
Further details are left to the reader, see [JM].

Given 1 < p < 00, by Corollary 4.2 and Remark 4.3 both particularized to ¢ = p, we
immediately get that f € M satisfies an expanded L' — L? Poincaré inequality (4.17)
(with a fast decay sequence) if and only if it satisfies an expanded L? — L? Poincaré
inequality. Notice also that an expanded L' — L? Poincaré inequality implies trivially
an expanded L' — L4 (equivalently LY — L%) Poincaré inequality for every q > p.
As a consequence of this, starting with (4.17) with a fast decay sequence {a(k)}x>o
and repeating the argument in the previous section we obtain global pseudo-Poincaré
inequalities: for all ¢ > p and all t > 0

1f = Sefllpacey S t™ (|| pacx)

4.3. Expanded Poincaré type inequalities on manifolds. In this section we
show that on Riemannian manifolds we can obtain expanded Poincaré type inequalities
as (4.5) with different functions h on the right hand side. As observed before (see
[JM]), assuming that S;1 = 1 p-a.e., classical Poincaré-Sobolev inequalities imply
(4.17). There are situations where such Poincaré inequalities do not hold or are
unknown. However the arguments below lead us to obtain generalized expanded
Poincaré type inequalities to whom the self-improving results are applicable.

We refer the reader to [ACDH] and the references therein for a complete account of
this topic. Let M be a complete non-compact connected Riemannian manifold with d
its geodesic distance. Assume that the volume form p is doubling. Then M equipped
with the geodesic distance and the volume form p is a space of homogeneous type.
Non-compactness of M implies infinite diameter, which together with the doubling
volume property yields p(M) = oo (see for instance [Ma2]). Notice that connectedness
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implies that M has the non-empty annuli property, therefore we are in a setting where
we can apply all the previous applications.
Let A be the positive Laplace-Beltrami operator on M given by

(Af.g) = /M Vf-Vgdu

where V is the Riemannian gradient on M and - is an inner product on T'M. The
Riesz transform is the tangent space valued operator VA~™'/2 and it is bounded from
L*(M, ) into L?(M;TM, ) by construction.
One says that the heat kernel p,(x,y) of the semigroup e~*24 has Gaussian upper
bounds if for some constants ¢,C' > 0 and all t > 0,2,y € M,
C d2(2,y)
) < ——e 1 . UE
pt( 7y> — ,u(B(x, \/¥)) ( )
It is known that under doubling it is a consequence of the same inequality only at
y = x [Gr2, Theorem 1.1]. Notice that (UFE) implies that p.(z,y) satisfies (2.2) with
m = 2 (therefore tg = r(B)?) and g(t) = ce . Thus our results are applicable to the
semigroup S; = e~*2 and to the family of commuting operators S; = [ — (I —e~*4)™
with m > 1 —expanding the latter one trivially sees that its kernel satisfies (UE).
Under doubling and (UFE), [CD] shows that

H |VA_1/2f| ||Lp < Cp“fHLP (Rp)

holds for 1 < p < 2 and all f bounded with compact support. Here, |- | is the norm
on T'M associated with the inner product. We define

¢y = sup {p € (1,00) : (R)) holds}

which satisfies ¢; > 2 under doubling and (UFE). It can be equal to 2 ([CD]). It is
bigger than 2 assuming further the stronger L?-Poincaré inequalities ([AC]) and in
some situations gy = o0.

We also define ¢, as the supremum of those p € (1, 00) such that for all ¢ > 0,

Ve 2 fl|, < CE2) £l (Gp)

By analyticity of the heat semigroup, one always have ¢, > ¢,; indeed (R,) implies
(Gyp):

Ve 2 flll o < G IAYZ e 2 f o < G772 | 11
As we always have (R») then this estimate implies (Gz). Under the doubling volume

property and L?-Poincaré inequalities, ¢, = ¢, see [ACDH, Theorem 1.3]. It is not
known if the equality holds or not under doubling and Gaussian upper bounds.

Proposition 4.4. Let M be complete non-compact connected Riemannian manifold
satisfying the doubling volume property and (UE).

(a) Given m > 1, let S =1 — (I — e t2)™. For any smooth function with compact
support f we have

][ = Snfldp < C Y ot Emm ok ) ][ A2 f| dp.
B

>1 o~ B
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(b) For any p € ((Gy),00) U[2,00) and any smooth function with compact support f
we have

5 1/p
—e A fpdu) <Y e r(oh B ( v pd)
(flr-cmsran) <o e ot n) (f 1wira

k>1

As a consequence of this result (whose proof is given below) and by Corollary 4.2
and Remark 4.3 we obtain Theorem 1.1 whose precise statement is given next:

Corollary 4.5. Let M be complete non-compact connected Riemannian manifold sat-

isfying the doubling volume property and (UE). Given 1 < p < oo we set p* =

np/(n—mp) if 1 <p<n andp* = oo otherwise.

(a) Given m > 1, let S™ =1 — (I —e )™ and 1 < q < p*. Assume that m >
(n+n/p—n/max{q,p})/2 if 1 < p < n. Then, for any smooth function with
compact support f we have

1/q 1/p
(][ - SZ;f!qdu) <C Y ok)r(o" B) (f A2 fp du) :
B k>1 ok B
where ¢(k) = o=FCm=D=n/p) 41 < p < n and ¢(k) = o FCm=D) jif p > n,

(b) For any p € ((¢4)',00) U[2,00), any 1 < q¢ < p* and any smooth function with
compact support f we have

1/q 1/p
— e flag CY e ("B ( v ”d) .
(fir-emsman) <X e et n) (f, 1vrran

k>1

Remark 4.6. As mentioned before we can also get similar estimates assuming fur-
ther local Poincaré-Sobolev inequalities. Notice that our assumptions guarantee that
e t21 = 1. We assume that M satisfies the L' — L? Poincaré, 1 < p < oo, that is, for
every ball B and every f € Li (M), [Vf| € LV (M)

loc loc

1/p
F15 = faldn < () (]{3 v du> |

Lir=ssiansc X e et n (f

k>1 o* B

Then,
1/p
VP du) :

with either S; = e~ or S; = I — (I —e~*2)™. Notice that Proposition 4.4 establishes
this estimate for some values p, and for the first choice of S;, without assuming any
kind of Poincaré inequalities.

We would like to call the reader’s attention to the fact that, as mentioned before,
one could prove similar estimates in the spirit of Examples 4, 5 and 6. Besides, global
pseudo-Poincaré inequalities can be derived in the same manner.

We finish this section exhibiting some examples of manifolds where the previous
results can be applied. The most interesting example, where our results seem to be
new is the following:

Consider two copies of R” minus the unit ball glued smoothly along their unit circles
with n > 2. It is shown in [CD] that this manifold has doubling volume form and
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Gaussian upper bounds. L? — L? Poincaré does not hold: in fact, it satisfies LP — L?
Poincaré if and only if p > n (see [HaK] in the case of a double-sided cone in R™,
which is the same). If n = 2, (R,) holds if and only if p < 2 ([CD]). If n > 2, (R,)
holds if and only if p < n ([CCH]). In any case, we have ¢, = n, hence ¢y > n. We
can apply Corollary 4.5 and obtain (a) and (b). Notice that although classical LP — L?
Poincaré holds if and only if p > n, (b) yields in particular expanded L? — LP Poincaré
estimates for all n’ < p < oo.

There are many examples of manifolds or submanifolds satisfying the doubling prop-
erty and the classical L' — L! Poincaré. Since doubling and L' — L' Poincaré imply
(UE), we can apply Proposition 4.4 and Corollary 4.5 on such manifolds. Note that
in this case, (b) of Proposition 4.4 and Corollary 4.5 are not new since, as mentioned
before, Poincaré inequalities are stronger than expanded Poincaré inequalities. How-
ever, (a) yields new expanded Poincaré inequalities involving the square root of the
Laplace-Beltrami operator on the right hand side. From these manifolds, we would
like mention the following:

e Complete Riemannian manifolds M that are quasi-isometric to a Riemannian man-
ifold with non-negative Ricci curvature (in particular every Riemannian manifold
with non-negative Ricci curvature) have doubling volume form and admit classical
L' — L' Poincaré.

e Singular conical manifolds with closed basis admit classical L? — L? Poincaré in-
equalities for C*° functions (see [CL]). Using the methods of [Grl] one can also
see that classical L' — L! Poincaré holds. Such manifolds do not necessarily satisfy
the doubling property, but they do, if for instance, one assumes that the basis is
compact.

e Co-compact covering manifolds with polynomial growth deck transformation group
satisfy the doubling property and the classical L' — L' Poincaré (see [Sal]).

e Nilpotent Lie groups have polynomial growth, then they satisfy the doubling prop-
erty and the classical L' — L! Poincaré inequality. Among the important nilpotent
Lie groups we mention the Carnot groups.

5. PROOFS OF THE MAIN RESULTS
5.1. Proof of Theorem 3.1. We split the proof in two parts.

5.1.1. Step I: Dyadic case. We use some ideas from [JM]. First, we fix 0 > 4 D} large
enough and take the dyadic structure given by Theorem 2.1. In this part of the proof,
we show that for every 1 <7 < ¢™ and for every ) € D,

A

If = Sei I, S > ™ g(am ) a(o By).

k>0
In order to get it, we define a functional a : B x F — [0, 400) given by
a(B)=>_o*"*g(c™* ) a(c" B).
k>0

Fix @ € D and assume that EL(BQ) < 00, otherwise, there is nothing to prove. Let
G(z) = |f(z) - STtBQ F(@)] X2 5,(®). The Lebesgue differentiation theorem implies
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that it is sufficient to estimate ||MG||pr . Thus, we study the level sets € = {x €
X : MG(z) > t}, t > 0. We split the proof in two cases. When ¢ is large, we use
the Whitney covering lemma (Theorem 5.2 below). When ¢ is small, the estimate is
straightforward.

The following auxiliary result will be very useful. Its proof is postponed until
Section 5.1.3.

Lemma 5.1. Assume that a € Dy and (3.1). For every 1 < 7 < o™, k > 0 and
R € D, we have

Fo 18 = ey A1 < alloy 0% (/) alo*? B
of Br

Take ¢o = cur ||allp,w € (C1/c1)*™ g(1)~", where ¢); is the constant of the weak-

type (1,1) of M. Then, since a(Bg) < co and as a consequence of the previous lemma,
we get G € L'(X) with

Co ., ~
(5.1 (Gl = [, 15 = Seipy Fldn < 2 () @)
o2 Bg Q CMm
Thus, using that M is of weak type (1,1) with constant ¢;;, we obtain
c co -, ~
(5.2) Q) < Gl < - a(Bo) w(Q).

Next, let ¢ > 1 be large enough, to be chosen. Our goal is to show the following
good-\ inequality: given 0 < A < 1, for all ¢ > 0

53) w20 Q) S A @)+ (02 o)

If0 <t<coe,(C/e)"o®" a(Bg) and 0 < A < 1 then (5.3) is trivial:

w20 Q) <@ 5 (“F2) w@ < ruun@ + (ML) .

In order to consider the other case, we need to state the following version of the
Whitney covering lemma whose proof is given below.

Theorem 5.2. Lett > 0 and G € LY(X). Let Oy = {xr € X : MG(x) > t} be a
proper open subset of X. Then, there is a family of Whitney cubes {Q%}; such that

(a) Q =, QL p-almost everywhere.

(b) {QL}; C D, these cubes are maximal with respect to the inclusion and therefore
they are pairwise disjoint.

(c) 0<(C/cr) 067’(3%) < d(QL Q) < (1/2) (Cy/er) agr(éQg) and as a consequence
0'9 (01/01)2 BQZ N Qg 7& @

(d) o5 GduSt, forallk > 1.
SH

() M(G Xy, )(@) St, for all & € Q)
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Suppose that t > coc, (C1/c1)"0?" a(Bg). Note that € is a level set of the lower
semicontinuous function MG. Moreover, as we have already seen, G € L'(X) and
() < oo. Thus, Q; is an open proper subset of X. Therefore, the set §); can be
covered by the family of Whitney cubes {Q!};, by applying Theorem 5.2. From now
on we restrict our attention to those cubes Q! with Q! N Q # @. Notice that as a
consequence of (5.2) and t > coc, (Cy/c1)"0*" a(Bg), we have u(Q;) < u(Q) and
therefore Q! C @ for every Q' N Q # @. Also for such cubes, by (5.2), we obtain

Q) < ie2) < Pa(Bo) ) < Fatbo)e, (K55 ) )

and therefore
(5.4) T(BQ%) < o7 2r(Bg) and  o? BQ;; C o Byg.
We need the following estimate:

Proposition 5.3. For every x € Q!,

~

MG(ZB) < M('f — STtBQtf‘ XJBQ#)(ZB) +c1t+4co EL(BQ)

This estimate gives
(5.5 MG(@) < M(f = 514, f1X,5,,)(a) +Cot.

We choose ¢ large enough so that ¢ > Cj and take 0 < A < 1. Using that the level
sets are nested, we write

(56) wQNQ) =Y u({reQ: MG(x) > qt})
=QECQ
< 3 nl{r € Qi MAF = Sra, fIXo5,)(@) > (4= Co)1})

QLCQ
:Z..._I_Z...:I_f_jlj
I T'a

where
N ={Qc Qi fIf=Sm, flduat), T={QiC Q:FIf =S, fldu>rt}.

ocB t Q§ O'B t in

Qt Q!
Applying that M is of weak type (1,1), u doubling and Theorem 5.2, we estimate I:
1 t
13 [ =S fldnSA Y p@) S AuRNQ)

I Q; ¢ 13Q§CQ

In order to estimate I, we first observe that if Q! € I'y (by Lemma 5.1), we have

)\t<][ |f = Sre, fldu S a(o® Be).
oB Qf '

Qt

k3
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Thus, ;
IT< n(@Q) S (%) > alo® By)" (@)
Iy :QICQ
In principle, it is not possible to apply the condition D, (u) since the balls of the family
{03 Bng}i may not be pairwise disjoint. Note that by (5.4) we have {0 BQﬁ}z’ C o2 Bg.
Next, we claim that {03 BQﬁ}i splits in N families {£;}, of pairwise disjoint balls

with N < ¢, (Cy/c1)*" 03", Assuming this, we use that a € D,(u) over each & and
the fact that p is doubling to obtain

r N R R r . ~
s (%) Yo > alo® Bg) o’ Byy) 5 (%) a(0® By)" u(0” Bg)

Jj=1 i:Qt.EEj

1N . -
<(—) a(Bg)" :
< (55) @B n@)
Plugging the estimates for / and /7 into (5.6), we conclude

p(QeNQ) S AMQNQ) + (55) alBa) n(Q),

for all t > ¢yc, (Cr/e1) 0™ a a(Bg) provided we check the previous claim. Note that
by Lemma 5.4 below it suffices to fix Qt and show that

#E; = #{Q!: o BQE Nno® BQ§_ £ Q} < ¢, (Cy/er)*™ 3™,
As a consequence of Theorems 2.1 and 5.2, for any Q! € E; we have
0 < 0”r(Bgt) < d(0® Bgi, %) < 0% (C1 /1) r(Bg:).
Then it is easy to see that
o~ (Ci/er)r(Bgr) < r(Bge) < 0" (Ci/er) r(By:)
and . .
Qf C 0'8 (Cl/Cl) BQ§ C O'13 (01/01)2 BQ;&
Using this estimates we obtain
n(e® (Cr/er) Boy) #E; < ) nlo® (Cr/e))* Boy) < cu 0" (Cr/er)’™ Y, w(@Q))
QLeE; Qi€E;
< 6,0 (C1 /e’ (Ugier, Q)) < ¢ 0" (Crfen)’™ u(o® (Cr/er) Bgy)

and this readily leads to the desired bound for #FE;.
Next, we fix N > 0. Note that the good-\ inequality (5.3) implies

P (2N Q) - (2N Q) (&(BQ)Y
T 0 R S 7s) B G
- (2N Q) d(BQ)>T
S cA oi?gpfvt Q) e ( A '

Hence, we have

51w 0D cong DDy (d(%))i
0<t< 0<t<
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We observe that

QN
sup trugN’”<oo.

0<t<N Q)
Thus, if we take A > 0 small enough, we can hide the first term in the right side of

(5.7) and get
t'r :u(Qt N Q) »

sup Sa(Bg).

o<ty Q)

Taking limits as N — oo, we conclude
IMG|1r.0 S @(Bg)-
This estimate and the Lebesgue differentiation theorem yield the desired inequality,
as observed at the beginning of the proof. U
5.1.2. Step I1: General case. Fix a ball B. Let ko € Z be such that C} o* < r(B) <
CroMtt and T = {Q € Dy, : QN B # @}. For every Q € T it is easy to see that
Bg CoBC UgBQ. Then,
plo BY#T <Y " u(0°Bg) < ¢, 07" (C1/er)" 1(UgezQ) < ¢, 0°™ (C1/er)" (o B)
Qer

which leads to #Z < ¢, 0®" (Cy/c1)". Note that u(B) ~ u(Q) and also tp = Tip,
with 1 <7 < ¢™. Then, the first part of the proof yields

1f = Sts fllproe 5 SO = Sisfllpree g

QeI

S0 o (0" ) a(o" Be)

QETL k>0
5 Zo_ang(O_m(k—Q)) a(o_k B)

k>0
In the last estimate we have used that o* By C o**! B C ¢**3 Bg and that a(o* Bg) <
a(c**1 B): by a € Dy,
a(0* Bo) (0" Bo) < llallp, a(e** B) ulo**1 B) < llallp, cu 0" a(o**1 B) (o Bo).

U
5.1.3. Proofs of the auziliary results.
Lemma 5.4. Let N > 2 and let £ = {E;}; be a sequence of sets such that its
overlapping is at most N, that 1s,
sup#{Ey : ExNE; # 0} < N.
J

Then, there exist N pairwise disjoint subfamilies &, C E comprised of disjoint sets so
that & = UN_ &, and N < N.

Proof. By the axiom of choice we first take any set in £. Then, we select another set
among those that do not meet the one just chosen. We continue until there is not set
to be chosen. All these selected sets define £&. We repeat this on £ \ & and obtain
&,. Iterating this procedure we have a collection families {Sk}{y:l, each of them being
comprised of disjoint sets from €. To estimate N we suppose that we have already
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chosen &,... &y and that there is set E; & &, 1 <k < N. Thus forevery 1 <k < N
there exists Ej, € & such that E; N E, # O which violates our hypothesis since Ej

meets N + 1 sets. This shows that N < N. O

Lemma 5.5. Let R € Dy, for some ko € Z, and set J, = {Q € Dy, : QNo* By # O}
with k > 0. Then

(5.8) o* Bg C U Q C U B C 0" By, [-a.€.,
QeTk QeTk
and
(5.9) #Te < cu BT (Crfer)".
Also, given 1 <1 < o™, for each fized Qo € Ty, we have
(5.10) #T, = #{Q € Tp : V™ BoN 7Y™ By, # @} < ¢, 0" (Cy/er)™

Proof. Note that (5.8) follows easily from Theorem 2.1. It is easy to see that for every
Q € Ji we have o' Br C o2 Bg. Then, all these give

wo"™ ! Br)# T < Y n(0"? Bg) < ¢, o™ (Cifer) Y u(Q)

QeI QeTk
< ¢, "I (Cy /o))" 1(Uge s, Q) < ¢ o T (Cy /)" p(0™ Br),
and this readily implies (5.9).

Next we observe that for every Q € T, we have Q C 02 Bg, C 0% Bg. Then,
proceeding as before we conclude (5.10):

p(0” Bo,) #T < Y u(0® Bg) < ¢, 0™ (Cr/er)” D n(Q)
QETy QEIy,
< ¢, 0*" (C1/e1)" 1((Ugez, Q) < ¢, 0" (Ci/er)" u(o® Bg,).
]

Proof of Lemma 5.1. Fix R € Dy, for some ky € Z, k > 0 and 1 < 7 < ¢™. Then,
(5.8) implies

[ 1f =Sy fldu < Z/ Sty 1
ok B QET 1/m BQ
QGJk
< llallp, g ¢u o*" (Cr/er)" a(0™*? Br) p(o™** Br)
< Yoy  0°" (Co/er)" alo** Br) ulo* B,
Note that we have used that {7'/™ Bg}ges, C 02 Bg, (5.10), Lemma 5.4 and that
a € Dy(p). d

Proof of Theorem 5.2. Items (a)—(d) follow as in the proof of Whitney covering lemma
of [Jim, Theorem 5.3, Lemma 5.4] with the difference that now, for every k € Z, we
take o o

={req:C— Lot < d(x, Q) < O = o™

C1
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On the other hand, (e) follows from (¢): Fix Q! and € @, by (¢) we can take
z € 0% (C1/c1)’ B N Q. Let B > x be such that BN (0 By)® # O. Thus, 2 €
(C1/c1)? o' B and using that u is doubling, we have

][ GX(o i) < cp (01/01)%010”][ Gdu S MG(z) <t,
B Qi (01/61)20103

since z € (2. Observe that this inequality holds for any ball B such that B > = and
BN (0 Bg)® # . Taking the supremum over these balls, the desired estimate is
proved. O

Proof of Proposition 5.3. We claim that for every x € o BQﬁ,
S5, (@) = Srey, F@)] ST+ a(Ba),
Then, (e) in Theorem 5.2 leads us to the desired estimate: for every x € QF,
MG() < M(GX 5, ) MG, 5, )(0) S B M (1S, S 1, )(0)

We show our claim. Note that the commutation rule implies

’S‘rtBQﬁf(x) - STtBQf(x)} S |S7'té, (.f - S‘rtBQf) (.CE)’ + |STtBQ (f - STtB’Qt f) (.CL")‘

Q;

=1+1I.

i

We study each term in turn. Fix z € o BQ;; and pick k; € Z such that

(5.11) o*ir(Bgt) < r(Bg) < o* r(Bg:).
Thus, using (5.4), we have

(5.12) ki > 2 and ot BQﬁ C o By.

This implies that |f(y) — STtBQ fy)| = G(y), when y € o BQ? Therefore, since
1 <7< 0™, we can write

(5.13) I< L Ag(“%”m)u@y—&%@ﬂmmmw

u(Blz.r(Bqy)) mls,,
! A 9™\ i a
< p(B(z,r(Bg))) /X9< Ting ) (y) dp(y)
1
~ . d
+ M(B<m7T(BQ§)>) /(Uki BQ’;)C ,u(y)
=1 + I,

To take advantage of the decay of g we decompose X as the union of dyadic annuli
{Ce(QF) }r>2- Thus, if 2 € 0 By and y € Ci(Q}), we have

d(z,y)"

TtB

0, if k=2,
o™ E=3) if k> 3.

> A\ where A = {
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Also for every k > 2, we have oF BQ;; C ottt B(I,T’(BQ;@)). Then, using that p is
doubling, the decay of g and applying (d) in Theorem 5.2, we obtain

HEY g, GaustY g™ st
k>2 ok Byt k>2

To estimate I we note that QF C @, (5.11) and (5.12) imply the following: for every
k>k +1

(5.14) Cre(QY) C o” BQ§ c 0" ** By c 0¥ By C ot TRt B(z, T(BQg)),

with € o éQﬁ. Therefore, arguing as in Lemma 5.1 and using that a € D;(u) and u
doubling, we get

1
L < A gw)/ = Se0 fldu
pu(B(x,m(Bgt))) kgé;il ok hit By .
5 Z O.'rl(k?-‘rkz‘) g(o_ m (k— )) k:+1 B < Zo_an )) ( k+1 BQ) 5 CNL(BQ)
k>ki+1 k=3

Collecting all the estimates, we obtain I <t + a(Bp).
Next, let us show that 17 < a(Bg). Notice that by (5.14), o* Bg: C ok=ki+l B,

oF k2 B(x, T(BQ)), k > k;+ 1, and then, proceeding as in Lemma 5.1 and using that
1 is doubling, we obtain

1 d(x )
11 < i ]
_“w@”wdﬁéﬂ<T%Q £ W) %ﬂw!mw
: g(O)A - STtA d
a M(B(xaT(BQ))) /o'kﬁ-l BQ% f BQ§f| H
At
1 8,
' : l f - S’rt» f d
u(B( r(Bo)) k;g< = ) /a% = Sety Sl
m (k—k;—5) ’I’L(k—ki)a(o_k—ki_‘_g‘é )
O 2 1) :
<SS 0" g (0™ D) a(ot By) S dl(Bg).

k>2

i

5.2. Proof of Theorem 3.2. We follow the steps of the proof of Theorem 3.1. So,
we only detail those points where both proofs are different. We recall that w € A (1)
implies that there exist 1 < p,s < oo such that w € A,(n) N RH4(p). In particular,
for any ball B and any measurable set S C B,

wo ()

The first inequality follows from w € A,(u) and the second one from w € RH (1)
(see [ST]). Note that in particular, this yields that w is doubling.
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We fix ) € D and suppose that &(BQ) < 00 where

A

i(Bg) =Y o*"* g(a™* ) a(c* By).

k>0

Set G and €, as before, for all ¢ > 0. Then, as we have assumed that a € D;(u),
we have (5.1) and (5.2). Taking ¢ > 1 large enough, we show the following weighted
version of (5.3): given 0 < A < 1, for all £ > 0,

(5.16) w(Q: N Q) SN w(QNQ) + <@)T w(Q).

With this in hand, the progf follows the steps of Theorem 3.1. We explain how to
obtain (5.16). If 0 < ¢t < a(Bg) this estimate is trivial, since

w(@,nQ) < 0@ 5 (“F2) w@),

Let us consider the case t 2> a(Q). Notice that G € L'(X) and u(£2;) < oo, by (5.2).
Then, by Theorem 5.2, we write €2, as the p-a.e. union of Whitney cubes {Q!},.
Arguing as before, we obtain

w(QNQ) < > w(freh: M(f - Sty FXo 5, (@) > (g - Co)t})
:QLCQ ‘ '

:Z...+Z...:[+[[
T, Ty

To estimate I we use (5.15), that M is of weak type (1, 1), p is doubling and Theorem
0.2

1/s

p({e € Q: M(f = Srey  fIXo5,)(®) > (4= Co)t})

S ¢
ey ( W(@) ) vl
1/s
<oy (f = Seey ] du) w(@Q))
O'BQ§ Q;

I't

SA N w(@) S A w(@in Q).
leCQ

On the other hand, following the computations to estimate I in the proof of Theorem
3.1 (replacing the Lebesgue measure by w) and using Lemma 5.1, we conclude that

1< (“%‘”)Tw(@ < (“%‘”)Tw@).

Note that we have used that w is doubling and that a € D, (w) N Dy(u). Collecting
the obtained estimates for [ and II, we obtain (5.16) and therefore the proof is
completed. O
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5.3. Proof of Theorem 3.5. We have to modify the previous argument: when pass-
ing from the dyadic case to the general case we used that a € D; —indeed a € D,
implies a(B;) < a(Bsy) if By C By C 0 Bj—. Here we do not have such property
(unless we assume a € D;) but we can use the following observation: if (a,a) € D, (u)
then for all balls B, B such that B C B, and for any family of pairwise disjoint balls
{B;}; C B we have

(5.17) Z a(Bi)" u(Bi) S a(B)" u(B).

We follow the lines in the proof of Theorem 3.1 pointing out the main changes. We
start as in Step II and cover B with the dyadic cubes in Z. As the cardinal of Z is
controlled by a geometric constant, it suffices to get the desired estimate for a fixed
cube Q € Z. As mentioned before for every k > 0 we have o* l%Q C o**t! B. We take
a given by

a(B)=> o*"*g(c™* ) a(o" B).

k>0

Using that (a,a) satisfies (3.3), we can see (as in the proof of Lemma 5.1) that for
each ReD, 1<7<¢™and k >1,

(5.18) Fo 17 = Seuy, fldu S alo™? B,
ok B R

Furthermore, when R = Q using that o**2 B, C o**3 B C "5 By, u(c"*? B) <
1(0* Bg) and (5.17), we can analogously obtain

(5.19) ][ Cf - STtBQf| dp < (o™ B).

kBQ

This implies that G = |f — STtBQf} Xo2 By € LYX) with |G| (x) S a(B) p(Q). Also

4, the t-level set of MG, satisfies u(2;) < a(B) u(Q)/t.
Our goal is to show the following good-A type inequality: given 0 < A < 1, for all
t>0

(5.20) 21 Q) S 2020 @)+ (52 @)

From here we obtain as before || MG||;re~ ¢ S @(B) which in turn implies the desired
estimate:

1f = Seafllproe s S DM =St fllromg < D IIMG o S @(B)#I < alB).

Qe QcT

Notice that (5.20) is trivial if 0 < ¢ < a(B). Otherwise, proceeding as before and
using the ideas that led us to (5.18), (5.19) we can obtain an analog of Proposition 5.3
with a(B) in the right hand side, which is written in terms of @ in place of a. All these
together yield (5.6). The estimate for I is done exactly as before. For I, we use the
same ideas, but in this case, we do not want to use (5.18), because this would drive
us to a before using (3.3). By applying Lemma 5.5, and proceeding as in Lemma 5.1,
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for every Q! € T'y we take the family J(Q%) = J1(Q!) and obtain
(5.21)

se<f -5, s Y ][ =Sty fldn< 3 alr" By).
7Bt Reg(@Y)? /™ Br ReJ(Q)
This and the fact that #J(Q?) < C give

3 (r1/m .
IT<y wBe)S > > ( BR)) 1(7V™ Bg).

Iy :QtCQ ReJ(Q

As before, we split the balls {o® BQg}z‘ in K families {&}5 , of pairwise disjoint
balls. For every Q! by (5.10) and Lemma 5.4 we can split the family I(Q!) =

{rV/m B : R E j(Qt)} in {Z(QF); } dlsJ01nt families of disjoint subsets. Notice
that Joi < ¢, 0°" (C1/cr)™. Write J = max Jgr and set Z(QF); = O for Jor < j < J.
In this way, for every Q! we have split I(Q}) in J pairwise disjoint families (some
of them might be empty) so that for in each family the corresponding balls (if any)
are pairwise disjoint. Notice that for each fixed 1 < k¥ < K, 1 < j < J, we have
that {Tl/m Bgr: R e Z(Q! )i Qt € &} is a disjoint family since so it is for a fixed Q,
riUm By C o3 BQﬁ, and {o® BQE : Qb € &} is also a disjoint family. Then, we use

(5.17) and the fact 7/™ By C o3 BQg C 02 Bg C 0® B:

1 K a(tV™ Br)\ " N
N DV G e R

k=1 j=1 RET(Q!).QLEEx

J K _ a(B)\r
< 3 BY" 3 B < ( )
Sy a(o” B)" wo” B) S (7~ ) wl@)
From here one gets the good-lambda type inequality (5.20). Further details are left
to the interested reader. Il

5.4. Proof of Proposition 4.1. We adapt the argument in [JM] to the present
situation. Fix 1 < ¢ < p*. Let us recall that Holder’s inequality yields that the
D, conditions are decreasing, thus we can assume without loss of generality that
p < ¢ < p*. Fixaball B and a family { B;}; C B of pairwise disjoint balls. Minkowski’s
inequality and the fact that ¢ > p give

(5.22) (Za(mq i)l/q<z (ZaoaB) (Bi)>1/q
ok Z.Jv/q .
<SS L, )

We estimate the inner sum as follows. First, if £ = 0 we use p < ¢ < p*, (4.2) and
that the balls B; C B are pairwise disjoint:

Z r(Bi)? p(Bi)P / W dp < ﬂ / hP dp = M(B)p/qag(B)p.

p(B;) p(B)t-rla

For k > 1 we arrange the balls according to their radii and give an estimate of the
overlapping whose proof is given below:
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Lemma 5.6. Let B be a ball, | > 0 and & = {B;}; be a family of pairwise disjoint
balls of B with o~ r(B) < r(B;) < o~ r(B). Given B; € & and k > 1, we have

4Tu(B) = #{B, € &: 0" B;N0* B, # 0} < C0" 42,

In addition, for every B; € &, and k > 1, if 0 <1 < k+1, then o* B; C o**2 B,
and if | > k + 2 then o*B; C o B.

For every [ > 0, we write & = {B; : 07! r(B) < r(B;) < o~ r(B)}. Then

r(o® B;)P u(B;)P/e / » (B;)P/e / »
; p(o* B;) ot B = Z Z akB kB "

I=0 B;€& " b
k+1 o)

:Z...+ Z =X 4,
1=0 I=k+2

We estimate ;. Using the previous result, (4.2), (4.3) and Lemma 5.4 we have

k+1

(e B (B r(@* B) \" (B po" 2 B)
El‘g u(o*-+2 B) Z (r(ak—l+23>) (M(B)) n(o* B;)
x/ h? du
k+1 r(c"=42 B)? u(B)

B)r/d l
,n/
SN S [

=0 B;€&
k+1

k—1+2
’I“(O' B)p M(B)p/q O_—Zﬁp/q O_nk/ hP dﬂ
lu(gk_H_Q B) ok=l+2 B

k+1
B)p/q O_nk Zo_flﬁp/q a0<0_kfl+2 B)p

k+2
= M(B)p/q ok (n=np/q) Z glnr/a ao(al B)?
=1

On the other hand, the previous result, (4.2), (4.3), Lemma 5.4 and the fact that
p < q<p"imply

s 3 3 () Ghem i)

I=k+2 B;€&
B 1-p/q
% (%) / WP dy
(o B)P w(B)P/T 1 (1qn=n)

< o 7 / m gl (p+np/q—n)
N(U B) ocB Z

I=k+2

< ,u(B)p/q ok (nfﬁp/q)ao(a B)?.
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Plugging the obtained estimates in (5.22) we conclude that

(Z a(Bi)qu(B@-)f/q < a(0)u(B)Yao(B) + Y a(k) (S1 + Do)

L k>1

k42 .

< a(0)u(B)ag(B) + Y _ a(k ( B)P/a gt (n=ne/a) N7 glne/a g (o B)p) v
k>0 =1

S a(0)u(B)ag(B) + u(B)* Y ag(o’ B) (am/q S ak<%—%>a(k))

k>max{l—2,1}

B)Y/ Z@(Z) ap(c' B) = (a(B)? ,u(B))l/q

where a(0) = Ca(0) and a(l) = '™ 3o any 0" 79 a(k) for I > 1. This
shows as desired that (a,a) € D,. O

Remark 5.7. We would like to call the reader’s attention to the fact that, in the
previous argument, it was crucial that ¢ < p*. Since otherwise, the geometric sum for
the terms [ > k + 2 diverges.

Proof of Lemma 5.6. 1t is straightforward to show that for every B; € Ji(B;),

o" B; C o B, c oFt? B;.

This and the fact that the balls {B;}; are pairwise disjoint imply

B;eJ,(B;) B;eJ,(B;)
< Cp O-(k+2) " ;U/(UBJ- Ejk(Bi)Bj) < Cu U(k+2) " M(Jk+1 Bz)

From here the estimate for #J,(B;) follows at once. The rest of the proof is trivial
and left to the reader. i

5.5. Proof of Proposition 4.4. We first show (b). Fix p € ((¢,)",00) U [2,00). We

first observe that
ts A 1/p
- e ® ds|d
[ et ds| o))

1/p
( B\f—etBAf\du) = (é
tp 1/p
“AAf(2)P .
< ["(fresanopam)

Fix 0 < s < {p, and take a smooth function ¢ supported in B with [|¢[|p»p _» = 1.

Then, N
‘/ AN L) () d _ﬁmw(m).w%(m)du(w

"
ok B\1/P 1/p - , 1/p
—B)(][ IVfI”du> (/ (Ve 2plP du)
1 n(B) ok B Cr(B)

Mg

e
Il
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0 kn/p 1/p A , 1/p
< IVfI”du> ( [werap du)
;; p(B)Y (]c[rkB Cu(B)
> k:n/p 1/p
=> (J{kB\Vflpdu) I

k:l

We estimate each Iy. For k = 1 we notice that p’ € (1,2] U (1,G;) allows us to use
(Gp) —let us recall that ¢y > g > 2, and that (G2) always holds—:

I < [[IVe 20l < O 72 gl = C 572 u(B)Y.

Assume that k& > 2. By definition of ¢, and the argument of [ACDH, p. 944] we have

] . 1/¢' C
([ wonteat = anw) " < e

for all s > 0 and y € M, with v > 0 depending on p’. Using this estimate and
Minkowski’s inequality we can control I:
P’ 1/p'
du(%))

I = ( /
Ci(B)
< (Wl @ @) el anty

o2k (5)2
anr 2 1
< o—1/2,—c T TEBS
S o 1B,y Y

Ss? (L\Z)y“’ e W/Bw(y) dp(y)

B n/p 22k (B2 ,
<512 (_“ >) e T )Y,

NG

/B Veps(z,y) o(y) du(y)

where we have used that p(B) ~ u(B(y,rp)) < cu(r//s)" u(B(y,/s)) since 0 <
s < tp =r(B)2 Then,

1/p 0 k B) n/p o2k ()2 1/p
< g 1/2 ][ VilPd —1/2 o7 ( e ][ VI d
st (fowspan) sy (TR [ wiran

k=2

Taking the supremum over all such functions ¢ we obtain

1/p 1/p  ptp
( If—e‘tBAﬂdu) < (][ IVfI”du) | s
B oB 0
o I/p  rtp k (B) n/p o2F (B)?
VFlPd ~1/2 (9 T\D) —c—

[e%e) 1/17
Sy e r(e" B) (][ IVf!”du) .
=1 ok B
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It remains to prove (a). We write h = AY2f and h = 350 | hy, with hy, = h xc,(B)-
Since AY2 =¢ foo Vie tAA @ we obtain

F1r=sutldu=f (1=

= cmayr (= [7 ey as)
/ ][| R N AT e
/ / ][\ e~tp Aymle(+1) AAh\du\f—ds

tp
<Z/ / ][} —tBAml—s+tAAh |d,u\/— dS

One has that t O0;p;(z, y) satisfies also (UFE) (see [Dav, Theorem 4] or [Gr2, Corollary
3.3]) and this easily implies that {e7t2 (t A)};s0 satisfies L' — L! full off-diagonal esti-
mates (see [AM1] for a discussion of off-diagonal estimates associated to semigroups):
given E, F closed sets and ¢ > 0

du

(5.23) le™ 2 (tA)(f xE) i r) < Ce™ ||f||L1(E)

This and (UE) imply that e7*2 (tA) and (I — e~ *2)™~1 are uniformly bounded on
. These facts allow us to estimate the term k£ = 1:

/ /][\ e tr 8 m1—8+tAAh|du\f—ds

dt
5][ |h|du/ LV —ds<r(aB)][ B dp.
0B o Jo t+s't 0B

For k£ > 2 we split the integral in the variable ¢ in two pieces: 0 < t < mtp and
t>mtg. Wefirst fix 0 <t <mtp and 0 < s < tg. Observe that

m—1
([ tBA)m 1 —(s+t AA ZO —(jtp+tt+s) A

7=0

and that t + s < jtp+t+ s <2mtg. Then (5.23) implies

3

—1 g2kr<B>2
][| e Aym—lo=GHO AN du S —) (th+t+s)1e_jfB“+S/ o] dpa
ok B

J

I§
=)

2

< ghneee” (t+3)_1][ |h| .
ok B

Hence, we conclude that

mtp
[ o it

mtB
SG_CUQkf |h|du/ Vi @ds
ok B 0 0 t+s t
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_ 2k
<e 7 r(a” B)][ |h| dp
ok B

Next for the case t > mtp we make the changes of variables ¢ = t/(tgm) and
s =s/tp:

/ / ][‘ ftBAmlfertAAh ‘du\/_—ds
mip

/ / ][ I 1 —ttp (m=1)A —(s+t)tBA(t A hk‘du\/——ds

// ][| —ttp A _ - ttB+tB)A>m 16*(5+t)tBA((s+t)tBA hk}dﬂd_fds

We need the following lemma whose proof is below.

Lemma 5.8. Given given E, F closed sets and 0 <t < s, we have

<(Ce° :
LY(F)

(E)

(5.24) H;(e—sA SR (F g )‘

Using this result, (5.23) and [HM, Lemma 2.3] we have for every 0 < s < 1 <t < o0

dt
][ ‘ 7ttBA e ttB+tB)A)m 1€f(s+t)tBA((8+t)tB A)hk‘d,u—st
t2

22k (52
<oy L em{m@m}/ |h|du§t(m1)ak"eca2tk][ IR dy.
M(B) ok B ok B

boree o2k dt
I <r(B) Uk"][ |h| du / / t=mDe=e % s
ok B 0o J1 t2

< g R@m=n) e (GF B)][ |h| dp.
ok B

Thus,

Gathering the obtained estimates the proof is completed. U

Proof of Lemma 5.8. We proceed as in [HM, p. 504]:

H; (e_sA — e_(SH)A)(fXE)’ = H -2 /ti (e+u) & (f x&)du ‘ )

—(STU d
< 3 [ s 0 D0 iy s

t o camr?  du
< C - - s+u
< Clflleve /O e ™

LY(F)

cd(E F)

< Ce 1Nz )

where we have used (5.23) and that s <s+u < s+t <2s. O
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