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Abstract

The purpose of this work is to describe an abstract theory of Hardy—Sobolev spaces on doubling Rieman-
nian manifolds via an atomic decomposition. We study the real interpolation of these spaces with Sobolev
spaces and finally give applications to Riesz inequalities.
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The aim of the present work is to define atomic Hardy—Sobolev spaces and interpolate them
with Sobolev spaces on Riemannian manifolds.

One of the motivations is our Sobolev interpolation result [7,8] in different geometric frames,
under the doubling property and Poincaré inequalities. After this result, it is interesting to con-
sider a “nice” subspace of W!'! — as is the Hardy space for L' — and study the interpolation of
this space with Sobolev spaces. Apart from the interpolation itself, the use of the Hardy—Sobolev
spaces that we construct gives strong boundedness of some linear operators instead of the weak
boundedness on W1, For instance this is the case of the square root of the Laplace-Beltrami
operator A!/2.

Another motivation responds to the recent improvements on the theory of Hardy spaces. In
the last years, many works were related to the study of specific Hardy spaces defined according
to a particular operator (Riesz transforms, Maximal regularity operator, Calderén—Zygmund op-
erators, etc. [14,15,21-23,26,31]). Mainly one of the most interesting questions in this theory is
the interpolation of these spaces with Lebesgue spaces in order to prove boundedness of some
operators.

Although the theory of Hardy spaces is now well developed, the more recent theory of Hardy—
Sobolev spaces is still not unified.

Before we state our results, let us briefly review the existing literature related to this subject.

The Hardy—Sobolev spaces were studied by many authors in the Euclidean case. We mention
R. Strichartz [33]. Related works are [6,28,16,30]. They deal with “classical” Hardy—Sobolev
spaces HS' on R", which correspond to the Sobolev version of the Coifman—Weiss Hardy space
Héw (R™): HS' is the set of functions f € HéW such that each partial derivative of f belongs
to HéW. Some of them consider the homogeneous version of HS! and others only assume f € L'
instead of f € Héw

We recall that R. Coifman proved an atomic decomposition for the classical Hardy space H, éw’
which can be defined by maximal functions (see [23]). In the Euclidean case, the question of

atomic decomposition for the homogeneous space HS : was treated in [33] and [16]. However,
in the non-Euclidean case this issue is still not clear. In contrast, our idea is to introduce atomic
Hardy—Sobolev spaces for which we can prove real interpolation with Sobolev spaces. Then we
are able to derive the interpolation of HS' with Sobolev spaces.
Let us now summarize the content of this paper. We refer the reader to the corresponding
sections for definitions and properties of the spaces and operators that we use in the statements.
In the second part of Section 2, we define atomic Hardy—Sobolev spaces HS(lm ato for 1 <

B < oo. They correspond to the Sobolev version of the atomic Coifman—Weiss Hardy space H, éW
(defined by atomic decomposition with W !-#-atoms). We compare these spaces for different 3
in the following theorem:



N. Badr, F. Bernicot / Journal of Functional Analysis 259 (2010) 1169-1208 1171

Theorem 0.1. Let M be a complete Riemannian manifold satisfying (D) and admitting a
Poincaré inequality (Py) for some g > 1. Then HS%ﬂ)wO C HS! for every B > q and there-

(00),ato
fore HSéﬁl),ato = HSgﬁz)!amfor every B1, B2 € g, 0o].
For the real interpolation of these spaces with Sobolev spaces, we obtain

Theorem 0.2. Let M be a complete Riemannian manifold satisfying (D) and (Py), for some
g€ (1,00). Let r € (1,00], s € (g, 0], p € (q,s) and 6 € (0, 1) satisfying % =(1-0)+¢
Then

whr = (HS%F),ato’ Wl’s)e,p = (HSl’ WLS)@aP

with equivalent norms.
We also prove the homogeneous version of these two theorems:

Theorem 0.3. Let M be a complete Riemannian manifold satisfying (D) and a Poincaré in-
equality (Py) for some q > 1. Then H'Szﬂ)ﬂm - HS;OO)MO for every B > q and therefore

. 1 . 1
HS g, at0 = HS (8,) a1 or every 1, B2 € [q, ).

Theorem 0.4. Let M be a complete Riemannian manifold satisfying (D) and (Py), for some
l<g<oo. Letr € (1,00], s € (q,o0] and p € (q,s) and 6 € (0, 1) satisfying % =(1-0)+ g.
Then

. . 1 . . 1 .
WP = (HS ;) ator W“)M = (HS, W“)w

with equivalent norms.

In the first part of Section 2, given a collection of uniformly bounded operators on W1-#:
B := (Bg) ge<0, we define abstract atomic Hardy—Sobolev spaces HW, . For these spaces, we
obtain in Section 3 the following two interpolation results.

Theorem 0.5. Let M be a Riemannian manifold satisfying (D). Let o € (1, 00] and pgy such
that o' < po < B. Let B := (Bg) geg be a collection of uniformly bounded operators on whp

satisfying

1 *
Wﬂf—BQ(f)”W—m(Q) < Mg p (). (1)

Let T be a bounded linear operator from W70 to LPo and from HW}F ato 10 LY. Then for every

p € (o', po) such that (B, p') € Ty, there is a constant ¢ = c¢(p) such that for all function
fewhrnwlpo

17O, <elFlwrn

Consequently, T admits a continuous extension from WP to LP.



1172 N. Badr, F. Bernicot / Journal of Functional Analysis 259 (2010) 1169-1208

Theorem 0.6. Let M be a Riemannian manifold satisfying (D) and of infinite measure
w(M) = oo. Assume that the finite Hardy—Sobolev space is contained in W'

1 1,1
HWg 4o = W

and that B satisfies (1). Let o € (1, 00] and pg satisfying o' < po < B. Then for every 6 € (0, 1)
such that

1 0 1
— = —)+ — < —
Peo po O
and (B, py) € Iy, we have
1 1, 1,
(HW i WHT0) g 0 = WHP2,

with equivalent norms.

Finally, the following theorem is an application of our result. It is proved in Section 4 and
applies to A!/2,

Theorem 0.7. Let M be a complete Riemannian manifold satisfying (D).

(1) Assume that a Poincaré inequality (Py) holds. Let T be a bounded linear operator from w2
to L? and associated to a kernel satisfying

sup sup rg / |K(x,y)—K(x,z)‘du(x)<oo. 2)

ball y,
O ball y,zeQ M40

. . . rol
Then T admits a unique extension from HS ) ,,, to L L

(2) Assume that a Poincaré inequality (P>) holds. Let T be a bounded linear operator from w2
to L? and associated to a kernel satisfying (2).
Then T admits a unique extension from HS%z) ato 1O L'

Remark 0.8. Thanks to Theorem 0.1, in item (1) of Theorem 0.7, T is then bounded from

HS(ﬁ) o to L1 for all B € (1, 00]. In item (2), T is then bounded from HS! to L! for all
B €[2,00].

(B),aro

Consequently:
Corollary 0.9.

1) Let T be as in item (1) of Theorem 0.7. Assume that a Poincaré inequality (Py) holds. Then
forall p € (1,2], the operator T admits a continuous extension from WP o LP.

2) Let T be as in item (2) of Theorem 0.]. Assume that a Poincaré inequality (P;) holds for
some q € (1,2). Then for all p € (q, 2], the operator T admits a continuous extension from
Whrto LP.
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We apply these last two theorems to the square root of the positive Laplace—Beltrami oper-
ator A'/2_In [3], P. Auscher and T. Coulhon proved that under the doubling property (D) and
a Poincar€ inequality (P,) for some g € [1,2), (RR)) (which is equivalent to the boundedness
of AY/Z from W'? to LP) holds for every ¢ < p < 2. Moreover, A!/? satisfies a weak type
inequality (RR;y) ((RR)) also holds in this case for 2 < p < o0). Applying Theorem 0.7, we
show that under (D) and (P;) (resp. (P2)) we have a strong (RR1) (resp. (nhRR)) inequality for

functions in the homogeneous (resp. non-homogeneous) atomic Hardy—Sobolev space HS z 8).ato

(resp. HS(ﬁ) ato)-

We finish this introduction with a plan of the paper. In Section 1, we recall some definitions
and properties that we need. We define abstract Hardy—Sobolev spaces via atomic decomposition
in the first part of Section 2. In the second part we study particular atomic Hardy—Sobolev spaces
HS %ﬁ)’ ato 10 more detail and prove Theorem 0.1. We also prove that under Poincaré inequality,
these spaces are a particular case of the abstract Hardy—Sobolev spaces that we defined in the first
part. Section 3 is devoted to the proof of the interpolation results in Theorems 0.2 and 0.4 using a
“Calderén—Zygmund” decomposition well adapted to the spaces HSE 8).ato" For the interpolation
of the abstract Hardy—Sobolev spaces in Theorem 0.5, our method is based on the new maximal
inequality described in [12]. Finally, the proof of Theorem 0.7 and the application to A!/? are
given in Section 4.

1. Preliminaries

Throughout this paper we will denote by 1 the characteristic function of a set £ and E the
complement of E. If X is a metric space, Lip will be the set of real Lipschitz functions on X
and Lip, the set of real, compactly supported Lipschitz functions on X. We denote by Q(x,r)
the open ball of center x € X and radius r > 0 and L Q denotes the ball co-centered with Q and
with radius A times that of Q. Finally, C will be a constant that may change from an inequality
to another and we will use u < v to say that there exist two constants C such that u < Cv and
u>~vtosaythatu <vandv < u.

In all this paper M denotes a Riemannian manifold. We write p for the Riemannian measure
on M, V for the Riemannian gradient, | - | for the length on the tangent space (forgetting the
subscript x for simplicity) and || - ||z» for the normon L? := LP(M, ), 1 < p < 4o00.

We will use the positive Laplace—Beltrami operator A defined by

Vf.geCoo(M), (Af,g)=(V[ Vg).
1.1. The doubling property

Definition 1.1. Let M be a Riemannian manifold. One says that M satisfies the (global) doubling
property (D) if there exists a constant C > 0, such that for all x € M, r > 0 we have

n(Q(x,2m) < Cu(Qx, r)). (D)
Observe that if M satisfies (D) then
dian(M) <oo & (M) <oo (see[l]).

Therefore if M is a complete non-compact Riemannian manifold satisfying (D) then u(M) =



1174 N. Badr, F. Bernicot / Journal of Functional Analysis 259 (2010) 1169-1208

Theorem 1.2 (Maximal theorem). (See [17].) Let M be a Riemannian manifold satisfying (D).
Denote by M the uncentered Hardy—Littlewood maximal function over open balls of M defined
by

Mf(x):= sup |flo
Q ball
xeQ

where fg = J[E fdu:= ﬁ fE fdu. Then for every p € (1, 0o], M is L? bounded and more-

)
over of weak type (1,1).!
Consequently for s € (0, 00), the operator M defined by

1/s
M, ()= [M(1f17) 0]
is of weak type (s, s) and L? bounded for all p € (s, 00].
1.2. Poincaré inequality

Definition 1.3 (Poincaré inequality on M). We say that a complete Riemannian manifold M
admits a Poincaré inequality (P,) for some g € [1, 00) if there exists a constant C > 0 such
that, for every function f € Lipy(M )? and every ball Q of M of radius r > 0, we have

1/q 1/q
(][|f—fg|qcm) <Cr<][|Vf|"du) . (P,)
0 0

Remark 1.4. By density of C5°(M) in Lipy(M), we can replace Lipy(M) by C3°(M).

Let us recall some known facts about Poincaré inequalities with varying g.

It is known that (P,) implies (P,) when p > g (see [25]). Thus if the set of g such that (P,)
holds is not empty, then it is an interval unbounded on the right. A recent result of S. Keith and
X. Zhong (see [27]) asserts that this interval is open in [1, +oo[:

Theorem 1.5. Let (X, d, ) be a complete metric-measure space with  doubling and admitting
a Poincaré inequality (Py), for some 1 < g < oo. Then there exists € > 0 such that (X, d, )
admits (P)) for every p > q — €.

A consequence of Poincaré inequality:

Proposition 1.6. Assume that M satisfies (D) and admits a Poincaré inequality (P),) for some
p € [1,00). Then there is a constant ¢ = c(p) such that for all balls Q (of radius rg) and all

I An operator T is of weak type (p, p) if there is C > 0 such that for any o > 0, u({x; |Tf(x)| > a}) < o%, ||f||§.
2 Compactly supported Lipschitz function defined on M.
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functions f € C3°(Q)

1 1 ) 1/p
_ dul < _ \Y% d .
M(Q)Qf ”“‘ CrQ(M(Q)Q/ /1 “)

This result is well known. However for an easy reference and for the sake of completeness, we
remember the proof based on the self-improvement of Poincaré inequality. We refer the reader
to Theorem 5.3.3 of [32] for an initial proof (the proof there applies also for p =1).

Proof of Proposition 1.6. We first prove that forallx € O,y €30\ 20

|f) = fO)| SroMp—e(IV£1) (). 3)

Using Hardy-Littlewood theorem, we have
fx)=1m foi o).
€e—0
With the balls Q; := Q(x, 2irQ), we also have

|f(x)_fQ1| gZ:lfQi _fQi+]|'

i<0

Thanks to Theorem 1.5, the Poincaré inequality (P,) self-improves to (P, ) for a certain € > 0.
Using this Poincaré inequality and the doubling property one obtains

3
[F ) = fo | < ) 1for = foul

1
< — d
”;in)/'f Joildu
= o
1 e
< . VFIP~¢d
Ngrg,(u(gi)! I u)

<) 27 oMy (IVf1) ()

i<3

SroMp—e(IV£1)(x).

Similarly we have with éi =0y, ZirQ)

£ = f5, SroMp-c(IVF) ().
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However since y € 30 \ 2Q and f is supported in Q, we have M,_(IVf)(y) S
Mp_e(IVf]) Lx). Then we just have to control the difference of means. The Poincaré inequal-

ity (Pp) and Q3 C Q4 yield

5.~ foul f|f foildu S roMp-c(IVF1) ).

(Q)

Thus we proved (3). Then using the fact that f(y) = 0 due to the support of f, we obtain
/ f u' : /|f<x) — fWM]du@) Srom(@ P |Mp—c (V1) -
1(Q) 1(Q) ) ~ P

Finally the L? boundedness of M ,_. concludes the proof. O
1.3. The K-method of real interpolation

The reader can be referred to [9,10] for details on the development of this theory. Here we
only recall the essentials to be used in the sequel.

Let Ag, A1 be two normed vector spaces embedded in a topological Hausdorff vector space V.
For eacha € Ag + A1 and ¢ > 0, we define the K -functional of real interpolation by

K(a.t. Ao, A= _inf (laolla, +llala,).

For 0 <60 <1, 1 < g < o0, we denote by (Ag, A1)g, 4 the real interpolation space between Ag
and A defined as

o0

1
_ dt \?
(Ap, A1)og =qa € Ag+ Aq: |lallog = (f(t YK (a,t, Ao, Al))q 7) < OO}-

0

It is an exact interpolation space of exponent € between Ag and A (see [10, Chapter II]).

Definition 1.7. Let f be a measurable function on a measure space (X, ). The decreasing
rearrangement of f is the function f* defined for every ¢ > 0 by

50y =inf{r: p({x: |F0)] > 1}) <1}

The maximal decreasing rearrangement of f is the function f** defined for every ¢ > 0 by

t
1
ANOES " / [ (s)ds.
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From the properties of f** we mention:

(M) (f+™ < f[*+g™.

2) MY~ f*

3) ulx: [fOI> O} <t
4 VI <p<oo, [f*Np ~ N fllp-

We exactly know the functional K for Lebesgue spaces:

Proposition 1.8. Take 0 < pg < p1 < 00. We have:

¢ 1/po 00 1/p1
K(f,t, L7, LP") ~ (f[f*(s)]pods> th(/[f*(s)]”1 ds) :
0 1
where é = % — ﬁ

From now on, we always assume that the Riemannian manifold satisfies the doubling prop-
erty (D).

1.4. Maximal inequalities for dual Sobolev spaces
First, we begin recalling the “duality-properties” of the Sobolev spaces.

Definition 1.9. For p €[], oo] and O an open set of M, we define WhP(0) as following
WP (0) = C(0) W@, with || flly 1oy = |1+ 1V £1] 1o o),

Then we denote W‘l’p/(O) the dual space of WLP(0) defined as the set of distributions f e
D' (M) such that

1{f, &)l
”f”W*l,p/(O) = Ssup —F.
geCS (M) ||g||W1,p(0)

Proposition 1.10. Let p € [1, 00). Then for all open set O of M, we have
1. i inf / + ’
1oy = ,_jint 18l o)+ ¥y

- f=¢1—nd€v(¢)” @1+ 1V ”Lﬂ’(O)'

Here we take the infimum over all the decompositions f = ¢ — div(yr) on M with ¢ € L? (0)
and ¥ € D'(0,R") such that div(yr) € L? (O).

The proof is left to the reader (it is essentially written in [6, Proposition 33]).
We now introduce the following maximal operators:
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Definition 1.11. Let s > 0. According to the standard maximal “Hardy—Littlewood” opera-
tor My, we define two “Sobolev versions’:

1

Mg s(f)(x) = sup ————|flly-1s

' 0 ball LD/ W)
xeQ

and

My s (f)(x):=  inf )Ms(|¢| + Y1) (x).

[=¢—div(y
The following assumption is taken from [12]:

Assumption 1.12. Take two exponents 1 < o < 1 < 0o0. We call (Hy, ;) the following as-
sumption:

1 =t S | Mo U || - (Hyg 1)

Definition 1.13. For M a Riemannian manifold, we denote by Zj, the following set

I = {(po, 1) € (1,00)%, o < i1, (Hyg,p,) holds}.
We refer to [12] for the study of these maximal operators and the previous assumption.

Proposition 1.14. For p € [1, 00), Mg, , and Ms 4 , are of “weak type (p, p)”. That is,

VEeW P [ Ms p ()] peo < [Msiap (D] poo SN lw-10- 4)

Definition 1.15. We use the operator L := (I + A) defined with the positive Laplace-Beltrami
operator. We recall that the two operators A and L are self-adjoint.

According to [3], we say that for p € (1, 00) we have the non-homogeneous property (nhR )
if

1A lwre SILY2CH| L (nhR))

for all f € C3°(M). This is equivalent to the L” boundedness of the local Riesz transform
V(I + A)~!/2. We have the non-homogeneous reverse property (nhRR p)if

I1L'2H] Lo S s (nhRR,,)

forall f e C®(M).
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Definition 1.16. Let p, g € [1, 00). We say that the collection (7;);~0 = (e ™)0 or (T})~0 =
(W1Ve 12),.q satisfies (LP — L9)-“off-diagonal” estimates, if there exists y such that for all
balls Q of radius rg, every function f supported in Q and all index j >0

1 q l/‘]< V4 1 ) 1/p
. T d - _ d )
(M(2JQ) /'ré(m “> ~¢ (u(Q)/m “)
§;(Q) o

We used S (Q) for the dyadic corona around the ball

S;(Q) = {y, 2 <1+ 0. 9) <2f’+1}.
rQ

These “off-diagonal” estimates are closely related to “Gaffney estimates” of the semigroup.

We now come to the main result of [12].
Theorem 1.17. Let 1 < s < r' < o. Assume that the Riemannian manifold M satisfies
(nhRR,) and (nhRy'). Moreover, assume that the semigroup (e ~'2),~ satisfies (L° — L*)-“off-

diagonal” estimates and that the collection (\/tVe™'2),~ satisfies (LS/ — Ls/)- “off-diagonal”
estimates. Then there is a constant ¢ = c(s, r, o) such that

VEeW ™ 1l S | Mss(f)]

L (5)
Therefore (H,,,. 1, ) is satisfied for all exponents o, (1 satisfying po > s and py =r'.

Corollary 1.18. In the Euclidean case M = R", for all 1o, 11 € (1, 00), the assumption (H,, ,.,)
holds. More generally, on any Riemannian manifold satisfying (D) and (Py), (H,,.,) holds for

all o, 1 € (1, 00).

After all these preliminaries, we now define our Hardy—Sobolev spaces via atomic decompo-
sition.

2. Abstract Hardy—Sobolev spaces

We begin this section defining “abstract atomic” Hardy—Sobolev spaces, then we study in
more detail a particular case of these spaces.

2.1. New Hardy-Sobolev spaces

We follow ideas of [14] and propose an “atomic” definition of abstract Hardy—Sobolev spaces.
We refer the reader to [14] for an explanation of this choice: the “atoms” are defined as the image
of localized functions by an operator B, playing the role of the “oscillation operator” associated
to a ball Q.
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Let us fix B €]1, o0] and take B := (Bg)pcg a collection of W1-£_bounded linear opera-
tors, indexed by Q the collection of all open balls Q of the manifold M. We assume that these
operators By are uniformly bounded on W!#: there exists a constant 0 < A’ < 0o such that

VieWw' " voball, | Bo(f)]yis <ANflws. (6)
We define the Sobolev-atoms using the collection B:

Definition 2.1. A function m € Lllo . 1s called an atom associated to a ball Q if there exists a real
function fp compactly supported in the ball Q such that

m=Bop(fop),

with

| follwis < m(@) V.

The functions f in this definition are normalized in W1 Tt is easy to check that

I follwi S 1.

Now we can define our abstract atomic Hardy—Sobolev spaces:

Definition 2.2. A measurable function / belongs to the atomic Hardy—Sobolev space HW.,, if
there exists a decomposition

h= Zlimi H-a.e.,
ieN

where for all i, m; is an atom and (A;); are real numbers satisfying

> il < oo

ieN

We equip HW! = with the norm:

ato

Il =, _inf D 1wl
1

1

F.ato 85 the set of functions which

Similarly we define our “finite” Hardy—Sobolev space HW
admit finite atomic decompositions.

Remark 2.3. We refer the reader to [14,11,13] for details concerning the use of “finite atomic
Hardy space” instead of the whole atomic Hardy space. The use of this last one brings technical
problems (we do not know how to solve them) that are not important and are twisted by the use
of the atomic Hardy space.
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Our goal is to interpolate the Hardy—Sobolev spaces with Sobolev spaces. First, we describe a
useful criterion to prove the boundedness of an operator from the Hardy—Sobolev space HW !

F,ato
into L!.

Proposition 2.4. Let M be a Riemannian manifold satisfying the doubling property. Let T be
a linear operator bounded from WP to LP for some B € (1,00) and satisfying some “off-
diagonal” Sobolev estimates: for all ball Q and all function f compactly supported in Q

. 1 s \'"P 1
Vj =2, (M(ZjHQ)Sj(é) IT(Bo(f))] dM) <%(Q)W||f||wlwﬂ(g), (7)

with coefficients aj satisfying

j+1
A= sup D0y <o (8)
0 ball ;37 n(Q)

. . 1 1
Then T is continuous from HW Fao 0L

The proof is left to the reader, it is written in [14] and [13] in the context of Lebesgue spaces.
It is the same in our context of Sobolev spaces.

2.2. The study of a particular Hardy—Sobolev space

In this subsection, we present in more detail the study of a particular Hardy—Sobolev space.

In the study of Hardy spaces (see [14]), we have seen that our abstract Hardy space corre-
sponds to the “classical” Hardy space (the one defined by R. Coifman and G. Weiss in [18]),
when we choose our operator By as the exact oscillation operator. Here we want to study the
Hardy—Sobolev space defined with a regular version of this particular collection B. For all ball Q,
let ¢ be a function supported in Q and satisfying

lbolize S1. [|IVeol]« Srg' and /(Z)QdM:M(Q)-

We define our operator
1
A = ——= B =f—A .
o(f) (M(Q)Q/fd,u>¢g, o(N)=f = Ag(f)

In all this subsection, the Hardy—Sobolev spaces are constructed with this particular choice of
operators. According to this collection, we construct our Hardy—Sobolev space HW%ﬁ) aro and

1
HWF, (B).ato*
Remark 2.5. In the previous subsection, we did not study the dependence of the Hardy—Sobolev
space with respect to the exponent 8, so we omitted it in the notation. In this subsection, we will
study the role of B in a particular case (see Theorem 0.1). That is why we put the exponent in the
notation.
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We have to check the first assumption (6). Thanks to Proposition 1.6, it is easy to check that
if a Poincaré inequality (Pg) is satisfied then (6) holds.
Moreover, with the normalization of functions ¢ ¢, each atom m associated to a ball Q verifies

/md,uz().

Q

From this observation, we can set a definition of particular Hardy—Sobolev spaces.

Definition 2.6. For 8 € (1, oc], we say that a function m is a non-homogeneous (1, §)-atom
associated to a ball Q, if

(1) m is supported in the ball Q,
1

2) lmllyis <pn(Q) 7,

3) f mdu =0.

We define the Hardy—Sobolev space HS%ﬂ)’ a0 s follows: f € HS%ﬂ)’ a0 1f there exists (b;); a
family of (1, B)-atoms such that f =) . A;b; with ) _; |A;| < co. We equip this space with the
norm

I flgst = inf Y " [ail.

(B).ato (X)) =
l

Similarly to Definition 2.2, we define “finite” atomic space HS }p’( 8).ato"
From Proposition 1.6 and the previous discussion, we have this first proposition.

Proposition 2.7. Assume that a Poincaré inequality (Pg) holds. Then the concept of (1, B)-atoms
exactly corresponds to the concept of atoms, defined with our operators Bg. Thus the different
atomic Hardy—-Sobolev spaces are equal:

1 1 1 1
HSF,(,B),aza = HWF, (B),ato’ HS(ﬂ),ato = HW(,B),aza'

Remark 2.8. Note that every fr-atom is a fBi-atom for 1 < 1 < B> < oo and therefore

1 1 .
HS(ﬁg),ato C HS(ﬂl),ato with ”f”HS%ﬂl).am < ”f”HSl

(Bp),ato )

Proposition 2.9. HS%ﬁ), ato 18 a Banach space for B € (1, oo].

Proof. Consider a sequence (hj)i in HS(lﬂ) ato Such that D ok Akl Hsl,, < oo. It suffices to
’ ,ato

prove that ), hj converges in HS % 8).ato" For this, for every k take the following atomic decompo-
sition Ay = Y _; Ag,ibk,; with ), [A ;| < ”hk”HSEm,ato + zik Thenh =) > Axibki € W]1 (ab-

—i—zk%k < 00. Hence h € HS!

solutely convergence) with >, > [Axil <D g 1Akl gt (8).ato

(B),ato
and the proof is complete. O
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Proposition 2.10. For B € (1, 0o], the finite space HS}V (B).ato is dense in HS%,B),ato'

We recall here the definition of a Coifman—Weiss atom of H, éW = HéW(M ) the Hardy space
of Coifman—Weiss (see [18]).

Definition 2.11. For 8 € (1, oo], we say that a function m is a 8-atom associated to a ball Q, if

(1) m is supported in the ball Q,
1

(2) lImligs < u(Q) ¥,
(3) [mdu=0.

In the literature, we found definitions of classical Hardy—Sobolev spaces in the Euclidean case
as the set of f € HéW such that V f € HéW or A2 f e HéW. Thanks to the Héw boundedness
of the Riesz transform in R", these two spaces are equal.

We hope to have a complete picture and comparison of all these definitions of Hardy—Sobolev
spaces on Riemannian manifolds in a forthcoming paper.

Definition 2.12. The classical Hardy—Sobolev space HS'(M) is defined as (see [16], for the
Euclidean case)

HS'={feHy: VfeHy
where V f is the distributional gradient of f.
Proposition 2.13. The space HS' is a Banach space.

Proof. Let (f,), be a Cauchy sequence in HS ! Then ( fn) and (V f,;), are Cauchy sequences
in HCIW and therefore converge to f € HC'W and g € HCIW. Since f,, — f w-a.e. it comes that
V fu — V f in the distributional sense. The uniqueness of the limit shows that g = V f and
finishes the proof. O

Proposition 2.14. We have HS%ﬁ),aw c HS' ¢ W for every B > 1.

Unfortunately, it is not clear when HS' C HS %ﬂ)’ ato- HOwever for the point of view of interpo-

lation, the study of HS% 8).ato implies results for HS'. For an exponent p € (1, 00] and 6 € (0, 1)
if

1 1, _ wl,
(HS(ﬂ),ato’ w p)@,pg =W

with ﬁ =(1-6)+ % then we know that

(as', whr), =whr,

P

This follows from the fact that Hsgﬁ)m C HS' c Whland || £l yg <20 f g

(B).ato
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We know (see [18]) that the Hardy space HéW admits an atomic decomposition and is also
equal to the corresponding atomic Hardy space (for any exponent 8 used in the definition of S-
atoms). In our case the atomic Hardy—Sobolev spaces are all contained in the classical one HS'
but for the moment we are not able to show if they are equal or not. We believe that this is not
true without additional hypotheses on the geometry of the manifold. However, under Poincaré
inequality we will compare different atomic Hardy—Sobolev spaces in Theorem 0.1.

Before we prove this theorem, we need the following lemma.

Lemma 2.15. (See Lemma 3.9 in [18].) Assume that M satisfies (D).

(1) Let

c d
Mefr) = f‘i%’u(Q( ))Q(/)'f'“

be the centered maximal function of f. Observe that if x € Q(y,r) then Q(y,r) C Q(x, 2r).
It follows that

MefSMf<SCMcf

where C only depends on the constant of the doubling property.
(2) Let f be an L' function supported in Qo = Q(xo, ro). Then there is C| depending on the
doubling constant such that

Qo ={x € M; M(f)(x) > a} C Q(x0, 2r0)
whenever a > C fQo | fldu.

Proof of Theorem 0.1. The proof is inspired by that of R. Coifman and G. Weiss [18] for
classical Hardy spaces on a space of homogeneous type. We prove that every (1, 8)-atom is a sum
of (1, oo)-atoms. We use an adapted Calder6n—Zygmund decomposition for Sobolev functions
(proved later for convenience in Section 3.1) and proceed as their proof. However, the presence
of the gradient creates some problems.

Since we know from [27] that Poincaré inequality (FP,) self-improves in (P, ) for some
€ >0, let us denote k := [[My_cll15_ 18-

Let a be a (1, B)-atom supported in a ball Q. Set b = u(Qp)a.

We claim that for K, @ > 0 large enough parameters and numerical constants C and N, there

exists a collection of balls (Q ), ji € N/ forl =0, 1, ..., such that for everyn > 1
n—1
b=CNKa )Y (Ka)' Y w(@jpa;+ Y hy, 9)
1=0 jieN! jneN"
and

(a) aj, is an oo-atom supportedin Q,,1=0,1,...n —1;
) Uj,enn Qi C 82 :={x; Mg (bl + Mg_ (V) (x) > K% }
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(d) supphj, C Qj,, [hj, du=0;
(e |hj, ()| <|b(x)|+2C"(Ka)"1g; (x);

(0 VA, (] < (C" + DK™ M2 _ (VB () + (Ka)'1g,, ()]
1
© (Fg, (hj,11+1Vh;, D)7 S (Ke)".

The constants «, K are sufficiently large and «, K, N depend only on 8, ¢ and the doubling
constant. We write M _ for the composed operator Mg _¢ o Mgy_co---
Let us first see how from these properties we can write

a = E ozjaj
J

where for every j, a; is an oo-atom. We have

NK
M(QZ) Z( 0" > wQ;)<C (10)
JjneN?

where C is independent of a. Indeed, it follows from (b), (c) and the weak type (1, 1) of M that

27 \7
> u(Q;) <CN" (U Q]n)<CNnM(~Qn)<CmaX(1,Kn)Nn(a—n) 111515 (3)

Jn

Therefore
0 0
Y (Ka)" Y u(Q),) < €2 Y (max(l, )N Ka' ) 1blly,, 5.
= JjneN" n=0
Since ||b||W1 s < Cu(Qo) we deduce (10) with C depending on 8, ¢ and &, K but not on a. We
choose o >> K such that Nma’;# 1.

From (g), we have

[ s+ 19m ) i < €@ ey

Therefore, if we note that H, =) _ jnenn hj, we have

/(|Hn|+|VH <> / (Ihj, 1 +1Vhj,1) du

JjneN?
<C(Ka)" Y 1u(Q;,)
jll

C(Nmax(l K) Ko™ ﬁ) ||b||W1fs
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We used the bounded overlap property of the (Q j,), and the above for i (Q j,). This shows that
the first series on the right-hand side of (9) converges to b in W1,

It remains now to prove that these properties are valid for every n € N*. We begin proving the
casen = 1. Let

21 = {x; M(Ib7 +|Vb|9)(x) > (Ka)} C 2.

Lemma 2. 15 shows that .(71 C 2Q¢ provided Ko > C1. Moreover .(71 is a bounded open set with
,u(f?vl) oF ||b||W1 5 < < Ca P u(Qo). This allows us to apply the Whitney covering theorem to

£21 and consider the Calder6n—Zygmund decomposition of Proposition 3.1 (in Section 3) for b
with p = . We obtain

b= hj+go (11)
j

with £, g satisfying the properties of Proposition 3.1. We have

Zf \hjl +1Vhjl)d CZM(Q; (][ |b|ﬂ+|Vb|ﬁ)du)%

oy
2CN||blly1.p14(Q0)' 7

<
< Cu(Qo).

Consequently, the sum in (11) converges in W1, [ ¢odu = Osince [bdu =0and [h;du=0.
It follows that ag = NC+OM(Q0) is an oo-atom. Thus we can write

b=NCKau(Qo)ao+ Y _hj.
jeN

Properties (a) and (d) are then established in this case when n = 1. Property (c) follows from the
Whitney covering theorem, since M satisfies (D). We have

M(QJ f
hi; <|b bldu
|hj ()| < |b(0)| + ) |b|

< [b()| + Co47 Ka,

where D =log, C,; and Cy is the doubling constant. We refer the reader to the proof of Proposi-
tion 3.1 for the construction of /;’s and x;’s. We have

1
hi= b—ifbx-du)x-,
/ ( xi(Qj) / /
Qj
1

with x;(Q;) = fQ,- xj d v and essentially, x; is a smooth version of 1¢;, with [V ;| < réj.
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For Vh; we have

1
Vh~:X~Vb+(b— be‘d;L)Vx:IJrH.
J J XJ(Q])Q J J
J

We have |I] < |Vb| < My_(Vb). It remains to estimate II. For y € Q ;, we have

1
b(y) — by:d
‘ ) Xj(Qj)/ Xj u'
Qj
-1

< Y ooty — bQ<y2k+1r>|dM+'bQ<y r = fbx,du'
](Q])

k=—o00

1
< E: f? |b_bQ@2HW)“hL+wa@hJ_'____:/ijdM‘
! xi(Qj)

_Zl w(Q(y, 2H1r)))

S |b—0b ki di
= Q. 26r)) ][ 0(y.2*1r))
Q(y72k+1rj)

1 1
b— b d
% (0) ( 120 >X’ “‘
Q; 20;

—1
<2PCriMy_(1Vbl) () Y 2°+ C2P/13PKar,

k=—o00

bd d
x,(Q,) /‘ M(2Q,)/ ”"X" .

t1bowy.ry = 20,1+

1
<2PCriMy—e(IVBl) () + crj<][ |Vb|1—€ d,u) Ty CoC2P/Kar;
Qj

< C'(Mg—c(IVB) () + Kat)r

where C’ = max(Co4P/4,C3P2P/1 CcoC2P/4). Thus |Vh;| < (C' + 2)M4—c(IVD]) +
2C'Kalg;. We choose C” =2C" > 1, and thus (e) and (f) are proved. Similarly to (14), we
deduce (g) and finally property (b) is satisfied by the Whitney covering. The induction hypothe-
sis is then satisfied forn = 1.

We assume that it holds for n» and show its validity for n 4+ 1. Consider the set

—_~

.an = {x e M; M(|h]~n|q + |thn|61>(x) - (Ka)q(n+1)}.
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Property (g) for n shows that

“ ][ (Ih;,19 +Vh;, 1) dp < C1C1(Ka)™ < (Ka)"t14
Qj

1
provided Ko > C{ C and where C| is the constant in Lemma 2.15. Then Lemma 2.15 asserts

that .Q C20;,- Let now (Q, ;) be a Whitney covering for Q2 jn- Wehave | J; Qj,.i =2, i C $2
and the (Qj,.i)i have the bounded overlap property. From (c) for n, we know that the (Q,) are
N" disjoint. Consequently, the balls (Q;, ;) are N "+1 disjoint and therefore we obtain (c) for
n+ 1. Pose

1 , .
h .n,.(x) = (h '”(X) - / h 'nXl‘ dM)Xl ()C)
" ! X, (Qj.i) S n In
Jni
and gj, = h;, Z hj,.i. The same arguments as in Proposition 3.1 show that
g llwioo < C(Ka)™D.
Since the support of 4 j, is contained in Q;, C2Q, and S’?\]Jn C2Q;,,we deduce that supp g, C

2Q;,. For every i, fhjn,i dup = 0 so that (d) follows for n + 1. We also obtain ) ; [|h;, ;|1 +
VA, il < Cllhj, Iyt as in Proposition 3.1. Therefore, the equality

hjy=8ju+ Y hj.i
i
holds in W!! and also p-a.e. since for each x the sum has at most N+ terms and

f gj, dpu = 0. It follows that

. — gjn
= CN(Ke) T (205,

is an oo-atom with suppaj, C 2Q,. We deduce that the representation (9) holds for n + 1 and
also (a). Let us prove (e) and (f) for n + 1. The definition of 4, ; and (e) for n yield

;000 < (|hg, 0|+ Co| 4 1hj,19du|" )xi @)
Jn

nsi
D n b n+1y i
< (|b(0)] +2Co47 (K@) + Cot e (Ka)" ) 1} (x)
D 1.
< [b()| +2Cod 7 (Ko)"™ X}, (x)
= |b(x)| + 2C/(Ka)”+1xj-n (x)

as long as Ka > 2. The definition of VA, ; and (f) for n yield
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1 . )
Vi | <IVh; |+ (h . f i Xl d,u)VX’.
! ’ ’ X, (Qjni) 7 In

<(C"+2)[K" M;_(IVDI) + (Ka)"1g,, |1g,,
+ C'[My—e(IVh),)) + (Ka)" g, T1g,, ,
<(C"+2)[K" My _ (IVBI)(x) + (K)"1g,, [10,, ,
+C(C"+2)[K"MIEL(IVE) (%) + (Ke)" |1, + C'(Ka)" g, 19,
< (C"+2)[K"MIEL(VB) @) + (K1 g, ]

as long as K, Ko are large enough (for example we require K > 4C "). Now we can prove (b).
From (e) and (f), we deduce that for x € £2;,,

(Ka) ™™ < My (1hj,| + VR, 1) (x)
< (C"+2)[MyB)(x) + K" " MM _ (IVD])(x) + 2(Ka)" ],

provided K« large enough. Thus if we take K > 4(C” + 2), we deduce that

X KMo +D
M, [1bl 4+ K" My _ (IVb])](x) > >
and so as K > 1 we obtain
Kot(”'H)

M1+ Mg (IVB1)] () > ———

Thus ini Qi C U in 52\;1 C £2,,+1. The last point (g) for n + 1 is obtained as (14) in Proposi-
tion 3.1. The proof is therefore complete. O

We finish this subsection describing the homogeneous version of all these results.

Definition 2.16. For 1 < 8 < oo, we say that a function b is a homogeneous (1, 8)-atom associ-
ated to a ball Q if

(1) b is supported in the ball Q,

_1
() 1l := IIVDIll s < w(Q) #,
3) [bdu=0.

Definition 2.17. For 1 < 8 < oo, we define the homogeneous atomic Hardy—Sobolev space
H'Szﬁ)’ ato as follows: f e H'Szﬂ),am if f e L! and there exists (b;); a family of homogeneous

loc

(1, B)-atoms such that f =) . X;b; with ) . |A;| < co. We equip this space with the semi-norm

Ifllz = inf Y [nil.
HSgy a0 (0); : l
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Proposition 2.18. I—I'Szﬁmto/R is a Banach space for every 1 < 8 < o0.

Remark 2.19. Note that every homogeneous (1, 8)-atom is a homogeneous (1, 8')-atom for

, .l .l .
I << p < 00 and therefore HS(g) o © HS () to With 1 g < fllgr .

Proposition 2.20. For 1 < < 00 the finite subspace H.S}p’(ﬁ)’am is dense in Hszﬂ),am

Definition 2.21. Let M be a Riemannian manifold. The classical homogeneous Hardy—Sobolev
space HS] (M) is defined as HS1 ={felLl :VfeH"' (M) (see[33,16] in the Euclidean case).

loc?

Proposition 2.22. HS " is a Banach space.

Proposition 2.23. We have H'Séﬂ), ato C Hs' foralll < B < oo.

Proof of Theorem 0.3. Same proof as that of Theorem 0.1 but considering the homogeneous
version of the Calderén—-Zygmund decomposition. [

3. Interpolation of Hardy-Sobolev spaces

This section is dedicated to the study of real interpolation of Hardy—Sobolev spaces with
Sobolev spaces. First we show how we can use the Calderén—Zygmund decomposition for
Sobolev functions to obtain interpolation results for the particular Hardy—Sobolev spaces (stud-
ied in Section 2.2).

Unfortunately, this method is very specific to this kind of spaces and seems not to be gener-
alized for the study of other Hardy—Sobolev spaces. That is why in Section 3.2, we will use the
maximal characterization and the results of Section 1.4 to obtain interpolation results in a more
abstract background.

3.1. Interpolation of particular Hardy—Sobolev spaces

First as done in [7] and [8], we want to prove interpolation results using an adapted “Calderén—
Zygmund” decomposition for Sobolev functions.
Let us describe it:

Proposition 3.1 (Calderon—Zygmund lemma for Sobolev functions). Let M be a complete non-
compact Riemannian manifold satisfying (D). Let 1 < g < 0o and assume that M satisfies a
Poincaré inequality (P;). Let g < p <00, f € WP and o > 0. Then one can find a collection
of balls (Q;);, functions b; and a Lipschitz function g such that the following properties hold:

f=g+) b, (12)

|g(x)‘ <Ca and |Vg(x)| <Ca p-ae,xeM, (13)
suppb; C Q. lbillyg), < Can(Q0). (14)
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Q) <Ca [(IfI+IVSf)'d (15)
M i) X H,
i

D 19, <N (16)
i

where C and N only depend on q, p and on the constants in (D) and (Py).

This proposition is very similar to the ones of [7,8]. So we do not detail the proof and just
explain the modifications. The new and important fact is that the functions b; (appearing in
the decomposition) belong to the atomic Hardy—Sobolev spaces and not just to the Sobolev

space W1,

Proof of Proposition 3.1. Let f € W', « > 0 and consider 2 = {x € M: M(|f|? +
[V f19)(x) > a9}. If §2 =@, then set

g=1f, bi =0 foralli

so that (13) is satisfied according to the Lebesgue differentiation theorem. Otherwise, the maxi-
mal theorem yields

w() < Ca P |(1f1+ 1V £1)]

< Ca—P</ Ifl”du+/|Vf|pdu>

< +00. (17)

SIS

In particular §2 £ M as u(M) = 4+o00o. Let F be the complement of §2. Since 2 is an open
set distinct of M, let (Q;) be a Whitney decomposition of §2 [18]. That is, the Q; are pairwise
disjoint, and there exist two constants C»> > C > 1, depending only on the metric, such that

(1) 2 =J; Q; with Q; = C1 Q; and the balls Q; have the bounded overlap property;
2) ri=r(Q;) = %d(x,-, F) and x; is the center of Q;;
(3) each ball Q; = C,Q; intersects F (Cy = 4C; works).

For x € 2, denote I, = {i: x € Q;}. Recall that I, < N and fixing j € I, Q; C 7Q; for all
iel,.
Conditions (16) and (15) are satisfied due to (17). Using the doubling property, we have

[ 12 +19519) i < Catu @i, (18)
Qi
Let us now define the functions b;. For this, we construct a partition of unity (x;); be a partition

of unity of £2 subordinated to the covering (Q;). Each x; is a Lipschitz function supported in Q;
with |||V xillloo < €.
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Wesetb; = (f — ﬁ fQi fxi)xi where x; (Q;) ~ u(Q;) means fQ; i d . This is the main
change, which is necessary as we look for a vanishing mean value for b;’s.

By usual arguments and Poincaré inequality (P,), we can estimate b; in the Sobolev space

1

wlha. 1billwie < Cop(Q;)4. Then by writing b; = ozial._lbi =aja; with o; = Cau(Q;), we
deduce that the functions a; are (1, g)-atoms — and in fact (1, r)-atoms for every r < g — as-
sociated to the ball Q;. Therefore b; € HS(q) ato With [|b; ”Hsl <o = Can(Qj) and also
b=) b e HS(q),am with ”bHHS%q),ato < au($2). Thus (14) is proved. Set g = f — >, bi.

Since the sum is locally finite on §2, as usually g is defined almost everywhere on M and
g = f on F. Moreover, g is a locally integrable function on M. It remains to prove (13). We
have

Vg=Vf-> Vb
i

(SRS Ty e
! ! Qi

— 15V /) —Z(f— o /fxl dM>VXz

From the definition of F" and the Lebesgue differentiation theorem, we have 17(| f|+ |V f]) < «
u-a.e. We claim that a similar estimate holds for

1
h: - ld Via
IZ(f m(Q»ZfX ”“) g

that is, |h(x)| < Ca for all x € M. For this, note first that 4 vanishes on F' and the sum deﬁmng
h is locally finite on £2. Then fix x € £2 and j € I,. Note that ), x;(x) =1and D>, Vx;(x) =0,

SO
h(x)zz[(—l /fdu)—(—l /indM>:|VXi(x)-
ry //«(7Qj)7Q. Xi(Qi)Q.

For all i, j € I, by the construction of the Whitney collection, the balls Q; and Q; have equiv-
alent radius and Q; C70Q . Thus

1 1
,'d — d < - d i d
Xi(Qi)/fX # ][f M‘ Xi(Qi)/’f ][f 'u‘l)(l .
0i 70; Qi 70;
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1/q
50‘( ][ IVfquu>

70;
Sarj. (19)

We used (D), (Py), xi(Qi) ~ u(Q;) and (18) for 7Q ;. Hence

h(0)| <D arjr;! <CNa. (20)

iel,

Then the end of the proof is classical and is exactly the same as that of the decompositions proved
in [7,8]. We do not repeat it. [

According to [7,8], we know how to obtain interpolation results from an adapted “Calderén—
Zygmund decomposition”. We quickly recall them (for an easy reference) in order to obtain a
real interpolation result between the Hardy—Sobolev spaces HS% 7).at0 and Sobolev spaces.

First we characterize the K -functional of real interpolation in the following theorem:

Proposition 3.2. Let M be a complete Riemannian manifold satisfying the doubling condition
(D) and Poincaré inequality (Py) for some q € (1, 00). Then

(1) forallr € (1, 00), there exists C1 > 0 such that for every f € HS%r),am + Wb andt >0,

K(f.1,HS ) i WH) = Cre(If 1 + [V £17) (0);

(2) for 1 <q < p < oo, there exists C» > 0 such that for every f € WP and t > 0,
1 1
K(f, 8, HS{yy aipr W) < Cat (11770 + |V £194) (0).

We have the same results replacing the space HS! by HS'.

(r),ato

Proof. We only write the proof for the space HS %r) ato- Ve have already seen (Theorem 0.1) that

under our assumption HS%r), ato = HS%q),atO

r € (1, g]. The lower bound of K is trivial. It follows from the characterization of K between L!

and L>°. Now for the upper bound of K of point (2), take f € W!? and ¢ < p < co. Let t > 0.

We consider the Calderén—Zygmund decomposition of Proposition 3.1 for f with ¢ = «(t) =
1

(M f19 41V £19))*4 (). We write f = > ;. bi+g=0b+ g where (b;);, g satisfy the properties

of the proposition. From the bounded overlap property of the B;’s, it follows that for all r < g

for r € [g, oc]. We just have to prove our result for

(r),ato

b <N b;
16lgst Zijll st
<Ca’ (1)) Qi)
i

< Ca’ (1) p(82).
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Moreover, since (M f)* ~ f** and (f + g)™* < f** + g** (cf. [9,10]), we get

a() < (1F1777 (0) + |V £177 (1))

Noting that for this choice of «(¢), 1 (£2;) <t (cf. [9,10]), we deduce that

1 1,
K(f.t.HS ) ai00 W) < Wbllpgst A+ 1lg e
1 1
St @ + VT ) 21
for all # > 0 and obtain the desired inequality for f € WP, g < p <oo. O
Then integrating the K -functional yields

Proposition 3.3. Let M be a complete Riemannian manifold satisfying (D) and (Py), for some
1 <q <oo. Then forallr € (1,00] and p € (g, 00), W'P is a real interpolation space between
HSér)’ato and W1 More precisely, we have

1 1, _wl
(HS(r),ato’ w oo)l—%,p =W

We refer the reader to the previously cited papers for a detailed proof. We also have an
analogous interpolation result for the Hardy—Sobolev space HS' instead of HS' Note that

(r),ato
HS () 0o CHS' and || £ll st <211 £ ll gt

(r),ato

Proof of Theorem 0.2. The proof follows from Proposition 3.3 and the Reiteration theorem (see
[9, Theorem 2.4]). O

All these results are based on the well-adapted “Calder6n—Zygmund decomposition”. The
first one (described in [2] by P. Auscher) was written for homogeneous Sobolev spaces. We can
write an analog result of Proposition 3.1 for homogeneous Sobolev spaces. Then we estimate the
functional K (as in [7]) and obtain the homogeneous interpolation Theorem 0.4:

Proof of Theorem 0.4. Analogous proof to that of Theorem 0.2 and Proposition 3.3. O

We used a “Calderén—Zygmund” decomposition to obtain an interpolation result for the par-
ticular Hardy—Sobolev spaces. These arguments give positive interpolation results under the
assumptions of doubling property and Poincaré inequality. Unfortunately, this method seems
not to work for abstract and more general Hardy—Sobolev spaces: the way to make appear the
“atoms” is very particular. That is why, in the next subsection, we develop other arguments to
obtain interpolation results with abstract Hardy—Sobolev spaces. We will use our maximal char-
acterization of Sobolev spaces (Section 1.4) and ideas of [14].
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3.2. Interpolation of abstract Hardy—-Sobolev spaces

We refer the reader to Section 2.1 for the definition of abstract Hardy—Sobolev spaces associ-
ated to a collection of “local operators” B.

To prove our results, we will follow ideas of [14] and [13] using duality and some maximal
operators associated to the collection B. Let us first define them.

Definition 3.4. Let o € (1, 00]. We set Ag =1d — Bp and

VeeM, Maq(H)() = swp |45 100 (22)

1
patl £(Q)1/@
xeQ

We define a sharp maximal function adapted to our operators. For s > 0,

1

g *

VieM, M. (H)x)i= sup ——[B5H) |l rsim

B,s 0 ball M(Q)l/s ” 0 ”W Ls(Q)
xeQ

We refer the reader to Definition 1.13 for the notation 7, and Section 1.4 for the definition of
some maximal operators and the assumption (Hy, ;).
We can now prove Theorem 0.5.

Remark 3.5. We want to emphasize that we only require the use of the “finite Hardy—Sobolev”
space HW! With our new maximal operators, the assumption (1) can be written as

F.,ato*

Mp.o S Ms s p- (23)

Proof of Theorem 0.5. From the HW}V’ at O—L1 boundedness, it is quite easy to check that for
each ball Q, the operator 7B is bounded from WLA(Q) into L! with

ITBollwis gyt S m(QVP
By duality, we deduce that BET* is bounded from L® to W~1#" with

”BZT* ”L°°—>W4qﬂ’(Q) S M(Q)l/ﬁ/.

Thus, we obtain the first inequality
VEeL™, M o (T* )] oo SIfllice. (24)
Now using (23), we obtain

Mé,ﬂ/ SMsp+Mp g <Msp + Mo S Msap S Mgy - (25)
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Then (25) with Proposition 1.14 yields the following “weak type inequality”

! i
Vel Mg o (T*F) oo SITFl vy SULN 5y (26)
Interpolating (24) and (26) gives
¥g € (pf,00), Y € LPON LY, [ME o (T*f)] 1y <ell fllLe. 27)
Now we use a “good lambdas” argument to compare the maximal operators. We use a Sobolev

version of the result of P. Auscher and J.M. Martell: [5, Theorem 3.1]. With its notation, take a
function F. We define for all balls Q

Go= BZF and Hp= A*QF.
The assumption (23) shows that
w(Q) "V Hollw-10 S Mp o (F) S Ms 50 (F). (28)

By definition of M]g g We have

w(Q) Y NGolly-1p S M5 4 (F). (29)

From these two inequalities, we claim that the following good lambda inequality holds (for K
large enough and y as small as we want)

w({ M pr(F) > Kn, M5 5 (F) <ya}) S (K™ +yP K u({Ms..p(F) > 1}).  (30)

We postpone the proof of this claim to Lemma 3.6. As usually this inequality is satisfied for all
A > 0if £(X) = o0 and only for A 2 || Mg . g (F)| 1 if the measure is finite.
Assuming this fact, we will conclude the proof. By classical arguments (see proof of Theo-

rem 3.1 in [5]) we deduce that for py € (o/, B) if Mg . p(F) € LP0*® then
| M50 ()| o S | Mg () o+ [ M ()] 1 L <o

for all ¢ € (p(, o) with an implicit constant depending on ¢. Now we take a function € LPon
L4. Denoting F = T*(h), we have F € wLpo, Proposition 1.14 shows that M , g (F') belongs
to LPo°°. Thus we can apply the previous inequality which together with (27) yield
i
| Msxp (T*h) || o S | M5 o (T*R) || o + [ Msxp (TR) || 1 L) <00
Sklize + | Mg p (T*h) || ;1100)<00-

If the space X is of finite measure, using the W1 ”0—LP0 boundedness of T and Proposition 1.14,
we remark that

[ M (1) | 11 S [ Ms o p (TR oy S AT vy SRy S Wl

Lo~ Lo~
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This inequality with the fact (8’, ¢) € Zy — since ¢’ € (6’, pg) — shows that
Vhe LINLP,  |T*h| -1y S IhliLe.
By duality, we deduce that there is a constant ¢ = c¢(p) such that
VEewhrawhd T, <cllfllyig- (31)

Consequently, inequality (31) holds for all ¢ € (p;, o), and therefore T admits a continuous
extension from W7 to L? for all p € (o/, pp). O

It remains to prove (30).

Lemma 3.6. With the notations of the previous proof, we have the following good lambda in-
equality. For all .. > 0 (or only for A 2, ||Ms + g/ (F)ll11 if the measure is finite)

w({Ms o pr(F) > Kr, MG o (F) <y2a}) S (K0 + P K ) u({Ms o p (F) > 1}).

Proof. The proof is exactly the same as that of Theorem 3.1 in [5], adapted to our maximal
operators. We deal only with the case when (X) = oo. We consider the sets

B)L = {MS,*,ﬂ/(F) > K)\,, M%,ﬂ/(F) g V)“}
and
EA = {MS,*,,B’(F) > )\.}

First since K > 1, we have B) C E;. We choose (Q;); a Whitney decomposition of E; and
write x; for a pointin 4Q; N EY. Let j be such that B, N Q; # @ and x € B, N Q. We have

Mg s p (F)(x) :=

inf sup ————|||¢ol + @1l p o) = KA. (32)
F=¢o—div($1) @ bgll n(Q)V/P ”Lﬂ (0)
xeQ

Let F = — div(y1) and Q. be an extremize decomposition and ball of (32). Assume first
that Q. satisfies Qo N (8Q ;) # . Since x; € 40y and

1
inf sup —————||[¢ol + 1P1l| 50y < Ms,x,p (F)(xj) <A,

we deduce that

p(EQu) )”fs’k_

Mg 4 p (F <\———
Sap (F) < m(Qexr)
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Therefore, for a large enough constant K, the doubling property of the measure shows that the
assumption Qe N (8Q ;) # ¥ is false. We deduce that Q. C 8Q; and therefore

Mg . p(F)(x) =  inf sup  ————— |10l + 1911|570y = KA.

*P F=¢o—div(¢1) ngu w(Q)V/B ” ”Lﬂ Q)
XGQCSQJ'

Write F = B}, F 4+ A%, F. Tt follows that

80; 8Q;

“(BLNQj) < u({ o0 b0l + 1611 Lo o) = Kx/z})

sup 1/
to. F=bo—div@D) @ ball u(Q)” p
J xeQC8Q;

-I—M({ inf sup  ————= | |dol + [@1]|| 5 KA/z})
! xeQC8Q;

The first term is controlled by the “weak type (8, 8')” of the maximal operator My . g (local
version of Proposition 1.14):

1
p inf sup  ——— || 1dol + [@1l]| Lo >K)\/2})
({ng-FZ%—diV(fi)l) Q ball n(Q)l/p H HLﬂ (0)
! xeQC8Q;

g
< K:B/)\,ﬂ/ |MS * ﬂ/(BSQ )”Lﬂ/,oo’ng

1
S =g g KB AP | 8Q; ”W LA (80;)

< ! fM F
Kﬂ/)\,ﬂ,M(QJ) m ﬁ/( )
P
< Q). (33)

For the last inequality, we used the fact that B; N Q; # @. For the second term, we use similar
arguments with 8’ < o

1
2 inf sup  —————=||[¢ol + [P1]]| . p >K)\/2})
(:A§Q-F=¢0—di\1(¢1) Q ball M(Q)l/ﬁ} HLﬂ (0)
’ xeQC8Q;

<
~ KA

”MS*GASQ F”eroo 80

S W”AgQ,‘F”(vTV—L“(i%Qj)'
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The above assumption (23) shows that
* o < N ; o< N : , o
”AngFH W-10(80Q;) ~ M(Qj)glrQlf My (F)" S M(Qj)égf My . pr (F)
SATu(Q;).

We used in the last inequality that x; € 8Q; and My , g/ (F)(x;) < A. Thus, we proved an anal-
ogous inequality of (33) for the second term. We deduce that

B 1
(BN Q) < (ly{—ﬂ + F)MQ».

Summing over j, the proof is therefore complete. O

In the next proposition, we give a useful criterion to insure the main assumption (23):

Proposition 3.7. Assume that the operators A satisfy

1

1
2j+1Q)1/ﬂ ”AQ(g) ”Wl’/S(Sj(Q)) < aj(Q)WHgllwl,o’(Q),

Vj=>0,
m(

for all functions g supported in the ball Q, where the coefficients o j(Q) satisfy

i+1
sup Maj(Q) < 00. (34)
0 ball 3 u(Q)

Then the maximal operator My  is bounded by My g .

Proof. Let x € M. For a ball Q, we denote S;(Q) =2/ \ 2/~1Q. We estimate the Sobolev-
norm by duality

Mso (W= swp  sp (@) [ Ap(gd
Q;xeQ geCi™(Q)
el 10 <1

= sp s p(@) / fAg(g)d.
0:xeQ geC(Q)
gl 100 <1

Take a decomposition f = ¢y — div(¥p). Then we have

Mp.o(f)(x) < sup sup M(Q)—I/UZ /[¢0AQ(g)+¢OVAQ(g)]dM
0:xeQ geCe(Q) >0
gl 1 00 <1 $;(0)

< sup w(@7V7 sup b0l + 190l 5 s com A0 (@ [ wrpes om-
0;xeQ ”gﬁcgo(le ;H ”Lﬂ (SJ(Q)) H le ﬂ(S](Q))
gwl,o‘/\
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Our assumption yields

2Ji+1 0)1/B
Meo (D)< sup 1(0)” Yo lligol + 1ol Lo s, 00 ,(Q)%
= w(Q)
j-HQ)
< n , Qi+l o) 1/F 12
g;upQ;§%W¢ol ol |y o1 (271 0) ™ (@) = 0

n*Q)
<M / +
aL.p (1ol + [¥ol) (x) QSSEQ ]E>004,(Q) 0

SMur.p(I¢ol + 1¥ol) (x).

These inequalities hold for every decomposition f = ¢ — div(y). Taking the infimum over all
these decompositions, we obtain the desired inequality. O

With an extra assumption (as in [13]), we obtain the real interpolation result of Theorem 0.6:

Proof of Theorem 0.6. The proof is the same as the one of Theorem 3.14 in [13] using the
arguments of Theorem 0.5. We omitit. O

Let us compare our assumption (8’, p;) € Ty with Poincaré inequality:
Remark 3.8. Assume that 8’ < Pe (else (B, pg) € Ty is always satisfied, see [12]) and py < 2.
Thanks to Theorem 1.17, we can check that the assumption (8', p,) € Iy is implied by the
Poincaré inequality (Pp,) if 8’ > 2, which corresponds to a variant of the assumption done in [7]
(in [7], the author used local hypotheses of doubling and Poincaré, here we are under the global
hypotheses) to interpolate the corresponding non-homogeneous Sobolev spaces.
4. Applications

4.1. Operators with regularity assumptions about the kernel

In this subsection, we look for a “Sobolev” version of results for Calderon—Zygmund opera-
tors on Lebesgue spaces.

Definition 4.1. Let 7' be a linear operator bounded from W70 (resp. W1-70) to LP°. We say that

it is associated to a kernel K (x, y) if for every compactly supported function f and x € supp(f)©
we have the integral representation:

T(f)(x) = / Ko y) fO0) du(y).

We introduce the following regularity property for such kernel:

I':= sup sup rg / !K(x,y)—K(x,z)|du(x)<oo. (35)

ball v,
O ball y,zeQ M40
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This subsection is devoted to the study of operators 7" associated to a kernel satisfying (35). We
first prove a weak type estimate.

Proposition 4.2. Let M be a complete Riemannian manifold satisfying (D) and admitting a
Poincaré inequality (P1). Let T be a linear operator which is bounded from W12 (resp. W1:2)
to L? and is associated to a kernel satisfying (35).

Then T is bounded from W' (resp. W1y to L.

Proof. We give the proof in the homogeneous case, it is the same in the non-homogeneous case.
Let f € W1, We want to show that

1
n({xeM; |[Tf(0)]>a}) S —IV Sl

Take the Calderén—Zygmund decomposition — homogeneous version of Proposition 3.1 — of f
for @ > 0. We have

Tf:Tg—I—T(Zb,-)
and {|Tf|>a} C{ITgl> £} U{IT(X; bi)| > %}. Since T is bounded from W' to L? then
o 4 ) 1
M({ITgI > 5}) < E/ITgI du S ;”T”WM_)LZ“”vf“LI'
M
For [T(Q_; bi)|=1Y_; Thil <) ; |Th;| we have

o({[r(20)|=5)) <u({ Sirar-5))

<M(LIJ4Q1') +M({(M\LiJ4Qi>; > IThil > %})

1

From (D) and the homogeneous analog of (15) of Proposition 3.1, we have u(|J;40;) <
%||Vf||1. It remains to estimate 1 (A) = u({(M \ UJ;4Q;); >_; ITbi| > 5}). We have

(07
AC{ZIM\4Qi|Tbi|>E}.
i

Then

2 2
<> [ S mhitnso dn="Y" [ irbildp
Mo :

' M\4Q;
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Let y; € Q; such that K (x, y;) exists. Noting that f b; du =0, it comes that

f T (0) dpa(x) = f f K(x,y)bi(y)du(y)‘du(X)
M\4Q; M\40; 0;

- f f (K(x,y>—K(x,y»)bi(y)du(y)'du(x)

M\4Q; O;

</( / }K(x,y)—K(x,yi)}du(X))}bi(y)MM(y)

Q; M\40;

1

5—/|bi<y>}du<y) sup 7, / K (x,y) — K (6. y0)| dp (o)
Fi V. yi€Q;
Qi M\4Q;

Soap(Qi).

Summing over i and using the homogeneous analogous property of (15), the proof is therefore
complete. O

To obtain this weak type estimate, we have to assume a strong Poincaré inequality (P;). The
result of Theorem 0.7 is also interesting: we are able to obtain a strong type estimate using
Hardy—Sobolev spaces (instead of the Sobolev space w1, and requiring a weaker Poincaré
inequality in the non-homogeneous case.

Proof of Theorem 0.7. We begin showing that under the hypotheses of item (1) (resp. (2)), there
exists a constant C, such that for all 2-homogeneous atom a (resp. non-homogeneous atom),

ITallp < C. (36)
We give the proof in the homogeneous case, that is item (1), it works the same in the non-

homogeneous case. Indeed, noting Q = Q(xo, r) the ball associated to the (1, 2)-homogeneous
atom a, we have

1
/ [ Taldp < CIT 2, p2llallynn(Q)? < ClIT 2, 2.
40
On M \ 4Q, we use the integral representation. The fact that [ a dp =0 yields

fITaIdu< / /K(x,y)a(y)du(y)‘du(m
M\4Q M\4Q O

— f /(K(x,y)—K(x,XO))a(y)du(y)'du(x)
M\4Q 0
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< / /lK(x,y)—K(x,XO)Ha(y)Idu(y)dM(X)
M\40 0

=/|a<y>|( / }K(x,y)—K(x,XO)}dM(X)>dM(y)

M\4Q

(0]
=f|a—ag|< / |K(x,y)—K(x,XO)|dM(X)>dM(y)
(0]

M\4Q

1
2C
< Cru(@(][ |Va|2du) —~
0
<C.

We used Poincaré inequality (P»), (35) and the definition of a (1, 2)-atom.
Now we conclude the proof of item (1).

Thanks to Proposition 4.2, T is bounded from W'! to L. Take f e H'ng)ﬂm: f=
322 | Aib; where for each i, b; is a (1, 2)-homogeneous atom and Y ;o | |A;| ~ ||f||HS1 . Since
(2),ato

Hng),m < W1, we know that fy = ZIN=1 Aib; € HS;(Z),M converges to f in W'-1. Thus by

Proposition 4.2, T fy converges to Tf in L1,
On the other hand, Tfy converges to Y i A;Th; in W' and therefore Tf =Y 20, A, Th;
and || Tf]1 < C||f||H'ng) t

It remains to complete the proof of item (2). For this, we invoke the following lemma which
finishes the proof. It is a Sobolev version of a result in [29], that was generalized in [13]. O

Lemma 4.3. Assume that (P») holds. Let T be a bounded linear operator from W2 1o L? with
a constant C such that for all (1,2)-atom [ € HS}F @).ato W have

Tl <c.

Then T extends continuously from HS%z)’ ato IO L.

Remark 4.4. The proof uses the embedding HS %2)7 ato < L', which does not hold for the homo-

.| . .
geneous space HS 5, - Actually, we do not know if such a result is true or not for homogeneous

Hardy—Sobolev spaces, without using (as it is well known) a weak-type inequality from W!! to
L1 which requires the Poincaré inequality (P;) as we saw in item (1).

Proof of Lemma 4.3. As HS IF @).ato is dense in HS %2)’ ator WE know that there exists an operator

U bounded from HS%Z)’ ato INLO L! such that for each atom m: U(m) = T (m). We have to prove
that

VfeW NHS ) wor U =T
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To prove this fact, we use duality. Let Q be a ball and ¢ be a smooth function supported in Q
verifying

: IVolloo S

1
du=1, o0 S —— —_—.
Q/d’Q % [Polloo S (0) ror(0)

Then for all smooth function k supported in Q, with ||k|ly1.2 < w(Q)~1/2, the function h :=
k—( f 0 k)¢ is a (1, 2)-atom associated to the ball Q (due to Poincaré inequality and Proposi-

tion 1.6). Let g € L N L?. We have

(T(h), g)=(U(h), g)-
We deduce that
(n,T*g)=(h,U*g).

Hence

<k, [T*¢—U*g] — (f¢Q[T*g —U'g] du)1Q> = 0.

We set A for the function A :=[T*g — U*g]. We have

- (foval, ., -
W-12(B)

Thus A (as distribution) is constant on the ball Q. This fact is proved for every ball Q. We
conclude that A (which is independent with respect to the ball) is constant over the whole mani-
fold M.

The non-homogeneous Hardy—Sobolev space HS %2)’ ato 18 €mbedded into L' Thenby L'-L>®
duality, for all functions h € HS %2)’ ato WE have

(h, 1) = 0.

In particular for f € W2 N HS%Z)’MO, we get

(fyay=0 =iz <f, T*g>W—1,2 _HS(lz)yam (f’ U*g>(HS%2)!am)*
= L2<T(f)’ g>L2 —L! <U(f)’ g)Loo

This is true for all functions g € L™ N L2. We deduce that T(f) = U(f) in (L*®° N L?)* and
therefore 7T (f)(x) = U(f)(x) for almostevery x e M. O

Proof of Corollary 0.9. The proof follows from the interpolation results in Theorems 0.2 and 0.4
and the self-improvement of Poincaré inequality of Theorem 1.5. O
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The result in item 2) of Corollary 0.9 can also be recovered by suitably choosing the operators
B of the abstract Hardy—Sobolev spaces (defined in Section 2.1).

Definition 4.5. For each ball Q of M, we define our operator B as:

Bo(f)=f - (f fdu>¢Q,
0

where ¢ is a smooth function supported in Q such that

IVpolloo Srgp'n(@) "

1
di=1, oS —
Q/d)Q " Iolko S —=

With 8 =2, we define our Hardy—Sobolev space H W%z), ato"

We check the desired assumptions. Thanks to the Proposition 1.6, it is clear that under
Poincaré inequality (P,) the operators Ao are uniformly bounded on w2,

Then by similar arguments as that in the proof of Theorem 0.7, under (P,) the above operator
T admits a continuous extension from HW%Z)’ ato 1O L'. Moreover, for g € (1,2) the inequality
(P,) implies that the maximal operator Mp . is bounded by M (using Proposition 3.7). Using
Theorem 0.5, we recover item 2) of Corollary 0.9.

4.2. Application: (RR )

Let M be a complete Riemannian manifold satisfying (D). Consider the linear operator Az
with the following resolution

[e¢}

1 dt
A2 f=c | Ae™'®F—, e C,
r=cf 1 recs
0

where ¢ = 777, Here A2 f can be defined for f € Lip as a measurable function (see [3]). Since
ATl = 0, A? can be defined on Lip NW -4 by taking quotient which we keep calling AZ. Ap-
plying Theorem 0.7, we obtain the following theorem for AZ.

Theorem 4.6.

1) Let M be a complete Riemannian manifold satisfying (D) and (Py). Then A? is bounded
from HSErMm to L' for any r > 1.
Consequently, A? is bounded from WY-P to LP for any p € (1,2].

2) Let M be a complete Riemannian manifold satisfying (D) and (Py) for some q € [1,2). Then
(I + A)% is bounded from HS%F)’am to L' foranyr >q ifg#1 (resp. r > 1ifg=1).

Consequently, (I + A)% is bounded from WP to L? for any p € [q, 2].
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Remark 4.7. We refer the reader to [4,3] for the study of inequality (RR) for p € (1, 2] (which

corresponds to the boundedness of A? from WP to LP ) under Poincaré inequality. The new
point here is the limit case (RR).

Proof of Theorem 4.6. We prove item 1) of this theorem. We proceed analogously for the proof
of item 2). Let us check that A7 satisfies the hypotheses of Theorem 0.7. First A? is bounded
from W, to L2. The kernel of A7 is Jo~ 0 pr(x,y) %. Under our hypotheses, the partial deriva-
tive of the heat kernel 0; p; verifies

2
_ad (;c,y)

|9, i (x, y)| < (37)

¢ .,
t(B(y, /1))

for every x,y € M and t > 0 (see [20, Theorem 4] and [24, Corollary 3.3]). Let Q be a ball of
radius r > 0 and y, z € Q. We therefore have

f / Pt(x y) — pr(x, Z))\/—df dp(x)
M40 0
/ /3r pi(x,y) — pi(x, Z))| dld,u(x)
00

T 1 d2<x>) dt
<C B i T,
/ /rMQ(y,ﬁ)) N
M\40 0

we | ]O e L drdu
(0 V) N
M\40 0

x,y)

Let us estimate / = fM\4Q(fOOO me_“ . i) du(x). Since y € Q and x € M \ 4Q

then d(x, y) > 3r. It follows that

o0

I<f C ( f - dz(xy)d (x)) dt
N ETICIONG) NN

{x;d(x,y)>~9r2}

e¢}

<f C 2 dt
h J tu(Q(y,«/?))

1 (Q(y, V1))e “"_ﬁ
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0
t
t\/f
0

<

S A

<

~ 10

2 X,y
In the second estimate, we used that fd(x’y)>\/;e_yd 5 )dM(X) < CyM(Q(y,\/E))e_ﬁ
1 _adz(x,z) dt < C )
_ e P s Tk
ing the supremum over all y,z € Q, all balls Q and applying Theorem 0.7, we obtain that T

is bounded from HS b to L' forr > 1. Finally the boundedness of 7' from WP to LP for

r,ato

1 < p <2 follows from Corollary 0.9. O

[19, Lemma 2.1]. Similarly, we prove that fM\4Q(fOOO
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