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Abstract. Let I' be a graph endowed with a reversible Markov kernel p, and P the associated
operator, defined by Pf(x) = Zy p(z,y)f(y). Denote by V the discrete gradient. We give
necessary and/or sufficient conditions on I' in order to compare ||V f||, and (1 — P)Y2f Hp
uniformly in f for 1 < p < +o00. These conditions are different for p < 2 and p > 2.
The proofs rely on recent techniques developed to handle operators beyond the class of
Calderén-Zygmund operators. For our purpose, we also prove Littlewood-Paley inequalities
and interpolation results for Sobolev spaces in this context, which are of independent interest.
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1 Introduction and results

It is well-known that, if n > 1, [V f|| . and H(—A)l/QfHLP(Rn)
in f for all 1 < p < +oo. This fact means that the classical Sobolev space W1P(R") defined
by means of the gradient coincides with the Sobolev space defined through the Laplace
operator. This is interesting in particular because V is a local operator, while (—A)Y/2 is
not.

Generalizations of this result to geometric contexts can be given. On a Riemannian
manifold M, it was asked by Strichartz in [50] whether, if 1 < p < 400, there exists C, > 0
such that, for all function f € C§°(M),

are comparable uniformly

Gy A2 AL, < Ndflll, < Gy [ A2, (1.1)

where A stands for the Laplace-Beltrami operator on M and d for the exterior differential.
Under suitable assumptions on M, which can be formulated, for instance, in terms of the
volume growth of balls in M, uniform L? Poincaré inequalities on balls of M, estimates on
the heat semigroup (i.e. the semigroup generated by A) or the Ricci curvature, each of the
two inequalities contained in (1.1) holds for a range of p’s (which is, in general, different for
the two inequalities). The second inequality in (1.1) means that the Riesz transform dA~1/2
is LP-bounded. We refer to ([3, 5, 11, 25]) and the references therein.

In the present paper, we consider a graph equipped with a discrete gradient and a dis-
crete Laplacian and investigate the corresponding counterpart of (1.1). To that purpose, we
prove, among other things, an interpolation result for Sobolev spaces defined via the differ-
ential, similar to those already considered in [45], as well as LP bounds for Littlewood-Paley
functionals.



1.1 Presentation of the discrete framework

Let us give precise definitions of our framework. The following presentation is partly bor-
rowed from [30]. Let I' be an infinite set and ji,y, = fty, > 0 a symmetric weight on I x T".
We call (', 1) a weighted graph. In the sequel, we write most of the time I" instead of (', u),
somewhat abusively. If z,y € I', say that  ~ y if and only if u,, > 0. Denote by E the set
of edges in I, i.e.

E={(z,y) e'xT; z~y},
and notice that, due to the symmetry of u, (z,y) € F if and only if (y,z) € E.

For z,y € T', a path joining x to y is a finite sequence of edges xg = x,...,xny = y such
that, for all 0 <i¢ < N —1, x; ~ x;,1. By definition, the length of such a path is N. Assume
that I' is connected, which means that, for all x,y € I, there exists a path joining x to y.
For all x,y € T, the distance between z and y, denoted by d(x,y), is the shortest length
of a path joining x and y. For all z € " and all » > 0, let B(z,r) = {y €T, d(y,z) <r}.
In the sequel, we always assume that I' is locally uniformly finite, which means that there
exists N € N* such that, for all x € T', §B(z,1) < N(here and after, A denotes the cardinal
of any subset A of I'). If B = B(z,r) is a ball, set aB = B(z, ar) for all @ > 0, and write
C1(B) = 4B and C;(B) = 27*'B\ 2/ B for all integer j > 2.

For any subset A C T', set

0A={xcA; Jy~ua, y¢ A}.
For all x € T', set m(z) = ) psy. We always assume in the sequel that m(xz) > 0 for all

Yy~
zel. If ACT, define m(A) = > m(x). For all z € I and r > 0, write V(z,r) instead of
z€A

m(B(z,r)) and, if B is a ball, m(B) will be denoted by V(B).
For all 1 < p < 400, say that a function f on I' belongs to LP(I',m) (or LP(I")) if

I£1, - (Df )Up < +o0.

zel

Say that f € L>(I',m) (or L>(I")) if
[l == sup | f(2)] < +o0.
zel
Define p(z,y) = ptay/m(z) for all z,y € I'. Observe that p(z,y) = 0 if d(z,y) > 2. Set also

pO(ny) = (S(I?y)
and, for all k € N and all z,y € T,
pri(T,y) = > ple, 2)pi(z,y).
zel

The py’s are called the iterates of p. Notice that, for all x € T", there are at most N non-zero
terms in this sum. Observe also that, for all z € T,

S pla,y) = 1 (1.2)

yel’



and, for all z,y € T,
p(z,y)m(zx) = p(y, x)m(y). (1.3)
For all function f on I' and all z € I, define

Pf(z)=> plz,y)f(y)

yel’

(again, this sum has at most N non-zero terms). Since p(z,y) > 0 for all z,y € I and (1.2)
holds, one has, for all p € [1,+o0] and all f € LP(T),

1P fll oy < W1l ocry - (1.4)

We make use of the operator P to define a Laplacian on I'. Consider a function f € L*(T).
By (1.4), (I — P)f € L*(T") and

(I=P)f, Przwy = Y pl@,y)(f(@) = f)f(@)m(e)

”C’ 1.5
= %Zp(x,y)!f(w)—f(y)\Qm(w), ()

where we use (1.2) in the first equality and (1.3) in the second one. If we define now the
operator “length of the gradient” by

1/2
V() = (% S ple ) 17 ) - f(:v)|2>

yel

for all function f on I" and all = € I (this definition is taken from [26]), (1.5) shows that
(L= P)f, rzwy = IV T2y - (1.6)

Because of (1.3), the operator P is self-adjoint on L*(T") and I — P, which, by (1.6) , can be
considered as a discrete “Laplace” operator, is non-negative and self-adjoint on L?*(T"). By
means of spectral theory, one defines its square root (I — P)'/2. The equality (1.6) exactly
means that

HU - P)1/2fHL2(F) = va”L?(r)- (1.7)

This equality has an interpretation in terms of Sobolev spaces defined through V. Let
1 < p < +oo. Say that a scalar-valued function f on I' belongs to the (inhomogeneous)
Sobolev space W1P(T') (see also [45], [37]) if and only if

1A oy = 1Al oy + IV Fll oy < o0

If B is any ball in T' and 1 < p < 400, denote by W, (B) the subspace of W*(I") made of
functions supported in B.



We will also consider the homogeneous versions of Sobolev spaces. For 1 < p < 400, define
EYP(T) as the space of all scalar-valued functions f on I' such that Vf € LP(T"), equipped
with the semi-norm

1A oy = IV Fll oy -

Then W?(T') is the quotient space E'?(T)/R, equipped with the corresponding norm. It is
then routine to check that both inhomogeneous and homogeneous Sobolev spaces on I' are
Banach spaces.

The equality (1.7) means that ||(1 — P)1/2f|lL2(F) = [[fll z1.2(ry- In other words, for p = 2,
the Sobolev spaces defined by V and by the Laplacian coincide. In the sequel, we address
the analogous question for p # 2.

1.2 Statement of the problem

To that purpose, we consider separately two inequalities, the validity of which will be dis-
cussed in the sequel. Let 1 < p < 400. The first inequality we look at says that there exists
C, > 0 such that, for all function f on I' such that (I — P)Y/2f € LP(T),

IV £, < Gy (1= P)2f]| . (R,)

This inequality means that the operator V(I — P)~/2 which is nothing but the Riesz

transform associated with (I — P), is LP(I")-bounded. Here and after, say that a (sub)linear
operator T' is LP-bounded, or is of strong type (p, p), if there exists C' > 0 such that HTpr <
C|fll, for all f € LP(I'). Say that it is of weak type (p,p) if there exists C' > 0 such
that m ({z € T, [Tf(x)] > A}) < < ||IfI} for all f € LP(T') and all A > 0. Notice that he
functions f will be defined on I', whereas T'f may be defined on I" or on F.
The second inequality under consideration says that there exists Cj, > 0 such that, for all
function f € EWP(I),

|- Py2g], < G IV S, (RR,)

(The notations (R,) and (RR,) are borrowed from [3].) We have just seen, by (1.7), that
(Ry) and (RRy) always hold. A well-known fact (see [46] for a proof in this context) is that,
if (R,) holds for some 1 < p < 400, then (RR,) holds with p’ such that 1/p+ 1/p’ = 1,
while the converse is unclear in this discrete situation (it is false in the case of Riemannian
manifolds, see [3]). As we will see, we have to consider four distinct issues: (R,) for p < 2,
(R,) for p > 2, (RR,) for p <2, (RR,) for p > 2.

1.3 The LP-boundedness of the Riesz transform
1.3.1 The case when p < 2

Let us first consider (R,) when p < 2. This problem was dealt with in [46], and we just recall
the result proved therein, which involves some further assumptions on I'. The first one is of
geometric nature. Say that (', ) satisfies the doubling property if there exists C' > 0 such
that, for all x € I and all r > 0,

V(z,2r) < CV(x,r). (D)

5



Note that this assumption implies that there exist €, D > 0 such that, for all x € T", all
r>0and all § > 1,
V(x,0r) < COPV (x,r). (1.8)

Remark 1.1 Observe also that, since (I',p) is infinite, it is also unbounded (since it is

locally uniformly finite) so that, if (D) holds, then m(T') = 400 (see [43]).

The second assumption on (I', i) is a uniform lower bound for p(x,y) when z ~ y, i.e. when
p(z,y) > 0. For a > 0, say that (I, ) satisfies the condition A(«) if, for all x,y € T,

(x ~y & fizy > am(z)) and z ~ . (A())

The next two assumptions on (I', 1) are pointwise upper bounds for the iterates of p. Say
that (', u) satisfies (DU E) (a on-diagonal upper estimate for the iterates of p) if there exists
C' > 0 such that, for all x € I" and all k£ € N*,

Cm(x)
V(z,Vk)
Say that (I', u) satisfies (UE) (an upper estimate for the iterates of p) if there exist C,c > 0
such that, for all z,y € I and all k£ € N*,

pr(w, 1) < (DUE)

Cm(x) L)

r,yY) < ———= UE
Pi(2,y) Ve h) (UE)
Notice that, when (D) holds, the estimate (UFE) is also equivalent to
Cm(z) _.2@w
(e, y) < Lo (19)

V(y, Vk) ’

which will be of frequent use in the sequel.

Recall that, under assumption (D), estimates (DUFE) and (UE) are equivalent (and the
conjunction of (D) and (DUE) is also equivalent to a Faber-Krahn inequality, [26], Theorem
1.1). The following result holds:

Theorem 1.2 ([46]) Under assumptions (D), (A(a)) and (DUE), (R,) holds for all 1 <
p < 2. Moreover, the Riesz transform is of weak (1,1) type, which means that there exists
C > 0 such that, for all A\ > 0 and all function f € L'(T),

m({z €T, V(I = P)2f() > A}) < S 17

As a consequence, under the same assumptions, (RR,) holds for all 2 < p < +o00.

Notice that, according to [40], the assumptions of Theorem 1.2 hold, for instance, when I is
the Cayley graph of a group with polynomial volume growth and p(x,y) = h(y~'z), where
h is a symmetric bounded probability density supported in a ball and bounded from below
by a positive constant on an open generating neighborhood of e, the identity element of G,
and actually Theorem 1.2 had already been proved in [40].

6



1.3.2 The case when p > 2

When p > 2, assumptions (D), (UFE) and (A(«)) are not sufficient to ensure the validity of
(R,), as the example of two copies of Z? linked between with an edge shows (see [46], Section
4). More precisely, in this example, as explained in Section 4 of [46], the validity of (R,) for
p > 2 would imply an L? Poincaré inequality on balls.

Say that (T',u) satisfies a scaled L? Poincaré inequality on balls (this inequality will be
denoted by (P,) in the sequel) if there exists C' > 0 such that, for any x € ', any r > 0 and
any function f locally square integrable on I' such that V f is locally square integrable on E,

ST fw) - flPmy) <0t YT V)P my), (P2)
yEB(z,r) yEB(z,r)

where
1
fB = m erBf(m)m(I)

is the mean value of f on B. Under assumptions (D), (P) and (A(«)), not only does (UE)
hold, but the iterates of p also satisfy a pointwise Gaussian lower bound. Namely, there exist
1,04, c2,Cy > 0 such that, for all n > 1 and all z,y € I" with d(z,y) < n,

am(z) _ , Llaw) Com(x)
T ym© | Sh@nSgre

Actually, (LUFE) is equivalent to the conjunction of (D), (P2) and (A(«)), and also to a
discrete parabolic Harnack inequality, see [30] (see also [4] for another approach of (LUE)).
Let p > 2 and assume that (R,) holds. Then, if f € LP(I") and n > 1,

2
—co a(z,y)

(LUE)

C
IVP"f]l, < \/—% £l - (Gy)

Indeed, (R,) implies that
IV Al < Gy (1 = PP

P Y

and, due to the analyticity of P on LP(I"), one also has

C/
1/2 pn

|7 =Py 2pnsll, < 221,

More precisely, as was explained in [46], assumption A(«) implies that —1 does not belong to
the spectrum of P on L*(T'). As a consequence, P is analytic on L*(T) (see [28], Proposition
3), and since P is submarkovian, P is also analytic on LP(I") (see [28], p. 426). Proposition
2 in [28] therefore yields the second inequality in (G,). Thus, condition (G)) is necessary for
(R,) to hold. Our first result is that, under assumptions (D), () and (A(«)), for all ¢ > 2,
condition (G,) is also sufficient for (R,) to hold for all 2 < p < ¢:

Theorem 1.3 Let py € (2,400]. Assume that (I', i) satisfies (D), (P2), (A(a)) and (Gp,).
Then, for all 2 < p < po, (Rp) holds. As a consequence, if p is such that 1/py+ 1/pj = 1,
(RR,) holds for all pjy < p < 2.



An immediate consequence of Theorem 1.3 and the previous discussion is the following result:

Theorem 1.4 Assume that (I', 1) satisfies (D), (P2) and (A(«)). Let py € (2,400|. Then,
the following two assertions are equivalent:

(i) for all p € (2,p0), (Gp) holds,
(1) for allp € (2,p0), (R,) holds.

Remark 1.5 In the recent work [32], property (G) is shown to be true for all p € (1,2]
under the sole assumption that I' satisfies a local doubling property for the volume of balls.

Remark 1.6 On Riemannian manifolds, the L? Poincaré inequality on balls is neither nec-
essary, nor sufficient to ensure that the Riesz transform is LP-bounded for all p € (2,00),
see [3] and the references therein. We do not know if the corresponding assertion holds in
the context of graphs.

1.3.3 Riesz transforms and harmonic functions

We also obtain another characterization of the validity of (R,) for p > 2 in terms of reverse
Holder inequalities for the gradient of harmonic functions, in the spirit of [48] (in
the Euclidean context for second order elliptic operators in divergence form) and [3] (on
Riemannian manifolds). If B is any ball in I and u a function on B, say that u is harmonic
on B if, for all x € B\ 0B,

(I — P)u(z) = 0. (1.10)

We will prove the following result:

Theorem 1.7 Assume that (D), (A(«)) and (P,) hold. Then, there exists py € (2,+o0]
such that, for all g € (2,pg), the following two conditions are equivalent:

(a) (R,) holds for all p € (2,q),

(b) for all p € (2,q), there exists C, > 0 such that, for all ball B C T, all function u
harmonic in 32B,

(ﬁ;rww%w)p <Gy <ﬁ > \VU(fB)\zm(w)> - (RHy)

€168

Assertion (b) says that the gradient of any harmonic function in 32B satisfies a reverse Holder
inequality. Remember that such an inequality always holds for solutions of div(AVu) = 0
on any ball B C R", if u is assumed to be in H'(B) and A is bounded and uniformly elliptic
(see [44]). In the present context, a similar self-improvement result can be shown:

Proposition 1.8 Assume that (D), (A(«)) and (Py) hold. Then there exists py > 2 such
that (RH,) holds for any p € (2,po). As a consequence, (R,) holds for any p € (2, po).

As a corollary of Theorem 1.2 and Proposition 1.8, we get:

Corollary 1.9 Assume that (D), (A(«)) and (Py) hold. Then, there exists € > 0 such that,
forall2—e<p<2+e, [|[Vf], ~ |- P)1/2pr.



1.4 The reverse inequality

Let us now focus on (RR,). As already seen, (RR,) holds for all p > 2 under (D), (A(«))
and (DUE), and for all pj < p < 2 under (D), (P2), (A(a)) and (Gp,) if po > 2 and
1/po + 1/p, = 1. However, we can also give a sufficient condition for (RR,) to hold for all
p € (qo,2) (for some gy < 2) which does not involve any assumption such that (G,,). For
1 < p < +o0, say that (I', u) satisfies a scaled L” Poincaré inequality on balls (this inequality
will be denoted by (F,) in the sequel) if there exists C' > 0 such that, for any z € I', any
r > 0 and any function f on I' such that |f|” and |V f|" are locally integrable on T,

S lfw) = felPmy) <Cr D V)P m(y). (5)

yEB(w,r) yeB(x,r)

If 1 <p< g < +o0, then (P,) implies (F,) (this is a very general statement on spaces of
homogeneous type, i.e. on metric measured spaces where (D) holds, see [39]). The converse
implication does not hold but an L” Poincaré inequality still has a self-improvement in the
following sense:

Proposition 1.10 Let (I, ) satisfy (D). Then, for all p € (1,4+00), if (P,) holds, there
exists € > 0 such that (P,—.) holds.

This deep result actually holds in the general context of spaces of homogeneous type, i.e.
when (D) holds, see [42].
Assuming that (P,) holds for some ¢ < 2, we establish (RR,) for ¢ < p < 2:

Theorem 1.11 Let 1 < g < 2. Assume that (D), (A(«)) and (P,) hold. Then, for all
q <p<2, (RRy,) holds. Moreover, there exists C > 0 such that, for all X\ > 0,

m ({z €T; |(I - P)'?f(z)] > A}) < %HVfHZ. (1.11)

As a corollary of Theorem 1.2, Proposition 1.10 and Theorem 1.11, we get the following
consequence:

Corollary 1.12 Assume that (D), (A(«)) and (P,) hold for some p € (1,2). Then, there
exists € > 0 such that, for allp —e < g < +00, (RR,) holds. In particular, (RR,) holds.

1.5 An overview of the method

Let us briefly describe the proofs of our results. Let us first consider Theorem 1.3. The
operator T' = V(I — P)~%/2 can formally be written as

T=V (io akPk) , (1.12)

k=0
where the a;’s are defined by the expansion

“+oo

(L—2)? =) aqa* (1.13)

k=0



for —1 < x < 1. The precise meaning of (1.12) is the following statement, which will be
proved in Appendix 8.2:

Lemma 1.13 Define
E:={fel*D); f=(- P)Y2q for some g € L*(I)}.

Then, E is dense in L*(T') and, for all f € E,

\Y (Xn: akPkf> — V(I — P)"Y2f in L*(T), (1.14)

The kernel of T is therefore given by

400
vz <Z akpk(x7 y)) :

k=0

It was proved in [47] that, under (D) and (P,), this kernel satisfies the Hormander inte-
gral condition, which implies the H(T") — L(T") boundedness of T" and therefore its LP(T)-
boundedness for all 1 < p < 2, where H!(T'") denotes the Hardy space on I' defined in the
sense of Coifman and Weiss ([21]). However, the Hormander integral condition does not yield
any information on the LP-boundedness of T" for p > 2. The proof of Theorem 1.3 actually
relies on a theorem due to Auscher and Martell (see [6]), which, given some py € (2, +0o0],
provides sufficient conditions for an L?-bounded sublinear operator to be LP-bounded for
2 < p < po. Let us recall this theorem here in the form to be used in the sequel for the sake
of completeness (see [6], Theorem 3.7, and also [5], Theorem 2.1, [2], Theorem 2.2):

Theorem 1.14 Let py € (2, +00|. Assume that I' satisfies the doubling property (D) and
let T be a sublinear operator acting from a dense subset of L*(T) into L*(T'). For any ball B,

let Ag be a linear operator acting on L*(T'), and assume that there exists C > 0 such that,
for all f € L*(T), all z € T and all ball B > =,

Vl/i(B) |T(I — AB)fHLz(B) <C (M(lf]2))1/2 (x) (1.15)
and .
ym gy 1T A8 o) < € (MTF) (). (1.16)

If 2 < p < po, then there exists C, > 0 such that, for all f € L*(T) N LP(T),

ITFll oy < Collfll oy -

Notice that, to simplify the notations in our foregoing proofs, the formulation of Theorem
1.14 is slightly different from the one given in [2] and in [5], since the family of operators
(A;)r>0 used in these papers is replaced by a family (Ag) indexed by the balls B C T', see
Remark 5 after Theorem 2.2 in [2]. Observe also that this theorem extends to vector-valued

10



functions (this will be used in Section 3). Finally, here and after, M denotes the Hardy-
Littlewood maximal function: for any locally integrable function f on I' and any = € T',

Mf(@) = sup s Z ()

yeB

where the supremum is taken over all balls B containing z. Recall that, by the Hardy-
Littlewood maximal theorem, since (D) holds, M is of weak type (1,1) and of strong type
(p,p) for all 1 < p < +oc.

Following the proof of Theorem 2.1 in [5], we will obtain Theorem 1.3 by applying Theorem
1.14 with Ap =T — (I — PkZ)” where k is the radius of B and n is an integer only depending
from the constant D in (1.8).

As far as Theorem 1.11 is concerned, note first that (RR,) cannot be derived from (R,/) in
this situation (where 1/p+1/p’ = 1), since we do not know whether (R,/) holds or not under
these assumptions. Following [3], we first prove (1.11). The proof relies on a Calderén-
Zygmund decomposition for Sobolev functions, which is the adaptation to our context of
Proposition 1.1 in [3] (see also [1] in the Euclidean case and [6], Proposition 9.1, for the
extension to a weighted Lebesgue measure):

Proposition 1.15 Assume that (D) and (P,) hold for some q € [1,00) and let p € [q, +00).
Let f € Elp(F) and A > 0. Then one can find a collection of balls (B;)icr, functions
(b;)icr € EY(T) and a function g € EY*° such that the following properties hold:

f=g+> b (1.17)

i€l
Vgl < CA, (1.18)
suppd; C Bi, Y |Vhi|(z)m(x) < CAV(By), (1.19)

r€2B,;

D V(B) < CAXTPY VP (@)m(x), (1.20)

el zel
> xs <N, (1.21)

i€l

where C and N only depend on q, p and on the constants in (D) and (P,).

Asin [3], we rely on this Calderén-Zygmund decomposition to establish (1.11). The argument
also uses the LP(I")-boundedness, for all 2 < p < 400, of a discrete version of the Littlewood-
Paley-Stein g-function (see [49]), which does not seem to have been stated before in this
context and is interesting in itself. For all function f on I' and all z € T, define

1/2
_ (Zz (T - P)Plf(g;)f) .

>1

11



Observe that this is indeed a discrete analogue of the g-function introduced by Stein in [49],
since (I — P)P' = P! — P! can be seen as a discrete time derivative of P! and P is a
Markovian operator.

It is easy to check that the sublinear operator g is bounded in L?*(T'). Indeed, as already
said, the assumption (A(«)) implies that the spectrum of P is contained in [a, 1] for some
a > —1. As a consequence, P can be written as

P /a1 ME(N),

so that, for all integer [ > 1,
(I - P)P' = /1(1 — MMAE(N)
and, for all f € L*(T),
= PP = [ a0,
It follows that, for all f € L*(T),
loHllz = D_tll = PPl

>1
1
= /(1—)\)221/\2ldEf7f()\)
a 131
VD
= / <m) dEy ()
< |Ifll3-

It turns out that, as in the Littlewood-Paley-Stein semigroup theory, ¢ is also LP-bounded
for 1 < p < +o0:

Theorem 1.16 Assume that (D), (DUE) and (A(«)) hold. Let 1 < p < +o0. There exists
C, > 0 such that, for all f € LP(T),

lg(HIl, < CplIfI,-

Actually, this inequality will only be used for p > 2 in the sequel, but the result, which is
interesting in itself, does hold and will be proved for all 1 < p < +o0.

Before going further, let us mention that, in [32], N. Dungey establishes, under a local
doubling property for the volume of balls, the LP-boundedness for all p € (1,2] of another
version of the Littlewood-Paley-Stein functional, involving the gradient instead of the “time
derivative” and the (continuous time) semigroup generated by I — P. Although we do not
use Dungey’s result here, it may prove useful to study the boundedness of Riesz transforms
on graphs.

The proof of Theorem 1.16 for p > 2 relies on the vector-valued version of Theorem 1.14,
while, for p < 2, we use the vector-valued version of the following result (see [2], Theorem
2.1 and [16] for an earlier version):

12



Theorem 1.17 Let py € [1,2). Assume that T satisfies the doubling property (D) and let
T be a sublinear operator of strong type (2,2). For any ball B, let Ag be a linear operator
acting on L*(T). Assume that, for all j > 1, there exists g(j ) > 0 such that, for all ball
B C T and all function f supported in B,

1
Vi2(2+1B) IT(I = Ap) fll 12y (my) < 90 )Vl/po( )||f||Lpo (1.22)
for all 7 > 2 and
1
gy 145 iz < 90) sy I (129

forallj > 1. [fZg(j)ZDj < 400 where D is given by (1.8), then T is of weak type (po, po),
Jj>1
and is therefore of strong type (p,p) for all py < p < 2.

Going back to Theorem 1.11, once (1.11) is established, we conclude by applying real inter-
polation theorems for Sobolev spaces, which are also new in this context. More precisely, we
prove:

Theorem 1.18 Let q € [1,+00) and assume that (D), (P,) and (A(«)) hold. Then, for all
q<p<-+oo, W) = (W17Q(F>7W1,OO(F))

_9
=P
As an immediate corollary, we obtain:

Corollary 1.19 (The reiteration theorem) Assume that I' satisfies (D), (P,) for some
1 < g <+o00 and (A(a)). Define qo = inf {q € [1,00) : (P,) holds}. For gy <p; <p < ps <
1 1-6 4 . . .
+o0, if - = + 2, then W™(I) = (Wl”’l(l“), lepz(r))
p D1 D2 0.p

Corollary 1.19, in conjunction with (1.11), conclude the proof of Theorem 1.11. Notice that,
since we know that Sobolev spaces interpolate by the real method, we do not need any
argument as the one in Section 1.3 of [3].

For the proof of Theorem 1.7, we introduce a discrete differential and go through a

property analogous to (II,) in [3], see Section 8 for detailed definitions. As far as Proposition
1.8 is concerned, its proof is entirely similar to the one of Proposition 2.2 in [3] (and will
therefore be skipped in the present paper). Let us just mention that it relies on an elliptic
Caccioppoli inequality (analogous to the Euclidean version, see [36]), Proposition 1.10 and
Gehring’s self-improvement of reverse Holder inequalities ([35]).
The plan of the paper is as follows. After recalling some well-known estimates for the iterates
of p and deriving some consequences (Section 2), we first prove Theorem 1.16, which is of
independent interest, in Section 3. In Section 4, we prove Theorem 1.3 using Theorem 1.14.
Section 5 is devoted to the proof of Proposition 1.15. Theorem 1.18 is established in Section
6 by methods similar to [10] and, in Section 7, we prove Theorem 1.11. Finally, Section 8
contains the proof of Theorem 1.7 and of Proposition 1.8.

13



2 Kernel bounds

In this section, we gather some estimates for the iterates of p and some straightforward
consequences of frequent use in the sequel. We always assume that (D), (FP2) and (A(«))
hold. First, as already said, (LUFE) holds. Moreover, we also have the following pointwise
estimate for the discrete “time derivative” of p;: there exist C, ¢ > 0 such that, for all z,y € I’
and all [ € N*,

2
< Cm(y) —cfew

WV

This “time regularity” estimate, which is a consequence of the L? analyticity of P, was first
proved by Christ ([19]) by a quite difficult argument. Simpler proofs have been given by
Blunck ([15]) and, more recently, by Dungey ([31]).

Thus, if B is a ball in I' with radius k, f any function supported in B and i > 2, one
has, for all x € Cy(B) and all [ > 1,

(2, y) — prya (2, y) (2.1)

! ! ¢ e
\Pf(x)\+l|(f—P)Pf($)\§me 1Nz - (2.2)

This “off-diagonal” estimate follows from (UFE) and (2.1) and the fact that, for all y € B,

by (D),
V(y, k) ~ V(B) and % < C'sup <1, (%) ) .

Similarly, if B is a ball in I with radius k, ¢ > 2 and f any function supported in C;(B), one
has, for all x € B and all [ > 1,

C o ttk?
V(QiB)e ! ”f“Ll : (2'3)

[P ()] +1|(I = P)P'f(2)] <

Finally, for all ball B with radius k, all ¢ > 2, all function f supported in C;(B) and all
[>1,

C 7041'
valf”L?(B) < 7€

k2
] , . 2.4
<7 112 (¢ ) (2.4)
See Lemma 2 in [46]. If one furthermore assumes that (G,,) holds for some py > 2, then,
by interpolation between (2.4) and (G,, ), one obtains, for all p € (2,py), all f supported in
Ci(B)and all [ > 1,

C i.2
VP iy < G5 M sy (2:5)

Inequalities (2.4) and (2.5) may be regarded as “Gaffney” type inequalities, in the spirit of
[34].

3 Littlewood-Paley inequalities

In this section, we establish Theorem 1.16. The proofs rely on the following estimates:

14



Lemma 3.1 Let py € (1,+00). For all positive integer n, all ball B = B(xo, k) C I', all
f € LPo(T') supported in B and for all integer j > 2:

1.
N S T O L T
z€C;(B) 1<I<(27+1)k 0 (B)
2.
D S e e =
z€C;(B) I>(20+1)k v (B)
(3.2)

Lemma 3.2 For all positive integern, all ball B = B(xg, k) C T, allj > 2 and all f € L*(T)
supported in C;(B):

1.

D D e e LY

z€B 1<I<(274+1)k

2

(22 —on) YV \D) ( )
miz) < CPE el (39

> ‘I P)PY(I — P¥)" f(x)

z€B [>(21+1)k

Proof of Lemma 3.1: Let us first prove (3.1). Let 0 < g < 27 be an integer and consider
[ such that gk? <1 < (q¢+ 1)k?. We use the expansion

n

(I = PYP(I = P¥)"f(z) = > (=1)"C(I = P)PH™ f(x).

m=0
Fix 0 < m < n. For all x € C;(B), one has
(1= PYPH™ ()| < c S et | ) m(y)
(I +mk2)V (z m> =

< c . T
(I + mk2)Vo (2 (ukym)

< c c T
I+ mk22XP0 (20, VI + mk?)

< C— | fllp
(I + mk2)V7 (B)

15



where the first inequality follows from (2.1), the second one from the Hélder inequality and
Lemma 3 in [46], the third and the fourth one are due to (1.8). More precisely, the fourth
inequality is trivial when m > 1 since V(B) < V(zg, VI + mk?), and when m = 0, (1.8)

shows that b
M <C <£) < CQO‘#’
V(ﬁ[fo, \/Z) \/Z

for any « > 0, which is enough to conclude. As a consequence,

47 2
1/2(97 BY) ¢ € TrmiZ
| = PPy Seutci) LRGN
L2(C;(B)) Vo (B) [+ mk?
Summing up on [ € (gk?, (¢ + 1)k?], one obtains
2 et \ v
l+mk
S S ( (I - P) P”m’“Qf(:c)‘ m(z) < C > <f+ e ( 5) 111200 -
qk2<I<(q+1)k2 z€C;(B) qk2 <1< (q+1)k2 VPO( )
(3.5)
Noticing that
> loCTie - /<q+1>k2+1 feCTine "
— < —
el (I + mk?)? ok (t + mk?)?
q+m+2 j
< C’/ e_c%d—v,
g+m v

we sum up on ¢ € [0,27] in (3.5), which yields

S X tu- PP )

1<I<(2941)k2 z€Cj(B)

‘ 2

IA

27 442 4 dv\ V(2B
c / e v — i ) 1£1 700
0 v ) Ve (B)

_wi V(2B)
Ce® ——= || fll3n0 -
Vo (B)

IN

Summing up on m € [0, n] yields the desired conclusion.

Let us now turn to (3.2). Assume that ¢k? < | < (q¢+1)k? for some integer ¢ > 27. Consider
first the case when [ is even and write | = 2m. For any function g € L (I") and all z € C;(B),
one has

1

C d?(z,y) %
(I = P)P"g(z)] < ———F— e mm(y) | gl
mV (z,/m) y%; Lo
S 1 HgHLm
mVro (z,\/m
C iD
< + 270 ||gll 1o

mV o (xg,/m)



where pio + qio = 1, the first inequality follows from (2.1) and Hélder again, the second one
from Lemma 3 in [46] and the last one is due to the fact that

V (o, vV/m) V(z,v/m+d(x,x0))
V(x,v/m+27k)

2+ \ P
i)

by (1.8) and the fact that gk* <1 < (q+ 1)k*. As a consequence,

IAINA

IA

IN

m CV(2/B)  _zp
(I = P)P" gl 20,8y < ——= 270 || g700 - (3.6)
m2V o (zg, /m)

Moreover, since P* is a Markov operator and is analytic on L*(I') (more precisely,
Hpsk2 _ P(s+1)k2
2—2

it is also analytic on L*(I") since py € (1,+00) (see [28], p. 426). This means that, if ¢’
denotes the greatest integer such that ¢’ < 2,

< % for all integer s > 1, with a constant C' > 0 independent from k),

| = P2y Py

H(I— Pk2)an/k2f )
Cq™ (| £l Lwo (3.7)

E2\"
¢ (%) Ml

Lro

IA A

IA

Combining (3.6) and (3.7), one obtains

2
[ — P)P/(I — P¥)"
| pypta—reyg|

= ||(I - P)P™(1 — P*
H( ) ( 2) C;(B))
CV(2B) (k*\™" _zp
) 2 Il
12V 70 (20, V/1)

We argue similarly when [ is odd, writing [ = m + m + 1, and obtain the same estimate.
Summing up on [ > (27 + 1)k? yields

2

Sy ’[ PYPU(I — PPy f(2)| m(z) < C27% V2IB)||f]%

ze€Cj(B) I>(27+1)k
1 <k2)2n
1>(20+1)k2 [V »o (1]0, \/Z) !

< oy 2B e
Vo (B)
(3.8)

which is the desired conclusion. O
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The proof of Lemma 3.2 is identical with the obvious modifications. The main difference is
that one has to replace (3.8) by

2

> % ’[ PYPU(I — PPV f(2)| m(z) < C2PV(B) ||

mEB l> 21—‘,-1
1 kz 2n
IV (20, V1) (T>

I>(294+1)k2
(22 _ony V(B)
< ocpte-m 2L .
= (QJB) “f”L2
In the last inequality, we use the fact that
1 if 1 > 2% k2,
Vizo, 25) < I _ 2j1.2
Vi VD)~ | C(8F)  ift <22,
: j 2 [ 27k b iD
and since [ > (2 +1)k’(W) <C27. O

Proof of Theorem 1.16 when 1 < p < 2: We apply Theorem 1.17 with T' = ¢ and
po € (1,2) and, for all ball B with radius k, Ap defined by

Ap=1— (I — Py,

where n is a positive integer, to be chosen in the proof.
Let us first check (1.22). Let py € (1,2), B := B(xg, k) and f supported in B. Choose
n>2D. If j > 2, Lemma 3.1 shows that

ToE L U= PP =P @] m) < 2 i,

wGC (B) 1>1 V7 (B)

which means that (1.22) holds with g(j) := 295~ , which satisfies 3. g(j)2"7 < +o0.
Let us now check (1.23). Since

Ap =Y Cr-1y P,

it is enough to prove that, for all j > 1 and all 1 < p <n,

1 1

—_—___||p® < g(j)——— . 3.9
V12(2it1 ) H L2(Cy(B) g(j)vplo(B) LB (39)
For all z € C}(B), (2.2) yields
g
pk2 e ¢ p
[P ()] < CS 1l i
Vo (B)



if j > 2, and

2 C
P (@) £ —— 1l ocs)
Vo (B)

for j = 1, just by (UFE). As a consequence,

J
_C/4
€

<C
L2(C;(B)) Vio (B

prsz VI/Q( JHB) HfHLPO(B

so that (3.9) holds. This ends the proof of Theorem 1.16 when 1 < p < 2.
Proof of Theorem 1.16 when 2 < p < +o0: we apply Theorem 1.14 with the same
choice of Ap and py = +o0. Let us first check (1.15), which reads in this situation as

g 1T = sy < € (M (7)™ )

for all f € L*(T'), all ball B C T and all y € B. Fix such an f, such a ball B and y € B.

Write
F=Y fxem =Y F

g2l j=21

The L*-boundedness of g and A and the doubling property (D) yield

1 C 1/2
Vl/g( ) ||T(] AB)f1||L2 B) = V1/2( ) ||f||L2(4B) ( (|f| )) / ( )

Let j > 2. It follows from Lemma 3.2 that

i LT = A ) mle) = o S| = )P - P’“)f() (@)
z€eB r€B 1>1
- CeczngV(sz) 14517 4+ C2CE =) (2J'B) 1751z
< CHCETIM( 1))

Summing up on j therefore yields (1.15) provided that n > 22, O
To prove (1.16), it suffices to establish that, for all 1 < j < n, all ball B C I" and all y € B,

7y S CMATIP) ).

Let x € B. By Cauchy-Schwarz and the fact that

Z pikz(x,2) =1

zel

HTPJ"“Q

for all x € T', one has, for any function h € L*(T),
. . 1/2
P )| < (PP (@)
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It follows that, for all [ > 1,
) 2 )
P = PYP @) < PP (1| = PYPT) (@)

so that

IN

S|PV - PP ) @)

1>

pir (Zz (1 - P)Plff) (z)

1>1
= P*(|Tf]) (2)
< CM(ITf) (),
which is the desired estimate (note that the last inequality follows easily from (UFE)). Thus,
(1.16) holds and the proof of Theorem 1.16 is therefore complete. O

4 Riesz transforms for p > 2

In the present section, we establish Theorem 1.3, applying Theorem 1.14 with Ag =T — (I —
P?)" One has ||AB||272 = 1. In view of Theorem 1.14, it suffices to show that

1/2

HT (I— Py (x) (4.1)

C (M(If1)

V1/2 L2(B)

and

o [T (== s C (M(TS)" (@) (42)

for all f € L*(T"), all z € T and all ball B C T" containing x. Fix such data f,z and B.
Proof of (4.1): Set f; = fxcym) for all @ > 1. The L*-boundedness of T'(I — p2*yn
yields

Lo (B)

1/2

HT (1 =P p| (x).  (43)

V1/2 < Vl/g( ) Hf1HL2 = ( (lf’ ))

Fix now i > 2. In order to estimate the left-hand side of (4.1) with f replaced by f;, we use
Lemma 1.13 (observe that f; € E), which yields

400
\Y ((1_1»)—1/2(1 —P”“"’)“fi) = V|{> aP —P”“Q)”fz-)

=0
+

= V(> a Xn: C%(—l)jP”ijin)

=0  j=0

+00
=V ZM’ﬁ) ,
=0

where

d; = Z (—1) Cay_ojp

0<j<n, 2jk2<l
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(recall that, for all [ > 0, a; > 0). It follows that

+oo

(= P )| < 3 || VP ilw)

=1

for all x € B. Indeed, if # € B and | = 0, VP'fi(x) = Vfi(z) = 0 because f; is supported
in C;(B). Thus, one has

T(I — P < al||[|VP'f:
TR D S T
According to (2.4), one has
4’k2
|ra =y, <cZ|dz 1oy - (44)

We claim that the following estimates hold for the d;’s:

Lemma 4.1 There exists C' > 0 only depending on n with the following properties: for all
integer [ > 1,

(i) if there exists an integer 0 < m < 2n such that mk* <1 < (m+ 1)k?, |d)] < \/%W’

(i1) if there exists an integer 0 < m < 2n such that | = (m + 1)k?, |d)| < C,
(i) if 1> (20 + 1)K, |d)| < CK*"2.

We postpone the proof of this lemma to the Appendix and end the proof of (4.1). According
o0 (4.4), one has

4’k2

< OZ Z |dl| \/Z ||f||L2(21+1B\213)

m=0 mk2<l<(m+1)k?

HT(I . P2]€2)n

41k2

+ C Z ‘d m+1) kz k:\/— [alre (2i+1B\2i B) (4.5)

41k2
+ C Z ‘dl v 112 @it1 20 )
I>(n+1)k?
= f;l + f;g + fgg
For Si, Lemma 4.1 yields
41k2

|Sl| < CZ Z \/—W ||f||L2(2"+1B\21 B) -

m=0 mk2<l<(m+1)k?2
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But, for each 1 < m < n,

42k2 (m+1)k2 e__c4ik2

2 fmﬁc mdt

mk2<l<(m+1)k?

4%
- n(1+w)

<
- Vw(w —l—
S —041

where C, ¢ > 0 only depend on n. For m = 0,

4152 1
e du i
e
0<l<k? 0 U
Therefore, ,
—c4t
|51 < Ce™® f||L2(2i+1B\2iB) :

As for S, Lemma 4.1 gives at once

95| < Ceme

Fllrz@iripaiy -

where C, ¢ > 0 only depend on n once more. Finally, for S3, Lemma 4.1 provides

o 4ik?
-1 e "
S5l <Ck > I i 1f 2@t praim) -
I>(n+1)k2
But one clearly has
4k +o0 o 4k?
1€ l 1€ t
[T — < / t"2 dt
D B
too cd
— (41k2) n/J/n 1L_TH3_zz—f£
n+1 u

so that, since k > 1, .
|‘93| < o4 ||f||L2(2i+1B\2iB) :

Summing up the upper estimates (4.6), (4.7) and (4.8) and using (4.5), one obtains

[T =Py,

L%(B) <c4™m ‘|f’|L2(2i+1B\2iB) :

The definition of the maximal function and property (1.8) yield

1/2

1 2o < VV2RTIB) (MUF)(@))

22

(4.8)

(4.9)

< 2Py (B2 (M| f2)(2))



D
Choosing now n > 7 and summing up over i > 1, one concludes from (4.3) and (4.9) that

|7 - Py

Lg(BFC(ZT(g_%)) (B2 (M) )",

which ends the proof of (4.1). O
Proof of (4.2): We use the following lemma:

Lemma 4.2 Forallp € (2,po), there exists C, o« > 0 such that, for all ball B C T with radius
k, all integer i > 1 and all function f € L*(T) supported in C;(B), and for all j € {1,...,n}
(where n is chosen as above), one has

(v 7725

Proof of Lemma 4.2: This proof is very similar to the one of Lemma 3.2 in [5], and we
will therefore only indicate the main steps. First, (2.5) yields

< Ceot 1
wp) — k V(2F1B)1Y2 ||f||L2(F)

s

(4.10)

e~k H Lr(r)

Using (UFE), and noticing that, by (D), for y € B, V(y, ky/j) ~ V(B), one has, for all x € T’
and all y € B,

pte) < o (D ),

As a consequence, for all z € T,

2 C
‘P]k ‘ = V1/2( ) ||f||L2(4B) (411)
The L? contractivity of P shows that
2 ¢
[P 1)y < N i2amy (412
so that, gathering (4.11) and (4.12),
1.2 1_1
|21, < VB ey (4.13)

Finally, (4.13) and (4.10) yield the conclusion of Lemma 4.2 when i = 1.
Consider now the case when ¢ > 2. Let x; the characteristic function of Cj(B) for all
[ > 1. One has, for all x € T,

VP f(a) < 3 VPP f(a) = Y gi()

1>1 1>1
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By (2.5) and (1.8),
1 \% 2l+lB 1/p e—c4l 1 .
1 HngL;D(B < C ( ) 1 I+1 H "
Vi/r(B) V(B) k V1/p(2+1B)

—c4l
(1+1)D/p€ 1 H e
< (2 k Vl/p(2l+lB) P

Lr(21+1B\2!B)

LP(2+1B\2!B)
Using (UFE) and arguing as in the proof of Lemma 3.2 in [5], one obtains

1

2
——__||p¥* < Ky 2 4.14
V(21B) H f HfHL (4.14)

L2(Cy) V(21+1B)

and, for all x € 2B\ 2'B,
1

- ;
’PJk f(l')‘ < Kzl2( +2)DW¢+13) HfHLQ(Q'LJ,-lB\ziB) ) (415)
where ‘
Ce=ot'  if 1 <i—2,
K;={ C ifi—1<1<i+]1,
Ce= if | >i+2.
Interpolating between (4.14) and (4.15) therefore yields
1 2 (i+2)D(1—2 1
T B 17 iy < K27 gy Wl
Summing up in [/, one ends the proof of Lemma 4.2 as in [5]. O

To prove (4.2), it is enough to show that, if p € (2, py), there exists C,, > 0 such that, for
all j € {1,...,n}, all function f € L} (') with Vf € L} ('), all ball B C T with radius k
and any point x € B,

[y C MV P (@)

Vl/p LP(B)

But, since for all { > 0, P'1 = 1, one has
VP'f =VP\(f - fip),
so that

VPR f =N VPP (0 (f — fi)).

>1

One concludes the proof of (4.2) as in [5], using the Poincaré inequality and Lemma 4.2. o
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5 The Calderén-Zygmund decomposition for functions
in Sobolev spaces

The present section is devoted to the proof of Proposition 1.15, for which we adapt the
proof of Proposition 1.1 in [3] to the discrete setting. Let f € EYP(T'), A > 0. Consider
Q={z el : M(|Vf|?)(x) > \}. If Q = (), then set

g=f, bj=0foralliel

so that (1.18) is satisfied thanks to the Lebesgue differentiation theorem and the other
properties in Proposition 1.15 obviously hold. Otherwise the Hardy-Littlewood maximal
theorem gives

m(©) < X (V1)
= (D IV P @)m()) (5.1)

T

< +00.

In particular, €2 is a proper open subset of I', as m(I') = 400 (see Remark 1.1). Let (B;)ics
be a Whitney decomposition of Q2 ([21]). That is,  is the union of the B;’s, the B;’s being
pairwise disjoint open balls, and there exist two constants Cy > C; > 1, dependlng only on
the metric, such that, if F/ =T\ Q,

1. the balls B; = (' B; are contained in {2 and have the bounded overlap property;

2. foreachie I, r,=r(B;) = %d(mi, F') where x; is the center of B;;

3. for each i € I, if B; = C4B;, B;N F # 0 (Co = 4C} works).

For z € Q, denote I, = {i € I; = € B;}. By the bounded overlap property of the balls B;,
there exists an integer N such that §/, < N for all x € €. Fixing 5 € I, and using the
properties of the B;’s, we easily see that %ri <r; <3r;forall i € I,. In particular, B; C 7B,
for all 7 € I,,.

Condition (1.21) is nothing but the bounded overlap property of the B;’s and (1.20)
follows from (1.21) and (5.1). The doubling property and the fact that B; N F # ) yield:

> VA <Y IV < MV(B;) < CAV(B)). (5:2)

€2B; I‘EB

Let us now define the functions b;’s. Let (x;)icr be a partition of unity of 2 subordinated
to the covering (B;);cr, which means that, for all i € I, x; is a Lipschitz function supported

C
in B; with ||Vl § — and ZXI = 1 for all x € T (it is enough to choose y;(z) =
icl

—1
w(ol Ly L > <Z¢(Cl Ly )) , where ¢ € D(R)v Y =1 on [O’ 1]7 Y =0 on
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[ﬂ +o0) and 0 < ¢ < 1). Note that x; is actually supported in 1;0011 B;, so that Vy; is

supported in C3B; C §, where C3 = 1+ L€ < 2. We set b; = (f — f5,)x;. It is clear that
supp b; C B;. Let us estimate ) ,p |Vb| ( ym(x). Since

Vbi(z) = V((f — fB.)xi)(z) < max Xi(y)Vf(z)+|f(z) — fa

1€9)

and since y;(y) <1 for all y € I', we get by (P,) and (5.2) that

> |Vbi|'m(z) < C ( > IVH(a

r€2B; r€2B; rz€2B;

)|Vl (z)m ())

< CXV(B; —l—C—r > IV
T r€2B;

< C'NV(By).

Thus (1.19) is proved.
Set g = f — Z b;. Since the sum is locally finite on €2, ¢ is defined everywhere on I' and
iel
g=fonF.
It remains to prove (1.18). Since Z Xi(z) =1 for all z € 2, one has
icl

g=fxr+Y_ foxi
il
where xr denotes the characteristic function of F. We will need the following lemma:

Lemma 5.1 There exists C' > 0 such that, for all j € I, allu € FN4B; and all v € By,
|9(u) — g(v)| < CAd(u,v).

Proof: Since Z Xx; = 1 on I', one has

i€l

o) —g(e) = flw) = D faxilv)
= () = fz) xi(v). (5.3)

el

For all 2 € I such that v € B;,

|f(u) =

“+oo
< Z ‘fB(u,Q*k'ri) - fB(u,2*k*1ri)‘ + ‘fB(u,ri) - fBi
k=0
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For all £ > 0, (P,) yields

1
| fBua—tr) — fB(u,Z—k—lm)} T V(w27 ) zeB(UQZ—k—lri) (f(2) = FBua-rr)) Mm(2)
C
< Viu 2=k - —kop.
- V(u’ 27]6702’) zeB(uZ;—kn-) }f(Z) fB(uQ ri) m(z)
C g
= Viw. 27%r;) f z _f w,2=kr; qm z
v<u,2_kri) zGB(UZQ:_k’m’)‘ ( ) o : ( )
1 q
< 027 Fr m Z IV f(2)|9m(z)
’ ! ZGB(U,Z_’“T,L)
< 027’“7»1, (M (Vf)‘Z)E (U)
< C27FAr <027y,

(5.4)
where the penultimate inequality relies on the fact that v € I’ and the last one from the fact
that B; N B; # 0 and r; ~ r;. Moreover, since u € 4B;,

B(u,r;) C B(xj,r;+d(u,z;))
- B(a:j,ri+47’j)C7Bj.

Since one also has B; C 7B;, one obtains, arguing as before,

}fB(u,ri) - fBi

< ‘fBg,n) — frg,| + | fo, — B,
< V(7B;) Z |f(2) = fzg,| m(2) (5.5)

ZG?BJ'

IN

C)\Tj
It follows from (5.4) and (5.5) that

|f(u) = f5,| < CAr; < CAd(u,v),

since ] 1 ] ]
r;p = %d(ﬂf],F) < éd(a:],u) < §d($j,v)+§d<v,u)
< —rj+ 1d(v u).
- 27 277
This ends the proof of Lemma 5.1 because of (5.3). O

To prove (1.18), it is clearly enough to check that |g(x) — g(y)| < CA for all x ~y € T". Let
us now prove this fact, distinguishing between three cases:

1. Assume that z,y € Q. Then, yr(z) = xr(y) = 0. It follows that

9(y) —g(z) = Z (f8, — f5,) (xaly) — xa(x)),

icl
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so that [g(y) — g(z)| < CXicr |5 — f5,| Vxi(z) := h(z). We claim that |h(z)| < CA,
To see this, note that, for all 7 € I such that Vy;(x) # 0, we have |fp, — fp,| < Cr;\.
Indeed, d(x, B;) < 1, which easily implies that r; < 3r; +1 < 4r;, hence B; C 10B;.
As a consequence, we have, arguing as before again,

F5. — fron,| < v% 3 1700) = Fun s

Z |f(y) = from;Im(y)

( yelOB

Q=

<Cr; 103 Z V1% (y)m(y)

€10B;

where we used Holder inequality, (D), (F,) and the fact that (|Vf|?)p, <
M(|V f])(z) for some z € F N B;. Analogously | fios, — f5,| < Cr;A. Hence

@) =] > (fs — f5,)Vxi(x)

i€l; ze2B;
1
<C Z |fB, — [BylT;
icl; ©€2B;

< CNA.

2. Assume now that x € F'\ OF (recall that OF was defined in Section 1.1) and y € T,
so that y € F. In this case |g(y) — g(z)| = |f(y) — f(z)| < CX by the definition of F.

3. Assume finally that x € OF.

i Ify € ', we have [g(y) — g(z)| = |f(x) = f(y)| < CV[f(z) < OA
ii. Consider now the case when y € Q. There exists j € I such that y € B;. Since
x ~ y, one has x € 4B;, Lemma 5.1 therefore yields

l9(z) — g(y)| < CAd(z,y) < CN.

Note that the case when = €  and y € F' is contained in Case 3.i) by symmetry, since
y € OF. Thus the proof of Proposition 1.15 is complete. i
Remark 5.2 It is easy to get the following estimate for the b;’s: for alli € I,
1 1
——— by < ——=—+|bs
vy P < gy 1o
Indeed, the first inequality follows from Holder and the fact that b; is supported in B;. More-
over, by (P,) and (5.2),
1 il — 1
Vs e = Vi

S C/\T‘Z

) < Cr VIl zapy < CAri

1
V(B;)'a |
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6 An interpolation result for Sobolev spaces

To prove Theorem 1.18, we will characterize the K functional of interpolation for homoge-
neous Sobolev spaces in the following theorem (see for instance [14] for a general reference
on the K functional).

Theorem 6.1 Under the same hypotheses as Theorem 1.18 we have that
1. there exists Cy such that for every f € WH4(I') + Wh(T') and all t > 0

K(f, 03, W W) > Gt (I £17) 1 (1)
2. for q < p < o0, there exists Cy such that for every f € Wl’p(F) and every t > 0
K (f, 0, WH, W) < Cat (IV 171 (1),

Proof: We first prove item 1. Assume that f = h+ g with h € W9, g € W, we then
have

1 1
1R llyirea + t2 gl = (VA + 7| Vgl
> K(Vf,te, L9, L)
1 wey L
> Cta(|VfI7)a(2).

Hence we conclude that K(f, t%, Wl’q, Whee) > Clt%(|Vf|q**)%(t).
We prove now item 2. Let f € W'P ¢ < p < oco. Let t > 0, we consider the Calderdn-

Zygmund decomposition of f given by Proposition 1.15 with A = A(t) = (M(|Vf|)q> E(t).

Thus we have f = Z b;+g = b+ g where (b;);c;, g satisfy the properties of the proposition.
icl

We have the estimate

Ivells <> (Z \Vbi!> (@)m(z)

zel el

SONY Y Vb U(z)m(x)

i€l ze2B;
<ON(1)) V(B
el

< CA(t)m(9),

where the B;’s are given by Proposition 1.15 and €2 is defined as in the proof of Proposition

1.15. The last inequality follows from the fact that ZXBi < N and Q = |JB;. Hence
icl ‘

Vb, < C)\(t)m(Q)%. Moreover, since (M f)* ~ f** (see [13], Chapter 3, Theorem 3.8), we

obtain

At) = (MY D)7 (1) < C(IVF]7)3 (1),
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Hence, also noting that m(2) < ¢ (see [13], Chapter 2, Proposition 1.7), we get
K(f,ta, Wb, Whe) < Ota|V f|**(t) for all ¢ > 0 and obtain the desired inequality. O
Proof of Theorem 1.18: The proof follows directly from Theorem 6.1. Indeed,

item 1. of Theorem 6.1 gives us that (W', W), _q , € W and || f|lyiie < Ol f|l1—2.p,
. . . P P
while item 2. gives us that W'? C (Wl’q,Wl’Oo)l_%p and |[flli-a, < Clfllyrp- Hence
Whe = (Whe, Wl’oo)l,gvp with equivalent norms. O
P

7 The proof of (RR,) for p < 2

In view of Theorem 1.18 and since (RR3) holds, it is enough, for the proof of Theorem 1.11,
to establish (1.11).

Proof of (1.11): We follow the proof of (1.9) in [3]. Consider such an f and fix A > 0.
Perform the Calderon-Zygmund decomposition of f given by Proposition 1.15. We also use

the following expansion of (I — P)'/%;
+o0o
(I-P)"? =) an(I-P)P* (7.1)
k=0

where the (ax)’s were already considered in Section 4. For each ¢ € I, pick the integer k € Z
such that 2% < r(B;) < 2¥! and define r; = 2F. We split the expansion (7.1) into two parts:

(I —P)/? = Zak[ P)P* + Zakl P)P* =T, + U,.
kr2+1

We first claim that

C
m({x € T |(I = P)Pg(@)] > A}) < IVl (7.2)
Indeed, one has
C
m ({x el (I - P)l/Qg(x)‘ > )\}) < g H(I - P)l/QgHi
= LIV,

and since Vg < CA on I' and [[Vgl|, < C ||V f]|,, we obtain
IVall; < CX*7|[Vglly < OV fIIL,

which ends the proof of (7.2) (we have used the fact that [|[Vg| < C[[Vf],, which follows
from the fact that [[Vb[|, < C'||Vf]|,, which follows itself from (1.19)).
We now claim that, for some constant C' > 0,
q
A}) < v 73)

m ({x el ZTibi(az) >

icl
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To prove (7.3), write

m<{xef; > Tbi(x) >)\}> §m<LZJ4Bi> +m ({xgﬁUle“

icl
Observe first that, by (D) and Proposition 1.15,

m <U4Bi> <CY V@EB) < % IVF2.

el

> Tibi(x)

el

/:]%/—’

As far as the second term in the right-hand side of (7.4) is concerned, we follow ideas from
[7], and estimate it by

<{x ¢ U4Bz,

If i, j are fixed, since (I — P)b; is supported in 2B5;,

> Tibi(x)

el

}) < ;Z Z |T:0;(z)| m(x

i€l a:§§4B,

+o0
1
< 2\ Z Z ||rfibiHL1(2J'+1Bi\2J'Bi) :

icl j=2

r?
”Ebi||L1(21'+1Bi\2jBi) < Z |ak| H(I - P)PkbiHLl(szBi\szi)
k=0
?
= Z |l H(I - P)PkbiHLl(QJ""le-\WBi)
k=1

Given 1 < k <72, one has, for all z € 271 B; \ 27 B;, using (2.1),

C I CXN)
(1= P)Prbi(a)] < D Ipula,9) = prna (@) () < Y ‘

2 2 G e bi ()| m(y).

Using (1.8) and arguing as in [3] (relying, in particular, on Remark 5.2), we obtain

D y 2
Ti TZ. C4]ri .
(= PPy < ( @) ey @t B,
Since
1
ay ~ ——

Vkm

(see Appendix), it follows that

10l 1 i1 2y < CA V(2 By) < Che V2PV (By).
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One concludes, using (1.20), that
ASCY D e IPV(B) < o ||Vf||
el j>2

which shows that (7.3) holds.
What remains to be proved is that

m ({x el ZUibi(x) >

iel

C q
A}) IV, (75)

bi

Define, for all j € Z,

iel; r;=27
so that, for all j € Z,
> b=28
ie]; Ti:2j
One has
Y Ub = Y an(I—P)P*,
el i€l k>r2
- Y-y
k>0 iel; r2<k
= > a(I-P)P* Z by
k>0 i€l; r2=221<k
= Y a(I-P)P* Y 28,
k>0 iy A<k

For all k > 0, define '
9J

fo= Y. =B
7y 4I<k \/E

It follows from the previous computation and Theorem 1.16 that

-5-001 ) 1/2
ZUb <Cl{ X 1Al

el k=1

To see this, we estimate the left-hand side of this inequality by duality, as in [3] and use the
C
fact that |a;y| < —= for all k£ > 1. Since, by Cauchy-Schwarz,

NG
P <2 ) fw] ,

Jy 49<k
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one obtains

(f%fﬁ)m (Zm )1/2

k=1 kEZ
q

By the bounded overlap property,

1/2 q

Z‘ﬁk < ZFZI 3 ),

keZ

q

so that, using Remark 5.2, one obtains

YOS 'b m(z) <CX) V(B

zel' i€l el

As a conclusion,

m({xen

which is exactly (7.5). The proof of (1.11) is therefore complete. O

> Uibi(x)| >

icl

A}) <CY V(B) <y IV,

el

8 Riesz transforms and harmonic functions

Let us now prove Theorem 1.7. The proof goes through a property analogous to (II,) in [3],
the statement of which requires a notion of discrete differential.

8.1 The discrete differential and its adjoint
To begin with, for any v = (z,y),7 = (2/,y') € E (recall that FE denotes the set of edges in
'), set
d(v,7") = max(d(z,2'),d(y,y)).
It is straightforward to check that d is a distance on E. We also define a measure on subsets
on E. For any A C E, set
= D

(z,y)€A

We claim that E, equipped with the metric d and the measure p, is a space of homogeneous
type. Indeed, let v = (a,b) € E and r > 0. Assume first that » > 5. Then, by (D),

WBGL2) = Y S D D= V(@2) SCV (o).

d(z,a)<2r, d(y,b)<2r d(z,a)<2r yel’
But , ,
Viege)= 2 3 ma< 3 3 m=n(B(n3)).
d(z,a)< 155 d(y,x)<1 d(z,a)<3 d(y,b)<3
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since, when d(z,a) < 155 and d(y, z) < 1, then d(y,b) <2+ 155 < 5

Assume now that r < 5. One has, using (D) again,
1
u(B(20)) < Via,20) < V{a10) £ OV (a3 ) = Cinla) < Ca < C(Bl.1)),

since, whenever x ~ y, one has am(z) < pi,y by (A(a)). The claim is therefore proved.

We can then define LP spaces on E in the following way. For 1 < p < 400, say that a
function F' on E belongs to LP(F) if and only if F' is antisymmetric (which means that
F(z,y) = —F(y,z) for all (z,y) € E) and

IEN oy =5 D 1F(@, )l hay < +o0.

1
2
(z,y)ER

Observe that the L?(FE)-norm derives from the scalar product

(F.G)r2m) = Z F(z,y)G(x,y) flay-

z,yel

Finally, say that F' € L*(F) if and only if F is antisymmetric and

1
HF“Loo(E) =5 Sup |F(z,y)] < +oo.
(z,y)EE

Our notion of discrete differential is the following one: for any function f on I' and any
v = (z,y) € E, define

df (v) = fy) — f(x).
The function df is clearly antisymmetric on E and is related to the length of the gradient of

f. More precisely, it is not hard to check that, if (A(«)) holds, then for all p € [1, +o0] and
all function f on I,

||deLP(E) ~ ||vf||LP(F)
Indeed, if 1 < p < 400, for all function f and all x € T,

V/(z (me wIfy) = flz )I)

y~z

~ Y @y [ fly) = f@)f
~ Y oy |f(y) — f@)f

where the last line is due to (A(«)). As a consequence,

IV Aoy~ D) play) | f(y) — f@)] m(x)

xzell y~x

~ (@ y) P

z,yel’

= Ndf15 ) -
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The case when p = 400 is analogous and even easier. We could therefore reformulate
properties (1,) and (RR,) replacing ||v.f||LP(F) by ||df||LP(E)

Besides d, we also consider its adjoint in L2 If df € L?(E) and G is any (antisymmetric)
function in L*(E) such that the function x +— 37 p(z,y)G(z,y) belongs to L*(T'), one has

Mwmm:%ZmMmmmy

:%Zﬂy) (2, Y)Hay — Zf () pay
= =Y @G Yy
= =) fl@ (Zp(w,y)G(w,y)> m(z).

Thus, if we define

- Zp(x,y)G z

for all x € T', it follows that

(df,G)r2m) = —(f,0G) r2(r)
whenever f € L*(T), df € L*(F), G € L*(E) and 6G € L*(T"). Notice also that I — P = —dd.
The following lemma, very similar to Lemma 4.2 in [4], holds:

Lemma 8.1 Assume that (D), (A(«)) and (DUE) hold. There exists C > 0 such that,
for all ball B and all function f € L*(T') supported in B, there erists a unique function
h € Wy*(B) such that

(I—P)h=finT (8.6)

and h satisfies
1P llwramy < Clll L2y

Proof: This proof relies on a Sobolev inequality, which will be used again in the proof of
Theorem 1.7 and reads as follows: there exist v € (0,1) and C' > 0 such that, for all ball B
with radius r > % and all function f supported in B,

Ifl, < CrV(B)2 IV £, (8.7)

with ¢ = % This inequality is actually equivalent to a relative Faber-Krahn inequality,

which is itself equivalent to the conjunction of (D) and (DUE), see [26, 38, 18, 23, 12, 29].
It follows in particular from (8.7) that, for all function f € W,*(B),

1flly < CriVEl,- (8.8)
Let B and f as in the statement of Lemma 8.1. Since I — P = —dd, (8.6) is equivalent to

(dh, dv) 2y = (f, V) L2

35



for all v € Wy*(B). For all u,v € Wy*(B), set B(u,v) = (du, dv)2(g. It is obvious that B
is a continuous bilinear form on W;*(B). Moreover, for all u € W,?(B),

2 2
B(u,u) = ||dull 2z = ¢ llullyzg

by (8.8) (see also Lemma 4.1 in [4]). The conclusion of Lemma 8.1 follows then from the
Lax-Milgram theorem. O

Let F € L*(F). It is easy to check that 6 F' € L*(T') and

10F 2y < I1Fl 12m) - (8.9)
Indeed, for all g € L*(T),
z,yel’
z,yel’
1/2 1/2
< (Z |F(I>y)|2ux,y> (Z |g(l’)|2m($)> :
z,yel’ zel

As a consequence of Lemma 8.1, for all F' € L*(E) with bounded support, there exists a
unique function f € W(T') such that (I — P)f = 0F. Since functions in L?(E) with
bounded support are dense in L*(E), we can therefore extend the operator d(I — P)™'d to
an L?(E)-bounded operator.

8.2 The proof of Theorem 1.7

For all 1 <p < 400, say that (II,) holds if and only if there exists C,, > 0 such that, for all
F e ’(E)NL*E),
ld( = PY 5| ) < ColF Loy (1)

Since L?*(E) N LP(E) is dense in LP(E), if (II,) holds, the operator d(I — P)~'4 extends to a
bounded operator from LP(FE) to itself.
Let us now turn to the proof of Theorem 1.7. Let py > 2 and g € (2, pg). Denote by (V') the

following property:
for all p € (2,¢), (II,) holds. (b')

We show that, for some py > 2, if ¢ € (2,po), then (b) = (V') = (a) = (b).

Proof of (b) = (V') : In order to apply Theorem 2.3 in [3], observe first that E, equipped
with the metric d and the measure y, is a space of homogeneous type. Let 2 < p < p < q.
Consider F' € L*(E)N LP(E) with bounded support included in E'\ 64B where B is a ball in
E centered at v = (a,b) and with radius . Lemma 8.1 and (8.9) therefore yield a function
h € WH2(T) such that (I — P)h = 0F with |||z < C 10F 12y < CIE | p2y-
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If » > -1 then the function & is harmonic in B(a,32r). Indeed, if z € B(a,32r)\ 0B(a, 32r),

16
(I = P)h(e) = 6F(x) = 3 pla, 9) F, ).
%
When = € B(a,32r) and y ~ z, d(y,b) < d(x,a) + 2 < 64r, so that F(z,y) = 0. It follows
from (RHj;) that

(Végz;vmmﬁmuﬁ

Ifr < 1—16, B = 16B and the same inequality holds since there is only one term in the sum.
This shows that the operator T defined by TF = V(I — P)~'6F for all F with bounded
support in E, clearly satisfies the assumptions of Theorem 2.3 in [3], and this theorem

therefore yields

hSHES

sc(v(fw) 3 |Vh(x)|2m(x)> |

r€16B

1T oy < Cop 1E | oy (8.10)

for all F' with bounded support in E. Since the space of antisymmetric functions on F with
bounded support is dense in LP(FE), (8.10) holds for all F' € LP(E), which exactly means
that (II,) holds. O

Proof of (I') = (a): By Theorem 1.11 and Proposition 1.10, there exists € > 0 such that
(RR,) holds for all ¢ € (2—¢,2). It is therefore enough to check that the conjunction of (II,)
and (RR,) implies (R,), with %4—% = 1. But, if f € L2(T)NL*(T) and G € LP (E)NL*(E),

(AL = P)"2f,G) i) = [((I = P)"'2f,8G) 12|
[(f. (I = P)"20G) |

IA I

1 oy |2 = P)V20G |
= ||f||Lp(r) H(]_P)l/2(1_ P)_l(SGHLP/(F)
< N oy AT = PY TG L
<

C 1 ey 16 s
which ends the proof. 0

Proof of (a) = (b): Assume now that (R,) holds for all p € (2,¢). Let B be a ball with
center xg and radius k and u a function harmonic in 325, and fix a function ¢ supported in
3B, equal to 1 in 2B and satisfying 0 < ¢ < 1 and ||Vl < €. Up to an additive constant,
one may assume that the mean value of v in 16 B is 0. In order to control the left-hand side
of (RH,), it suffices to estimate )~ |V (uy)(x)[" m(x).

As in [9] p. 35 and [3], Section 2.4, write

2k2—1

up = P (up) + > P'(I = P)(ugp),

so that
2k2—-1

V(up) <V (P (ug)) + > V(P = P)(up)). (8.11)

=0
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To treat the first term in the right-hand side of (8.11), fix p € (p, ¢) and notice that, since (R,,)
holds by assumption, it follows from Theorem 1.4 that [ ‘VPZ2 is L”(I")-bounded uniformly
in [. Then, arguing as in Lemma 4.2, one obtains that

1/2

1/p eadk?
(ﬁ Z |VPlf(x)‘pm(x)> < Ce\/z V(QljB) Z |f(x)|2m(x) (8.12)

x€B zeCj(B)

for all j > 1, all I € {2,...,2k*} and all function f supported in C;(B). It follows at once
from (8.12) applied with f = uyp, the fact that u has zero integral on 168 and the Poincaré
inequality (P2) that

1/p 1/2
p C 1 2

r€4dB

1/2
< C (@ > |Vu(x)|2m(a:)> .

z€16B
(8.13)
Let us now turn to the second term in (8.11). A calculation shows that, for all z € T,

(I = P)up)(x) = D pla,y)((up)(x) — (up)(y))

(ﬁ S|P () e)

= Y play)u()(p(r) — o) + > ple,y)(u(z) — uy))(e(y) — ¢(@))
+ Y play)(u(z) — uly))e(@)

= ’Ul(l') -+ 'UQ(I) + ’U3(3§').
(8.14)
For all z € T, v3(z) = 0 since, for all x € T,

S pla,y)(ue) — uly) = (I — Pyu(z) =0

and v is harmonic in 32B. Because of the support condition on ¢, for [ > 2, one may apply
(8.12) to v, and since ||[Vyl|| < C/k, one obtains

1/p 1/2
1 ! p C 1 )
(m%lw va()] m(x>> S (V( ) > | Vu(x)l m(x)) (8.15)

z€4B

for all 2 <1 < 2k%—1.
For vy, write

20i(z) = Y palw,y)(u(z) +u®)(e(z) — o) + > pale,y)(u(z) — uly))(e(z) — o(y))
= 5%(:10) — vo(x), ’
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where, for all (z,y) € E,
F(z,y) = (u(z) +uy))(e(z) — ¢(y))

is antisymmetric, belongs to L?(E) and is supported in B((xg, xo), 4k) \ B((z0, 7o), 2k). It is
therefore enough to show that, for all 2 <[ < 2k — 1,

(Z [vrarEfme) ) B V(B(xo,lxo),4l<:) 2 F @ 0)F s

z€EB (z,9)€B((z0,70),4k)\B((z0,20),2k)
(8.16)

To prove this inequality, write, if | = 2m, VP'OF = VP™P™§F. We establish (8.16) by
arguments similar to the proof of Lemma 4.2, combining (2.4) and an inequality analogous
to (2.4) and derived by duality (see the proof of (2.6) in [3]). We finally obtain

1/p 1/2
(ﬁ;|VPlv1(w)]pm(x)> < ( (i5) > | Vu(x) ) (8.17)

r€4B

for all 2 < < 2k* — 1. Summing up (8.15) and (8.17) for 2 < < 2k* — 1, we obtain

221 1/p 1/2
( Zv(Z (P - P)(uw))mpm(x)) ( >) .

wEB =2
(8.18)
What remains to be treated in (8.11) is the term V(I — P)(uy) + VP(I — P)(uyp). Let us
first deal with V(I — P)(uy). By (8.14),

1 1 1
vy VU = P, < pgyon V0o + gy V0l - (819

Let us first deal with v;. By (R,),

valum <CH [ P 1/2U1HLP <C”Ul||LP(F)’

where the last inequality follows from the LP-boundedness of (I — P)'/2 (see [28], p. 423 and
also [22]). But vy is supported in 4B and, for all x € 4B,

[o1(2)] < - fu(@)]-

As a consequence,
C

HUIHLP(F) < 7 HUHLp(4B 7 HW/JHLP (8B) >

where 1) is a nonnegative function equal to 1 on 4B, supported in 8 B and satisfying || V|| <
€. Now, (8.7) shows that, if gg = = and p € (2, qo)

1

1
e ———— [ —v/2
VB [u ]l Lo sy < VB m [ut)[| oo 35 < VEB) KV (8B) ™2 |V (u)| 2 (s, -
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1

Using now the fact that § = 5 — o we finally conclude

1

2
1 C

V(B)l/p ||U1||LP(F) < V(83)1/2 ||V(U¢)||L2(SB) < W ||vu||L2(16B)7 (8.20)

where the last inequality is due (P). All these computations yield

1 C

V(B)'r ||VU1HLp(r) < —V(16B)1/2 HVUHL2(163) (8.21)

We argue similarly for v,. We just have to notice that, for all x € 45,
[v2(2)[" < < > (u@) + lu@)")
2 = kp Yy )
Y~T

hence

> @) mia) < o S S ful)Pmla) + oSS )P

z€4B r€4B y~x r€4B y~x

Since m(z) < Cm(y) whenever x ~ y (this is a straightforward consequence of (D) and was
noticed in [26], Section 4.2) and §{y € I'; y ~ z} < N, we finally obtain that

C
Z |va (@ = ﬁ Z u(x) |’ m(z),
r€4B z€8B

and we conclude as for v; that

1

C
V(B)1r IVall oy < V(16B)1/2 IVull 2165 - (8.22)

As far as VP(I — P)(uyp) is concerned, we argue similarly, using the fact that
HVPUlHLP(F) < C H(I - P)l/val}le(r) < C HPUIHL;D(F) < C ||U1||Lp(l“) )

and the similar inequality for ve. Summing up (8.13), (8.18), (8.21) and (8.22) (and the

analogous inequalities for VPv; and VPuv,), we obtain that (RH,) holds. O
Recall finally, as explained in Section 1.5, that the proof of Proposition 1.8. is entirely similar
to the one of Proposition 2.2 in [3]. O

Appendix 1

We prove Lemma 4.1. The proof will make use of the following inequality: for any positive
integer n, any C™ function ¢ on (0, +0c), any positive integer k and any t > (2n + 1)k*:

Z CP(—1)Pp(t — 2pk*)| < C sup |g0(”)(u)| k", (8.1)

U290y 2n+1
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where C' > 0 only depends on n (see [33], problem 16, p. 65).
(20)!
For all [ > 0, a; = W’

a; ~ \/L;l Therefore, there exists C' > 0 such that, for all [ > 1,

and, as already used in Section 7, the Stirling formula shows

C
O<a < —.

Vi

Assume first that mk? < [ < (m+ 1)k? for some integer 0 < m < 2n. For each integer 7 > 0

such that 2jk* <, one has [ — 2jk* > 0 and 2j < m, so that |a;_gjs2| < \/z — < ¢ —.
] —m.

It follows at once that

C

] £ ——=
[ — mk?
for some C' > 0 only depending on n.
Assume now that [ = (m+ 1)k? for some 0 < m < 2n. For eachj > 0 such that 2jk2 <1
and [ — 2jk* > 0, one has 25 < m again, so that |a;_gjp2| < \/Z—W = £ < C. Moreover,
ag = 1. One therefore has

d| < C+Oomtt <O,

where, again, C' only depends on n.
Finally, assume that [ > (2n + 1)k?. The classical computation of Wallis integrals shows
that

9 T
- / " (sint)? dt = (1)
0

™

9 ™

where, for all z > 0, p(z) = — /2 (sint)* dt. We can then invoke (8.1) and are therefore
T™Jo

left with the task of estimating ™. But, for all z > 0,

2

)] _ 2
o™ ()] = =

/ (2logsin t)™ e**lossint | <

2 2
/ 2log sint|" 27 ozsint gy = 21 ()
0 T T

We now argue as in the “Laplace” method. For all § € (O, g), one clearly has, for all x > 1,

3

270 . 3 ,
0<I(x) < / 12 log sin ¢[" 21085t gy 4 / 12 log sin ¢ €22 ogsint gy
’ 270 (8.2)
™

< (sm(Z- 5))2“ Tn(1) + Jo(x) = Cosa® 2 + Jo(x)

where C,5 > 0 only depends on n and 4, 0 < a = sin (%—5) < 1 and J,(z) :=

™

/ |2 log sin ¢|" 2w logsint gy

™

2
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5
Observe now that J,(z) = / 2 1og cos u|" €278y, Since log(cosu) ~ —“2—2 when
0

u — 0, we fix § > 0 such that, for all 0 < u < 9, —%uQ < log(cosu) < —%uz, which implies

0
Jo(z) < C w¥e” 5 duy

< C (—) / Ve dy < Cz~" 3.

It follows from (8.2) and (8.3) that, for all z > 1,

(8.3)

1

|o"(x)] < Ca 7z,

which, joined with (8.1), yields assertion (i7i) in Lemma 4.1, the proof of which is now
complete. 0

Appendix 2

Let us establish Lemma 1.13. That F is dense in L?(T") was proved in [46], Lemma 1. By
(1.7), (1.14) is equivalent to

(I — P)\? (Z akPkf> — fin L*(T), (8.4)
k=0
for all f € E. Take now f = (I — P)"/2g € E and let us check that (8.4) holds. One has

(I — P)\/? (ZakPkf) = Y ay(I-P)Py

k=0 k=0

= g+ Z(ak — ap—1)P*g — a, P"yg.

k=1
Since
+o0
N ok — apr)at = (1— )2 1
k=1

1] (because |ay — ar_1| < Ck~3/?) and since |a,| <
), it follows that

and the convergence is uniform on [—

1,
Cn~'% and P is a contraction on L*(

n —+o00
(I — P)Y? (Z akPkf> =g+ Y (a—ar1)Prg = (I - P)'g,

k=0 k=1
which ends the proof. O
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