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FENCES, THEIR ENDPOINTS, AND PROJECTIVE
FRAISSE THEORY

GIANLUCA BASSO AND RICCARDO CAMERLO

ABSTRACT. We introduce a new class of compact metrizable spaces, which we
call fences, and its subclass of smooth fences. We isolate two families F, Fo
of Hasse diagrams of finite partial orders and show that smooth fences are
exactly the spaces which are approximated by projective sequences from Fp.
We investigate the combinatorial properties of Hasse diagrams of finite partial
orders and show that F, Fp are projective Fraissé families with a common
projective Fraissé limit. We study this limit and characterize the smooth
fence obtained as its quotient, which we call a Fraissé fence. We show that the
Fraissé fence is a highly homogeneous space which shares several features with
the Lelek fan, and we examine the structure of its spaces of endpoints. Along
the way we establish some new facts in projective Fraissé theory.

1. INTRODUCTION

In this paper we introduce and begin the study of a new class of topological
spaces, which we call fences. These are the compact metrizable spaces whose con-
nected components are either points or arcs. Among them, we define the subclass
of smooth fences and characterize them as those fences admitting an embedding in
2N x [0, 1].

A major tool for our study are projective Fraissé families of topological struc-
tures, for a given language £, and their limits—called projective Fraissé limits.
These were introduced by Irwin and Solecki in [IS06]. In that paper, the authors
focus on a particular example, where £ = {R} contains a unique binary relation
symbol such that its interpretation on the limit is an equivalence relation, and the
quotient is a pseudo-arc. The characterization of all spaces that can be obtained,
up to homeomorphism, as quotients I/ RL | where (L, RY) is the projective Fraissé
limit of a projective Fraissé family of finite topological {R}-structures is settled
in [Caml0]. In [BCIT] it is noted that, if we admit infinite languages, then every
compact metrizable space can be obtained as such a quotient of a projective Fraissé
limit; some other examples for finite languages are also given. In this article we
provide a new example: we focus on a family F of structures—finite partial or-
ders whose Hasse diagram is a forest—which we show (Theorem [BX6)) is projective
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Fraissé; its limit F admits a quotient F/RF which is a smooth fence. This space
does not seem to appear in the literature and we call it the Fraissé fence.

We isolate a cofinal subclass Fy of F and we show that smooth fences are exactly
those spaces which are quotients of projective limits of sequences from Fy (Theo-
rems [ and [.0]). This result creates a bridge between the combinatorial world and
the topological one, which we exploit in Theorem [5.3]to obtain a characterization of
the Fraissé fence by isolating a topological property which yields the amalgamation
property for Fy.

Our spaces, some of their properties, and the techniques we use have their analogs
in the theory of fans. A fan is an arcwise connected and hereditarily unicoher-
ent compact space that has at most one ramification point. A fan with ramifica-
tion point ¢ is smooth if for any sequence (z,),en converging to x, the sequence
([t, xn]))nen of arcs connecting ¢ to x, converges to [t,z]. Smooth fans were in-
troduced in [Cha67] and have been extensively studied in continuum theory. A
point x in a topological space X is an endpoint if whenever z belongs to an arc
[a,b] € X, then © = a or x = b (note that under this definition points whose con-
nected component is a singleton are endpoints). A Lelek fan is a smooth fan with
a dense set of endpoints. Such a fan was first constructed in [Lel60] and was later
proven to be unique up to homeomorphism in [Cha89] and [BO90]. In a series of
papers ([BK15,[BK17,BK19]) Bartosova and Kwiatkowska have studied the Lelek
fan and the dynamics of its homeomorphism group by realizing it as a quotient of
a projective Fraissé limit of a particular class of ordered structures.

Besides the fact that both can be obtained as quotients of projective Fraissé
limits of some class of ordered structures, the Fraissé fence and the Lelek fan share
several other features:

e Both are as homogeneous as possible, namely they are 1/3-homogeneous
(see [AHPJ1T] for the Lelek fan and Corollary EIT] for the Fraissé fence).

e Both are universal in the respective classes with respect to embeddings that
preserve endpoints (see [DvMI10] for the Lelek fan and Theorem [EI3] for
the Fraissé fence).

e For both, the set of endpoints is dense (see Proposition for the Fraissé
fence). In fact, the Lelek fan is defined as the unique smooth fan with a
dense set of endpoints; the Fraissé fence too has a characterization in terms
of denseness of endpoints (see Theorem [5.3)).

e The set of endpoints of the Lelek fan is homeomorphic to the complete Erdds
space ([KOT96]), a homogeneous, almost zero-dimensional, 1-dimensional
cohesive space. Among the subspaces of the set of endpoints of the Fraissé
fence there is a homogenous, almost zero-dimensional, 1-dimensional space
9 which is not cohesive (Theorem [5.22(iv)).

A space with the properties mentioned for 9t was constructed in [Dij06] as a coun-
terexample to a question by Dijkstra and van Mill. This raises the question of
whether the two examples are homeomorphic and whether they can be regarded as
a non-cohesive analog of the complete Erdés space.

To obtain our results, we establish combinatorial criteria which are of general
interest in the context of projective Fraissé theory. Lemma [Z.75] characterizes which
projective sequences of structures in a language containing a binary relation sym-
bol {R} have limit on which R is an equivalence relation, and Lemma 2.13] gives
conditions under which the resulting quotient map is irreducible. The irreducibility
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condition entails a correspondence between structures in the projective sequence
and regular quasi-partitions of the quotient, which in turn aids the combinatorial-
topological translation.

Here is the plan of the paper. We begin in Section 2] with recalling some notions
and proving some technical lemmas which will lay the basis of this work. In Section[3
we introduce the topological structures that constitute the main combinatorial ob-
jects of our study, prove that the relevant classes F and Fy are projective Fraissé
and investigate the properties of the projective limits of Fy. We define fences and
characterize smooth fences in Section Fl where we also display the relation linking
them to Fp. Finally in Section Bl we characterize topologically the quotient of the
projective Fraissé limit of F, explore its homogeneity and universality features and
investigate its spaces of endpoints.

2. BASIC TERMINOLOGY AND DEFINITIONS

Let X be a topological space. If A is a subset of X, then intx (A4), clx(A), dx(A)
denote the interior, closure, and boundary of A in X, respectively. We drop
the subscript whenever the ambient space is clear from context. A closed set
is regular if it coincides with the closure of its interior. We denote by K(X) =
{K C X | K compact} the space of compact subsets of X, with the Vietoris topol-
ogy. This is the topology generated by the sets {K € K(X) | K C O} and
{K € K(X) | KNO # (i}, for O varying among the open subsets of X. If X is com-
pact metrizable, so is K(X). Let Homeo(X) denote the group of homeomorphisms
of X.

By mesh of a covering of a metric space, we indicate the supremum of the
diameters of its elements.

We collect here the definitions of some basic topological concepts we need.

Definition 2.1.

e A space is almost zero-dimensional if each point has a neighborhood basis
consisting of closed sets that are intersection of clopen sets.

e A space is X cohesive if each point has a neighborhood which does not
contain any nonempty clopen subset of X.

e The quasi-component of a point is the intersection of all its clopen neigh-
borhoods. A space is totally separated if the quasi-component of each point
is a singleton.

e A space is n-homogeneous, for n € N, if for every two sets of n points there
is a homeomorphism sending one onto the other.

e A space X is I/n-homogeneous if the action of Homeo(X) on X has exactly
n orbits.

e A space is h-homogeneous if it is homeomorphic to each of its nonempty
clopen subsets.

When we talk about dimension, we mean the inductive dimension.

2.1. Topological structures. We recall here some basic definitions, mainly from
[IS06,[Cam10], sticking to relational first order languages, since we will not use other
kinds of languages in this paper.

Let thus a relational first order language £ be given. A topological L-structure
is a zero-dimensional compact metrizable space that is also an L-structure such
that the interpretations of the relation symbols are closed sets. In particular, the
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topology on finite topological L-structures is discrete. We will usually suppress the
word “topological” when referring to finite topological L-structures.

An epimorphism between topological L-structures A, B is a continuous surjection
@ : A — B such that

rB=gpx.. . xp[r
—_————

n times

for every m-ary relation symbol r € £: in other words, 7Z(b,...,b,) if and only if
there exist aq,...,a, € A such that

olar) =by,...,p(an) = by, rA(al,...,an).

An isomorphism is a bijective epimorphism, so in particular it is a homeomorphism
between the supports. An isomorphism of A onto A is an automorphism and we
denote by Aut(A) the group of automorphisms of A. An epimorphism ¢ : A — B
refines a covering U of A if the preimage of any element of B is included in some
element of Y. If G,G’ are families of topological structures such that G’ C G and
for all A € G there exist B € G’ and an epimorphism ¢ : B — A, we say that G’ is
cofinal in G.

A family G of topological L-structures is a projective Fraissé family if the fol-
lowing properties hold:

(JPP) (joint projection property) for every A, B € G there are C' € G and epimor-
phisms C — A, C — B;
(AP) (amalgamation property) for every A, B,C € G and epimorphisms ¢; :
B — A, 3 : C — A there are D € G and epimorphisms ¢; : D — B,
g 1 D — C such that o111 = pa1)s.

Given a family G of topological L-structures, a topological L-structure L is a pro-
jective Fraissé limit of G if the following hold:

(L1) (projective universality) for every A € G there is some epimorphism L — A;

(L2) for any clopen covering U of L there are A € G and an epimorphism L. — A
refining U

(L3) (projective ultrahomogeneity) for every A € G and epimorphisms 1, 9 :
L — A there exists an automorphism ¥ € Aut(LL) such that p2 = ¢17.

Note that in the original definition of a projective Fraissé limit in [IS06] item
(L2) was replaced by a different but equivalent property.

If G is a projective Fraissé family of finite £-structures and L satisfies (L1) and
(L2), then (L3) holds if and only if the following extension property holds:

(L3") for any A, B € G and epimorphisms ¢ : B — A, ¢ : L — A there exists an
epimorphism x : L. — B such that ¢y = 1.

The proof is the same as in [Panl7, Lemma 3].

In [ISO6] it is proved that every nonempty, at most countable, projective Fraissé
family of finite L-structures has a projective Fraissé limit, which is unique up to
isomorphism.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



FENCES, THEIR ENDPOINTS, AND PROJECTIVE FRAISSE THEORY 4505

If G is a class of topological L-structures, a projective sequence in G is a sequence
(An, ¥ neN,m>n, where:
o A, cg;
o o'l A,y — A, is an epimorphism, for each n € N;
o o = rtlpom A, — A, forn < m, and @7 @ A, — A, is the
identity.
The projective limit for such a sequence is the topological L-structure A, whose
universe is A = {u € [[,cn4n | V0 € N u(n) = @2 (u(n + 1))} and such that
rA(ut,y.. . uj) & ¥n € N rin(ui(n),...,uj(n)), for every j-ary relation symbol
r € L. We denote by ¢, : A — A, the n-th projection map: this is an epimorphism.
A fundamental sequence for G is a projective sequence (A4,, ") such that the
following properties hold:

(F1) {A,}nen is cofinal in G;
(F2) for any n, any A, B € G and any epimorphisms 61 : B — A, 05 : A, — A,
there exist m > n and an epimorphism v : A,, — B such that 619 = 03¢]".
To study projective Fraissé limits it is enough to consider fundamental sequences,
due to the following fact whose details can be found in [Cam10].

Proposition 2.2. Let G be a nonempty, at most countable (up to isomorphism)
family of finite L-structures. Then the following are equivalent.

(1) G is a projective Fraissé family;

(2) G has a projective Fraissé limit;

(3) G has a fundamental sequence.
If these conditions hold and Gq is cofinal in G then Gy is a projective Fraissé family
and the projective Fraissé limits of Gy, G, and of the fundamental sequence coin-
cide. A projective Fraissé limit for them is the projective limit of the fundamental
sequence.

If G is a projective Fraissé family, one can check whether a given projective
sequence is fundamental for G with the following.

Proposition 2.3. Let G be a projective Fraissé family of topological L-structures.
Let (A, o) be a projective sequence in G. Assume that for each A € G, n € N,
and epimorphism 0 : A — A,,, there exist m > n and an epimorphism ¢ : A, — A
such that 6 = ©'. Then (An, o) is a fundamental sequence for G.

Proof. (F1) Let A € G, by (JPP) there exist A’ € G, and epimorphisms ¢ : A’ — A
and ¢’ : A’ — Ag. By hypothesis there are n and an epimorphism 6 : 4, — A’
such that ¢'0 = . Then 6 is an epimorphism A4,, — A, as wished.

(F2) Let A, B € G and epimorphisms 6, : B — A, 05 : A, — A. By (AP) there
exist C' € G and epimorphisms p; : C' = B and ps : C — A, such that 8;p; = 05p5.
By hypothesis, there exist m > n and an epimorphism ' : A,, — C such that
p2ty’ = . Then ¢ = p19)’ : A, — B is such that 6119 = 007" O

Notice that the converse of Proposition 2.3 holds as well.
2.2. Fine projective sequences. In the sequel, whenever we denote a language

with a subscript, like in Lg, we mean that the language contains a distinguished
binary relation symbol represented in the subscript. The interpretation of R in an
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L g-topological structure is expected to be reflexive and symmetric. These proper-
ties are preserved under projective limits. A prespace is any L g-topological struc-
ture A where the interpretation of R is also transitive, that is, an equivalence
relation; in this case, we say that A is a prespace of A/RA. Since R* is a closed
equivalence relation, the quotient map p: A — A/RA is closed. Notice that A/RA
is then endowed with an (Lg \ {R})-structure, where rA/RY = px . x p[r4], for
any r € Lg \ {R}; all such relations are closed.

Definition 2.4. A projective sequence (A,, ") of finite Lz-structures and epi-
morphisms is fine whenever its projective limit is a prespace. If (A, ¢") is a fine
projective sequence in Lr with projective limit A and X is a compact metrizable
space homeomorphic to A/RA | we say that (A, ¢™) approzimates X.

Given a reflexive graph (that is, a reflexive and symmetric relation) R on some
set, denote by dg the distance on the graph, where dg(a,b) = oo if a,b belong to
distinct connected components of the graph. Note that if R, .S are reflexive graphs
and ¢ is a function between them such that Ry = p(x) S ¢(y) for all z,y, then
the inequality dg(p(z), o(y)) < dr(x,y) holds for every z,y.

We can determine whether a sequence is fine by checking that the R-distance of
points which are not R-related tends to infinity. More precisely:

Lemma 2.5. Let (A,,¢]") be a projective sequence of finite Lg-structures, with
projective limit A. Assume that R4 is reflexive and symmetric for every n € N.
The projective sequence is fine if and only if for all n € N and a,b € A, with
dgan (a,b) = 2, there is m > n such that if ' € (¢7) " a),t' € (¢™)~1(b) then
dpam (a’, b/) > 3.

Proof. Let a,b € A,, with dga., (a, b) = 2, say a R4 ¢ R4~ b. If for each m > n
there are am (cpn) Ya), by € (™)) with dgam (Gm,bm) = 2, say @, RA™
Cm RA™ by, 1

Tm € ‘P;zl(am)v Ym € ‘P;ql(bm)v Zm z;n € Sor_nl(cm)a
with 2, R® zm, z, RA Ym- Passing to a suitable subsequence, let

= lim zp,, y= lim y,,, z= hrn Zm,, = hm z
h—o00 h—o00 h—o0

so that z R® z R* y. However, z,y are not R"-related (otherwise a R b), so
(A, @) is not fine.

On the other hand, if (A, ") is not fine there are z,y € A such that dga(z,y) =

2, say x R® z R® y, for x,y,z distinct points. There is n € N such that for all

m > n the points @, (), m(y), pm(2) are distinct and = (g, (z) RA™ ¢, (y)), so

dRpam (m(x), pm(y)) = 2. Therefore the property does not hold for ¢, (), @, (y).

O

Definition 2.6. Let A be a topological Lg-structure and B C A. We say B is
R-connected if for any two clopen sets U, U’ C A such that U N B, U’ N B partition
B, there are x € U N B, 2z’ € U’ N B such that R4 2’

Notice that if A is a finite £z-structure and R4 is symmetric, R-connectedness
coincides with the usual notion of connectedness for the graph R4.

Lemma 2.7. Let A be a prespace. Then the image of an R-connected closed subset
B C A under the quotient map p: A — A/RA s closed and connected.
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Proof. The set p[B] is closed as p is a closed map. If p[B] were disconnected, let
C, C’ be disjoint, nonempty, closed subsets of A/ R4 such that p[B] = CUC’. Then
p~1(C)NB, p~1(C")NB are disjoint, nonempty, closed subsets of A whose union is B.
Let U, U’ be disjoint clopen subsets of A with p~'(C)NB C U,p~1(C")NB C U’.
By the assumption, there are v € p~1(C) N B,u’ € p~'(C') N B with u R4 u/,
contradicting the disjointness of C, C’. ]

For the remainder of the section we fix a fine projective sequence of finite Lg-
structures (A, ©™) with projective limit A and with quotient map p: A — A/RA .

Lemma 2.8.

1) The mesh of the sequence ({¢-'(a) | a € A, tends to 0. In particular,
n neN

the sets ¢, 1(a) forn € Nya € A,, form a basis for the topology of A.
(2) The mesh of the sequence ({ple, ' (a)] | a € An})nEN tends to 0.

Proof. (1) Suppose that there is € > 0 such that for infinitely many n € N, there
is a, € A, with diam(p,,*(a,)) > e. Fix such a,’s and consider the forest T' =
{p" (an) | n' < n}, so that diam(p, (b)) > € for every b € A, in the forest. Let
u = (bg,b1,...) € A be an infinite branch in T'. Since

n<n' = ¢ (by) C et (bn)

it follows that the sequence ¢, *(b,) converges in K(A) to K = (,cy @5 ' (bn) with
diam(K) > e. But (), ey @5 ' (bn) = {u}, a contradiction.
(2) By (1) and the fact that function p is uniformly continuous. O

Lemma 2.9. If B, C A,, for n € N, are R-connected subsets and (¢, (Bpn))nen
converges in KC(A) to K, then K is R-connected.

Proof. Let U,U’ be clopen, nonempty subsets of A, with some positive distance 4,
such that U N K,U’ N K partition K. Consider the open neighborhood O = {C €
KA)|CCcUuuU,CnU #0,C0NU" # 0} of K in K(A). Let n € N be such
that ¢, 1(B,) € O, and diam(p,,*(a)) < & for each a € A,,: such a n exists by
Lemma 28 Then each ¢, (a) for a € B, is either contained in U or in U’, as
the distance between the two clopen sets is greater than diam(ep,,(a)), and U, U’
each contain at least one such set, since ¢, *(B,) has nonempty intersection with
both U and U’. It follows that ¢,[U] N By, ¢,[U’] N B, partition B,. But B, is
R-connected, so there are a € B, N, [U],a’ € B, N, [U'] such that a R4 o/, and
thus there exist € ¢, '(a) C U,z’ € ¢, (a’) C U’ such that 2 R* 2. So K is
R-connected. (]

Corollary 2.10. If B, C A,, are R-connected subsets and (plp,,(By)])nen con-
verges in KC(A/RA) to some K, then K is connected.

Proof. Let nj, be an increasing sequence of natural numbers such that ¢, (B, )
converges in KC(A), say limg_,o0 ¢;, ! (Bp,) = L. Then

Jim plen (B = lim ple, ! (Bn,)] = plL],

whence K = p[L]. Now apply Lemmas [27] and O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4508 GIANLUCA BASSO AND RICCARDO CAMERLO

2.3. Irreducible functions and regular quasi-partitions. Given topological
spaces X, Y, a continuous map f : X — Y is irreducible if f[K]# Y for all proper
closed subsets K C X.

We recall some basic results on irreducible closed surjective maps between com-
pact metrizable spaces, whose proofs can be found in [AP84]. Let f : X — Y be
such a map. Given A C X, let f#(A) ={y e Y | fl(y) CA}. fOC X is
an open set, then f#(0) is open and f~!(f#(0)) is dense in O. If C C X is a
regular closed set, then C' = cl(f~!(f#(int(C)))), and f[C] = cl(f#(int(C))), so in
particular the image of a regular closed set is regular. The preimage of any point
by f is either an isolated point or has empty interior. If C,C’ are regular closed
and f[C] = f[C'] then C = C’; if int(C' N C") = O then int(f[C] N f[C’]) = 0.

Definition 2.11. A covering C of a topological space is a reqular quasi-partition
if the elements of C are nonempty, regular closed sets and VA, B € C (A # B =
ANBCJ(A)NaI(B)).

Lemma 2.12. If X,Y are compact metrizable spaces and f : X — Y is an irre-
ducible closed surjective map, then the image fC = {f[C] | C € C} of a regular
quasi-partition C of X is a regular quasi-partition of Y, and the map C — f[C] is
a bijection between C and fC.

Proof. The fact that C' — f[C] is a bijection is one of the basic properties of
irreducible closed surjective maps between compact metrizable spaces. The same
for the fact that each f[C] is a regular closed set.

Assume now that C,C" € C, and let y € f[C] N f[C']. We show that y ¢
int(f[C]), and similarly y ¢ int(f[C’]). If toward contradiction y € int(f[C]), let O
be open with y € O C f[C]. Since y € f[C’] and f[C"] is regular closed, there is
y' € ONint(f[C"]), so that there exists an open set V with y’ € V C f[C]N f[C']. Tt
follows that int(f[C]N f[C']) # @, whence int(CNC’) # (), as f is closed irreducible,
and then int(C) Nint(C") # 0, against C being a regular quasi-partition. O

Recall that we have fixed a fine projective sequence of finite Lg-structures
(Ap, ™) with projective limit A and with quotient map p: A — A/RA .

Lemma 2.13. The following are equivalent:

(1) The set M of points of A whose R*-equivalence class is a singleton is dense.

(2) For each n € N and a € A, there are m > n and b € A, such that if
V' RAm b then (V) = a.

(3) The quotient map p: A — A/RA is irreducible.

Proof. (1) = (3). Let K C A be a proper closed subset. Then there is x € M \ K,
so that p(z) ¢ p[K]. Thus p is irreducible.
(3) = (2). Let n € Nand a € A,,. As p is closed irreducible,

O =p (0" (pn (@) = {z € Al [a]pe C 07" (a)}

is an open, nonempty, and R*-invariant set contained in ¢, '(a). Let m > n and
b € A,, be such that o, 1(b) C O, which exist since such sets are a basis for the
topology on A. If ¥’ R4 b, there are x € ¢, 1(b), 2" € ¢ }(b) such that z R*2’. But
r € p,;1(b) C O, which is RA-invariant, so also 2’ € O. It follows that ¢, (z') = a
and thus ¢(b') = a, for v, = Q.

(2) = (1). Since {p,'(a) | n € N,a € A, } is a basis for the topology on A it
suffices to fix n € N and a € A, and prove that there is € M with ¢, (z) = a.
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We construct a sequence n; and elements b; € A,,, by induction. Let ng = n and
bp = a. Given b; € A,,, by hypothesis there are m > n; and b € A, such that
whenever ¥ R4m b it follows that ort (b') = bi. Set niy1 = m and b1 = b. Thus
@ni™ (biy1) = b; for each i, so there exists € A such that ¢, (z) = b;, for each
i € N. In particular o, (z) = a. Let y R* x; if towards contradiction y # x then
there is i € N such that ¢, (y) # ¢n, () = b;. But ¢, (¥) RAnin Oy (@) = biy1,

$0 @n, () = ©ni  @niya (y) = b; by construction of b1, a contradiction. O

If o : A — A is an epimorphism onto a finite Lg-structure A and a € A, we let

[ale = ple~ (@), [Aly = {lal, | a € A}.
If the quotient map p : A — A/RA is irreducible, then [A], is a regular quasi-
partition of A/RA by Lemma 212 and the function

a€ A [a], € [A],
is a bijection.

Lemma 2.14. Suppose that the quotient map p : A — A/RA is irreducible. For
everyn €N, a € A,,

([aly,) = {z € [a]y, | 3d' #a,a’ R* a,z € [d],,} =
= {z € [a]y, | 3a' # a,z € [d],, }.

Moreover, regardless of the irreducibility of p, if p is at most 2-to-1 then for each x
there are at most two a € A,, such that x € [a],, .

Proof. Let x € 9([a],, ), so that = p(u) for some u € ¢, '(a). As each [a'],, is
closed, this implies that there exists a’ € A,,a’ # a such that z € [a'],,, so that
there is v € ¢, !(a’) with u R® v; in turn, this entails that a R4~ o'

Let now z € [a],,, and assume that there exists a’ € A,, with a’ # a,z € [d'],,,.
Since [a],, N [a']y, € ([ale,) No([a'],, ), it follows that x € d([a],, )-

The last statement is a direct consequence of the definition of [a],, . O

3. FINITE HASSE FORESTS

Henceforth fix Lr = {R, <}, where < is a binary relation symbol. A Hasse
partial order (HPO) is a topological Lg-structure P such that

e <% is a partial order, that is, it is reflexive, anti-symmetric and transitive;
e a RP bif and only if a = b or a,b are one the immediate <F-successor of
the other, that is:
— a <P b and whenever a < ¢ <P b it holds that ¢ = a or ¢ = b; or
— b <P g and whenever b <F ¢ <P ¢ it holds that ¢ = a or ¢ = b.
Indeed, if P is a HPO, the relation RY is the Hasse diagram of <”. Where clear
we shall write a < b instead of @ <¥ b, and similarly for a < b and a Rb. When
a < b we also let [a,b] = {c € P|a<c<b}. If <P is total, we say that P is a
Hasse linear order (or HLO).
If P,P’ are HPOs we denote by P LI P’ the HPO where the support and the

interpretations of < and R are the disjoint unions of the corresponding notions in
P, P.

Definition 3.1. A Hasse forest (H-forest) is a HPO whose Hasse diagram has no
cycles, and we denote by F the family of all finite H-forests.
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Definition 3.2. For an HPO P, denote by MC(P) the set of maximal chains of P
with respect to the partial order <.

Notice that if P € F and B € MC(P) then B is the unique maximal chain
to which both min B and max B belong. Indeed, if B’ € MC(P) is such that
min B, max B € B’ then min B’ = min B and max B’ = max B by the maximality
of B, so if B # B’ there would be two R"-paths joining min B and max B.

In [BK15)] it is showrll] that the class of all finite H-forests with a minimum is a
projective Fraissé family whose limit’s quotient with respect to R is the Lelek fan.
In [BC17] it is shown that the class of all finite HLOs is a projective Fraissé family
whose limit’s quotient is the arc. Here we prove that, though the family of all finite
HPOs is not a projective Fraissé family, the family of all finite H-forests is.

We begin by describing a smaller yet cofinal family which plays a central role in
the rest of the paper.

Definition 3.3. Let Fy be the collection of all P € F whose maximal chains are
pairwise disjoint. In other words, the elements of F{ are the finite disjoint unions
of finite HLOs.

Notice that if P € Fy and Q C P is <F-convex—that is, whenever b, b’ € Q
and a € P are such that b <¥ a <P ¥, then ¢ € Q—then Q with the induced
L g-structure is in Fy.

Proposition 3.4. Fy is cofinal in the family of all finite HPOs.

Proof. Let P be a finite HPO. If MC(P) = {By,...,Bn}, let PP =BjU...UB],
where every B; is isomorphic to B; with the induced structure. Then there is an
epimorphism ¢ : P/ — P, given by letting ¢ be an isomorphism from B; onto B;
for 1 <j<m. O

Proposition 3.5. The family of all finite HPOs is not a projective Fraissé family.
Proof. We show that the family of all finite HPOs lacks amalgamation. Let

S :{a7 b7 C, d}’
P :{GOabOabgaCOadO};
Q ={ai,b1,c1,¢),dr},

be ordered as follows (see Figure[I]).

e For §: a =min S,d = max .S, and b, ¢ are incomparable.

e For P: ag < by,ap < ¢p < do, b < dp, and no other order comparabilities
hold, except for reflexivity and transitivity.

e For Q: a1 < by < dj,a; < ¢1,¢) < dy, and no other order comparabilities
hold, except for reflexivity and transitivity.

L Albeit with a different language, it is easy to see that a continuous surjection is an epimor-
phism with one such language if and only if it is so with the other, thus ensuring that the limit is
the same.
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Define ¢ : P — 5,9 : Q — S by letting:

Then ¢, 1) are epimorphisms. To show that there is no amalgamation, by Proposi-
tion [34] it is enough to show that there is no F € Fqy with epimorphisms 6 : F —
P,p: F — @ such that ¢ = ¢)p. Otherwise, as ag < dy, there must be B € MC(F)
and 7,47’ € B, with ¢ < i’, such that 0(i) = ag, 0(i") = do, so that 8[B] = {ag, co,do};
moreover p(i) = ay, p(i') = dy. If j € B is such that 6(j) = cg, then ¢ < j <4’ and
p(3) € {c1,c}}, since o = p. If p(j) = c1, this contradicts j < ', as p(j) £ p(i');
similarly, if p(j) = ¢}, this contradicts ¢ < j. O

Let us turn to the proof of the central result of the section.
Theorem 3.6. The family F of all finite H-forests is a projective Fraissé family.
First, we note the following simple but useful observation.

Lemma 3.7. Let P,P' € F, and let ¢ : P — P’ be an epimorphism. If B €
MC(P), then there is B’ € MC(P') such that ¢|B] C B’'. If B’ € MC(P’), then
there exists B € MC(P) such that p[B] = B'.

Proof. For the first statement, since B € MC(P) and ¢ is an epimorphism, then
©[B] is a chain in P’, so ¢[B] is included in a maximal chain.

For the second assertion, fix B’ € MC(P’). Since min B’ < max B’ and ¢ is an
epimorphism, there are a,b € P such that a < b, p(a) = min B’, ¢(b) = max B’. Let
B € MC(P) contain a,b. Since min B < a then ¢(min B) < min B’, so ¢(min B) =
min B’; analogously, ¢(max B) = max B’. Since P’ is an H-forest and ¢ respects
R, it follows that p[B] = B’. O

We can also prove a sort of converse. Given Lg-structures P, P’ and a function
¢ : P — P', we say that ¢ is Lz-preserving if a RE b = ¢(a) RF" ¢(b) and
a <P b= p(a) <P ©(b), for every a,b € P.

Lemma 3.8. Let P,P' € F, and let p : P — P’ be an Lg-preserving function. If
for each B' € MC(P') there exists B € MC(P) such that ¢[B] = B, then ¢ is an
epimorphism.
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Proof. The function ¢ is clearly surjective. Let a’,b’ € P’ be such that o/ < ¥/
and let B’ € MC(P’) with o/,b € B’. Let B € MC(P) such that ¢[B] = B’, then
there are a,b € B such that p(a) =d/,p(b) =V and a <b. If &’ RV with o’ < ¥,
then a,b can be chosen to be RP-related by letting a = max(B N ¢~%(a’)) and
b=min(B N 1¥)). O

Proof of Theorem B0 Since for every P € F there is an epimorphism from P to
the H-forest consisting of a single point, it suffices to prove amalgamation. Let
P,Q,S € F and epimorphisms ¢ : P — S, 1 : Q — S be given.

For each C' € MC(P), by LemmaB T there is D € MC(Q) such that ¥[D] D ¢[C].
Let ¢’ = v~ (¢[C]) N D. Since C, p[C], C" with the inherited relations are finite
HLOs and ¢} ¢, 91 ¢ are, in particular, epimorphisms onto ¢[C], by (AP) for HLOs
[BC17, Lemma 10] there exist a finite HLO E¢ and epimorphisms ¢ : Ec — C,
Ve : Ec — C" such that oo = ¥rate.

Analogously, for each C' € MC(Q) there exists D € MC(P) such that ¢[D] D
Y[C]. As above there exist a finite HLO E¢ and epimorphisms ¢ : Ec — C' =
¢ (Y[C)) N D and Y, : Ec — C such that ¢ o = ¥ ¥t

Define the L£g-structure:

T =| |{Ec | C e MC(P)UMC(Q)} € Fo,

and ¢’ : T — P,y : T — Q, where, for z € E¢, ¢'(z) = ¢p(z) and ¢'(z) =
Yy (x). By construction ¢’ = 91)’. Since @i, Y are epimorphisms then ¢', 1’
are Lp-preserving. Let C' € MC(P), then ¢'[Ec] = ¢[Ec] = C. Analogously
if C € MC(Q), then ¢'[Ec] = ¢p[Ec] = C. By Lemma B8 ¢, ¢ are thus
epimorphisms. (Il

By Theorem [3.6] Proposition 3.4] and Proposition it follows that:

Corollary 3.9. Fy is a projective Fraissé family with the same projective Fraissé
limit as F.

3.1. Projective limits of sequences in Fj. In the next section we determine
the spaces which are approximable by fine projective sequences from Fy. For this,
we establish some properties of projective sequences in Fy and their limits which
are of use later. For the remainder of the section let (P,, ") be a fine projective
sequence in Fy with projective limit P, and p : P — P/RF be the quotient map.
Notice that <P is an order relation.

Lemma 3.10. Let u,v € P with u < wv. Then [u,v] is R-connected.

Proof. First notice that the sequence o, ([¢n(u), 0, (v)]) converges in K(P) to
[u, v], since Y € N @41 ([on+1(u), @n41(v)]) € 95 ([on(w), 0n(v)]) and

() e (lon (), en(v)]) = [u,].
neN
By Lemmal[2.9lit is now enough to observe that every [¢, (u), v, (v)] is R-connected.
O

Lemma 3.11. The RF-equivalence classes contain at most two elements; moreover,
each class is totally ordered and convex with respect to <F.
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Proof. Let u,v,w € P be RP-related elements. If u,v,w were all distinct, there
would exist n € N such that ¢, (1), ¢, (v), n(w) are all distinct and pairwise R -
related, which is impossible, since P, € Fy.

If u Rv, then ¢, (u) R p,(v) for every n; in particular, o, (u), ¢, (v) are <
comparable for every n. It follows that either Vn € N ¢, (u) < ¢,(v) or Vn €
N ¢, (v) < ¢, (u), whence either u < v or v < u.

Finally, if u Rv but v < w < v for some u,v,w € P, let n € N be such that
©n(w), pn(v), on(w) are distinct. Then both ¢, (u) R ¢, (v) and ¢, (u) < @, (w) <
©n(v), which is a contradiction. O

Lemma 3.12. If u,v € P are not RF-related and v < v holds, then whenever
w Ru,v Rwv, the relation v’ < v’ holds.

Proof. For n € N big enough, ¢, (u), ¢, (v) are distinct and not RF»-related. Since
on(u) < @n(v), P, € Fo, and RPr-related distinct elements are one the immediate
<Pn_guccessor of the other and viceversa, it follows that ¢, (u') < ¢, (v'). This
inequality holding eventually, the relation u’ < v’ is established. ([l

Corollary 3.13. The relation <P/R = pxp[<F] on P/ R defined by letting x <P/R
y if there are u € p~1(x),v € p~1(y) with u < v, is a closed order relation.

Proof. That <P/ R’ ig closed is observed at the beginning of Section 2.2l Moreover:

o <P/R' ig reflexive by the reflexivity of <F.
o If z <F/R’ Y <P/R" ; with T #yF#z, let

u Ep_l(;v),
w Ep_l(z),

with v < v Rv' < w; by Lemma [3.12] it follows that u < v’, so that u < w
and finally z <F/ R
o Ifz SP/RW y <P/R’ x, there are

U, ’LL/ € p_l(x)v
v, v € pil(y)a
with u < v Rv' < «/; by Lemma B.IT] it follows that u R v, and finally
Tr=1y. O
Lemma 3.14. If B € MC(P,) then J,cgla],, is a clopen subset of P/RF.

Proof. Since for each a € B the set ¢, *(a) is clopen, it follows that |J,. 5 @5, *(a)
is clopen. Let u,v € P be such that u € [J,c 5 ¢, *(a) and u R* v. Then ¢, (u) R
©n(v), 50 pn(v) € B, that is, v € J,c5¢, ' (a). It follows that (J,.p ¢;, ' (a) is
RF-invariant, so U, glale, = plU.ep n*(a)] is open, thus clopen. O

A converse of the above also holds.

Lemma 3.15. Let C be a clopen subset of P/RF. There is n € N such that for all
m = n, there is S € MC(Py,) for which C' = ¢ slale,.-
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Proof. First notice that it is enough to show that there are some n € N and S C
MC(P,) for which C' = U,¢jslals,. Indeed, assuming this, let m > n. Then
(™) ~HUS) =UT for some T C MC(P,,), and C = Uaey rlale,.-

Since p~1(C) is compact and open and the sets {p,'(a) | n € N,a € A,} form
a basis for the topology of P, there exist n € N and a subset B C P, such that
p~H(C) = Uyep ¢n ' (a), so that B = ¢, [p~ ' (C)].

We prove that B = J S for some S C MC(P,). If this were not the case, there
would exist a,a’ € P, with a,a’ consecutive with respect to <» and a € B,a’ ¢ B;
in particular, a Ra'. If u,u’ € P are such that ¢, (u) = a, o, (v') = a’,u R, then
u € p~1(C),u ¢ p~(C) contradicting the fact that p~1(C) is RF-invariant. The
proof is concluded by observing that:

C =plp (O)] =plJ ¢n' (@) = | [als-

acB a€B

4. FENCES

Definition 4.1. A fence is a compact metrizable space whose connected compo-
nents are either points or arcs. A fence Y is smooth if there is a closed partial order
< on Y whose restriction to each connected component of Y is a total order.

We call arc components of a fence the connected components which are arcs,
and singleton components those which are points. We denote by E(Y") the set of
endpoints of a fence Y; equivalently, E(Y) is the set of endpoints of the connected
components of Y. The Cantor fence is the space 2% x [0,1]; it is a smooth fence,
as witnessed by the product of equality on 2V and the usual ordering of [0, 1]: we
denote this order by <.

Theorem [£.2] establishes that smooth fences are, up to homeomorphism, the com-
pact subspaces of the Cantor fence. It may be confronted with [CC89) Proposition
4], stating that smooth fans are, up to homeomorphism, the subcontinua of the
Cantor fan, which is the fan obtained by identifying in the Cantor fence the set
2N x {0} to a point.

Recall that if X is a topological space and f : X — [0, 1] is a function, then f is
lower semi-continuous (1.s.c.) if {z € X | f(z) <y} is closed for each y € [0,1] and
is upper semi-continuous (u.s.c.) if {x € X | f(x) > y} is closed for each y € [0, 1].

Let X be a zero-dimensional, compact, metrizable space and m, M : X — [0, 1]
be two functions. We say that (m, M) is a fancy pair if

e m is Ls.c.;
e M is u.s.c.;
o m(z) < M(z), for all z € X.
If (m, M) is a fancy pair of functions on X, let DM = {(z,y) € X x[0,1] | m(x) <
y < M(x)}. Then DY is a closed subset of X x [0,1]. Indeed, let (x,,y,) € DM,
and (z,y) = lim(z,,y,). Then for each € > 0, there exists n € N such that for all
m>n,

m(x) —e <m(xm) <ym < M(zy) < M(z)+e,
so m(z) <y < M(z), thus (z,y) € DM.
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Theorem 4.2. LetY be a fence. Then the following are equivalent:

(1) Y is a smooth fence.

(2) There exists a closed partial order < on'Y whose restriction to each con-
nected component is a total order and such that two elements are =<-
comparable if and only if they belong to the same connected component.

(3) There is a continuous injection f:Y — 2N x [0,1].

(4) There is a continuous injection f : Y — 2N x [0, 1] such that for each z € 2N,
the set fIY]N ({z} x [0,1]) is connected (possibly empty).

(5) There is a closed, non-empty, subset X of 2V and a fancy pair (m, M) of
functions on X such that'Y is homeomorphic to DM.

Proof. The implications (2) = (1) and (4) = (3) are immediate. The implications
(3) = (1) and (4) = (2) follow by copying on Y the restriction of the order < on
the Cantor fence to the image of Y under the embedding.

For (4) = (5), let X = m[f[Y]] be the projection of f[Y] on 2N and, for z € X, let
m(x) = min{y € 0,1] | (z,y) € fV]} and M(z) = max{y € [0,1] | (z,5) € f[V]}.
Clearly m(z) < M(x), for all z € X, and m, M are l.s.c, u.s.c., respectively, since
fIY] is closed. Then (m, M) is a fancy pair of functions on X and DM = f[Y].

For (5) = (4), suppose that there are a closed, non-empty, subset X of 2N
and a fancy pair (m, M) of functions on X such that there is a homeomorphism
f:Y — DM Then f is the required injection.

It thus remains to establish (1) = (4). By [Kur68, §46, V, Theorem 3], there is
a continuous map fo : Y — 28 such that fo(x) = fo(2') if and only if 2,2’ belong
to the same connected component.

By [Car6§], any compact metrizable space with a closed partial order can be
embedded continuously and order-preservingly in [0, 1] with the product order.
Let h : Y — [0,1]N be such an embedding. Let f; : ¥ — [0,1] be defined by
fi(x) = d(0,h(x)), where d is the product metric on [0,1]N and 0 = (0,0,...).
Then f; is the composition of two continuous functions, so it is continuous, and its
restriction to each connected component of Y is injective, since d(0,z) < d(0,y)
whenever z is less than y in the product order on [0, 1]V.

Let f : Y — 2% x [0,1] be defined by f(z) = (fo(z), fi(z)). Then f is the
continuous embedding which we were seeking. O

Note that if < is the closed order on Y used for embedding Y into the Cantor
fence, the embedding f of (1) = (4) in the preceding proof also embeds < in <.

For later use, we say that an order relation on the fence Y is strongly compatible
if it satisfies (2)) of Theorem For example, < is a strongly compatible order on
the Cantor fence.

Remark 4.3. Condition () in Theorem 2 implies that the ternary relation T on a
smooth fence Y, defined by T'(z,y, ') if and only if z = y = 2’ or y belongs to the
arc with endpoints z, 2’, is closed. We do not know if requiring that this relation
is closed is equivalent or strictly weaker than the conditions in Theorem

4.1. Smooth fences and Fy. We turn to proving that smooth fences are exactly
the spaces which can be approximated by fine projective sequences in Fy. One
direction is Theorem 4] the other is Theorem

Theorem 4.4. Let (P,,¢I") be a fine projective sequence in Fy, with projective
limit P and let p : P — P/RF be the quotient map. Then P/RF is a smooth fence.
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The connected components of B/R¥ are the maximal chains of the order SP/RP.
They are the sets of the form p|B], where B is a mazimal chain in P; in particular,
if B has more than two elements, then p[B] is an arc.

Proof. The relation <¥/%" on P/RF is a closed order by Corollary B.13l

If ﬁP/RP y ;gP/RP x, pick u € p~!(z),v € p~(y) and let n € N be such
that ¢, (u) £ ¢n(v) £ @n(u). This implies that ¢, (u), ¢, (v) belong to distinct
maximal chains B, B, respectively, of P,. By Lemma B.I4, p[¢, *(B)], ple;,* (B)]
are clopen subsets of P/ RF separating = and ¥, so x,y belong to distinct connected
components of P/RF.

If 2 <P/ y, let u,v € P with u € p~(x),v € p~1(y),u < v. Since [u,]
is R-connected by Lemma B.10] from Lemma 2.7 it follows that p[[u, v]] is a con-
nected subset of P/ RF containing x,y. Therefore z,y belong to the same connected
component.

These two facts show that the connected components of P/RF are the maximal
chains of <F/E* or, equivalently, the sets of the form p[B], where B ranges over the
maximal chains of P. If in particular B has more than two points, then p[B] is not
a singleton by Lemma 3111

Thus it remains to show that the non-singleton connected components of P/ RF
are arcs. So let K be a non-singleton connected component of P/RF. By the
above, the restriction of </ R to K is a closed total order, so it is complete as an
order by [BC17, Lemma 15], and has a minimum and a maximum that are distinct.
Moreover, it is dense as K is connected, so it is a separable order as open intervals
are open subsets in the topology of K. Using [Ros82, Theorem 2.30], the restriction
of g“"/RP to K is an order of type 1 + A 4+ 1, where ) is the order type of R; as the
sets of the form {z € K | z <P/R zand {xr e K | z <P/R x} are open subsets of
K, this means that there is a continuous bijection K — [0, 1], which is therefore a
homeomorphism. O

The converse of Theorem [£.4] is proved in Theorem (.6, for which we need the
following lemma and definition.

Lemma 4.5. Let X be a zero-dimensional compact metrizable space and (m, M)
a fancy pair of functions on X. For each € > 0 and each clopen partition U of X
there is a clopen partition W refining U such that for all U € W there is xy € U
such that:

(4.1) m(xy) —min{m(z) |z € U} <, max{M(z) |z € U} — M(zy) <e.

Proof. By dealing with one element of U at a time, it is enough to show that given
a zero-dimensional compact metrizable space X, a fancy pair (m, M), and € > 0,
there is a clopen partition W = {W, ..., Wi} of X such that for all U € W there
is zy € U for which (@) holds.

For any clopen set U C X, let

my = min{m(x) | z € U}, My = max{M(z) |z € U}.

If there exists xx € X satisfying ([@I]), then we are done by letting k = 0, Wy = X.
Otherwise, let Uy = {z € X | M(x) < Mx — 5}. This is an open set, and since
there is no xx satisfying ([4.1]), it contains the closed, non-empty, set Cyp = {z €
X | m(z) < mx + 5}. By the zero-dimensionality of X and the compactness of Co,
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let V) be clopen such that Cy C Vy C Uy. Notice that

g
my, = mx, MV0<Mx—§.

If there exists xy, € Vp such that ([@I]) holds, then set Wy = V4. Otherwise repeat
the process within V4, to find a clopen set Vi with Cy C Vi C Vj and

3
my, = my, =mx, MV1<MV0_§<MX_5-

Thus this process must stop, yielding finally a clopen subset W; such that Cy C
Wy C Uy and there exists xy, € Wy for which (@) holds.

Now start the process over again within X’ = X \ Wy, which is non-empty by
case assumption. Since Cy C Wy C Uy, it follows that

g
mx+§<mx/, My = Mx.

If there exists xx/ € X' satisfying ([&1Il), we are done by letting k = 1,W; = X'.
Otherwise we eventually produce a clopen subset Wi of X’ containing C; = {x €
X" | m(z) < mx/ + 5}, contained in U; = {z € X' | M(z) < Mx, — 5}, and such
that there exists zyw, € Wi satisfying [@1l). Set X” = X \ (Wy U W;) and notice
that

€
mX+5<mX/+§<mX~, M~ = Mx.
Thus the process eventually stops, providing the desired partition W. O

Theorem 4.6. Let Y be a smooth fence with a strongly compatible order <. Then
there exists a fine projective sequence of structures (P, ¢n") from Fo approzimating
Y in such a way that, denoting by P the projective limit:
(a) the quotient map p: P — P/RF is irreducible;
(b) there is a homeomorphism g : P/RF — Y that is also an order isomorphism
between SP/RP and <;
(c) for each n € N, a,a’ € P,, it holds that a <P» o’ if and only if there are
z € nt([a]y, ), 2" € int([a'],), g(z) = g(a').

Proof. By Theorem and the remark following it, we can assume that Y = DM
for a closed, non-empty X C 2 and a fancy pair (m, M) of functions on X, such
that < coincides with the restriction of the order <. We can furthermore assume
that m(z) > 0, M(z) <1 for all z € X. Let d be the product metric on X x [0, 1].

We first define a homeomorphic copy Y’ = D%/ of Yin X x (0,1) and a sequence
(Un)nen of partitions of X such that for any n € N and U € U,,, there is zy € U
such that:

m/(zy) = min{m/(z) | x € U}, M'(zy) = max{M'(z) | z € U}.
This allows us to find a sequence of coverings of Y/ which in turn give rise to the
P,’s.

Let Uy = {X} be the trivial clopen partition of X and £y : X x [0,1] — X X
[0,1] be the identity. Suppose one has defined a clopen partition U,, of X and a
homeomorphism 3, : X x [0,1] — X x [0,1]. Let m™, M™ be such that DM, =
Bn]Y]. For any clopen set U C X, denote

n __ . n n __ n
my = minm (), My = r;lea%M (z).
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Let U, 11 refine U,,, have mesh less than +1’ and satisfy Lemma (.5l for 3,[Y] and
g = 1/ont1, For each U € U,,+1 fix zy given by Lemma L5 additionally we can ask
that if m™; # M™ ¢, then m™(zy) < M™(xy).

For any ¢ € N and any two increasing sequences of real numbers 0 < ag < -+ <
a1 <land 0 < by <+ - <bp_1 <1, let Pb [0,1] — [0, 1] be the piecewise linear
function mapping 0 — 0,1 — 1,a; — b; for each i< L

b
—0 if Yy S aq,
b —b b b
- S b it — b . ‘
Pé’(y): oa “y + dsas s ifa, <y<aj,i<l—1
Ai+1 — Qg A1 — A4
1—b be_1—ap1 .
ify > ap_1.
1—ap— 1—ap
Note that, for fixed ¢, this is a continuous function of the variables ag,...,a¢_1,9y.

If for each z € U, m"(z) = M"(z), then m";, = M™yy : U — [0,1] is a
continuous function, as it is both l.s.c. and u.s.c.. If follows that if we fix xy € U
and define ay : U x [0,1] = U x [0,1] as ay(z,y) = (x P (xU)(y)), then ay is

m"(x)
a homeomorphism. Notice that, in this case, oy sends §,[Y] N (U x [0,1]) onto
U x {m"(zy)}; in particular, if 5,[Y]N (U x [0,1]) = U x {m"(xy)}, then ay is
the identity.
If, on the other hand, xyy € U is such that m™(zy) < M™(zy), we define the

functions fu, gu, fi;, 91y : U — (0,1) as follows:

fulz) = {mg if v # zy

m™(xy) fz=uxy

gu(2) = min{m" (z), m" (zv)}

fo(a) = {M" ife# oy

M"(zy) fx=uzy
gy (z) = max{M"(z), M"(zy)}.
It is immediate by their definitions that fi,g;; are u.s.c., gu, f{; are ls.c., and
that:
myy < fo < gu <m"(zy) < M"(2v) < gy < fip < Mgy
By the Katétov—Tong insertion theorem there are hy, by : U — (0,1) continuous,
such that fy < hy < gy and g, < hy < ff.
We define oy : U x [0,1] — U x [0,1] to be:

MR
aU(x,y) = (33 PhUU(x);[L] (m)( ))
Then ay is a homeomorphism.

Define o, = |—|U€Mn+1 ay, 80 a, € Homeo(X x [0,1]). Finally let 8,411 = anfp
and m™ ™ M" ! be such that 3, 1[Y] = Di‘n/[:+1 . Notice that for any U € Uy, 41
(4.2) m" Hzy) =mp =mi and M (ay) = Mj = MR
Let (x,y), (z,y") € Bn[Y], and suppose that © € U € Up41, y < y'. Then m}, <

hy (x )§y<y < hy(x) < My so:

m MT , m M My —mp
Phulfwﬁgb(“?) (y ) - Phu%w),’[l]b(w) (y) - h’U(IE) _ hU(I) (y

/

—y) >y -y,
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that is, d((z,y), (z,v")) < d(av(z,y),av(z,y")). It follows that for (z,y), (z,y’) €
Y:

(4.3) d((z,y), (z,9)) < d(Bnt1(2,y), Brr1(2,y"))-

We prove that the sequence (3, )nen is Cauchy with respect to the supremum
metric dg,p. Indeed, for each n, dgp(id, o) < 1/27*' by the definition of the
points zy;. By right invariance of the supremum metric and the triangle inequality,
whenever n < m,

dsup(ﬂna Bm) - dsup(ﬂna Qpp—1**° anﬂn) = dsup(ida Qo —1° an)
< doup(id, @ —1) + - + daup(id, ) < Y V2t < 1am
1=n+1

It follows that for each e, there is n such that for each m > n, dsup(Bn, Bm) < €.

Since the space of continuous functions from X x [0, 1] in itself with the supremum
metric is complete, the sequence (8, )nen has a limit, which we denote by 8. Since
it is the limit of surjective functions, g is surjective. We prove that it is injective
on Y, that is, that its restriction to Y is a homeomorphism onto Y’ = S[Y].

Let (z,y), (¢',y’) € Y. If x # 2/, then B(x,y) # B(2',y') as 5 is the identity on
the first coordinate. So suppose x = 2’. Since ([&3]) holds for each n € N, we have
that d((z,y), (z,y')) < d(B(z,y), B(z,y’)), so B is injective on Y.

By #2) it follows that Y/ C X x [mx, Mx] C X x (0,1). Notice that z < 2’
if and only if B(z) < B(z'). Let m’, M’ be such that D%/ =Y'. As above, for
any clopen set U C X, denote my;, = mingey m/(z) and M{;, = max,cy M'(z).
For any n € N and U € Up41, m/(zy) = my; and M'(xy) = Mj{;. This is clear
if m";;, = M" ;. Otherwise, we have seen that m"*!(zy) = mpt!. Assume
that m”(zy) = my, for some r > n+ 1. Given any U’ € U, with U C U, by
([@2) it follows that m" (zy) < my, = my}', whence m"(zy) = mf; = mj;"" and,
in particular, ¥r > n + 1 we have m"(zy) = m" ™! (xy) = mj;, which allows to
conclude m/(xzy) = m™ ™ (zy) = m{;. Similarly, M'(zy) = M.

Let Ku = {(z0,) | mly <y < M} = ({av} x [0,1])) NY".

Let 1o = 0,21 = 1. Let © = {a?m/2n ’ n>1,1<m< 2”} be a countable dense
subset of (0,1)\ {my, My | U € U,,,n € N}, indexed in such a way that =, < z, if
and only if p < q.

For n > 0, let:

Ty = {[Tmjar, Tomt1ypan] | 0 <m <27 — 1}
Then define:
Co ={UXI|U€Uy,,IecT,}.
Notice that for each n:
(1) C, is a regular quasi-partition of X x [0, 1],
(2) VC € Cpqq ANC" €C, C CC.
The mesh of C,, tends to 0 as n grows, since O is dense and the mesh of U,, goes
to 0. Endow each C, with the discrete topology and give C, an Lg-structure by
letting
e C R (' if and only if C N C" # 0,
e C <% (' if and only if there are z € int(C), 2’ € int(C’) with < 2.
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Then C,, € Fy. Notice that C, C” are <¢»-comparable if and only if m; [C] = 7,[C"],
where 7 is the projection onto X.
For each n, define
P,={CeC,|CNY"#0}
and have it inherit the £g-structure of C,.

Claim 4.6.1. P, ={C €Cpn | CN Ky ) # 0}

Proof. If C' € C, is such that CNY” # 0, let (z,y) € CNY". Asm/(2,c)) = m;l[C]
and M’ (x.,1c)) = M;I[C], it follows that (zr,c],y) € CN K ()

If U € U,, the projections of endpoints of Ky on the second coordinate do not
belong to ©. This implies that if C MY’ # ), then actually int(C) N Ky, (o) # 0.

Claim 4.6.2. P, € Fy and C <P» C"if and only if there are z € int(C)NK,, (), 2’ €
int(C') N K, ¢, such that 2 < 2’

Proof of the claim. Let C,C’ € P,, they are < -comparable if and only if U =
m[C] = m[C"], so if and only if C N Ky # 0, C’' N Ky # 0, if and only if int(C) N
Ky # 0,int(C") N Ky # 0. In particular € <» ' if and only if there are
z € int(C)N Ky, 2’ € int(C') N Ky, with < a'.

So suppose C,C’ € P, and D € C, with C <®» D <% C’. Then K ipjND # 0,
so D € P,. Therefore P, is a <®»-convex substructure of C,, so P, € Fo. O

For each n € N and m > n, let ¢ : P, — P, be the inclusion map, that is
e (C) = D if and only if C C D. Notice that this is well defined as VC' € C,, 3D €
C, CCDand

CeP,=CnNY' #£#0=DNY' #£0= D€ P,.

n+1
n

Clearly ¢ = ¢ ol forn < m.

Claim 4.6.3. Each ¢]" is an epimorphism.

Proof of the claim. We prove that ¢ is Lr-preserving. Indeed, notice that C'N
C’ # ( implies that ¢ (C) N (C’) # 0, so C RP C” implies ¢ (C) RP» 7 (C").
Moreover, if x € int(C) N Ky then z € int(¢™(C)) N Ky, so C <Pn C' implies
e (C) <P om(C).

Let B € MC(P,) and let U € U,, be such that C N Ky # (§ for every C € B.
Let B’ € MC(P,,) be such that Ky C |JB’. Then ¢'[B’'] = B. We conclude by
Lemma 3.8 O

We have thus established that (P,,¢)") is a projective sequence. Let P denote
its projective limit.
Claim 4.6.4. The projective sequence (P, ") is fine.
Proof of the claim. Relation RF is reflexive and symmetric, since all R are.

To conclude use Lemma [2.5] the fact that the mesh of (P,,) goes to 0, and the
fact that elements of P, are R"»-related if and only if their distance is 0. O

Then P/RF is homeomorphic to Y’. Indeed, let f : P — Y’ be the continuous
map defined by letting f((Cy)nen) be the unique element of (), .y Crn. Notice
that f is well defined since the mesh of the P,’s goes to 0, and [,,cCr € Y’ as
C,NY’' # 0, for each n, and Y is closed. Moreover f is surjective, since each P, is
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a covering of Y. Also f((Cp)nen) = f((C},)nen) if and only if ), .y Cn = N,en Cn
if and only if C,, Rf» C/, for each n, if and only if (Cy,)nen RF (C!,)nen, so f induces
a homeomorphism ¢’ : P/RP — Y’. Then g = 8~ '¢' : P/RF — Y is the desired
homeomorphism.

Finally, we prove the statements (a), (b), and (c).

(a) To apply Lemma T3] it is enough to prove that for every n € N, D € P,
the set o, 1(D) contains a point whose RF-equivalence class is a singleton. Since
Q = Nmen Ucep, (int(C)NY’) is dense in Y, let z € QNint(D). Then for each m
there is exactly one C,,, € P, to which = belongs, so f~1(z) = {(Cyn)men} and the
point (Cy,)men is not RF-related to any other point; moreover (Cy,)men € ¢, (D).

(b) We prove that function g defined above is an isomorphism of the orders
<P/R" <

Let z,y € P/RR be distinct and such that <P/R° y. Let u € p~i(x),v €
p~'(y). Then w,v are distinct and u < v. Moreover (), oy en(u) = {g(z)},
Nhen ©n(v) = {g(y)}. By the definition of ¢, (u) <P ¢, (v) it follows that there ex-
ist wy, € int(p,(u)), 2z, € int(@,(v)) such that w, < z,. Since lim,_, . w, = g(z),
lim,, 00 2, = g(y), we conclude g(z) =< g(y).

If z,y € P/RR are <P/E"_jncomparable, and u € p~Yz),v € p~i(y) it fol-
lows that u,v are <P-incomparable. Consequently, there exists n € N such that
©n(u), n(v) are <Pr-incomparable, implying that g(z), g(y) are <-incomparable.

(c) This follows by point (b) and Claim O

As mentioned in the introduction, in [BK15] the Lelek fan is obtained as a quo-
tient of the projective Fraissé limit of a subclass of F. In particular, the Lelek fan
is approximable by a fine projective sequence from F. We therefore raise the fol-
lowing question, an answer to which would involve proving analogs of Theorems [4.4]
and for F.

Question 4.7. What is the class of spaces which are approximable by fine projec-
tive sequences from F7

4.2. Spaces of endpoints of smooth fences. Given a smooth fence Y and a
strongly compatible order < on Y, let £<(Y),4<(Y) be the space of <-minimal
points of Y and the space of <-maximal points of Y, respectively. By the definition
of a strongly compatible order, in these sets are contained all endpoints of Y

BE(Y) = £<(Y) Ut (Y).

Notice that z € £<(Y) NU<(Y) if and only if {x} is a connected component of Y.
When the order < is clear from context we suppress the mention of it in £<(Y)
and ﬂj (Y)

Remark 4.8. By Theorem 2] Y is homeomorphic to D} for some fancy pair
(m, M) of functions with domain a closed subset of 2. Tt follows that £<(Y), U< (Y)
are homeomorphic to the graphs of m, M, respectively.

In this subsection we establish some topological properties of spaces of endpoints
of smooth fences. In particular, we concentrate on the spaces £<(Y), U<(Y),
Lx(Y)NU<(Y). We therefore fix a smooth fence Y and a strongly compatible order
=. By Theorem L6 we can assume that Y = P/ RF for some fine projective sequence
(P, @) in Fy with projective limit P, and that < is <P/R" Letp:P — P/RF be
the quotient map.
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Lemma 4.9. A point u € P is <F-mazimal if and only if for each n € N there
exists m > n such that ¢ (max{a € Py, | om(u) < a}) = p,(u). Analogously,
u € P is <P-minimal if and only if for each n € N there exists m > n such that
ent (min{a € P, | a < om(u)}) = @nlu).

Proof. Suppose u is <F-maximal and fix n € N. For m > n, let b,, = max{a €
Pp | om(u) < a}. If for every m > n it holds that ¢ (by,) > @n(u), let vy, €
O (b)), um € ot (9m(u)) be such that u, < v,. A subsequence v,,, converges
to some v. It follows that v <F v, as u = limy, e U, and the order is closed, and
u #£ v as on(v;m) # en(u), for any m > n, a contradiction with the maximality of
u.

Conversely, let u € P be such that for each n € N there exists m > n such
that ¢ (max{a € Py, | om(u) < a}) = ¢,(u) and let v <F v. Fix n, with the
objective of showing ¢, (u) = ¢, (v). Let m > n satisfy the hypothesis; notice that
it implies that 7" [{a € Py, | om(v) < a}] = {¢n(w)}. From u < v it follows that
m(u) < om(v) 0 on(v) = @rlem(v) = @n(u).

The case of u <FP-minimal is symmetrical. O

Corollary 4.10. Given x € 4(Y) and any open neighborhood O of x in'Y, for m
big enough the following holds: if By, € MC(Py,) is such that x € ,cp [ale,.
then [max Bp,],,. € O. Consequently, lim,, ,[max Bp,],,. = {z}.

The same holds for x € £(Y'), upon changing max to min.

Proof. Let u = maxp~!(x) and n € N be such that [, (u)],, € O. By Lemma L9l
there is m > n such that ¢ (max B,,) = ¢n(u), for B, € MC(P,,) with ¢, (u) €
B,,,. This implies that for all m’ > m if B,,, € MC(P,,) is such that ¢,/ (u) €
B then ¢ (max B,) = @n(u). It follows that eventually [max By,],,, <

[en(w)]e, <O O

Corollary 4.11. For any connected component K CY and any open neighborhood
O of K inY, there are m € N, B € MC(P,,) such that K C J,cglal,,. € O.

Proof. Tt can be assumed that O # Y. Fix a compatible metric on Y and let ¢
be the distance between K and Y \ O. Let u = minp~}(K),v = maxp~}(K) and
n € N be such that the mesh of [P,],, is less than ¢, so that if a € P, is such that
[a]y, NK # 0, then [a],, € O. By Lemmadlthere are m’ > n and B’ € MC(P,,/)
with @, (1) € B' and ¢ (min B') = ¢, (u). By asecond application of LemmaZ3]
there are m > m/, B € MC(P,,) such that ¢,,(v) € B, ¢ (maxB) = @,/ (v), so
e (max B) = ¢, (v). Since ¢, (min B) > min B’, it follows that ¢! (min B) >
@™ (min B') = @, (u) by virtue of ¢ being an epimorphism. If a € B, then
on(W) < 91(a) < gu(v), 50 [P (@], VK 70, hence [al,, C [¢(@)]y, € O. T
follows that |J,czla],,. € O. O

Proposition 4.12. FEach point of £(Y) NU(Y") has a basis of neighborhoods in'Y
consisting of clopen sets. In particular, the space £(Y)NU(Y) is zero-dimensional.

Proof. Let © € £(Y) N U(Y) and O be an open neighborhood of z in Y. By
Corollary ETT] there exist n € N and B € MC(P,) such that z € |J,.gla],, € O.
By LemmaB.T4 |J,.zla],, is clopen in Y and so its trace in £(Y)NU(Y") is clopen
in £(Y) NUY). O

Since £(Y) and $(Y") are homeomorphic to graphs of semi-continuous functions
with a zero-dimensional domain, by [DvMI10, Remark 4.2] we have the following:
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Proposition 4.13. The spaces £(Y) and U(Y') are almost zero-dimensional.
Lemma 4.14. The spaces £(Y),(Y) are Polish.

Proof. Theset (YY) ={z €Y |Vy e Y,y < aV(x 2 yAy A =)} is the co-projection
of {(z,y) |y 2V (z AyAy ZA )}, which is the union of a closed set and an open
set of Y2, since < is closed. A union of a closed set and an open set is G5 and since
Y is compact, the co-projection of an open set is open. Finally, as co-projection
and intersection commute, the co-projection of a G5 is Gs. We conclude that $4(Y")
is a G subset of Y, thus is Polish.

Similarly for £(Y). O

Corollary 4.15. The spaces E(Y') and £(Y) N$U(Y') are Polish.

Remark 4.16. The spaces £(Y) \ U(Y) and LU(Y) \ £(Y) are strongly o-complete
spaces (that is, they are union of countably many closed and completely metrizable
subspaces), since they are F, subsets of a Polish space.

5. THE FRAISSE FENCE

We denote by F the projective Fraissé limit of F. Recall from Corollary [3.9]
that Fy is a projective Fraissé family, with the same projective Fraissé limit as F.
Therefore, we fix a fundamental sequence (Fy,,~") in Fo, with Fy consisting of a
single element.

Proposition 5.1. The sequence (F,,~) is fine and the quotient map p : F —
F/RF s irreducible.

Proof. Let a,b € F,, have R -distance 2. Say, without loss of generality, a Rf"
cRfrband a < ¢ < b. Consider P € Fy obtained by F}, by blowing ¢ up to two
points. More precisely, let ¢g, ¢; be two new elements, let P = (F,, \ {¢}) U{co,c1},
and define <¥ RF by extending the corresponding relations on F), \ {c} requiring
a <P cy<P e <P b,aRF cg R ¢y RP'b. Let ¢ : P — F), be defined by:

d ifdeF,,
p(d) = .
¢ ifde{cy,c1}.

Then ¢ is an epimorphism by Lemma 3.8 and by (F2) there exist m > n and an
epimorphism 6 : F,,, — P such that ¢ = ™. Let a’ € (y™)"1(a),b’ € (v™)~1(b),
then 6(a’) = a,0(b') = b. If there was ¢’ € F,, such that ' R ¢ RV, then 0(c)
should be R”-connected to a and b, but no such element exists in P. By Lemma[2.5]
(Fh, ™) is therefore fine.

To prove irreducibility of the quotient map, by Lemma [2.13] it suffices to show
that for each n € N and a € F,, there are m > n and b € F,, such that ¥ R b
implies 7 (¥’) = a. To this end fix n,a as above and define P = F,, U {ag, a1, a2}
with ag R a; Rag and ag < a1 < ag, so that {ag,a1,a2} € MC(P) and P € Fy.
Let ¢ : P — F,, be the identity restricted to F,, and ¢(a;) = a for 0 < i < 2. By
Lemma[3.g] ¢ is an epimorphism and by (F2) there exist m > n and an epimorphism
6 : F,,, — P such that o8 = y™. Let b € 6~ !(a1) and b’ Rb, then 0(V') € {ag,a1,az},
so v (b) = a. O
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5.1. A topological characterization of the Fraissé fence. The study of the
quotient F/RF is one of the main goals of this paper. By Theorem 4 F/RF is a
smooth fence. We call Fraissé fence any space homeomorphic to F/RF.

The following property of the Fraissé fence is of crucial importance for its char-
acterization.

Lemma 5.2. Let ¢ : F — P be an epimorphism onto some P € Fy. If a,a’ €
P with a < a, there is an arc component of F/RF whose endpoints belong to
int(Ja]y), int([a’],), respectively.

Proof. Let aq,...,aps € P be such that

a<ar <...<ap<da,
aRaiR...Ra;Rd .

Notice that £ =0 if a R d/, in particular when a = a'.
Let Q = PU{b,c,dy,...,ds b, '} € Fy, where

b<c<di <...<de<b <,
bRcRdAR...Rdy RV R(.

Let ¢ : Q@ — P be the epimorphism defined as the identity on P and by letting

Y(b) = Y(c) = a,
P(dy) = aq,
;ﬂ.('dz) = ay,

(') = () =d.
By (L3’) there is an epimorphism 0 : F — @ such that ¢ = ¥0. Let u,u’ € F with
O(u) = b,0(u) = ,u <. Given any v € F with v < u, if w R v, then 0(w) is
either b or ¢, so ¢(w) = a; similarly, for any v € F with v’ < ¢/, if w’ Rv’, then
p(w') = a’. So, by Lemma 214} p(v) € int([a],), p(v') € int([a’],). This implies
that the arc with endpoints p(u), p(u’) is contained in a connected component of
F/RF with endpoints in int([a],), int([a'],), respectively. O

Theorem [5.3] gives a topological characterization of the Fraissé fence.

Theorem 5.3. A smooth fence Y is a Fraissé fence if and only if for any two
open sets O,0" C'Y which meet a common connected component there is an arc
component of Y whose endpoints belong to O,0’, respectively.

The following lemmas are used in the proof of Theorem

Lemma 5.4. Let A,B,B’ be HLOs and let ¢ : B — A and ¢ : B — A be Lg-
preserving maps such that Y[B'] C ¢[B]. Let ag = (min B’),a; = ¥ (max B’) and
r = max{|¢~!(a)| | a € A}. If |9 (a)| > 7 for each a € ¢Y[B']\ {ao,a1}, then
there exists an Lg-preserving map 0 : B’ — B such that 00 = 1. Moreover:
(1) if Y[B'] = ¢[B] and |y~ (ao)l, [~ (a1)| > r, then 6 can be chosen to be
surjective;
(2) if Y[B'] = ¢[B] and |¢~(ao)| = |~ (a1)| = 1, then 6 can be chosen to be
surjective;
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(3) ifac A, be p t(a), b €p~1(a) and
min {|{c € B’ |¢(c) =a,c <V'},[{c€ B' | Y(c) =a,c>V}} >r—1,
then 0 can be chosen such that 8(b') = b.

Proof. For each a € ¥[B’]\ {ag,a1} let @ map ¥~1(a) to p~*(a) surjectively and
monotonically. If ¢[B’] = ¢[B] and |1y~ !(ao)|, | "*(a1)| > r, doing the same for
¥~ (ag),®¥"'(a1) provides a map onto B. Otherwise, map all of ¥y "!(ag) to the
maximal element of p~1(ag), and all of 1)~*(a;) to the minimal element of p~1(ay).
In the hypothesis of point (2]), this produces a surjective map on B.

As for point @), map {c€ B |¢¥(c) =a,c <V}, {c€ B |¢(c)=a,c>b}
monotonically onto {c€ B| ¢(c) =a,c <b}, {c€ B|p(c)=a,c>b}, respec-
tively, so in particular 8(b’) = b. O

Lemma 5.5. Let (P, ") be a fine projective sequence in Fy, with projective limit
P, and the quotient map p : P — P/RP be irreducible. Let J',...,J* be connected
components of P/RP. For eachn € N and 1 < i < ¢, let J. = ,[p~1(J)] and
Bi € MC(P,) be such that J. C Bi. For any n,r € N, if the endpoints of the
J"’s belong to U,ep, int([aly,), there is mo > n such that, for each m > mo and
1<i< i

(a) @p'[By] = Jy, , A

(b) if J* is an arc, then |Ji, N (™)1 (a)| > r for each a € JL..

Proof. We can suppose that the J%’s are distinct. Let Oy, ..., O, be pairwise disjoint
open neighborhoods of J', ..., J¢, respectively, such that O; C Uaei laly,, for
1 <4 < {. By Corollary [£11] there is m’ > n such that for 1 < i Snﬁ, one has
Uaesi lale,, € O, that is, @™ [Bi ] = Ji. Tt follows that for all m > m’ and

1 < i </, one has ™[B! ] = Ji. For 1 <i </ such that J? is an arc, and each
a € J¢, the set [a],, NJ* has more than one element; since the mesh of [Py, ],,, goes
to 0, there exists mg > m’ such that for all m > mq condition is satisfied. [

Proof of Theorem 5.3l For the forward implication, it suffices to prove the conclu-
sion for F/RF. Let O,0" C F/RF be open sets which meet a common connected
component K. Let n € N,a,a’ € F,, be such that

la],,. €O, [d'],, €O, int([a],,)NK #0 #int([a'],,) N K.

It follows that a, a’ are <'"-comparable, so by Lemma 5.2 there is an arc component
J of F/RF whose endpoints belong to int([a]., ), int([a']~, ), respectively, and so to
0, O’, respectively.

Conversely, assume that for any open sets 0,0’ C Y meeting a common con-
nected component there is an arc component of Y whose endpoints belong to O, O’,
respectively. Let (P, ¢") be the projective sequence defined as in the proof of The-
orem [£.6] and let Y be its projective limit.

It is then enough to prove that Y is a projective Fraissé limit of Fy. To this
end, by Proposition 2.3l we must prove that given P € Fy and an epimorphism
¢ : P = P,, there are m > n and an epimorphism % : P,,, = P such that oy = ¢]*.
Let r = max{|p~*(C)| | C € P,} and B',..., B’ be an enumeration of MC(P).

From min B <¥ max B’ it follows that ¢(min BY) < ((max B?), for 1 <
i < £. There is a connected component of Y which meets the interior of both
[o(min BY)],,, , [¢(max B%)].,, , so by hypothesis there is an arc component J* of Y
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whose endpoints belong to int[e(min B?)],, , int[¢(max BY)],, , respectively. No-
tice that if j # 4 is such that p[BJ] = ¢[B’], one can find a connected com-
ponent J7 disjoint from J?, by applying the hypothesis to a couple of open sets
O C [¢(min BY)],,,0" C [p(max B%)],, which intersect J* but avoid its end-
points.

By Lemma [5.5 there is mq > n such that for all m > myq there are A, ... A’ ¢
MC(P,,) distinct such that, for 1 < i < ¢, one has ¢m[A!] = ¢[B] and |A* N
(™) ~YU)| > r for each U € ¢[BY].

On the other hand, since ¢ is an epimorphism, for m big enough it holds that
for all A € MC(P,,) there is B4 € MC(P) such that ¢"[A] C ¢[B4] and, for every
U € ¢™[A], one has |(¢m™) "1 (U)N A| > r.

So fix such an m, greater or equal to mg. We construct an epimorphism 1 :
P, — P such that oy = 7", by defining its restriction on each A € MC(P,,). For
1 < i < ¢, we use Lemma [5.4] to construct an £ p-preserving function v; from A’
onto B such that pt; = ™} 4i. Then, for each A € MC(P,,,)\{A? | 1 <i < [}, we
again use Lemma [5.4] to find an £ z-preserving function ¢4 from A to B4 such that
901/),4 = QOZLFA' Thenv deﬁﬂing ¢ = Ule 1/11 U UAEMC(Pm)\{AiHS’iSZ} Q/JA, it follows
that ¢ = @™ and, by Lemma [B8 ¢ is an epimorphism. ([l

5.2. Homogeneity properties of the Fraissé fence. In this section we study
some homogeneity properties of the Fraissé fence, describing in particular its
orbits under homeomorphisms. We denote by Homeo<(F/RF) the subgroup of

Homeo(F/RF) of homeomorphisms which preserve <F/ R

Theorem 5.6. Let J', ..., J¢ I', ... I¢ be two tuples of distinct connected com-
ponents of F/RF. Suppose that J',... J* I' ... I* are arcs and JF+1 ... J*,
Ik IY are singletons, for some k with 0 < k < (. For1 < i <k, let x* €
Ji,yt € I' be points which are not endpoints. Then there is h € Homeo<(F/RF)
such that h[JY] = I', for 1 <i <{, and h(z?) =y for 1 <i<k.

We obtain Theorem 5.6 by proving in Lemma 5.8 a strengthening of the converse
of Proposition 23] for (F,,~/"") and using it in a back-and-forth argument which
yields the desired homeomorphism.

Lemma 5.7. Let (P, @) be a fine projective sequence in Fo, with projective limit
P, and the quotient map p : P — P/RY be irreducible. Let x € P/RF be such
that p~1(x) is a singleton which is neither <F-minimal nor <F-mazximal. For each
n €N, let {z,} = ou[p~!(x)]. For any n,r € N, there is mo > n such that for all
m > mo,

min{[{b € Py, | b < &, o' (b) =z}, {6 € P | b > T, 0 (b) = 20 }|} > 1

Proof. Since p~!(x) is neither <F-minimal nor <F-maximal, there is ng > n such
that x,,, is neither <Pro-minimal nor <Fro-maximal. Let a, a’ be the R0 -neighbors
of zp, different from x,,. By Lemma 24l it follows that = € int([zn,[s,, ), so @
has positive distance from [a],, and [a],, . By LemmaZ8(2), there is mo > no
for which the thesis holds. O

Lemma 5.8. Let J',...,J" be distinct connected components of F/RF | such that
JY ..., J* are arcs and JFTY, ... J¢ are singletons, where 0 < k < (. Assume
that p~t(z) is a singleton, for any x endpoint of some J'. For 1 < i < k, let
2t € J¥ be a point which is not an endpoint, such that p~*(x%) is a singleton. For
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eachn € N, call J = v,[p~1(JY)], and {25} = vu[p~1(2%)]. Let P € Fy, and
p: P — F, an epimorphism. For 1 <1i < ¢, let I'" C P be R-connected and such
that p[I'] = Ji; assume moreover that if J* is a singleton, then I' is a singleton as
well. For1 <i <k, lety® € o= (). Then there exist m > n and an epimorphism
Y F,, = P such that:

o Y[Ji] =1 for1<i<{;

o Y(xl) =1y for 1 <i<k; and

° pP ="

Proof. Let r = max{|p~(a)| | @ € F,}. For 1 <i < {¢and m € N, let B}, €
MC(F,,) be such that Ji, C B! . Let P’ € Fy be the structure obtained as the
disjoint union of £ 4+ 1 copies of P and « : P’ — P be the epimorphism whose
restriction to each copy of P is the identity. By (F2) there are m’ > n and an
epimorphism v’ : F,,» — P’ such that pat)’ = *yg"/. By Lemma [2.T4] the endpoints
of J* belong to UaeF,,,L/ int([a],, ,), for 1 <1i < ¢, so we can apply Lemma to
find mo > m/ such that for all m > mg and 1 < i < £ we obtain that v [B¢,] = J?,
and, if J? is an arc, |(y™) " (a) N J%| > r for each a € J.. For 1 < i < k, p~!(a?)
is a singleton and is neither <F-minimal nor <F-maximal, so by Lemma [5.7 there
is m1 > mg such that for all m > m; and 1 < <k,

(5.1)

min{[{b € F, | b < 2}, 7' (b) =zl }|, [{b € Fuu | b> al,, i (b) = 2l }[} > .

Fix such an m > m;. We use Lemma [5.4] to define, for 1 <7 < ¢, an epimorphism
¥; © Bl — I" such that ;[J] = I', pp; = Yn't Bi » and such that, moreover,
Yi(xl ) =y when 1 <i < k. Let ¢ : F,,, — P be defined by

_ [ ayym) it b¢ U, B,
Vo) _{ ) it be Bl

Then oy =~ and ® is an epimorphism. Indeed, v is Lr-preserving by construc-
tion and for each B € MC(P) there is C' € MC(F,,) such that ¢/~ [C] equals one
of the copies of B in P’, as there are more copies of B in P’ than maximal chains
of F,, on which ¢ differs from ay’'~)",. (]

The connected components of Theorem might not satisfy the hypotheses of
Lemma 5.8 since some of the endpoints may be non-singleton RF-classes, so we
cannot apply Lemma [5.8 directly. Therefore we first need Lemma

Lemma 5.9. Let ~C RF be an equivalence relation on F which is the equality but
on finitely many points. Then F/~ with the induced Lg-structure is isomorphic to
F.

Proof. Let ¢ be the number of ~-equivalence classes of cardinality greater than
1, that is, by Lemma [B.I1] of cardinality 2. Denote these equivalence classes by
{x1,21}, ..., {z¢, }}. To prove that F/~ is isomorphic to F we show that F/~ sat-
isfies properties (L1), (L2) and (L3’). Inductively, it is enough to prove the assertion
for £ =1. Notice also that the quotient map ¢ : F — F/~ is an epimorphism.

Property (L1) follows from (L3’) by considering, for any P € Fy, epimorphisms
from F/~ and P to a structure in Fy with one point.

To check that (L3’) holds, fix P,Q € Fy and epimorphisms v : F/ — P, :
@ — P with the objective of finding an epimorphism 6 : F/~ — @ such that
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ol = 1. Let Q' € Fy be the structure obtained from @ by substituting each a € Q
with a chain {ag, a1} of length 2. In other words:

o Q@ ={ag,a1 |a€Q}

e R? is the smallest reflexive and symmetric relation such that
— ap R9 a; for every a € @,
— a; R? a), whenever a R ¢/, with a <@ o/;

o q;, <V a; if and only if either a = a/,i < j, or a < d'.

Let x : @ — Q be the epimorphism a; — a. By (L3') for F there exists § : F — @’
such that px8’ =1q. Let C = 0'[{z1,2}}]. Let X' : @ — Q be defined as

, a ifa; ¢ C,
X' (ai) = :
x(maxC) ifa; €C.

Then x' is an epimorphism using Lemmal[3.8] which is applicable as Va € Q' x'(ag) =
a. Define 0(y) = x'0'(z) for any = € ¢~ 1(y). This is well defined as x'0'(z1) =
X'0'(x}), and is the required epimorphism: continuity holds since for each a € Q,
the set (x'0')"!(a) is a clopen ~-invariant subset of F, so ¢[(x'¢')"!(a)] = 07 *(a)
is clopen in F/~.

For (L2) let {Vi,...,V,} be a clopen partition of F/~. Consider the induced
clopen partition {¢g=*(V1),...,q " 1(V;)} of F. By (L2) for F, there exist P’ € Fy
and an epimorphism ¢’ : F — P’ which refines the partition. Let P € Fy be the
quotient of P’ which identifies a,d’ if and only if a = o’ or a,a’ € ¢'[{z1,2}].
Then the quotient map v : P/ — P is an epimorphism, so ¢(y) = ¢’(x) for any
x € ¢~ 1(y) is a well defined epimorphism. Since ¥’ refines {¢=1(V1),...,¢ *(V,)},
it follows that ¢ refines {V4,...,V,.}. O

Proof of Theorem 5.0l By Lemma [5.9 up to considering an isomorphic structure,
we can assume that the preimages of the endpoints of all the J%’s and I*’s under
the quotient map p : F — F/RF are singletons, as well as the preimages of the z’s
and y’s.

For 1 < i < ¢, let J = p 1(J), I, = p~}(I%); for 1 < i < k, let {zi } =
p (2, {yt.} = p~H(y"). Foreachn € N, for 1 < i < ¢, let J& = ~,[JL], IL =
YulIi]; for 1 < i <k, let i = v, (2%,),¥5 = Y (v ). When J* (equivalently, I?) is
a singleton, then J!, I are singletons for every n € N.

Let ng = mo = 0 and g : Fy,, — F,, be the identity. As F{ consists of a
single point, all the hypotheses of Lemma [5.8 are satisfied where n, P, I, 3%, o of
the lemma are 0, Fy, I}, yl, o, respectively. Suppose that nj,m;,¢; : Fn; — Fp,
have been defined and are such that ¢;[I}, | = J;, for 1 <i < /¢, and @;(y,,,) = 73,
for 1 <7 < k. By Lemma[5.8 there exist njy1 > njand ¥, 1 Fy,, — Fp,, such that
i) = it P [T, ) =10, for 1< < £, and (2}, ) = Yy, for 1 <i < k.
Now Fy,,, Fy,,, and 1; satisfy the hypotheses of Lemma [5.8 with the roles of the

I’'s and J’s reversed, so there exist mji1 > mj; and ;11 1 Fyyy,, — Fp,,, such
that ;501 =vm) ", @il ] = Jn,,, for 1 <i <6 and @1 (Y., ) = 20,

for 1 <i<k.

Let ¢,¢ : F — F be the unique epimorphisms such that for each j € N, 7,0 =
©iYm; and Y, = VYj¥n;,,. Then @i and 1pp are the identity, so o, € Aut(F).
As for each j € N, v Y[J5] = iy, [J&] = 505, ] = I, for 1 < < £, it
follows that [J. ] = I ; from 'ymjw(xf)o) = wj'ynj+1(xf)o) = 1/);'(55%].“) = yﬁnj, it
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follows that ¢(zl)) =y’ , for 1 < i < k. Let h : F/RF — F/RF be defined by
h(z) = py(u) for any u € p~!(x). Then h € Homeo<(F/RF) and h[J!] = I, for
1<i</t and h(z') =y’ for 1 <i < k. O

To lighten notation, let £ = £_z ¢ (F/RF), U =U_; o (F/RF).
Lemma 5.10. There is h € Homeo(F/RF) which switches 4l and £.

Proof. For any Lg-structure A, let A* be the Lg-structure with the same support
as A, with RY" = R and u <4 /' if and only if v/ <4 u. Then (A*)* = A
and a function ¢ : B — A is an epimorphism from B to A if and only if it is an
epimorphism from B* to A*. Now, if A € Fy, then A* € Fy, so it is straightforward
to check that (L1), (L2), (L3) hold for F*. It follows that F* is the projective Fraissé
limit of Fy and thus that it is isomorphic to IF, via an isomorphism « : F — F*. Let
h:F/RF — F/RF be defined by letting h(z) = pa(u) for any u € p~1(x). Then h
is the required homeomorphism. |

Corollary 5.11. The Fraissé fence is 1/3-homogeneous. The orbits of the action
of Homeo(F/RY) on F/RF are £N4, LA and F/RF \ (LULY).

Proof. The above subspaces are clearly invariant under homeomorphisms. We con-
clude by Theorem and Lemma .10 O

The Fraissé fence also enjoys a different kind of homogeneity property, namely
that of h-homogeneity.

Proposition 5.12. The Fraissé fence is h-homogeneous.

Proof. Fix a nonempty clopen subset U of F/RF. By Lemma 315 there is ng € N
such that for all n > no, there is S, € MC(F,) for which U = {J,¢j 5, [a]-, - Let
Qn = USn. We prove that (Qn,7,'1q,, Jn>n, is a fundamental sequence in Fo,
thus showing that p~!(U), with the Lg-structure inherited from F, is isomorphic
to IF, which yields the result.

Let n >ng, P€ Fopand ¢ : P = Q,. Let PP =PU (F,\ @) and ¢’ : P = F,
be ¢ on P and the identity on F}, \ Q,. Since Q,, is RF»-invariant in F,, and ¢
is an epimorphism, so is ¢’, by Lemma B.8 By (F2) there are m > n and an
epimorphism v’ : F,,, — P’ such that 'y’ = ™. We see that (v™)"1(Q,) = Qum.
Indeed, ’777_11(Qm) = 77?1(@71) = p_l(U)v $0 Qm C (%T)_l(Qn) < Wm[’ygl(Qn)] =
Y [p™H(U)] = Q. Therefore (¢')~H(P) = Qun, so ¥ = Vg, + Qm — P is an
epimorphism such that ¢ =" . We conclude by Proposition O

5.3. A strong universality property of the Fraissé fence. Theorem [£.2]shows
that any smooth fence embeds in the Cantor fence. We show a stronger universality
property for the Fraissé fence, namely that any smooth fence embeds in the Fraissé
fence via a map which preserves endpoints.

Theorem 5.13. For any smooth fence Y there is an embedding f : Y — F/RF
such that f[E(Y)] C E(F/RF). Moreover, fizing a strongly compatible order < on
Y, the embedding f can be constructed so that f[£(Y)] C £, fI{(Y)] C 4.

Proof. By Theorem there is a projective sequence (P, ®!"), with projective
limit P such that P/RF is homeomorphic to Y, via h : P/RF — Y’; moreover, h is
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an isomorphism between <"/ R and <. Therefore it is enough to prove the assertion
for (P/RP,<P/E").

Let g : P — P/RP be the quotient map. We procede by induction to define a
topological Lg-structure P’ C F isomorphic to P. Let ag € Fy, P) = {ao} C Fp,
and 6y : Py — P} be the unique epimorphism.

Suppose one has defined i, j, € N, P/ C F; _; assume also that, with the induced
structure, P}, € Fy and there is an epimorphism 6, : P;, — P). Let F), = F; UP;,
and 0], : F} — F; be theidentity on F;_ and 6, on P; . By (F2) there are ip,41 > i,
and an epimorphism ¢, : F;, ,, — F}, such that 7;"** = 6,4,,. Then ¢;'(P;,) is an
R¥in+1 invariant subset of F;,,,, that is, the union of a subset of MC(F; . ). Let
P,y C 4, Y(P;,) be in Fy, with respect to the induced £ g-structure, and minimal,
under inclusion, with the property that ¢, P, is an epimorphism onto P;_ . This
means that there is a bijection g : MC(P;,) — MC(P}, ) such that ¢, [g(A)] = A
and |~ ! (min A) N g(A4)| = |~ ! (max A) N g(A)| = 1, for any A € MC(P;,). Let
r = max{|¢,, (a) N g(A)| |a € A, A € MC(P;,)}.

Since the sequence (P, ¢!") is fine, by Lemma [Z0] there is j,4+1 > jn such that
foralla,b € Pj, withdpe,, (a,b) =2, andalla’ € (¢]"**) " (a),b" € (¢7") 71 (b), it
holds that d_r,  (a’,b') > r+1; this means that if B is an R77n+1-connected chain

R In+1
in P, ,, and ¢ € ¢’ [B]\ {min ¢/"*' [B], max ¢’"+' [B]}, then |(¢7"+) = (c)n B| >
r. We find an epimorphism 6,41 : P;,,, — P, by defining it on each maximal
chain. Fix B € MC(P;,,,). Let A € MC(P;,) be such that @?Z“[B] C A and
B’ C g(A) be the minimal subset such that i, [B'] = @?Z“ [B]. Then B, @?Z“ [B]
and B’ satisfy the hypothesis of Lemma [(.4I[2]), so there is an epimorphism 6p :

B — B’ such that 9,0 = w?:“ vg Let 0,41 = UBeMC(PjnH) Op. Then 0,1 is

an epimorphism by Lemma for each A € MC(P;,), there is B € MC(F;, ,,)

with @?Z“[B] = A, s0 0,41[B] C g(A), and by minimality of g(A) it follows that

On+1[B] = g(A). Note that Z/anpft+19n+1 = @?Z“-

. Gn41 . DI
The functions ;"""\ Py P

41 — P}, are epimorphisms, so P = {u € F | Vn €
N ;. (u) € P!}, with the induced Lpg-structure is the limit of the projective se-
i FP’I{L+10TL+1 = annppyll+19n+1 = gn@;:Jrl, let 6 :

P — P’ be the unique epimorphism such that for each n € N, v;, 1p/0 = 05195, , -

. Jn+1 _ _ in42
Similarly, as Pin ¢n+1rp;t+2 = wnFPT’LJrlen-ﬁ—l'(/)n-i-l PP, T wnrp;#l%nﬂ VP! oo let

¢ : P — P be the unique epimorphism such that for each n € N, ¢; ¢ =
wnppéyﬂ'yinﬂ rpr- Then 01 and ¥ are the identity, so 0,1 are isomorphisms. Let
f:P/RP — F/RF be defined by letting f(z) = pf(w) for any w € ¢~ (). Then f
is an embedding.

We show that <F-maximal (respectively, <F-minimal) points of P’ are <F-maxi-
mal (respectively, <F-minimal) in IF, thus concluding the proof. To this end, let
u € P’ be <F-maximal in P’ and fix n € N. Let a,, = max{a € P, | vi,, (v) < a};
by Lemma 9] there is m > n such that %Z;” (am) = 7, (u). By minimality of
P!, it follows that 1,1 (am) is <Fm-1_maximal, so for any a € F;  with a,, < a,
we have ¥,,_1(a) = Ym—1(am), so ’yf::_l(a) = ’yf::_l(am). It holds therefore that
vf:‘(a) = 71’;" (am) = i, (u). By Lemma [£9] it follows that u is <F-maximal in F.
The case for <F-minimal points is analogous. ([l

quence (P,’l,'yf:”‘ tpr ). Since 'y;:
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Property (L1) for F gives us another universality result for F/RF  namely pro-
jective universality.

Proposition 5.14. For any smooth fence Y with a strongly compatible order =,
there is a continuous surjection f:F/RF —Y such that f X f[gF/RF] ==.

Proof. By Theorem we can assume that ¥ = P/RP for some fine projective
sequence (P,, ™) in Fy with projective limit P, and that < is SP/RP. Denote by p :
F — F/RF and g : P — P/RP | the respective quotients maps. By [IS06], Proposition
2.6], there is an epimorphism ¢ : F — P. By [IS06, Lemma 4.5(i)] there is a
continuous surjection f : F/RF — P/RF such that fp = qp. It follows from the
fact that o is an epimorphism that f x f[gF/RF} ==. O

Remark 5.15. Property (L3) together with a strengthening of property (1.2), give
us approzimate projective homogeneity of the Fraissé fence with respect to smooth
fences. Namely, for every smooth fence Y with a strongly compatible order <, any
two continuous surjections fo, f1 : F/RF — Y such that f; x fi[gm/R[F] ==, and
any open cover V of Y, there is h € Homeo<(F/RF) such that foh and fi are
V-close—that is, for each € F/RF there is V € V such that foh(z), fi(z) € V.
This was proved by the first author in his thesis; see [Bas20l, Corollary 4.5.2].

5.4. Spaces of endpoints of the Fraissé fence. By Lemma 510, £ and U are
homeomorphic. It also follows from that lemma that {1\ £, £\ { are homeomorphic.
We therefore state the results in this section solely in terms of 4, £ N4, and &\ £,
the latter of which we denote by 9. In Theorem below we see that £ N4l is
homeomorphic to the Baire space N,

Corollary 5.16. 9t and £N LU are n-homogeneous for every n > 1.
Proof. From Theorem O
Proposition 5.17. 9 is one-dimensional.

Proof. As 9 is a subset of a one-dimensional space, its dimension is at most one.
We now show that it is at least one. Let x € 91 and J be the arc component of
F/RF to which it belongs. Let O be an open neighborhood of z in F/RF such that
J € cl(O). Let ng be such that there are By € MC(F,,) and ag € By with

7€ Ul [maxBol,, SO, [aol,, CF/E \c(0),
a€Byg
which exists by Corollary .10l Let aj € By be the minimum such that |, o la]..,
C O. Notice that ap < a).

Suppose one has defined n; € N, B; € MC(F,,,), a;,a; € B;, with a; < a}. By
Lemma there exists an arc component J; of F'/RF whose endpoints belong to
int([a;],, ), int([a;],,, ), respectively. By Corollary there are n;y1 > n; and
Bit1 € MC(F,,,,) such that

nc U labh..,, € U lal.,
a€Bit1 a€B;
[[max BiJrlﬂ“/niJrl c [[a/ﬂ]"/ni'

Choose a; 1 € B;11 such that [[aiJrl]},Yni+1 C [[ai]}%i and let a;; € B;;1 be the min-

imum such that J [a]., o © O, so in particular a;41 < aj, ;. Since the mesh
+1 i

a>al,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4532 GIANLUCA BASSO AND RICCARDO CAMERLO

of ([Fn]~, )nen goes to 0, we can furthermore choose n;11 so that [[a;+lﬂ%i+1 ¢
[ail.., so that in particular aj,, # max B .

Let K = ;enyUaeg, laly., = limisoc U,ep,[al,.,- By Corollary 210 K is
connected, call y its maximum. We prove that

yeM and yeclyp(ONM)\O,

which concludes the proof.
Since U,ep,[aly., N [aol,, # @ for each 4, it follows that K N [aol,, # 0,

so y € £. Suppose there exists y' € F/RF y <F/R" o/ Let U be an open set
containing K while avoiding y’. There thus is i € N such that (U, p [a],., € U.
For each o' € F,, with y' € [a'],, , it follows that o’ ¢ B; as [d'],, ¢ U. But
Y §P/RP y' implies a < a’ for some a € B;, a contradiction. So y € M.

Since [a;],, C O and maxJ; € int ([[ag]}%i) for each i € N, it follows that y €
clop (O NMN). Suppose that y € O. Since y has positive distance from K\ O, there
exists ¢ € N such that y ¢ U{[al,, |a € Bi,a < a}}, as a; is the minimum element
of B; such that Ua>a; [[a]]%i C O, and the diameter of the [[a'i]]%i goes to 0. It
follows that y & U,ep,,, [aly.,,, 8 Usep,,, [aly.,,, € U{laly., | a € Bia < ai},
so y € K, a contradiction. |

Corollary 5.18. {l is 1/2-homogeneous. In particular, the orbits of the action of
Homeo(4l) on U are £N YU and M.

Proof. By Theorem .0l for any z,2’ € M, y,y' € £ N4 distinct, there is h €
Homeo< (F/RF) such that h(z) = a’, h(y) = y'. Since h}y € Homeo(4), it follows
that there are at most 2 orbits of the action of Homeo(4l) on ${. Therefore it suffices
to show that 4 is not homogeneous. By Lemma [T14] the space i is Polish, by
Proposition4.12]it is not cohesive and by Proposition [B.I7lit is not zero-dimensional.
By [Dij06, Proposition 2], a Polish, non-cohesive, non-zero-dimensional space is not
homogeneous. O

Proposition 5.19. 9 and £N U are dense in F/RF .

Proof. Tt is easy too see that 9 is dense in F/RF by Theorem 5.3l

To see that £ N4l is dense, let O be a nonempty open subset of F/RF and let
ng € N, ap € F,, be such that [[ao]]%o C 0. We define a sequence (a;)ien by
induction. Suppose that n; and a; € F,, are defined and let P; = F,,, U {b} and
@i : P; = F,, be the identity on F,,, and ¢;(b) = a;. By (L3’) there are n;y; > n;
and an epimorphism ¢; : F,,,, — P; such that ¢;1); = vn;"'. By Lemma B
there exists B; € MC(F,,,,) such that ¢;[B;] = {b}, so vn."'[B;] = {a;}. Choose
a1 € By, 50 Yot (aiv1) = a;.

Let u € F be such that 7,,(u) = a; for each ¢ € N. For each i € N, we
have that vy, ,(u) € B; and v, "' (max B;) = vy, "' (min B;) = a; = yp,(u). By
Lemma 9 v is both <F-minimal and <F-maximal. It follows that p(u) € £ N 4L
Since vn, (u) = ag, we have p(u) € [ac],,, € O. O

Proposition 5.20. 91, 4 have the property that each nonempty open set contains

a nonempty clopen subset. In particular they are not cohesive.

Proof. The result for i follows from Propositions [5.19] and
Let O be an open subset of F/RF such that O N9 # ). Up to taking a subset

. g .
we can assume O is <F/% _convex. By Theorem [5.3 there exists an arc component
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J of F/RF whose endpoints both belong to O, so by SF/RF—conveXity, J CO. By
Corollary BTl there exist n € N and B € MC(F,) such that J C J,.gla],, € O.

Since ,cglaly, is clopen in F/RF by Lemma 314l it follows that | J,. g[a],, NN
is clopen in 91, and it is nonempty as it contains max J. O

Finally we look at E(F/RF) = £ UL

Proposition 5.21. The spaces E(F/RF) and £ A U are not totally separated. In
fact, in £ AL the quasi-component of each point has cardinality 2.

Proof. Let x € £ Al say x € M and let z be the least element of the connected
component J of z in F/RF. Let U be a clopen neighborhood of x in £ A4, and let
O be open in F/RF such that U = O N (£ A ).

If J ¢ cl(O), from the proof of Proposition E.I7it follows that there exists some
y € clog (ONIM) \ O, so

@#Clm(Oﬂfﬁt)\OgclgAu(Oﬂm)\O
C clean(ON(LAL)\ (ON(LAY)) =0eauU),

contradicting the fact that U is clopen in £ A 4L

If J C cl(O) but z ¢ O, given any open neighborhood V of z in F/RF, by
Theorem [£.3] there is some w € MNO NV, sow € UNV. This implies that
z € cleay(U) \ U, contradicting again the fact that U is clopen in £ A 4.

Therefore the intersection of all clopen neighborhoods of x in £ A4l also contains
2. On the other hand any two points belonging to distinct components of F/RF
can obviously be separated by clopen sets, so the quasi-component of z in £ Al is
{z, z}. O

Since almost zero-dimensional, T; spaces are totally separated, it follows that
the spaces £ A 4 and E(F/RF) are not almost zero-dimensional. This should be
contrasted with Proposition

We sum up what we know about the spaces of endpoints of the Fraissé fence.

Theorem 5.22.

(i) £ is homeomorphic to the Baire space NY.
(ii) E(F/RF) is Polish and not totally separated.
(iii) 4 4s 1/2-homogeneous, Polish, almost zero-dimensional, one-dimensional
and not cohesive.
(iv) M is homogeneous, strongly o-complete, almost zero-dimensional, one-
dimensional and not cohesive.

Proof.

(i) By Corollary[ZI8land Proposition[d.12] £nilis Polish and zero-dimensional.
By [Kec95 Theorem 7.7] it is enough to show that every compact subset
of £ N4 has empty interior. So let K be such set, and suppose toward
contradiction that there is an open subset O of il such that ) # ONLNU =
ON g C K. Recall that, by Proposition E.I9] £ N4l is dense and codense
in Y. Then O\ (£NU) = O\ K is open in . Therefore, by denseness of
£ N4l it follows that O\ (£ N i) = (), contradicting codenseness.

(if) This holds by Lemma T4 and Proposition (211

(iii) This holds by Corollary B.I8 Lemma 14l and Propositions 113 BEI7]
and
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(iv) This holds by Corollary B.16] Remark and Propositions 113 517
and 5200 O

A space with the properties listed in was first exhibited in [Dij06] as a
counterexample to a question by Dijkstra and van Mill. We do not know however
whether the two spaces are homeomorphic.

Question 5.23. Is M homeomorphic to the space in [Dij06]?
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