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Talk Abstract

Edge elements are a popular method to solve
Maxwell's equations especially in time-harmonic do-
main. When non-affine elements are considered however,
elements of the Nedelec’s first family are not providing
an optimal rate of the convergence of the numerical solu-
tion toward the solution of the exact problemAf{( curl)-
norm. We propose new finite element spaces for pyra-
mids, prisms, and hexahedra in order to recover the op-
timal convergence. In the particular case of pyramids, a
comparison with other existing elements found in the lit-
erature is performed. Numerical results show the good
behaviour of these new finite elements.

Introduction

We are interested in the resolution of time-harmonic
Maxwell's equations
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wheres, u may be heterogeneous. Many numerical meth-
ods have been developed to solve this equation. Using
nodal finite elements is possible by considering either a
weighted regularization [4] or a Discontinous Galerkin
formulation [12]. A more natural choice consists of using
edge elements, and considering the following variational
formulation:
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We restrict ourselves to the study of elements of Ned-
elec’s first family since optimal convergence of the con-
vergence of the numerical solution toward the solution of
the exact problem is sought i (curl)-norm. These el-
ements are well-known in the case of tetrahedra, prisms,
and hexahedra (see for example [8]).

However, these elements are not providing an optimal

convergence when non-affine hexahedra and prisms are

considered, that is to say when the transformation from

and in 3-D in [5] for first-order hexahedra. We propose
here optimal finite element spaces in 3-D for hexahedra,
prisms and pyramids at any order of approximation.

For pyramidal elements, we compare the spaces found
with edge elements proposed in the literature, e.g. [13],
[10], [7].

High-Order Optimal Finite Element Spaces
Let us introduce the following classical spaces:
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We also define the polynomial spaces for the tetrahedal
edge element introduced by Nedelec [9]

{u € IPTA so thatux + usy + ugz = 0}
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and the approximation space for continuous pyramidal el-
ements introduced in [3]
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The finite element approximation is constructed by
considering a transformatiohl from a reference element
K (unit tetrahedron, unit cube, etc) to a real elem&nt
on the mesh. This transformation writes

1<i<n;
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the reference element to the real element of the mesh is wheren; is the number of vertices of the elemeft, =

in Q; instead of being affine. An improved finite element
space has been proposed in [1] in 2-D for quadrilaterals,

(w4, vi, z;) are the vertices ang} are mapping functions
depending on the considered type of the element.
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Figure 1. transformation F for a pyramid

For pyramidal elements, the mapping functions given in

[2] using rational fractions, are the following:

pl=t(1-d-g-2+{L
ph=1(1+2-9-2-%
py=1(1+2+9-2+L
ph=1(1-2+9-2-&
o=

The obtained transformation is shown in Fig. 1

The electric fieldE and test functiony of the varia-

tional formulation (2) are belonging to the following finite

element space:

Vi = {u € H(curl, Q) so thatu|x € P!}

whereP! (K) denotes the finite element space on the real
elementK. This space is induced by the choice of the

spaceP, (k) thanks to Piola transform

PF(K) = {usothatDF*uo F € P,(K)}

T

This spaceP,(K) is independent from the elemeft,
since it depends only on the reference elemérand on
the order of approximation. We denote byD F' the ja-
cobian matrix of transformatiof’.

In order to obtain an optimal convergenceCih™) for

H (curl)-norm, whereh denotes the mesh size, a suffi-

cient condition is that the spad@’ includes all polyno-
mials of spaceR,.

Definition 1 P.(K) is said to be optimal if for any ele-
mentK, P o> Rr

After a careful examination oD F*p o F for all the
polynomialsp in R, the following optimal finite element
spaces have been obtained.

Theorem 1 The optimal spac®,(K) is equal to:
Tetrahedron:

P.(K) = R,

Hexahedron:

PT(K) - Qrfl,rJrl,rJrl X QrJrl,rfl,rJrl X Qr+1,r+1,r71

Prism:

Po(K) = (Re(@,9)0Pr41(2)) X (Pry1 (£,9)@Pr—1(2))
Pyramid:
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The proposed optimal pyramidal space is completely new.

“Nodal” basis functions and hierarchical basis func-
tions have been constructed for these spaces. For hexa-
hedral elements, the same space as in [5] has been found
for = 1. The prismatic space can also be found as a
combination of optimal quadrilateral and triangular ele-
ments.

Comparison With Other Pyramidal Elements

A pyramidal finite element space compatible with clas-
sical hexahedral and prismatic elements of the Nedelec's
first family can also be constructed by replacing in theo-
rem1l

0<p<r—1, 0<g<r+1



by
0<p<r-—-1, 0<qg<r

This modified space will be considered as the Nedelec’s
first family for pyramids, and denoted a§ We notice
that this modification removes all the components of de-
greer + 1 so that(r + 1)® quadrature points are sufficient
to evaluate the integrals.

Forr = 1, this space is exactly the same as proposed
in [13], [7], [6], [10].

Forr = 2, the basis functions proposed in [13] gener-
ate a finite element space that does not confairand is
included inP;. Numerical experiments show that the ad-
ditional basis functions of second order are notimproving

the accuracy. Spurious modes are also observed and the

basis functions proposed for the faces vanish complete*-
on the other faces, whereas only tangential compone
should vanish. The basis functions proposed by [7] fc
r = 2 provide spurious modes as well, and the finite el
ement space they generate do not confainThe use of

the two basis functions proposed in [13] and [7] shoul
then be avoided.

The finite element space proposed in [10] contain
P,_4, but provides a sub-optimal convergence for non
affine pyramids, even if optimal convergence is recovere
for affine pyramids. It is free from spurious modes. This
finite element space is a good alternative for affine pyre
mids, despite the increase of the number of degrees
freedom whenr is high. A second finite element space
with reduced dimension has been proposed in [11], but
this space does not contalfy, thus being non-consistent
for non-affine pyramids. This second space also provides
an optimal convergence for affine pyramids.

A dispersion analysis has been performed for the d
ferent finite element spaces for a mesh made of a repec
cell composed of non-affine pyramids and affine pyr:
mids, as shown in Fig. 2. The dispersion error obtaint
for these kinds of meshes is displayed in Fig. 3.

We have also checked the accuracy of the source prt
lem (1) for the same family of meshes, the error obtaint
between the numerical solution and a reference soluti
is displayed in Fig. 3. We can see that the optimal 1
nite element space gives a better accuracy than the sp:
described in [13], [10], [7].

Numerical Results
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Figure 2: Pyramidal mesh used for the dispersion

analysis
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Figure 3: Dispersion error in log-log scale for a mesh

comprising affines and non-affine pyramids.
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Figure 4: H(curl)-error in log-log scale for a mesh

Our finite elements have been tested on general hybrid comprising affines and non-affine pyramids (Gaussian

meshes, and they give accurate results as expected. We

have for example used Nedelec’s first famﬁ{ﬁr for pyra-

source inside a cubic cavity).



mids, tetrahedra and hexahedra on the geometry of an air-
craft for which an hybrid mesh containing only affine el-

ements can be generated (see Fig. 5).

The numerical solution obtained for= 2 with 2.43 mil-

lions of degrees of freedom is displayed in Fig 6,

Eqn: +002% -1y ~003z -0{18 = 0

Figure 5. Mesh used for the scattering by an aircraft

Figure 6: Scattering by an aircraft, real part of
diffracted fieldE5
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