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Two-phase flow problem

@ Purpose : Propose numerical methods for the simulation of

two-phase flow problems in heterogeneous and anisotropic porous
media on non-conforming meshes.

-V ()‘(S)KVP) = Gu + qn,
u=—-\(s)KVp,

WO 1Y (uf(s) ~ V- (KVp(s)) = gn

@ The first equation is uniformly elliptic in p;

@ The second is parabolic degenerate in s.
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Two-phase flow problem

Macroscopic description of immiscible two-phase flow:

aﬂisi
=2t

5 +V - (pw) =G

u; = —\i(s;) KVp;

Sp+ Sw =1

Pn — Pw = T(8n)
w - the porosity, K - the absolute permeability, p;, u;, p;, A; - the density,

velocity, pressure and the relative permeability of the phase i, m(s) - the
capillary pressure, s; - the saturation of the phase .
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Two-phase flow problem

If two phase are incompressible the system becomes:

0p;Si J,

—— + V- (piw;) =q;
Yot (piui) =g w% =V (An(9)KVPn) = gn
u; = —Ai(s:)KVp; s

7\ o~V Cue)KIp) = qu
Sp + Sw = 1 t
pn — pw = 77(5)

Pn — Pw = 77(877,)

w - the porosity, K - the absolute permeability, p;, u;, p;, A; - the density,
velocity, pressure and the relative permeability of the phase i, m(s) - the
capillary pressure, s; - the saturation of the phase .
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Two-phase flow problem

If two phase are incompressible the system becomes:

aﬂisi _

— t V- (pw) =g
v ot (piwi) = 7 w% — V- (\()KVp,) =qn
u; = —\i(s:) KVp; 5s

= ~war =V Qu(s)KVpu) = gu
Sp+ Sw =1 t
Pn — Pw = 77(5)

Pn — Pw = 7T(Sn)

Introducing the global pressure (Chavent, Jaffré, '86).

s A’n, /
P =DpPw+ /0 m(ﬂ” (7)dr,

lead to the following system...

K. Brenner Méthodes numériques pour les écoulements diphasiques



Two-phase flow: global pressure formulation

...lead to the following system:
-V ()‘(S)KVP) = Qu + qn,
u=—\(s)KVp,

WV (uf(5)) = V- (KV(s) = an

where \(s) = A, (s) + Aw (),

AwAn

= e ™ 0= [ S (rar
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Semi-discretization

Implicit time discretization
= V- (A" THKVP") = q; +a,

u" = - A\(s""HKVp",

W £V (R (™) — V- (KV(s™)) = -

Two equations are not coupled anymore.
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Semi-discretization

Implicit time discretization
-V -(A(s"HKVp?) = ¢ + ¢,

u" = - A\(s""HKVp",
w——s— + V- (uf(s") = V- (KVi(s")) = -

Two equations are not coupled anymore.

@ SUSHI scheme for a diffusion term;
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Semi-discretization

Implicit time discretization
= V- (A" THKVP") = q; +a,
u" = - A\(s""HKVp",

s — g™ 1

MT V(" f(s")) = V- (KVg(s")) = qy-

Two equations are not coupled anymore.
@ SUSHI scheme for a diffusion term;

@ Upwind scheme for a convection term.
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Diffusion term: space discretization

At each time step one has to solve: —V - (KVp) = ¢, or in the discrete
form

2 Fro(p) = ax ~
{ Frco+ Fro =0, where  Fk ,(p) =~ i Vp - ng,

A discrete solution lives in the space
Xp = {((UK)KEMv (UU)O’EE)a vk € Rjv, € R}
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Diffusion term: space discretization

For each sub-cell Dk, we define it's own discrete gradient

° vK,ap = va + RK,ap ‘N o,

1
@ Vgp= K] ezg: m(o)(pe — Pr)NK,o
oEEK
0K

d (Po —Pr — VKD (X6 — XK))
K,o

o RK,cfp =
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We can define the discrete flux through

Z (vor — i) FK o (p) = / Vpv - KVopp dx for all v € Xp
K

ocEEK
where
Voplk(x) = Viop forall p e Xp

The discrete gradient Vp- satisfies

e Vp(Pp(y)) = Vi for all 1)(x) piecewise linear on the elements of
the mesh.
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Discrete weak formulation

Foreachn € {1,...,N} find s" € Xp o and p™ € Xp ¢ such that for all
w™,v" € Xpo:

) (wik —whNE Fro(p") = Y KWk (4 + dh i)

KeMoe€k KeM
n _ n—1

Z |K|wK'u}’<%
KeM
+ Y > fro(s™ P Wk — AR Fr o (p")

KeMoelk
£ Y X - o) = Y IKbRa

KeMaeEx KeM
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Convection term

o The standard upwind value fz = = fr o (s",p")
is defined by oy
g R i Fico(r) 20 . &
Ko =\ fr, if Fxo(p") <0. .
T n n n L

FKJ(p /)20:>fk70':f[//,0': K Ty

@ This implies that u
Fro(0") ko + FLo(P") L0 =0 K L
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Convection term

o The standard upwind value fz = = fr o (s",p")

is defined by -
I Fia(pn) 20 . &
Ko =\ fr, if Fi,(p") <O0. .
¥ n n n 4
Fro(p")<0= fgo=flo=IT i

" e This implies that
FK=‘7(pn)f.17é,a + FL,U(pn)ff,a = 0. K L
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Convection term

@ We define the partially upwind value
fio = fro(s™p") by
w | fF, if Fre(®™) >0 TR rs
o = B KRt 2o . .
Fro(P") 20= [k, =Tk ?
£, = fo.
@ The flux conservation is impoysed by the scheme
/_/;:_r
> [Fro(@™) + Faro(0™) faro(s™)] =0 _
M={K,L} K L
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Convection term

@ We define the partially upwind value
fi o= fro(s"p") by

w R i (") >0 T

Tro(s") { if Fieo(p™) < 0. . o

o

FK,U(pn)SO: fl’%,o’: o L

n — n
Lo — JL-
@ The flux conservation is imposed by the scheme ‘\\\

Z [Far,o(0™) + Faro(0") faro(s™)] =0 A
M={K,L} K L
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Convection term

@ We define the partially upwind value
fio = fro(s™p") by
" fr, if Fke(p™) >0 TR .
A = n . ’ ) L
Tro(s") { nif Fro(p”) < 0. . o
FK,U(pn)SO: fl’%,o’: o L
@ The upwind value fx ,(s™,p") is in the space ‘kﬁ\
F = {(QK,U)KEM,OEEI(qu,O' S R} i
K L
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Convection term

@ We can show that for all v,w € Xp and ¢ € F it holds

1Y S dro(ex—v0)Fio(w)] < CllalalVovllzaol Vowl oo,
KeMoelk

where |lgllec = | max  ax,o|.
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;
@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that

Vo.s5t0(s) - Vpsis >0
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Convergence result

An approximate solution satisfies

lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()

HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;
@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that
Vo ,st9(s) - Vpsts > 0

Up to a subsequence:

® yp5t — ¢ € L*(0,T; Hg(2)) in L*(Qr) as h, 6t — 0;

K. Brenner Méthodes numériques pour les écoulements diphasiques



Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;

@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that

Vpst9(s) - Vpsts > 0
Up to a subsequence:
® yp5t — ¢ € L*(0,T; Hg(2)) in L*(Qr) as h, 6t — 0;

® sps— S = ()
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;

@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that

Vp,st(s) - Vpses > 0
Up to a subsequence:
° vpst — ¢ € L*(0,T; Hy(Q)) in L*(Qr) as h, 5t — 0;
° spst —s=¢ o)
® Vpstep,st — Vo
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;

@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that

Vp,st(s) - Vpses > 0
Up to a subsequence:
° vpst — ¢ € L*(0,T; Hy(Q)) in L*(Qr) as h, 5t — 0;
° spst—s=¢ ' (¢);
® Vpstep,st — Vo
® pp st —p € L>(0,T; Hy(Q));
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Convergence result

An approximate solution satisfies
lop,stllLoeo,msz2)  +IVD,6:90D,6¢ L2 ()
HVp,5:0D,5tll Lo (0,132 (02)) < C
@ There exists at least one solution;

@ Uniqueness? Hard to prove because there is a lack of monotonicity:
For ¢ increasing we do not have in general that

Vp,st(s) - Vpses > 0
Up to a subsequence:
° vpst — ¢ € L*(0,T; Hy(Q)) in L*(Qr) as h, 5t — 0;
° spst—s=¢ ' (¢);
® Vpstep,st — Vo
® pp st —p € L>(0,T; Hy(Q));
@ Vpstpp.st — VD.
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Convergence result

We introduce the function space
Y={p e C>(Qx[0,T]), ¥»=00nd2x[0,T], %(,T)=0}
We set w?( = ¢(XK, ) and Wl = w(xavtn)

ZZ)\ > 1 1/11( wn FKO‘ ZZKW)K qu+qu)

n=1 K,o n=1 K,o
N n n—1
Sk — Sk
S5 Iforvy =
n=1 K

+Zme m A (W — U8 Fre o (57

n=1 K,o

+ZZ 1/) " FKo n): Z |K|1/}?(q:;K

n=1 K,o KeM
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Convergence result

We introduce the function space
Y={p e C>(Qx[0,T]), ¥»=00nd2x[0,T], %(,T)=0}
We set w?( = ¢(XK, ) and Wl = w(xavtn)

ZZ)\ > 1 1/11( wn FKO‘ ZZKW)K qu+qu)

n=1 K,o n=1 K,o
N n n—1
Sk — Sk
S5 Iforvy =
n=1 K

35 Freals NI — 82 Frca )

n=1K,o
F3 S Wk - (™) = 3 KNk
n=1 K,o KeM
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The strong/weak consistency of the discrete gradient implies

D> Stk — Y Fre(e") =Y > tDk KV ot" Vi oo™

n,K c€€k n KUESK

/ / KVD (yfl/ VD 51‘(,071 dxdt

H/ /KVL Vo dxdt.

Unlike the diffusion term we generally have
D XA frols )Wk — U5 Fr o (")
KeMoelk
# 2. D 1Dk

KeMoelk

K_ fK,(T(Sap)vK,swn : KKVK,Upnv
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Convergence of the convection term

We define
N
:Z Z Z )\n lfKa S p)(de wn) ( 71)
n=1 KeMoefk
We set T = T(lj — Tg

Th= > otA fr(k—¢2) Fi o (p") H/ /Q $)KVyV P dxdt

n,K,o

=Y Y SNT'Wk -y (R — [ Fk.e (") — 0.

n,K 0€€k ,FK <0

We will now show the convergence to zero of the term T2.
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Convection term

T2l =1)_ D SR~ S Wk — ) Fra (0™

n,K c€€k,Frk. - <0

<D RS (e — F W — ) Fic o ()]

n,K o€k
<Y 18R (FR — S Frea ™).
n,K c€€k

§" € Fp is defined by
$ko = Nty — o2 sgn((fE — ) Fr.o (p™)).
We obtain

IT2| < ClléllooIVD.6t.f ()] L2 (@) 1V D.6tDll L2 (@) -
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Convection term

T2l =1)_ D SR~ S Wk — ) Fra (0™

n,K c€€k,Frk. - <0

<D RS (e — F W — ) Fic o ()]

n,K o€k
<Y 18R (FR — S Frea ™).
n,K c€€k

@ Let [f(s1) — f(s2)] < Clp(s1) — p(s2)]
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Convection term

T2l =1)_ D SR~ S Wk — ) Fra (0™

n,K c€€k,Frk. - <0

<D RS (e — F W — ) Fic o ()]

n,K o€k
<Y 18R (FR — S Frea ™).
n,K c€€k

o Let [f(s1) — f(s2)| < Clp(s1) — @(s2)]
o Then [[Vpsef(s)llL2(@r) < C so that Tg — 0.
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Numerical tests

We set
M) =S5 () =55 Pl
- e
W(s) = % 1isa 1 rl/;/;// l
0 / i
A(8) = An(8) + Aw(s); 7/__
Ot’*\ -:f:'/ 4
fle) = AAn(ij)’ 02 \*A'\ / e
/ T
S Jﬁ " 1
o0 = [N

Since the maximum principle is not satisfied we prolong the curves
outside of [0, 1].
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Implementation

At each time step one has to solve a system of nonlinear equations

3y WZLKEQH > Y @%,=RHS

KeM KeMo€e€k

n n J—
(I)K,O' + (I)L,U - 07
where

o= . A¥ (o(sg) —o(sp)).

o'€EEK

K. Brenner Méthodes numériques pour les écoulements diphasiques 19 /25



Implementation

o The linearized system is degenerate if s™* = 0,1 for some k (may
be for k = 0)

WK|K| n,m n,m
s 05K+ > 6oR" = RHS

oEEK

JOW + 607" = RHS

e

Sn,O — Snfl’

where

5(1)7;(:,;1 _ Z A},{g/(so/(s?(,m—l)ds’;{,m _ 95‘/(827"1'_1)68277”)-
o’'€€k
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Implementation

o The linearized system is degenerate if s™* = 0,1 for some k (may
be for k = 0)
@ A good choice of discrete unknowns is: ((Sx)xem; (¢o)Kes)

OKIK] g nm Y §0™ = RHS

ot oEEK
JORT + 60} = RHS
Sn,O — Snfl

where

§OWT = > AT (¢ (s )es™ — ™).

o' €€k
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Numerical results

The 5-spot problem on a distorted mesh

0.9

@ The square domain
Q = (0,1)2 is initially filed ~ °°
with oil (sgp = 1); 0-7
@ Injected in the left-down 0.6
corner; 05
@ Production in the 0.4
right-upper corner; 0.3
@ The absolute permeability is o2
one in the whole domain. b1
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Numerical results

The 5-spot problem on a distorted mesh

@ The square domain
Q = (0,1)? is initially filled
with oil (sp = 1);

@ Injected in the left-down
corner;

@ Production in the
right-upper corner;

@ The absolute permeability is
one in the whole domain.
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Numerical results

The 5-spot problem with anisotropy

@ The square domain

. . L I Qi o
Q = (0,1)% is initially filled Rs( o 1 )R Ra( 4 5 )R,
with oil (sg = 1);
@ Injected in the left-down
corner;
@ Production in the
right-upper corner;
L 10, 60
@ The anisotropy: § = Rl 4 )Ha Bs( g 1 B3

1078, a=—7/6,8=—7/3;

Hin

K. Brenner Méthodes numériques pour les écoulements diphasiques



Numerical results

The 5-spot problem with anisotropy

"1 -

L_,.-.

Saturation (left) and pressure (right) field at time t=1.
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Numerical results

The 5-spot problem with anisotropy

N %

. I

Saturation field at time t=1 for two values of §t; 6t = 0.001 (left) and
ot =1 (right).

K. Brenner Méthodes numériques pour les écoulements diphasiques



Merci de votre attention!
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