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Conservation Equations

For α = (1), (2):

φ
∂(NX (α))

∂t
+div

(
Nlx

(α)
l

~Vl + NlSl
~W

(α)
l

)
+div

(
Ngx

(α)
g

~Vg + NgSg
~W

(α)
g

)
= q(α)

~Vi = − Kki (Si )

µi

(
~∇Pi −MiNi~g

)
(generalized Darcy′s law),

~W
(α)
i = − D

(α)
i φ~∇x (α)

i for i = l(iquide), g(az) (Fick′s law),

N (resp. Nl , Ng ): total molar concentrations (resp. of l , g)

kl ,g : relative permeability

φ,K , µi ,D
(α)
i : constants.

X (α), x
(α)
i : molar fractions (X (1) + X (2) = x

(1)
i + x

(2)
i = 1)

Mi = M(1)x
(1)
i + M(2)x

(2)
i : molar mass of phase i
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Closure relationships

S := Sg

Choice of two main unkonwns

Pg − Pl = Pc (S)

Compressibility laws:

Pl ,g , x
(1)
l ,g ⇒ Nl ,g

Equilibrium model: for 0 < S < 1,

x
(1)
l = Xm(P,S) and x

(1)
g = XM(P,S).

For S = 0: x
(1)
g/////, for S = 1: x

(1)
l/////

(P,X (1))→
(
S , (x

(1)
l ), (x

(1)
g )
)
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Equilibrium with
Xm(P , S) = Xm(Pl) and XM(P , S) = XM(Pg)

liquid

liquid + gas

gas
-

6 6

X (1)

Pressure of
liquid phase

Pl

Pressure of
gas phase

Pg

Composition of
liquid phase

Composition of
gas phase

� -a

� -b

?

6
Pc

a

a + b
=

SNg

N
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Equilibrium with Henry’s law
no water in gas phase, incompressible liquid phase

(1): H2 (2): H2O
When there is only a small amount of the light component in the liquid
phase, for a saturated fluid:

x
(1)
g · Pg︸ ︷︷ ︸

partial pressure
of component (1)

in gas phase

= H · Nlx
(1)
l︸ ︷︷ ︸

molar concentration
of component (1)
in liquid phase

Gas contains only hydrogen:

XM(P, S) ≡ 1

Incompressible heavy component in the liquid phase: Nlx
(2)
l =: Nstd

l ,

Xm(P, S) =
Pg

Pg + H · Nstd
l
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Closure relationships

liquid
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Complementarity Problem

{
S = 0

x
(1)
l = X (1) ≤ Xm(P, 0)

or{
S = 1

x
(1)
g = X (1) ≥ XM(P, 1)

or



0 ≤ S ≤ 1

x
(1)
l = Xm(P,S)

x
(1)
g = XM(P, S)

X (1) =
SNgx

(1)
g + (1− S)Nlx

(1)
l

SNg + (1− S)Nl

Artificial definitions of the properties of the missing phase


min

(
S , Xm(P,S)− x

(1)
l

)
= 0

min
(

1− S , x
(1)
g − XM(P, S)

)
= 0

SNg (X (1) − x
(1)
g ) + (1− S)Nl (X

(1) − x
(1)
l ) = 0
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System of diffusion-convection equations

For (α) = (1), (2)

∂m(α)(x , y)

∂t
+ div ~u

(α)
diff + div ~u

(α)
conv = q(α)

~u
(α)
diff = −

∑
τ

b(α)
τ (x , y)~∇f (α)

τ (x , y)

~u
(α)
conv = h(α)(x , y)~g .

m(α) = φ(SNg + (1− S)Nl )X
(α)

b
(α)
1 = Ngx

(α)
g K

kg

µg
, f

(α)
1 = Pg

b
(α)
2 = Nlx

(α)
l K kl

µl
, f

(α)
2 = Pl

b
(α)
3 = NgDgSφ , f

(α)
3 = x

(α)
g

b
(α)
4 = NlDl (1− S)φ , f

(α)
4 = x

(α)
l

h(α) =
Kkg

µg
MgN

2
gx

(α)
g + Kkl

µl
MlN

2
l x

(α)
l
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Time discretization: 2 possibilities considered

Euler-scheme, implicit for diffusion terms fτ but explicit for diffusion
coefficients bτ and explicit for convection terms h,

or, for the settings for which we can find a suitable nonlinear solver,
on an Euler-scheme, implicit for diffusion terms fτ and for diffusion
coefficients bτ and explicit for convection terms h.

Time step tn → tn+1 = tn + ∆t.
Values at time t = tn: exponent 0
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Triangulation

·······

···
···
·

·········

···
···
···

·········

···
···
···

· · · · · ·
∂Ω

Ωi1(k)

~nk

Ωi2(k)

Ωi1(k)

~nk

Ωi

Xi ,Yi

λk , µk

U
(α)
j = U

(α)[i ]
l

i = 1, . . . ,Nc

(number of cells)

k = 1, . . . ,NE

(number of edges)

j = 1, . . . , 2NE − Nb

l = 1, . . . , 3
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Conservation Equations

For any cell Ωi∫
Ωi

m(α)(x , y)−m(α)(x0, y0)

∆t
+

∫
∂Ωi

~u
(α)
diff ·~nexti +

∫
∂Ωi

h(α)(x , y)~g ·~nexti =

∫
Ωi

q(α).

Lowest order:

|Ωi |
∆t

m(α)(Xi ,Yi ) + BlocU
(α)[i ] =

|Ωi |
∆t

m(α)(X 0
i ,Y

0
i )−

∑
k,Ek⊂∂Ωi

h(α)∗εikgk + Q
(α)
i ∀i ∈ 1, . . . ,Nc .

with

εikgk =

∫
Ek

~g · ~nexti for Ek ⊂ ∂Ωi , Q
(α)
i =

∫
Ωi

q(α).

Upwind convection:

if m(α)(xL, yL) ≤ m(α)(xR , yR) : h(α)∗ = min
(
h(α)(xL, yL), h(α)(xR , yR)

)
if m(α)(xL, yL) > m(α)(xR , yR) : h(α)∗ = max

(
h(α)(xL, yL), h(α)(xR , yR)

)
.
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Diffusion equations

For any basis function ~vj and any cell Ωi

∫
Ωi

~u
(α)
diff · ~vj +

∑
τ

T
(α)
τ,bd (i)︷ ︸︸ ︷∫

∂Ωi

b(α)
τ (x0, y0)f (α)

τ (x , y)~vj · ~nexti

−
∑
τ

∫
Ωi

f (α)
τ (x , y)div

(
b(α)
τ (x0, y0)~vj

)
= 0︸ ︷︷ ︸

T
(α)
τ,int (i)

.

Remind:

Nc∑
i=1

T
(α)
τ,bd (i) =

∑
k,Ek⊂∂Ω

∫
Ek

b(α)
τ (x0, y0)f (α)

τ (x , y)~vj · ~nextΩ
.
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Basis functions for the scalar fields constant per cell:

T
(α)
int (i) = f (α)

τ (xi , yi )

∫
∂Ωi

b(α)
τ (x0, y0)~vj · ~nexti

= f (α)
τ (xi , yi )

∑
k|Ek⊂∂Ωi

∫
Ek

b(α)
τ (x0, y0)~vj · ~nexti .

Values for terms bτ (x0, y0) over Ek needed: Lagrange multipliers
used.

Case of heterogeneous physics: values of Lagrange multipliers
together with the physics corresponding to the current cell
⇒ continuity of main unkonwns
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For all i = 1, · · · ,Nc , A[i ] = local mass matrix:

A
[i ]
l ,m =

∫
Ωi

~vj(i ,l) · ~vj(i ,m).

We get ∀i ∈ 1, . . . ,Nc , Ek ⊂ ∂Ωi

Diffusion equations

Ωi

Xi ,Yi

λk , µk

U
[i ]
l

[
A[i ]U [i ](α)

]
l

+
∑
τ

b(α)
τ (λ0

k , µ
0
k )
(
f (α)
τ (λk , µk ) − f (α)

τ (Xi ,Yi )
)

= 0.

Flux continuity equations

∀k = 1, . . . ,NE , with Ek ⊂ Ω, U
[i1(k)]
k + U

[i2(k)]
k = 0.
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Reduction: static codensation

Iterative scheme used to solve (λn, µn) 7→ (λn+1, µn+1).
Static condensation (used in every step of the iterative scheme):

for λ, µ given
1 compute corresponding X , Y in solving local equations in Xi , Yi

associated to each cell Ωi :
local implicit functions are considered

∀i ∈ I (Xi ,Yi ) = ψi (λ, µ)⇔ F̃i (λ, µ,Xi ,Yi ) = 0

where F̃ is related to the conservation equation.
2 compute needed residual G (λ, µ) and Jacobian matrices related to the

flux continuity equation.

E. Marchand (Erlangen) 2 phase flow 09-23-10 18 / 37



Conservation equations: F̃
(α)
i : (RNE × RNE )× (R× R)→ R

F̃
(α)
i (λ, µ, x , y) =

|Ωi |
∆t

(
m(α)(x , y)−m(α)(X 0

i ,Y
0
i )
)

+
∑

Ek⊂∂Ωi

ai ,k

∑
τ

[
f (α)
τ (x , y) − f (α)

τ (λk , µk )
]
b(α)
τ

(
λ0

k , µ
0
k

)
+

∑
Ek⊂∂Ωi

h(α)∗(x∗k , y∗k )εikgk − Q
(α)
i ∀i ∈ I .

Flux continuity equations: i := id (k) , x := ψx
i (λ, µ) , y := ψy

i (λ, µ)

G̃
(α)
d ,k (λ, µ) :=

∑
Ek′⊂∂Ωi

H [i ]
kk ′
∑
τ

[
f (α)
τ (x , y) − f (α)

τ (λk ′ , µk ′)
]
b(α)
τ (λ0

k ′ , µ
0
k ′) .

G
(α)
k (λ, µ) = G̃

(α)
1,k (λ, µ) + G̃

(α)
2,k (λ, µ)
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Implementation Aspects

M++

C++ finite elements library (“Mesh, multigrid and more”)
Provides the possibility to define automatically global iterative methods
(here damped Newton’s method with Armijo-rule) from local Jacobian
matrices and residuals:
assembling of the method is automatic.

Modular code

makes it possible to separate difficulties linked to the static model
(i.e. “How to define fτ , bτ , . . . ”)
and PDE-aspects
(i.e. “Assembling”, or “How to use fτ , bτ , . . . ”).
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Problem 1

Main unknowns: Pl ,X
(1)

t = 0 : X (1) = 10−5

∆t = 0.2 and ∆t = 4 centuries

Meshes:

Compare implicit and explicit treatment of diffusion coefficients
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Problem 1

t = 100, 140, 200, 500, 1000, 5000, 6700, 8400, 10000 centuries

Total hydrogen concentration (i.e. N · X (1))
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impl. fine, small
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impl. fine, large
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impl. coarse, large
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Gas saturation
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Problem 1: input values
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Left: liquid pressure (red) and
gas pressure (green)
(axis: 6 bar - 16 bar)

Right: gas saturation in x = 0
(axis: 0,0% - 2.5%)

in x = 0 function of time (axis: 0 - 10000 centuries).
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Problem 1: output fluxes
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Left: output gas flux
(axis: -1 - 6 mol/m2/century
i.e. -2 - 12·10−5 kg/m2/year)

Right: output water flux
(axis: 0 - 400 mol/m2/century
i.e. 0 - 400 kg/m2/year)

function of time (axis: 0 - 10000 centuries).
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Problem 2 a: input values
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Problem 2 a: output fluxes
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Left: output hydrogen flux
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Right: output water flux
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function of time (axis: 0 - 10000 centuries).
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Problem 3: pressures
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Problem 3: saturations
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Problem 4
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Problem 5
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Heterogeneous example

Main Unknowns: Pl , X
(1) or Pl , Pg .

Initial conditions: Pl , Pg , S , X
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Heterogeneous example

Gas pressure
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Two-dimensional test case

Light component molar fraction

Liquid pressure

Gas saturation
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Alternative model

For α = (1), (2)

∂mα(x , y)

∂t
+ div ~uαdiff + div ~uαconv = qα

~uαdiff = −
∑
τ

bατ (x , y)~∇f ατ (x , y)

~uαconv = hα(x , y)~g .

mα = φ(SNg + (1− S)Nl )X

bα1 = Ngx
α
g K

kg

µg
, f α1 = Pg

bα2 = Nlx
α
l K

kl
µl
, f α2 = Pl

bα3 = Ng////DgSφ , f α3 = Ngx
α
g

bα4 = Nl///Dl (1− S)φ , f α4 = Nlx
α
l

hα =
Kkg

µg
MgN

2
gx

α
g + Kkl

µl
MlN

2
l x

α
l
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lemma

We assume that physical laws and parameters are chosen so that

(H2) Sg = 0⇒ Pg = Pl ;

(H3) Nlx
(2)
l is independent of X ;

(H4) q(2) = 0;

(H5) D
(1)
i = D

(2)
i =: Di for i = l , g .

We consider a regular computation domain Ω.

(i) (Alternative model) Any possible solution of the alternative model
with Dirichlet boundary conditions and initial conditions such that

Sg (t = 0, .) ≡ 0
Pl (t = 0, .) ≡ const
Pl (t = 0, .) satisfies the Dirichlet boundary conditions

fulfill
Pl (t, .) ≡ Pl (t = 0, .) as long as Sg ≡ 0.

(ii) (Standard model) This is not valid with the standard model.
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