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@ Continuous formulation
© HFME discretization

© Numerical results
© MOMAS test cases
@ More about heterogeneous soil
@ 2D test case
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Outline

@ Continuous formulation
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Conservation Equations

For a = (1), (2):

A(NX ()

d)@t

tdiv (Nix( Vi + NS ) div (Ngx? g + NS W) |-

= Kki(S;) /= . .
Vi = — KkiSi) <VP; - I\/l,-N,-g) (generalized Darcy’s law),
Hi

W = — Dfa)¢§xi(a) for i = I(iquide), g(az) (Fick's law),

o N (resp. N;, Ng): total molar concentrations (resp. of /, g)
@ ki g: relative permeability

° &, K,,u,-,D,.(O‘): constants.
o X(@) x,(a): molar fractions (X™) + X() = x,.(l) + x,.(z) =1)
o M; = I\/I(l)x,.(l) L M(2)x,.(2): molar mass of phase i
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Closure relationships

S$:=5;

Choice of two main unkonwns )

P, — P/ = P.(S)

Compressibility laws:

(1)
Pig,x;g = Nig

Equilibrium model: for 0 < § < 1,

xP = Xo0(P, S) and xV = Xu(P, S).

For S = 0: f/é}} for S =1: 7()/}}

(P.X®) = (5.0647). () J
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Equilibrium with

)(m(:D7 5) = m(P/) and X/\/](P, S) = X/\/](Pg)

P, P
4 liquid TS
b Pressure of
o gas phase
liquid + gas
@
Pressure of R
liquid phase <
gas
— XD >
Composition of Composition of
liquid phase gas phase
a_ _ SN,
a+b N
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Equilibrium with Henry's law

no water in gas phase, incompressible liquid phase

(]_)Z H2 (2) HQO
When there is only a small amount of the light component in the liquid
phase, for a saturated fluid:

$op, = H N
—_—— ——
partial pressure molar concentration
of component (1) of component (1)
in gas phase in liquid phase

Gas contains only hydrogen:

Xm(P,S) =1 J

Incompressible heavy component in the liquid phase: N,x,(2) =3 N,Std,

Pg
Xm(PaS) = Pg+H‘ thd
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Closure relationships

Pressure of
liquid phase
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Composition of X( )Composition of
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a+b N
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Complementarity Problem

S=0 0<S<1
x = XO < X, (P,0) XM = X.(P, S)
or or xél) = Xu(P,S)
S=1 X _ SNx{! + (1 — S)Njx
XM = X > xy(P,1) SNy + (1 - S)N;

\b Artificial definitions of the properties of the missing phase

mns,XARa—AU):o
Mnl—S,én—MARQ)ZO
SN (X® — x4 (1= S)N(XD — xPy =0
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Outline

© HFME discretization
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System of diffusion-convection equations

For (a) = (1), (2)

om(®)(x,y)
ot

i) = =3 b (x, y) VD (x, )

+div 7 + div 73}, = ¢©@

don = h)(x,y)g.

m@ = $(SNg + (1 — S)N;)X()

KO = Wt g = P,
BV = Nix UKk £ = p
40 = gD, 4 =
b = NDy(1-S)s, o = X
a KKk, « «
B = B pg 2l) - g 2 )
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Time discretization: 2 possibilities considered

@ Euler-scheme, implicit for diffusion terms f- but explicit for diffusion
coefficients b, and explicit for convection terms h,

@ or, for the settings for which we can find a suitable nonlinear solver,
on an Euler-scheme, implicit for diffusion terms £ and for diffusion
coefficients b, and explicit for convection terms h.

Time step t, — tp41 = t, + At.
Values at time t = t,: exponent 0
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Triangulation

Y ' i=1,... N,
Qi (k) (number of cells)
2 (k)
k=1,... Ng
(number of edges)
ik Glo}

X, Y;: j=1...,2Ng — N,

\_/)\kvﬂk
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Conservation Equations

For any cell Q;

m() x,y) — el Xo’ 0 " .
/ ) A ). / Ui et + / ) (x, y)&-Fext; = / q
Q; s oQ; Q o

i i

Lowest order:

18] (a) (@)li] —
Ay (X3 Yi) 4 BiocU
\Q | mOX, Y- S K eg+ Q) viel,... N
k,ExCOQ;
with

€EikBk = / g - Next; for Ex C 092, QI,(O‘) = / q(a).
Upwind convection:

if m®)(x,y) < m@(xg,yr) : " =min (h(®)(x,y.), ) (xr, yr))
if m(a)(xL,yL) > m(a)(xR,yR) - hlo)* = max (h(a)(xL,yL), h(o‘)(xR,yR)) )

E. Marchand (Erlangen) 2 phase flow 09-23-10 14 / 37



Diffusion equations

For any basis function V; and any cell ;
0
La 5+ 3 [ o0 0)5
i p f

-3 | ANy (B6C,505) = 0.

-~

7 (7)

T,int

Remind:
Nc
> Teo(i) =
i=1
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Basis functions for the scalar fields constant per cell:
TS = H ) [ G5

= 9, y) Z /Ebga)(xovyo)vj'ﬁextr
k

k|ExCOQ;

e Values for terms b, (x°, y°) over E, needed: Lagrange multipliers
used.

@ Case of heterogeneous physics: values of Lagrange multipliers
together with the physics corresponding to the current cell
= continuity of main unkonwns
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Foralli=1,---,Ng, All = Jocal mass matrix:

m_ (s v
Alm = /Q Vi) * Vii,m)-

1

WegetViel ...,N., ExC 0%

Diffusion equations
Xi, Y
ul
Ak Hk

[A[]U[] } Zb Ao 1) (f’r(a)()\knuk) — £, Yi)) =0.

\

Flux continuity equations

Vk=1,..., Ng, with E, c Q, Ul 4 (0l — o

v
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Reduction: static codensation

Iterative scheme used to solve (A", ") = (A"F1, pnt1).
Static condensation (used in every step of the iterative scheme):
o for A\, p given

© compute corresponding X, Y in solving local equations in X;, Y;
associated to each cell €;:
local implicit functions are considered

viel (Xia \/I) = 1/’:()\7#) <~ F_,'(A,,U,,X,', \/I) =0

where F is related to the conservation equation.
@ compute needed residual G(A, 1) and Jacobian matrices related to the
flux continuity equation.
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Conservation equations: F(*) : (RVe x RMe) x (R x R) — R

I

(o Qi o o
Fi( )()\,,u,x,y) = |A1.'| (m( )(X,Y) - m( )(Xi07n0)>

+ Z alkZ[ (a) X y) - f(a) ()‘kaﬂk)} bS'a) ()‘Ouu’(l)()

E;CO0Q;

+ Z A" (v Veigi — QI-(a) viel
ExCOQ;

G = Y H e ST 0 y) = HO O e) | B,

G ) = GO ) + GP (O 1)
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Implementation Aspects

C++ finite elements library (“Mesh, multigrid and more”)

Provides the possibility to define automatically global iterative methods
(here damped Newton's method with Armijo-rule) from local Jacobian
matrices and residuals:

assembling of the method is automatic.

Modular code

makes it possible to separate difficulties linked to the static model
(i.e. “How to define £, b-,...")

and PDE-aspects

(i.e. “Assembling”, or “How to use £, b-,...").
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© Numerical results
© MOMAS test cases
@ More about heterogeneous soil
@ 2D test case
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Problem 1

Main unknowns: P;, X()
t=0: XM =105

At = 0.2 and At = 4 centuries
Meshes:

@ Compare implicit and explicit treatment of diffusion coefficients
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Problem 1

e t =100, 140,200,500, 1000, 5000, 6700, 8400, 10000 centuries

Total hydrogen concentration (i.e. N - X®)

Gas saturation

Liquid pressure

;:’ |
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Problem 1: input values

,,,,,, Pl —— S —
Pg =eeeee

L A

14 2

13
= ~ 15f
5 7
£ g
8 g
2 s
a @ 1

05
; ‘ ‘ ‘ ‘ ; ‘ ‘ ‘
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

time (centuries) time (centuries)

Left: liquid pressure (red) and Right: gas saturation in x = 0
gas pressure (green) (axis: 0,0% - 2.5%)
(axis: 6 bar - 16 bar)

in x = 0 function of time (axis: 0 - 10000 centuries).
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Problem 1: output fluxes

x (molim*2/century)

hydrogen flu

hydrogen flux ——

100

°

lux (molim"2/century)
g

water fl

L L L L 600 L L L L
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Left: output gas flux Right: output water flux
(axis: -1 - 6 mol/m?/century (axis: 0 - 400 mol/m?/century

i.e. -2 -12.107% kg/m?/year) i.e. 0-400 kg/m? /year)
function of time (axis: 0 - 10000 centuries).
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Problem 2 a: input values

gas saturation (%)

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
time (centuries) time (centuries)

Left: liquid pressure (red) and Right: gas saturation in x = 0
gas pressure (green) (axis: 0,02% - 0.12%)
(axis: 10 bar - 26 bar)

in x = 0 function of time (axis: 0 - 10000 centuries).
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Problem 2 a: output fluxes

g
8

hydrogen flux —— water flux ——
450
°r 400
§ WL 5 0
100
0 0 20‘00 40‘00 6(;00 80‘00 10000 0 0 20‘00 4(;00 SD‘DG 8!;00 10000
time (centuries) time (centuries)
Left: output hydrogen flux Right: output water flux
(axis: 0 - 6 mol/m?/century (axis: 0 - 500 mol/m?/century
i.e. 0-12.107° kg/m?/year) i.e. 0-500 kg/m?/year)

function of time (axis: 0 - 10000 centuries).
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Problem 3: pressures

P P P
Pg Pg P
2 2
2 —_— 2 2
2 2 2
2 2 2
s s s
pressues o) 10 | ’ prossuos 0a) g [ pressures (bar) 1
14 14 3 14
2 2 1 2 1
10 10 10 e mm———
s s kg s
1008 1008 1008
por por por
Py - Py Py
2 2 2
2 2 / 2
2 2 2
2 s s
® © ®
prossuros (bar) 10 prossuros oar) 1 prossures oar) 1
" 2 2
2 3 10 10
s 6 B
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Problem 3: saturations

s o+ s o+ s o+

018 018 018
016 mmossossmsas 016 Femsoosmsoos 016

014 5 o1a # 014 {

2 2 + 012 ¥

sawraton 0.1 satraton 0.1 N satraton 0.1 g
08 1 0.08

006 + 006 ] 006 g
0,04 pommmm—————— 004 004
002 002 002

b2 —69—64—05 660705091 008 b8 6964055607050 008 b8 —69—64—05—b6—07 05091 008
s v s v s v

018 018 o018
016 016 016
014 g 014 014
012 H 012 01z
saturaton 0.1 saturaon 0.1 satraton 0.1
008 008 008
006 006 006
004 004 004
002 002 002
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Problem 4
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Problem 5

total moar fraction o the light component (hydrogen)
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total moar fraction of the light component (hydrogen)
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Heterogeneous example

Main Unknowns: Py, X or P, Pg.

Initial conditions: P;, Pg, S, X
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Heterogeneous example

Gas pressure

HHHLHE]

L~

N I

v
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Two-dimensional test case

Light component molar fraction

3 ‘

Gas saturation

v
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Alternative model

For a = (1), (2)

om*(x, y)
ot

(07

+ div 4, udlff + div 4 uconv =4q

me = B(SNg + (1= S)N)X

by = NgxgKie 2 = Py
bza = N/XaKkI, f2a = P/

b§ = MyDg S, £ = Ngxt
by = MDi(1-S) = Nixp

- Kkg/vl N2x2 + Kk’M,N2
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lemma

We assume that physical laws and parameters are chosen so that
(H2) S =0="P; — Py

(H3) N/x( )is independent of X;

(H4) ¢? =0;

(H5) DM = D) —: D; for i = I, .

We consider a regular computation domain Q.

(i) (Alternative model) Any possible solution of the alternative model
with Dirichlet boundary conditions and initial conditions such that

S;(t=0,.)=0
Pi(t =0,.) = const
Pi(t = 0,.) satisfies the Dirichlet boundary conditions

fulfill
Pi(t,.) = P)(t =0,.) as long as S; = 0.

(i) (Standard model) This is not valid with the standard model.
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