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ARTICLE INFO ABSTRACT
Msc: We estimate the asymptotic behavior for the Stokes solutions, with external forces first.
;gggg We found that if there are external forces, then the energy decays slowly even if the
76D07 forcds decay quickly. Theft, we also obtain the asymptotic behavior in the temporal-spatial

direction for weak solutions of the Navier-Stokes equatibns. We also provide a simple
Keywords: example of external forces which shows that the Stokes solution does not decay quickly.
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1. Introduction

We study the asymptotic behavior in the weighted L? of solutions for the Navier-Stokes equations with external forces
in the whole space R":

U —Au+ (u-Vyu+Vp=f, inR" x (0, 00),
V.u=0, inR"x (0,00), (1.1)
u(x,0) =uy, forxeR"

Here, uy is given initial data. The velocity u = (uq, us, ..., u,) and the pressure p are unknown.

The decay problem for weak solutions of the Navier-Stokes equations was first proposed by Leray [15] for the Cauchy
problem in R3. Kato [ 14] obtained temporal decay rates for strong solutions, for the first time. Schonbek [19-22] worked on
the temporal decay problem in R". She obtained the lower’and the upper bounds. In [20], she showed that if uy € L" N L2,
1 <r < 2, and the average of the initial data fuodx is nonzero, then

3 3
G+ 2V < Ju®)llpes) < G+~ 2V
In [21,22], it was shown that, if the average is zero, fRn |ug|?|x|dx < oo, and under some restrictions on ug, then

G+ < Ju®llpEn < GA+ O
for n = 2, 3. See also Miyakawa and Schonbek [17] for the lower bound.
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Borchers and Miyakawa [7] studied the decay problem in half spaces R, . They obtained that if uy € >N 1", then

la®l, < A+ t)*%(l/rfl/z)

provided 1 < r < 2. For example, if r = 1 then the decay rate is t 7/4. For r = 2, they obtained that ||u(t)|, — 0. We [3]
showed that the decay rate of L>-norm of the solutions for the Navier-Stokes equations in the half space is

t*%(%*%)*%
ifug € >N L and fR'l lyatag(y)|"dy < oo.

For the spatial decay, Farwig and Sohr [9,10] showed the spatial decays for the exterior problems. He and Xin [ 12] showed
that ifuy € L'(R?) and |x|uy € [?(R?), there exists a class of weak solutions satisfying

t
(14 [x*)?ull3 +/ (14 |x>)/>Vu|3dr < C
0

|3/2

and also that if |x|3?ug € L?(R3), then there is a class of weak solutions satisfying

t
I+ X2 a3 +/ (1 + [x1*)*/?Vu(r)[3dT < C(1 4 log(1+ 1))
0

forallt > 0,0 < a < 3/2.If [e |y < C(1 + t)77 for some y > O, then the right-hand side of the above
inequality can be replaced by a constant independent of t. Schonbek and Schonbek [23] studied the decay properties of
l1x|%u], for 0 < o < 3/4, when u is smooth. We [4] showed the following. Let 1 < o < 5/2. Assume that uy € L*(R3),
(1+ |xDug € L'(R3), (1 + |x))%ug € [*(R?) and divuy = 0. Then there is a fveak solution of (1.1) satisfying the following
inequality for all t > 0;

I+ XD u() 1%, +/ 11+ [XD* Vu(s)|If,ds < C.
0

Interpolating with the temporal decays, we may obtain the temporal-spatial decay rates. Miyakawa [ 16] obtained pointwise
upper bounds of the Navier-Stokes flows in R". In [5], we obtained the lower bounds as in [21,22,17]. However, we include
weights for the temporal-spatial decays A

Co(1+ 0745 < (14 D)™ uC, Ol < Ci(1+ )75+

for 0 < o < 2. The upper bound parts are estimated in several papers, for example [4,12]. For exterior domains, refer to
[4,1]. Modifying methods in [12], we improved the rates for exterior domains in [4].
A All of the above are decay estimates without external forces. With external forces, Wiegner [24] and Ogawa [ 18] estimated
temporal decays. In this paper, we estimate the decay rates of Stokes solutions and of the Navier-Stokes solutions with
external forces.

In Section 2, we provide an example of external forces which indicates slow decays. Then, we obtain the temporal-spatial
decays for the Stokes flow, and in Section 3 we obtain the decays with weight (1 + |x|?)'/? for the weak solutions of the
Navier-Stokes equations.

2. Decay rate of solutions for the Stokes equations

In this section we obtain the decay rate for the Stokes equations in the whole space R3. If the initial data u, and the
external force f are divergence free in R?, then solution u for the Stokes equations is reduced to that of the heat equations
with initial data ug and inhomogeneous term f. The main focus in this section is the estimation on f since the term concerning
initial data is estimated in [5].

If the external force f is not divergence free, it can be decomposed in the form f = £y, + V&, where fg;, is divergence
free and A¢ = V - f by the Helmholtz decomposition. Then we consider the Stokes equations

v; — Av+ Vp =f, V.-v=0, v(x,0) =a
and the heat equations with the same initial data a
Vi — AV =V, V(x,0) =a.
Then, defining w = v — V, we have
w; — AW+ Vp = fy, V.-w=0, w(x,0) =0,

of which the solution is also a solution of heat equations, since the external force is divergence free. The term V& can be
absorbed in the pressure term. So if we estimate solutions of heat equations of the form v; — Av = f, then we obtain our goal.

Our motivation for this problem comes from Wiegner [24], in which it is stated that if the Stokes solution v and the
inhomogeneous function f satisfy the decay property that ||v|| 2 + (1 + t)[|f(t)[|2 < C(1 + t)~*° with &y > 0 then a weak

Please cite this article in press as: H.-O. Bae, et al., Asymptotic behavior for the Navier-Stokes equations with nonzero external forces, Nonlinear Analysis
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solution u of the Navier-Stokes equations (1.1) satisfies that ||u(t)||f < C(1+ t)~ with ¢; = min{wg, n/2 + 1}. We first
take an example of f such that the solution of the heat equations with inhomogeneous term f has slower decay rates. Then,
for general f, we obtain upper and lower bounds of the asymptotic behavior of the heat solutions with weights.

By the usual notations, ||f||; means (fR3 |f(x)|sdx) "% for each s, and denotes IIfIl = IIf ll.. We denote by K (x, t) the heat
kernel in the whole space R",

2
Ki(x) =K(x,t) = (47‘[1’)_”/2(3—%

Then the solution V(x, t) of heat equation V; — AV = f with the initial condition V(x, 0) = a(x) in R> has a potential
expression

Vx, ) = [ K& —y, 0a@) dy + [y [on K(x —y, t — )f(y,s) dy ds. (2.1)

Related to the results in [24], we first consider f of the form f(x, t) = (1 + t)‘%‘% [K: * b](x), where b is independent of
t. Schonbek [20] showed that if the average of bis nonzeroandb € L' N[? for 1 < r < 2, then

() (-1
Co(1+1) 2\ 2/ < |[K % b(, )|l 2@3) < C(1+1t) 2\7 2/,
Therefore, for r = 1, we obtain that

C(I+07"7% < (.0l < G(1+07'75.

The second term in (2.1) is estimated as follows;

t
/ [Kes % £ )](ds
0

t
= Hf (145)"47% [K_s % [Ks % b]] (x)ds
0

t
= H[IQ*b](X)/ (1+5)74~5ds| = C[|[K *bI(0)|

1)
=C(1+¢) ° bl
for1 <r <2,forsomeC > 0ifa > = ThlS implies that even if f has fast decay rates, 1ts heat solution V has slower decay

rates, for example (1 + t)‘Z when r = 1and n = 3. Compare this with the rate (1 + t) in Wiegner [24]. In other words,

3
oy =< 3.

We now consider the more general function f to obtain upper and lower bounds of the temporal-spatial decays. We
assume that f satisfies the following conditions for the upper bounds of the decays such that for some C > 0,

/-oo 11+ [x1?)7 () llirds < C, (2.2)
0

foreacht >0 [[f(t)]2 < C(1+t)~71, (2.3)

and the E\ollowing for the lower bounds such that for each t > 0,

- 1f(D)ll2 ds < C(14 )72, (2.4)

/ f,tyde>CA+6)% j=1,...,n, (2.5)
Rn

/ (IXI+ X" ) flx, O dx < CA+ )P4, gy > % (2.6)
Rn

where B3> 1= 14+ 2 (1 —3),and B, > 1+ 5 (1 —9).
In[5] forn = 3 and in [2] for n = 2, we have obtamed that, with assumptions on a stated in Theorem 2.2

G+ 0~ < |1+ kP K a0l < (1 + 07" +5 (2.7)

for0 < B < (n+ 2)/2 if the average of a is zero. In a similar way in [5] and in [20] if the average of a is nonzero, we can
obtain f\imilar estimates to (2.7):

Co(14+ 0737 < |1+ XD 2K *al(x, 0] < C(1+0)747 2. (2.8)

For our estimation, we need the following lemma, of which proof is provided in Lemma 3.3, [4] and in Lemma 2.3, [1].
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Lemma2l. leta<1, b>0,d<1Ifb+d < 1,then
/t(t — )7 s+ D7Ps7ds < ct' Y1 4+ 1) 7P,
0
if b4+d =1, then
/t(r —5)7%s+ 1D)7Ps74ds < ctIn(t + 1);
0
if b+d > 1, then

t
/ (t =) %+ 1)"Ps74ds < ct™°.
0

With nonzero inhomogeneous function f satisfying (2.2)-(2.6) we obtain the following theorem:

Theorem 2.2. et 0 < y < n/2 be a number. Let V be the heat solution with initial data a, where V - a = 0 and

[+ x»)T2|ax)|dx < oo is integrable, and f satisfies (2.2)~(2.6).
Then, there are positive constants Cy, C; such thatif B3 > 1and B4 > 1/2, then

Yy_n

y_n 1/2
Gt < (/(1 T I Ve, r)|2dx> < e i)
for sufficiently large t > 0if (by) # 0, where
bjx = /YIcaj(V)dY-

fO<Bs=1—-n+2<1withl<r<2andif B4 > 3+ 3= — 3, then we have

1 y_n

. 12
Gt 2(71) < (/(1 + xP) VG, t>|2dx) < 361),

If Bs=1with1 <r < 2,and if B4 > 1/2, then we have

y_n

1/2
Gt i In(1+1¢) < (/(1 + [x2)7 [V(x, t)lzdx) <ot 303),

Proof. Since Co(14(x|7) < (1+]x|?)?/? < C1(1+]x|?) for some positive numbers Cy, Cy, it is enough to estimate || V(t) |2 R2)
and [V(O)[X]” [l 2z3)-

Owing to (2.7) and (2.8) it is enough to consider the term containing f. We first estimate upper bounds of the decay, then
lower bounds. Observe that

t 2
f X2 ( / [Kt_s*f(-,sn(x)ds) dx
R" 0
t 2
=/ (/ / |x|VK(x—y,t—s)f(y,s)dyds) dx
R" 0 R"

t 2
§C/ (/[(Ix—yIVK(x—y,t—s)+IyIVK(x—y,t—s))If(v,s)ldyd5> dx
R 0 RM
=h+bh,

which can be estimated as follows; by the generalized Minkowski’s and Young’s convolution inequalities,

t 2
L = / (f [ 17 Ke—s * |f]] (x, s) ds) dx
rr \Jo
t 1/2 2
(f (/ I 17 Kes % I, )1 dx) ds)
0 RP
t/2 2 t 2
2 (/ I 7 Ke—s * [£11(S) ] ds) +2 (/ I 17 Ke—s * [£1(5) ] ds)
0 t/2
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t/2 t 2
< c( / - P Kesll ||f<s>||rds> +c< / - K L) ds)
0 t/2
t/2 y_n(1_1 2 t y 2
c(f (r—s)TfG*f)nf(s)urds) +c<[ (t—s)fnf(s)uds) ,
0 t/2

by (2.2) and (2.3),

t/2
< cij2y"(3) ( / o ds)
0

< cr(7-3) +C(t/2)r % = Cty*”(%*%),

2

IA

2

t 2
+c< (t—s)"?(14s)7h ds)
t/2

where 1+ 1 = % + L. Inasimilar way, we obtain
A

t 2
L :/ </ [KH*(I-IVIfI)](x,S)dS> dx
RM 0
t 12 2
c(/ (f [KH*(|-|V|f|)]2(x,s)dx> ds)
0 R

<
t/2 t 2
< C(/ IKe—slle 111 - TV IE1 (), d5+/ IKe—slla 1 - 17 1f1) ] dS)
0 t/2
t/2 ,n(l,l) t 2
< C(/ (t=s) 23" 21 - 17 If1(s) d5+/ ||I~|V|f|(S)IIdeS> !
0 t/2
by (2.2) and (2.4),

< CF"(%*%).

Therefore, we have

t ? 1_1 1_1
/ X (/ [Ke—s * f(ﬁs)](x)dS) dx<C (ty"(TZ) + t7"<?*7))
R" 0

for large t. Since || (1 + [x|?)"/%K; * a||2 = ct="#+%, we conclude that

1/2 t
(/ X7 [V (x, t)lzdx) =P &Kexa)ll + HI : ny Ke—s % £(-, s) ds
0

A

A
A
—
N
N
—~
=
N
~—

for large t.
We now estimate the lower bounds. Observe that, foreachj =1, 2,...,n,

t t
/[ths*ﬁ](x,S)fds:/ / K(x—y,t—9fi(y,s)dyds
0 0 R

t t
= / (Ke—s(x = y) — Ke—s(x)) fj(y, s) dy ds + / f Ki—s(x)fj(y, s) dy ds
o Jgn o Jen
= Jj+ )y
Consider J, ; = fot Jan K(x, t —$)fi(y, s)dyds; foreachj = 1,..., n, by (2.5),

t 0 2 2
/ X% (J2,)" dx > C / R (/ (t—s) te a5 (1457 ds) &
R R 0
3 X2 2
c/ x)?Y / (t—s) e 39 (t —s) 21 (1 +5) P ds| dx
x| <v/t 0

Mz t/2 n 2
c (f |x|2Vt_2‘3e_7dx) (/ (t—s5) 211 +5) P ds)
[x|<vt 0

%

v

(2008), doi:10.1016/j.na.2008.10.074
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) t/2
> " (f |x|2ye—%dx> (/ (1457 ds)
[x|<vt 0

for small § > 0.If 3 > 1, then

2

[ WP ) = e e = o = aE,
If0 < B3 < 1then
[ )’ ax = i,
RN
in particular,if0 < g3 =1—n+ 7 < 1with1 <r < 2, then
[ i 2 o= e,
RM
If B3 = 1, then
/ KPP ()7 dx > Ce= 2% (In(1 + 1))
R
We now estimate J;. We use the same method tised in [3];

t
= / / Kes(X = ¥) = Kees (0) £y, 8) dy ds
0

¢ 4 x|
/ (4m (t — s))’”/Z/ (/ Ee7 =) dr)jj(y, s)dyds
0 0

t 1 Kty
- [fame—or [ [ o T g, 9aravas
0 0

Taking z = (x — ty)/+/4(t — s), and by the Minkowski’s inequality, and the fundamental theorem of calculus, we have
2 1/2

t 1 2 2

< [w-oe [ | ( [ i dx) de 1Ay, 9 dy ds
0 0
t n+2 1 2

—c [e—o et [ L[ et i foe

0 0

t
sc/ <t—s)*%%/(|y|+|y|y“) 1y, 5) dy ds
0

t 1 k=t |2
/ (t —s)™"/? // |x|” 3y, € A=) yifi (v, s) drdy ds
0 0

_ =y
axke 4(t—s)

R

2 1/2
dz) [YIIfl(y, s) dzdyds

t
< c/ (t —s)~"F+51 457 P ds
0

<C(1+0) "5t th

by (2.6) and by Lemma 2.1.
We finally obtain that

=

t
|-|V/ / K(x,t —s)f(y,s)dyds
0 R

> Ctii i h > ik

t
H| N / [Kes % (-, 5)1ds
0

12

t
|-|V/ Kx—y,t—s)—Kx, t —9)f(y,s)dyds
0 Jrn

12

when 83 > 1and 84 > 1/2, where in the last inequality we use the upper bounds of the second term. If0 < 3 = l—n—i-% <
Twith1 <r <2,andif B4 > 5 + 4+ — 4, then we have

Y 1 y_n(l1_1

> 5 303) Joph-tom s o83 0),

t
‘I . Iy/ [Ki—s + £(-, s)]ds
0
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If 3 = 1and B4 > 1/2, then we have

y_n

t
H|-|V/ [Ke_s  £(-, $)](0ds|| > CtE =3 In(1 +¢) — 7"
0

y_n

> Ct2741In(1+1t).
Hence, combining the results in Theorem 2.1, [5] for n = 3, and [2] for n = 2, we complete the proof. O

. . . 2
We remark, here, that if the average of f(x, t) is zero, then we may obtain the lower bounds as 5" If the average of
fis zero, then We use the upper bounds of the terms concerning f, and the lower bounds of the terms concerning a as in [5].
Let u be a weak solution of (1.1). Define

o0
= / / () (x, s)dx ds,
0 R3
and Fx = (F,1k, Fi, 2, Fi,31) by

Fu(x, £) = (80K (X) + / (A1) () ds.
t

Notice that |cfj| < co. Define v = (vy, v, v3) by

t
vj(x, t) = [K; * ugj1(x) + Fji(x, t)c,?, +/(; [Ki—s * fil(x,s)ds, t>0, (2.9)

where ug = (ug 1, Uo,2, Up,3) is the given initial data. Observe that v is a solution of a heat solution with inhomogeneous
term f.

The following theorem is shown in [5] for n = 3 and in [2] for n = 2 when f = 0. But if we look at the proofs carefully, it
is not important whether or not f = 0, so the following theorem also works, even for f # 0.

Theorem 2.3. Let (1 + |x|?)(+7)/2uy € L'(R") and V - uy = 0. Let u(-, t) be a solution to the Navier-Stokes equations (1.1)
with initial data uy. Suppose that (by) = ( f y,uo,kdy) # 0or (c,?,) # (cdy) for any c € R. Then, there are positive constants
Co, C1 > Osuch that

2y—n—-2 2y—n—=2

G+ <1+ [x)% (K * o + cuFig)ll < C(1+16)" 4
forj=1,2,3, where0 <y < (n+2)/2.

With the help of Theorem 2.2 for the inhomogenous term f, we also obtain the following theorem:

Theorem 2.4. Let (1 + |x|2)+/2uy e L'(R?) and V - uy = 0. Assume that f satisfies (2.2)-(2.6). Let u(-, t) be a solution
to the Navier-Stokes equations (1.1) with initial data u,, and let v be a solution of heat equation defined by (2.9). Suppose that
(b)) = (f y,uo,kdy) # Oor (c,?,) # (cby) for any c € R. Then, we have the same conclusion in Theorem 2.2, except that V is
replaced withvand that 0 <y < n/2.

The following propositions are also shown in [5] for n = 3, in [2] for n = 2 without f:

Proposition 2.5. Let n = 3. Let v be the solution of the heat equation defined by (2.9) with f = 0, where V - uy = 0 and
f(l + |x|)|ug(x)|dx < oo is integrable. Then, there are positive constants C such that

Vvl < c+ 6774
Furthermore, if [ |x|*|uo(x)|dx < oo, then
1A +1- 1)Vl < CA+1)72
for sufficiently large t > 0.1f [(1+ [x[*)*/?|ug(x)|dx < oo, then
IA+1-PVv<Ca+07 A+ P)Vle < CA+0)72
Proposition 2.6. Let n = 2. Let v be the solution of the heat equation defined by (2.9) with f = 0, where V - uy = 0 and
f(l + |x])|ug(x)|dx < oo is integrable. Then, there are positive constants C such that
Vv < C(1+1)7/2
Furthermore, if [ |x|?|ug(x)|dx < 0o, then
IA+1- )2V < CA+ 672

for sufficiently large t > 0.
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With nonzero f, we may obtain the similar results to the above for n > 2:

Theorem 2.7. Let v be the solution of the heat equation defined by (2.9) with f satisfying (2.2)-(2.6), where V - ug = 0 and
f(l + |x])|up(x)|dx < oo is integrable. Then, there are positive constants C such that

_l_n(l_l)
Vvl <C(1+¢) 2 2\r 2/, (2.10)
Furthermore, if f |x|” [ug(x)|dx < oo, then

1

I+ 1PVl < C(1+1) 272 +2 2.11)

for sufficiently large t > 0.1f [(1+ |x]?)”/?|up(x)|dx < oo, then

_nf1_1\_1,7v
1+ 1- 272w < ca 40 22 -3+%, (2.12)

Proof. It is enough to consider the term concerning f. Observe that

t/2 t
=< / l0kKe sl 15 (> $) - ds +/ 10K —sll1 15 (-, $)II ds
0 t

t
O, / [Ki—s * fil(x, s) ds
0 /2

t/2 1 n(1_1 ¢ 1
/ (f—S)_Tj(T_j)Hfj(w5)||rd5+ (t—s5)"2(1+s)Fids
0

t/2

IA

B ()

where 1/ + 1/r = 3/2.
Observe that for 1/ + 1/r = 1,

t
O, / [Ki—s * fi1(x, ) ds
0

t/2 t
< / Nl 8K —s I ||fj(-,5)||rd3+/ 0Kl 1f (-, s)II ds
0 t/2

oo
t

t/2 n n
< f C = 3 F G slhds+ [ ¢ =5 9P ds
0 t/2

1_n
< Ct 27,

Since |x| < |x —y| + |y|, we have that 1/r' + 1/r =1,

t
X173, f [Kes # f1(x, 5) ds
0

oo

¢
=€ ‘ / [ath—s * (] - |yfj)] (x,s)ds
0

t
/0 [(1- 17 0Kes) # ;] (x,5) ds

i

o0 o0

t/2 t
= / I 17 OKe—sll, G C, Sl ds +/ louKesll |1 - 17£¢.9)| ds
0 t/2

1

t/2 . t .
sf (t—s)‘f‘?+%||fj(-,s>||rds+f (=) (t+5) " ds
0 ¢/2

We also notice that 1/r" 4+ 1/r = 3/2,

t
[X]” 0y, / [Ki—s * fj](x, s) ds
0

|

t t
/0 [ - " 0kKe—s) * ] (x,5)ds +H/0 [0uke—s * (- I7£)] (x, 5) ds

t/2 ¢
5/ - 7 Ko ||fj<-,s>||rds+/ loKeslly |1 - £ 9)] ds
0 t)2

t

t/2 n(1_1\_1,v
5/ (t—s)_z(' ;) 2+g||fj(-,s)||rds+ (t—$)"2(t+5) " ds
0 t/2

< Ctig(%i%)i%ﬂk% 0
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3. Decay rates with weight (1 + |x|2)'/2 for the Navier-Stokes equations

In this section we consider the decay rates for weak solutions with weight (1 4 |x|?)!/? for the Navier-Stokes equations.
For n = 3, since the strong solution is still unknown, we should consider the approximate solutions u™, N = 1,2, ..., of
(1.1) with initial data uy € L' N [?, divuy = 0, of the following equations:

A

N N N N N
—u —Au + U -V)u" +Vp"' =0, t>0,
" ( ) p (3.1)
vV-u' =0, u" (0) = u,,

where UV is a retarded mollification of u".
We recall that the retarded mollification UN of u" is defined by

UN(x, t) :8_4//w(y/&s/&)fi”(x—y,t—s)dyds, §=N71,

where 1/ is a smooth function with ¢ > 0,
/fwdxdt =1, and suppy C {(x,t):|x*<t, 1<t <2},

and 6" is the zero-extension of the function u" which is originally defined for t > 0. (Refer to [8,13,6].) One easily verifies

that
1/2 /2
/ ( [UN(x, s)| dx) ds < c/ (/ [u¥ (x, 5)| dx) ds.

In the following, we write U = U, u = u" and p = p" for simplicity. For R?, we have that U = u is the unique weak
solution to (1.1). In case n > 3 for R", the estimates derived below are uniform in N, hence the desired results are obtained
through passage to the limit N — oo.

Let v be defined in (2.9). Set w = u — v, then w satisfies

divw =0

a
&W—Aw:—(U-V)u—Vp, t>0.

. These equations are the same for (3.4) in [5], so that we may obtain the following theorem.
A

Theorem 3.1. Let uy € [>(R3), (1 + |x|*)ug € L'(R?) and V - uy = 0. Let v be a solution of heat equation defined by (2.9)
under the assumption that (by) # 0 or (c,?l) # (cdy) for any c. Let u(-, t) be a solution to (3.1). Then, for any small 5 > 0, there
T1 > 0 such that

=lw

low()|? < 81+ )3
forallt > Ty.
For the proof, we provide the lemmas, but we will skip those proofs, since the proofs are the same to those in [5] and

those in [2]. For brevity, we denote by @ = (1 + |x|?)!/2.
A

Lemma 3.2. There exist C such that for t > 0
1d
—— | o?lw(x, t)]?dx + / ®?|Vw(x, t)|2dx
2dt Jgs3 R3

< C(Iw®1? + oV, + 1IVVI?) 4+ C (1112 + VU] low]*.

Denote X and Y by
X=>0+0*ow®|? and Y=(1+0*oVw®)|>.

From Lemma 3.2, there is C > 0 such that

d
EX +Y <C(IUIP + IVUI?) X + 41 + ) low]* + C(1 + )* [[w() |1 + llwVV[Z, + V][] (3.3)
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Lemma 3.3. For each R > O, there is a constant C such that

2 2 £ 2 2 2 -~ 2
w W(t)["dx < — o’ [VW(X)|“dx + Cllw|; + C [Vew(§)|°dE.
&3 R® Jgs3 &1<R

Take R = for small enough € > 0. Apply Lemma 3.3 to (3.3), then there is C; > 0 such that

1
Je(A+t)'

d
grtar=c (U2 +1VUI2) X + A+ 0)* [Iw® > + loVViZ, + 1IVV]?]

+C(1+ r)3/ [V:W(£)|*dE. (3.4)

[E]<(e(1+1))~1/2

Lemma 3.4. For each € > 0, there is C such that

/ VeR(E)[2dE < C(1+ 0.
[E1<(e(141))~1/2

8 Q2 Proof (Proof of Theorem 3.1). Apply Lemma 3.4 to the inequality (3.4) to get

4 oy
dt 2

IA

Ca+0*[Iwl? + loVvvlZ + IVVIP]+ ca+ 02+ c (Ju]* + IIVU[*) X

=L +C+t"?+DX.

Solving the above inequality for t > T, we have the inequality
t
X = COXM + [ BEG+ 1 +9)ds
T
where I3(s) = el 247 There is C; independent of ¢ such that I5(t) < C3 since

t o0
/ L(r)dr < c/ (IVu)l® + [lul?) (r)dt < oo.
s 0

From the result in [17], for any 8 > 0 given, there is a large time T; such that
lw©) > < BA+1)>? fort > Ty.
From the estimates of heat equation, we may obtain that

IVVO < CA+ D37, [aVV(t)]eo < CA+0)77,

So, for B > 0 given,

L) < BCA+DI 7 +CA+D7 fort > T,
hence,
‘ 1/2 a_3 5-3
L) (h+(1+9")ds<BC(1+6)27 7 +C(A+t)>"7 fort > Ty.
T
Therefore, we have the inequality for t > T,
1_3 3
X(t) < CX(T) +Cap(1+ 0277 + G147
1_3 3
SG+GB(I+027T +CA+06)°7.
Notice that C4, Cs and Cs depend on T;. Therefore,
3_3 3
low®)[* < G614+ +CBA+0)I T +C(1+0)' 7.

Fix By to be small enough. Now, take 8 small that (4,8 < ﬂ({%, T, (>T;) large enough that Cg(1 + Tz)_lzfl’L% < %, and
Cs(1+ Tz)_% < %, then we have

low(®)| < Cofo(1+ )37 fort > Ty,

which completes the proof. O
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Considering that for t > T, and for 8y < 1
lou(®)[* = [lov(D)[* — ow(®)]?,

we obtain the following theorem. The upper bound is obtained easily by [Jou(t)||? < ||wv(t)||?> + ||ow(t)]>.

Theorem 3.5. Let V - uy = 0 and fR3(1 + |x|?) [ug(x)|dx < oo is integrable, and f satisfies (2.2)-(2.6) for y = 1. Then, there
exists a weak solution u of the Navier-Stokes equations (1.1) with initial data uy such that there are positive constants My, M,
Satisfying thej:f)llowing: if B3 > 1and B4 > 1/2, then

1/2
Mor—%s( <1+|x|2>|u<x,r)|2dx> <Mt i
]R3

for sufficiently large t > 0 if (by) # 0, where by, = f ykaj(y)dy
IfO<pBs=-2+4+2 <1withl <r < ¢ andif B4 > 3 — 1, then we have

35
s 3 1/2
Mpta~zr < (f(l + %D ux, t)| dx) < Myta~

IfBs=1withl <r < g, and if B4 > 1/2, then we have that for large t > 0,

-NU!
o

mu‘
':’\w

1/2
Mot ™3 In(1+1) < ( (1+ ) |u(x, 0)] dx) =Mt

We note that for y < n (— - —) combining the estimates in the previous section and those in [6] and in [2], we also
obtain the upper bounds easily

loru| < i 30-3),
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