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Introduction

Shape visualization and processing are fundamental tasks in many fields from mechanical engineer-
ing to physics, biology, chemical engineering, medicine, astronomy, etc., and are the subject of very
active research in image processing and computer graphics. For there is a huge variety of appli-
cations and a large variety of capture systems, there are many discrete models for representing a
shape: point clouds, meshes, pixel/voxel representations, splines, level sets representations, etc. All
these models carry very different informations, and it is hopeless to look after equivalence relations
between them. It makes sense however to try to look at all these models in a common framework,
possibly weaker, which would provide a common formalism for studying a large variety of both
discrete and continuous shapes.

Such a common framework has been proposed in [Buel4, Buel5]: the class of varifolds. Varifolds
have been introduced by Almgren in 1965 [Alm65] to study the existence of critical points of the
area functional. They have several nice properties in a variational context: compactness, mass
continuity, criteria of rectifiability, a notion of multiplicity, and a weak notion of curvature called
the first variation [All72, Sim83]. In addition, the varifold structure is flexible enough to describe
not only classical continuous objects as curves, surfaces, rectifiable sets, etc., but also ”discrete”
objects like meshes, point clouds, volumetric representations. etc.

Previous contributions in the literature also involve tools from geometric measure theory to
define a convenient notion of curvature or to study more generally discrete surface approximation.
For instance, a unified notion of curvature measure valid both for surfaces and their discrete ap-
proximations, and based on normal cycles, is introduced in [CSMO06]. First defined for surfaces
and triangulations [Mor08], it has been recently extended in [CCLT09] to more general discretiza-
tions like point clouds. The accuracy of the approximation of the surface is measured in terms of
Hausdorff distance while the error between the curvature measure of the surface and the curvature
measure of the approximation is controlled in terms of the Bounded Lipschitz distance which is
similar to the Wasserstein distance. Shape comparison is another application of geometric measure
theory: Charon and Trouvé[CT13] endow triangulated surfaces with a varifold structure, and de-
fine a distance between varifolds, both computable from a numerical point of view and adapted to
shape matching.

In the first section of this paper, we follow [Buel5] and introduce discrete volumetric varifolds
and point cloud varifolds to represent both volumetric surface models and point clouds. We study
convergence issues, and in particular, in Theorem 2.6 , we estimate in terms of the Bounded Lips-
chitz distance the quality of the approximation of rectifiable varifolds by either discrete volumetric
varifolds or point cloud varifolds.



We already mentioned that any varifold can be endowed with a notion of generalized curvature,
namely the first variation. However, the convergence of a sequence of varifolds (V;); does not imply
the convergence of the associated first variations, unless the latter are uniformly bounded, that is,
if

sup [|0Vi]| < 4o0.
(2

This condition is not always satisfied neither by weakly—* converging sequences of discrete volu-
metric varifolds, nor by point cloud varifolds, hence the following question arises:

Question 1. What conditions on a weakly— converging sequence of varifolds (possibly not rectifi-
able) ensure that the limit varifold has bounded first variation? that the first variations converge?

We start from the following observation: even when a varifold does not have bounded first
variation, the first variation is by definition a linear form on CJ, which can thus always be tested
on a C! or Lipschitz function, so that it is possible to regularize the first variation §V of a varifold V
with a Lipschitz or even more regular kernel p.. This regularization §V xp. has an explicit expression
(given in Proposition 3.1). Such regularization allows to give an answer to Question 1 (see Theorem
3.5). Moreover, it provides a notion of approximate curvature for a varifold V' (depending on the
choice of a regularizing kernel p,):
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which converges ||V||-almost everywhere to the classical mean curvature as soon as the varifold V'
has bounded first variation (see Proposition 3.6).

It remains to study the behavior of the approximate mean curvature (1) on sequences of discrete
varifolds. We thus need to make a connection between the scale parameter ¢ of the approximation
and the scale of the discrete objects (the size d; of the mesh K;, assuming that we are considering a
sequence of discrete volumetric varifolds V; associated to a varifold V' and to a sequence of meshes
(K;)i, see Definition 9).

H. = -

Question 2. Are there conditions on the infinitesimal sequences (¢;); and (J;); ensuring that the
approximate mean curvatures of discrete volumetric varifolds (V;); associated with a rectifiable var-
ifold V' and with the sequence of meshes (K;); of size 6; — 0, converge to the mean curvature of

Ve

The answer is yes, under some additional assumptions on the regularity of V' and p, as well as
on the relation between the parameters ¢; and 9;, see Proposition 2.4 and Theorem 3.10.

Then, in order to understand better the approximate first variation provided by the regular-
ization 0V x p., we address the question of representing oV * p. as the first variation of some
conveniently chosen varifold:

Question 3. Given a d—varifold V', is the reqularization OV * p. of the first variation 0V, the first
variation § <\7€> of some varifold f/';’? If this is the case, is 175 the regularization (in a sense to be
defined) of V' ¢

The construction of 175 can be done explicitly (Theorem 4.2). Indeed for every 1 € C2(2 x Gan),
(Vo) = (V. (0, 8) = () # pely) -

2



We observe that the mass ||[Vz|| = ||V * p is the convolution of ||V and in Proposition 4.4, we
point out that the tangential part vZ of V. = |[Vi| ® V£ is generally neither a Dirac mass nor a
combination of Dirac masses.

The final section of the paper is devoted to numerical experiments in order to illustrate on 2D
subsampled parametric test shapes and on 3D point clouds our notion of approximate mean curva-

ture.

In particular, we study the behavior with respect to the choice of a regularizing parameter,

or the ratio between the number of points and the scale parameter e.

Notations

From now on, we fix d, n € N with 1 < d < n and an open set 2 C R"™. We adopt the following
notations.

AAB = (AUB)\ (AN B) is the symmetric difference.

B.(z) ={y| |y — x| < r} is the open ball in R™ of center x and radius r.

B = U,ep Bs(x) = {y € R |d(y, B) < o).

wqg = L4(B1(0)) is the d-volume of the unit ball in R?.

Being A, B two open sets then A CC () means that A is relatively compact in B.
Let A C Q then A° =\ A denotes the complementary of A in Q.

G4n is the Grassmannian of all d-dimensional vector subspaces of R" equipped with the
metric

d(T, P) = |[Tlr — Ip||

with IIr € M, (R) being the matrix of the orthogonal projection onto 7" and || - || a norm on
M,,(R). Measures on §2 x Gg,, are considered with respect to the Borel algebra on Q x Ggp,.

Given a continuous R"—valued function f defined in €2, its support spt f is the closure in Q2

of {y € Q| f(y) # 0}.

Ck(Q) is the space of real continuous compactly supported functions of class C* (k € N) in
Q.

CY(9) is the closure of C2(Q2) for the sup norm.
Lip(€) is the space of Lipschitz functions in Q with Lipschitz constant < k.
We denote by |u| the total variation of a measure p.

Mioc(2)™ is the space of R"—valued Radon measures and M ()™ is the space of R™—valued
finite Radon measures.

L" is the n—dimensional Lebesgue measure.

H? is the d-dimensional Hausdorff measure.



1 Generalities on varifolds

We recall here a few facts about varifolds, see [Sim83] for a more complete survey of varifolds
theory.

Definition 1 (Rectifiable d-varifold). Given an open set Q2 C R™, let M be a countably d—rectifiable
set and 6 be a non negative function with 6 > 0 H%—almost everywhere in M. A rectifiable d—varifold
V =wv(M,0) in Q is a positive Radon measure on Q x Ggq,, of the form'V = G’HfM ® O, 0 L€

/ o(x, T)dV (z,T) = / o(z, T M) 0(z) dH(z) Vo € Co(Q X Gyn,R)
OxGy.n M

where Ty M is the approzimative tangent space at x which exists H%—almost everywhere in M. The
function 0 is called the multiplicity of the rectiftable varifold.

Let us turn to the general notion of varifold:

Definition 2 (General d—varifold). Let Q C R™ be an open set. A d-varifold in Q is a positive
Radon measure on 2 X Ggp,.

Remark 1.1. As Q) x Gy, is locally compact, Riesz Theorem allows to identify Radon measures
on Q x Gy, and continuous linear forms on C.(Q x G4,) (we used this fact in the definition of
rectifiable d—varifolds) and the convergence in the sense of varifolds is then the weak—« convergence.

Definition 3 (Convergence of varifolds). A sequence of d—varifolds (V;); weakly— converges to a
d-varifold V in Q if, for all p € Cc(Q x Ggp),

1—00

(Vi) = /Q o, B PIIAEP) o (Vi) = /Q SRV P).

Definition 4 (Mass). The mass of a general varifold V is the positive Radon measure defined by
IVI(B) = V(r~Y(B)) for every B C Q2 Borel, with

m: OxGgn —
(,8) +— =z

In particular, the mass of a d-rectifiable varifold V- = v(M,0) is the measure ||V = GH‘M

The set of d—varifolds is endowed with a notion of generalized curvature called first variation.

Definition 5 (First variation of a varifold). The first variation of a d—varifold in Q C R™ is the

linear functional
§V: CLOQ,R") — R
X > fﬂde divpX(z)dV(z, P)
It is a distribution of order 1.
For P € G and X = (X1,...,X,) € CL(Q,R"), the operator divp is defined as

divp(z Z (VPX(x (IIp(VXj(x)),e;) whith (eq,...,ey,) the canonical basis of R".
Jj=1 j=1

The linear functional §V is generally not continuous with respect to the C? topology. When it is
true, we say that the varifold has locally bounded first variation:



Definition 6 (Locally bounded first variation). We say that a d—varifold on Q has locally bounded
first variation when the linear form 0V is continuous that is to say, for every compact set K C ()
there is a constant cx such that for every X € CL(Q,R") with spt X C K,

|0V (X)| < cxsup | X]|.
K

If a d—varifold V has locally bounded first variation, the linear form 0V can be extended into
a continuous linear form on C.(€2,R™), and by Riesz Theorem, there exists a Radon measure on {2
(still denoted 0V') such that

WV (X) = / X -6V for every X € C.(Q2,R")
Q

Thanks to Radon-Nikodym Theorem, we can derive 6V with respect to ||V and there exist a
function H € (LL.(, |V]]))" and a measure §V; singular to ||V|| such that

§V = —H||V| + 6V, .

The function H is called the generalized mean curvature vector. Thanks to the divergence theorem,
it coincides with the classical notion of mean curvature if V = v(M, 1) with M a C? submanifold.
We now define and study varifolds structures on discrete objects.

We now recall what is the Bounded Lipschitz distance between two Radon measures. It is also
called the flat metric and it can be seen as a modified 1-Wasserstein distance which allows the
comparison of measures with different masses. In contrast, the 1-Wasserstein distance between two
measures with different masses is infinite.

Definition 7 (Bounded Lipschitz distance / Flat distance). Let u and v be two Radon measures
on a locally compact metric space (X,d), the quantity

Al’l(u,V)Zsup{’/ sodu—/ p dv
X X

defines a distance in the space of Radon measure in X, called the Bounded Lipschitz distance.

:¢ememummglamnmws1}

Remark 1.2. As for Wasserstein distances (see [Vil09]), the Bounded Lipschitz distance has a dual
formulation (see [PR14]).

We shall also use the following localized notion of A convergence, in the case of varifolds:

Definition 8. Let Q C R™ be an open set and let p and v be two d—varifolds in Q). For any open
ball B C  we define

/ pdp —/ pdv
QXGd’n QXGd,n

AL (p,v) = sup
B (W, and spt C B x Ggp,

wemexGWmHMWSanws1}



2 Discrete varifolds

Most surface representations can be endowed with a varifold structure (triangulations, point clouds,
pixelizations). Here we focus on non-structured discretizations for a couple of reasons. First, non-
structured discretizations are more flexible as they do not require or impose a-priori constraints
on the geometry or topology of the surfaces: one may think for instance to the Plateau problem,
that is, to the minimization of the area of surfaces spanning some common boundary, but with-
out any a-priori assumption on the topology of the competing surfaces. Second, more structured
discretizations can be treated with more specific tools from discrete geometry [BSSZ08], while for
less structured ones (like pixelizations and point clouds) the frameworks proposed in the existing
literature are quite limited and mainly focused on the reconstruction of regular or triangulated
surfaces (see for instance [HDD'92]). For instance, in this second case it is more difficult to design
robust approximation schemes or curvature estimators.

We consider two main classes of such discretizations: volumetric varifolds (which were intro-
duced in [Buel5]) and point cloud varifolds.

2.1 Volumetric varifolds and point cloud varifolds

A mesh of an open set §2 is a countable and locally finite partition

K=|]|K

KeK

of ). For the moment, no other assumptions on the shape of the cells or on the geometry of the
mesh are needed except that the size of the mesh

0 = sup diam K
KeKk
is finite.

Let us introduce the notion of discrete volumetric varifold (see [Buel5]). Let Q C R"™ be an
open set and let IC be a mesh of (). Roughly speaking, given for instance a d-rectifiable set M C R"
(a curve, a surface...) we can define for any cell K € K, a mass mg (the length of the piece of
curve in the cell, the area of the piece of surface in the cell...) and a mean tangent plane Pk as

mg = HYM N K) and P € arg min/ T, M — S| dH%(z),
SEGd’n MNK

and similarly, given a rectifiable d—varifold V', defining

mic = [VI|(K) and Py € argmin/ P 8| dV(z,P),
SEGdﬂn KXGd’n

gives what we call a volumetric approximation of V. This yields the following definition of discrete
volumetric varifold:

Definition 9. Let Q C R" be an open set. Consider a mesh K of Q and a set of pairs {(mg, Px)}kex C
Ry X Ggpn. We can associate this set of pairs with the d-varifold

mK n n
VK:ZWE‘K@J&:K, where |K| = L"(K) .
Kek



This d—varifold is not rectifiable since its support is n—rectifiable but not d—rectifiable. We will refer
to the set of d—varifolds of this special form as discrete volumetric varifolds.

We now define a varifold structure on point clouds.

Definition 10 (Point cloud varifolds). Let {z;}i=1. v C R™ be a point cloud, weighted by the
masses {m;}i—1..n and provided with directions {P;}i—1. N C Gq,. We can thus associate the set
of triplets {({z;,m;, P;) : i=1,..., N} with a d—varifold on R" x Ggq,:

L4 °
N ® [
V:Zmiaximﬂ, - goo
i=1 L ° P;
0 .0 %’/
s0 that for ¢ € C2(2 x Ggp), o ® e ™Mjds ®dp
N ® / /( o
/QOdV:ZQD(.T“PZ) miaﬁi ®5Pi ) PR

° [ J
i=1 Rﬁz / [}
o o °

2.2 A one-to-one correspondence between volumetric varifolds and point cloud
varifolds

First of all, let us point out the following fact:

Proposition 2.1. Let Q C R™ be an open set. Consider a mesh K of Q of size n = sup diam K
KeK
and a family {zx, mi, Pxtrex C R® x Ry X Gg,, such that zx € K, for all K € K. Define the

volumetric varifold V,é"’l and the point cloud varifold Vlgt as

m
Ve = ﬁ [k ®0py and Z MK Oz @ Opy -
KeK Kek
Then, for any B C Q, setting B" = {x € Q : d(z,B) < n}, we obtain p, = [|[Vo||(B") =

IVEN(BY) and pu = [VE|(92) = [[ViE'I(2). and moreover

AR (VL V) < iy and. thus AV (VELVE) <



Proof. Let ¢ € Lip; (R"™ x Gg4,,) such that spt ¢ C B C €2, then

m
[ o [ o] = | [ ot ) Y maston, o)
QXde QXGd’n

Kek ‘K’ Kek

> mK][ lp(x, P) — oz, Pr)| dL™(x)

KeKk
BNK#(

< Z ][hp )| — x| dL™ (x)

KeK
BNK#)

<n 2: M

Kek
BNK#()

IN

=pvel | U E)=av¥I|l U K
BNK#() BNK £

And we conclude since U K c{xeQ : d(z B) <n}. O
BNK#)

Remark 2.2. Proposition 2.1 allows to switch between discrete volumetric and point cloud varifolds,
up to some quantified error in terms of bounded Lipschitz distance. Indeed, given a discrete

volumetric varifold
vol Z Ev@[{ ® 5PK
K GIC

one can choose a finite set of points xx € K, one for each K € K, and define the point cloud
varifold

VE =" mibey, ®0p; ,
KeK

so that by Proposition 2.1 one has
¢
ANV VED <l vt (€) -

Conversely, given a point cloud varifold

N
VE = mids, @6p, ,
=1

one can consider a mesh K with mesh-size 1 smaller than the minimum distance between x; and
xj for 4,5 = 1,..., N with ¢ < j. Then one defines mx = m; and Pxg = F; if and only if z; € K,
while mg = 0 and Px = any d-plane, if and only if 2; ¢ K for all i = 1,..., N (note that the
previous assumption on the mesh size implies that at most one point z; belongs to the same cell
K). Finally, one defines the discrete volumetric varifold

vol Z |K“CnK®5PK'
Kek



It is the immediate to check that [|[V2|(22) = >_;mj = [[Vn[[(£2) < +oc and, thanks to Proposition
2.1, to conclude that
AN (Viv, V) < | Vivll(€2) -

2.3 Approximation of rectifiable varifolds by discrete varifolds

In this section, we prove that the family of discrete volumetric varifolds and the family of point
cloud varifolds approximate well the space of rectifiable varifolds in the sense of weak— convergence.
Moreover, we give a way of quantifying this approximation in terms of the mesh size and the mean
oscillation of tangent planes.

Proposition 2.3. Let Q C R™ be an open set and V' a d—varifold in Q2. Let let (K;)ien be a sequence
of meshes of ), and set
9; = sup diam(K) VieN.
KeK;

Then, there exist a sequence of point cloud varifolds (Vipt)i and a sequence of volumetric varifolds
(VroY); such that for any B C (,

max (AR (V, V), ARV, V) < 8IVIIBY) + min / P — S| dV(z,S).
ek PeGa,n J(BSNK)xGq.p,
(2)

Proof. Let us explain the construction for a fixed ¢. We define the volumetric varifold Vi”"l and the
point cloud varifold V}” " as

7

‘/Z‘UOZ = Z T;;Tﬁn@(SPIz{ and th Z mK(S ®5Pz s
KeK; Ker;

with

my = |[V|(K), 2% €K and Pk c argmin/ |P— S| dV(x,S).
PGGdyn KxGgn

Then, for any open ball B C © and ¢ € Lip;(R" x Gg4,,) with spt o C B x Gg, we set

A = [ pavl [ pav
QXGdyn QXGd,n

and obtain
V(K
o) =| Y [ et PN ace - 3 [ ey mavi
‘ K%,:C KmB Fic) K| K%,:C KNB) den
< ][ / lo(z, Pi) — o(y,T)| dV (y,T) dL"(z)
Kek; zeK J(y,T)eKxGqn
KNBA£0 <(Ja— y\+||P’ -7|)
<6 S VIR Z/ |Pi - T av(y.T)
Kek; Kek,; Y KxGan
KNB#0)
< VB + 3 i [ |P—T| dV(y,T).
Ke/@PEGd’” (B%NK)xGy.n



By a similar computation we derive the analogous estimate for V k. setting

A () = / p V! —/ pdV
OxGy.n QxGgn

we find
A1) = | 3 etk AOVIOae @ = 3 [ ety v
KeK; Kek,; ’ (KNB) XGdn
<> f./ el Pio) = oy T)] V(5. T) dL"(@)
Ker, Jeek J(yT)eK %Gy
KNBAD <(lz—yl+ || Pic=T1])
<a VB + 3 i [ |P—T] av(y.T).
Ker, DECGan J(BY%NK)xGapn
which concludes the proof. O

We now study, for a given varifold V', the convergence of the term

min / |P— T dV(y,T) .
PeGy,n (B%NK)xGg.n

Proposition 2.4. Let Q C R™ be an open set and let (IC;)ien be a sequence of meshes of Q. Set

d; = sup diam(K) and assume that 6; — 0 as i — oco. Let V = v(M,0) be a rectifiable d—varifold
KeK;

in Q with mass ||V]|(©2) < +oo. Then it holds

Kek;

PeGyn 1—00

min / |P—T| dV(y,T) —— 0. (3)
Kek; (QﬂK)XGdn

Moreover, if there exist constants C,C", 8,7 > 0 and a decomposition K; = K;“ LI ICfmg for all i,
such that

| T.M — T,M| < Clz —y|’, Yo,y € K, VK € K| (4)
and ‘
i (rc5m) < c'o7 (5)
then one can find C"” > 0 such that
N / 1P = T|| v (y, T) < "7 ||V ||(B) (6)
ek, PeGan J(BSNK)x Gy r,

for all B C Q2 and all i € N.

Proof. Step 1. For all i, there exists A : Q — M,,(R) constant in each cell K € K; and such that

[ @ -t aven = [ 4 - M) dVIe) .
OxGy, yeQ 1—+00

10



Indeed, let ¢ > 0, as @ — T, M € LY(Q, M™(R),||V]|) then, there exists A : Q@ — M"(R) € Lip(Q)
such that

/ @) = T dVi|) <.

For all ¢ and K € K;, define for z € K,

A(w) = A = s [ AW AVI).

Then
| MA@ =mum avie) < [ 4w - awl avie) + [ 14w -Tm dvie)
ye ye ye
1
<+ 3 [ i J Awavier -am] avie
1
<t 3 [ e 40~ AON AV IO AV

< e+ 0;lip(A)[|[V][(R2) < 2¢ for i large enough.

Step 2. For all 4, there exists T% : Q — G, constant in each cell K € K; such that

[T -t aven = [ 7w - 1] dvie) ——o.
QxGan yen 00

i—
Indeed, let € > 0, thanks to Step 1, fix i and A’ : Q@ — M,,(R) such that

S [ 14w - Bar] dviw) <.

Kek;

so that / HAZ(y) —T,M| d||V||(y) = % with Z et < e. In particular, for all K € K;, there
K

Kek;
exists yx € K such that '
. et
A (yx) — Ty M| < 7HV||I((K) :

Define 7% : Q — G, constant in each cell, by T%(y) = T, M for K € K; and y € K, and then,

/ i)~ Tl av(y, T) = 3 / | Ty M — T, M]| ][V (3) (7)
QXGd)n KEICZ K
<y / 1Ty M — Ai(y) || dIVIIy) + / |4i(y) — 7| dV(y.T)
Kek; K ~—~— QOxGyn
¢ =A%(yx)
el
< d|\Vi(y) + e
Kgci/m\vnm Wi
< 2e

11



Step 3. Z min / |\P—T| dV(y,T) — 0.
QﬁK)XGdn

PEGd n 1—00
Indeed, thanks to Step 2, let T% : Q — G, constant in each cell K € K;: forally € K, T%(y) = T,
and such that / |T*(y) — T|| dV (y,T) —— 0. We have,
1—+00

Xde
§:/ |Tie — T|| Vv (4, T)
K

Kek; T KxGan

[ ) -7l v )
QXGd,n

—0.
1——+00

min / |\P—T| dV(y,T
KGK:,L'PEGd’n (QF‘IK)XGd,n

Step 4. Assume now that (4) and (5) hold, then define T% = T,, M for each cell K € K; and
for some yx € K. Then

<y /K T M =T dV )

Kek;

< ¥ /K T M =T dV )

KelCreg

s 3 [ T - T V)

Kek[®?

<3 / Clyxc — ol dV(y, T) + 2|V (kK9  B%)
KE]Ci KﬂB‘Si
< OV (BY) +2C"6]

< "MV |(BY)

min / |P—T| dV(y,T
Kek, PeGan J(BSinK)xGy n

O

Remark 2.5. A remarkable case where assumptions (4) and (5) are both satisfied is when the
varifold V is associated with the interface set of a quasiminimal N-cluster in R? and R3 (see
[Tay76, Dav10]). Such clusters arise for instance as minimizers of the total length/area of their set
of interfaces, under volume constraints or up to additional bulk energy terms. By showing (6) we
provide a quantitative estimate on the local oscillation of tangent planes, which will be used in the
proof of Theorem 2.6 below.

We can now show that rectifiable varifolds can be approximated by discrete varifolds (either
point cloud varifolds or volumetric varifolds).

Theorem 2.6. Let Q C R™ be an open set, let (IC;);en be a sequence of meshes of 2, and set

0; = sup diam(K) VieN.
KeK;

Let V =v(M,0) is a rectifiable d—varifold in Q with [|[V||(Q) < oco. Then there exist a sequence of
point cloud varifolds (Vipt)i and a sequence of volumetric varifolds (V;*°'), such that

12



t * *
o V' =V oand VPO —— V.
1—00 1— 00

o AM(VPV) — 0 and AN (VL V) — 0
1—00 1— 00

If moreover (4) and (5) hold, then there exists C > 0 such that for all B C €,

max (AR (VP V), AR (L)) < Cv(BY) 67 (8)

Proof. Let (VP t)l. and (V;*°!), be the two sequences of discrete varifolds constructed in Proposition
2.3. In the following we write V; instead of either V " or Vvol| for more simplicity. By (2) and (3)
applied with B = €2, we have that

ALYV V) < 6VI(Q) + min / 1P — S||dV(z,S) — 0.
(QﬂK)XGd,n

PeGyn i—00
7

This implies that for any ¢ € Lip(2 x Gg),

1——+00
If ¢ € Lipy(© x Gay,), consider +¢ € Lip; (2 x Gg4,) and use the linearity of (9). It remains to
check the case p € C2(Q x G4) to have the weak—* convergence. Let ¢ € CY(Q x Gy,,) and € > 0.
We can extend ¢ into p € C2(Q x M, (R)) by Tietze-Urysohn theorem since G, is closed. Then,
by density of Lip(2 x M,,(R)) in C?(2 x M,,(R)) with respect to the uniform topology, there exists
¥ € Lip(2 x My (R)) such that ||p — @HOO < e. Let now ¢ € Lip(2 x Gg4,,) be the restriction of ¥
to 0 x Ggp, then,

[(Vie) = Vi, o)l < [(Vyo) = (V.0 + (Vi) = (Vi, )| + [(Vi, ) — (Vi )|
< VI le = Ylloo + [V, ) = (Vi o) + Vil (D)o = Pl oo -
As [|Vi]|(£2) = |V]|(2) for all ¢ by definition of V; and [(V, ) — (V;,¥)| ——— 0 by (9), there exists

1—+00
1 large enough such that

[(Vip) = (Vi o)l < CIVII(Q) + 1) €,

which concludes the general case.
Finally, the local estimate (8) is a consequence of Propositions 2.3 and 2.4 (more precisely it
directly follows from the estimates (2) and (6)). O

3 Regularized first variation and quantitative conditions of recti-
fiability for sequences of varifolds

Given a sequence of approximating d—varifolds (V;); weakly— converging to some d—varifold, a

sufficient condition for V' to have locally bounded first variation, i.e. for 6V to be a Radon measure,

is
sup [[0Vi[| < +oo. (10)
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However, point clouds do not have bounded first variation and, as shown in Example 6 in [Buel5],
the typical sequences of discrete volumetric varifolds that one would consider as approximations
of a smooth varifold have non-uniformly bounded first variations. Therefore, it is not natural to
require that the first variation dV; of V; is a (uniformly bounded) Radon measure. Nevertheless, it
is a distribution of order 1, hence a uniform control of a suitable sequence of regularizations of §V;
will be enough to ensure that the limit varifold V has a locally bounded first variation. Moreover,
these regularizations will provide a “scale-dependent” notion of first variation particularly suitable
for discrete varifolds.

3.1 Regularized first variation

We fix a non negative function p € C'(R") such that

/pzland spt p C B1(0), (11)
1
and for any ¢ > 0 we let p.(z) = e—np (g) The e-regularized first variation of a varifold is

introduced in the following proposition.

Proposition 3.1. Let @ C R" be an open set and V be a d-varifold in Q) with finite mass

IVI(2). Then, its first variation 6V can be naturally extended as a linear continuous functional
on CLR™ R"). Moreover, §V * p. € L*(R"™) and for all x € R™ one has

1 —x
Woana) = [ VS = g [ 9% (Y2) aves). (2
E(I)XGd,n € E(I)XGd,n €

Proof. First of all, notice that (z,S) — divgX(z) is continuous and bounded, while V is a finite
Radon measure, thus for any X € C1(R",R") one can define

SV(X) = /Q dive X (z)dV (z, S)

and obtain
SV(X) < [[VI) [ Xl er s

which means that the linear extension is continuous with respect to the C'-norm. By definition,
for any X € CL(R",R") we have by definition

(6V % pe, X) = (6V, X pe) = (V, (y, ) > divs(X * p:)(y)) -

For every y € R we find dive(X * p)(y) = X * VIp.(y) := 3.1, X; * 97pc(y), thus by Fubini-
Tonelli’s theorem we get

(5 % pe, X) = /Q (X)) V()

-/ X(@)Vpuly — 2) AL (2)dV (5. 5)
QOxGq .y JreR™

= X(x) (/ Vpe(y — z) dV (y, S)> dL"(x)
zERn <(2)xGan

14



which proves (12). The fact that 6V * p. € L*(R") is an immediate consequence of the Lipschitz
property of the kernel p.. O

Remark 3.2. Notice that §V x p. is well-defined on R™ even when dV is not bounded.

Remark 3.3. If we take a Lipschitz kernel that is not of class C', formula (12) still holds, but only
for £L™-almost all z € R™. This may be a problem, since we rather need the formula to be valid for
|V ||-almost all = € 2. However, in some cases it is possible to prove (12) even though the kernel is
no more than Lipschitz. Indeed, when the varifold V' is d-rectifiable one can “intrinsically” define
the tangential gradient of a Lipschitz function ||V||-almost everywhere: in this case, formula (12)
turns out to be valid. Let us better explain this point with a simple example. Let us consider the
tent kernel T : R™ — R defined by

T(2) = max (A,;lu ~l2]), o) : (13)

where \, = flz|<1(1 — |z])dL™(z). We take a d-rectifiable varifold V' = v(M,0) with bounded
mass and first variation, then according to Proposition 3.2 in [LMO09] the first variation measure
OV (B,(x)) of a ball can be expressed in terms of integrated conormals on the boundary. More
precisely, for |V||-almost all 2 € M and for almost every r > 0 it holds

5V (B, () = - /8 oy DO ).

Or,m(y — ) . . . .
where 7(y) = —>———= is the outward conormal vector. If we average this relation by inte-
g, 01 (y — )|
grating in r € (0,¢), we obtain via coarea formula
1 [* 1 I —x
Loovenar=-t [ BRI gy
€ Jr=0 € JBc(x)nM ly — x|
1 1T —
-1 gy, (1)
€ e(I)XGd,n |y—$‘
At the same time, (12) formally becomes
1 IIs(y — x)
5V % Tola :—/ ST vy, S), 15
() Apentt Be(2)xGan 1Y — | (®:5) (15)

hence we see that (14) and (15) are the same formula, up to a scaling factor due to normalization
of the tent function.

In the case of the tent function, it is also possible to define the e-regularized first variation of
a d-varifold even when the varifold is not rectifiable. The idea is to notice that the tent function
can be uniformly approximated by smooth functions, such that the gradients uniformly converge
in any compact subset of B;(0) \ {0}. Therefore, formula (12) can be recovered for the limit tent
kernel, unless ||[V||({z}) > 0. In order to fix the problem occurring when single points are charged
by the mass of the varifold, one can observe that all radial regularizations of the tent kernel have
a null gradient at the origin, hence the formula will become valid as soon as we understand that,
formally, the tent function has a null gradient at the origin (see in particular Example 3.9).
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In the next two results we exploit some basic properties of the e-regularized first variation.
Proposition 3.4. Let @ C R™ be an open set and V be a d-varifold in Q@ with |V|(2) < +o0.
Then for any X € CL(R"™ R"),

{0V 5 pe, X) = (OV, X) < [[VII(20 (spt X + B=(0))) [|pe + X = Xllon —2 0.

Moreover, if V' has bounded first variation then

5V*paj(5v.

Proof. Let X € CL(R™, R"). As (§V x p-, X) = (0V, pe * X) then
BV % pes X) — (3V, X) | = {8V, e 5 X — X)| < [VI(©) [l % X — X -
And |p: * X — X[ — 0 leads to the conclusion. If moreover V has bounded first variation,
e—
then for all X € CY(R",R"),

OV # e, X) = (0V, X)| < 6V [ 1= X = X — 0.
[

In the next theorem (technically, a partial generalization of Allard’s compactness theorem for
rectifiable varifolds) we show that, given an infinitesimal sequence (g;); of positive numbers and
a sequence of d-varifolds (V;); with uniformly bounded total masses, such that §V; * p., satisfies
a uniform boundedness assumption, there exists a subsequence of V; that weakly-* converges to a
limit varifold V' with bounded first variation. If additionally the masses ||V||; of the varifolds in
the sequence satisfy a uniform lower density bound, then V is rectifiable. Notice that the sequence
V; is required to be neither of bounded first variation, nor rectifiable.

Theorem 3.5. Let Q@ C R™ be an open set and (V;); be a sequence of d-varifolds. Assume that
there exists a positive, decreasing and infinitesimal sequence (g;);, such that

M = sup {[[Vi[[(2) + [|6Vi * pe; L1} < 00 (16)

Then there exists a subsequence (V)i weakly— converging in §) to a d—varifold V', V' has bounded
first variation and ||V ||(Q)+ [0V |(2) < M. Moreover, if we further assume the existence of 6y, rog >
0 such that, for any 0 < r < ro and for ||V;||-almost every x € €,

Vil (By(z)) > 6or?, (17)
then the limit varifold V' obtained above is d-rectifiable.

Proof. Since M is finite, there exists a subsequence (V,,(;)); weakly—* converging in {2 to a d-varifold

V. By Proposition 3.4, for any X € CL(£2,R") we obtain
(Vi) * P X) = OV, X)| < [0Vt e XD = 0V X)| + {6V, X) — (8V, X)|
< Wil || x -
——

<C<+4o0
— 0.

1—00

(i)
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Consequently, for any X € CL(Q,R") one has [(§V,X)| < sup[|6V;* pe,[lp1 [X[loor We con-

clude that §V extends into a continuous linear form in C%(€2,R™) whose norm is bounded by
sup; [|0V; * pe, |1, thus [[V][(€) +|0V[(2) < M.

Assuming the additional hypothesis (17), we can pass to the limit and prove the same inequality
for V. By Theorem 5.5(1) in [All72] we obtain the last part of the claim. O

3.2 Approximate mean curvature

In the previous section we have considered the e-regularization of the first variation of a varifold.
Here we introduce some e-approximations of the generalized mean curvature of a rectifiable varifold
V = v(M, ) with bounded first variation (i.e., of the absolutely continuous part of the first variation
with respect to the mass) and study their properties with special emphasis on quantified error
estimates. To this end, it is worth recalling that the first variation measure V' can be decomposed
as the sum of an absolutely continuous part —H [|V|| and of a singular part 6V;, and that the Borel
function H appearing in this decomposition is the so-called generalized mean curvature of V.

In the next proposition we consider a first type of approximation, based on convolution of both
first variation and mass by means of the same family of kernels {p.}.~0. This will be the privileged
choice here, even though more general choices could be made (see Remark 3.8).

Proposition 3.6. Let Q C R™ be an open set and let V- = v(M,0) be a rectifiable d—varifold with
bounded first variation 0V = —H ||V|| + dVs. Assume that p is a radial kernel and define
SV * pe(x)
H.(z)=——F—+.
) IVl pe ()

Then, for ||V ||-almost any x € § it holds

e—0

Moreover, if the singular part 6,V is null and the generalized mean curvature H is L-Lipschitz on
M, then for ||V||-almost all x € M we have

|H:(x) — H(z)| < Le. (18)

Proof. For x € ) we find

Hal) = H(&) = ooy V] = 8V2) 5 puo) = H@) 1V pele)
< T IVID *pele) = H@ (V] )| + 22
B [ARYRE)
aM*M@LWWU 1) pele =) AV ) + T

For ||V |l-almost every z, by definition of the approximate tangent plane and since p € C2(Q) is
radial, we obtain

V) = [ o(U5E) dIVIG) 0 [ ot i) = Copt) 0. 19
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Then, for ||V|]-almost any = € Q (at any Lebesgue point z of H € L(||V]])),

1
) e )~ HO o =) a1V 10

VIB) 1 ol i
S Vs e TTTD o 7~ HO VIO

IV I(Be(x)) .
<ol 2 () gy )~ HO IV

1 — 0
— = e—0
e—0 Cp

— 0.
e—0

And similarly, for ||V||-almost every z,
[0Vel % pe(@) _ e VII(Be(x)) [0Val(Be(x))
V[ * pe() — eVl pe(x) [VII(Be(w)) =0

1 —0
—_— — e—0
e—0 Cp

Finally, if Vs = 0 and H is L-Lipschitz, then for ||V||-almost all  we obtain

1 L
HV”*M/%W |H (x) — H(y)| pe(x —y) d|V]I(y) < T+ po@) /yew [z =yl pe(x —y) d||V]|(y)

< Le,
which proves (18). O

Remark 3.7. The assumption that p is radial can be weakened. Indeed it is enough to require that
/ p(y)dH (y) >0  forall P € Gq, .
P

Notice that when p(y) = ((|y|) is a radial kernel, for all P € Gg4,, one has that

1
d d—1 d d—1
/p )i /r o/azar cc)mP y) T ) = /'r: HT OB N P)c(r) dr
— il (st 1)/0 r¢(r)dr = C,

is strictly positive and does not depend on P.
Remark 3.8. Taking two different radial kernels p and £ we may define
Ce 6V * pe(x)
Hp§ ET T A N e TN
"~ Cp [V[I  &e ()
where C¢ and C), are defined in the obvious way as in (19). Then, under the same assumptions of

Proposition 3.6, we get
07575 ("L’) ° (20)
e—0

18



Indeed for ||V||-almost every x, concerning the singular part one has

|0V5| * pe(x) ol e VII(B:(2)) [8Vs|(B=(x))
VI *&(z) = 7 e[V x&(x) |[V][(Be(w)) e=0
1 —0
j@ e—0

On the other hand, being M rectifiable, and by the definition of approximate tangent plane, for
|V ||-almost every z we have

1 [ p(125) dviw

ey VD * pee
V[ + & () / (y >
§ Vi)
9

Hx/ dH?
() mMp e

—F H(z),
dH?

e—0

e
T M

which implies (20) (see the proof of Proposition 3.6). We also remark that the needed regularity
of the second kernel £ is lower than that of p. Indeed, since & is used to regularize a distribution
of order 0 (the mass measure ||V]|) we may only require that £ is a bounded non-negative Borel
function. This is consistent with some special choices of kernels p, £ that will be considered in

section 5.
N

Ezample 3.9 (Regularization of the first variation of a point cloud). Let V = Zm]ﬁ% ® op; be

=1
the varifold associated with a point cloud. The first variation of V' is not a Radon measure so that
we need (12) to compute its e-regularization:

8V * pe(z) = / Vope(y—x)dV(y,S) = Y mVp(z;—a),
Be(z) z;€B: ()

and .
OV xpe(x) lzxjeBE( )vaP]P( ~=)
WV pe(e) e 52, cpymip(F25)

In particular, if p is the tent kernel, taking into account Remark 3.3 we get

i—X

OV x pe(x) _ EszeBE(fv)\{x} ijpjh
VI pelo) 5,y ymy (1 - 2221)

Let us notice that the choice of the size ¢ is important: it must be large enough to contain more
than the central point, but not to large to avoid over-smoothing.
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3.3 Pointwise convergence of the approximate mean curvature

In this section, we exhibit quantitative conditions linking the size of the successive meshes §; and
the approximation scales ¢; and ensuring that for a d-rectifiable varifold V' satisfying (4) and (5)),
the approximate mean curvature

Vi pe ()

IVill* pey(2)

of the sequence of discrete varifolds (V;); obtained by projecting V' on a sequence of meshes with
infinitesimal mesh-size, converges to the mean curvature. At this point we also need to impose extra
technical conditions on the convolution kernels, which are required to be radial, of class W2, and
with a decreasing profile.

Theorem 3.10 (Pointwise convergence). Let £ C R™ be an open set and let V. = v(M, ) be
(Q) and bounded first variation. Assume that
p € W2 is radial, p(z) = ((|z]), with ( € W*(R,) decreasing. Let (V;); be sequence of d—
varifolds weakly— converging to V', for which there exist two positive, decreasing and infinitesimal
sequences (1;)q, (8;)i, such that for any ball B C Q one has

IVII{y € B : d(y,0B) > n:}) < [[Vill(B) < [[V[| (B™) (21)

and

AR (V. Vi) < dz‘HVH(B’“) : (22)

d;
Finally, let &; L 0 be such that — —— 0 and B —— 0. Then for ||V||—almost any x € €,
€; 1—00 E; 1—00

d.

’HSVZZ (z) — Hg(m)| < C'||pHWz,oo€—22 for i large enough,
7

OV pe, ()

[Vill % pe; () im0

where C' is a constant depending on C,.

Proof. Let € > 0. First of all, thanks to Proposition 3.6, for ||V ||-almost any z,

Vi *pe( ' } 6Vi * pe( OV * pe(x) V
— H — H(x
TVl pela) ||V||*p€ T Ve potey| T e @ — H )
e—0 0
|0V; * pe(x) — 0V * pe()| ’ 1 1
< + |0V % pe(x — +o0:(1) .
Vil* @) oV @ 7 @) 7T+ 6. )8”
23

STEP 1: We study the convergence of the first term in (23). Thanks to assumption (22), for all
¢ € Lip(2 x Gg,,) such that spt ¢ C B x Gg,

[(Vi, ) — (V.| < dilip(e) [V][(B™) . (24)

Since p € W2°°(Q), the function

(,9) € QX Gap s Vp (y;x)

20



1
has a Lipschitz constant < —||p[|wz2.~ and support in B.(z) x Gq,. By (24),
5

1 —x
0t pa) =V 5l = r | [ % (y )dv<y,s> / vsp(y) av(y, )
€ QxGan € OxGyn €
d;
< e IVI(Bern () N ) (25)

Let us now bound ||V;|| * ps(x) from below. As p(x) = ((|z|) for all x, with ( € W2*°(R,). In
particular ¢ is absolutely continuous, ¢(1) = 0 and

1
Wile o) = [ pety-mdivie) = 5 [ (‘y ) dVill )
yEDB: () €7 JyeB.(z) €

1 5
- —Ei [op L@ @amvio =5 [ [ coadvi
1 e,
— o | Gl / A= [ s a0

By assumption (21) we get that, for all s > n;,

IVII(Bs—y; (2)) < [IVill(Bs(2)) < [V[|(Bstn(2)) -

So that, since —¢’ > 0 and thanks to (26),

Consequently,

Wil o) 2 S [ —CIVIBun @) duz i [ =t mIVIBulo)

=N

€=M
> [ = (€@ ¢ IV(Bu(o) dsince ¢ & WH. (27)

Moreover, by (26) (applied with € — 7; instead of ),

1 €15 , B ’y ’
L o a= [ () avie, e

and

1 [ ™

5/uo IV|[(Bu(z)) du < ||V|(Be(z)) - )
By (27), (25) and (29), we have

Le—m |y — = LRIV
Wilepeteyz 5= [ () Vi) - @V @)

€ i
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Let us consider a sequence ¢; | 0 and such that —
£“

;im0 E; 1—00
g; —n; — 0 with n; < e;. Thanks to (30), we obtain
12— 00
VI[(Bei(z)) HVH B.,(z))
€ YEBe, —n, () 61 -
1
& — i 1 / ’y ’ . / .
(=) avio) - ¢
e IVIBA@) Jyep, 0 e =) VIO =

=o(1:)

Moreover, as ||V|| = v(M,0) is d-rectifiable, we have:
IVII(Be, (@) ~imsoo O(2)ed

and, thanks to the definition of approximate tangent plane,

o =) »
6(1})(81 - nl)d /yEBgini(JJ) C (51 =i || H( ) 1—00 ~/B1(0)ﬂTwM C(|Z|) (Z) .

By (32) and (33), we have

& — i 1 ly — x|
i VI(B: (=) /yeBEme (Ei_m> d[[V1i(y)
_(y_m) 0@)(ei — )" 1 ly — 2
- <1 ) IVII(Be, () 6(x)(ei — mi)? /yeBEi_ni(x)C <5i—7h> d|V|(y)

d
i € — 1
e (1—7) (") / C(J2) am(z)
= &€ B1(0)NT M

— / p(z)dH(z) = C, < 400
Bl(O)ﬂTz

1— 00

VII(Be;(x))

Finally, by (31) and (35), Vil * pe. (2)
i ) &4

is bounded by C% > 0 when i — 400 and by (25)

|0Vi * pe, (x) — OV * pe, ()] 1 1
: : < pllwz.eed;i || V|| (Bej4n, (
Wil= 7. ) Vil ey 2 eV (B ()
i V]| (Beyin ()
SEHPH PRI gBJm
, 2 VI (Ba (@)
S lolhwe
p P WQOOSZQ
—0,
1—400

as

4 (B€i+77i (7)) o 0(z)(e; + m‘)d
VI (B, (x)) 7% B(x)ed imoo

22
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STEP 2: It remains to study the second term in (23). Applying again (24),

1. ..
VAP ey (2) = Vil pei ()] < Zip(pe)dill VI (Bey @) < g liP()illVIN(Bei @) - (36)

7

and thus,
1 1 |0V % pe, ()] 1
0V pe, (2)] - = : IV pe (@) = Vil * pe, (2)]
: Vil # pe; (@) (VI % pei(x) | (VI *pe, (@) [[Vill * pe;(2) ) :
—_————
— H(z)
71— 00
< 2[H ()| L V(B () d
— loo ——/—————— — ” i
- e VI Vi pe @) 2
4
<
=G,
— 0.
71— 00
Thanks to STEP 1 and STEP 2, we proved that for ||V||-almost any z,
d; 4 d;
|H. (z) — )‘<*||P||w2°o 2+2!H( )IIIPHWle
p €i
d;
~icoo ||/)||w2 ~3-
Therefore,

IVl * pesfa) e

and moreover, if M is smooth, thanks to Proposition 3.6

g d;
|HY () — H >|<01Hpuwm ,+Caei

O]

Remark 3.11. If we want to consider two different radial kernels p € W2 and ¢ € W', then
with the same proof (and under the same assumptions) as in Theorem 3.10,

Vi * pe; () SV * pe,(x) di
— * 7 <C o —
Vil (@) T VT ()| < w2

with € depending on C.

Corollary 3.12. Let Q C R™ be an open set, let (K;)ien be a sequence of meshes of Q, and set
0; = sup diam(K). Let V = v(M,0) is a rectifiable d—varifold in Q with ||[V][(2) < oo, with
KeKx;
bounded first variation and satisfying (4) and (5) for some B,y > 0. Let ¢; be a positive decreasing
sequence such that
3

o —— 0.
i
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Then there exist a sequence of point cloud varifolds (Vipt)i and a sequence of volumetric varifolds
(V1) (equally denoted by (V;);) such that for ||V||-almost any z, HY: (x) P H(z) with
i—

‘ ( )‘ <y HPHW2°072
&

and
min(3,7)

‘HVZ - )‘ < ||P||W2v°°i€72 +Cre; .
i

for i large enough and for some constant Cy; > 0.

Proof. Consider the sequences of volumetric varifolds (V;**!); and point cloud varifolds (V7 ")i given
by Theorem 2.6, then assumptions of Theorem 3.10 are satisfied with n; = §; and d; = 52-5 . ]

4 Representation of the regularized first variation

In this section, we try to answer Question 3:
e Given a d—varifold V| is the regularization 0V * p. of the first variation 6V, the first variation
) (VE) of some varifold V.7
e And if so, is V. the regularization (in a sense to be defined) of V7

In short, is there a kind of convolution % such that the following formula makes sense
OV 5 pe =0 (V) = 8 (Vipo) ?

Let us first explain what ‘75 cannot be. As V is a Radon measure in {2 X G, notice that V * p.
does not have a canonical sense. A natural idea would be to:

1. first regularize the mass ||V||, defining ||Vz|| = (||V|| * p) dL™,

2. then set Ve = (V| * pe(x)) dL™ & 7. (z) and compute the tangential part T (z) from V]|

For, instance, if V = v(T, 1) is associated with a curve I' in R?, set u.(z) = d(z,T') and set

T.(x) = @Ziﬁ (which gives the tangential direction to the level lines of u.) so that V. would be:

= (VI * pe()) dL? @ 0p.(a) = (V]| * pe(2)) L2 @8 gy © -

[Vue (z)]

Let us consider a simple example to test this construction:

Ezample 4.1. Let V = v(N,1) where N is the cross constituted by the union of the lines Ny =
{1 = 0} and N2 = {x3 = 0} in R?, then 6V = 0 and thus 6V * p. = 0. But with the previous
construction, we obtain V. = (||V] * pg( )) dL* ® 07, () Tepresented in Figure 1.

Qualitatively, we observe that § (V) is composed of a singular part concentrated on the red set
in Figure 1 and an absolute part due to the fact that |[|V|| % p-(x) is not constant along the level-sets
{d(z,T) = A}. Exact computations can be done by dividing the cross along the red set into 4
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supp 0V,

2e

(a) (b)

Figure 1: A cross (left) and the support (right) of the diffuse varifold proposed in Example 4.1.

parts and applying Fubini Theorem to integrate on the level-sets {d(z,I') = A}, and then apply
the divergence Theorem in each integral; but qualitatively, we can see that with this definition,

5(@)7Aoz(sv*pg.

The construction we proposed is not the right one, yet the idea of convolving the spatial part
is reasonable, but the tangential part must be constructed from V' and not from ||V.|:

Theorem 4.2. Let 2 C R" be an open set and V' a d—varifold in 2 with finite mass ||V[|(©2) < +o0.
Let € > 0 and pe as in (11). Define the d—varifold V; as:

(Vo) = (V. (4,8) = 00, 8) % pely) for every 6 € CUR x Gap)
or equivalently,
[ wwsanws) - [ (e oy - x) L) dV (,5) . (37)
OxGyn (y,9)eQxGq,n JxER™

Then,
LAWVel =MV I * pe,
) (@) — 5V % p..

Proof. Let us first compute ||V |, for ¢ € (),

(W)= (Pg)= [ [ ety =) ae @ vy, s)

Y,

/eQ/eRn 2)pe(y — ) dL™ (x) d|V[I(y) = (V[ ¢ * pe)

(VI pe) -
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We now compute the first variation of V.. Let X € CL(Q,R"),
(6 (V). %) = (Vo (. 9) = divsX (1))

— / / divs X (z)pe(y — x) dL™(x) dV (y, S) ,
(y,5)eQxGq,n Jx€R?

and for fixed (y,S) € Q x Gy,
divg(z = pe(y — )X () = pe(y — x)dive X (x) — Vpe(y — z) - X (z) . (38)

Moreover,

/ [ Vol 2) X(@)aL (@) dV (5.5)
(y,9)€QxGq,n J xER™

-] VSp.(y — 2)dV(y, ) - X (2) dL" ()
zeR™ J (y,5)eQxGq n
= / OV # pe(z) - X(z) dL™(x) thanks to (12)
TER™
— {5V % per X) | (39)

and since z — p.(y — )X (x) is compactly supported, for a fixed S € Ggp, / divg(x —
zeR"
pe(y —x) X (z))dL™(x) = 0 so that

/ / divs (@ o poly — 2)X (2)) dL™(z) dV (3, S) = 0. (40)
(¥,9)€QxGy pn Jx€R™
Hence, thanks to (38), (39) and (40), we have,

<5 (176) ,X> — 8V % s, X)) .
O

Ezample 4.3. Let us come back to the example of the cross V = v(V, 1) in R? with N = N;UN, and
N; = {z; =0} and Ny = {z3 = 0}. Define the 2-varifolds Vi = v(NN1, 1) and V5 = v(N3,1) so that
V = Vi + Va. Notice that the definition of V — V. in (37) is lincar. So that §(V.) = 5(‘71\5) +5(172\€)
and the fact that . .

6(Vie) = 6(Vae) = 0

is quite intuitive. Let us check it by simple computations, for 1 € CO(R? x G1,2),

/ Wy, §) dVi(y, S / D, 8)pe(y — ) AL (x) dVi(y, S)
R2xG1.0 (y,S ERQXGl 2 rER2
4 / O, 8)pe(y — ) dL2(x) dVa(y, S)
(y,9) ERQXGl 2 J x€R™
[ @) / pe(y — z) d|Va|| () dL2 ()
z€ER? yER?
[ v / pely — ) d|[Val|(y) dL3(x)
r€ER? yER?
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where T1, Ty € G2 respectively denote the direction of N; and N». Thus, for X € Cl(R? R?),

/ divs X (y) dVa(y, ) = / divy, X () / pely — ) d|Vil|(y) d2(z)
R2xG1 2 zeR?2

yER?

# [ LX) [ oty dvlw ).

Moreover, in each set {d(z, N1) = A}, fyeRg pe(y — x) d||V1]|(y) = ¢y is constant. Then, thanks to
Fubini Theorem and the divergence Theorem,

/ dileX(x)/ ooy — 2) d|[VA () dL2(x / / divy, X (2)ex dH () dA
z€R2 yeR? =—¢ J{d(z,N1)=A}

Notice that the idea of convolving the spatial part was right so that the point was to build the
right tangential part. In the following proposition, we study the tangential part of V. defined in
(37).

Proposition 4.4. Let Q C R" be an open set and V = ||V|[ @ v, a d-varifold in Q with finite mass
V() < 4o00. Let e > 0 and p. as in (11). Let V. defined as in (37). Then, V. = [|Vc[| ® Ve
where, for ||Ve||-almost every x € R™, v% is a probability measure in Gan and, for all®p € CO(Gdn)

o o Ju, 008) (8 pely — ) IV
6., V) () T o rly— ) dIVI)

or equivalently, for any Borel set A € Ggn,

 feat( ) oy - 2 dIVII)
A = = V)

Proof. Let ¢ € CO(R") and ¢ € C%(Gyp).
(Tos)= [ e [ [ ) (S0 nalvie ace)

= [ [ S AT
B /zeR" #(@) /SEGd,n w3(S) /ym pe(y — ) d|[V||(y) dL"(x) .

Consequently, for £"—almost every =z,

) (41)

Jyea Jse,,, ¥(9) dvy(S)pe(y — x) [V (y)
Jyeq pely =) dI VI (y)

/ B(S) i (S) =
SEGy.n
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Ezample 4.5. Coming back again to the example of the cross V' = v(N, 1) with N = {x1 = 0}U{zs =
0} C R? let V. associated with V by formula (37). We already know that [[Vc[| = [[V]| % p.. We

now want to identify the tangential part vZ in the decomposition V. = ||V.|| ® vi. Thanks to
Proposition 4.4, for ||V.||-almost every = € R? and for any Borel set A C R?,

- vy(A) pe(y — =) d||[V]|(y)

I/g(A) _ fyeﬂ Y 3

Jyeq Py —2)d|VI(y)

and applying it with A = {7}, then A = {75} where T}, T3 € G 2 respectively denote the direction
of Ny = {z1 =0} and Ny = {x2 = 0}, we have for i = 1,2,

~ N f{yGQ;yGNi} pe(y _x) dHVH(y) ~ 2 B
e N T 4 [ B A e

Hence /% is a convex combination of d7, and d7, whose coefficients depend on the distances d(x, N)
and d(x, N3), as represented in Figure 2.

Remark 4.6. Notice that in the general definition (37) of V., VE is generally not a sum of Dirac
masses, unless the tangent plane to V' is constant on a set of ||V||-mass strictly positive.

2¢e

Figure 2: Graphical representation of the relative weights of d7, and d7,, associated with vertical
and horizontal directions respectively, in the convex decomposition of v¢ in Example 4.5.

5 Numerical computation of generalized mean curvature for 2D
and 3D point clouds

This section is devoted to numerical experiments which illustrate how the regularized mean cur-

vature computed on 2D and 3D point clouds behaves depending on the regularization kernel, the

regularization parameter €, and the sampling resolution. Given a point cloud varifold V', we com-
pute its e-regularized mean curvature vector at a point x; of the cloud with the formula below,
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which has been introduced in the previous sections:
OV x pe(x;)
VI pe(a)
Recall that, if W is a rectifiable d-varifold with bounded first variation W = —H ||[W{| + (6W)s,

p € CL(B1(0)) is a radial kernel, and (V}) is a suitable sequence of approximating point cloud
varifolds, we proved in Theorem 3.10 and Corollary 3.12 that for ||[W]|-almost any z,

Vi * pe, ()
[Vill * pey, () koo

(43)

Hs‘jk(x) =— H(zx).
The approximate mean curvature given by formula (43) can be easily written for a point cloud
varifold Vi = Zjvzl m;dy; ® dp; and for p(y) = ((|y):

N
xj — x|\ p(z; —
Zm]’f' <| Je |> (@ — )

_ OVnxpe(x) =1 g — |
[Vl * pe() a N T;—
ijé_c <| ]6 ’)
j=1

We recall that (44) can be considered also for more general kernels (for instance, kernels that are
only Wh®_regular, see Remark 3.3).

We will first study the approximation on 2D point cloud varifolds built from parametrized
curves, and for different choices of radial kernels and various sampling resolutions. We will also
illustrate that our e-regularized curvature provides a good approximation of the generalized mean
curvature at straight crossing points. We lastly propose in Section 5.2 preliminary tests on 3D
point clouds.

HY (z) =

)

(44)

5.1 Tests on 2D parametric shapes
5.1.1 Test shapes and kernel profiles

We study the experimental behavior of (44) on different 2D parametric shapes, for different kernels,
for various numbers N of points in the cloud, and various values of the radius ¢ of the ball supporting
pe. We shall denote as Nyeign the mean number of points in a ball of radius € centered at a point
of the cloud. The 2D parametric test shapes are (see Figure 3):

(a) A circle of radius 0.5;

(b) An ellipse parametrized by x(t) = a cos(t), y(t) = b sin(t), t € (0,27) with a = 1 and b = 0.5.
The curvature vector is given by H(t) = |H (t)|n(t), with n(¢) the inner unit normal and

a? -3 2
|H(t)| = " (1—e*cos?(t)) 2, e=1- <b> :

(¢) A "flower” parametrized by 7(6) = 0.5(1 4 0.5sin(66 + 7)).

(d) A 7eight” figure parametrized by z(t) = 0.5 sin(t) (cost + 1), y(t) = 0.5 sin(t) (cost — 1), t €
(0, 2m).
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Remark 5.1. The experiments on the ”eight” figure will confirm a property of our approximation
of the mean curvature: straight crossings have 0 curvature. More generally our model is able
to approximate correctly ”singular” configurations whose canonically associated varifold has no
singular first variation, i.e. (6V)s = 0.

0.8 0.6
0.6

0.4
.2
0.2 0
0 0
0.2
0.2
0.4

0.4
06 0

0.8 08

(a) (b) () ()

Figure 3: 2D parametric test shapes

We will test formula(44) with various profiles ¢ defined on [0, 1], extended to R4 by 0, and
renormalized by a constant (if necessary) to ensure that fol (=1:

e The aforementioned "tent” kernel (ent(r) = (1 —7);
e The "exponential” kernel (., () = exp <—ﬁ);

e The "double parabola” kernel (porapora(r) =1 — 22 if r < % and ((r) = 2(1 — r)? otherwise;

e The "inverse tent” kernel Cipverse(r) = 7.
tent

Notice that the last kernel (extended by 0 when r > 1) is not continuous, and thus §V convolved

inverse

with p. "t (with p

following formula for the approximate mean curvature associated with the ”inverse tent” kernel:

inverse . .
tent (y) = Cinverse(|y])) is not even a function. Therefore, we rather use the
tent

N

Hp. (.’IJ i — .’E)
LN
Z Lfjz; —al <} |z, — 7
5VN * péent o g=1 J
intvertse - N ’ <45)
V|| * pe "
IV = pe D Ve —al<eymyla; —
=1
inverse

where pi" is associated with a “tent” profile, which is Lipschitz, and p. *" is associated with an

“inverse tent” profile, which is bounded. Being the mass ||V|| a Radon measure, the denominator
is well-defined.
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To associate a point cloud with each parametric test shape under study, we proceed as follows:
we compute the exact unit tangent vector T'(t) at the N points {0, h,2h, ..., (N —1)h} for h = %ﬁ,
and we set

Vy = Zm] y(jh)) © Or(jn) -

Doing as if the local point density were constant in the cloud, we consider that the weight m;
of each point is the same that is, for all j, m; = m, which yields a simplification of (44). This
assumption makes sense for the uniformly sampled circle, but is slightly unrealistic for shapes with
varying curvature or with non uniform parameterization. We will propose later a further projection
onto the normal to compensate, at least partially, for the non uniformily.

For all shapes under study, the vector curvature H(t) can be computed explicitly and evaluated
at all t; = jh,j =0...N — 1. To test the accuracy of the approximation (44), we compute the
following average error on the vector curvature

1 N

E= S HY (@)~ H(ty) (46)
j=1

or the relative average error on the vector curvature

HN (z; H(t-)\
Erel | ] J 4
N Z AT (47)

5.1.2 Numerical behavior of the approximate mean curvature

The first test is a comparison of the convergence speed of the approximate curvature on the circle
of radius 0.5, for the various kernels. As the norm of the curvature is constant, it is sufficient to
compute the average error (46) for the relative error only differs by a multiplicative constant. A
natural question is how to let N go to co and € go to 0. In Corollary 3.12, the convergence is
controlled by ﬁ. Since in our current experimental setting 0; is of order %, it would be natural

to consider N and e such that N — 400, ¢ = 0 and 2 — 0. We actually expect that the
convergence rate, at least for smooth shapes, is better and occurs even for looser controls of =
This is supported by both experiments of Figures 4(a) and 4(b). In Figure 4(a), we use a log—log
scale to represent the average error (46) as a function of the number of sample points N on the
circle, and we set ¢ = \/Lﬁ, ie. NLEQ = 1. The results in Figure 4(b) are computed with ¢ = %,
and the convergence rate remains good despite the fact that ﬁ — 0.

The fact that the most regular kernel (the exponential) has the best behavior is not a surprise:
indeed the convergence result in Corollay 3.12 requires that the kernel p has a bounded W2 norm.
However, the fact that the “tent” kernel produces a poor convergence speed whereas the variant
containing the “inverse tent” kernel yields a very good convergence speed, was not really expected.
It could to due to the fact that the reversed tent kernel in the denominator of (45) seems to act as
a ”corrector” for the reconstruction of the mean curvature, but this is still the purpose of ongoing
work.
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A\éeraged error on the curvature vector of a circle for different kernels, N&2:

10 T T T 3 Averaged error on the curvature vector of a circle for different kernels, Ne = 500
—+—exp 10" : : :
—+t— tent 4 —— exp
—<— inverse tent 1 —+— tent
107k ~—H— double parabola H —+— inverse tent
] “— double parabola
107k . _
107 E
107 4
107°F E
107 4
107 E
-5
10°° 4 10
10_6 - 10'6_ i
10-7 | | N | L .
10° 10* 10° 10° 107 107 ” - = .
number of points N 10 10 10 10 10

number of points N
(a) (b)

Figure 4: Average error (log-log scale) for the approximate mean curvature of the subsampled

parametric circle, for increasing values of N and ¢ = \/% (left) or e = 230 (right).
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The advantages of Formula (44) are numerous: it is very easy to compute, there is no need
to know an approximation of the local length or area, it does mot depend on the orientation of
the point cloud (because the formula is grounded on varifolds which have no orientation) and it
preserves the O—singular curvature. But there is a major drawback, the preservation of O—curvature
at straight crossings is obtained thanks to a phenomenon of compensation. Indeed, the term

{lzj—z|<e} zj — x
is of order 1 and has to be compensated by a “symmetric point” (with respect to the normal at
x) in the ball B.(x) to produce a term of order € with orientation given by the normal n(x) to z.
This is not specific to our discrete formula, it occurs also at the continuous level as represented in
Figure 5.

Figure 5: Compensation of the contributions to the mean curvature vector of points which are
symmetric with respect to the normal axis at z, see (15).

But this compensation phenomenon generates great instability at the discrete level, as illustrated
in the following simple example:

Ezample 5.2. Sample the segment S = [0, 1] x {0} C R? into a uniform point cloud, for instance
N
= 1 O é ith he hori 1 di i
VN = Zl ~O(4.0) ® de, with e; the horizontal direction .
j:

Then pick a point xg and consider computing the approximated curvature at zg, in a ball of radius
€. Assume that, due for instance to noise in the sampling process, the point cloud is actually not
completely uniform, and that in B(xzg,e) there are ny points (in the cloud) greater than g, and
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n_ points smaller, with |[ny —n_| > 1. Then, formula (44) gives the non zero curvature:

N
Z]l m,Hel(ﬂfj*%)
= I o mins —n_ ns—n_|
H = = ~
[H" (w0)] N N Ing +n_le
> fja;—0j<eymilz; — ol > 1fja;—0j<eymlz; — ol
=1 =1
N 1
NneighE .

Letting Npeign, the number of points contained in an e-neighborhood of a point of the cloud, be
very large, so that the product €Nye;gp is also large, makes this spurious curvature small. However,
whereas it is possible in this example to choose the sampling resolution, it it not the case for general
point clouds. The only way then to let the ratio decrease is to increase €, which may result in a
global lack of accuracy.

There is a way to remedy — at least partially — the numerical instability due to a lack of
compensation by projecting the result onto the normal vector, though it becomes more sensitive to
the accuracy of the normal.

5.1.3 Formula with projection onto the normal vector

We propose to compose, in Formula (44), the projector onto the tangent IIp; with a projector
onto the normal I, at the central point with index jo. Brakke[Bra78] actually proved that,

for an integral Varifo]fd with bounded first variation, the generalized mean curvature vector H is
orthogonal to the approximate tangent plane. Therefore, the projection onto the normal vector
is transparent at the continuous level. At the discrete level, however, it makes a difference: it
removes a part of the error due to the fact that a variation in the density of points is a variation
of mass and thus creates a tangential component of the curvature vector. In the next experiments,
we therefore use a new definition of the approximate mean curvature. For a point cloud varifold
Vn = Zévzl m;d.; @ Op;, at a point z with the normal direction at = denoted as POJ-, we compute
the mean curvature vector as

N
lzj — | Up,(zj — )
S gyt () (220

HN,normal _ _j:l
. =

We first test this formula on the circle of radius 0.5 with exact normals, and assuming that the
weights m; are all equal (since the sampling is uniform). We represent in Figure 6the curvature
vectors computed for N = 10° points and € = 0.001. Arrows indicate the vectors and colors indicate
their norms, to be compared with the exact value |H| = 2.

We also test the formula on two other test shapes, first the ellipse using ¢ = \/Lﬁ and various
kernels (see Figure 7), then the "flower” (Figure 8). In addition to the curvature vectors, we compute
the average relative error for various values of NV, and we observe similar order of convergence. The
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Figure 6: Approximate curvature vectors along the discrete circle of radius 0.5. Arrows indicate
the curvature vectors and colors indicate their norms.
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(a) Approximate curvature vectors
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to the real curvature value, for var-
ious values of N.

Figure 7: Testing formula (48) on the ellipse

35



Curvature Vector, N=105, €= 10_3, N 35.2

neigh =
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—4— exp
—+ tent
138.189 —<— inverse tent

double parabola

0.000422372 10°F
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number of points N

10

o.000szz37 o.00s2z37 10
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Figure 8: Testing formula (48) on the ”flower” (left lower figures are details of the left upper figure).

results obtained with the ”flower” illustrate the quality of the approximation even at points where
the curvature is very high.

It remains a lot to understand on the choice of optimal parameters depending on the sampling
resolution, and the precise difference between the various kernels: is the reversed tent kernel still a
good choice for noisy shapes? and if it seems to be the best choice, why? This is completely open
so far.

5.2 3D point clouds experiments

This section is devoted to the numerical illustration of formula (48) used on 3D point clouds. All
computations in this section were done using a C4++ code and the libraries nanoflann and eigen.
The visualization is made with CloudCompare.

We first test formula (48) on a ball of radius 1, parametrized with spherical coordinates, and
using the exponential and the inverse tent kernels, see Figure 9. We could use the exact normal as
we did for 2D point clouds, but since we want to handle more general point clouds (not given with
their normal vectors), we compute instead the normal direction at each point thanks to a classical
regression. More precisely, we compute the covariance matrix of centered coordinates (in a ball
of radius 5)) and we define as the normal the eigenvector associated with the smallest eigenvalue.
Denoting as N the number of points on the equatorial circle in the discretized ball, € is prescribed
as previously done by the relation Ne? = 1, and we study the evolution of the average error on the
mean curvature vector (46) with respect to the total number of points N.

The last experiments in this section were made on non parametrized point clouds: a dragon
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10+ E

10+ E

107 : :

10* 10
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number of points N

Figure 9: Average error on the mean curvature vector of a 3D ball of radius 1: evolution of the
error with the number of points NV, using either the exponential kernel or the inverse tent kernel.

with N = 435000 points (the norm of the mean curvature vectors are represented with colors in
Figure 10), and a buddha statue with 543 524 points (Figure 11).

We conclude this section with a list of what we believe are the advantages of our approximate
mean curvature: the formula is simple, it does neither require to pre-compute an orientation nor a
triangulation of the point cloud. It is in addition very flexible: it can be applied to lots of surface
representations as soon as a consistent varifold structure is defined on the discrete objects. Future
work will be devoted to a better understanding of the numerical properties of the formula, and how
it can be used in applications, for instance for the smoothing of point clouds using mean curvature
flow.
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Figure 10: Intensity of the mean curvature of a dragon (435 000 points, diameter= 1) with & = 0.007.
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Figure 11: Intensity of the mean curvature of a buddha statue (543524 points, horizontal side
length=0.41, height=1)
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