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Abstract

We prove several discrete Gagliardo-Nirenberg-Sobolev and Poincaré-Sobolev inequali-
ties for some approximations with arbitrary boundary values on finite volume meshes. The
keypoint of our approach is to use the continuous embedding of the space BV () into
LN/(N_U(Q) for a Lipschitz domain Q@ € RY, with N > 2. Finally, we give several applica-
tions to discrete duality finite volume (DDFV) schemes which are used for the approximation
of nonlinear and non isotropic elliptic and parabolic problems.

1 Introduction

In this paper, we establish some discrete functional inequalities which are sometimes useful for
the convergence analysis of finite volume schemes. In the continuous framework, the Gagliardo-
Nirenberg-Sobolev and Poincaré-Sobolev inequalities are fundamental for the analysis of partial
differential equations. They are a standard tool in existence and regularity theories for solutions.
The L? framework is generally used for linear elliptic problems, more precisely it is a classical
way to prove the coercivity of bilinear forms in H{, which then allows to apply the Lax-Milgram
theorem to prove existence of weak solutions. More generally, the L? framework is crucial for
the study of nonlinear elliptic or parabolic equations, to obtain some energy estimates which are
useful to prove existence of weak solutions. Poincaré-type inequalities are also one of the step in
the study of convergence to equilibrium for kinetic equations.

1.1 Gagliardo-Nirenberg-Sobolev and Poincaré-Sobolev inequalities

In the continuous situation, the Poincaré-Sobolev inequality writes as follows. Let assume N > 2
and Q be an open bounded domain of RY. If 1 <p < N, let 1 < ¢ < p* = A’;—ivp; if p> N, let
1 < g < 400. Then there exists a constant C' > 0 depending on p,q, N and 2 such that

lull Loy < Cllullwrn) Yue WHP(Q), (1)

We refer to [1, 9] for a proof of this result. We also remind the Gagliardo-Nirenberg-Sobolev
inequality [21, 32]. If 1 < p < N, letlgsgmgp*:ﬁ;—j_\;;ifpzl\f, let 1 <s<m < +oo0.
Then there exists a constant C' > 0 depending on p, s,m, N and 2 such that

ey Yu€WHP(Q)N LY(Q), 2)

lullm@y < C llullfyrnqy llul



where

1 1

s m

0= 1 1 (3)
s N »p

The mathematical analysis of convergence and error estimates for numerical methods are
performed using functional analysis tools, such as discrete Sobolev inequalities. Several Poincaré-
Sobolev inequalities have been established for the finite volume schemes as well as for the finite
element methods. Concerning the finite volume framework, the first estimates were obtained in
the particular case N = 2, p = ¢ = 2 (which is the standard Poincaré inequality) for Dirichlet
boundary conditions by Y. Coudiere, J.-P. Vila and P. Villedieu [13]. The idea of the proof in
this paper is to use some geometrical properties of the mesh. More precisely, given an oriented
direction D, any cell center of the mesh is connected to an upstream (with respect to D) center
of an edge of the boundary 92 by a straight line of direction D. This connection crosses a certain
number of cells and their interfaces, and this argument allows to link a norm of the piecewise
constant function considered with a norm of a discrete version of its gradient. This result was
later generalized to the case of dimension N = 3 by R. Eymard, T. Gallouét and R. Herbin [18].
Also the same method has been applied to get more general Poincaré-Sobolev inequalities (1)
for 1 <p = ¢ <2 by J. Droniou, T. Gallouét and R. Herbin [17], and for p =2, 1 < ¢ < oo if
N=2,1<¢qg<6if N=3by Y. Coudiere T. Gallouét and R. Herbin [11], still in the case of
Dirichlet boundary conditions. Concerning the case of Neumann boundary conditions, a discrete
Poincaré-Wirtinger inequality (p = ¢ = 2) was established in [18, 22] for N = 2 or 3 by using
the same method, as well as more general Sobolev inequalities (p = 2, 1 < ¢ < 0 if N = 2,
1<¢<6if N=3)in [10].

More recently, another idea was used to prove this type of discrete inequalities: the continuous
embedding of BV (Q) into LN/N=1(Q) for a Lipschitz domain Q. This argument was first
exploited in [20] to prove a discrete Poincaré-Sobolev inequality (1) in dimension N = 2 with
g = 2 and p = 1, in the case of Neumann boundary conditions. Then this method was used in
[19] to prove general Poincaré-Sobolev inequalities (1) in any dimension N > 1 in the particular
case of homogeneous Dirichlet boundary conditions. This result was then adapted to the case of
Neumann or mixed boundary conditions by B. Andreianov, M. Bendahmane and R. Ruiz Baier
in [3]. We also mention [6] where the continuous embedding of BV (RY) into LN/(N-1)(RN)
is used to establish an improved discrete Gagliardo-Nirenberg-Sobolev inequality in the whole
space RV, N > 1.

Finally for p = 2, general discrete Poincaré-Sobolev inequalities have been obtained by
A. Glitzky and J. Griepentrog in [23] for Voronoi finite volume approximations in the case
of arbitrary boundary conditions by using an adaptation of Sobolev’s integral representation
and the Voronoi property of the mesh. Concerning the finite element framework, a variant of
a Poincaré-type inequality (p = ¢ = 2) for functions in broken Sobolev spaces was derived in
[5] for N = 2 and in [8, 33] for N = 2, 3. Then a generalised result was proposed in [30],
providing bounds on the L4 norms in terms of a broken H' norm (p = 2,1 < ¢ < oo if N = 2
and 1 < ¢ <2N/(N —2) if N > 3). The proof is based on elliptic regularity results and non-
conforming finite element interpolants. Finally, a result in non-Hilbertian setting (p # 2) was
obtained in [15], taking inspiration from the technique used by F. Filbet [20] and also R. Eymard,
T. Gallouét and R. Herbin [19], namely the continuous embedding of BV () into LY/ (N=1(Q).



1.2 Aim of the paper and outline

In this paper our aim is to provide a simple proof to discrete versions of Poincaré-Sobolev (1) and
Gagliardo-Nirenberg-Sobolev (2) inequalities for functions coming from finite volume schemes
with arbitrary boundary values. Several Poincaré-Sobolev inequalities are already proved as
mentioned above but here we propose a unified result. It includes in particular the case of
mixed boundary conditions. Concerning Gagliardo-Nirenberg-Sobolev inequalities, the result of
F. Bouchut, R. Eymard and A. Prignet [6] is to our knowledge the only available, and it deals
with the case of the whole space R¥.

Our starting point to prove these discrete estimates is the continuous embedding of BV (Q)
into LN/(N=1)(Q), as in [20, 19, 15, 6]. The main difficulty appears when boundary conditions
must be taken into account. In the papers mentioned previously [20, 19, 15], the boundary condi-
tions are either homogeneous Dirichlet or Neumann on the whole boundary. In [6], the problem is
considered in the whole space RY. In the case where the function satisfies homogeneous Dirichlet
boundary conditions only on a part I'° ¢ 92 of the boundary, we cannot use the same strategy
as in [19], which consists of extending the function considered to RY by zero. Our idea is to
thicken the boundary of ) in order to take the mixed boundary conditions into account in this
case.

The outline of the paper is as follows. In Section 2, we first define the functional spaces:
the space of finite volume approximations and the space BV (Q2). We will see that BV (Q) is a
natural space to study piecewise constant functions as finite volume approximations. In Section 3,
we do not take into account any boundary conditions and prove the discrete Poincaré-Sobolev
inequalities (Theorem 3) and the discrete Gagliardo-Nirenberg-Sobolev inequalities (Theorem 4)
in this case. These results are the discrete counterpart of (1) and (2). They may be used for
instance in the convergence analysis of finite volume schemes in the case with Neumann boundary
conditions. Then, in Section 4, we consider the case where the discrete function is given by a
finite volume scheme with homogeneous boundary conditions on a part of the boundary. In
this case, the discrete space (for the finite volume approximations) is unchanged. However,
the discrete WP seminorm will take into account some jumps on the boundary. We prove
discrete Poincaré-Sobolev inequalities (Theorem 6) and discrete Gagliardo-Nirenberg-Sobolev
inequalities (Theorem 7), similar to (1) and (2) but with the WP seminorm instead of the full
WLP norm. Finally, in Section 5, we show how to extend the results from Sections 3 and 4 to
finite volume approximations coming from discrete duality finite volume (DDFV) schemes. This
family of schemes is mainly applied to anisotropic elliptic and parabolic problems. This method
can be applied to a wide class of 2D meshes (but also 3D [12]) and inherits the main qualitative
properties of the continuous problem: monotonicity, coercivity, variational formulation, etc...

2 Functional spaces

2.1 The space of finite volume approximations

We now introduce the discrete settings, including notations and assumptions on the meshes
and definitions of the discrete norms. Let £ be an open bounded polyhedral susbset (Lipschitz
domain) of RN, N > 2, and I' := 99 its boundary. In the sequel, we denote by d the distance in
RY, m the Lebesgue measure in RV or RV 1,

A mesh of Q is given by a family 9t of control volumes, which are open polyhedral subsets
of Q, a family &£ of relatively open parts of hyperplanes in RY, which represent the faces of the
control volumes, and a family of points (k) ke which satisfy the following properties:



ca- U w
Kem

for all K € 9, there exists Ex C &£ such that 0K = U T,

o€l

for all (K, L) € 9M? with K # L, either m(KNL) =0, or KNL =75 for some o € £, which
will be denoted by K|L,

the family of points (zx)xe7 is such that for all K € M, xx € K and if 0 = K|L, it is
assumed that zx # xp.

In the set of faces &£, we distinguish the interior faces o € &;,; and the boundary faces o € E¢yt.
For a control volume K € 9, we denote by Ex the set of its faces, &tk the set of its interior
faces and Ecyt, k the set of faces of K included in the boundary I

For all o € £, we define

4 — d(zg,zr) for o =K|L € Ept,
7\ d(zk,o) for o€ &t k.

We assume that the mesh satisfies the following regularity constraint: there exists £ > 0 such
that
d(zk,0) > €&d,, VK €M, Vo € Ek. (4)

The size of the mesh is defined by

h = max (diam(K)).

In general, finite volume methods lead to the computation of one discrete unknown by con-
trol volume. The corresponding finite volume approximation is a piecewise constant function.
Therefore, we define the set X (9) of the finite volume approximation:

X(Qﬁ) = {u € Ll(Q) / E(UK)KGEUI such that u = Z uKlK} .
Kem

Let us now define some discrete norms and seminorms on X (91).
Definition 1. Let Q be a bounded polyhedral subset of RN, 9 a mesh of €.
1. Forp € [l,400), the discrete LP norm is defined by

lullopom = (Z m(K) |uk |”> , Vue X(M).

KeM
2. In the general case, for p € [1,+00), the discrete W1P-seminorm is defined by:

P

m(o
|ulipm = Z p(,l) lup —ugl” | . Yue X(IM)
o€€int 7
o=K|L

and the discrete W1P-norm is defined by

lullipom = [lullopo + [ufipm, Vue X(D). (5)



3. In the case where homogeneous Dirichlet boundary conditions are underlying (because the
piecewise constant function comes from a finite volume scheme), we need to take into
account jumps on the boundary in the discrete W1 P-seminorm. Let T C T be a part of the
boundary. In the set of exterior faces Eext, we distinguish EO., the set of boundary faces

included in T°. Forp € [1,+00), we define the discrete WLP-seminorm (which depends on

%) by
1
m(o) ’
|ul1prom = (Z e (Dau)p> ;1< p<+oo, (6)
oc& 7
where
|ug —ur| if o=K|LE&Epn,
Dyu = |uk | if oe&l,NE&k,
0 Zf RS 5ezt \ngt'

We then define the discrete WP norm by

lullipom = lwllopom + [wlprom Yuec X(M). (7)

Remark 1. Afterwards we may often use the following inequalities:

[ lfosom < m(Q)P™/ @) [l om, V1 <5< p, (8)
N (@) P9/ @)
[w]1,s,m < (%) || pom, V1 <s<p. 9)

These inequalities result from Holder’s inequality applied with exponent p/s > 1. Let us detail
the proof of (9). Using Hélder’s inequality we get:

|u|is,9ﬁ: Z (m(a)dg)s/p <%> (m(g)d”(pﬂ)/p

c€Eint
oc=K|L
(p—s)/p
< |ulf,m x < > m(o) dg> .
c€Eint

But the regularity constraint (4) on the mesh ensures that

3 mlo)d, < % SN mlo) dizx, o) :% 3 m(K) = Nm(€) (10)

o€Eint KeT o€€k

which finally yields the result.

2.2 The space BV (Q2)

Let us first recall some results concerning functions of bounded variation (we refer to [2, 34] for a
thorough presentation BV (2)). Let 2 be an open set of RY and u € L'(2). The total variation
of u in €, denoted by TVq(u), is defined by

TVa(u) = sup {/Q u(z)div (¢(z)) do, ¢ €CHQ), |p(x)] <1, Vre Q}



and the function u € L'(Q2) belongs to BV (Q2) if and only if TVq(u) < +oo. The space BV (Q)
is endowed with the norm

| ullsv = llullLi o) +TVa(u).

The space BV (Q2) is a natural space to study finite volume approximations. Indeed, for u €
X (M), we have

TVo(w) = S m(o) Jur — uk = uly 1m < +o0. (1)
c€Eint
o=K|L
The discrete space X (9) is included in L' N BV (Q). Moreover, |[ul pv) = |lull1,1,m.
Our starting point for the discrete functional inequalities is the continuous embedding of
BV (Q) into LN/(N=1(Q) for a Lipschitz domain Q, recalled in Theorem 1.

Theorem 1. Let Q be a Lipschitz bounded domain of RN, N > 2. Then there exists a constant
c(Q) only depending on Q such that:

N-—1

N
( ) | | Vo1 dx) < ¢(Q) |ulpvi, Yue BV(Q). (12)

Moreover, if ) is a connected domain, there are also more precise results involving only the
seminorm 7'V (u) instead of the norm | u ||gy(q). Indeed, the seminorm 7'Vq becomes a norm
on the space of BV functions vanishing on a part of the boundary and also on the space of
BV functions with a zero mean value. In these cases, the continuous embedding of BV () into
LN/(N=1)(Q) rewrites as in Theorem 2.

Theorem 2. Let Q be a Lipschitz bounded connected domain of RNV, N > 2.

1. There exists a constant ¢(2) > 0 only depending on Q such that, for all w € BV (),

N-—1

( |u—m|~1 dz>T < () TVa(u), (13)
Q

where U is the mean value of u:

_—L u(x) dx
u_m(Q)/Q (x) du.

2. Let TV C 99, m(I'°) > 0. There exists a constant ¢(Q) > 0 only depending on 2 and T'°
such that, for all u € BV (Q) satisfying u =0 on I'°,

N-—1

< |u|NN1dx) U< Q) TVe(). (14)
Q

3 Discrete functional inequalities in the general case

We first consider the general case u € X (9) with the discrete WP norm defined by (5). The
discrete functional inequalities we will prove may be useful in the convergence analysis of finite
volume methods for problems with homogeneous Neumann boundary conditions.



3.1 General discrete Poincaré-Sobolev inequality

We start with a Lemma which will be usefull to prove the discrete Poincaré-Sobolev inequalities
which are the discrete counterpart of (1) and then the discrete Gagliardo-Nirenberg-Sobolev
inequalities.

Lemma 1. Let Q be an open bounded polyhedral domain of RN, N > 2 and I be a mesh
satisfying (4). For all s > 1 and p > 1, we have

C s— 1
1l ansov-nm < gzl e IS eyl oo, (15)

Proof. Let s > 1 and u € X (9). We apply the inequality (12) to v € X (9M) given by vk = |uk|®
for all K € M. We obtain that

I ll§ onyov—nyom < @) | D mlo) |lurl® = url*] + | ][5 som
0€Eint
o=K|L
However, for all o = K|L and s > 1, we have

llug|® = |ucl®| < s (Jur """+ Juc]®™") Jux —ugl.

Applying this last inequality, a discrete integration by parts and Hélder’s inequality, we get for
any p>1and s> 1:

> (o) fluxcl” —funl] < s 30 D7 o) fuxel e — u
o€€int KEMU:KlL
o=K|L
P
m(o) -
s s §: - HUL*uKF (2: 2: o) d, MKK51W“P1g
o€€int KeM oy
o=K|L

Thanks to (10), it yields, for any p > 1, s > 1,

s 1 s—1 s
| w g, sn/(v=1)m < C <m P, (s . > (16)
On the one hand, by interpolation between LP spaces, since
1 1 —1
L_Us, Geuls
s p  (s—1p/lp—1)

we obtain for any s > 1 such that (s — 1)p/(p —1) > 1:

< Nl 0 16G200 ) an)
Using (17), (16) rewrites
, C
K H(é),sN/(Nfl),im < f(p D/p [ Ho (s— 1)p/(p 1), aell @ ll1.p, 00,
which is the expected result. [l

p—1



Now let us prove the discrete analog to (1).

Theorem 3 (General discrete Poincaré-Sobolev inequality). Let Q be an open bounded polyhedral
domain of RN, N > 2. Let M be a mesh satisfying (4).

pN

o If1<p<N, letlSqSP*ZN )
-p

o ifp>N,letl <q<+o0.

Then there exists a constant C > 0 only depending on p, q, N and Q such that:

C
| ullo,qm < W lullipom, Yue X (M), (18)

Remark 2. Let us emphasize that for 1 < p < N, this result allows to recover the optimal
embedding with ¢ = p* as in the continuous case. However for p > N, we cannot prove the
inequality with ¢ = oo since our estimate is blowing-up in the limit ¢ — oo.

Proof. Throughout this proof, C' denotes constants which depend only on €2, N, p and gq. The
proof is divided into four steps corresponding to different values of p: the case p = 1, the case
1 < p < N, the critical case p = N and finally the case p > .

Case p = 1. Asseen in Section 2.2, we have || u || gy (q) = || © [|1,1,0n for all u € X (91). Therefore
applying Theorem 1, we get

lwllo,n/(N=1)m < () [|ul1,1,0m,

which is the result if ¢ = p* = N/(N —1). It yields (18) for p = 1 and also for all 1 < ¢ < p~,
thanks to (8).

Case 1 < p < N. We start with the result (15) of Lemma 1 and choose s > 1 such that
(s—Dp/(p—1)=sN/(N—1) > 1, thatis s = (N—1)p/(N—p) > 1, we have then sN/(N —1) =
Np/(N — p) and get

C
Il wllopn/(v—p)m < o D/p | l1,p,9-

Finally since LPN/(N=P)(Q)  L9(Q) for all 1 < ¢ < pN/(N — p), we get that

C *
lulloqm < goonzy I lhpm 1<a<p"
and the proof is complete for 1 < p < N.

Case p = N. The proof is similar to that of the previous case but we cannot apply the last
argument since pN/(N — p) blows up for p = N. Therefore, we start again from (15) of Lemma 1
forany s >1landp=N

s C
w5 sn/(v—1)m < EN-DI/N [l

-1
L |l ul 8,(8_1)1\[/(1\/—1),931'



Now observing that sN/(N — 1) > (s — 1)N/(N — 1) and using inclusion of L*N/(N=1)(Q) in
LE=DN/(N=1)(Q) we get that

C
Il wllo,s—1yn/(N=1),m < EV-T/N |wll1,nyom fors>1.

Then for all ¢ > 1, we choose s = 1+ (N —1)g/N > 1, which yields that ¢ = (s—1)N/(N—-1) > 1
and finally we obtain the result:

c
Felloqom < sm=nyw e lhvom Vo= 1. (19)

Case p > N. We obtain the result using the fact that

C

| wll,nom < =NV |ullipom Vp>N. (20)

Gathering (19) and (20) we get

|\U|0,q,m§m”“|lwm < Wﬂuh,pm Vg > 1,

which completes the proof of Theorem 3. O

3.2 General discrete Gagliardo-Nirenberg-Sobolev inequality

We now give the discrete counterpart of the Gagliardo-Nirenberg-Sobolev inequalities (2).

Theorem 4 (General discrete Gagliardo-Nirenberg-Sobolev inequality). Let Q be an open boun-
ded polyhedral domain of RN, N > 2. Let M be a mesh satisfying (4).
pN

oIf1§p<N,let1§s§m§p*:(N ik
—-Pp

e ifp>N,letl<s<m<+oc0.

Then, there exists a constant C' > 0 only depending on p, s, m, N and S such that:
C

0 -0
o < sy Nl 01 ons Vs € X000, 1)
where 0 is given by (3):
1 1
__s m
0= 1 n 1 1°
s N p

Proof. Throughout this proof, C' denotes constants which depend only on 2, N, p, s and 6. We
distinguish the case 1 < p < N from the case p > N.

Case 1 <p< N. Forall1<s<m<p* there exists € [0,1] such that
1 0 1-6

m  p* S

and 6 is given by (3). Interpolation between L spaces gives:
-6
oo < 11 18l 15 (22)

Applying Theorem 3 with ¢ = p*, we deduce (21) from (22).



Case p > N. We proceed by induction and first prove that (21) occurs in the case where
1<s<m<s+1. (23)
Therefore, we start from (15) in Lemma 1 written with r > 1 instead of s :

C (r—1)
1 v-.m < g 106G - b (1l + o).

With r =1+ (p — 1)s/p, which is equivalently written s = (r — 1)p/(p — 1), we get

C r—1)/r 1/r
lulosx/ov-nmn < gzl v Iyl an (24)

Now since rN/(N —1) > s+ 1 for p > N > 2, we have for any m verifying (23), there exists

a € [0,1] such that
1 o 1-—a

m o= s (25)

which implies by interpolation between LP spaces,

[llo,m,om < llullgny (-

and using (24), we get:

1— a/r ||a/r (26)

1,p, 20

lllo.mom < eg=r76m 1@

It remains to verify that (25) with » = 1+ (p — 1)s/p implies that

®» | =

1

m _
1 1 1_9'
s

I

<

+

N p

As a/r = 6, inequality (26) corresponds to the expected inequality (21). The result is proved if
m satisfies (23).

Then, let us now prove by induction that it holds for 1 < s < m < +o0.

For a given k € R, we assume that (21) is satisfied for 1 < s+ k <m < s+ k + 1. Then, for
m=s+k+ 1, we have

wllo,st k41,0 < mll ullf  allll§ o (27)
with
1 1
g— 35 s+k+1
1 1 1 -
s N »p

Let us now choose 1 <s+k+1<m<s+k+2, applying (21) with s + k + 1 instead of s, we
have

< oo v 1 a6 1.9 (28)

gl

10



with

1
g — s+k+1 m
B 1 n 1 1
s+k+1 N p
Injecting (27) in (28), we get :
#H He+é(179)H 160 9)(1-8)
é.(p 1) 1,p, M OSEUI .

But (1 —6)(1 —6) = (1—6) and § + 6(1 — 0) = 6, with 6 given by (3). It means that (21) holds
for1<s+k+1<m<s+k+2and it concludes the proof by induction. O

3.3 Other discrete functional inequalities

From Theorems 3 and 4, we can deduce a discrete Nash inequality:

Corollary 1 (Discrete Nash inequality). Let  be an open bounded polyhedral domain of RY.
Let 9 be a mesh satisfying (4). Then there exists a constant C > 0 only depending on Q and N

such that

lulitd < ulamluld g Yu € X@N).
2, \/E , 1,

Proof. For N = 2, the result is directly given by the application of Theorem 4 with p =2, s =1,
0 =1/N =1/2 and m = 2. For N > 3, let us first apply Holder’s inequality:

4 N+2 2N, N+2
B o = > m) s/ N2 Juge PNV < [ oA o (29)
Kem

Then we apply Theorem 3 with 1 <p=2 < N and ¢ = p* = 2N/(N — 2):

C
lullo2n/(n=2)ym < e w12, (30)

Gathering (29) and (30), it yields the result.

In the proofs of Theorem 3 and Theorem 4, we have used the continuous embedding of BV (2)
into LN/(V=1(Q) as it is written in Theorem 1. But, starting with (13) instead of (12) leads to
the following discrete Poincaré-Wirtinger inequality.

Theorem 5 (Discrete Poincaré-Wirtinger inequality). Let Q be an open bounded connected
polyhedral domain of RN . Let 9 be a mesh satisfying (4). Then for 1 < p < +oo there exists a
constant C' > 0 only depending on Q), N and p such that:

_ C
=g, om < r=y [l Yu€ X (M) (31)
W 1l that @ ! / (z)d ! > m(K)ug, for ue X(M)
€ reca at b = ——— ulr)axr = ——— m UK, joru .
m(Q) Jo m(Q) = *

11



Proof. Throughout this proof, C' denotes constants which depend only on 2, N and p.
Using inequalities (8) and (13), we have for all u € X (9):

“ym <Cluliim V1I<p<

N-1
Then applying inequality (9), it gives the result (31) for 1 < p < N/(N —1):

— C
HU*UHO,p,mSmWh,p,W Visps o (32)
Let us now take s > 1. For u € X(9M), we define v € X (M) by vk = |ux —u|® for all K € M.
On the one hand, we have

v =llo,n/(N=1)0m = —1),9m —1),9m
s u—"l
> u—=2lg sn/(v—1)m — TN (33)

On the other hand, using the same technique as in the proof of Theorem 3, we have:
Cs
[vlam < £o-1/p lwlipom [[u—7 Ho (5= 1),,/@ po VP>1, Vs> (34)

Therefore, gathering (33) and (34), we get from (13) that for u € X(9M), p > 1 and s > 1:

C o U—u|j s
lu =T[5 o vy < e [ =3 [0 LY, §
0,sN/( ) é'(pfl)/p Ds 0,(s—1)p/(p—1),2m m(Q)l/N

Moreover, by interpolation between L” spaces, for ¢ > 1, p > 1, s > 1 such that

L_Ys (s-1)s

S b q
we have that y o1y
—nl/s —n(s—=1)/s
H =l v =g gom
Choosing ¢ = sN/(N —1) >1and s = (N — 1)p/(N —p) for 1 < p < N, it yields
= Tloam < € (goms |uhpm + [u=Tlopm) VI<p<N.  (39)
where
(1) = 2~
q=4q\p) = .
N—p
Applying (32) and using the fact that since p < ¢ = pN/(N — p), inequality (9) provides
C C
|u 1 pom < fa )/ |u|1,qm = N |u1,q,9m, (36)

we can estimate the right hand side of (35) for 1 < p < N/(N — 1), which yields:

| u—"| |uligm Y1<q<

C
O,q,%fm N_9

12



Using exactly the same technique, we proceed by induction to prove the result for 1 < p <
N/(N — k), up to k = N — 1, which finally yields the result for all 1 <p < N.

To conclude, we apply (35). Indeed, using the result for 1 < p < N and the inequality (36), since
q=q(p) =pN/(N —p) € [1;+0c0) if p € [1; N), we obtain the general result:

_ C
[ u—"o,qm < (@ /a |ul1,qm V1< g < +oo.

O

4 Discrete functional inequalities in the case of Dirichlet
boundary conditions

In this section, we consider the case where the finite volume approximation u € X (91) is coming
from a finite volume scheme where homogeneous boundary conditions are prescribed on a part
of the boundary. This part of the boundary is denoted by I'® € T', m(I'°) > 0. In this case,
the natural discrete counterparts of the W1Pseminorm and WP norm are defined by (6) and
(7). Moreover, the WP seminorm becomes a norm on the space of WP functions vanishing
on a part of the boundary and the Gagliardo-Nirenberg-Sobolev inequalities and the Poincaré-
Sobolev inequalities may be rewritten with the W P-seminorm instead of the W' P-norm. Our
aim in this Section is to prove the discrete counterpart of such inequalities (see Theorem 6 and
Theorem 7).

As in the general case, the starting point will be the continuous embedding from BV (Q)
into LY/(N=1(Q), which rewrites as (14) with homogeneous Dirichlet boundary conditions on
the part of the boundary. However, (14) can not be directly applied to u € X (9). Indeed,
u € X (M) belongs to BV () and therefore its trace on the boundary is well defined; but it does
not necessarily vanish on I'°. Some adaptations must be done in order to apply (14) and get its
discrete counterpart. It will be done in Section 4.1 and yield the discrete functional inequalities
presented in Section 4.2 and Section 4.3.

In this section, we assume that the open set € is also connected to apply the result (14) of
Theorem 2.

4.1 Preliminary Lemma

We begin with a lemma which gives the discrete counterpart of (14). This lemma is crucial to
prove Theorems 6 and 7.

Lemma 2. Let Q be an open connected bounded polyhedral domain of RY and m(I'°) > 0 be a
part of the boundary T'. Let M be a mesh satisfying (4). Then there exists a constant ¢(£2) only
depending on Q and I'° such that

H u | O,N/(N—l),DJT S C(Q) |’lL |1,171"079ﬁ, VU S X(m)

Proof. Let us consider u € X (9M); since u is piecewise constant, u belongs to BV (). Then we
can define the trace Tu of u by: for almost every z € T,

1
1im—/ u—Tu(z)| dy = 0.
M m B A Jona ')
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Thus in general Tujro # 0 and in this framework we cannot take into account some prescribed
homogeneous Dirichlet boundary conditions u, = 0 for o € £2,,. Therefore the idea is to modify
the mesh 9. For a parameter € > 0, we set

Q. ={z € Q; d(z,00) > e}.

Then, for a given control volume K € 9, two cases may happen: either K C . or KN(Q\ Q) #
() (we assume that ¢ is sufficiently small such that the case where K C (Q\ £2.) does not occur).
Then,

o if K C ., weset K. =K,

o if KN (Q\ Q) # 0, we split the control volume K into two control volumes K! = K N,
and K2 =K N (Q\ Q).

It defines a new set of control volumes, denoted by 9. (see Figure 1). The corresponding set of
edges is denoted by &.. It contains the edges of £ included in 2., some edges of £ crossing 0€.
and therefore split into two new edges and some new edges included in 9f)..

Let us now define a function u, € X (9.), which is still a piecewise constant function but
which takes into account some boundary values u, = 0 for o C I'y:

Ue = E UK51K57

Keemt.
where
0 if m(@K.NIO) > 0.
This function verifies u. = 0 on T'° and we can apply (14):

[luell pvrv—1y < e()TVa(ue). (37)

" {uK if m(@K.NT% =0and K. C K,
K. =

In order to pass to the limit € — 0 in this last inequality, we analyze the limit of both sides of
the inequality. First, we note that

N/(N—-1 N/(N—-1 _
e 1SN oy = N loA N | € D0 mlEL) fus /Y
K.eMm., K.CK
m(dK.NY)>0

<m(Q\ Q) |lullo,c0,m
It implies that
lim | ue v/ ov-n ) = [l wllo,n/N—1,0m (38)

When comparing TV (u.) and TV (u), it remains only quantities due to some edges included in
99, (and tending when € tends to 0 to an edge included in I'?) and edges such that m(c.NI'Y) = 0
(whose number does not depend on €). Therefore, we get :

Elii% TV(ue) =TV (u) + Z m(o)|uk| = |wly1,ro om- (39)

ce&0 NEx

ext

Finally, passing to the limit ¢ — 0 in (37) and using (38) and (39), we obtain

llwllo,n/(v=1)om < () |u|i1,r00m-
O

Now using this lemma we can prove the discrete Gagliardo-Nirenberg-Sobolev and Poincaré-
Sobolev inequalities in the case with some homogeneous Dirichlet boundary conditions.

14
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Figure 1: Construction of the new mesh 91, and of the function wu..

4.2 Discrete Poincaré-Sobolev inequality

In the case with some homogeneous Dirichlet boundary conditions, the discrete Poincaré-Sobolev
inequalities rewrite as follows.

Theorem 6 (Discrete Poincaré-Sobolev inequality). Let 2 be an open connected bounded poly-
hedral domain of RN and let T° C T', with m(I'°) > 0. Let M be a mesh satisfying (4).

e If1<p<N, letlsqsp'=-—-0:
-p

o ifp>N,letl <q<+o0.

Then there exists a constant C > 0 which only depends on p, q, N, T'° and Q such that:

C
[ wllo,gom < Ee= |l prom Yue X (M) (40)
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Proof. For u € X (9), we apply Lemma 2 to v € X (9M) defined by vk = |ug|® for all K € M.
It yields
s C (s—1)
Tl sny(v—1)m < €o-D/p [ l1prom 1o (s 1yp) (p1).0m (41)

with p > 1 and s > 1.

Then the proof is similar to the proof of Theorem 3, starting with inequality (14) instead of
inequality (12) and using (41) instead of (16). O

4.3 Discrete Gagliardo-Nirenberg-Sobolev and Nash inequalities

Theorem 7 (Discrete Gagliardo-Nirenberg-Sobolev inequality). Let Q be an open connected
bounded polyhedral domain of RN and I'° be a part of the boundary such that m(I'°) > 0. Let M

be a mesh satisfying (4).

N
e f1<p<N,letl<s<m<p'=—L"
(N —p)

e ifp>N,letl1<s<m< +oc0.
Then, there exists a constant C' > 0 only depending on p, s, N, 6 and Q such that:

C

9 0
| wllomam < e |ul] oo llullg oy Yu € X (O,

where 0 is given by (3).
Proof. The proof is similar to the proof of Theorem 4, starting from (40) instead of (18). O
Now using Theorems 6 and 7, we easily get a discrete version of Nash inequality:

Corollary 2 (Discrete Nash inequality). Let Q2 be an open connected bounded polyhedral domain
of RN and T° be a part of the boundary such that m(T'°) > 0. Let 9 be a mesh satisfying (4).
Then there exists a constant C > 0 only depending on Q, T° and N such that
1+2 C 2

Noo< — |u|172,1"079ﬁ ||U||6\j1,m VU S X(m)

0,29, — \/E

[l

5 Application to finite volume approximations coming
from DDFYV schemes

The discrete duality finite volume methods have been developed for ten years for the approxi-
mation of anisotropic elliptic problems on almost general meshes in 2D and 3D. They are based
on some discrete operators (divergence and gradient), satisfying a discrete Green formula (the
“discrete duality”). The DDFV approximations were first proposed for the discretization of
anisotropic and/or nonlinear diffusion problems on rather general meshes. We refer to the pio-
neer work of F. Hermeline [24, 25, 26, 27, 28] who proposed a new approach dealing with primal
and dual meshes and Y. Coudiére, J.-P. Vila anf Ph. Villedieu [13] who proposed a method of
reconstruction for the discrete gradients. Next, K. Domelevo and P. Omnes [16], S. Delcourte,
K. Domelevo and P. Omnes [14] presented the discrete duality finite volume approach (DDFV)
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for the Laplace operator. Then, B. Andreianov, F. Boyer and F. Hubert [4] gave a general back-
ground of DDFV methods for anisotropic and nonlinear elliptic problems. Most of these works
treat 2D linear anisotropic, heterogeneous diffusion problems, while the case of discontinuous
diffusion operators have been treated later by F. Boyer and F. Hubert in [7]. F. Hermeline
[27, 28] treats the analogous 3D problems, S. Krell [29] treats the Stokes problem in 2D and in
3D whereas Y. Coudiere and G. Manzini [12] treat linear elliptic convection-diffusion equations.

The construction of DDFV schemes needs the definition of three meshes: a primal mesh, a
dual mesh and a diamond mesh. Then, the approximate solutions are defined both on the primal
and the dual meshes, while the approximate gradients are defined on the diamond mesh. There-
fore, we need to adapt the definition of the spaces of approximate solutions and the definition of
the discrete norms. It will be done in Section 5.1. Then, we will be able to establish some discrete
Gagliardo-Nirenberg-Sobolev and Poincaré-Sobolev inequalities, in the general case (Section 5.2)
as in the case with Dirichlet boundary conditions (Section 5.3) .

5.1 Meshes and functional spaces

Meshes. Let € be an open bounded polygonal domain of R?. The mesh construction starts
with the partition of Q with disjoint open polygonal control volumes. This partition, denoted by
M, is called the interior primal mesh. We then denote by 99 the set of boundary edges, which
are considered as degenerate control volumes. Then, the primal mesh is defined by 9t = DMUIM.
To each primal cell K € 9, we associate a point zx € K, called the center of the primal cell.
Notice that for a degenerate control volume X, the point xx is necessarily the midpoint of K.
This family of centers is denoted by X = {xx, K € M}.

' ! .
\ ! \‘ \.\-" '\‘\ 0/;
’ 1
L AT i \ \ I\ 7 /.
X < N - TN 4 ;\ 1 I ! !
\ /‘ ’ . N\ = . .
\ / \I' V4 % o \ ] 4
\ Vs VAN
\ 1 T . \ . R
1= ~/~ / ! [ * AL 74
/ ~at . b~ s\n
\ \ 7 = .
/ \ ! . R 7
’ i 1 B2 ANES /
L= 1 RS ) TN~ R . i
.
\\ L~ , N . . ~ | .
\ - ~ ! I ; . \
A\ i . ;'\ ! Rl .
1 1 /.- S\ ~.
L 1 ” SN\ N
Interior and exterior Interior and exterior Diamond mesh
primal meshes dual meshes

Figure 2: Presentation of the meshes

Let X* denote the set of the vertices of the primal control volumes in 9. Distinguishing
the interior vertices from the vertices lying on the boundary, we split X* into X* = &%, U X7 ,.
To any point xx- € X, we associate the polygon K* obtained by joining the centers of the
primal cells for which zx« is a vertex. The set of such polygons defines the interior dual mesh
denoted by 9t*. To any point xx+ € XJ,;, we then associate the polygon K*, which vertices are
{ie YU {zk € X /o € K, K € M}. It defines the boundary dual mesh 99* and the dual mesh
is defined by 9t* = 9 U 9™

In the sequel, we will assume that each primal cell IC € 9t is star-shaped with respect to zx
and each dual cell * € 9* is star-shaped with respect to xy«.
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For all neighboring primal cells K and £, we assume that 0CNOL is a segment, corresponding
to an edge of the mesh 9, denoted by o = K|L. Let £ be the set of such edges. We similarly
define the edges £* of the dual mesh 9%*: o* = K*|L*. For each couple (0,0%) € £ x £* such
that 0 = K|L = (xxx,22+) and o* = K*|L* = (zx, 2z), we define the quadrilateral diamond cell
D, o+~ whose diagonals are o and o*. If 0 € £N 0O, we note that the diamond degenerates into a
triangle. The set of the diamond cells defines a partition of 2, which is called the diamond mesh
and is denoted by ®. Let us note that ® can be splitted into ® = ;s UDept where D, is the
set of interior (non degenerate) diamond cells and ®.,+ is the set of degenerate diamond cells.

Finally, the DDFV mesh is made of the triple 7 = (9, M*, D). See Figure 2 for an example
of DDFV mesh.

Tic* R\
R .’\ R4 {
,.’ N e
. * 4
‘, no’)C\¢ /.
0, — A /.
’
TR Trecx N Tkl
\\ T-y Y S, m  Vertices of the primal mesh \ Tt-pac
. 1>~ ~ s : ’
N Tr,q AU P * Centers of the primal mesh A
R\ (PP P ;% e v
N ,° —— o0 =K|L, edge of the primal mesh
* ,‘ *
\, ’”* ---- 0" =K*|L£*, edge of the dual mesh b
| .
‘.“ «==: Diamond Da,o* ‘
T rx L

Figure 3: Definition of the diamonds Dy, =

Let us now introduce some notations associated to the mesh 7. For each primal cell or
dual cell V in 9t or M*, we define my, the measure of the cell V, &, the set of edges of V,
Dy =Dy €D, 0 € Ev}, dy, the diameter of V. For a diamond D, .-, whose vertices are
(zxc, s, xp, X+ ), we define : m, and m,« the lengths of the primal edge o and the dual edge
o*, mp, the measure of D, dp its diameter and ap the angle between (zic, z,) and (zxx, xz+).
As shown on Figure 3, we will also use two direct basis (Tx», 2+, Nox) and (Ng«x, Tx,.), Where
Ny is the unit normal to o, outward K, ng«c+ is the unit normal to o, outward K*, Ty= o=
is the unit tangent vector to o, oriented from K* to L*, T« . is the unit tangent vector to o*,
oriented from K to £. For a boundary edge o = [zjc+, xc+] € IM, we define dic+ ¢ the length of
the segment [zjc«, zz] and dg« ¢ the length of the segment [zz+, zz].

In all the sequel, we will assume that the diamonds cannot be flat. It means :
VD e ®.

Jar €]0, g] such that |sin(ap)| > sin(ar) (42)

As for all Dy 5« € ©, we have 2mp = mym,« sin(ap), the hypothesis (42) implies

2H1D

IN

Hio o sin(ar)’
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We also assume some regularity of the mesh, as in [4], which implies

>0, Y mem <2 vEem
D €D g
o,0* K
' m L (43)
IC* *
Z memg < —— V' € M.
D, 0. ¢

Definition of the approximate solution. A discrete duality finite volume scheme leads
to the computation of discrete unknowns on the primal and the dual meshes : (ux) g and
(uic*)jcxcape- From these discrete unknowns, we can reconstruct two different approximate solu-
tions :

U = E uxli and ugm = E wicx Ly
Kem e~

But, in order to use simultaneously the discrete unknowns computed on the primal and the dual
meshes, we prefer to define the approximate solution as

1

Therefore, the space of approximate solutions Z(7T) is defined by:

Z(T) = {u € LY(9Q) / Jur = ((ux) kemm (uk+) - o)

1
such that u = 3 Z uxlx + 2um*ln*
Kem K* e~

For a given function u € Z(7T ), we define the discrete LP-norm by

1/p

1 1
lullop,7= | 5 > mycluxl” + 5 2mn*

Discrete gradient. A key point in the construction of the DDFV schemes is the definition
of the discrete operators (divergence and gradient). We just focus here on the definition of the
discrete gradient, which will be useful for the definition of the discrete W!P-seminorms.

Let u € Z(T). The discrete gradient of u, V%u is defined as a piecewise constant function on

each diamond cell :
Viéu = Z VPulp,

DeD
where, for D € D,
1 Ur — U Upx — UKCH
D L K L K
V U = — N + | .
sin(ap) My mgy

This discrete gradient has been introduced in [13]. It verifies:

Ups — Uk Ur — U
UL UK g WPy = UK

VDU . TK.*,L* =
my me =
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Using this discrete gradient, we may now define the discrete W!P-seminorm and norm of a given
function v € Z(T):

1/p
[ulipr = (ZmDWDUl”) :

DeD

lullipr = lullopT + [ulip7

5.2 Discrete functional inequalities in the general case

Our aim is now to extend the results of Section 3 to the case of finite volume approximations
coming from some DDFV schemes: u € Z(7). We will use that such functions are defined as
u = % (um + ugyr) with ugy € X (M) and ug € X ().

Theorem 8 (General discrete Poincaré-Sobolev inequality in the DDFV framework). Let Q2 be
an open bounded polygonal domain of R%. Let T = (I, 9M*, D) be a DDFV mesh satisfying (42)
and (43).

2
¢ fl1<p<2let1<g<p ="
2—-p
o ifp>2,letl <qg< +o0.
Then there exists a constant C' > 0 only depending on p, q and 2 such that:

c
leloar < CramyTeeere v

1,p,7 s Yu € Z(T),

Proof. Since the proof is similar to the proof of Theorem 3, we only detail here the case 1 < p < 2.
Let s > 1. For u € Z(T), as ugn € X(M) and ugp € X(IM*), we may write:

sl oo < (@) (Jluml*], ; gn+llusmlls oo ) (44)
() (| e[, s+ el ) (45)

But, following the same computations as in the proof of Theorem 3, we get

‘|u9~"’?|5‘1,1,£m = Z Mo

IN

S
H“im 0,25,

lurc|® — [ucl®

DU’U*EQint
U —uc s—1 s—1
< s Y memge |——= | (jux| + ugl*T)
'Dg,g* EDint i
1 p—1
D P p
UK — uUg (s=Dp
< s E myMys | ———— E E myMys U] P=7
11 5%
Do €Dint 7 KEM D, €Dk

Using the regularity hypotheses on the mesh, we get

D
ue —ug |”
M=

-1
mp H“meg,(s—l)p/(p—l)ﬂﬁ'

. C
’|um| ‘1,1,97{S (sin(a,))t/p¢e=1)/p Z

'Dg,g* EDint
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UK —uc
mey=

UK —uc
mey=

But, by definition, = VPu - 7y, and therefore < |VPul. Tt yields :

s C
““i’ﬂ ‘1,1,97{S (Sin(aT))upg(p_l)/p|U|1,p,7’|\uim|

s—1
0,(s—1)p/(p—1),00

Then it yields that for any p > 1 and s > 1

s 1 s—1 s
llum ll6.20.0m < © (sin(aT)l/pg(p—l)/p [ lp 7 [l o ”07(8—1)17/(17—1),93? + [l uan |0,s79ﬁ> :

Thus using interpolation inequality (17) and choosing s = p/(2 — p) > 1, we obtain as in the
proof of Theorem 3

1
[[usm llo,2p/2-p)m < € (Sin(aT)1/pC(p—1)/p |7+ ||U||0,p,m>

and finally since || ugn ||o,p,om < 2| w||1,p,7 by definition, we get

C
(| o |‘012p/(2*p)£m < sin(a, ) /P¢e=1/p | wll1p,7

With similar computations on the dual mesh, from (45) we get

c
H U= HO,Qp/(Q—p),W < Sin(OéT)l/pg(pfl)/p H U | 1,p,T-
Then we can conclude using inclusion of L??/2=P)(Q) in L(Q) for all ¢ < p*. O

As in the classical finite volume framework, we can now prove discrete Gagliardo-Nirenberg-
Sobolev inequalities. The proof is similar to the proof of Theorem 4; it will not be detailed
here.

Theorem 9 (General discrete Gagliardo-Nirenberg-Sobolev inequality in the DDFV framework).
Let Q be an open bounded polygonal domain of R%. Let T = (O, M*, D) be a DDFV mesh
satisfying (42) and (43).

oIf1§p<2,let1§s§m§p*:;Tpp,
e f1<p<2letl<s<m<+oc0.

Then, there exists a constant C' > 0 only depending on p, s, m and 2 such that:

C 0 1-6
lllomr < (sin(ary))?/PCO@=1)/(p) lulltp7llwllos,r Yue Z(T),

where 0 is given by (3).

Let us now focus on the Poincaré-Wirtinger inequality in the DDFV case. This result has
been proved recently in [31]. We will give here a proof using the embedding of BV () into L?(Q)
(13) recalled in Theorem 2.
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Theorem 10 (Discrete Poincaré-Wirtinger inequality in the DDFV framework). Let 2 be an
open bounded connected polygonal domain of R%. Let T = (M, M*, D) be a DDFV mesh satisfying
(42).

There exists a constant C > 0 depending only on Q, such that for all w € Z(T) satisfying

> mgue = Y mgeuxs =0, (46)
Kem Kem*

we have

[[ul

02,7 = |u|1,2,T-

sin(ar)

Proof. Let u € Z(T). Applying (13) to u; € X (M) and ug= € X (M*), we get, under the
hypothesis (46),
1,1,9% ) )

lusllozom + lsmllonme < Q) (Jumly g + Jugme

But,
UK — Ur
sty 1 om - < Y. mMom | Mge |
'Dg,g* EDint
2 —
< - Y mpl—td
sin(ar) = Mg
< m(®)
~  sin(ay) 127
thanks to Cauchy-Schwarz inequality. By the same way, we get the same bound for |u9:T LT
' ' 5 o 1,
and it finally yields [[ully , + < sin(aT)m(Q) 12¢(Q) [l o7 O

5.3 Discrete functional inequalities in the case with Dirichlet boundary
conditions

In this Section, we want to extend the discrete Poincaré-Sobolev inequalities of Section 4.3
to finite volume approximations obtained from a DDFV scheme. We first recall how Dirichlet
boundary conditions are taken into account in DDFV methods. Let I'Y be a part of the boundary
such that m(I'%) > 0. At the discrete level, homogeneous Dirichlet boundary conditions on I'
will be written:

ux =0, VK € 9, K c I'% and ux- = 0, VK* € 9M*, K NI £ (. (47)
Therefore,we consider the corresponding set of finite volume approximations, Zro(7) defined by:
Zro(T) = {u € Z(T) satisfying (47)} .

Let us note that the definition of the discrete W1P-seminorm is the same on Zro(7) as on Z(T).
Indeed, the fact that the approximate solution vanishes at the boundary is taken into account
in the definition of the discrete gradient VPu for D € ©.4, and therefore in |u|1

Finally, combining the techniques of proof of Theorem 6 (using Lemma 2) and T heorem 8,
we establish the following Theorem.
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Theorem 11 (Discrete Poincaré-Sobolev inequality in the DDFV framework). Let 2 be an open
connected bounded polygonal domain of R? and T° be a part of the boundary such that m(I'%) > 0.
Let T = (9, 9%, D) be a DDFV mesh satisfying (42) and (43).

2p

2—p

o ifp>2,letl <qg< +o0.

Then there exists a constant C > 0 only depending on p, q, T'° and Q such that:

C
Felo.q.7 < (sin(ay))L/p¢e=1)/(P) [ lipT

Yu e Z(T),
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