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mathematical properties of this system, and prove an existence result under some small-

ness condition on the data.

Communicated by Editors; Received 777, 2009.
This work is supported by XXXXXXXXXXXXXXXXXXXX.

AMS Subject Classification XxXxXXXXXXXX, XXXXXXXXXX



1 Introduction

In many applications, the geometry of the flow is anisotropic (i.e. one dimension is small
with respect to the others), e.g. in lubrication problems. In the Newtonian case, the flow
of a fluid between two close surfaces in relative motion is described by an asymptotic ap-
proximation of the Navier-Stokes equations, the Reynolds equation. This equation makes
it possible to uncouple the pressure and the velocity. Indeed, in thin films, the pressure
is considered to be independent of the direction in which the domain is thin. Thus an
equation on the pressure only is obtained, and the velocity can be deduced from the pres-
sure. This approach was introduced by Reynolds, and has been rigorously justified in [3]
for the Stokes equation, and generalized afterwards in many works: for the steady-case
Navier-Stokes equations [1], for the unsteady case [4], for compressible fluids with the
perfect gases law [17]... It is of interest to investigate how this approach can be used for
the case of a two fluid flow.

A first diphasic model consists in introducing a variable viscosity 7, which is either
equal to the viscosity 7y of one fluid or the viscosity 7y of the other fluid (that is to say
that the fluids are considered to be non-miscible). The behavior of 7 is described by a
transport equation. In that case, when assuming the interface between the two fluids
to be the graph of a function, the asymptotic equations corresponding to the thin film
approximation can be interpreted as a generalized Buckley-Leverett equation, which gov-
erns the behavior of the saturation (i.e. the proportion of one fluid in the mixture) inside
the gap, coupled with a generalized Reynolds equation, which governs the behavior of the
pressure. These equations are investigated in [19] without shear effects, and in [6] with
shear effects. One of the main disadvantages of the method is that the fluid interface
is supposed to be the graph of a function, which hinders for example the formation of
bubbles. In addition, this kind of model only takes into account hydrodynamical effects
between the two phases, and surface tension effects are neglected.

The second class of models describing diphasic flows, which has been used up to now
only for the Navier-Stokes equations, is the class of the so-called diffuse interface mod-
els. They take into account chemical properties at the interface between the two fluids,
enabling an exchange between the two phases. In this paper, we use a Cahn-Hilliard
equation, which involves an interaction potential, enhanced with a transport term. Thus
this model describes both the chemical and the hydrodynamical properties of the flow.
An order parameter ¢ is introduced, for example the volumic fraction of one phase in the
mixture. The surface tension can be taken into account via an additional term depending
on ¢ in the Navier-Stokes equations. This kind of model has been studied for the complete
Navier-Stokes equations in [7], and for viscoelastic fluids in [10].

In this paper, we consider an asymptotic system (i.e. a thin film approximation)
for a diphasic fluid in a thin film modelled by the Cahn-Hilliard equation. As for the
Newtonian case, the Navier-Stokes equations are approximated by a modified Reynolds
equation, in which the viscosity is not constant anymore. We study the Reynolds/Cahn-
Hilliard system, and prove the existence and the regularity of a weak solution under a



smallness assumption on the initial data and the geometry.

Let us describe briefly the main steps of the mathematical analysis. First, we study
the Reynolds equation and investigate the regularity of the pressure and the velocity as
functions of the order parameter. Next, we prove the existence of a solution to the system
Reynolds/Cahn-Hilliard, by using a Galerkin process, which consists in introducing finite
dimension approximations of ¢. After obtaining a prior: estimates for these approxima-
tions, we conclude that they converge to a solution of the system Reynolds/Cahn-Hilliard.

This paper is organized as follows. In Section 2, we introduce the two-dimensional
model for a diphasic fluid in a thin film, which consists of a generalized Reynolds equation
and of a diffuse-interface model (the Cahn-Hilliard equation). In Section 3, we state the
main theorem, and give the main steps and difficulties of the proof. In Section 4, we
deal with the Reynolds equation, and obtain some existence and regularity result on the
velocity field and the pressure. In Section 5, we first introduce some specific results on
trace estimates and Poincaré inequalities. They are used in the rest of the section for
obtaining a priori estimates for the Cahn-Hilliard equation. At last, convergence results
are deduced from these estimates, and allow to conclue the proof of the main theorem.

2 Modelling a diphasic fluid in a thin film

In this section, we will first present how a fluid is described in a thin domain by the
Reynolds equation. Next, we introduce the hydrodynamical Cahn-Hilliard model for any
fluid. Lastly, we combine both aspects and state the model of a diphasic fluid in a thin
domain.

We introduce the domain 2 (see Fig. 1)
Q={(z,2) eR*, 0<z <L, 0<z<h(z)}, (1)
where the function h € C*(R) satisfies
vz € [0, L], 0 < hm < h(z) < hay,
Ve € [0,L],  |N(x)] < ).

Observe that the regularity of h ensures that the domain Q defined by (1) satisfies the
segment property and cone property (see [2, § 4.2 and 4.3]).

The thin film approximation for an incompressible fluid leads to the following equations
3], describing the behavior of the pressure p and the velocity field w = (u, v), n being the
viscosity of the fluid:

0. (n0,u) = Opp, 0.p =0, Oyu + 0,v = 0. (2)

The boundary conditions on u are suitable for lubrication applications: Dirichlet bound-
ary conditions are imposed on the velocity on {z = 0} and {z = h(z)} in order to model
shear effects. The boundary conditions are written:

Ve e [0,L] u(xz,0)=s and wu(z, h(z))=v(z,0)=uv(x,h(x))=0. (3)
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Without loss of generality, the shear velocity s > 0 is supposed to be positive. For the

lateral part of the boundary, it has been showed in [3] that only the input flow ¢ =
h(0)
u(0,€) - nd€ needs to be prescribed, where n denotes the exterior normal to the

0
domain. Observe that according to the divergence-free condition and the boundary con-
ditions on w, this flow is constant on any “vertical” section of the domain:

o < /O " u(:z:,@d&) = I'(z)u(z, h(z)) + /0 " dpu(z, €)de = — /O " Bev(x, €)de

-~

= —v(z,h(x)) + v(z,0) =0,

thus

h(zx)
q :/ u(x,ﬁ)dﬁ, Vo € (07L)
0

| u = (s,0) x

Figure 1: Domain 2 and boundary conditions on the velocity

2.1 Modelling one fluid in a thin domain

The usual procedure [3] is to integrate twice the first equation of (2) with respect to z,
make use of the boundary conditions (3) and of the fact that d,p = 0. This allows us to
express u as a function of p:

u(z,z) = 22" p(x) + s (1 - %) . (4)

Then, putting this expression in the divergence-free equation leads to the Reynolds equa-

tion: 3 h
axﬁﬁaap)::a%(g). (5)

A first boundary condition on p is deduced from the ones on u. In fact, the choice of the
input flow ¢ corresponds to a Neumann condition for p at x = 0. This condition can be
determined as a function of ¢ by

h(0)?  sh(0)

12y T

h(0)
qzl (0, €)dé = —,p(0)



12n(q — sh(0)/2)
h(0)?

the Neumann boundary condition 9,p(0) = w is defined up to a constant. We can thus

choose p(L) = 0 to gain a well-defined pressure p. It is to be noticed that once p is

computed from (5), then (4) allows us to compute u, while the other component of the

velocity field v is obtained by:

Let us denote w := 9,p(0) = Moreover, the solution p of (5) with

v(x,z) = — /OZ Oyu(z, &) dE. (6)

2.2 Modelling a mixture

Since we want to study the mixture of two fluids, we introduce an order parameter ¢
describing the volumic fraction of one fluid in the flow. All physical parameters can be
written as functions of ¢, in particular the viscosity 7. We assume that n(y) satisfies:

n€C(R) and Vo eR, 0<nm <n(p) <nm n'(0) <ny. (7)

For —1 < ¢ <1, we can use a specific realistic law as a function of the viscosities of the
two fluids 7, and 7, (see [9] or [18]):
1 1+ 1-—
1t 1-v
n(e)  2m 212

for ¢ € [-1,1], (8)

so that ¢ = 1 and ¢ = —1 correspond respectively to the fluids of viscosity 7; and 7,
only. However, we will not be able to prove mathematically that ¢ remains in the interval
[—1,1] (see [7]).

The effects of a possible variation of the density in the mixture will not be taken into
account in this paper. Therefore, the density of the mixture is assumed to be constant (i.e.
the two densities of the two incompressible phases p; and p, are supposed to be equal).
Let us notice that due to the loss of the local conservation equation for the density, the
non-homogeneous case p; # py induces further difficulties (see [8]).

The Cahn-Hilliard equation describes the evolution of ¢ and consists of both a trans-
port term, taking the mechanical effects into account, and a diffusive term modelling the
chemical effects. The Cahn-Hilliard equation is written:

1
Ovp +u- Vo — o div(B(e)Vu) =0, (9)
p=—a*Ap+ F'(p). (10)

The variable p is the chemical potential, B() is called mobility, Pe is the Péclet number, a
is a non-dimensional parameter measuring the thickness of the diffuse interface, and the
function F' is called Cahn-Hilliard potential. Physical considerations show that F' must
have a double-well structure, each of the wells representing one of the two fluids. A
rational choice for F' is given by a logarithmic form (for more details, we refer to [12] or
[15])

F(§) =1-&+c((1+8log(1+&)+ (1 —¢)log(1l—¢)),



for some constant 0 < ¢ < 1, or its polynomial approximation
F(§) = (1- e,

where ¢ is another constant. These physically realistic potentials share several mathema-
tical properties. In the following, we prove mathematical results for potentials F' having
the following properties:

e The function F is supposed to be regular (e.g. of class C?).

e Since F' is a physical potential, it is bounded from below. Moreover, only the
derivative of I’ occurs in the equations, therefore the addition of a constant does
not change the equations. It is thus realistic to make the following assumption:

AF, >0, VEER,  F(&) > F. (11)

e The convexity of the potential corresponds to the stability of the mixture. Usual
potentials contain some stable and unstable regions (see for example Figure 2). In
order to include such cases, we impose:

F; >0, VEER,  F'(¢)>—F;,. (12)

e Moreover the following hypothesis on the growth of the potential is imposed:

dFy, Fy» >0, Ir € [1,+00), V€ € R,

13
[F(§)] < B¢l + F> and |[F7(§)] < R + Fa. (13)

This hypothesis is satisfied for any polynomial function.

e At last, we assume a generalization of the convexity:

Vy € R, IF3(7) >0, Fi(y) 20, VE € R, (£ —7)F'(§) = F3(7)F(&§) — Fu(y). (14)

4 2

These hypotheses are satisfied by functions of the form F(p) = LA % + Fy (as in

4
Figure 2), which can be used as a model case. As far as the mobility B is concerned, it is

supposed to be regular, positive, and bounded from above and from below:
BeC*R), VE€R, 0< B, <B() <By. (15)

Let us mention that other types of functions B can be considered, in particular the
degenerate case B(£) = (1 — £?)7, with ¢ > 0, which has been studied in [13] and in [7],
but introduces further mathematical difficulties.

Equations (9)-(10) must be equipped with boundary conditions on ¢ and p. We are
interested in modelling injection phenomena, which arise for example in lubrication or
polymer injection problems. To this end, it is important to control the composition of
the input. Thus we use Dirichlet boundary conditions on some part of the boundary,
namely where the fluid is supplied. For the other part of the boundary, classical Neuman
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Figure 2: Possible appearance of the potential F'(¢p)
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Figure 3: Domain () and notations for the boundary

boundary conditions for both ¢ and p are considered. Let us observe that in previous
works ([7], [10]) Neuman boundary conditions were imposed on the whole boundary.

Thus, the boundary conditions are written

o Op
= =0 d —| =0 —| =0 16
90|Fz P, :LL|F1 an on Ty ) on Ty ) ( )
for some given boundary value ¢; defined on I';.

Finally, let us define the initial condition: p(t = 0) = ¢y € H3(Q2), where ¢ is
supposed to be satisfying the same boundary conditions as ¢. The compatibility condi-
tions also imply that pg defined by po = —a?Apg + F'(po) satisfies the same boundary
conditions as .

2.3 Modelling a mixture in thin films

A diphasic flow in a thin domain is still described by the Reynolds system (2), where
the viscosity 7 is not constant anymore but depends on the order parameter ¢. Because
of the non-constant viscosity, the coefficients in the Reynolds equation (which depend
on 1) depend on ¢. Let us introduce the following expressions that will be useful in the



following:

= ZL r,z2) = zi clx.z) = Z&
a(m’z)_/o n(e(x,§))’ bl 2) /0 n(e(x,§))’ (z:2) /0 n(e(x,§))’ a7)

and
a(x) =a(z,h(x)),  b(z) =b(z,h(x)),  &z)=c(z,h(x)),

for all (z, z) € Q. We define also:

d(z) = (5@;) - ba(é))) and &(z) = % (18)

Following the same procedure as in Section 2.1, we integrate twice the first equation

of (2) with non-constant viscosity and using the boundary conditions, we obtain for all
(x,2) €

u(z, z) = <b($, z) — %a(z, z)) O.p (x) + (1 — aéf;;)) s, (19)

v(x,z) = — /OZ Oyu(x, &) dE. (20)

We use the fact that w is divergence-free and the boundary conditions in order to write

/O " ol =) dz = B, ( /0 " e.2) dz) 0. (21)

After integrating (19), we obtain
0, (d(x)0up (2)) = 50, (¥(x)) (22)

where the coefficients d and € are given by (18). Therefore the whole system (Reynolds/Cahn-
Hilliard) is written:

8, (d D,p) = 50, (23a)
b
= <b—%) ﬁwp—l—s(l—%) (23b)
L 2)=— ) Oyu(-, €)d 23
oz) = = [ ol e (230)
O p+udpp+v0,p0 — % div(B(¢)Vu) =0 (23d)
p=—a*Ap+ F'(p). (23e)

The coefficients a, b, @, b, d, ¢ are explicit functions of ¢ (given by (17), (18)). The
functions B, F are also given explicitly. The quantities Pe and « are physical data. The
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boundary conditions are written

Oup(0) =w,  p(L) =0, (24a)

dp, _op

an’Fo an’Fo =0, SO‘FI = Y. M‘Fz =0, (24b)

Let us notice that equations (23b)-(23c) and the boundary condition (24a) on p imply
that the following boundary conditions are satisfied for u:

u(z,0) = s, u(z, h(x)) = v(x,0) = v(x,h(z)) =0, (25)
1(0)
| o n=a (26)

where w, ¢, the shear velocity s and ay = a(0), by = b(0) are related by:

h(0)
s <h(0) _ a% /0 a(0,¢) df)

U= 0 b (MO ' (21)
/0 b(o,g)dg—afo/o a(0,&) d¢

3 Main result

Let us define some notations and function spaces:

e (' denotes any constant depending only on physical parameters or on the size of the
domain (i.e. independent of the unknowns). Moreover, let us define the quantity

Constants independent of the size of the domain € are denoted by C, as well as the
constants depending on 2 only through o (i.e. for fixed o, the constants C' remain
fixed, even if |2 changes).

1
e For f € LY(Q), we define the mean value of f, denoted by m(f) = |ﬁ| /Q -

e For the usual Sobolev spaces, we denote by | - |, the LP-norm in €, and by || - ||
the H®-norm in 2.

e Let us define the following function spaces:

= {p € D(Q), —§2|FO =0, ¢, =0}, & =3"" fors>1,
~ 0¢
P, = D(Q), | =
l {¢ 6 ( )7 an|ro 0}7

H*(Q)

O] ={p € O, 9r, = @i} for s < 3,



and
X(Q) = {f € H\(Q) N L¥(),0.f € H\(Q)}.

Observe in particular that

(I)ll = {90 € Hl(Q)ﬂO’Fz = (pl}
We introduce the following weak form of (23):
Problem 3.1. Let gy € @}, and 0 < T < +oo. Find (p,wu, p, 1) such that

the following reqularity is satisfied:

pe€ L0, T; H*0,L)), w€L®0,T;X(Q), wveclL>0,T;L*Q)),
p € L%(0,T:9;) N L, (0, T3 @) NCO([0. T[®;),  p € Ly, (0,T52Y).

loc loc

for any ¢ € ®!,

Jowor [ 5BVave s [ute)-Tev=o (29)
Q Q Q

with
p=—a*Ap+ F'(p). (29)

the velocity field u(y) = (u(p),v(p)) is given as a function of ¢ by (23a), (23b), (23c)
equipped with the boundary conditions (24a), (25), (26);

the initial condition @|—o = @o is satisfied.
The following sections are dedicated to the proof of the main theorem:

Theorem 3.2. Let py € @}, 0 < T < +o0, and let ¢, satisfy Hypothesis 5.2 and let F
satisfy the assumptions stated in Section 2.2. Under a smallness assumption on L, there
exists a solution (p,w,p, p) of Problem 3.1.

Sketch of the proof. The proof is divided into two main parts, since the Reynolds equation
and the Cahn-Hilliard are treated separately:
Step 1. As far as the Reynolds equation is concerned, we prove the following proposition:

Proposition 3.3. For any ¢ € H* (), the Reynolds equation (23a) equipped with the
boundary conditions (24a) admits a unique solution which satisfies

O.p € H(0, L).
The velocity field (u,v) given as a function of p by (23b)-(23c) satisfies
u€ HY(Q)NL>®(Q) and v e L*(Q), with d.v € L*(Q).
Moreover, we have the following estimates

ule < C(L+hy)  and vl < C(1+hy)lelh- (30)

10



Let us sketch the main steps of the proof of Proposition 3.3:

e The Reynolds equation can be solved explicitly, so that p is given as a function of the
coefficients d and € (given as functions of ¢ by (18)): recalling definition (27) of w,
we can integrate the Reynolds equation once and obtain

d0,p = s¢+d(0)w — s&(0). (31)

The coefficients d(0) and €(0) only depend on ¢; and are thus known. If d does not
vanish, we compute formally 0,p, and then p using the boundary condition p(L) = 0.
In order to obtain estimates on the pressure, we have to prove that the coefficients d
and ¢ are regular enough (see Lemma 4.1), and that g((p) is greater than a strictly
positive constant (i.e. the operator d,(d d,-) must be coercive, see Lemma 4.2).

e As far as the velocity is concerned,

b o~
where the coefficients are given by f = (b — :a) and g = (1 — i) s (and a, b, a, b
a a
are defined in (17)). It is enough to prove the regularity of f and ¢ in order to

deduce the needed estimate on u from the estimate on d,p (see Lemma 4.3).

e The velocity v is given by

vz, 2) = —/0 dru(z, §) dE,

and the regularity of v follows from the regularity of u (see Lemma 4.4).

Step 2. As far as the Cahn-Hilliard equation is concerned, we proceed as in the earlier
works on Cahn-Hilliard equation (e.g. [7]), and we apply the Galerkin method in order to
prove the existence of a solution to the system (28), (29). This process consists in building
approximate solutions (i, ;) in finite dimension, for which the existence follows from
the Cauchy-Lipschitz theorem. For these approximate solutions (p,, i), we prove the
following proposition:

Proposition 3.4. For allt > 0, let

V() = 5 VeulB + [ Flont)

Q

2() = 5 Vou ) + Va0 + 1800 + [ Plon(®).
Q

Then the following estimate is satisfied:
Y'(t)+ Cr12(t) < fV()Z(t) + C2Z(t) + Cs,

where Cy, Cy, C5 are three positive constants, and f : R — R s a continuous function
satisfying f(0) = 0.
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e Estimates on |Vy,|s are first obtained from (62). This allows to gain estimates
on |V,|2 and |Ap, |2 by using (63).

e Although estimates are similar are similar to the ones in [7] or [11], they involve
supplementary terms due to the different boundary conditions: because of the non-
homogeneous Dirichlet condition on ¢,, on the left-hand side of the domain (fluid
injection), the conservation of the quantity of each fluid is not satisfied anymore (in
the sense that the mean value m(p,) of ¢, is not constant with respect to time).
For example, since m((p,) is not constant, we cannot apply classical inequalities on
©n—m(¢py), such as the Poincaré inequality, and we have to work with the boundary
value of ¢,, on the left-hand side of the domain.

e Additionnal difficulties come from the non-periodical condition for the velocity or
the fact that w, - n # 0 on the lateral part of the boundary. New terms have to be
treated.

e In order to control the boundary terms with the ones on the left-hand side of the
estimate, we have to work in adequate function spaces and choose in a suitable way
the coefficients in front of each term. This requires smallness conditions on some
parameters.

From Proposition 3.4, we deduce the convergence of the linear terms. However, it is not
enough to conclude the convergence of the nonlinear terms and the initial condition. To
this end, we obtain more regularity on ¢, and will prove the following proposition:

Proposition 3.5. There exists C > 0 such that for any T > 0:

dipn

<CT+C
dt - T

a2 zian < CT +C, H
L2(0,T5®}")

where ®;" is the dual space of ;.

This proposition allows us to deduce the convergence of all terms in adequate function
spaces, using classical compacity results from [20].

4 About the Reynolds equation

4.1 Regularity of the coefficients
Lemma 4.1. If o € H (), the coefficients satisfy the following regularity:
a, b, ¢ € X(Q),

a, b, ¢ d eeHY (0,L).

12



Proof. Let o € H'(2). The terms a, b, c are of the form / & n(p(x,€))d¢, fori=0,1,2

0
(see definition (17) of a, b, ¢). We will present the details of the proof for the case i = 1.
The same computations can be used to obtain the regularity results for ¢ = 0, i = 2. Let

fl,2) = / e/l £)) de.

Let us prove that f € X(Q) for any ¢ € H'(Q).

> First we prove that f € L*(Q) : for any (z,2) € Q, we have

et = ([ soee f))df) <(y ] ) < o

After integrating with respect to z and z, we get

h5 L
/ / (z,2) de dr < < 0.
20m2,

> Next, we show that f € H'(Q) and 9, f € H*(Q):

— On one hand,
O f(z,2) / 57) (7, ) dE,

with 9, € L*(Q). Let (x,2) € Q. Usmg the hypothesis (7), we compute

0. f (2, 2) </ &7—335))) Owip(, 5)d5>

/2 3 h(zx)
77M 2 < 2
< I §d5 / ol ©)Pds < B /0 Dap(, €) e

m m

After integrating with respect to z, we get

4

) 77M hM He) 2
/ 10 f () Py < Tt / Ouip(a, )P,
0 1205 Jo

and after integrating with respect to x
274

L) M P
0. f1 = / / 10,1 (2. y) Py de < M1 o2 o,
o Jo 1277m

It follows that 0, f € L*().

— Onthe other hand, 0. f(z,2) = z/n(¢(z, 2)) € H(Q), since ¢ € H*(2) and € C*(R)
with n > 0.

13



> Next we show that f € L>®(Q): since 0, f € L*(2), we can write

fa2) = f@0) + 0 (2,6 de,

By definition of f, we know that f(x,0) = 0, Vx € [0, L]. Therefore, the usual trace
theorem for the Sobolev space H'/2(0, h(x)) implies that

z h(x)
|f(z, ) < Z/O (O f (x,€))dE < hM/o (Ocf(,€))2dE = harlO: f1 7210 neay)
< hM||azf||12r{1/2(0’h(x)) < CHasz%Il(Q)?

thus
If12 < Cllo.f|? < .

It remains to prove the regularity of a, E, ¢, d,e.

> For the coefficients a(z) = a(z, h(z)), b(z) = b(z, h(z)), &(z) = c(z, h(z)), the L®-regu-
larity is obviously deduced from the one of a, b, c. The H!-regularity can be obtained
using the same procedure as in the first part of the proof.

> For d and ¢, the key point of the proof is to observe that H'(0, L) (which is embedded
in L*>(0, L)) is an algebra:

(f.g9) € HY(0,L)* = fg € H'(0,L).

- ~

~ b o~

Recalling the definitions d = (E— b:) and € = —, and using the fact that a, b, ¢
a a

belong to H*(0, L), we need to show that 1/a remains bounded. Since n < s, we have
1 h, 1

h(zx)
a(x) :/0 mdf > . ie. =<

D|§

. (32)

S

From the regularity of a, Z, ¢, from the algebra structure and from (32), we deduce that

de H'(0,L), ¢e H'(0,L).

]
4.2 Coercivity of the operator
Lemma 4.2. Let d be defined by (18). It satisfies the following estimate:
~ h3
Vre (0,L), d(z)>6d:=-—-">0. (33)

14



Proof. By definition (18), d(x) can be written in the form:

e 2
dz
TNy b(m)Q B h(z) .2 B </0 77(56‘,2) >
=50 - 5= ), ™ [T
0 77($>Z)

In order to prove the assertion, it suffices to prove that there exists § > 0 such that

(5 ) = () = ()

Let us denote by P the following polynomial

h(z) z )\ ?
P dz
/0 <\/n(90(x, D) Ve, Z))>
x) 2 2

_ /h< 2 N A N 22\ 0
o np(x,2))  nlp(r,2))  nlp(r,2))
From (7), VA € R we get

2

1 h(x) 1
PO > = / (2 4220+ 2)dz = o (h(2)® + 3h(x)A + Bh(2)).
v Jo 3nm

A simple study of the right-hand side polynomial proves that

2 2 h(az)2
VAER, V€ (0,L), h(z)°+3h(zx)A+ 3\ > 1
thus h )3 W )3
T T
P > -2 je. P\ - >
) = 120y e ) 1200 — 0

therefore the discriminant of the polynomial

P(A) M:A2/Ohl+m/0h5+ "2 h(x)?

 12ny n

is negative:

h@  2dz ’ B hi@) dz h@) 224z B h(zx)?
4</ n(so(x,z») 4</ n(so(x,z») [(/ n<so<x,z>>) 1an]§0’

that is to say
h 2 h h 2 3 h
(59 ()~ (3 =
o 7 o 7N o 7 127, 0

The two previous lemmas 4.1 (regularity of the coefficients) and 4.2 (coercivity of the
operator) with formula (31) imply that d,p € H'(0, L), thus p € H?(0, L).

~ B3
d ie. d>-—= :
z), ie _1277M>0

|

[]

15



4.3 Estimates of |u|, and |v]s

Lemma 4.3. Let ¢ € HY(Q). The horizontal velocity u given by (23b) satisfies
Juloe < C(1+ hy),
where C' denotes a constant depending on Q0 only through the ratio o = hys/hyy,.

Proof. The regularity of u follows from the regularity of p, equation (23b) and the regu-
larity of the coefficients (Lemma 4.1):

w=(b— %b)(()mp +s(1— %) € X(Q)

Moreover, we know that u is a combination of coefficients of the form / &/n(p)d. Indeed
0

A|oo g 00 Ao
min a(x) min a(x)
z€(0,L) z€(0,L)
and O0,p is given by (31), thus:
Ouploe < ——=— (slelo + diloolto] + sl ) (35)
min d(z
z€(0,L)

Let us obtain estimates for these coeflicients.

> Using the boundedness hypothesis on 7, and applying the Cauchy-Schwarz inequality
and the fact that Vo € (0, L), h(z) < hy, we can write for all (x,z) € Q

©de har ) o
,2) = — < — th 0o < Chyy, o < Chyy. 36
@)= [ ey S W e SOy [l S Chur (39

> Similar computations for b, ¢ and g, c give

1blsos [Bloe < Ch2p, [eloos 8o < O3, (37)

> Recalling definition (18) of ¢, and using (32), it follows from (37):

N b CRE, )
Bl = 57 < < Ot = O @
2€(0,L) m

We recall that we denote by C any constant independent of Q or depending on 2 only

h
through the rate o = h_M

m

16



> Moreover, the same computations as for estimates (36), (37) lead to
[@loe < Char,  [blow < Chiy,  [loo < Chiy.

We get (since hpr > hyy)

s ~ 7 hm = ~ 7 hm =
di]so < [Cllos + [B1]2—= < Chyy, €10 < |biloo— < Chyy. (39)
M M

Thus, using (33), (38), (39) in (35), it follows

~ 1
|axp|oo S C<1 + h_Q) (4())

Now, using (36), (37), (32) and (40) in (34), we obtain the required estimate:
_ 1 _
\mmgcﬁ40+%?)gcu+h@% (41)

which ends the proof. O

Lemma 4.4. Let ¢ € H(Q). The vertical velocity v given by (23c) satisfies
o]z < C(1+ hay)llells,
where C' denotes a constant depending on 2 only through the ratio o = hys/hyy,.

Proof. The regularity of v follows from the regularity of u, equation (23c) and the regu-
larity of the coefficients (Lemma 4.1):

v(x,2) = —/ Oyu(z,&)dE.
0
From the Cauchy-Schwarz inequality, we deduce that
[vla < har|Opuls. (42)

b
Let us introduce the coefficients f = b — GT and g = 1 — g, so that u = fO,p + sg.
a a

Therefore

and 0%p is given by taking the derivative of (31) with respect to z:

1 _ ~
02l < ———— (510712 +10: 10l ) (44)
z€(0,L)

Let us obtain estimates for each coefficient separately:

17



> We have

C ~
Floe < [bloc + 3~ aleclPlc. (15)

m
> It remains to obtain estimates of the derivatives of the coefficients with respect to x.

Yy o
We can compute d,a = / %8&,@0, and the Cauchy-Schwarz inequality yields
o ¥

Tas / (/Oy B,0(z, 2) dz)2

2
4
T,
Q

— Yy — —
< Chy / / 00 < CR2,10u02 < CR2, |02,
0
Q

|awa|g <

and similar estimates for all the other coeflicients:

|0zala, |0sale < Chaslle|s, |5xb|21|5x5|2 < Chillell, (46)
|05¢la, [0:¢]2 < Chi el

> Let us write " "
a Oy,aa — adya
0. (§) - B ed

a a

~ b : :
From (32), we know that @ > —. This estimate combined with (46) suffices to prove

Uiy
that a B
= <
2. (2)], < Clelh, (47)
and _
b _
Oy (5) < Chullels- (48)
2
> Since

0,d = O, — aﬁﬁ — b0, (2) , o,e =0, (2) ,
a a a
(49)

B, f = O,b — (?xag — b, <;) . D=0, (%) ,

a
it follows, using (46), (47), (48) in (49), that

10.d]s < Ch3, 1ol 0.€]2 < Challellr,

. . (50)
100 fla < ORIl 19ugle < Cllelh.

Putting (33), (50), (40) in (44) and (43), we deduce an estimate for each of the three
terms in (43):

18



> The first term is estimated by:

_ 1 ~
92 f1210aploo < CHE Nl (1+25) < CO+ B3 el

hi

> For the second term, we have:

|flso 5 Loy 3 1

L (10,7l -+ 0. 0p10r0l) < 7 (hM||<,o||1 Rl (1+ E>)

< C(1+hillel
> The third term follows directly from (50):
102912 < Clllla.
Therefore, using (42) and these three estimates for |0,u|s, we obtain:
[v]2 < harlOula < C(1+ hiy)llells,

which proves the lemma. O

Remark 4.5. Observe that it is not straightforward to prove that v € L () if ¢ only lies
in HY(Q). Computing |v|s, it is bounded by |0yt|s, and thus by |0, f|eo for example, i.e.
by |0pa|s. But writing |0,0|e < C|0p¢|oo, the reqularity of ¢ does not allow to conclude.

Remark 4.6. Since (23a)-(23b)-(23c) are steady-state equations, the constants in the pre-
vious estimates are also independent of the time, so that the L>(Q) and L*())-estimates
of Lemma 4.3 and 4.4 can also be written in L°°(0, 00; L>°(2)) and L>°(0, 00; L*(2)).

5 About the Cahn-Hilliard equation

5.1 Useful inequalities
5.1.1 Boundary conditions and lift operator

In order to treat the boundary terms, it is a classical approach for the velocity u to
introduce a lift operator of the boundary values by means of a divergence-free function.

Lemma 5.1. Let (s,q) € R% There exists a vector field on €, denoted by g = (g1, go),
satisfying the following conditions:

i) g € H'(Q)?,
i) divg =0 in €2,
iii) g satisfies the following conditions:

h(0) (L)
g(x,0) = (5,0), glx. h(x)) = (0,0), / Gloco - = / gt -n=q. (51)
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Proof. Given s, g, it is possible to build a function § € H'/?(T") such that
h(0) h(L)
90.0) = (5.0, 3ah@) =00, [ ghon= [ glon=aq
0 0

Next, since / g-n = 0, there exists a lifting g € H'(Q2)? satisfying the required properties
r
by a classical result [14]. O

Hypothesis 5.2. As far as the boundary value @; of ¢ is concerned, we assume that it
is constant on I'y, with @; € {0,—1,1}. The regularity ¢; € H>'*(T;) follows immediately,
and it is easy to define a lifting ¢; € ®? of the boundary value @, for all (z,z) € Q by

@1(27, Z) = P1-

This assumption corresponds to assuming a pure phase injection (¢; = £1) or a homo-
geneous mixture injection (¢; = 0). It is necessary in Section 5.2 to define the Galerkin
approximation as in (63). Indeed, if F'(¢;) # 0, then F'(¢p,) ¢ V¥, thus Py does not
converge towards the identity when n goes to infinity. However, let us emphasize that the
propositions stated in this section 5.1 are valid for any ¢, € H>/?(T)).

5.1.2 Sobolev embeddings

Let us recall how the constants in the usual Sobolev embeddings depend on the domain.
The results of this section follow from [2, Cor. 5.13] and [2, Lem. 5.15], since the domain
Q) defined by (1) satisfies the segment and the cone property.

Proposition 5.3. Let Q C R? be defined by (1). Then H'(Q) — LYQ), for any
2 < q < +00. Moreover, the embedding constant can be specified:

vie HY(Q),  |fle < ClIOMIIfI]L, (52)
where C' only depends on q.

Proposition 5.4. Let Q C R? be defined by (1). Then H?*(2) — L>*(Q). Moreover
let R = min(h,,, L). Then

Vi e HX(Q),  |flee < CRTPPIQPE + RPIQIP)||£]l2- (53)
Let us denote Cy, := C(R™23|QP/6 4+ RY3|Q|'/3). Let us observe that Cy, remains bounded
as || — 0.
5.1.3 Equivalence of norms
Proposition 5.5. Let ¢, € H?(T}), and let ¢ € ®2. We have
lellz < ClAGl2 + |42 (54)
This result is proved in [5]. Moreover, we can combine this result with Proposition 5.4:

Corollary 5.6. Let o, € H>?(T}), and let p € ®?. Let R = min(h,,, L). The following
inequality applies:

[¢loe < C(RTPIQPE + RPIQIE) (| Apl2 + [4i]2)- (55)
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5.1.4 Anisotropic trace estimates

Proposition 5.7. If f € HY(Q) and if z € (0, L), then

i _ 1
@ o < C (Ll0TE + (1 + L1t 1)

Proof. We state the proof for z = 0, the case ¥ # 0 being easily adapted. Introduce the
auxiliary function &(z) = 3(z — L)®. This function satisfies for all 2 € R, ¢’(z) = 1.
Integration by parts gives:

A o A s B T Y o

Since ¢'(L) =0, and £'(0) = —L, we get

L/ " =11+ / ’ / " atouse + / W) / Yep

Moreover [¢'(z)] < L for x € [0, L], || < k), and the Cauchy-Schwarz inequality and
Young’s inequality imply

1 /
By < 7B+ 2007 i0usla + 03,118 < € ( (3 + 1087+ Llowr ).

O
Remark 5.8. We can apply the previous result to ¢ and p, leading to the following
estimates for ¢ € ®}, u € d':

1
|(10’L2(1“l MLz Oh(L) = (L\aa:@b (Z + Lh?w) ]gp|§) ,
(56)

- 1
il oy < € (L0 + (7 + L))

For ¢ € ®}, we can also apply this proposition to dyp. Since (030) |onwy) = 0, we can
apply the Poincaré inequality: |0yp|3 < L*|0%p|3. Thus,

1020l L2y < CL(L+ L¥R)y) |05l (57)

5.1.5 Specific Poincaré inequalities

The Poincaré inequalities stated in this section are specific to the functions ¢ and u
satisfying the boundary conditions (24b) and relation (23e). First, observe that because
of Hypothesis 5.2, we have

[l < @il < M@l = [@ilo-
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Proposition 5.9 (Poincaré inequality for ¢). Let p € ®}. Let L} = L*(1+ h3, + hy,°).
We have

¢l < C (L3 + B3 + W)Vl + LIgil) = C(LRIVelE + Lial) . (58)

Proof. This is a consequence of the usual Poincaré inequality with ¢|,—o = ¢, (see for
example [21, § I1.1.4]). Let (x,2) € (0,L) x (0,1), and define ¢(x, ) such that ¢(x, 2) =
o(z, z), with z = h(z)Z. Poincaré inequality for ¢ leads to

818 < C (L210:80 + Llalaqry ) < C (1210303 + LIaif3)

/

h
Since 0, = Oy + 2—0.¢ and 0;¢ = hd,p, we deduce from the fact that z/h(x) < 1

h
that
2 .
613 < C (L2 (100013 + hrl0-013 + o 10:013) + LIail3) (59)
which proves the inequality claimed. O

Proposition 5.10 (Poincaré inequality for ). We have
lulz < CLL |Vl (60)

5.2 Galerkin approximations

Let us build the Galerkin approximations of ¢ and u. Since ®! is a separable Hilbert
space, there exists an Hilbertian basis (1;);>; of ®'. The functions t; can be chosen to be
eigenfunctions of the Laplacian —A with the boundary conditions (24b), and we denote
by A; the corresponding eigenvalues. We define W,, = Span(v¢y,--- ,1,), and Py, the
orthogonal projector on ¥, in L?(Q). As a projector, Py, satisfies:

Py, f.9) = (f,Pu,g),  V(f.g) € L*(Q) (61)

where (-, ) denotes the scalar product in L?(Q).
Recalling that ¢; € ®? satisfies the boundary conditions (24b), we consider the following
approximation of ¢:

=Bty + 4,
=1

where (3; are unknown functions to be determined. The problem (28)-(29) becomes, after
integrating by parts:

Problem 5.11. Find (n, pt,) such that

/ Dot + / L Blen) Vi Vi

—W+ /u(@n) -Vuip =0, Vi € ') (62)
0

Hn = _a2A¢n + Pq/nF/(QOn), (63)
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with the boundary conditions
/vbn’Fl =0, 90n|rl = ¥, vﬂn : ’I’L|r0 = VSOTL : n|F0 =0, (64)
and where u(p,,) is defined as a function of @, by the formulas (19)-(20) and (22).

Remark 5.12. Let us explain why the boundary term / B(on)Vi, - is zero:
r

> On L'y, we can compute Vi, - nlr,, since the functions 1; are eigenfunctions of —A
and V¢, - nlp, = 0:

Vit - nlry = —a’VAp, - nlr, + VPy, F'(p,) - nlr,

=0, since Py,, F'(pn)E¥n

= —a’V (Z 51')\1'%) “nr,

i=1
Since ; € U, for any i < n, we have Vi; - n|p, =0, and thus Vi, - n|r, = 0.
> On Iy, the boundary term is also equal to zero, since 1» € ®1, and thus vanishes on T.

Observe that the weak formulation (62)-(63) is well-defined since ; € H(Q2) implies
that p, € HY(Q). Indeed, the functions 1; are eigenfunctions of —A, so that the reqularity
follows from definition (63).

Lemma 5.13. Forn € N, there exists (8;)1<i<n € C*(0,t,) so that @, (t) = Zﬁi(t)wi—l—gbl
i=1
1s a solution of Problem 5.11.

Proof. Replacing ¢, by its expression as a function of [3;, the system (62)-(63) becomes:

A / it / %B (Z Bty + @) Vit Vi)
=1 0 0 =1

+36i8) / u (Z Bi(tyus + @) V=0,  Vped!,
=1 =1

Q
fin = —a Zﬁi(t))‘ﬂ/}i + Py, F’ (Z Gi(t): + @z) :
i=1 i=1

This formulation is an ordinary differential equation on (/3;)1<;<,. The functions B and F’
are C' on R. Moreover, the function u as a function of ¢, given by (23a)-(23b)-(23c) is
also C! on R (with respect to time): indeed, u(¢,,) is given as a combination of coefficients

of the form / &/n(pn(x,£))dE, and the function 7 is C! by assumption (7). The second
0

component of the velocity v is given as a function of u, and is also C! on R. Therefore,
the Cauchy-Lipschitz theorem ensures the existence of a unique solution (;)i1<;<, on a
time interval [0, ,,). O
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5.3 Estimates on ¢

The proof of the main theorem consists in showing that ¢, = +oo for any n > 1, and
that ¢,, converges in appropriate function spaces. In the sequel, we drop the subscripts ,,
for readability, and we write ¢, u instead of ¢,,, 1.

Lemma 5.14. For ¢ and p solutions of (62)-(63) with boundary conditions (64), the
following inequality applies:

d [ a? ) 3B, )
£<?|V<P|2 "’/F(SO)) + <ﬁ _L0)|VN|2 (65)

Q
< Li(u)|Apl; + Ls(w)[Vepl; + La(u)| @3,

where for any B > 0, the terms L; for 0 <1 <4 are given by

C L?
L — (=2 LLQh’ L
0= ﬁ( 7 + + L),
— PeCfo (% / /
Ly(u) = C(% + BLY (L LPRy) (L4 By + By )l fe )
CPel?|ul?
Lg(u) A

B
_(PeC2|v[3  PeL|ul, /
Ly(u) = C’( B vl + B’ | + BL(1+ LQhM)|91|%oo(rlat)>-

Proof. Let us take ¢ = € ®! in the weak formulation (62). Using definition (63) for u,
we get

/ Drp(—a®Ag + Py F'(p / 2)Val? = / - V. (66)
Q

=:A =: =:
Let us obtain estimates for each term A, B, D:

J/

> The A-term is composed of two parts:

A= —a? / Drolp + / 0, Py, F'(19)).

(. J . J/

=:A =:Ag

* For A;, we use integration by parts:
o?
A = —042/815(,0Ag0 5 dt|Vg0|2—oc /athVgo n
Q

The boundary condition V), -n|r, = 0, and the fact that ¢; is independent of ¢ allow
us to treat the boundary term:

—a2/ o Ve-n =0,
r ~~" >

=0onI; =0on Ty
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thus
A = ——|V80’2- (67)

* For the second term As, we use property (61) and the time-independency of ¢;:

Ar = (00, Py, I (¢)) = (Py, 0 0, F' () = (Or o, F'(0)).
Thus, ¥; € ¥,, yields

Py, 0,0 =Py, (Z @f(t)m) =) Bty = o
=1 =1

Thus, As can be expressed as a time derivative:

d
A= / oo (o) = 5 [ Flo) (63)
Q
> The B-term is trivially estimated using that B(y) > B, (from (15)):
B= o [ BOIVA? 2 2 VA (69
- Pe PIVHE = pe iV e
Q

> For the D-term, after integrating by parts, we use the fact that dive = 0 and that
ulr = g|r (where g is a lifting of the boundary conditions on u defined by Lemma 5.1):

D:—/U-VWZ/souaxu+/s0v8zu—/g-nsou-
Q Q T

Q —~ —~ —~

=:D1 =:Do =:D3

We observe that D; and Dy must be handled separately, since v ¢ L>°(Q2).

* By Young’s inequality, we have for D;:

B,
Di= [ pudup < Iplalulelounds < 2l + B el
Q

Using the Poincaré inequality (58) for ||z, we conclude

B, CPel? CPeL, ,
Dy < 20wl + < e lal ()

[ul% Vel + +
* For Dy, we get

B,
D, /wv@zu< |0 oc|V]2] 0z pt]2 < 1Pe |8z,u|2+_|v| |01,

Q
We recall that by (55), |p|2 < C2(JAp|3 + |¢i]3), so that we obtain
B, C2P C2 Pe R
Dy < 2o, + P upiagh + P pizia )
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* For the boundary term D3, we make use of the boundary conditions on g (51):

Dgz/g'nwuz/ g1 P p.
Tr Flat

We apply Young’s inequality (with § > 0), and combine it with the trace esti-
mate (56) for |u|p2(r,,) and [@|r2r,,):

1
Dy < @M%%rm) + Blg1 Lo (ran [0 12200

C//1 _ 1
<3 (<Z + Lh’M) |ul3 + LI(%MB) + CBlg1 oo (ryn) ((Z + thv,) o) + LlaxSO\g) :

With the Poincaré inequalities (59) and (60) it follows

C L?
< Z(Zh
D?’—Q(L

+ OBl ey (£ 2[00l + L1+ L2 ) (3 + 1) 0:

+ LL}K), + L)|Vul3

 (L+ L2l + LIospl3).

Let us denote by Dj the second term on the right-hand side:

N

Dl = C*mgl\%oo(rm)(L(l + L2y)10.005

—Pw , (72)
L+ L2 ) (0 + W )03 +(1+ L2 ) af3).
:?DréQ
- The Poincaré inequality applied to 0,¢ implies, since (9.¢)|0nz)) = 0:
Dy = L(1+ L?Wy)[0:]5 < CL (1 + L?hy)| 055 (73)

- The Poincaré inequality applied to 0,¢ (since (0,¢)|r, = 0.4 = 0) and (54) yield:

D}y =L(1 + L*hy,)(h3; + By )] 0-0 3
< CL(1+ LRy (B3, + Wy ) (L2062, 013) (74)
< CLA(1+ L*Ry,) (B3, + By *)(LIAg]3).

Using (73), (74) in (72) and the fact that |Q < Lhy, we gain:
Dl SCBIgn e qrr,y (K1 + L2y ) (14 By + o) Al

+(1L+ L))
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Hence we obtain the following estimate on Dj, after rearranging terms:

C L}
Ds < 6( 7 b LLIW,, + L) Vpl3
ORI+ PB4+ g+ W) on e | A (70)
+ CBL(L+ L*Ry)|grl7oo ) |2113
Putting (67), (68), (69), (70), (71), (76) into (66), and rearranging terms, we get
d [« 3B
;;<5ww2 /F@Q o 1V
) 0
¢ L 2,7 2
E(f + LLy Ry, + L)|Vuls
PeC? |v| (77)
+ C(# + BLA(1 + L*R)y,) (1 + By + h/1\42)|91|%oo(rlat)) | Ayl
CPeL?|ul% CPeC? 0|3, . CPeL|ul?, .
T|v |2 T|¢l’2 T|¢l|2
+ CBL(L + L?hy)| g1l T oo (| 21]3-
This proves inequality (65). O

5.4 Estimates on p
Lemma 5.15. For ¢ and u solutions of (62)-(63) with boundary conditions (64), the
following inequality applies:

Mww%Jum/Fw>
Q (78)
< Mo|Vpuls + Mi|Apl3 + MoVl + Ms| Vel + My|@il5 + Ms,

where 1 is defined in hypothesis (13) on F and for v > 0, A > 0 arbitrary constants, the
terms M; are given by

Co®L(1 + L3N, ~
@’ L(1 + M) M, :C|Q|1/2F12(1—|—L%f),

4\ ’
S1011/2 0277, 2(r—1) CL 1/2 2
M, = CIQ*F{ L1415 +E+C’Q‘ + a” ),

=COvL;, M, =
CL?

M3 -
My = |Q|F,(0) + CFZ|Q*

Proof. Multiplying (63) by ¢, we get

(1, 0) = = (Ap, ) + (Py, F' (), ) . (79)
% = 5

As before, let us treat each term separately.
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> For B, we use integration by parts, and obtain:

B=a'lVel—a® [ oVpm (30)
I
——_— ——
=:B1

Observe that since Vy-n|r, = 0, the boundary term By is zero on I'\I';. Using Young’s
inequality with A > 0, and (57), it follows:

/ 1 Oz
I

L(1+ L*n),)
ZD)\

2

Q

|B| = o

< @il 2o 0upl 2y < 100122y + NG

4

>~

(81)

< o®C( |02 l2 + Alulz).

> For the D-term, let us use the projector property (61) and the fact that ¢ — ¢, € U,
(i.e. Py, (0 — &) = —@1):

D = (Py, F'(¢),0) = (F'(¢), Py, ) = (F'(¢), Py, (¢ — ¢1) + Py, 1)
= (F'(¢), ¢)

N

:;Dl :ZD2

Hypothesis (14) with v = 0 yields

Dy = / Fip)p > / Ey(0)F () — Fi(0)]2]. (82)

Q Q

As far as D, is concerned, we use the fact that Id — Py is a projector, thus its operator
norm (in L%*(Q)) is equal to 1. We also use the property (13) for |F'(y)| and (52)
for |¢|5,. to obtain:

|Ds| = |(F'(), (Id = Py, )@1)| < [@il2|F'(@)|2 < [@il2(Filpls,. + F2|9Q)
< Cl@il2(F1 Q1|7 + F2lQ).

Last, we use the Poincaré inequality (58) by rewriting ||¢||] in terms of |p|; and |Vl5,
and we obtain

1Dsf < 0\@1!2<F1\Q\1/2((1 + LIVl + D72 ) wrm)
- C*\Q\”“\sbzlz<F1\QW4((1 + L)Vl + L7l ) +F2mr3/4>

and by Young’s inequality

Dol < CRIOM (14 L)Vl + L@l + CERIQP? + CI0P2Ial3 (89)
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> For the A-term, Cauchy-Schwarz inequality and Young’s inequality with v > 0 imply:
A o 1
A= [ po < |ulalel < C | ylulz + Elwlz :
Q

The last step consists in using both Poincaré¢ inequalities (58) for ¢ and (60) for pu:

_ C .
A< CyLi| Vil + H(L%JVSO@ + L) (84)

Putting (81), (82), (83) and (84) in (79), and rearranging terms, it follows:

Ca’L(1+ L%h),)
ZD)\

o2Vl + F5(0) / F(g) < CyI2|Vil2 + Apl2

Q

OL2 _ s
47h V|3 + ClQIY2FEL | @5

+ CIQ"PFE (1 + L) |Vel3 +
CL - _
+ <H + QY2 + 042)\) 1|2 + |QF4(0) + CE2|Q*2.

which is the inequality (78) we claimed. O

Lemma 5.16. For ¢ and u solutions of (62)-(63) with boundary conditions (64), the
following inequality applies:

a?|Apl3 < No|Vuls + NM|Apls + Ny Vely + N3| V|3 + Ns, (85)
where for 6 >0, ( > 0, v > 0 arbitrary constants, the terms N; are given by:
_ L? LL21, L 1
Ny — C’( h vy Lo L
o=N\wer T e T w

), N, = CCL(1 + L2h),,),

NEEOY

Nj=—, Ny=96, N;=CvF?

Proof. Multiplying (63) by —Ay and integrating by parts, we get

o’|Agl3 = —(u, As@)+/IP’wnF’(90) Ay (86)
———
=4 9 J
B

> For the B-term, since that the functions 1; are chosen to be eigenfunctions of —A, and
recalling that ¢; is constant, we use the projector property (61) to obtain the following
relation:

B = (Py,F'(¢), Ap) = (F'(¢), Py, Ap) = (F'(v), Ayp),
which is rewritten

B=— [ F'(p)IVel’+ | Fl(p)Vp-n. (87)
[

J/ J
-~~~ ~~

=:B1 =:D9
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* We use hypothesis (12) on F” and Young’s inequality with v > 0 in order to obtain

_ 1
By = - / F'(¢)|Vel* < F|Vol3 < C (ng + ;IWIE‘) ~ (88)
Q

* For the boundary term By, let us observe that it is zero on I'y, since Vo - n|r, = 0.
Moreover, it is also zero on Iy, since F'(¢;) = 0'. Thus

B, = 0. (89)

> As far as the A-term is concerned, it is computed by integration by parts:

Az—(u,Aw)Z/Vu-Vso—/qun. (90)
9] ;,_/
T —

* The term A; is easily bounded thanks to Young’s inequality with ¢ > 0:
1
Ar==(Vi, Vo) < =Vl + [Vl (91)

* Since Vg - n|r, = 0, the boundary term A, is non-zero on I'; only. It is treated with
the help of Young’s inequality with ¢ > 0, the trace estimates (56) and (57) and the
Poincaré inequality (60):

Ay :/ V- < |l 2wy |0x0| L2y (92)
I
C 1 / 2 2 ~ 211 2 2
< 3¢ ((F LMol + Llopl3 ) + CCLO+ L0l
C _
—C(( by LN ) IV + LIowul3) + CCLO+ L2180 (93)

Finally, we combine (88) and (89) in (87), (91) and (92) in (90), and use these estimates
n (86) to obtain

Li LWy L,
4CL 4¢ C
+ ;|Vc,0|‘2L +6|Vpl3 + CvEFZ.

o?| Al <C( )Vl + CCL( 4 220 Agl

This concludes the proof. n

!Let us observe that the hypothesis (5.2) on ¢; is used at this point.
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5.5 Convergence results
5.5.1 A priori estimates

Let us sum (65), ¢;x (78) and cyx (85), where ¢; and ¢y are two positive constants that
will be determined in the sequel. We obtain

d [ o? 5 3B, 2 2 2
SVl + [ F@o) | + (G — Lo — Mo — e2No) [Vl + ra?| Vigl3
Q
a0l Agl2 + e F5(0) / F(y)
Q
< (Ll(u) + oM+ C2N1> |A@|3 + et Ma| V|3 + caNy|Vepls (94)

+ (L3(U) +aMs + 02N3> V|3 + <L4(U) + C1M4> |23 + <L5 + M5 + 02N5>-

We define for all ¢t > 0,

V() = STk + [ Fle),

Q
o2
2() = G V(O + (Va0 + 1800 + [ Flott)
Q
so that 0 < Y(t) < Z(t), since F' > 0 (by assumption (11)).
Lemma 5.17. Let us define the constant Cy by:

: 3B,
Cl = min { (4_736 — L() — ClMO - CQN()) ,201, CQO[Q, ClF3<O)} .

There exists two constants Cy, C5 > 0 and f : R — R is an increasing continuous function
satisfying f(0) = 0 such that the a priori estimate (94) can be rewritten in the following
form:

V() +CiZ(1) < fF( V() Z(t) + C2Z(t) + Cs. (95)

Proof. The definition of C} implies that the left-hand side of (94) is always greater
than Y'(t) + C1Z(t). In order to rewrite (94) as the inequality (95), we have to set
apart the constant terms, the linear terms (with respect to Z) and the nonlinear terms
(which will appear in f())Z). Let us recall that all coefficients L;, M;, N; are functions
of ¢ and p, except for Li(w), Ls(u), Ly(u), in which the terms |u| and |v|s appear. For
these terms, we proved in (30) that

ulse < CA+H), ol < CA+ B3l

We apply the Poincaré inequality (58) to ¢ and the fact that ||z, < [¢i]2 to gain:
w2, < COU+R% olf < CO+ R ((L+ LIV + LIgl).  (96)
Let us explain how the terms on the right hand side of (95) can be obtained.
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i)

ii)

iii)

It is easy to determine the contributions to the constant part Cls:
Cs = C31 + CUsp + s, (97)
where

* Cay 1= 1 My|di3;
* 032 = (01M5 + CQN5);
x the constant part of Ls(u)|]3, when using (96):

= <Pe()§o(1 + h3,)2L|¢3 +PeL(l + h3,)?

Chy = C s B AL LRyl e, ) 1211

The linear terms come from:

x Co1|Apl|2 := (1 My + coaNy)|Apl3;
x if r =1, Cn|Vel3 = 1 Ma|Vpl|3;
* 023|V()0|3 = (ClMg + CQN3)‘V(P’%,
x the terms Ly (u)|Ayp|3 and Ls(u)|V|3 lead to the following contributions:
PeCS (1 + hiy)*LIGif3
B,

+ BLP(1+ L?hy) (1 + hy, + h/]\42)|91|%oc(rlat)) |Apl3,
_ CPeL;(1+h3))
- B

CQ4|AQO|% = O(

Cos|Vel3 : Vel3;

x in Ly(w)|@|3, the product |v|3|;]3 contains the terms

CPeC2 (1 + h3,)%(1 + L} R
CulViply = TP S A Bl G212

which is a linear term with respect to |V|3.

Therefore, since all the terms are positive, we can bound these linear terms by CyZ,
with
Cy = Cy1 + O + Caz + Cay + Cas + Cag. (98)

As far as the nonlinear terms are concerned, there are also several contributions:

x the term ¢y Nj|Vl3;
x if r > 1, the term ¢; M|V p|3";
CPeCZ (1+ h3,)*(1+ L7)|Vel3

* in Ly (u)|Apl3, the term B

|Ap|3 is a nonlinear term.
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Since all nonlinear terms are positive, we can bound them by f())Z, with the fol-

lowing expression of the function f defined in R*: for all £ € RT,

CPeC? (1 + h2,)%(1 + L2)¢
B, '

f(€) = caNo& + ey Mp€™ 1 +
N—_——

ifr>1

(99)

This allows us to write (94) in the form (95), with the following explicit expressions of
the constants C, Cy, (3, using the expressions of L;, M;, N; given in Lemmas 5.14, 5.15
and 5.16:

2 21/
Ch Zmin{BBm —é(Lh —l——LthM L

=m = 12
1Pe + = +ayl, +

Ly, CQL%L 4 CQLL}QLh/]w CQL CQ)
BL g g ’

ACL AC TR

2¢y, C2C¥2, ClF3<O)}7

20,512
|15 + CBLA(L + L)) (1 + W3y + By )| g1 l3ee )

2 2
C_c (Pecmm; h2,)

4\ a? B, 4y
N 20 PeCZ (1 4 h3,)*(1 + Lj)

o? B,

Cy =Cer FELT[0] 2 + O

2L(1 + LW, 20 L?(1+ h2 L?
+ClOé ( + M)+C2CL(1+L2}LI]\/[)> +_C<7)€ h( + M)+Cl_h+025>

@il + C3,

PeC?2 L(1+ h3,)?|41)3 N PeL(1 + h3,)?
B,, B,

_ L .
+ CBL(+ P lgnleiry + (3 o+ 10172+ 0?) Il

Yo <F22|Q|3/2 + |Q|F4(O)> + e;CvF2,
where CY is given by

o Cerl|QV2F2(1 4 L%, ifr=1,
> o, if r > 1.
O

If we ensure that (] is positive and that Cy and C3 are sufficiently small, we will be able
to prove that ¢ and p are bounded in adequate function spaces for any time 7" > 0 by
applying Proposition A.1 (given in Appendix) to estimate (95).

Lemma 5.18. There exists real numbers 3*, v*, 6%, (*, \*, ¢}, ¢, v*, L* such that for
any v < Y5, 0 <0, A< N, 00 >, <y, v<v, L<L* and for B = 0% (=",
the hypotheses of Proposition A.1 are satisfied:

o () > 0,
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o there exists M > 0 such that

* f(M)+ Cy < C1/2;
* Cg < MC’1/2

Proof. To prove the assertion, we will prove that there exists ¢5 > 0 such that for
all co < ¢35, we have
01262(1/2>O, 02<Ol/2262a2/2.

Since f is a continuous increasing function satisfying f(0) = 0, it is possible to de-
fine M > 0 such that
f(M) + Cg < 01/2

Then we will also prove that
Cg < MCl/Q

Remark 5.19. Let us explain in a few words the main idea of the proof: the constants C;
can be written as functions of X = ((, 3,0,7, A\, v, ¢a, ¢1, L). The idea consists in observing
that C;(X = 0) satisfy the conditions claimed, and thus that, by continuity of C; with
respect to X, the same is true for C;(X) for X small enough.

However, this is not entirely true, since there are some terms involving the inverse
of (,8,0,v,\, L. Therefore, we have to proceed carefully in several steps, choosing the
constants small in the “right order” in order to ensure the claimed result.

Let us introduce the following quantities ( = (L and § = BL. Thus the corresponding
terms in C7, Cs, (3 can be rewritten with these new variables.
o Let 6* > 0 such that B
E(s* < 04_2
a? 2
This is possible for 6* small enough.

e Then let ¢§ > 0 small enough such that

/1 38, . 3B, aC _ .
C;C (5 + 062> < m, 1.€e. m — c;* > 02062.

Moreover, choose
¢ > max{cia? 1/2,1/F3(0)}.

At this point, we thus have, for any § < 6%, ¢; > ¢}, co < ¢

3B, -~
min {m - C%’ 201,02a2} = 502 > 0.

e By continuity, there exists g* >0, >0, v >0, A" > 0, v* > 0 such that for
any B < 05 (< v <y A< A v < v <6 (< (e >, e <d, we
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have:

. 3Bm ~ c
min {4—736 — C’(CWL%L + 5)7261; C2042} = ca® > 0,

_ 2C co0l?
— o0 <
2
_ _ R Co¥ M
(Bl + 10Nl + vFE) < 2%

e At last, by continuity also, there exists L* > 0 such that for any L < L*, B < B3,
YL ALALSAN, <O, (LS (e >, e < b, Fy < FYL it follows:

i CQLQL_%JL/]\/[ 02L2 Co )

- + = +avl; - —+ =
1Pe avh Tt 4z AC TR

3B (L2 LPL3N L? col?
C = min (=2 M h
1 { <ﬁ E E

201,02a2,ch3(0)} = cy0? > 0,

21,5 12
. @il BL*(1+ L*h)y,) (1 + b3, + By )g1[iee o)

N c1®L(1 + L2K),)
4\

B 2L1 2
o :C<776000 (1+ h3,)

20 (PeL,%(l + h3,)? N oL

2
~ AN h
+ (14 L hM)) + ~ B I + c25>

20 PeC? (1+h2)2(1+L3), . o O
? Bm ‘SOZ|2+C£ < 5 = 7,
A _ [ PeC? L(1+ h2)2|3|2  PeL(1l+ h%,)?
Cy = Cor 27|02 g2 + O DGl M) ila | Pell 1 hiy)
By, B,,
~ 2 211 2 L 1/2 9 9
T Cﬁ(l t+L hM)’gllLoo(Flat) + Cl(g + ‘Ql + o )‘) |§0l|2
= M MC
+ <F22|Q|3/2 + |Q|F4(0)> + cCVFE < CZO; == 3

This is true since all the terms added at this step are of the form L*C', with s > 0
and C which remains bounded as L — 0.

e Thus, for (* = I~ and % = o the claimed assertion is proved.
O

From now on, let us come back to the notation with the subscripts ,, introduced in section
5.2, denoting the Galerkin approximations.

Lemma 5.20. For any n € N, under a smallness assumption on L, there exists C' > 0
such that for any T > 0,

||<Pn||L°°(R+;<1>ll) <C, ||90nHL2(0,T;<1>Z2) < (T, HMnHL?(o,T;@l) < CT. (100)
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Proof. Let n € N, T" > 0. The smallness condition on L is enough to apply Lemma 5.18,
since the other parameters that have to be chosen small enough are arbitrary constants
independent of the data of the problem. Thus Lemma 5.18 and Proposition A.1 imply that
under a smallness assumption on L, we have ), € L>(0,7T) with a bound independent
of T, and Z, € L'(0,T) with a bound depending on 7. From this, we deduce several
results on @, f,:

e The quantity V¢, is bounded in L>(0, co; L?(€2)), uniformly with respect to n.

e The quantities Vu,, Ve, and Ag, are bounded in L2 (0, 00; L*(2)), uniformly

loc
with respect to n.

e Furthermore, applying the Poincaré inequality (58) to ¢, allows us to control the
whole H'(Q)-norm by the L?*norm of the gradient.

e As far as the H?-norm of ¢, is concerned, we know by Proposition 5.5 that it is
equivalent to the L?-norm of the Laplacian, and thus controlling |A¢,|s is enough
to control the whole H?(2)-norm.

e For y1,,, the Poincaré inequality (60) also allows us to control the H'-norm by the L*-
norm of the gradient.

From these arguments, we conclude that there exists C' > 0 such that for any 7" > 0,
estimate (100) holds true. O

Let us observe that the first estimate of (100) is enough to show that the time inter-
val (0,t,) on which the functions ¢, exist is (0, +00).

Estimates (100) are not enough to conclude for the convergence of the nonlinear terms
and of the initial condition ¢,(0). Therefore, some more regularity on ¢, and 0 ¢, will
be proved in the next subsections.

5.5.2 H?3-estimate for ¢

Lemma 5.21. For any n € N, under a smallness assumption on L, there exists C' > 0
such that for any T > 0,
H%DnHL?(o,T;cp?) <CT+C. (101)

Proof. We compute the gradient of (63):

a®VAp, = VPy, F'(¢,) —Vitn. (102)
N’

=:A

> Let us prove that |A|3 < |VE'(¢,)]3. We have by integration by parts

AR = / VPy, F'(¢n) - VPy, F'(0n)
Q

- _/APWnF,(QDn) ]P‘IJHF,QIDR)_’_/VP\DnF,(SO = \I;nF/(QDn)7
Q 0
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+o00
since Py, F'(p,) € ¥,, C ®'. Let us denote F'(p,) = > v:tb;. Since F'(p,) € ¥, we

i=1
have Py, F'(p,) = > v:%;. Thus, we can compute
i=1
A5 = —/ZN%‘%’ > i,
5 i=1 i=1
and since the 1); are orthogonal, we have

Al3 = - Z(Ai%’%?%%) = Z(A’m/)“%% = Z Vb, Vi)
i=1 i=1 i=1
= (Pu, VF'(n), Py, VF' (gn)) = [Py, VE (gn)l5 < [VF'(n)]5,

since the operator norm of Py, is equal to 1.

> It follows from hypothesis (13) on F' that:
AR < [ (Bileal ™ + BP1V6ul < CT00 + 11 Vionl),
Q

where C is a constant depending on F; and F,. Let us distinguish two cases:

- If »r > 1, the Holder inequality implies

1/q
IV (pn)2 < C(IVonl2 + (/ W(”) (/ |wn|2q) )

<|Vg0n’2 + |§0n’2(7«_1)q’v90n‘2q/)7
S | 1 .
with — + — =1, for any ¢ > 1. Let ¢ = 1 Then 2(r — 1)q > 2, thus H'(Q2) —
qg g r—=
L20=D4(Q) and 2¢ > 2, thus H'(Q) < L7 (). We finally obtain
AL < C(IVealz + lenlli lenll2), (103)
- If r =1, then ¢ 'V, = Vy,, and estimate (103) is obvious.
> At last, taking the L%norm of (102), it follows from (103) that
&*|VAp,[3 < C(IVnl3 + [Vepuls + llenlli ™ llpnll3,
This estimate combined with (100) allows us to conclude that estimate (101) is satisfied.

]
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5.5.3 Time derivative estimate for ¢

Lemma 5.22. For any n € N, under a smallness assumption on L, there exists C' > 0
such that for any T > 0,

<CT+C, (104)

L2(0,T;9}7)

den,
dt

where ®;" is the dual space of ®}.

Proof. We introduce the dual operator Py, of Py,. Equation (62) can be rewritten in the
following form:

(O 0, Py, X) + (w(en) - Vor, Py, x) + (div(B(en) Vi), Py, x) = 0, Vx € @/,

which becomes

Ay,
dt

= Py, (w(pn) Do + vlipn) Duipn + div(Bla) Vina) ).
Let us treat each term separately:

> By Proposition 3.3 and estimate (100), we have

u(p,) € L0, T; HY), v(pn) € L=(0,T; L.

Moreover, previous estimate (101) implies that ¢, belongs to L?(0, T'; ®3). By a classical
result on the multiplicative algebra structure of the Sobolev spaces proved e.g. in [16],
we deduce that

u(spn) Ouipn € Lz(Oa T HI(Q))a v(Pn)024pn € L2(0> T Lz(Q))a
with the following estimate:

||u(90n> aﬂ:@n”L?(O,T;Hl) + HU(@n) az‘anHLQ(O,T;L?)
<C (||U(90n)||L°°(0,T;H1) + [[v(@n)ll 20,522y + ||90n||L2(o,T;H3)) :

> Furthermore, since B < By;:

| div(B(en) Vi) lm-1 < Bin|Vinl2.

> Moreover, since Py, is a projector, its operator norm is ||Py, | = [Py, || = 1.

Using the previous estimates (100) and (30), it follows the claimed estimate (104). O
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5.5.4 Final convergence results

It is now possible to prove the main theorem 3.2, re-stated here for the sake of readibility:

Theorem 5.23. Let ¢y € D}, 0 < T < +oo, and let p; satisfy Hypothesis 5.2 and let F
satisfy the assumptions stated in Section 2.2. Under a smallness assumption on L, there
exists a solution (p,w, @, p) of the weak problem 3.1.

Proof. From the previous lemmas 5.20, 5.21 and 5.22 (i.e. estimates (100), (101), (104)),
we obtain the following convergence results (up to a subsequence):

on — @  in L(RT;®}) *-weak,
pn = in L (RT ®))  weak,

o — [ in L2 (RT; ®')  weak,
den  dyp

i I in L2 (RT;®7)  weak.

Moreover, Proposition 3.3 combined with the previous global convergence result on ¢
implies the following convergence results (up to a subsequence):

Up — U in L°(R"; X(Q)) *-weak,
v, = v in L®(R"; L*(Q)) =*-weak,
Pn— D in L°(R*; H*(0, L)) #-weak.

Furthermore, by a classical embedding result due to [20], we deduce from (101) and (104)
that for any 7' > 0

loc(RJr; Hz(Q» Strong,

Pn — @ in C°([0, T[; L*(2)) strong,
on—  inC[0,T[;®]) weak.

) in L?

Therefore, we can conclude for the convergence of the non-linear terms:

e Since ¢, converges strongly in C°([0,T[; L*(Q2)) N L .(RT; H*(Q2)), the nonlinear

terms B(p,) and F'(p,) converge strongly in C°([0, T'[; L*()).

e As far as the convection term u(p,) - V¢, is concerned, we know from Lemmas
4.3 and 4.4 that u(y,) is bounded in L>*(R*; L*(€2)). From the strong convergence
of Vi, in L2 _(RT; L*(Q)), we conclude the convergence of u(y,) - Vo,

loc

Lastly, we deduce from the last convergence result that ¢(0) converges weakly to ¢(0)
in H'(Q), and thus ¢(0) = ¢y because Py, converges to the identity for the strong topo-
logy of operators.

It remains to prove that the functions u, ¢ and u satisfy (62), (63).

Let p € D'(R"), and let N > 1. For any n > N, ¢, satisfies (62) with ¢ = ¢y. We
multiply this equation by p(t) and integrate by parts. From the convergence results stated

39



above, we can pass to the limit in this equation. The limit equation obtained is fulfilled
for any N > 1, and any p € D'(R"), thus we conclude from the density of Span(v;);>1
in ®' that u, ¢ and pu satisfy (62).

Lastly, since Py, converges to the identity for the strong topology of operators, the do-
minated convergence theorem allows us to conclude that ¢ and p also satisfy (63). ]

A Appendix

Proposition A.1. Let T > 0. Let Y and Z be two functions in C*([0,T]), such that there
exists three real constants Cy, Cy, Cs, a time T > 0 and a function f : R — R satisfying

V+CZLS V) Z+CZ2+C3, 0<Y<Z on [0, 7. (105)
If
e f is an increasing continuous function such that f(0) =0,
o (] >0,

o there exists M > 0 such that

* f(M)+ Cy < ﬁ,

2
MC
2 )
then we have the following implication

Y0) <M= Y(t)<M fortel0,T].

*03<

This means that if Y(0) < M, then there exists a constant C such that for any T > 0,
1Y@l 0.1y < M.

Moreover, we have
1Z) o) <CT +C.

Proof. Suppose that there exists 0 < 7% < T, such that Y(T*) = M and Y'(T*) > 0.
Then, evaluating (105) at 7%, and using the hypothesis on Cy and Cs, we get

0 < Y(I) < ZT) (M) ~ Cr +Co) + Gy < = D 2(1) + €y < T — Z(17).

But since M = Y(T*) < Z(T*), we have M — Z(T*) < 0, which leads to a contradiction.
The regularity of Z follows by integrating (105) over (0,7"), and using the regularity of Y:

C C
SNZONom < VT) + SHZ@ o < V(0) + CsT < M+ G,

which is written || Z(t)| 110 < CT +C. O

The second author of this work has been partially supported by the ANR project n° ANR-
08-JCJC-0104-01 : RUGO (Analyse et calcul des effets de rugosités sur les écoulements).

40



References

1]

2]

3]

[10]

[11]

[12]

[13]

A. Assemien, G. Bayada and M. Chambat, Inertial effects in the asymptotic behavior
of a thin film flow, Asymptotic Anal. 9 (1994), No. 3, 177-208.

R. A. Adams, Sobolev spaces, Pure and Applied Mathematics, Vol. 65 (Academic
Press, New York-London, 1975).

G. Bayada and M. Chambat, The transition between the Stokes equations and the
Reynolds equation: a mathematical proof, Appl. Math. Optim. 14 (1986), No.1, 73—
93.

G. Bayada, M. Chambat and I. Ciuperca, Asymptotic Navier-Stokes equations in a
thin moving boundary domain, Asymptot. Anal. 21 (1999), No. 2, 117-132.

H. Beirao da Veiga, On the W2P-regularity for solutions of mixed problems., J. Math.
Pures Appl. 9 (1974), No. 53, 279-290.

G. Bayada, S. Martin and C. Vazquez, About a generalized Buckley-Leverett equa-
tion and lubrication multifluid flow, FEuropean J. Appl. Math. 17 (2006), No. 5,
491-524.

F. Boyer, Mathematical study of multi-phase flow under shear through order param-
eter formulation, Asymptot. Anal. 20 (1999), No. 2, 175-212.

F. Boyer, Nonhomogeneous Cahn-Hilliard fluids, Ann. Inst. H. Poincaré Anal. Non
Linéaire 18 (2001), No. 2, 225-250.

F. Boyer, A theoretical and numerical model for the study of incompressible mixture
flows, Computers and Fluids 31 (2002), No. 1, 41-68.

L. Chupin, Existence result for a mixture of non Newtonian flows with stress diffusion
using the Cahn-Hilliard formulation, Discrete Contin. Dyn. Syst. Ser. B 3 (2003),
No. 1, 45-68.

L. Chupin, Some theoretical results concerning diphasic viscoelastic flows of the Ol-
droyd kind, Adv. Differential Equations 9 (2004), No. 9-10, 1039-1078.

M. Doi, Dynamics of domains and textures, In Theoretical Challenges in the Dynam-
ics of Complex Fluids, T.C.B. McLeish (1997), 293-314.

C. M. Elliott and H. Garcke, On the Cahn-Hilliard equation with degenerate mobility,
SIAM J. Math. Anal. 27 (1996), No. 2, 404-423.

[14] V. Girault and P.-A. Raviart, Finite element approximation of the Navier-Stokes

[15]

equations, Vol. 749 of Lecture Notes in Mathematics (Springer-Verlag, Berlin, 1979).

J. D. Guton, M. San Miguel, and P. S. Sahni, Phase transitions and critical phenom-
ena, Vol. 8 (Academic, London, 1983).

41



[16]

[17]

[18]

[19]

[20]

[21]

L Hormander, Lectures on nonlinear hyperbolic differential equations, Vol. 26 of
Mathématiques & Applications (Springer-Verlag, Berlin, 1997).

E. Marusi¢-Paloka and M. Starcevic¢, Rigorous justification of the Reynolds equations
for gas lubrication, C. R. Mécanique 33 (2005), No. 7, 534-541.

A. Onuki, Phase transitions of fluids in shear flow, J. Phys. Condens. Matter9 (1997),
6119-6157.

L. Paoli, Asymptotic behavior of a two fluid flow in a thin domain: from Stokes equa-
tions to Buckley-Leverett equation and Reynolds law, Asymptot. Anal. 34 (2003),
No. 2, 93-120.

J. Simon, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl. 4 (1987),
No. 146, 65 96.

R. Temam, Infinite-dimensional dynamical systems in mechanics and physics, Vol. 68
of Applied Mathematical Sciences (Springer-Verlag, New York, second edition, 1997).

42



