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Abstract. The present paper deals with viscoelastic 
o ws in a thin domain. In
particular, we derive and analysethe asymptotic equationsof the Stokes-Oldroyd system
in thin �lms (including shear e�ects). We present a numerical method which solves
the corresponding problem and present somerelated numerical tests which evidencethe
e�ects of the elastic contribution on the 
o w.
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In tro duction. A wide literature is devoted to non-Newtonian 
uids in a thin domain
in both mathematical aspectsand applications. It is well known that numerousbiological

uids, blood or physiological secretionslike tears or synovial 
uids, present such a non-
Newtonian characteristic. In engineeringapplications, people are interested to control
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the characteristic of the 
o ws in order to suit various requirements such as maintaining
its qualities in a wide rangeof temperature and stresses.Commercial lubricants are then
modi�ed with di�eren t additiv es to be able to protect enginesboth in winter and in
summer with the sameproduct. This addition leads a non-Newtionan behavior of the
actual lubricant. Another domain of applications is linked to the polymers, whosenon-
Newtonian characteristics appear in a wide rangeof applications as molding or injection
process.

It is to be noticed that, in most of the practical applications, the geometry of the 
o w
to be consideredis anistropic. This is the casein lubrication studies which are mainly
devoted to thin �lm 
o ws, in the study of the spreadingof tears or in the description of
polymersthrough thin dies. If such anisotropy can inducesomenumerical problemsin 3D
computations, especially asthe ratio-aspect of the geometry is big enough,it hashowever
the advantage to allow somesimpli�cation in the equations. So if this approximation
processcan lead to 2D equations, it could be thought that such simpli�ed equationsare
easierto solve than the original 3D ones. This explains the amount of work devoted to
this topic.

Some particular classesof non-Newtonian models are often considered. This in-
cludes the Bingham 
o w or the quasi-Newtonian 
uids (Carreau's law, power law or
Williamson's law, in which various stresses-velocity relations are chosen, see[?]). For
this kind of problems, it has been possible to give, in a rigorous way, some thin �lm
approximation of the 3D equations by a so-calledgeneralizedReynolds equation for the
pressure. These models however considered the 
uid as a viscous one and elasticity
e�ects are neglected. Intro ducing such viscoelastic behavior is primilarly described by
the Deborah number, denoted De which can be viewed as a measureof the elasticity of
the 
uid and is related to the relaxation time. One of the laws which seemsthe most
able to describe viscoelastic 
o ws is the Olroyd-B model. This model is basedon a con-
stitutiv e equation which is an interpolation between purely viscous and purely elastic
behaviors, thus intro ducing a supplementary parameter r describing the relative propor-
tion of both behaviors (the solvant to solute ratio). Considering the Oldroyd model [?],
the momentum, continuit y and constitutiv e equationsfor an incompressible
o w of such
a non-Newtonian 
uid are, respectively,

�
�

@U
@t

+ U � r U
�

� � (1 � r )� U + r p � div � = 0; (1)

div U = 0; (2)

�
�

@�
@t

+ U � r � + ga(r U ; � )
�

+ f (� ) � = 2� rD (U ): (3)

In theseequations, � , � and � are positive constants which respectively correspond to
the 
uid density, the 
uid viscosity and the relaxation time. Equations (1){(3) composea
systemof 10 equationswith 10 unknowns: the lubricant velocity vector U = (u1; u2; w),
the pressure p and the extra-stress symmeric tensor � = (� i;j )1� i;j � 3. The bilinear
application ga , � 1 � a � 1, is de�ned by

ga(r U ; � ) = � � W (U ) � W (U ) � � � a(� � D (U ) + D(U ) � � )
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whereas D(U ) and W (U ) are respectively the symmetric and skew-symmetric parts
of the velocity gradient r U . Usually, D (U ) is called the rate of deformation tensor
and W (U ) is called the vorticit y tensor. Notice that the parameter a is consideredto
interpolate betweenupper convected (a = 1) and lower convective derivatives(a = � 1),
the case a = 0 being the corotationnal case [?]. To be noticed that taking r = 1
allows us to recover various form of the generalizedMaxwell model. Then choosing f as
the identit y, this model is the classicalMaxwell one while, by intro ducing a linearized
form of f (seein particular [?]), Phan-Tein-Tanner laws [?] are obtained. Conversely, a
Newtonian 
o w is described by choosing r = 0.

From the mathematical aspects, few results exist concerning existenceor uniqueness
of a solution for truly 3D or 2D viscoelastic models [?, ?] and the way how to obtain the
related thin �lm approximation is mainly heuristic. A �rst approach, which is often used
in the engineeringliterature, is to take the parameter de�ning the (relativ e) thicknessof
the 
o w as a leading small parameter and to usethe Deborah number as a pertubation
parameter. This has been done in the lubrication �eld by Tichy [?] starting from the
upper convected Maxwell model (r = 1, f = Id, a = 1). The caseof a Deborah number
of the sameorder of magnitude than the relative thicknesshas been studied by Tichy
and Huang from the UCM Maxwell model and by Bellout [?] from Phan-Thein-Tanner
model. In all theseworks, a nonlinear Reynoldsequation is gained,allowing to compute
the pressurein the thin �lm. Sameprocedurescan also include the free boundary upper
surfaceof the 
o w (thin coating problem) or inertia [?, ?, ?]. However, the goal of these
last studies are di�eren t as the primary unknown is not an equation for the pressurebut
an equation describing the evolution of the free boundary (a generalizedshallow water
equation).

The present paper addressesthe mathematical and numerical study of a large classof
viscoelastic thin �lm 
o wsdescribed by an Olroyd-B model in which the Deborah number
has the sameorder of magnitude than the thicknessof the 
uid. This assumptionallows
to balancethe order of Newtonian and non-Newtoniancontribution (see[?] for mechanical
comments). Boundary conditions are chosenin order to be applied to usual lubrication
problems. After scalingboth equationsand stresstensor in an adequateway, we are able
to obtain an asymptotic 2D problem. This problem generalizesthe work of Bellout and
Tichy, concerningnot only the rheological model but also the dimension (2D instead of
1D for the pressureasymptotic problem). Obtaining the asymptotic problem is partly
an heuristic process,so we have to rigorously prove the solvabilit y of this problem. This
is the goal of the secondpart of the paper. Interestingly, an existenceand uniqueness
result is obtained exactly for the samerange of parameters r as the initial 3D problem.
In numerous problems in the thin �eld, it is possible to eliminate the velocity in the
limit problem, so retaining only a Reynolds equation with respect to the pressure. It
is di�eren t in our caseand we have to solve a nonlinear coupled problem in which a
degenerateStokesequation is still present. A new algorithm related to the Uzawa one is
presented and convergencetheorems are given. At last, numerical comparison between
various model aregivenand the importance to get 2D and not only one1D approximation
is emphasized.
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1. Mathematical form ulation. The spacecoordinates are denotedby (x1; x2; z) or
more simply by (x; z) with x = (x1; x2). Let ! be a �xed bounded domain of the plane
z = 0. We supposethat ! has a Lipschitz continuous boundary @! . The upper surface
of the gap is de�ned by z = H (x) with H 2 C1(! ). Let us denote by 
 the following set
(seeFig. 1):


 = f (x; z) 2 R3; x 2 ! and 0 < z < H (x)g:

z = H (x1; x2)

@!
!

z

0
x2

x1




Fig. 1. The physical domain

1.1. Thin �lm 
ow equations. Intro ducing characteristic lengths L for the domain !
and H for the sizeof the gap, we can de�ne the ratio

" =
H
L

which is, in the physical realistic caseof lubri�cation, very small. The governing equations
(1){(3) can be expressedin dimensionlessform in terms of the following dimensionless
quantities :

x = x � L ; z = z� "L ; ui = u�
i U; w = w� "U; (4)

p = p� � LU
"2L 2 ; � = � � � U

"L
; t = t � L

U
: (5)

We now intro duce two classicalnumbers in viscoelasticity : the Reynolds number Re
which characterisesthe viscous forces in front of the convective ones,and the Deborah
number De which highlights the elasticity of the 
uid. They are de�ned by

Re =
UL
�

; De =
� U
L

= "De� : (6)

Remark 1.1. This scaling processis motivated by the following considerations:
� The length and velocity scaling (4) takes into account the thin �lm nature of

lubrication 
o w.
� Classically, in lubrication theory, if the horizontal shearvelocity is of order 1, then

the real pressureis of order 1="2 (see[?] for a rigorousmathematical explanation).
� If we want to balancethe order of Newtonian and non-Newtonian contribution,

we must assumethat the stresstensor is of order 1=" and the Deborah number
is of order " (see[?] for further explanations).
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Substituting thesedimensionlessvariables (4){(6) in Equations (1){(3), and dropping
the asterisks,we obtain the dimensionlessgoverning equations.

� The three components of the momentum equation (1) write
8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

Re�
du1

dt
� � (1 � r )

�
@2 u1

@x2
1

+
@2 u1

@x2
2

+
1
"2

@2 u1

@z2

�
+

1
"2

@p
@x1

�
1
"

�
@� 1;1

@x1
+

@� 1;2

@x2
+

1
"

@� 1;3

@z

�
= 0;

Re�
du2

dt
� � (1 � r )

�
@2 u2

@x2
1

+
@2 u2

@x2
2

+
1
"2

@2 u2

@z2

�
+

1
"2

@p
@x2

�
1
"

�
@� 1;2

@x1
+

@� 2;2

@x2
+

1
"

@� 2;3

@z

�
= 0;

"Re�
dw
dt

� "� (1 � r )
�

@2 w
@x2

1
+

@2 w
@x2

2
+

1
"2

@2 w
@z2

�
+

1
"3

@p
@z

�
1
"

�
@� 1;3

@x1
+

@� 2;3

@x2
+

1
"

@� 3;3

@z

�
= 0:

When " tends to zero, theseequations formally reduceto the following set of equations:
8
>>>>>><

>>>>>>:

� � (1 � r )
@2 u1

@z2 +
@p
@x1

�
@� 1;3

@z
= 0;

� � (1 � r )
@2 u2

@z2 +
@p
@x2

�
@� 2;3

@z
= 0;

@p
@z

= 0;

(7)

� Due to the previous dimensionless,the free divergencecondition is preserved for the
dimensionlessvariables:

@u1

@x1
+

@u2

@x2
+

@w
@z

= 0; (8)

� Concerning the constitutiv e law, the processis similar: equations are written for the
quantities without dimension, then, passing formally to the limit " ! 0, the following
equations are obtained:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

� 1;1 + De(1 � a)� 1;3
@u1

@z
= 0;

� 2;2 + De(1 � a)� 2;3
@u2

@z
= 0;

� 3;3 � De(1 + a)( � 1;3
@u1

@z
+ � 2;3

@u2

@z
) = 0;

� 1;2 +
De
2

(1 � a)( � 2;3
@u1

@z
+ � 1;3

@u2

@z
) = 0;

� 1;3 +
De
2

�
(1 � a)� 3;3

@u1

@z
� (1 + a)� 1;2

@u2

@z
� (1 + a)� 1;1

@u1

@z

�
= � r

@u1

@z
;

� 2;3 +
De
2

�
(1 � a)� 3;3

@u2

@z
� (1 + a)� 1;2

@u1

@z
� (1 + a)� 2;2

@u2

@z

�
= � r

@u2

@z
:

(9)
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In this system,it is easyto seethat coe�cien ts � 1;1, � 2;2, � 3;3 and � 1;2 canbeexpressed
accordingto � 1;3, � 2;3 and the velocity (u1; u2). In addition, using the last two equations,
� 1;3 and � 2;3 are expressedwith respect to the velocity:

� 1;3 =
� r

@u1

@z

1 + De2(1 � a2)

 �
@u1

@z

� 2

+
�

@u2

@z

� 2
! ;

� 2;3 =
� r

@u2

@z

1 + De2(1 � a2)

 �
@u1

@z

� 2

+
�

@u2

@z

� 2
! :

For the sake of simplicit y, let us denote by u the �rst two coordinates of the velocity
vector : u = (u1; u2) and by � the following two components of the stress tensor :
� = (� 1;3; � 2;3). The system obtained can be written on the following form:

8
>>>>>>>>><

>>>>>>>>>:

� � (1 � r )
@2 u
@z2 �

@�
@z

+ r x p = 0; with � =
� r

@u
@z

1 + De2(1 � a2)
�
�
�
@u
@z

�
�
�
2 ;

@p
@z

= 0;

divx u +
@w
@z

= 0;

(10)

all the other components of the stresstensor being directly deducedfrom equations (9).
The vertical velocity w can be deduced from the horizontal velocity u by the free

divergencecondition. More clearly, problem (10) is equivalent to the following one:
8
>>>>>>>>>><

>>>>>>>>>>:

� � (1 � r )
@2 u
@z2 � � r

@
@z

0

B
@

@u
@z

1 + De2(1 � a2)
�
�
�
@u
@z

�
�
�
2

1

C
A + r x p = 0;

@p
@z

= 0;

divx

� Z h

0
u dz

�
= w(�; 0) � w(�; h):

(11)

1.2. Boundary conditions. System (10) will be the subject of the forthcoming theo-
retical study, as it allows the knowledgeof the pressurep (the primary factor of interest
in lubrication problems) and the horizontal velocity u (while the vertical one w is in
the real variables of order " ). Let us now intro duce the boundary conditions. As it is
well-known (see[?]), passingfrom 3D problems to 2D onesmay induce boundary layer
phenomenaon the lateral parts of 
. Then, only a part of the boundary condition for
the initial problem have to be consideredin the study of (10). We have to retain the
following typical (no-slip) boundary conditions at z = 0 and z = h:

� u (�; 0) = s and u(�; h) = 0 on ! ,
� w(�; 0) = 0 and w(�; h) = 0 on ! .
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Moreover, two kinds of boundary conditions can be consideredalong this lateral bound-
ary, one associated to the data of the pressure,the other one to the data of the average

ux. The choice of the conditions highly depends on the devicesto be considered. In
most of the physical problems,two typesof boundary conditions are simultaneously used:
Neumann-type conditions and Dirichlet conditions. Thus, in the generalcase,the set of
equations (11) has to be consideredwith the following boundary conditions:

p = p0 on @! p;
Z h

0
u dz � n = q0 on @! q; (12)

where @! p and @! q de�ne a partition of the boundary @! . Notice that @! p (resp. @! q)
may be the union of a �nite number of connectedcomponents denoted @! p

i (resp. @! q
i )

(seeFig. 2). Let us notice that a compatibilit y condition on the total 
ux is neededif
@! p = ; : Z

@!
q0 = 0:

@! q
1

@! p
1

@! q
2

@! p
2

!

Pressureimposed

Flux imposed

Fig. 2. Mixed boundary conditions

2. Theoretical analysis.

2.1. The newtonian case. The Newtonian casecorrespondsto the casewherethe stress
tensor � is zero. In the limit equations (11), this meansthat � = 0. In this subsection,
we �rst state the strong and weak formulations of the problem. Then, we do not only
provide a rigorous mathematical study, but also establish the relevanceof the weak for-
mulation with respect to the physical (strong) formulation. Thus, let us intro duce the
formulations in the purely Newtonian case.

� Strong formulation:

The problem dealswith boundary conditions of two types: Neumann conditions and
non-homogeneousDirichlet conditions. Still, by intro ducing somekind of source-term,it
is possibleto get an equivalent problem with homogeneousDirichlet conditions. Indeed,
let ep0 be an extension of p0 on the closedset ! . It is obviously equivalent to work with
a reduced pressure ep = p � ep0 instead of the e�ectiv e pressurep. For this, the strong
formulation (Ps) is slightly modi�ed by the intro duction of a non-zero right-hand side
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F = �r x ep0 (instead of 0), which takes into account the translation of the pressure. In
the whole study, we will consider that the following assumptionson the data hold:

Assumption 1 (Regularity of the data).
� h 2 C0(! ), h � h0 > 0,
� s 2 L 2(� � ), where � � (resp. � + ) denotesthe lower (resp. upper) boundary of


, i.e. � � = f (x; 0); x 2 ! g, � + = f (x; h(x)) ; x 2 ! g.
� F 2 L 2(
),
� q0 2 L 2(@! q).

Now, the strong formulation is the following one:

(Ps)

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

� �
@2 u
@z2 + r x p = F ; in L 2(
) , (13)

@p
@z

= 0; in L 2(
) , (14)

divx

 Z h

0
u(�; z) dz

!

= 0; in L 2(! ), (15)

u = s; in L 2(� � ), (16)

u = 0; in L 2(� + ), (17)

p = 0; in L 2(@! p), (18)
Z h

0
u(�; z) dz � n = q0; in L 2(@! q). (19)

To be noticed is the fact that this set of equations can be reduced to the classical
Reynolds equation (seein particular [?]). Indeed, integrating twice Equation (13) with
respect to z (and taking into account the velocity boundary conditions (16)-(17)), we
obtain the velocity u as a function of the pressurep. Then, putting this expressioninto
Equation (15) gives:

div
�

h3

6�
r p

�
= div (sh) :

In the purely Newtonian case, the Reynolds formulation allows to give a straightfor-
ward existenceand uniquenessresult (via elliptic theory). Here, we proposean alternate
approach which will be easily adapted to the viscoelastic case(although the Reynolds
approach could not be easily extended to this nonlinear case).

� Weak formulation:

First, let us intro duce the functional spacewhich is used in the weak formulation. For
s 2 R2 and q0 2 L 1(@! q), we de�ne

K (s; q0) =

(

' 2 L 2(
) ;
@'
@z

2 L 2(
) ; ' = s in L 2(� � ); ' = 0 in L 2(� + );

8� 2 f � 2 D(! ) s.t. 9� 2 R; � j@! p = � g;
ZZ

!
r x � �

� Z h

0
' (�; z) dz

�
=

Z

@! q
(� � � ) q0

)

:
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The spaceK (s; q0) is equipped with the norm:






 '








z
=

� ZZZ




�
�
�
@'
@z

�
�
�
2
� 1=2

: (20)

Remark 2.1. To be noticed that for every function in ' 2 L 2(
) such that
@'
@z

2 L 2(
),

it is possibleto de�ne its trace 
 � (' ) 2 L 2(� � ) on � � (resp. 
 + (' ) 2 L 2(� + )). Thus,
the boundary conditions on � � and � + in the de�nition of K (s; q0) makesense.However,
the indexes
 � will be dropped for the sake of simplicit y.

The following proposition will enableus to better understand the interest of this set:

Pr oposition 2.1. Let ' 2 H 1(
). We have the following equivalence

' 2 K (s; q0) ( ) ' sati�es Equations (15){ (17) and (19):

Proof. It is clear that if ' 2 K (s; q0), then Equations (16){(17) hold (seethe de�nition
of the functional space). Now, using an integration by parts, if ' 2 K (s; q0) \ H 1(
)
then for all � 2 D(! ), � being constant on @! p, we have

�
ZZ

!
� divx

� Z h

0
' (�; z) dz

�
+

Z

@! q
�
� Z h

0
' (�; z) dz

�
� n =

Z

@! q
� q0:

In particular, for all � 2 D(! ), we �nd
ZZ

!
� divx

� Z h

0
' (�; z) dz

�
= 0

that is Equation (15) holds. Then, for all e� 2 D(@! q), extendedon ! such that e� 2 D(! )
and e� j@! p = 0, we obtain

Z

@! q

e�
� � Z h

0
' (�; z) dz

�
� n � q0

�
= 0;

i.e. Equation (19) holds. This concludes the proof of the necessarycondition. This
condition is clearly su�cien t. �

We provide the way to attain the weak formulation of the problem. Let (u ; p) be a
regular solution of (13){(19) , and let ' 2 K (s; q0). Multiplying Equation (13) by u � '
and integrating over 
, we obtain

ZZZ



� �

@2 u
@z2 � (u � ' ) +

ZZZ



r x p � (u � ' ) =

ZZZ



F � (u � ' ):

Since u � ' 2 K (0; 0), we can integrate by parts the �rst integral, and use p as a test
function � to cancelthe secondintegral (let us recall here that p doesnot depend on z).
In particular, we deducethe weak formulation of the problem:

(Pw )

8
<

:

Find u 2 K (s; q0) such that
ZZZ



�

@u
@z

�
@(u � ' )

@z
�

ZZZ



F � (u � ' ); 8 ' 2 K (s; q0): (21)
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Now, this subsectionis concluded with two major results: we �rst give an existence
and uniquenessresult for the weak problem and then we describe the link between the
two formulations.

Theorem 1 (Newtonian case). Problem (Pw ) admits a unique solution.

Proof. The proof is basedon the theory of variational inequalities [?]. Obviously, the
space(K (s; q0); k � kz ) is closed. Moreover, linearit y of the boundary conditions leadsto
the a�ne property of the spaceso that it is convex. Thus, it remains to prove that the
spaceis non-empty. Using Proposition 2.1, we look for a function satisfying Equations
(15){(17) and (19). It is obvious that the function

� =
a
2�

z(z � h)) + s
h � z

h
; (22)

satis�es (16) and (17). Here, a is any vector only depending on x (to be further detailed).
In order to ensurethat � satis�es Equations (16), (17) and (19), a has to satisfy:

8
>><

>>:

div
�

h3

12�
a

�
= div

�
sh
2

�
on ! ;

�
sh
2

�
h3

12�
a

�
� n = q0 on @! q:

(23)

In order to state that there exists some a satisfying the earlier set of equations, we
consider the following Reynolds problem (as an auxiliary problem):

8
>><

>>:

div
�

h3

12�
r �

�
= div

�
sh
2

�
on ! ;

�
sh
2

�
h3

12�
r �

�
� n = q0 on @! :

(24)

Obviously, there exists a unique � 2 H 1(! )=R satisfying (24). Then, choosinga = r � 2
L 2(! ), the proof is concluded: by meansof construction a satis�es Equations (16), (17)
and (19). Thus, the function � de�ned by Equation (22), with the previous choice for a,
belongsto K (s; q0) which is consequently non-empty. �
The link between(Pw ) and (Ps) is given by the following theorem.

Theorem 2 (Newtonian case). Let u be the unique solution of (Pw ).
(i ) There exists a unique p 2 H 1(! ) such that (u ; p) satis�es (13), (14), (16){(18) .

(ii ) Moreover, if u 2 H 1(
), then (15) and (19) hold. In particular, (u ; p) is the
unique solution of (Ps).

Proof. The result is checked in three steps:

� Step 1: Let us state that Equations (13) and (14) hold.

For this, we use the de Rham theorem in order to ensurethe existenceof a pressure
p. Choosing ' = u � ' with ' 2 K (0; 0) \ D(
) as a test function in Equation (21), we
deducethat

8' 2 K (0; 0) \ D(
) ;
ZZZ



�

@u
@z

�
@'
@z

=
ZZZ



F � ' : (25)
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Then, as u belongsto K (s; q0), we �nd

8' 2 K (0; 0) \ D(
) ;
�

� �
@2 u
@z2 � F ; '

�
= 0; (26)

in the senseof distributions. The next lemma allows us to use the classicalDe Rham
theorem to �nd a pressure:

Lemma 2.1. For ' = (' 1; ' 2) 2 K (0; 0) \ D(
), there exists ' 3 2 D(
) such that
div(' 1; ' 2; ' 3) = 0. Conversely, if � = (' 1; ' 2; ' 3) 2 D(
) is such that div � = 0, then
(' 1; ' 2) 2 K (0; 0).

Proof. For ' 2 K (0; 0) \ D(
) it is enoughto de�ne

' 3(x; z) = �
Z z

0
divx ' (x; � ) d�

so that

divx ' +
@' 3

@z
= 0; (27)

with ' 3 2 D(
). Conversely, de�ne ' = (' 1; ' 2), if Equation (27) holds, then using the
fact that ' 3 is zero at the boundariesz = 0 and z = h, we �nd

div x

� Z h

0
' (�; z) dz

�
= 0:

Moreover, if ' 2 D(
) then

' = 0; on @! q
� Z h

0
' (�; z) dz

�
� n = 0; on @! q;

i.e. ' 2 K (0; 0). �

Let us de�ne

F =
�

� �
@2 u
@z2 + r x ep0; 0

�
;

and using the previous lemma, Equation (26) is rewritten as:

8� 2 D(
) such that div � = 0; hF ; � i = 0:

With the De Rham theorem, we deducethat there exists a unique pressurep 2 D0(
) =R
such that F = r p, with

r p =
�

r x p;
@p
@z

�
;

so that

� �
@2 u
@z2 + r x p = F ; in D0(
) ; (28)

@p
@z

= 0; in D0(
) ; (29)

Now, let us discussthe regularity of u and p: as u is a solution of problem (Pw ), then

u;
@u
@z

2 L 2(
) :
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In particular, if u is extended by 0 on f (x; z) 2 
 ; z � h(x)g, and denoting h1 =
khkL 1 ( ! ) , we have

u 2 C([0; h1 ]; L 2(! )) :

Now, by Equation (28), as F and p do not depend on z, one has

@
@z

�
@2u
@z2

�
2 L 2((0; h1 ); L 2(! )) ;

and since
@2u
@z2 2 D0((0; h1 ); L 2(! )), then

@2u
@z2 2 C([0; h1 ]; L 2(! )) :

Moreover, by Equation (28),

r p 2 C([0; h1 ]; L 2(! ))

and by Equation (29) (p doesnot depend on z), we concludethat r p 2 L 2(! ), i.e. (u ; p)
satis�es (13) and (14). In particular, boundary conditions for the pressureon @! make
sense.

� Step 2: Let us state that Equation (18) holds.

The last point to be checked consistsin showing that the pressurep is constant along
the curve @! p. Since u is a weak solution (that is solution of (26)) and (u ; p) satis�es
(13), we immediately deduceby di�erence that the pressurep satis�es:

8' 2 K (0; 0) \ D(
)
ZZZ



r x p � ' = 0: (30)

The end of this part thus will be devoted to show that this condition (30) implies that p
is constant on @! p. The proof is realised in three sub-steps:

. Step 2-1. (Technical lemma)

Lemma 2.2. The following application is surjective:

� : K (0; 0) \ D(
) � ! X = f f 2 D(! ); div x f = 0; f � n = 0 on @! qg

' 7�!
Z h

0
' (�; z) dz

Proof. Using Proposition 2.1, we show that this application is well de�ned
and with values in X . For f 2 X , we de�ne

' (x; z) =
12

h(x)3 z(z � h(x)) f (x)

and we verify that ' 2 K (0; 0) \ D(
 ) and �( ' ) = f : �
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. Step 2-2. (Constant pressureon each connected component of @! p) - Let us
de�ne

Z = f ' 2 D(@! ) such that
@'
@�

= 0 on @! qg

(� being the tangent vector to the boundary @! ). For all ' 2 Z , we extend ' on
! and de�ne f = rot ' . Since div(rot) = 0 and n � rot = @=@� , we deducethat
f 2 X . There exists  2 K (0; 0) \ D(
 ) such that

rot ' =
Z h

0
 (�; z) dz:

From (30), we deduce
ZZ

!
r x p � rot ' = 0:

After integrating by parts, we obtain

8' 2 Z;
Z

@!
p

@'
@�

= 0: (31)

Then, for e' 2 D(@! p), extendedby zero on @! q, we have ' + e' 2 Z , so that
Z

@!
p

@(' + e' )
@�

= 0:

By di�erence with Equation (31), we �nd

8e' 2 D(@! p);
Z

@! p
p

@e'
@�

= 0;

that is p is constant along each connectedcomponent of @! p.

. Step 2-3. (The value of the boundary pressureis the sameon each connected
component of @! p) - If @! p is composedof n connectedcomponents @! p

i , i 2
f 1; :::; ng, then its complementary subset is also composedof n connectedcom-
ponents: @! q

i , i 2 f 1; :::; ng (seeFig. 2). For all (a1; :::; an ) 2 Rn , we de�ne a
function a 2 D(@! ) such that aj@! q

i
= ai . We have ' + e' + a 2 Z , so that

Z

@!
p

@(' + e' + a)
@�

= 0:

By di�erence, we �nd Z

@!
p

@a
@�

= 0:

Sincep is constant on each connectedcomponent @! p
i of @! p (with the value pi ),

this equality may be also written as

0 =
Z

@!
p

@a
@�

=
Z

@! p
p

@a
@�

=
nX

i =1

pi

Z

@! p
i

@a
@�

=
nX

i =1

pi (ai � ai � 1) =
nX

i =1

ai (pi � pi +1 ); (32)
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with the convention p1 = pn +1 and a0 = an . As Equation (32) must be satis�ed
for all constants ai 2 R, we �nd that all the pi have the samevalue.

� Step 3: Sinceu 2 K (s; q0), Equations (16) and (17) hold. If furthermore u 2 H 1(
)
then, by Proposition 2.1, Equations (15) and (19) hold. �

2.2. The viscoelastic case. The intro duction of viscoelastic phenomenadi�ers from
the purely Newtonian caseby the e�ect of nonlinear additiv e terms. However, we show
in this subsectionthat the approach developped earlier allows to state a rigorous analysis
of the complete problem. Due to the intro duction of the nonlinear terms, the mathe-
matical analysisof the corresponding weak formulation (to be further detailed) has to be
adapted in order to ensurethe existenceand uniquenessof the (weak) solution. Thus,
let us �rst intro duce the strong and weak formulations of the viscoelastic problem in a
thin domain.

� Strong formulation:

(Qs)

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

� � (1 � r )
@2 u
@z2 � � r

@
@z

0

B
@

@u
@z

1 + C2
�
�
�
@u
@z

�
�
�
2

1

C
A + r x p = F ; in L 2(
), (33)

@p
@z

= 0; in L 2(
), (34)

divx

 Z h

0
u(�; z) dz

!

= 0; in L 2(! ), (35)

u = s; in L 2(� � ), (36)

u = 0; in L 2(� + ), (37)

p = 0; in L 2(@! p), (38)
Z h

0
u(�; z) dz � n = q0; in L 2(@! q). (39)

where the constant C � 0 includes viscoelastic parameters,namely C2 = De2(1 � a2).

� Weak formulation:

Following the sameidea asbefore,nonlinear terms due to the viscoelasticity has to be
taken into account, leading to a signi�can t modi�cation of the Newtonian case,so that
the weak formulation of the problem is written as:

(Qw )
�

Find u 2 K (s; q0) such that

� Au ; u � ' � � � F ; u � ' � ; 8 ' 2 K (s; q0); (40)
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where A : K (s; q0) ! (K (s; q0))0 is the operator de�ned by

� Au; v � = � (1 � r )
�

@u
@z

;
@v
@z

�

L 2 (
)
+ � r

0

B
@

@u
@z

1 + C2
�
�
�
@u
@z

�
�
�
2 ;

@v
@z

1

C
A

L 2 (
)

and let us recall that K (s; q0) is equipped with the norm k � kz (seeits de�nition given
by (20)). Now, we give the following theorem, which is a generalisation of Theorem 1
taking into account the viscoelastic terms.

Theorem 3 (Viscoelastic case). If r < 8=9, problem (Qw ) admits a unique solution.

Proof. The proof is basedon a classicalresult on variational inequalities with mono-
tone operators (see[?], page247). It is obtained using three steps:

� Step 1: boundary operator

Obviously, sincer � 0, we write

� Au; u � = � (1 � r )
ZZZ




�
�
�
@u
@z

�
�
�
2

+ � r
ZZZ




�
�
�
@u
@z

�
�
�
2

1 + C2
�
�
�
@u
@z

�
�
�
2 � � kuk2

z ;

which meansthat A is bounded.

� Step 2: coercive operator

Here, we usethe fact that r < 1: indeed,
� Au ; u �

jju jj z
� � (1 � r )jju jj z , so that

lim
ku kz ! + 1

� Au ; u �
jju jj z

= + 1 :

� Step 3: monotone operator

We show here that the operator A is strictly monotone if and only if r < 8=9 (inde-
pendently of the constant C). Thus let us compute � Au � Av; u � v � :

� Au � Av; u � v �

= � (1 � r )
ZZZ




�
�
�
�
@u
@z

�
@v
@z

�
�
�
�

2

+ � r
ZZZ




�
�
�
�
@u
@z

�
@v
@z

�
�
�
�

2�
1 � C2 @u

@z
�

@v
@z

�

 

1 + C2

�
�
�
�
@u
@z

�
�
�
�

2
!  

1 + C2

�
�
�
�
@v
@z

�
�
�
�

2
!

=
ZZZ




�
�
�
�
@u
@z

�
@v
@z

�
�
�
�

2

� B
�

@u
@z

;
@v
@z

�

 

1 + C2

�
�
�
�
@u
@z

�
�
�
�

2
!  

1 + C2

�
�
�
�
@v
@z

�
�
�
�

2
!
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where B (a; b) = (1 � r )
�

1 + C2
�
�a

�
�2

� �
1 + C2

�
�b

�
�2

�
+ r

�
1 � C2a � b

�
. Rewriting this

term as

B (a; b) = C2(1 � r )
�

1 + C2
�
�b

�
�2

� �
�
�
�a �

r b

2(1 � r )
�

1 + C2
�
�b

�
�2

�
�
�
�
�

2

+
1

4(1 � r )
�

1 + C2
�
�b

�
�2

�
�

2(1 � r )C2
�
�b

�
�2

+
3r 2 � 12r + 8

4(1 � r )

� 2

+
r 3

64(1 � r )3
�

1 + C2
�
�b

�
�2

� (8 � 9r );

we deducethe sign of � Au � Av; u � v � . Indeed, studying the sign of B (a; b) gives:

. if r < 8=9, the operator A is stricly monotone.

. if r = 8=9, the operator A is monotone.

. if r > 8=9, the operator A is non monotone: we can �nd u and v such that

� Au � Av; u � v � < 0:

Now, the proof is concluded using the theory of monotone operators in variational in-
equalities (see[?], page247). �

Remark 2.2 (A non-uniquenessresult). Interestingly, we can prove that the problem is
well-posedif r < 8=9. In the caser = 8=9, the proof of Theorem 3 ensuresexistenceof
a weak solution (but not necessarilyuniqueness). In the caser > 8=9, it doesnot even
state an existenceresult. However, using a simple geometrical con�guration (h � 1), a
counter-example for uniquenesscan be established(see[?] for further details).

The link between(Qw ) and (Qs) is given by the following theorem.

Theorem 4 (Viscoelastic case). Let u be the unique solution of (Qw ).
(i ) There exists a unique p 2 H 1(! ) such that (u ; p) satis�es (33), (34), (36){(38) .

(ii ) Moreover, if u 2 H 1(
), then (35) and (39) hold. In particular, (u ; p) is the
unique solution of (Qs).

Proof. The result is stated using the samearguments that have been developped in
the proof of Theorem 2. �

In the next section, we provide sometools which allow to solve the asymptotic equa-
tions of a viscoelastic 
o w in a thin domain. We present and analysean algorithm and,
then, we focuson someapplications which are related to lubrication theory: in particular,
we illustrate boundary e�ects thus showing that the in�nite journal bearing approxima-
tion, which is widely used in trib ology, may lack relevancein viscoelastic regimes.
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3. Numerical results and discusion. As it hasbeenmentionned before, intro duc-
ing viscoelastice�ects leadsto add a non linear term into the classicalnewtonian problem
in pressure-velocity. This prevents us to follow the classicalway to obtain only a prob-
lem in pressureboth for the full continuous problem than to the numerical discretised
one. Then we proposeda new method which will be presented in detail in section 3.3.
This method is basedon a two-step �xed point procedure. Actually , we are not able to
rigously prove the convergenceof this method in the general case. However, we give in
section 3.2 a convergenceresult of each sub-stepwhich can be consideredas a new way
of solving a near-newtonian problem presented in section 3.1.

The method hasbeendevelopped for a domain ! which is supposedto be rectangular
with dimensionsL � D .

3.1. Numerical analysis for the Newtonian case.
Let us recall the main equations of the Newtonian model:

(P)

8
>>><

>>>:

�
@
@z

�
�

@u
@z

�
+ r x p = 0;

divx

� Z h

0
u(�; z) dz

�
= 0:

In order to solve (P), a semi-discretizedversionof this problem, in the (x1; x2)-direction,
is intro duced. Thus, we use a centered structured grid based on a classical cell con-
�guration (seeFig. 3). This particular casecorresponds to an imposed
ux on the left
boundary x1 = 0 and Dirichlet conditions for the pressureon the other boundaries. A
similar discretisation may be adapted to the caseof Dirichlet conditions for the pressure
on the whole boundary. Let us denote by N = Nx 1 � Nx 2 the overall number of un-

uijpij

vij

v1N y

u1N y

u13

v12

p12

p13

v21v11

u12 pN x 2 uN x 2

u22

p22

p1N y

vN x N y

Fig. 3. Spatial discretisation and position of the unknowns

knowns corresponding to this discretisation, by � 1 (resp. � 2) the step in the x1 (resp.
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x2) direction, by hij the value of h at a node (i; j ). Furthermore, we denote

U (z) = (u ij (z)) i;j := (u (i� 1; j � 2; z)) i;j

P = (pij ) i;j := (p(i� 1; j � 2)) i;j

the semi-discretizedhorizontal velocity and discretized pressure.
Let A (resp. B ) corresponds to the x-discretisation of the operator r (resp. div).

Moreover, we usethe notation
�

gH U
�

ij
:=

Z h ij

0
u ij (z) dz:

The problem P can be semi-discretised(i.e. discretised in the x-variable only) in the
following one

(P � )

8
><

>:

�
@
@z

�
�

@U
@z

�
+ A � P = 0;

B �
�

gH U
�

= 0:

Concerning the boundary conditions, we imposethat, for each nodes(i; j ),

uij 2 H 1(0; hij ) with uij (0) = sij and uij (hij ) = 0;

the imposevelocity s being discetisedby sij . For the pressure,we imposeda dirichlet
boundary condition which writes

pij = fpij for (i; j ) at the boundary of the discret domain,

the imposedpressurebeing denoted by fpij .
Notice that it is possibleto solve (P � ) in a near analytic way by two integrations in

the z-direction the �rst equation in (P � ), taking into account the boundary condition on
the velocity. We deduce

U = ::: (41)

Then putting the corresponding value of U as a function of the pressureP in the last
equation of (P � ), we get the equation satis�es by P:

B �
�

h3

12�
A � P

�
= B �

�
h
2

s
�

:

This equation is the discretised �nite di�erence formulation of the Reynolds equation
whosesolution P is unique and induces the knowledge of the velocity U by Equation
(41).

As it has been mentionned before, this last approach can not be generalisedin the
viscoelastic case. Then, we proposed another algorithm which does not used the z-
integration as the previous one. This algorithm is basedon a �xed point formulation of
the semi-discretisedproblem (P � ):

(P k )

8
>>><

>>>:

�
@
@z

 

�
@U k+1 (z)

@z

!

+ A � P k = 0; (42)

P k+1 � P k + � B �
�

gH U
k+1 �

= 0: (43)
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The stopping test of this processis basedon the pressureerror P k+1 � P k and on the
velocity error U k+1 � U k . To note that the precision sought in pressurewill induce a
precision on the incompressibility condition via the parameter � . Indeed, the algorithm
is stopped as soon as P k+1 � P k is smaller than a prescribed value, denoted r p, in some
sense(in the discrete `2 norm, for instance). This condition being satis�ed, it meansin
particular that the divergenceterm satis�es

max
ij

�
�
�
�

B �
�

gH U
k+1 ��

ij

�
�
� �

rp

�
;

i.e. the free divergenceequality is satis�ed with an order r p=� . For this reason, r p=�
will be called \equilibrium parameter (for the free divergencecondition)". In order to
numerically attain the free divergenceequality, we have to impose some r p satisfying
rp � � .

3.2. Convergence of the method. We state the following theorem:

Theorem 5 (Convergenceresult). Assumethat

0 < � <
3 �

2khk3
L 1 ( ! )

�
1
� 2

1
+

1
� 2

2

� :

Then for all k 2 N, the problem (P k ) admits a solution such that

(U k ; P k ) 2

0

@
Y

ij

H 1(]0; hij [)

1

A � RN x 1 � N x 2 :

Moreover, there exists a subsequence(still denoted f kg) such that, for all (i; j )

U k * U in
Y

ij

H 1(]0; hij [),

P k ! P in RN x 1 � N x 2 .

U and P being the solution of the problem (P � ).

Proof. First of all, using the linearit y of problems (P k ) and (P � ), we prefer to work

with the quantities U k = U k � U and P k = P k � P which satisfy the problem (P k )
with homogeneousboundary Dirichlet conditions. For the sake of simplicit y, during this
proof, we denote by U k and P k instead of U k and P k .

At that point, we want to obtain estimateson the sequence(U k ; P k ) and then prove
that it convergeto zero in appropriate space.For each i; j , multiplying each component
(42)ij by u k+1

ij , integrating over [0; hij ] and then making the sum for all i; j , we have,
using an integration by parts,

 

�
@U k+1

@z
;

@U k+1

@z

!

�

+
�

A � P k ; U k+1
�

�
= 0; (44)

where (�; �) � indicates the � -scalar product

(U ; V ) � =
X

i;j

Z h ij

0
u ij (z)v ij (z) dz
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and, in the sameway, (�; �)# is the scalar product de�ned by

(P; Q)# =
X

i;j

pij qij :

Now, j � j# being the associated norm, we deducefrom Equation (43), after taking the
#-scalar product by P k+1 , that

jP k+1 j2# � jP k j2# + jP k+1 � P k j2# + 2�
�

B �
�

gH U
k+1 �

; P k+1
�

#
= 0: (45)

Moreover, one has (�rst using a discrete integration by parts and then observing that
P k+1 doesnot depend on z):

�
B � gH U

k+1
; P k+1

�

#
= �

�
A � P k+1 ; gH U

k+1 �

#
= �

�
A � P k+1 ; U k+1

�

�
:

Using the previous equality, adding Equations (44) and (45) (with a multiplier 2� for
(44)), we obtain the following estimate

jP k+1 j2# � jP k j2# + jP k+1 � P k j2# + 2�
�
�
�
p

�
@U k+1

@z

�
�
�
2

�

= 2�
�

A � (P k+1 � P k ); gH U
k+1 �

#
: (46)

Now, we state estimatesfor the secondmember of this equality, denoted I 1:
The operator A is bounded1 by

p
� xy de�ned by

� xy = 2
�

1
� 2

1
+

1
� 2

2

�
:

We obtain that

I 1 � 2�
p

� xy jP k+1 � P k j#
�
�
� gH U

k+1 �
�
�
#

;

and using the fact that for all (a; b) 2 R2 and � > 0, we have 2ab �
a2

�
+ �b 2 we �nd

that, for all � > 0

I 1 �
�� xy

�
jP k+1 � P k j2# + ��

�
�
� gH U

k+1 �
�
�
2

#
:

Moreover, for a regular function g : [0; h] ! R such that g(h) = 0, we note that

g(z) =
Z z

h

@g
@z

(� ) d�

so that, integrating over [0; h],
Z h

0
g(z) dz =

Z h

0

� Z z

h

@g
@z

(� ) d�
�

dz =
Z h

0
z

@g
@z

(z) dz;

1Indeed, we have for instance

jA � P j2# =
X

ij

�
pi +1 ;j � pij

� 1

� 2

+
X

ij

�
pi;j +1 � pij

� 2

� 2

� 2
�

1

� 2
1

+
1

� 2
2

�
jP j2# :
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and using the Cauchy-Schwarz inequality,

� Z h

0
g(z) dz

� 2

�
� Z h

0

z2

�
dz

� � Z h

0
�
�

@g
@z

(z)
� 2

dz
�

:

Thus, we deducethat

�
�
� gH U

k+1 �
�
�
2

#
=

X

ij

� Z h ij

0
u k+1

ij (z) dz
� 2

� C(h; � )
X

ij

Z h ij

0
�
�

@u k+1
ij

@z
(z)

� 2

dz;

where C(h; � ) = max
i;j

Z h ij

0

z2

�
dz =

khk3
L 1 ( ! )

3�
. That is,

�
�
� gH U

k+1 �
�
�
2

#
� C(h; � )

�
�
�
p

�
@U k+1

@z

�
�
�
2

�
:

We obtain

I 1 �
�� xy

�
jP k+1 � P k j2# + ��C (h; � )

�
�
�
p

�
@U k+1

@z

�
�
�
2

�
: (47)

Putting Inequality (47) into (46), with an appropriate choice for � and � (to be detailed
later), we can de�ne two constants c1 > 0 and c2 > 0 such that:

jP k+1 j2# � jP k j2# +
�

1 �
�� xy

�

�

| {z }
c1 > 0

jP k+1 � P k j2# + �
�

2 � � C(h; � )
�

| {z }
c2 > 0

�
�
�
p

�
@U k+1

@z

�
�
�
2

�
� 0:

(48)
The sign conditions on the two constants are clearly satis�ed if

0 < � <
2

C(h; � ) � xy
:= � crit. ;

and � being arbitrarily chosenin the set ]� xy �; � xy � crit. [. Notice that � crit. is a critical
value of the parameter � allowing the above estimates.
Summing the estimates (48) for k = 0 to k = K , we �nd bounds for the sequences
U k and P k which allows us to perform the limite k ! + 1 in the problem (P k ). The
limite being the unique solution of the problem (P � ) (which is the zerosolution sincethe
boundary condition are zero), we obtain the desiredresult. �

3.3. Numerical analysis for the viscoelastic case.

3.3.1. Algorithm. The nonlinear problem (33){(39) is solvedusinga �xed-p oint method
at di�eren t levelsof the resolution. Let us de�ne a continuous�xed-p oint procedure: the
idea of the generalalgorithm relies on the possibility to attain solution of the nonlinear
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problem (33){(39) as the limit (n ! + 1 ) of the following problem:

(Pn )

8
>>><

>>>:

�
@
@z

�
f (u n )

@u n +1

@z

�
+ r x pn +1 = 0;

divx

� Z h

0
u n +1 (�; z) dz

�
= 0:

with
f (u n ) = � (1 � r ) +

� r

1 + De2(1 � a2)
�
�
�
@u n

@z

�
�
�
2

In order to solve (Pn ), the samesemi-discretisation, in the (x1; x2)-direction, is used.
Now, we present the algorithm which solvesthe semi-discreteversionof (Pn ). The way

to compute U n +1 and P n +1 is provided by the algorithm presented in the Newtonian
case:

8
>>>>>>>>>><

>>>>>>>>>>:

Input: U n; 0 = U n ; Pn; 0 = P n ;

Loops on k: (P k
n )

8
>><

>>:

�
@
@z

 

f (U n )
@U n;k +1

@z

!

+ A � P n;k = G;

Pn;k +1 � P n;k + � B �
�

gH U
n;k +1 �

= 0;

Output: U n +1 = U n; 1 ; Pn +1 = P n; 1 :

The algorithm is stopped as soon as P n +1 � P n is smaller than a prescribed value in
somesense(in the discrete `2 norm, for instance).

3.3.2. Remarks on the method. The algorithm that we proposeviews the viscoelastic
problem as a sequenceof Newtonian-type problems. Formally, the numerical solution
which is attained is a �xed-p oint solution of the semi-discretizedversion of (Pn ).

Following the sameidea as in the Newtonian case,the theoretical study establishes
the boundednessof the sequence,provided someconstraints (which do note depend on
k and n) are respected. More precisely, we can notice that, sincethe function f satis�es
f � � (1 � r ), then we obtain estimates which do not depend on n and k under the
condition

0 < � <
3 �

2khk3
L 1 ( ! )

�
1
� 2

1
+

1
� 2

2

�
(1 � r )

:

This condition is more restrictiv e than the preceedingone, but su�cien t for all n-step.
Unfortunately , it is not so obvious that the sequenceof solutions (U n ; Pn ) converges
to a �xed-p oint solution of the semi-discretisedversion of problem Pn , becauseof the
nonlinearity which leadsto a lack of compactness.

However, in practical situations, we observe the following phenomena:
(i ) Under the constraint r < 8=9, we observe that the algorithm convergesto a

numerical viscoelastic solution under the previous condition.
(ii ) Under the constraint r > 8=9, it is observed that the sequenceof the numerical

Newtonian-type solutions doesnot convergeto a viscoelastic one, which may be
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related to the non-uniquenessresult (see[?] for similar observations in a Stokes-
Oldroyd 
o w).

3.4. Numerical results. In this subsection,we proposethree seriesof numerical tests:
� Test 1: we study the in
uence of the numerical parameters on the solution. In

particular, the control of � with respect to the stopping error may have some
in
uence on the numerical solution. However, at least in the Newtonian case,
we illustrate the behaviour of the solution with respect to � and show that it
convergesto the solution of the Reynolds equation as � tends to 0.

� Test 2: we study the in
uence of the Deborah number.
� Test 3: we show that three-dimensional e�ects may occur. In particular, the

approximation of the \journal bearing of in�nite width", which is valid (and
widely used) in the Newtonian case, cannot be considereddue to viscoelastic
e�ects.

For this, the following data have beenused

Test 1 Test 2 Test 3

Domain ! [0; 1] � [0; 5] [0; 1] � [0; 5] [0; 1] � [0; 5]
Gap h(x) (2x1 � 1)2 + 0:5 1 � 0:3x1 + 0:5x2

1 (2x1 � 1)2 + 0:5
Shearvelocity s (1; 0) (1; 0) (1; 0)
Deborah De 0 0:1 � 3 0:8
Retardation r 0 0:8 0 � 0:8
Conditions at x1 = 0 
ux pressure 
ux
Conditions at @! n f x1 = 0g pressure pressure pressure
Mesh size 40� 40� 20 40� 20� 20 40� 80� 20
Arti�cial time step � 10� 3 10� 3 8:10� 4

Equilibrium parameter r p=� 10� 2 � 10� 4 10� 4 10� 4

Table 1. Numerical data

3.4.1. Test 1: in
uenc e of the numerical parameters. In this setting, we study the
purely Newtonian case,which allows us to compareour numerical pressureto the theo-
retical one: the solution of the classicalReynoldsequation. In particular, we focuson the
role of the equilibrium parameter r p=� (corresponding to the error on the free divergence
condition). Sinceour goal is to get simultaneously the convergenceof the pressureand
the equilibrium of the free divergencecondition, we �rst imposean arti�cial time step
� = 10� 3, which ensuresthe convergenceof the method. Then, we choosedi�eren t values
of rp=� in order to observe its numerical in
uence over the corresponding solution: in
particular, it is su�cien t to compareour numerical solution (for di�eren t valuesof r p=� )
to the Reynoldsone. Thus, we considernumerical data given in Table 1. Let us precise
the values for the boundary conditions: at the (left) boundary x1 = 0, the normalized

ux is given by q0 = 0:3sx hj x 1 =0 while, at other boundaries, the pressureis p = 0.

Now, the in
uence of the ratio r p=� is illustrated on Fig. 4: the left-hand side �gure
is the Reynolds pressuredistribution, in the full domain. The right-hand side �gure
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allows to observe in the x1 direction (at a �xed x2, namely x2 = x0
2 = 2:5) the solutions

corresponding to di�eren t valuesof r p=� . It can be observed that the numerical pressure
tends to the Reynolds one as the value of r p=� decreases.At r p=� = 10� 4, numerical
and Reynolds solutions even coincide.
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Fig. 4. In
uence of the equilibrium parameter

3.4.2. Test 2: in
uenc e of the Deborah number. In this subsection,we compare our
model to the onesdevelopped by F.T. Akyildiz and H. Bellout [?] and J.A. Tichy [?].
Notice that, unlike our model, thesepreviousworks only dealwith two-dimensional
o ws,
corresponding for example to journal bearingswith an in�nite width (i.e. deviceswhose
sizesatisfy D=L > 4). This assumption allows to consider that, up to boundary e�ects
localized at x2 = 0 and x2 = D, the 
o w is mainly described by its behaviour at a cross
section (x2 = D=2 for instance) and that it remains the sameat another crosssection
(as long as it is far from the boundaries). Following the work of F.T. Akyildiz and H.
Bellout [?], we choosethe physical data given at Table 1. To complete the scope of the
boundary conditions, let us metion that p = 0 is imposedon the whole boundary @! .

More precisely, in order to observethe e�ects of the Deborah number over the pressure
distribution, we used the samevalues as in the paper of F.T. Akyildiz and H. Bellout
[?]: De = 0:1, De = 0:2,..., De = 3. We may observe the behaviour of the solution, as
De increases,on Fig. 5, corresponding to the pressurepro�les at a �xed x2 = 2:5.

For small values of De (0, 0.1, 0.2, 0.3), the results are similar to the ones of F.T.
Akyildiz and H. Bellout, except that they have beengeneralizedto a three-dimensional

o w: viscoelastic e�ects tend to damp the peak pressure.

For large valuesof De (1, 2,...), the results di�er from the onesof F.T. Akyildiz and
H. Bellout: this is due to the fact that our initial models are di�eren t (and so are the
corresponding asymptotic analyses).Here, we may observe that the viscoelastic solution,
as De ! + 1 convergesto the solution of the purely viscoussolution with an e�ectiv e
viscosity parameter � (1 � r ) (instead of � ). The viscoelastic nonlinear contribution for-
mally tends to vanish for large valuesof De. However, our model is not relevant for large



VISCOELASTIC FLUIDS IN A THIN DOMAIN 25

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

x

De=0
De=0.1
De=0.2
De=0.3

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

De=1
De=2
De=¥

Fig. 5. In
uence of the Deborah number

valuesof De, sinceDe is assumedto be of order " .

3.4.3. Test 3: three-dimensionale�ects. As it waspointed out in the previous subsec-
tion, when the length and width of a device satisfy D=L > 4, a classicalapproximation
is usedin lubrication theory: the one-dimensionalReynolds equation is usedto describe
the behaviour of the 
o w at any cross-sectionwhich is not located at boundariesx2 = 0
or x2 = D. This assumptionallows to reducethe spacedimension in the analysisof such
phenomena.This is well understood in the Newtonian casebut numerical tests illustrate
the fact that such an assumption is not necessarilyrelevant when viscoelastic e�ects oc-
cur: indeed, three dimensional boundary layers are induced by viscoelastic e�ects.

We have used the physical and numerical data given at Table 1. Let us precisethe
values for the boundary conditions: at the (left) boundary x1 = 0, the normalized 
ux
is given by q0 = 0:2sx hj x 1 =0 while, at other boundaries, the pressureis p = 0.

On Fig. 6, (from left to right, top to bottom), we have the pressurepro�les corre-
sponding to r = 0 (Newtonian case), r = 0:2, r = 0:5 and r = 0:8. Obviously, the
one-dimensional 
o w assumption in the Newtonian caseis valid as long as the cross-
section is not located at the boundaries, but we can seethat this assumption does not
hold anymore for increasingvaluesof r .
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Fig. 6. Pressure pro�les for r = 0:0, r = 0:2, r = 0:5 and r = 0:8


