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Abstract

We prove that the lubrication approximation is perturbed by a non-regular roughness of the
boundary. We show how the flow may be accelerated using adequate rugosity profiles on the
bottom. We explicit the possible e ects of some abrupt changes in the profile. The limit system
is mathematically justified through a variant of the notion of two-scale convergence. Finally, we
present some numerical results, illustrating the limit system in the three-dimensional case.

Introduction

We study in this paper the e ect of di erent very small domain irregularities on a thin film flow
governed by the Stokes equations. There exist already some references on the subject. Roughly
speaking, they may be ordered into three categories. The first one is devoted to the study of the
roughness e ects on the flow in a channel: the height of the channel, denoted h» and depending on
the horizontal component z, is fixed and the e ect of small scales of the boundary is studied. In such
studies, the height of the channel is written as (see [1, 14])

h(x) = hy (:L‘, g) .

The second category is concerned with the specific study of the thin film assumption, that is when
the height of channel is assumed to be small, of the form (see [9, 5, 10, 11])

h(x) = ehi(x).

The third category combines the mechanical point of view of the latter lubrication studies with the
analysis of the roughness e ects. Various limit models, in special regimes, are obtained depending
on the ratio between the size of the rugosities and the mean height of the domain. In [3, 4, 10, 11],
the ratio is assumed to be of order one, namely

h(x) = ehy (x, g)

and an asymptotic analysis is performed using an homogenization process. More recently, in [5], the
authors study the case where the narrow gap is smaller than the roughness, namely

h(x) =ehy (ac, E%) .
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In all previous works, the ration between the two scales, modeled by the parameter « is such that
a < 1. Moreover, the asymptotic model obtained in the case « < 1 is always the classical Reynolds
equation. In [6], the authors consider the particular case which does not enter in the previous
framework:

h(x) =€ hs (m, 5%) .

They mathematically justisfy (through a variant of the notion of two-scale convergence) that an extra
term modifies the standard Reynolds equation.

There exists now a huge number of available data for rough surfaces, due to the increasing
e ciency of the measurements (optic or laser technics, see e.g. [7]). On the one hand, the existence of
multiple scales of rough oscillations is for instance emphasized in [13, 23]. But no analytical solution is
available for complex geometries. These data are also often too cumbersome for numerical simulation.
This motivates an approach using asymptotic analysis. On the other hand, the tribological literature
does not provide any categoric answer for the choice of characteristic roughness parameters [15, 21].
The aim of the present paper is thus to explore the e ects due to abrupt changes in the rugosity profile.
A direct application of this kind of study is the production of nano-scale electronic components which
are nowadays formed by self assembly. In such a process, the solvent and the monomers are confined
in a thin channel. The block copolymers create abrupt changes of the geometry (see for instance [12]).

The case of a change of speed of order one could be easily deduced from our previous work [6]. We
thus focus on more abrupt changes in the rough profile. In particular, we aim to compare the speed
of the change, assumed of order %, o > 0, and those due to the characteristic speed of the rough
oscillations, assumed of order 2, whereas ¢ corresponds to the caracteristic height of the channel.
We restrict ourself to the case where o < 2 to ensure that our limit model respects the structure of
the classical Reynolds approximation [20].

We thus consider a model profile of the form

hz) = ehf = ¢ (hl(:c) +e (1 — ¢ (é%)) ha (

Function ¢ is introduced to mimic the change in the profile (see the Figure 1).
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Figure 1. Domain Q¢ and the di erent scales
The domain occupied by the fluid is then:
Q° ={(z,2) [RF1xR, z[wl 0<z<h(x)}

where w is a domain of R, We choose d = 2 or d = 3 for the current applications. The change in
the profile occurs in a subdomain w$. of w. The domain w is thus decomposed in w = w& [k Cwi.
We assume that the function « belongs to L°°(w) and is such that ¢)(z) = 0 if x [CwE and ¥(x) =1
if x 5. The positive function hy is the main order part of the roughness, while function h;
describes the oscillating part. For sake of simplicity, we assume that the fonction h5 defined by



h5(x) = ha(x/€?) is an e2-periodic function. Actually, it would be su cient for our needs to assume
that hy is an admissible test function for the two-scale convergence (see Proposition 2.1 below). The
first step of our method consists in introducing a new vertical variable. This change of variable
motivates our last technical assumptions for the rough profile. We assume that ¢ [CQ%(R%™1),
hy CH*(R™!) and hs CCHTY™?).

Let us present our results. We prove that the change in the rough profile gives the same type of
correction at the main order than the oscillating part hy, but only under an additional assumption
linking the behavior of the roughness jumps with the one of the oscillating part of the profile. Without
this additional assumption, the Reynolds approximation contains a non-explicit contribution (a kind
of ”strange term coming from nowhere”, see [8]).

Theorem 0.1 Let w be the horizontal projection of the domain of study.

(i) Let us denote by ¥° [P (w; HY(T4™1)) (respectively ¢° [CIP(w) if o < 2) the two-scale limit
of the jump approximation ¢“(z) = ¢(x/e*) as e - 0 and by U, the velocity of the lower surface.
The behavior of the thin flow is approximated by the following modified Reynolds equation on the
pressure p of the fluid which only depend on the horizontal variable:

3
divx<%A I@ﬁ) = div, (h1(BU, — Q%) on w,
where the functions A and B are defined on w by
s Nw(s2—t2)/2 dtds

1 1
A= 12<6N¢/2/ o Nut/2 gy 1) _ E(e%/z _ 1)fo Jo el 2 ,
Ny 0 Ny [y eNws*/2 s

1

1
B: _ NllJ/z—l -
(6 )fol ersg/z d37
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where N, (z) = / | a1 — ¢%(z, X))ho(X))|?dX, « Cd. The “strange” function Q° is non

Td—1
explicit.
(ii) Assuming moreover one of the following assumption,
(H1) [(23y°h5) strongly two-scale converges to [ (1/°h2),
(H2) ¢ strongly two-scale converges to °,
we recover a completely explicit Reynolds-type approximation:

3
div, (%A Cal) = div, (hBU,) on w.

Remark 0.1 It is crucial to clearly separate the oscillating profile h, and the jumps characteristic
function ¢ in such a study. Indeed, the limit behavior described in Theorem 0.1 clearly depends on
the link between the behavior of the roughness jumps with the one of the oscillating part of the profile
(see Assumptions (H1) and (H2)).

Remark 0.2 Let us describe a situation allowing the use of Assumptions (H1). Assume that w7 is
a finite collection of disconnected subsets of w with measure of order ¢®. As ¢ - 0, wj. reduces to a
finite discrete set of points {z%-};=1. n. Then

N

CERHD) = D (e el + e Lol ).

=1



Since the Lebesgue measure does not see accidents, one easily checks with the definition of strong
two-scale convergence in Proposition 2.1 that

N
CEWFhS) 2 Y xus Dl
i=1

This situation is illustrated through numerical exemples in Section 4.

Remark 0.3 We recall that the usual Reynolds approximation (corresponding to h,; = Q) reads

0 ol
dlvm(E Iﬁ) = dlvx(iUb) on w.
The latter result is thus a perturbation of the classical Reynolds equation. The low order perturbations
of the rough profile (oscillations h, and abrupt change in the roughness /) both give a perturbation
of the Couette component of the Reynolds model. This is a highly desirable e [eck for the applications
of such a lubrication model. We explicitly recover a perturbation which was detected with formal

computations by [17], or more recently by [19].

Remark 0.4 The strong two-scale convergence mentioned in (ii) of Theorem 0.1 could appear as a
rather technical assumption. In fact, it means that the oscillation spectrum of the sequence belongs
to the integer grid (see [22] for a proof through Fourier analysis). The oscillation spectrum is then
due only to the periodicity of the coe Lciehts.

The paper is organized as follows. In the first section, we give the model and the first estimates for
the velocity and the pressure. In the second section we give the definition and the properties of a
convenient two-scale convergence. The third section is devoted to the rigorous study of the upscaling
process in view of proving Theorem 0.1. In Section 4, we present some numerical results, illustrating
the limit system in the three-dimensional lubrication context.

1 Model and estimates

1.1 Stokes model in lubricant context

The vector field U® = (u®,w®) CRP x R (which describes the fluid velocity) and the pressure (given
by the scalar function p°) satisfy the stationary Stokes equations*:

—Aut+ pl=0 inQ° (D)
—Aw® + 0.p° = in Q° 2)
divyu® + 0,w® =0 in Q°, 3)
U =U; on0Q°. 4)

e The viscosity of the fluid is set equal to 1 for sake of simplicity.

41n all this document, the operators (like A) without index denote the operators with respect all the variables. To
specify the operators with respect only one variable we use subscript notations, see for instance Ax or 0.



e In classical lubrication framework, the boundary conditions are the following:

(up, 0) r Cal 2=0,
Up(z,2) = ¢ (euwp(2),0) = b,

(0,0) r Cal z =¢eh®,
where vy is a constant corresponding to the imposed velocity at the bottom of the mechanism,
and uy is a regular fonction (for instance an a ne function) connecting u; for z = 0 and 0 for

= hf. Notice that for such a problem (that is for an asymptotic study ¢ - 0) the precise

value for the velocity uy is not primary. In fact, the physical quantity which persists to the
limit is the total flux [, fo ub(z) dz, see [3].

e Finally, the pressure is normalized by p* =0.
QE

We introduce a new vertical variable Z defined by Z = % to consider the same problem in the
fix domain Q = w x (0,1). Problem (1)-(4) now reads®

AL | [RA III N I]ZEI ) 1,
—DF + (57 = gt ) 200 +2— Z Ly 220" = 05
+ Lpl — Tgazpa = inQ, (5)
. Ah | [RA . LA | IIE! 1
+%8Zp5 =0 in Q, (6)
div,u® — %E-IZ(?ZUS + %Bzwa =0 in Q, )
Us =0, on 0Q, (8)
Ah | R
Observe that 7 - ( div <Iﬂ

1.2 Estimates and dependance with respect to the small parameter ¢
We begin by some estimates for the velocity.

Lemma 1.1 There exists a constant C' such that the velocity components satisfy the following uni-
form estimates:

C
HLLF Ly = ©
@UE @2(9))d = C, (10)

Proof: These estimates are directly derived from the original problem after an adequate lifting of
the non-homogenenous boundary conditions. We write the standard energy estimate for Stokes type
system and then use the change of variables to control the derivatives. We conclude with the Poincaré
inequality. O

We now give some uniform estimates for the pressure.

SRigorously, the function u® defined in the previous Stokes system (1)-(4) is not egal to the function «* used in this
rescale domain. However, to not introduce numerous notations, we denote always the same.



Lemma 1.2 There exists a constant C such that the pressure satisfies

C
L L1 () < 2 (12)
C
[3yp° by = o (13)
C
P10 = = (14)

Proof: Such estimates come from Equations (5)-(6) estimated in H~1. This provides bounds on
C.p1 and 0zp°. Using Poincaré-Wirtinger inequality (with the normalization hypothesis) we get the
L?-estimates for p*. O

Notational convention: In what follows, for any function ¢ CH(w x T%1), we denote by
Ca(k, x/c?) = L@k L@l + e 2 [xdF its horizontal gradient.

2 Definition and properties of a convenient two-scale convergence

The proof of the homogenization process will be carried out by using a variant of the two-scale
convergence introduced by G. Nguetseng in [18] and developed by G. Allaire in [2]. Let us give the
basic definition and properties of this concept.

Proposition 2.1 A sequence (v°) of functions in L?(Q) two-scale converges to a limit v°(z, Z, X)
belonging to L2(Q x T4=1), =240, if

Iim/va(x,Z)W(:z:,Z,x/sz)d:ndZZ// Wz, Z, X)W(z, Z, X) dz dZ dX,
¢=0Jg Q JTd-1
for any test function W(x, Z, X), X-periodic in the third variable, satisfying

Iim/ |W(x,Z,x/52)|2d:ch=// |W(z, Z, X)|? dedZ dX.
£=0Jq Q JTd-1

Such a function W is called an admissible test function for the two-scale convergence. Note that Z is
only a parameter for this definition.

(i) From each bounded sequence (v°) in L?(Q) one can extract a subsequence which two-scale converges
to some limit v° CZP(Q = T471). The weak L2-limit of v° is v(z, Z2) = [;u—: 0°(z, Z, X)dX.

(i) Let (v°) be a bounded sequence in L?(0, 1; H'(w)) which converges weakly to v in L?(0,1; H(w)).
Then v*2 v and there exists a function v2 CTR(Q: H(T¢1)) such that, up to a subsequence,

[ (@) + (e, y).

(iii) Let (v°) be a bounded sequence in L?(Q) such that (¢2 [L23) is bounded in (L?(Q))?1. Then,
there exists a function +° CIZF(Q; H1(T¢™1)) such that, up to a subsequence,
vF A0 and 2 e h L (z, Z, X).
= Due to our assumptions for hy and hy, functions hy(x), ho(z/e?), Oph1(x), O (e2ho(x/?)) =
Ox;h2(x/<?) can obviously be considered as admissible test functions for the two-scale conver-
gence.



e We also note that the function v, appearing in part (ii) of the previous proposition is the
rigorous counterpart of the third term of the formal anisotropic expansion associated with the
present setting:

v =0(x, Z, 5) + ez, Z, =) + 202w, Z, ) + ...
3 e 3
= An consequence of the above definition of the two-scale convergence is the following.

Lemma 2.1 Let (v°) be a bounded sequence in L?(Q) such that ("7 [z=) is bounded in L?, with n < 2.
Then the two-scale limit v CZP(Q; HY(T%1)) of ¢ is such that

L =0.

Proof: By (iii) of Proposition 2.1, 2 =P L. Since (¢7 [z=) is bounded in L2, it two-scale
converges to some limit n° and (2 [z=k= 27" [2) two-scale converges to 0. Thus [xd® = 0.
O

Note that the above lemma is a key result to treat the anisotropy of the rough profile.

3 Rigorous derivation of the limit model

3.1 Convergence results

We infer from the estimates derived in Subsection 1.2 the following result.

Lemma 3.1 There exist limit functions
p°0 CLP(Q; L2(T%Y)),  o° CIP(Q; HY(T4 1) and «° CIF(Q; HY(T 1)

such that

2 2 2
e2p 5 WS, el =0, w2 w® and [’ =0.

Proof: In view of Lemma 1.1, we claim the existence of limits (up to a subsequence). Moreover,
using Lemma 2.1, we assert that [cd’° = 0 and [cd® = 0. O

Before passing to the limit in the equations, we state some auxiliary results. We begin by the pressure
function.

Lemma 3.2 The two-scale limit pressure is such that

[x =0 and 9,p° =



Proof: We multiply Equation (5) by an admissible test function in the form ¢(xz, Z, z/<?) and we

. N . Ah (WG] . 7} i’
integrate by parts. Unsing in particular 5 | 72 =div <h , We get

/ Cood - (e gl + &2 edF) da dZ

Q
1

h1 +e(1 —°)h5
1

hy +e(1 — ¥°)h5

- /Q AL + e M1 — o) Dl — £ hg ) - Ll (Z4°) du dZ

~ [ AR + T ) Tl — 0 ).

/ o R + 71 (1 — ¢f) Tl — &' hg L |?
Q |h1 +e(1 — ¢°)h5|?

Zopu (Tl + & T do dZ

Ous - 07(Z2%¢°) da dZ

1
4 €, € 2, €(-2H; - € : €
+/ € 2lhy + 2(L— )5 |28 ut - 070 de dZ /5 p°(e“div,¢® + divy ¢®) dx dZ

/ (G + =L — o) Gl — £4~h5 o) - 2y 0,(Z¢°) dudZ = 0.

1
hy +e(1— ¢e)hs

We bear in mind that the term 17 is of lower order than ™1 if 0 < o < 2 and of the same order if
« = 2. Passing to the limit ¢ - 0, we obtain

Iim/ezpadivx¢€dde=// pOdivy ¢ dedZ dX = 0.
e-0 /o Q JTd—1

Thus L = 0 and the two-scale limit and the weak L? limit of (¢?p°) coincide.
Now let ¢ [IP(w; H(0,1)). We write

Jo02(2p°)pdxdZ = elEDyp®, pLg-1xpn — 0
= —/52p682¢dde - —/p08z¢dde.
Q Q

It follows that 9zp° = 0. This ends the proof of the lemma. O

We now introduce auxiliary limit functions for sake of clearness in the computations. We define,
70 CIP(Q; HY(T4 1)) and €0 CIP(Q; HY(T4™1)) such that

QL= Bn0, &2 Ll — o)) > Gl
T N SR e (R S S v

Of course, if 0 < a < 2, we have [ =0 and &P = 0. We now study the two-scale limit of the
vertical velocity component.

Lemma 3.3 The vertical velocity component is such that
)
w*= 0.

Proof: We already mentioned that [x#° = 0 (see lemma 3.1). We now prove that 9;w°® = 0. We
multiply the divergence Equation (7) by ep(z, Z) where ¢ [HZ(Q). Integrating by parts, we obtain

/qu (IW7) o 3 / I +€(1 SYE R
2—a

1 g € — €
+/Q by o= gryng & T V) Dl w7 02(29) /Qh1+s(1—¢€)h§

1 1> —
_ /Q e dz6=0. (15)

2 Lol - u02(Z¢)




Thanks to the relation

i L — )u’ = i 0
lim /Q Ty T W 0z = /Q = ( /T Gl dx)0,(20),

e-0

which is justified by (1 — v°)us2+° and to the relation

) 52—04
.y e Tl - 0,(Z
E'I%/Q hy+e(L—oo)hg 2 w02(29)

= _lim / ! h5e? C((z/=)uf)dz(Z6)

200 Jo hy + e(L— g
i 1 €, 2Ai €
+l'f6/g Py e — gy 120 ANat 02 (Z0)
=i 1 €2 _ a c
- !I_I:%/Q hl + 8(1 _ wg)hg h2€ m ¢($/€ ))u )aZ(Z¢)

=/thlaz(z¢>)/le he Gl dX,

which is justified by 2 (@ — ¢°)u®)> [P, we compute
. 1
!'ﬁ%( /Q h + e(L— 09)h5

- /Q 3-02(26) | Eellin®)dx

=0 because of the periodicity of h,7°.

62_a

IS5
h+e(1—¢e)hg 2

Oty - (1= 00 0,(20) ~ | Lo - u70(20) )

We thus infer from (15) that

1 1
lim € = P =0.
5|_>0/Q hi + 6(1 — we)héw 029 /Q hlw 092¢=0

It follows that 9,w° = 0. We conclude using the boundary conditions. O

Remark 3.1 We recall that the aim of this work is to get a perturbation of the Reynolds approxi-
mation. And the previous result is characteristic of such a lubrication approximation: it states that
we can neglect the vertical component of the velocity.
3.2 Divergence equation
Lemma 3.4 We have the relation
hidivyu® — A - Z 97u° + 9z (wt + L) =0,
where w! = (1/d — 1) [7a—s @1 dX, with @ CIP(Q; HY(T9™1)) is defined by the following two-scale
convergence
2
ew* =0,
2
{ C(ed®)~ Ly,
while 9L is defined by the following weak convergence
— 3 £
87L = lim 6Z<Zsmdivwf) in DXQ),
-0 h]_
Lyz=0 = Ljz=1 = 0.



Remark 3.2 The term @! is the rigorous counterpart of the first order term of a formal anisotropic
expansion of we:

w® =Tz, Z,x/e?) + ez, Z,x/?) + 2T (x, Z, 1 /e®) + - - -

Proof: We multiply the divergence Equation (7) by a test function ¢(z, Z2) [CDI(Q). We obtain:

£ 1 IS
—/Qu - m+/ghl+s(l_¢e)h§ B - 5 0,(26) du dZ

1 1_ 5
+/Qh1+€(1—¢5)h§( gw)@g'usaz(zé)dde
_/ 1 h5 Cf - u04(Z¢) d dZ—/ 1 1 opodndZ =0
o h1 +e(l—e)hs et u Oz x Qh1+5(1—¢5)h§5w b dxdZ = 0.

It follows that
/uo- @]+/ il;m-zazu%dxdz
Q o h

1 1
ZO0ufddx dZ + -
71 d /Qshlw(l—wa)hs

+,im(/91(1—w€)ms—ez‘ah§m

15
A
- hi+ (L= 09)h5 w Oz¢drd )

e-0
= 0.(16)
We note that 1/(h1 + (1 —9°)h5) is a computable perturbation of 1/hs for our convergences needs.
Indeed, we have
1 1 —e(1 —°)h5
hi+e(L— o9k hi  ha(hy +e(L— 09)h3)

On the one hand, using (1 — ¥°)2u2 €9 and 2 (I — ¥°)2us 2 2P, we write

O (- 07) el = 7 ) - 207
2

iin /Q c hi(ht + e(1 — ¥9)h
1
== [ 4 [ he BB 20280 0ax
Q hi
hs*

2
— i & — ay)2 €
M o iy + (1 — 0°)h5) 2 = w(e/e) 070°) 26

* ””‘/ a = (L b/ G2 6
=0 Jo hy(hy + (1 — ¥°)h5) 2 7

1
=—/ 2/h2 Dt 2 9,8° 6 dX
o h{

: h3?® e? ayy2 e
wlim | vy 2 V) ) 922 )

~lim / h5® = (L= (/=) G2 6)
£20 Jo ha(hy + e(1 — vo)h3) 2 z

—_[1 0 R 0

= /Qh%/hz Cxth Z 07¢ ¢dX+/92h%/h2 L") 02(Z ¢) dX

__ [ 1 0 _ (Y [, 0

= /Qh%/hz Ll 076" Z g dX /thf/hz Le(0787) Z ¢ dX
1

=_/th§/ Cx(1n302¢°) Z pdX

=0

10



because of the periodicity of h,£0.

On the other hand, we define w®“* by

ti [ G ;gf)h;s)h) woo= [ ([ wax)ose==[os([ wrax)e. an

which means that (1 — ¢°)h5w®/hf — [;a w™*dX weakly in L2(Q). Then Relation (16) reads:

/uo- @+/1gm-zazu°¢+/az(/ w““de)gb:—A—B (18)
Q th Q Td—1
where
A= lim [ 20 (= ) Dl = <2 hs L) - 20,
€~ Q¢
. 11
B —!l%/g)emw 8Z¢
We write

= lim / L@ — v°)h5) - (Z0u%)o
L E(I—ws)hs v 6(1 ¢5)h .
= tim ( /Q =iy, c05(70) - / o T w0 20)
S-S
+ [ SR coazo)

= lim / Q=Y Giv,wr o4 (2 0)

e-0 Q hl

= Iim/ g(l_w)hzdivmuaZang+lim/ Sl L TV
Q h e-0 h

e-0 1 o) 1

. 1—Y°)h§ .. 1—Y°)h§ ..
=—I|rT(1)/Qc‘)Z<Z€(Q’Z))2d|vx )¢+I|m/ %dlvxu%. (19)

h1 e-0 1

The first term in the right hand side will give the conservative contribution 0 L to the final divergence
equation. Let us compute the last term. We multiply the divergence Equation (7) by the test function

11



e(1 — v)h5e(x, Z). We get

Q-5
tim /h1+s(1 ey 929

_€|I£11/5dlvx ‘A=Y )hs50 + Ilm/ hlg—fle(_lwazﬁ]?)hg 0] - w0z (Z9)
: ha _ . 1E\2, €
+g“m)/gh1+s(1—¢€)h§ el - (1= 4°)2u°02(Z0)

T 62—ahzé:2 o
EIID?)/Q hy +e(1— ¢°)h5 LoalF - (1 = 97)ur02(Z9)

=Iim/sdlvx S(A—y)hs ¢+/2]111/EGL§)-€°82(Z¢)61X

e-0

. h52
N !L”?)/Q hi+ 5(12— be)hs g Q@(l B w6)2“8> 02(49)
_ hg? 2 _
~lim /Q Iy + 5(12— PV %(1 — V) divau 92(2¢)
— i : E(1 — EY HE 1 2y . 0 1 2
—nm/gsduvxu 8 w)h2¢+/ =GN 3Z(Z¢)dX+/ i [ 15 T 0x(20) ax

e-0

= Iim/sdlvx FA—Y)h5p+ = / /Iichzﬁo)ﬁz(Zeb)dX

-0

€ -

= |im/5divxu5 L—-yY°)h5¢
Q

because of the periodicity of h,£0.
Bearing in mind (17), we infer from the latter relation that:

, (1 —°)h5 W0 = li RS e\ iy e
l'ﬁ%/ ha(hs + e(L— V) h5) 829{’_5“?8/9;115(1 V) e divzu

- / 8y ( / W dX)gb (20)
Q Td—1
because of the definition of w

11
Let us now compute B = Ilm/ —h—w €0z ¢. We write
1

11 1 1
/Qgh’wgaz¢=/962(5w8hlaz¢)

= dil/ div(I(x/sz))(sweiazﬁb)

1
=-g=1 ) 1@/ Hay aqu)
where I is the 1-periodic function such that I(z) = = if z CIF~1. Then
1 1

B= fy{fpu X DX 020
1 1
= w1 dX ) —

d—1 Q(/Td_lwld )hl 029 (21)

wl 0wl
/th 2= T ¢

12



where w! = A+ [14_, @1 dX, the function @, CLP(Q; H(T? 1)) being defined by

{ ew® =0,
ey 2
C(ed®)—~ il
Using (18)-(21), we obtain the announced result. O

The conservative form of the limit divergence equation obtained in the previous lemmais su cient
to get an explicit Reynolds approximation of the flow, even if function L is not explicitly computed
(see [6]). By the way, we end this section by computing L under an additional assumption.

Lemma 3.5 Assuming moreover one of the following assumption,
(H1) [@dh3) strongly two-scale converges to [ (/°hy),

(H2) v* strongly two-scale converges to 1°,

(H3) a < 2,

then L = 0 and the limit divergence equation reads

hadiv,u® — LR - Z07u° + dzw = 0.
Proof: From the assumptions (H1) or (H2), it follows that
h2(X)7°(, X) = ha(X) (1 = ¢°(x, X)) uo(z, Z),

ha(X)E(w, X) = ha(X) (1 = v°(z, X)) uo(x, 2).
The two scale limit of Z e(1—1°) k5 divu® is hi L = Z (1—°) hy divxu! where vt CLH(Q; H1(T4™Y))
is the anisotropic two-scale limit defined by
ey 2 1

C(ed®)— Ly
Let us compute divxu®. To this aim, we multiply the divergence Equation (7) by e¢(x, Z, x/<?)
where ¢ is an admissible test function for the two scale convergence. Integrating by parts, we obtain

d)E

hi +e(l—9°)h5

/ edivu®¢® — / (1 — ) s — sz—ahg Cof) - ZOzus
Q Q

£

=0.

_/Qg@-zazu I+ (1—¢5)h5 /azw h1 +e(1 —¥2)h§

We recall that eazusi 0 (a strong two-scale convergence due to the fact that d,u° is bounded in

(L2(Q))%) and w20 (see Lemma 3.3). We also have

&°
hi + (1 — ¢°)h5

im [ (=) Gl = <275 ) - Z0u = [ [ o divx(zon®) odx,
e-0 /o QJTd-1 hy

because
((1— %) Tl — £27hs Lapf )u® = 2div, ((1 — ¢°)h5u®) — e2(1 — ¢°)hidivyu’
i diVX (hz’yo) .
We thus conclude that

. 1.
divyul = leoan(h2 - Z077°). (22)
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With the additional assumption (H1) or (H2), we infer from (22) and from [uf = 0 that
divyul = hlldivx(hz(l — 0 Zo,u°% = hll Ccho (1 — ¢°)) - Z440.
We conclude by computing
[, BiX = 0@ ([ 1o 0= ) Gttt = ) dx) =0

Assume now (H3). Following the lines of the proof of Lemma 3.3, one easily check that the
assumption « < 2 leads to

(1 — )2 0.
Now, using the test function (1 — +°)é(z, Z, 2/?) instead of e¢(x, Z, z/£?) in the latter derivation
of divyul, we state that
1
h1

Integrating over T¢~1, we recover once again L = 0. O

(L — ¢)divus 2 —divy (hy - Z05¢0).

3.3 Momentum equation

Lemma 3.6 Let ¢° be the ”’strange” function defined by the following weak convergence in L?(w; H2(0, 1)):
2 1
| EEA — v)h3) [P 2020 =) + 207 (207 (5%°) ) LEAE = vAB5ID) — o°.
The limit of the first momentum equation is
N¢Zﬁzuo - 8%Zuo + h% Iﬂ + qo =0,
where

Ny(z) = /T I = 90, X (X) X, o T

Remark 3.3 Assuming moreover (H1) or (H2), that is [(z21h5) strongly two-scale converges to
{/°hy) or ¢° strongly two-scale converges to 4°, and using d;p° = 0, one checks that ¢° = 0.

Proof: Let us pass to the limit ¢ —» 0 in the momentum equation. We multiply Equation (5) by
e2¢(x, Z) where ¢ CHE(w; H3(0,1)) and we obtain:

2 — < =101 — /€ _ l—aje )
/Qs Cod - 4l th+8(1_¢5)h§(@+e (1 — o) Ly — &'~ L) - £ Laddz(Z9)
— e? =101 — /€ _ l-aje €
/thw(l_w)h;(';’ﬂ“ (1= ) Gl — &' h i) 200 Lol

Ozuf - 97(Z%9)

+/ 2| Dol + e (1 = ¢7) Dyl — £17°h3 L |
o (1 + (1= y#)h5)?

1
+ Azus - Oy — 2pediv,
/Q(h1+s(1—w€)hs)2 2% 029 /Q”’ ¢

1 2 ¢ —17q _ /€ _ l1-aje ) —
+/s)h1+5(1—¢5)h§€p(|;ﬂ+€ (1= %) Lyl — &7 ha L) - 07(Z¢) = 0.
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Passing to the limit ¢ - 0, we get

—!i%/sztélﬂa (29)) - L

€ 2a5 2
i [ 1= Dl — 227 h G|

e-0 h2

1 : (L= ¥
+/Qh§azu 970 — /Q pPdivz¢ + lim /fospgdlv(( Q=2 5,(20)) = (23)

dzu - 97(Z%9)

We express the first term of the left hand side of (23) using once again (5), but for the test function

ElCh wg)hza (Z). For this choice of test function, we obtain:
/ Cod e _‘Z’E)hza (Z¢))
/ hlﬂ(f_we)hg(@iw‘l«l 07) ety = 2700 ) - 2070 T{F—20,(20))
[ ey (G 70— ) Dty = <20 ) -« it 0 (2500, (20)
/Q LLATe 1((2;1@6()1'%]2); 8)2 e G e, (zzwa o)
- | g =g e 0 (C T R 0ae) + [ Svran(CS R0 0)
—/Q hl+€(1l_ s 2pe( Rl + e H(1 — v°) Il — 17 h L) -az( (1 wh?a (qu))

Passing to the limit ¢ — 0 in the latter relation, we get:

i [ 2 97000

= tim [ ~ /71((1 — ) Etls — <205 L) - 20" 20,20

+|im/953padiv(( _ws)hza (Z¢)>

e-0

~im [ ,jlezpf((l—wff)@i—ez‘ahs ca) - 0,25 0,20)). @9

e-0
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Inserting the previous computation in (23), we obtain:

—nm/ — (1 — ") el — 27 h5 7)) - Zogu® E(En( ws)hza (Z4))

—li_r%/gze psdiv(( _W)hz@ (Z9))

wlim [ ey (4= ) el — 2 1) S 0,(20,(20)

-0

€ _ 22—« 2
iy [ M=) T

/Q 20026~ / PPdiv,

+Iim/ 5d|v(( —thf)hZa (Z¢)) =
o

e-0

dzus - 32(22925)

We thus note that the combined use of (23) and (24), that is the use of the momentum equation (5)
for two di erent ad hoc test functions, is su cient to pass to the limit without studying the limit

behavior of the non-bounded sequence (ep®). This is a subsequent improvement of [6]. At this step,
we have proven that:

= limy [ 5101 ) Dt = s 1 20,0020

wlim [ ey (= ) Bt = 22n 1) © 7 0,20,(20)
Ve [ 10— 0) Gl — <20 P

E~>0 Q h%

+/ 128Zu0-8zgz5—/p0divx¢:0,
o hi Q

that is, combining the first and third lines of the latter relation,

R VAL)

lim /Q ,jlezpe((l—w)lzﬂ;—ez—“hma“ ‘”E)hzaz(zaz(m))

E—»O
— 2/\E _ 22—« 2
+ / %82110-82(;5— / podivxqﬁ:O. (25)
Q' Q

It remains to exhibit the partial di erential equation corresponding to the latter weak formulation.
Lemma 3.6 is proven. O

Remark 3.4 Assuming o < 2, the definition of the strange” function ¢° becomes:
| L@ — ¢°)h5)|?Z02(u — 1) — ¢° weakly in L2(w; H™2(0,1)).

Indeed, if a < 2, lim(e2p° CEA(L—¢)h512)) = IIm(s PE(L =) CEANSI2)) = [ramr 7° Cxlha|2)dX

where 7° is the two-scale limit of the sequence (¢?p°(1 — v°)?). This limit is computable without
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assuming the strong L?-convergence of (¢2p°) as in [4]. A first proof is in [16]. Here we simply use
the two-scale convergence. With the slight modification of the proof of Lemma 3.2, we obtain

lim ( / 20 (1 — v°) divy¢* da dZ — / £2F 2270 [N dar dz) =0,
- Q Q

for any admissible two-scale test function ¢°. Since o < 2, it follows that [z = 0. Thus, by the
periodicity of hy,

/ n° CxQho?)dX = n° / Cx0ha|?)dX = 0.
Td—1 Td—1

3.4 A modified Reynolds approximation: proof of Theorem 0.1

Let us check that the system formed by the equations presented in Lemmas 3.4 and 3.6 corresponds
to a ”modified Reynolds” system. The limit momentum equation is (see lemma 3.6)

NypZdzu® — 9% ,u° + h2 Lpl + ¢° = 0.

We integrate it in the variable Z (for each fixed x) and find, with the boundary conditions:

Z s 0
W0 _ Ny (2)(s2—12) /2 q (x,t)
(z,2) (/O /0 eNw D2pi(x) + hl(x)z)dtds

1 ps 0 t Z Nq,(x)SQ/Zd
- [ [ ooy « L) sl *) hatay?

x)? fol eNu(@)s2/2 g

foZ eNu(@)s?/2 g
+|1-— Uy. (26)

fOl eNu (z)s2/2 ds

Next, integrating with respect to Z the divergence equation (see lemma 3.4)
div,(h1u®) + dz(w1 + L — Z LA - u°) = 0,

and taking into account that the velocity wy + L — Z R - «° cancels for Z = 0 and for Z =1 we

obtain L
div, ( / hluOdZ> =0.
0

With the previous expression (26) for the velocity the following pressure equation is obtained
div, (h3A Lp) = div, (h(BU, — Q)

where A and B are two functions defined in w by

12 ! 2 12
A(z) = ——— eN‘l’(x)/z/ e Np@/2 gy 1) — =2 _(MNv@/2_q
(@) Ny(x) ( 0 Nw(:v)( )

fol Is eNe@E*)/2 gt
fOl eNqJ(z)sQ/Z ds

Y

1 (el\flp(w)/2 —1) 1

B = ,
) Ny (x) fol eNu(@)s?/2 g

r Ll
assuming that function y 3 (e¥/? — 1) /y is continuously extended to R and Q° is defined by

1 Z  prs
Q%) = / </ / eNo@*1)/200 (2. 4 dtds
o \Jo Jo

Z N, 2/2
Y P N i—2)2.0 Jo eNvE2ds
et q (x,t) dtds=; 5
o Jo Jo eNw(@)s2/2 g g

)dZ, o )|
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Part (i) of Theorem 0.1 is proven. Part (ii) is straightforward since the limit momentum equation is
now given by:
NyZozu® — 9% ,u° + B2 i = 0.

We thus have ¢° = 0 and then Q° = 0.

4 Some numerical illustrations

In this section, we present some numerical results. The goal is to quantify the e ect of roughness on
a portion of a surface. So we compare the solutions of the classical Reynolds equation (corresponding
to the smooth domain) and those obtained from the equation with partial roughness, see Theorem 0.1
on page 3 and Remark 0.2 after.

Physically, we are in the framework of lubrication. Consequently, we are interestd in the pressure
forces in a flow between two surfaces whose relative velocity is imposed. As usual, all the geometry
of the gap between the two surfaces is taking into account by the upper surface (it corresponds to
the height h1) and the relative velocity is taking account by the lower surface (its imposed velocity is
denoted by U, while the upper surface is at rest). Moreover, we know that the problem is well posed
if and only if we give boundary conditions: either by imposing Dirichlet condition on the pressure,
either by imposing Neumann type flow. A physically interesting situation is the following: we give a
Neumann condition at the “entrance” of the channel (that is a flux denoted by Q.), and we impose
a pressure at the other boundaries.

More precisly, for the next simulations we use the following data (see also Fig. 2):

w=1[0,1]%1[0,1], hi(z,y)=Qr—1)2+05 U,=(1,0) and Q.=05

4.1 Without rugosities

To situate the next results, the first figure that we present (see Fig. 2, on right) corresponds to
the case of flow in a smooth domain. In that case, we solve the classical Reynolds equation, see the
Remark 0.3. We use the Freefem++ language (see http://www.freefem.org/ ++/) and consequently
a variational form of the Reynolds equation: for all test function ¢ vanishing on the boudaries {z = 1},

{y =0} and {y = 1}, we get

h3 h
/1@m/1Ub-m Qeq =0.
w 12 w 2 {z=0}

Finally, we use the Scilab software (http://www.scilab.org/ ) to view results.

4.2 Some rugosities

From the results of Theorem 0.1, it seems simple to simulate the rugosities e ets on the upper surface.
Morally, it is su cient to specify first: on which area of the surface roughness ago, and secondly:
quantify the roughness using their form. These data allow to evaluate the function N, and therefore
the coe cients A and B involved in the statement of the Theorem 0.1. For standard rugosities,
for instance described by a function of the form acos(6X), it is reasonable to take the following
examplarity values

Ny(z,y) =0, A(r,y)=1 and B =05 onsmooth part,
Ny(z,y) =2, A(zr,y) =1.08696 and B = 0.58739 on rough part.
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Height
with possible rugosities)

- >
Bottom velocity

Figure 2: On the left figure, we draw the three-dimensional domain and indicate the main data. On
the right figure, we plot the pressure profile without rugosity, that is the solution to the classical
Reynolds equation.

We then present three cases where the domain w is partially rough (see Fig. 3, 4 and 5). We can
note two remarkable points. First, the e ect induced by the roughness is not a local e ect. Thus,
although roughness occupy only a portion of the domain, then the pressure is disrupted throughout
the domain, including upstream roughness. Secondly, the e ect of roughness is quite significant even
if these wrinkles are present only a small part of the domain (see Fig. 5).

<

Rugosity part Smooth part

Figure 3: On the left figure, we indicate the part of the top boundary which is rough. On the right
figure, we compare the pressure profile without rugosity (grid) and the pressure profile obtain with
the corresponding rugosities (plain).
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Rugosity part
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Figure 5. On the left figure, we indicate the part of the top boundary which is rough. On the right
figure, we compare the pressure profile without rugosity (grid) and the pressure profile obtain with
the corresponding rugosities (plain).

20



[2] G. ALLAIRE. Homogenization and two-scale convergence. SIAM J. Math. Anal., 23:1482-1518,
(1992).

[3] G. BAvyapa, M. CHAMBAT. New models in the theory of the hydrodynamic lubrication of rough
surfaces. Trans. of the AMS J. of Trib., 110, 402-407, (1988).

[4] G. Bavyapa, M. CHAMBAT. Homogenization of the Stokes system in a thin film flow with
rapidly varying thickness. RAIRO Model. Math. Anal. Numer, 23, no. 2, 205-234, (1989).

[5] N. BENHABOUCHA, M. CHAMBAT, I. CIUPERCA. Asymptotic behaviour of pressure and stresses
in a thin film flow with a rough boundary. Quart. of Appl. Math. no. 2, 369-400, (2006).

[6] D. BrEscH, C. CHOQUET, L. CHuPIN, T. CoLIN, M. GIscLON. Roughness-Induced E ect at
Main order on the Reynolds Approximation. SIAM Multiscale Model. Simul., to appear (2010).

[7] B. BusHAN AND G. BLACKMAN. Atomic force microscopy of magnetic rigid disks disks and
sliders and its applications to tribology. ASME J. Tribol., 113:452-457, (1991).

[8] D. CioraNEscu, F. MurAT. Un terme étrange venu d’ailleurs. [A strange term brought from
somewhere else]. Nonlinear partial di [erbntial equations and their applications. Collége de France
Seminar, Vol. Il (Paris, 1979/1980), pp. 98-138, 389-390, Res. Notes in Math., 60, Pitman,
Boston, Mass.-London, (1982).

[9] H. Dripi. Comportement asymptotique des équations de Navier-Stokes dans des domaines
applatis. Bull. Sc. Math., 106, 369-385 (1982).

[10] A. Dyson. Hydrodynamic lubrication of rough surface - a review work. Proceedings of the 4th
Leeds-Lyon Symposium on surfaces roughness on lubrication, 61-69, (1977).

[11] H.-G. ELrROD A review of theories for the fluid dynamic e ects of roughness on laminar lubri-
cating films. Proceedings of the 4th Leeds-Lyon Symposium on surfaces roughness on lubrication,
11-26, (1977).

[12] T. FrrzGERALD, R. FARRELL, N. PETKOV, C. BOLGER, M. SHAW, J. CHARPIN, J.P. GLEE-
soN, J. HoLMES, AND M. MoRRIs. A Study on the Combined E ects of Solvent Evaporation
and Polymer Flow upon Block Copolymer Self-Assembly and Alignement on Topographic Pat-
terns. Langmuir, 25 (23), 13551-13560

[13] L. HE AND J. ZHU. The fractal character of processed metal surfaces. Wear, 208:17-24, (1997).

[14] W. JAGER, A. MIKELIC. Couette flows over a rough boundary and drag reduction. Comm.
Math. Phys, (232-3), 429-455, (2003).

[15] M.-M Koura AND M.-A. OMAR. The e ects of surface parameters on friction. Wear, 73(2):
235-246, (1981).

[16] A. MikeLIC. Remark on the result on homogenization in hydrodynamical lubrication by G.
Bayada and M. Chambat. RAIRO Model. Math. Anal. Numer, (25-3), 363-370, (1991).

[17] N.-O. MvYERs. Characterization of surface roughness. Wear, 5(3): 182-189, (1962).

[18] G. NGUETSENG. A general convergence result for a functional related to the theory of homoge-
nization. SIAM J. Math. Anal., 20:608-623, (1989).

21



[19] F. PLOURABOUE, M. PrAT, N. LETALLEUR. Sliding lubricated anisotropic rough surfaces.
Physical Review E, 64, 011202, (2001).

[20] O. REYNOLDS. On the theory of lubrication and its application to mr beauchamp tower’s
experiment, including an experimental determination of the viscosity of olive oil. Proc. Roy.
Soc. London, 40:191-203, (1886).

[21] W. WIELEBA. The statistical correlation of the coe cient of friction and wear rate of PTFE
composites with steel counterface roughness and hardness. Wear, 252(9-10): 719-729, (2002).

[22] V.-V. ZHiKOV. On two-scale convergence. J. Math. Sci., 120(3):1328-1352, (2004).

[23] G. Zunou, M.-C. Leu, AND D. BLACKMORE. Fractal geometry model for wear prediction.
Wear, 170:1-14, (1993).

22



