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This paper establishes the existence of smooth solutions for the Doi-Edwards rheological
model of viscoelastic polymer fluids in shear flows. The problem turns out to be formally
equivalent to a K-BKZ equation but with constitutive functions spanning beyond the usual
mathematical framework. We prove, for small enough initial data, that the solution remains
in the domain of hyperbolicity of the equation for all ¢ > 0.
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1 Introduction

Modelling industrial flows of non-Newtonian and viscoelastic fluids using molecular
models and theories is nowadays of utter importance, see e.g. [1,2,4,5,7,10,11, 14-17,
21,26,28,29,32,34]. However, this activity success hinges on users ability to cope with
significant mathematical difficulties. This paper presents existence results for the shear
flow of a Doi-Edwards/K-BKZ fluid, and before getting to the matter, for sake of clarity,
we quickly introspect the key physical considerations laying at the model foundation.

In the realm of unfilled polymeric liquids, one distinguishes dilute systems from con-
centrated and melt ones and notices a physico-mathematical divide: constitutive laws
and related mathematical technicalities are to a good extent different. When polymer
concentration increases beyond a critical value, molecules overlap and excluded volume
interactions, hydrodynamic interactions and entanglement interactions all strongly affect
the molecular motion making calculations significantly complicated. At the present, there

1 Dedicated to Professor Denis Serre, Ecole Normale Supérieure de Lyon, France, on the occasion
of his 60th birthday anniversary.
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are two theories — which are reasonably supported by experiments — that account for the
molecular dynamics, called the density (concentration) fluctuation theory and the kinetical
theory. Although they describe different aspects of the dynamics, they are nonetheless
seen as related to each other; however, the interrelation is far from being conspicuous
and remains a matter of debate. The kinetical theory of Bird, Curtiss, Armstrong and
Hassager [6] on one hand, and that of Doi and Edwards [20] (DE for the short) based on
de Gennes’ reptation diffusion [18] on the other, are considered of paramount importance.
Here, we shall talk about the later.

In the DE model, a polymer chain — which consists of articulated segments — is seen as
confined within a tube made-up of the surrounding chains and is free to wriggle out of it
under imposed strain in a snake-like diffusion called reptation. As DE put it, this is not to
say the tube vanished, but the protruding part moves into a newly formed tube segment
while the portion that has been vacated on this occasion ceases to exist. Put it otherwise,
the chain uses the degrees of freedom of its extremities to gradually change its shape by
reptating. Under the influence of an external field, both the macromolecule and the tube
are deformed in a cooperative manner. The chain configuration is actually determined by
the new tube-like surrounding it just moved in, and is a many body problem of great
complexity. DE first assumed that each chain segment deforms independently, hypothesis
known as the Independent Alignment Approximation (IAA). The chain segment motion is
seen as a concatenation of three processes which chronologically are: (a) an instantaneous
deformation, followed by (b) a quick retraction to its original length, and eventually (c)
undergoes a slow reptation motion out of the tube it initially occupied. Processes (a) and
(b) affect the chain orientation without stretching it, while a relaxation occurs at stage
(c). A more realistic view (albeit still an idealization of the real diffusion) is to consider
(d) that the deformation (i.e. the flow) causes an extension of the segments at a rate
proportional to the macroscopic velocity gradient. In this case, one needs to account for a
retraction—extension mechanism by which the chain keeps its curvilinear length constant.
When this is done, one gets what is commonly termed by physicists “the full non-linear
DE model”, in the sense that a more complicated diffusion equation results in a more
complex stress tensor expression, hence the non-linear model.

Let s € (0, L) be the curvilinear coordinate along the chain, and u = (uy, uy, u3) a unitary
vector belonging to the unit sphere S, that gives, for any s, the orientation of the chain
segment.

At the heartcore of any kinetical model one finds a configurational probability diffusion
equation the solution of which — here for convenience denoted F — is needed to obtain
the stress tensor (or put it differently, to get the corresponding constitutive equation,
CE). The solution F is a probability density with respect to the variable u, and solves
([13,20,35,36]):

oF *F 0 d )

o +(V-Vx)F = D@ ~ [#(t,u)F] 4+ eFk .uu—ea [Frc : A(F)],

for (X,t,u,5) € Q x (0,400) X S x (0,L)

F(s=0)=F(s=L)= %; F(t =0) = Fyo(X,s,u)a given function, (1.1)

where (X, t,u,s) € @ x (0,4m0) x S, x (0,L), and
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MF)X,t,5) = /OS {/ F(X,t,u,suudo | ds’ (1.2)

S

and

MM(tu) =K u— (K :uu)u. (1.3)
In the above, D > 0 the diffusion coefficient, X = (xy, x2, x3) € Q < R? is the macroscopic
Eulerian variable, t the time. F = F(X,t,u,s) is the configurational probability, x = VxV
the velocity gradient and € > 0 a model parameter. Einstein’s usual summation convention
over repeated indices applies wherever needed; classical tensor calculus notations are also
used, e.g. uu stands for u ® u, etc. Note the presence of velocity V' in equation (1.1). If
one sets € = 0, the simplified diffusion equation is proper to the IAA version of the
DE model, where chain segment extension—retraction mechanism is neglected. If ¢ > 0,
then all mechanisms from (a) to (d) are taken into consideration and one deals with a
non-linear diffusion equation. A more detailed discussion on the physical meaning of the
four terms in the r.h.s. of (1.2) is given e.g. in [13,20,35,36].

The stress tensor S reads [13,35,36]:

SZ&(H+fﬁ) (1.4)
L
H(X,t)=%// (uu — 9) F(X, t,u,s)dsdo (1.5)
S2 0
L
ﬁ(X,t)z%// uuF(t,u,s, X)In [4nF(X,t,u,s)] dsdo, (1.6)
Sz 0

where o > 0 a physical constant; observe the stress tensor £ is made up of two parts H
and H given in (1.5) and (1.6), 0 being the unit tensor.
The fluid flow is governed by the classical momentum balance equation:

oV R
§+(V'Vx)V=—Vp+Vx'Z+f,an

Vx V=0,inQ (1.7)

with p denoting the pressure. For the system of equations (1.1)—(1.7), energy and entropy
estimates can be obtained by usual means. However, estimates on higher-order derivatives
are necessary in order to prove the existence of a solution to the aforementioned system.

In [13], we proved the existence and uniqueness of solutions to the diffusion equation
(1.1) assuming V(¢) is given and independent of X, using the Schauder fixed point theorem
and the Galerkin’s approximation method (for the existence and uniqueness of solutions
of the corresponding stationary equation see [12]).

Compared to this manuscript framework, previously published papers on other polymer
molecular models — e.g. [3,27,31,32,39] or [43] — deal with a different type of system
of equations in that one notices the presence of Newtonian fluid related term, i.e. the
Laplacian AxV, in the corresponding momentum balance equations. There, this term
originates from physical considerations regarding the choice of a suitable constitutive
law for the stress tensor %. Specifically, if one deals with a dilute polymeric fluid, then
it is customary to assume that the total Cauchy extra-stress tensor is given by the sum
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between the solvent contribution which generally behaves like an ideal Newtonian fluid
— hence the AxV term — and a purely non-Newtonian or viscoelastic contribution. This
assumption is in excellent agreement with experimental observations on dilute polymer
liquids. However, in this work case, the fluid under scrutiny is solvent-free. Consequently,
there is no Newtonian contribution to the stress tensor and we must deal with the
additional difficulty that springs off from the absence of the otherwise convenient Ay V
term.

In view of this difficulty, we choose here to solve the important problem of existence of
a solution to (1.1)—(1.7) in the case of a simple shear flow for which V (X, t) = (v(x3,1),0,0),
F = F(xa,t,u,s), p = p(x2,1), f = (f(x2,1),0,0)), and taking e = 0 which corresponds to
the IAA version of the model. For simplicity, from here on we denote x, by x: e.g. v(x2,1)
reads v(x, t).

The governing equations for the shear flow are given below:

ov 6212
D 1.8
a0 ax Y (18)
ap 6522
D 1.
Ox Ox (1.9)
022 _ (1.10)
Ox
where
- 1 (L 4 .
Zj2=7/ / uzqududs——éjz,]=1,2,3 (111)
L 0 S» 3
OF 3*F v d
= (A o(u)F). (1.12)

o o2 oxou
In the above, #'o(u) = Mo - u — (Mo : uu)u, with (My);; = 6i102;.
To the system of equations (1.8)—(1.12), we assign the following boundary and initial
conditions:

v=0, forx € 0Q

v =1, fort =0

F = i, fors=0ors=L
47

F =Fy, fort =0,

(1.13)

where Q < R is the range for x, while vg(x) and Fy(x,u,s) are initial data.

From [19], one sees the equation (1.12) for F can be solved allowing for the obtainment
of £ as a function of the velocity gradient % How this may be done is detailed in
Appendix 1 (see Section A.1l); here below we summarize — for sake of clarity — the
aforementioned calculations and give the algebraic expression of & 2, j=1,2,3.
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The solution F is obtained via the method of characteristics which allows for arbitrary

initial data. One gets F(x, t,u,s) = > 375 Fx(x, t,u)sin (Xs) , wherever
oK DI/L? x ( (x, 2)d2, >
Fk(x, t, 3 Ok X,
T (/ S i) W )|
5 7k2n7D t—1)/L?
+ 5 2 kA d (114)
(] o)
with
x(vsu) = (U — yus, uz, u3), Vy € R, Vu = (ur,ua, u3) € .
For(x,u) is such that
Fo(x,u,s) = ZFOk X, u) sin (Ts) (1.15)
+00 kr
1= acsin (Ls> ,a € R. (1.16)
k=1

Function F allows for calculating & 2, j=1,2,3 in (1.11) as a function of the gradient
%(x, t). Observe that (1.8) now becomes the main equation, of unknown v. Assuming it
has a solution v — actually the goal of the present paper is to prove the existence of such
a solution — one gets the pressure field p from (1.9).

Next, one sees that for any k € N* function Fo(x,uy,us,u3) — as a function of uz —
depends on u3, and so does Fy for any k as well. Consequently, 33 =0 and (1.10) always
holds true.

In this work, we shall assume that

1
Fo=—

i (1.17)

which amounts to assuming Fo, = 75, Vk € N, Use (1.17) into (1.14), and since a; =
%fOL sin(kf"s)ds = % for any odd k and a; = 0 for any even k, one formally gets

oa

N . da

Flx.tos) = at,s) : _/ ot
0

t
‘x(/‘&w&iwku>
. Ox

(t—r1,s)

dr, (1.18)

where

s . ((Cp+1
()= > T le—D(sz)?n Y12 G (“’JLF)“S) Ve 0,5€(0,L).
p
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The assumption (1.17) is critical to ensure a K-BKZ type of equation in v is obtained (see
equation (1.23)); altering it would lead to a different kind of problem hence a different
mathematical setting.

Posing v(x,t) = 0 for 7 < 0 leads to

oa

0 7(t_ s ) a
/ oS do = — als 1) (1.19)

t a 3 a 3
b4 </ ai(x,?u)di,u) 1 (/0 U(x 2)dA, u>

and with help of (1.18),

—0o0

oa
F(x,t,u,s) / (t_bé) sdt (1.20)
X, tu,s) = )

([ o)

which is equation (3.10) of [19] (reference in which the result is obtained via a Green’s
function technique), unanimously used when the IAA version theory is used. As an aside,
we mention that in the rheology literature one commonly states that the “configurational
probability density must vanish in the sufficiently distant past” i.e. FO =0 for t = —o0.
But this gives Fy = 1 for t = 0, hence (1.17). However, taking Fo + - leads to a different
mathematical problem unrelated to the fluid under scrutiny here.

Moreover, a straightforward calculation shows that

1 [t 2
1| atesas = Zaneio

where the Doi-Edwards kernel (a.k.a. the Doi—-Edwards relaxation function) apg is given
by
+o0 1 ,
- —D(2p+1)*n2t/L
a t) = S o , Vt = 0.
pE(1) ; Op+ 112

Letting now gpg : R - R,

20 Uiy
goe(y) = ——
TS (= uay)? +u3 + uj

]3/2du, Vy € R, (1.21)

we obtain

S = —gDE (/0 g—i(x, r)dr) apg(t) +/0 2DE (/ g—i(x, r)dr) dpg(t — 7)dr. (1.22)

Before proceeding further, we make at this stage a final remark: had one chosen
Fy + 417, then equation (1.23) would have contained an additional term of the form
%(t, 01 %(x,r)dr), where ¢ is a “small” function whenever (Fy — ﬁ) is “small”, resulting
in a different mathematical problem.
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From the above considerations, one infers the shear flow problem under scrutiny is
tantamount to solving for v the below integro-differential equation:

ov 0 " ov
& = — aingE (A a(X, T)df) aDE(t)
42 /t /tﬁv( r)dr ) apg(t —7)dt+ f, >0 (1.23)
ox Jo gDE . Ox X dpgll —71)dT T ], : ’

Now equation (1.23) — here obtained on molecular dynamics grounds — has been focused
on within the area of viscoelastic fluids as it appears when one studies shear flows for
the K-BKZ fluids. There is no contingency here as in their 1978 original paper [19], DE
have shown the simplified IAA version of their non-linear model actually enters the class
of K-BKZ integral models, which are based on continuum mechanics concepts (for more
on see [6,33,39]). Consequently, when undertaking the study of certain particular flows
of the IAA-version of DE fluids, one may capitalize on previously obtained results for
K-BKZ liquids.

In this paper, we study equation (1.23) with more general functions g and a replacing
gpe and apg, respectively. We prove a global in time solution existence result for small
enough data. Equation (1.23) — as well as variants of it — was studied by various authors,
see Renardy, Hrusa and Nohel [38], Engler [22], Brandon and Hrusa [8] and references
cited therein.

The existence of local in time solutions [38] and of global solutions [8,22] are known
under more restrictive conditions compared to those stated in this paper. One of the
assumptions in [22] and [8] is g'(y) < —7, for any y € R, with y > 0, which is not verified
by the function g = gpg. This is a consequence of the fact that gpg(0) = 0, gp(0) < 0 and
limy_, 4o gpe(y) = 0. Here, we make use of the less restrictive assumption g'(y) < 0, for
any y € [—6,0], with 8 > 0 — assumption verified by gpg — and show that the argument
of ¢’ is confined to [—6, 0]. The requirement g’ < 0 in a neighbourhood of 0 is a necessary
hyperbolicity condition for the solution local existence. For the work presented in this
paper, this condition being valid only locally makes it necessary to control, w.r.t. time ¢,
the argument for %(x, 7)dt of g’. Observe that at a first sight, this argument may become
large with increasing t; we obtain estimates for this term using the maximal function
concept. Notice that in [22], the problem is studied in n-dimensional framework but in
a weak functional setting which is unsuitable for our problem because the condition
g'(y) < —y, Vy € R, does not hold in our case.

Next, among the restrictive hypotheses invoked by the authors of [8] for function a
is that a” € L'(0,+00), which a = apg does not verify. Comparatively, here we shall
place significantly less restrictions on a and accordingly will construct a class of totally
monotone functions, an element of which is a = apg. Moreover, we prove and make use
of a new inversion formula for the operator u — a * u, a technique different from the
(classical) one used in [8].

The manuscript is organized as following:

In Section 2, we introduce the problem and enunciate the main result.

Section 3 is devoted to the proof of several necessary results such as a Garding type
inequality and an inversion formula for the operator u+ a * u.
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In Section 4, we introduce an approximated problem and obtain useful estimates for its
solution. The proof of the main result is achieved in Section 5.

In the ending Section 6, we construct a class of totally monotone functions that is
compatible with the hypothesis made about a.

2 Presentation of the problem, of the main result, and the proof strategy

Let from now on Q < IR be a bounded, open interval. Let the functions f : Q x [0, +c0) —
R, g :I «cR - R, with I 50 an open interval, vy : 2 — R, a : [0, +0) — R.

The aim is to search for a solution v : Q x [0,4+00) — R to the below given initial
boundary value problem:

a t a t t
ve(x,t) = —a(t)ag (/0 vx(x, s)ds> + &/0 g </s vx(x, r)dr) d(t—s)ds+ f(x,t) (2.1)
v(x,t =0) =vp(x), Vx € Q, andv(x,t) =0, Vt <0 (2.2)

v =0, Y¥x € 0Q,Vt > 0. (2.3)

In the above, v, = % and d' stands for the derivative of a. Throughout this paper, any

function defined for ¢t > 0 is understood as being set equal to 0 for t < 0, ie. it has
domain R. Moreover, for a function ¢ € W*!(0,+00) we denote by ¢*) the distributional
derivative of @ on R, derivative which is understood to be extended to R by 0. Define

t
b(x,s) == / v(x,7)dr, 0 < 5,15 x € Q.
t—s
Equation (2.1) now takes on a simpler form:

+o0 0
v(x, 1) = /0 a'(s)&g (Th(x,8)) ds + f(x, 1). (2.4)

Drawing inspiration from [8], (2.4) can be re-written as
vy(x, 1) + g'(0) /[ a(t — s)oxc(x, s)ds = f(x,t) + 9(x, 1), (2.5)
0
where
+o0
G(x,t) = /0 d'(s) [g (74(x,9)) — &'(0)] Tie(x, 5)ds
t +0
= /0 Uyx(X, 5) /; d(7) [g' (B(x,7)) — g'(0)] dds. (2.6)

Convolution with respect to ¢ is denoted as usually by *; therefore (2.5) can be re-written
in a more close form as

v, +g'0)ax*v,=f+%. (2.7
We now proceed to presenting several constitutive assumptions. The function g is taken
such that
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(g1) there exist 0 € [0,1] and K > 0, such that g € %°([-0,0],R) and
1g(y) — ¢®0)| < K|yl, Vy € [-0,0]

(g2) g(0)=g"(0)=0

(g3) £'(0) <0.
The function f is such that

(f1) f.fofe € € (10,+00); LA(Q)) N L ([0, +00); LA(Q)),

(f2) fu € L ([0,4%0); LX(R)), [, f(x.5)ds € €7 ([0, 40); H'(Q)),
where %7 ([0,40); X) is the set of all functions w : [0, +00) — X which are bounded and
continuous, and X is a Banach space.

Next, let vy be such that

(v0)1 vo € HA(Q).

We assume that f and vy are compatible with the already stated initial-boundary
conditions:

vo(x) = f(x,t =0) =0, Vx € 0Q. (2.8)

Let the measures associated to f and vy be defined as

t 2 t 2
F(f) = sup /Q P4+124+ ff+< /0 f(x,s)ds) +< /0 fx(x,s)ds> ]dx (2.9)

+o0
2 2 2 2
+/0 /Q(f + f3+fL+ fi) (x.)dxdt (2.10)

Vaten) = ool = | 165+ 00 + (66] (. 2.11)

For any function ¢ € L' ((0,4+c0)), we denote by % ¢ (or alternatively by &) and Z¢ the
corresponding Fourier and Laplace transforms, i.e.

+o0 )
Fo(w) = / o(t)e 'dt, Yo € R
0

+o0
ZLo(z) = / o(t)e ?'dt, ¥z € C,Rez = 0.
0

Let us now assume the function a satisfies the below given hypotheses (a;)—(as):
(a;) a € WhH(0,40), d(t) <0 ae. t>=0.

There exists a sequence of functions (a,),en, an € €2 ([0, +00) N WA*([0, +0)) s.t.
2'(0,
(a2) d,(t) <0, V=0, (ay),en bounded in W (0,400) and a, 20+

n—+0o0

1 +0 400
(a3) SUP,en [ / talolde+ [ JElalo]de + / r2|a:,(t)|dr] < 4o,
0 1 1
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(ag) there exist constants M; > 0 and ng € N s.t. Re (Za,(w)) = %, Vne N, n=no,

Vo € R; observe that this is a strong positivity condition, common for this type
of problems (see [8]).

(as) there exist constants M, > 0, ngp € N, p € N*, p > 2, st % IS
F (BLiw)(0, M>)), Vn € N, n = no, where Bpi(r)(0, M) denotes the ball in L'(R)
centered at 0 and of radius M,; this assumption will be used to obtain a repres-
entation for the solution u of a, * u = b (see Theorem 3.1).

Remark 2.1 In Section 6, we shall construct a class of functions compliant with assumptions
(a1) to (as). This class contains the Doi—Edwards relaxation kernel apg : [0,+00) — R,

1 2.2 2
_ —(k+17272Dt/L
t) = . 2.12
apg(t) E ok 12° (2.12)
k>1
Also, since gpg € € (R) is an odd function and gj,(0) = —% I, whusdu < 0, then gp

also verifies (g1)—(g3) and this paper results equally apply to the function gpg.
The main result of this paper is stated below:

Theorem 2.1 (Main result) Assume that the hypotheses on the data given in (g1)—(g3), (f1)—
(f2), (vo)1, (ar)—(as) and (2.8) hold true. Then, there exists a & > 0 such that, if the additional
smallness assumption F(f) + Vo(vo) < 0 is verified, then there exists at least a solution

2 2
ve {ﬂ W™ ((0,+00); H> " (Q))} n {ﬂ W2 ((0,+o0); H> ™ (Q))}

m=0 m=0

with
/ v(x,s)ds € L” ((0,+00); H* (Q))
0
to the problem (2.4), (2.2), (2.3).

Next, we take on to introducing — and explaining — the proof stages for the afore-
mentioned Theorem 2.1. In short, first we obtain a regularized problem (P,) obtained
from (2.5) with a being replaced by a sequence a, satisfying hypotheses (a;) to (as).
Doing this allows to obtain a local in time existence and uniqueness result capitalizing on
Renardy’s result in [38]. Next goal is to obtain estimates independent of n granting the
global existence of the solution for the approximated problem (P,) and in the end, letting
n — 400, obtaining our result. How to get these estimates is explained below.

Let u(x,t) = fot v(x,t)dr. For any t > 0, let &(t) stand for the sum of squared LL2
norms of all derivatives in x and ¢ of u up to third order and of all squared L?L? norms
of all derivatives in x and ¢ of v up to second order (see (4.4)). We prove that if &(¢) is
“small” for ¢ close to 0 (a consequence of the assumption made on data vy and f), then
&(t) stays “small” for any t. We do this by obtaining an inequality of the type

&(t) + “small enough” quantities depending uniquely on Vand F. (2.13)

NS

&(t) <
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To achieve that, we calculate three energy estimates (in a way similar in nature with that
of Brandon and Hrusa [8]' we derivate (2.7) i-times (with i € {0,1,2}) w.r.t. time ¢ , then
multiply the result by 4 h, and integrate on Q; := Q X (0,t). To calculate the second order
derivative, one uses a finite difference operator A,w(t) = w(t+h) —w(t), see (3.2). We sum
up the resulting three equations and get an equality in which the most important term
originates from the convolution part in the Lh.s. of (2.7). This term reads

—g'(0)[Q (vx,t,a) + Q (Vs t,a) + Q (Uxus 1, )], (2.14)

where Q(w, t,a) = fot fQ w(x,s) (a* w)(x,s)dxds (see (3.1)). We lower bound (2.14) using a
Garding type inequality: see Lemma 3.1.

The terms denoted by % in (2.7) can be controlled w.r.t. well-chosen norms by carrying
out an integration by parts w.r.t. time ¢, switching the time derivatives onto a and
using the fact that ta” € L'(0,1) (see assumption (a3)). This allows to upper bound the
L*L? norms of v, vy, vy, Uy, Uy, and the L2L2 norms of v, vy, v;, vy. The results are
gathered into &1, see (4.6). We point out that the aforementioned energy estimates do
not provide norm estimates for vy,. To cope with this difficulty, we use (2.7) which allows
to express vy, as a function of v, f and ¥ with the help of an inversion Theorem for
the operator w — a * w and using the previously obtained estimates. We cannot use
the resolvent kernel technique like in Brandon and Hrusa [9] because in this paper case
¥ ¢ L'(R) (as a” ¢ L'(IR,)). Because of that we prove a point-wise inversion Theorem
for the convolution of a assuming the rather pretty weak constraints (a;)—(as) on a: see
Theorem 3.1.

3 Preliminaries

For any T >0, w € ¢° ([0, T]; LA(Q)), b € L'(0,+0) and ¢ € [0, T], we define

o(w,t,b) = /Ot /Q w(x,s) /: b(s — t)w(x, t)drdxds

= / t / w(x, s)(b * w)(x, s)dxds, (3.1)
0 JQ

where w is considered as extended by 0 on (T,+o0). For any T > 0 and h € (0,T), we
define the finite difference operator 4

(Apw) (x,1) = w(x, t + h) — w(x, t) (3.2)

as a linear operator from ¢° ([0, T — h]; L*(Q)) onto €° ([0, T]; L*(Q)).

Moreover, if X(J) denotes a space of functions defined on J < R and I < J, then X;(J)
stands for the subspace of functions X(J) the supports of which are included in I (i.e.
that vanish on J —I).

Recall that b € L! (]R+) is of positive type if, for any t > 0 and any ¢ € L>(R,), it
satisfies fo fo s—1)p(t)drds = 0. Next b is said to be of strong positive type if there
exists € > 0 s.t. the functlon b(t) — ee™" is of positive type. Moreover, Q, := Q x (0,1).
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The following Lemma is a Garding type inequality with boundary terms. It is proved
in [9] using preliminary results due to Staffans [40] (see also [24] and [42]). Here, we
shorten the original proof of [9] and remove the extraneous assumptions b € W31(0, +c0),
b" = 0.

Lemma 3.1 Assume b € L]R (R) is such that Re (¥ b(w)) = 1+w , for any o € R, where
M;j > 0. Then, for any T >0, w € €' ([0, T],L*(Q)) and t € [0, T), we have

t
/wz(x,t)dx—i—/ /wz(x,s)dxds
Q 0o Jo

L B 2
<C { 31 Q0% D) 3 Q0w )+ /Q W (x,O)dx} (3.3)

with C > 0 independent of T, t, w and b.
Moreover, if w € €° ([0, T1,L*(Q)), then, for any t € [0, T],

t
/wz(x,t)dx—i—/ /wz(x,s)dxds
Q 0o Jo

1 1. .1 5
< — _
<C [Ml O(w,t,b) + M, hg(l)gf th(AhW, t,b)+/ w

(x, O)dx} . (3.4)
Q

Proof Assuming that inequality (3.3) holds true, we undertake to proving (3.4). Let
w e ¢° ([0, T],L*(Q)) and t € [0, T) be fixed. For 0 < h < (T — t)/2, define the function
wp € €' ([0,(t+ T)/2],LA(Q)) by

1

s+h
wi(s) == ﬁ/ w(o)do, s € [0,(7: + T)/Z) . (3.5)

Applying (3.3) to wy, and passing to the limit liminfj_,, gives (3.4).

We now prove (3.3). Let w € €' ([0,7], L*(Q)), t € [0,T) be fixed, and let W €
Ly, (R,L*(Q)) be defined by w = w a.. in [0,] and # = 0 outside. Denote by D the
distributional derivative of W and by W’ its regular part, i.e.

DW= W + w(0)8g — w(t);. (3.6)

Due to the Parseval identity, we have

O(w, t,b) = / / Re )] dxde (3.7)

and a similar equation with w’ instead of w as well. For 4 > 0 (to be later determined)
define I(w) by

I(w) := Q (W,t,b) + 20 (#,1,b) + 3% / w2(x, 0)dx (3.8)
Q
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By (3.6) and (3.7) and the strong positivity of b,

dr

I(w) = %/}R/Q <‘iz@(r)+w(t)e—m—w(O)‘Z+z‘@(r)‘2+3w(0)|2>d

Since for any (a,b,c) € €3, we have |a+b +c|> > M — 2|a||b| — 3|c|?, inequality (3.9)
implies

M1 “C‘Z—‘r-Z/l
> ! L i
fwy= 5 /]R/Q( 2

mﬂﬁwmeH—mmw

- d
W(‘C)D dxﬁffz (3.10)

with
([ & Vi
ﬂ_z(/]RlJrﬂ)/(/RlJrﬂdT)‘ (3.11)
But
= B 2, 2 sz
2wl 7| < 5 VEWOF + 51 7
2 ~ 2
<§JﬂMW+(;+¢ﬂmﬂ (3.12)
with L > 0 independent of ¢, w, b. Choose 2 = L + 1/4. By (3.10) and (3.12), we get
M, P+ 2 BV dt
> L B rvi
100) > 3 /}R/Q ( . w(f)’ + WO ) dx (3.13)

which is (3.3).
O

We now prove that, under suitable assumptions application w — b *w is invertible, and
obtain an inversion formula. We use truncated Neumann series and a special assumption
(see (b3) below) in order to control the remainder term.

For b € L'(IR), let the k-times convolution de denoted as b** := b* b= ---*b. For

k times

1 < g < +o0 and ty € (0,+00], the mapping %, is defined by

q Lg
Ry L[O,[O)(_OO) to) — W[o,to)(_ooz to).
’ w —b*w

Here, b * w(t) := jot b(t — s)w(s)ds, for any t < ty. We always write # in place of Z .. ».
Next, function b is assumed to comply with
(b1) b€ W0, +c0), b(04) + 0,
(by) there exists M >0, f > 0 s.t.

|Zb(z) Vz € C,Re(z) >0, (3.14)

>
T4 zB
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(bs) there exists p € IN*, p = 2 s.t.

- [c%')”

1
7| € L'(R). (3.15)

Our goal is to prove the following inversion Theorem:

Theorem 3.1 (Inversion theorem) Let the assumptions (by)—(bs) hold true. Then,

(i) for any 1 < g < 400 and ty € (0,4c0], the mapping R, is a Banach isomorphism;
(ii) functions By, By that depend only on b and are being given by

S g (B
B = ;(—1) =T (3.16)
—1)r 7 b\
B, = ;p(oi)ﬁ_l [(’;b) ] (3.17)

1 .
belong to L]R+(]R),
(iii) for any | € W[})’,‘io)(—oo, to), one has
I

b(04)

2 () = +Bi*l' +By*l. (3.18)

For the proof, we first need to introduce and prove two preliminary Lemmas.

Lemma 3.2 Assume that b € W' (RY), b(04) # 0. Let 1 < g < +o0, to € (0,400). Then,
Riyq IS a continuous injection.

Proof We begin by showing %, is well defined and continuous. Since b € W! (R?),
it is clear that for any w € Li,, (—o0,1), the function b * w belongs to W[B’j())(—oo, to).
Moreover, (b *w) = [b(04)w + b’ * w]. Hence,

a0 oy < [1B0O]+ 1B s sy 191020 (3.19)

which proves %, is indeed continuous.
Next, assume w € L‘[onto)(—oo, to) satisfies #;,,(w) = 0. Derivating the later leads to

Sb'(s—1) B
w(s) +/0 b(0L) w(t)dt =0, a.e.s < 1. (3.20)

Multiply (3.20) by e=%, 0 > 0, and set wi(s) = e~ "w(s), b(s) = b(OS)) e~%. Equality (3.20)
can now be re-written as

+ / bi(s — t)wi(t)dt =0, a.e. s < 1. (3.21)
0
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It implies that
Wi o) < [1D1llLrrs ) W1 oo.o)- (3.22)

Notice that ||y, = [, e ® “b%j))llds —040 0. Pick up a 0 > 0 large enough s.t.
HblHLl(Rl) < 1. From (3.22), we get [|wi|Lsos) = 0. Finally, w = 0 and %,,, is an

injection mapping.

]
Lemma 3.3 The Theorem 3.1 holds true for ty = 400 and q = 2.
Proof The proof consists of four steps.

Step 1 First, we prove the existence, as a consequence of assumptions (by)—(b,) on b, of
a constant M3 > 0 s.t.

M;
7 (b = , v R. 3.23
FON)N > o Vo e (3.23)
Indeed, one sees that (by) implies
M
T > _
|7 (b)(w)| = T+ o Vo € R.

Then, it suffices to prove the existence of my, my > 0 s.t. |F(b)(w)| = %, Vo € R
with |w| > my. This follows from the fact that [F(b)(w)| = L [#(b')(w) + b(0)], that
F(b')(w) — 0 for |w| — oo, and b(0,) * 0.

Step 2 Now, we prove Z is a Banach isomorphism. Due to Lemma 3.2, one only needs
to prove Z is surjective. To begin with, one establishes that, for any w € L]2R+ (R), one has

(with M3 > 0 the constant in (3.23))

1
w <
Wl < 57

[ 2(W)| i1 (R)- (3.24)

Actually using Parseval’s identity and (3.23), one gets

F R(w 1
\/27T”W”L2(]R) = ”ﬁWHLZ(]R) = W) < E (1 + |w|)y<@(w)”m(]k) . (3.25)
7 L2(R)

Since (1+|w|) < +/2(1 + »?), inequality (3.25) implies inequality (3.24). Next, inequalities
(3.19) and (3.24) prove that ,%’(Lﬁh(]R)) is closed. Therefore, in order to prove that Z is
surjective it is sufficient to show that the dense subset (€,°)(,+«)(IR) of H]}{+ (R) is included
in ,%(Lﬁ{+ (R)).

Let r € (€.°)0,4)(IR). We search for w € leR+ (R) s.t. b *w = r. Since we are unable
to identify the support of w by Fourier transform, we use Laplace transform instead.
Consider the function

Lr(z)

z€{zeC/Re(z) 20} — Zh(2)

eC

which is well defined based on (b,) and the fact that r € (€.°)0.+x)(IR). This function is
clearly continuous on Re(z) > 0 and analytic on Re(z) > 0. As for any z € €C and y € N,
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Fr(z) = 27 Lr(z), and as ") € L'(R), we deduce that there exists m3 > 0 s.t.

ms

|Zr(z)| < m,

Vz € €, Re(z) = 0.

Now, it easily follows the existence of my = 0 s.t.

Lfr(z)
Lb(z)

my

1+\|2’

Vz € C, Re(z) > (3.26)

Next, with the help of Bromwich—Mellin formula, for any t € R and for fixed x > 0,
define w as

w(t) ;=

Owing to Cauchy’s formula and invoking (3.26), w thus defined is independent of x > 0.
Also, for fixed t < 0, letting x — +o0 in (3.27) leads to w(t) = 0. This is w(t) = 0 for
any t < 0. Next, for any fixed ¢t € IR, using Lebesgue’s Theorem we calculate the limit
for x — 0 of (3.27) and obtain w = 97_1(522 s identity and by (3.26), w is
clearly an element of L]2R+ (R) and satisfies 2(w) = r. Therefore, # is surjective.

Step 3 The task now is proving the representation formula. Let w € L12R+(]R) and set
I = %(w). Derivation of the later gives

1 t(x+iy) Lr .
— T — dy. 3.27
e L e e iy (3.27)

4 I
w+ W = . (3.28)
b(04) b(04)
Convolute (3.28) with the operator EZ;&(—I)k(b(’(’);) *k+ (by convention (b(*(’)—;))*o =Jy). We
obtain
w= 4 (B =1') + 1y ()7 = w]. (3.29)
b(0+) br(04.)

Since [ = b = w, we get #1 = FbF w. Hence,

Fb

F ()7 = w] = (Fb) (3.30)

By hypothesis (b3), (R), which proves that inequality (3.30) holds in L*(R)
since #1 € L*(R). ThlS fact allows to state that =207« = B, * | with B, given by (3.17).

bI’(O )
Now, for any w € L]2R+ (R) and [ = Z(w), (3.29) gives the representation formula
!
w = + B *l'+ By *1. (3.31)
b(04)

Step 4 Let us now show that the support of B; and that of B, are included in R;.

Since the support of b’ is in ]R+, By also has its support in R, due to formula (3.16).
Let p € Zr, (R) and set w = #27!(p) (see Step 2.). Equation (3.31) now ensures that, a.e.
t <0,

(1)
b(04)

= w(t) = 2 (B o) (1) + (By % ) (). (332)
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Since p'(s) = 0 a.e. s < 0 and since B; has support in R, we get
(By*p)(t) =0, ae.t <O. (3.33)

Take p =0, p + 0, and set p,(t) = np (nt), n € N*, t € R. We know that
By*py——— — lpllLiB>. (3.34)

Taking p = p, in (3.33) and using (3.34), we obtain B, = 0 a.e. t < 0. Hence, B, has
support in R .
U

We are now in a position allowing to prove the previously stated Inversion
Theorem 3.1.

Proof of the inversion Theorem 3.1 Let g € [1,400) and ty € R} U {4+00}. Define the
mapping ¥4 by

Ozo( OOIO)_’L;();O( 0, ty)

! ,
) b(0+)+B1 '+ B, =1
with By, B, € L]‘R+(]R) given by (3.16)—(3.17). Clearly, ¥, 4 is well defined and continuous.

We begin by studying the case ty = +o0.

Notice that &4 0 Ry restricted to D = Lﬁh(IR) N Lﬁh(IR) is the identity (see
Lemma 3.3). Since D is dense in L]’{{+ (R), and %1, and %, are continuous, we find
that &, 4 0 Z1, 1s the identity on L]qR+(]R). Similarly, #4.4 © 1,4 1s the identity on
W]lliz(]R). This proves the Theorem for ty = +o0.

Assume now that ty > 0 and ¢ € [1,+00]. We know from Lemma 3.2 that %, is
continuous and injective. We now prove that %, , is surjective and that %, , is its inverse.
Letl e W[B”‘fo)(—oo, to) and extend [ into L € W[t”%to)(]R) by reflexion

L 1q =

N0 fort < to
L = {l(Zto —1t) fort>ty "

Let W = (¥4x4)(L) and define w € L?O’[O)(—oo, to) as the restriction of W to (—oo,ty).
Then, b*w=>b=*W =1 on (—o0,1ty), and

L/
w=W = + By * L'+ B, * L, on (—0o0, ty). (3.39)
b(05)

This is w = &, 4(I). This proves the Theorem.

We now have the following result:

Proposition 3.1 There exists ng € N s.t. for any n € N, n = ny, the function a, introduced
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in the string of assumptions (az)—(as) satisfies the hypotheses (by)—(bs3) of Theorem 3.1.
Moreover, functions By, B, of equations (3.16)—(3.17), having b substituted by a,, belong to
a ball of radius independent of n that is included into L'(IR).

Proof One has
k k

a,(04) = %kgrfw . Fb(w)dw = %kEIEOP . Re [Z b(w)] dw.

Invoking the hypothesis (a4) leads to
an(04) = M, (3.36)

meaning a, satisfies (by). From (as), we see that a, satisfies (b3).

Moreover, one has (Fe H)w = 1137 This fact, together with Theorem 2.4 on page 494

of [25] imply that the function t € [0, +00) — a,(t) — Mse™" is of positive type. From the
same Theorem, one also gets Re(#(a, — Mie ")(z)) = 0, for any z € C s.t. Re(z) = 0.
The later in turn implies Re(Za,(z)) = Ml(lﬁiﬁ’ for any z = zy +izp, z; = 0. Then, a,
satisfies (h,) with f = 2. i

The last statement of the Proposition is obvious.

O

4 Approximated problems and estimates
4.1 Approximated and local problems. Preliminary notations and estimates

Remark that a is not smooth enough to ensure a straightforward local in time exist-
ence result for a solution v to our problem. As a consequence, we study the following
approximated problem which we denote by P,.

Problem P, Find v, : Q X [0,+00) — R s.t.

(P n)e = fo7 ™ dy(s) 2 g((Th) )(x.5)ds + f(x,1)
(Py)2 v, =00n 0Q, v,(t) =0, Vt <0
(Pn)3 va(x,0) = vg(x) for x € Q.

Given the assumptions on g, we conclude there exist y > 0 and 0 € [0, 1] s.t.
g'(y) <=, vy € [-0,0]. (4.1)
Clearly, we can take the same 6 as in assumption (g;). Moreover, there exists K > 0 s.t.
g'(y) — g'(0)| < Ky?, Yy € [0,0]. (42)

In the above, one may consider the same K as in (g).
Let us denote, for almost every x € Q,

t
wmo=/wmww
0
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The proof of the next Proposition is very similar to that of Theorem 3.10 in [38] and is
omitted.

Proposition 4.1 Assume that the hypotheses (g1)—(g3), (f1)—(f4), (vo) and (ay)—(as) on the
data hold true. Then, the initial value problem (P,)1, (P,)2, (Py)3 has a unique solution v,
defined on a maximal time interval [0, T,), T, > 0, and s.t. v, € €°([0, T,); H*(Q)), (v,); €
€°([0, T,); HY(Q)), (vn)i € €° ([0, T,,);LZ(Q)) and u, € €° ([O, T,,);H3(Q)) . Moreover, if

sup {0n 0By + 100 Oy + 1@ D) + a0 sy f <0 (43)
te|0,1,

and

NSRS

sup |(un), (x, 1) <
xeQ
0<t<T,

with 0 as in (g4), then T, = 4o0.

Notice that our functional framework is different from that of [8]. As a consequence,
here it is necessary to obtain new estimates on ||u,|| 3 (0).

In this Section, we obtain the necessary estimates to proving T, = +o0. These estimates
will be proved to be independent of n, fact which allows to pass to the limit as n — +oo0.
To simplify notations, we drop the subscript n of a,, v, and T,,.

Drawing inspiration from [8], we introduce the following expressions:

é(t) = sup {/ (172 —l—vi —l—vf —i—vix +v§z —I—vrzt +u? +u§ —i—uf,x —{-uixx) (x, s)dx
) LJQ

se[0,t
t
+ / / (02 +o2 0P +02 0%+ vtzl) (x, s)dxds
0 Ja

2 2 2 2 2
— sup (1013(0) + 030y + 020y + i) ) ) + 101 eaony  (44)

se[0,r)

and

v(t) = sup [\/( + 02 +07) (x, s) \// sup (vy(x, 5))* (4.5)
0

XEQ
s€[0,t)

For simplicity, let us denote

&1(t) = sup {/ (1;2 + 02 402 02, + vtz,) (x, s)dx}
sefo.) Lo

t
+ / / (v* 4 v5 +v7 + v%,) (x, s)dxds. (4.6)
(e

In fact, &1(t) collects the terms of &(t) which will be estimated in a first step with the help
of energy estimates.
Remark that, due to Sobolev inequalities, there exists a constant Cg > 0 s.t.

V(1) < Cor/E(1), ¥t € [0, T) (4.7)
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and

sup [ux(x, £)] < Car\/€(1), Vt € [0, T). (4.8)

xeQ

Next, from (2.6) we get

+00
Gi(x, 1) = vy(X, t)/o d(s) [g (Ti(x,5)) — g'(0)] ds
— /o Ve (x,5)d (t — ) [g' (T(x,t —5)) — g'(0)] ds

+ /0Z Vax(X, 5) /Z+OC d'(1)g" (0%(x,7)) [vx(x, 1) — vu(x,t — 7)] dds.

—S

(4.9)

All subsequent estimates will be obtained under the following smallness hypothesis on
&(1):

92
Et)< —,Vte [0, T 4.10
()< gez VI E0.T) (4.10)
which implies
0
sup ux(x, )] < 5 (4.11)
xeQ 2
0<I<T
Then,
sup  [pi(x,8)| <0, ae.x€Q. (4.12)
0<S§§2<T
We shall frequently employ the following inequalities:
2, b oo
byl S e’ oy, %y € Ry > 0 (4.13)
and
[F1 * Fallpoo,m) < I F1 L0, 400) [ P2l o0, Ty (4.14)

for any T > 0, F; € L'(0,+c0), and F, € L?(0, T), with p > 1; functions F; and F, are
extended to IR by 0.
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For future reference, we prove the following Lemmas:

Lemma 4.1 Let the mappings ¢ and s s@(s) be elements of L'(IR..). Then, the function
S ffoc ¢(t)dt belongs to L'(IR,.) and we have the estimate

/ v / " e

Proof The proof is a direct consequence of Fubini’s Theorem.

400
ds < / Iso(s)| ds.
0

]
Lemma 4.2 Let ¢ € L' (R.). Then,
(i) for any wy,ws € L*(Q;) we have
t
/O /Q Wi(x, )02 * 9)(% 5)ds| < [0l Wil W2 lign: (4.15)

(ii) for any wy € L*(Q), wy € L* (0, T;Lz(Q)) we have

] /Q wa(¥)(g * wa)(x, )

< H<PHL1(0,T)HW3HL2(Q) sup HW4(T)HL2(Q)7 aet€[0,T).
o<t
(4.106)

Proof Part (i): observe that

/0 /Q wi(x, $)002 * @)(x, s)ds

< / [wi(x, ')HLZ(O,[) (w2 * @)(x, ')”LZ(O,I) dx
Q
<lolum, / w16, oy 2% V2o dx (417)
Q

which gives the result.
Part (4.2): one has

t
/W3(X)(€0*W4)(x,t)dx < HW3HL2(Q)/O [wa(x,t — 1)l L20)l@(7)|dT (4.18)
Q

and the result follows. OJ
Let rp : Ry — Ry, rop(s) := min {S, \/E} We have the following estimates:

Lemma 4.3 Let t € [0,T), assume (4.10) is satisfied. Then,
(i) g (vi(x,5)) — g(0)] < K min {v(t)ro(s),0} a.e.x € 2, s € [0,1], j =0,1,2,3
(i) 19(x,0)| < Kv(D)[[vxx(x, )| * p](t), a.e.x € Q
(i) |%,(x.0)] < Kv(0aloe(x )] + Kv(0) [[oax.0)] * 9] (1), ae.x € @,
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where

a= /0+oo |d'(s)| ro(s)ds.

+o0
p(t) = Ia’(t)lro(t)+2/ |d(t)| ro(r)dt

(4.19)

(4.20)

Remark 4.1 Lemma 4.1 and the assumptions made about function a grant the fact that vy
in (4.20) is s.t. p € L' (R,).

Proof

(1)

(i)

(iif)

On one hand, as a consequence of (g;) and (4.12), we have

g (B4(x,5)) — gV(0)] < K [B(x,5)

,j=0,1,2,3.

On the other hand,

t
|E;(x, s)‘ g/ [ (x, ) dA < s sup |ve(x, )] < sv(1)
t—s

t—s<A<t

and

¢ 1/2
‘vi(x,s)’S\/E[/ ux(x,z)ﬁcu} < ()

which gives the result.

From (2.6) and (i) above, one gets

t o0
9(x, ) < Kv(1) / 05, 5) / d(z) min{r, \/7}drds
0 t—s
<Kv(1) / ol )t — s)ds
0

from which the result follows.
We use (4.9), (g1), (i), the fact that ¢”(0) =0 and 0 < 0 < 1 to obtain

+o0
9,5, 0)] < K [osa( 1) v(0) / d()lro(s)ds
0
+K (1) / 03, 8)] [t — )] rolt — $)ds
0

+ 2K 0v(t) /0Z [Uxx(X, 5| /HO |d'(7)|ro(t)dzds

which gives the result.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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4.2 Energy estimates

The next Lemmas give energy estimates for the terms in &(t) (see (4.6)), as in [8].
In what follows, the notation C > 0 stands for a generic constant that is independent
of n.

Lemma 4.4 Assume the inequality (4.10) holds true. Then,

/Q 2 (x, 1)dx — 28'(0)Q (v, 1, a) < Vo + 2/F/E(1) + 2K ||y [ L1 r, v (D)E(0). (4.26)

Proof For a fixed t € (0, Ty), we multiply (2.5) by v(x, t) and integrate on 22 and on (0, t).
We get

1
1 / v(x, f)dx — = / v3dx — g'(0)Q(vy, t, a)
2 Jo 2 Ja

:/0 /Qf(X,s)v(x,S)dxds—I—/o /Q{q(x,s)v(x,s)dxds. (4.27)

Observe that [j [,, fvdxds < ||£ 120, 0] 1200, < VF/6.

Now, using Lemma 4.3 we get

G(x, s)v(x, s)dxds

<Kv(1) /0 /Q 10,9 (1ol * 1) (6, s)dxds.

Using part (i) of Lemma 4.2 with w; = v, w, = vy and ¢ = |y|, one gets

’/Oz/gg(x, s)v(x, s)dxds

thus ending the proof. O

<Kv@)lyloiw,)&(),

Lemma 4.5 Let a and y be given by (4.19) and (4.20), respectively. Under the assumption
that (4.10) is fulfilled , one has the following inequality :

/Q B2, 1)dx — 28/(0)Q (630, 1,0) < F + 2] all g Vo EQ)
—1—2\/?\/(5‘7(0—}-2[( (HlpHLl(]R”—i—ﬁ) v(t)E(t). (4.28)

Proof First, we derivate (2.5) w.r.t. t and obtain

vu(x, 1) + g'(0)a(0)oxx(x, 1) + ¢'(0) /0 t d'(t — s)oxx(x,5)ds = f, + Gu. (4.29)



24 L. S. Ciuperca et al.

Second, multiplying the above by v, and integrating on Q and on [0, ] leads to

% /Qvf (x; ”dx—% /Q o7 (x, 0)dx — ¢'(0)a(0) /0 t /Q vxoxedxds
—£'0 /0 t /Q /0 4l (s — Dou(R)devy(s)dxds = /0 t /Q fividxds

t
+/ /g,v,dxds. (4.30)
0 Je

Observe now that
[ s = ohntoide = —at0ns) + a0+ [ als =g @30
One now gets
3 [ s = g 000t = 5 [ dxonx - g 0) [ [ [ ety sy
+ /0 z /Q (fiv0) (x, s)dxds + /0 I /Q (%00) (x, 5)dxds. (4.32)

Notice that
u(x,0) = f(x,0) (4.33)

which gives fQ v2(x,0)dx < F. We also have

/O/Qa(s)vo(x)v,(x,s)dxds

< |vg a sup ||vi(-, s

< vo 120 |l H“‘R”ngz o, ) L2

< lall g,y V' Vo E(1) (4.34)
and

/ t / (five) (x, s)dxds < /F\/&(¢). (4.35)
0 JQ

Finally, invoking part (iii) of Lemma 4.3 and part (i) of Lemma 4.2, we deduce that

| [ @ xespaxds < Kan()60)+ Kol 600 (436)

and with the obtainment of this last estimates the proof ends.

O

Next, in order to obtain energy estimates for fQ vtzt(x, t)dx, we shall use the difference
operator (Apw)(x,t) = w(x,t + h) — w(x,t), for h > 0 small enough.
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Lemma 4.6 Under the assumption that (4.10) is fulfilled, one has

. 1
1kﬁ&wh—2ﬁm£ghﬁNAw%aMSC{F+JFVﬂﬂ

+ [v(t) +v3(1)] &( +¢70@@(t)} (4.37)

For the Proof, see the Appendix Section.
Since v(t) and &(t) are non-increasing functions in ¢, we obtain as a consequence of
Lemmas 4.4-4.6, 3.1 and Sobolev embeddings, that:

Lemma 4.7 Under the assumption stated in (4.10), one has

61(H) < C {Vo FF4 (m + ﬁ) VED + [v(t) + ()] 6(t) + \/VOg(t)} . (439)

4.3 Non-energy estimates

In the following, we obtain estimates for the other constitutive terms of &(t).

Now, from (2.5) and using for a.e. x € Q the result of Theorem 3.1 with b = a (see
Proposition 3.1),

I(t) = g(o) [f(x,t) + F(x,t) — vi(x,1)], and w(t) = vy(x, 1), we deduce the equality

L1
T g(0) [a(0)

(fi+% —va)+A1*(fi +% —vu) + A * (f+ 9 —0v)|, (4.39)

where 41,4, € L%O’ +m)(]R) are two functions that depend on a,, with bounded L' norms
which are independent of n, due to Proposition 3.1.
We have the following estimate:

Lemma 4.8 Under the assumption stated in (4.10), one has

/vw(xtdx—i—// Wxsdxds—i—/ /vnxsdxds

< CIF +61(0) +v()E0)]. (4.40)

Proof
Step 1 We multiply (4.39) by vy, and integrate on Q. It is clear that, for any n > 0, we
have

]Am—w%m

1
<;1/v§xdx+ 5 /(f3+u§) dx. (4.41)
Q nJa
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From part (iii) in Lemma 4.3, we obtain

/ G vy dx
Q

< Kv(t)/g [Uxx (X, 1)] (|vxx| * |1,u|) (x, t)dx
+ aKv(t) / o (x, )] dx. (4.42)
Q

Further, with the help of part (ii) in Lemma 4.2 we obtain

/ gtvxxdx
Q

For any # > 0, one has

< Kv(0) [osC D) 20 19 iy sUP [os( 0] )

0<r<t

+aKv(0) [ve Ol T20) < Kv(0) [lw L. +a] &) (4.43)

‘/ Al * (ft - Utl) vxxdx
Q

< Ay HLI(]I{+) ”Uxx(':t)HLZ(Q) sup [Hft(a T)HLZ(Q) + llvu(, T)HU(Q)]

0<r<t

1
<N o Ol 20) + 7 I I3, sup [l a0 + 0650 2] (4.44)

<t<t

and also

/ A # (f — v;) yxdx
Q

1
<nnvxx<-,z>uiz<m+ﬂHAzuil(R”Oiug [Hf(-,r)uiz(mnvt<-,r)|\iz(g) : (4.45)

STST

We now have,

/ (A1 * %)%, oax(x, Dl
Q

<aKv(0) /Q (1A41] * foxe) (% Olox(x, )l dx
+Kv(1) /Q (A1) * 9] * [ 0D Oloss(x, Dldx. (446)
Then,

/ (Al * gt) (X, t)v.\‘x(x’ t)dx
Q

< Kv(t) [ﬁ HAIHLI(]R” + | |A1] * ] ”Ll(]R+):| HUxx('at)”LZ(Q) Osup [0xx (" T)HL2(Q)~ (4.47)

<<t
This gives
/ (A1 = G,) (x, hogx(x, t)dx| < Cv()E(2). (4.48)
Likewise, ’
/Q(A2 * G) (X, )oxx (X, 1)dx| < Cv(2)E(2). (4.49)

Now, from the above estimates (4.41)—(4.45), (4.48) and (4.49), with > 0 small enough
leads to
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wgﬁ@WMM<cw+&m+www.

0<<s<t
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(4.50)

Step 2 We multiply (4.39) by vy, and integrate on (0, ¢) and on Q. Proceeding as in Step

1., using part (i) in Lemma 4.2, one gets for any # > 0 that
[fi+% + A= fi+ A+ (f —v)+ A1 * G, + Ay * G] vxdxds
O

C
< / vZ.dxds + p [F 4+ &1(1)] + Cv(H)é(1).
(o
We are left to focus on terms that contain v, Invoking density arguments,

(vute) (e 5)dxds = [ (o) (i = [ oo .00+ [ s
O Q Q O

which gives, using (4.33),

< Joxx(ss t)HLZ(Q) ”Ut('at)HLz(Q)

’/ (UttUxx) (X, S)dXdS

+wwmmmmw@+/ﬁmmwm
0

t

Finally, we have

/k«wﬂmmmmmm=/Mmemmmm

t t

—/ A1(s)ve(x, 0)vye(x, s)dxds.

O

Again, calling in the density arguments leads to

/ (A1 * ve) (X, $)vxx(x, 5)dxds = / (A1 *vg) (x, t)vxe(x, 1)dx
Q

t

+ (A7 * vyy) Uyrdxds.
O

From equalities (4.54) and (4.55), one easily gets

’/ (A1 * vy) VX, s)dxds| < A1l Liw )

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

|:/ U;zcrdde + Huxx('st)HLZ(Q) OSUP o, Ol 120y + 1€ O)HLZ(Q) sup Hvxx('aS)HLZ(Q) .
t t

<<

TS

0<s<t

SSS

(4.56)
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Now, adding inequalities (4.51), (4.53), (4.56) and upon using (4.50) it allows us to get

/ v2 (x,t)dx < C[F + &1(t) + v()E(1)] . (4.57)

t

Step 3 We now multiply (4.29) by v, and integrate on Q,. We have the listed below

results:
’ / Uy Uprdxds

/ (d * v) vadxds < 10 |y [0l 20y 100 20,

t

1
<y / vidxds + — / v? dxds (4.58)
0 4 Jo,

1
<1 lullg) + g 19w, sl (4.59)
1
| Studxds < loulg, + 7 1) (4.60)
Q0

/ G opdxds < akv (1) / (0] o] dxds + kv (2) / (Il * [9]) low] dxds
¢ 0

O

< k\)(t) (a—i- |‘1PHL1(R+)) (g([) (461)

We then obtain, taking n small enough and using (4.57), that

/ v2 (x,t)dxds < C [F + &1(t) + v(t)&(1)] . (4.62)
Now from estimates (4.50), (4.57) and (4.62), we obtain the result of Lemma 4.8.
O

Now, we take on to obtaining estimates for u defined as u(x,t) = fot v(x, s)ds. The idea
is to integrate (4.39) w.r.t. t; one gets

Uxx =
g,zo) {f tf;))_ by /0 A * (f + 1 — )] (x,5)ds + /0 s (F + % — )] (. s)ds} .

(4.63)

We shall use in the following the below Lemma:

Lemma 4.9 Suppose that A € L' (0, T), o € WL (0, T). Then, for any t € (0, T), we have

/0 (A* @')(s)ds = A * [p — p(O)H]. (4.64)

Proof The proof is a direct consequence of Fubini’s Theorem. O
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Recall from (4.33) that (f + ¥ — v;) (x,0) = 0. Then, (4.63) can be re-written in the form

Uxx =
1 f+9—u . v , ¢ z( B
g'(0>{ a0 TA e+ UO f(x,5)ds + /0 9(x, 5)ds U+UOH_

(4.65)

We deduce from the above equation that

1
Uxxx = —;
’ g'(0)
. t t
{fw” A (4 G = ) + Ar > [/ funsids + [ @.xsids o, +v6] }
a(0) 0 0
(4.66)
We can now prove the following:
Lemma 4.10 Consider the assumption formulated in (4.10) holds true. Then,
sup [lux(,8) 7200 < C {Vo + F + V(080 + 6°(0) + 61(0)} (4.67)

0<s<t

and

SUP (5 8) |12y < C {Vo + F + v (0)6(0) + VI(OE () + E3(1) + £1(1)},  (4.68)

0<s<t

where C > 0 is a constant which is independent of n.

Proof The proof is performed in two steps.
Step 1 Here, we obtain the necessary estimates for %(t), fot %(s)ds, %.(t) and for
fol 94, (s)ds. Using (2.6) and part (i) of Lemma 4.3, we have

o0
[%(1)] < Kv(r) /0 |d ()] ro(s) (X, 1) — Uxx(x, 0 — 5)| ds (4.69)

and this gives

+o0
190, 0l 120) < 2Kv(t)/0 |d'(s)| ro(s)ds <sup uxx(~,s)|Lz(Q)> < Cv(t)\/E(t).  (4.70)

0<s<t

On the other hand, using (2.6) and (4.2), we have that

t +o0 t
/ Y(x,s)ds| <K / |d'(1)] / [75.(x, r)|2 [t (X, 8) — (X, s — 7)| dsdt 4.71)
0 0 0
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which implies, taking the L? (Q)-norm, that

| [ e

<2K (Sup |“xx('»T)|L2(Q))
L2(Q

o<t

/Ow () / 53,0 g dsd

Now, we have by Sobolev inclusions

G Pe / 10Co )| 2y 2 < 2CTtl (18] g12) (5),
S—T

where 7(x, s) is the function defined on Q x R by

5 {v(x, s) for s e [0,1)
B(x,s) =
0 for s e R — [0,1)

and
1 s+p
M (HEHHZ(Q)) (s) = Sng 7 [D(-, T)”HZ(Q) dr

is the maximal function of s— [[3(-, 5)| 12, (see [41])

(4.72)

(4.73)

(4.74)

(4.75)

Now, the maximal inequality (see Theorem 1, page 5 in [41]) in this case leads to

/}R 0 (J5.9) ) (5ds < 2/T0 /}R 18(5) g (x,5)ds
— 210 /0 0] 2y (5, 9)ds

Then, from (4.73) and (4.76) by Sobolev inclusions we have that

t t
|1 e < 2 [ 1ol
Next, with the help of (4.72) we deduce

‘ /0[ 9(-,s)ds

that is

L2(Q) o<t

‘ /0[ %(-,s)ds

Next, let 9 (x,t) = I; 4+ I, where

< CEV1).
L2(Q)

00
I = /0 d(5)g" (74(9)) [uls)|* ds

+o0
L= /0 d(5) [¢ (7405)) — g(0)] Phon(5)dls

400
< CK sup [uxl(: r)anm/ 106 $) 170 ds/ |d'(t)] Pdt

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)
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and also fot 4 (x,s)ds = I3 + 14, where

I; = /Ot /0+O€ a(t)g" (E;(r)) |E§cx(r)|2 dzds

+00
I = / / d(1) [¢ (55(0)) — £'(0)] Bnn()deds.
Since '(s) = u(t) — u(t — s), using again part (i) in Lemma 4.3 we obtain
1] 12y < 2K( z)/ d'(s)| ro(s) H% I)HLz + ||t — s)HLZ(QJ ds

+o0
<AK(1) sup Jal5) g / ()] ro(s)ds

0<s<t

This gives further down by Sobolev inclusion,

o0
1120 < 4K (/0 |d'(s)] ro(s)ds> v(1)E(t).

Next, as in (4.70), one easily obtains that

+00
113l oy < 2K ( /0 1d/(5) Vo(S)dS) WOV/ED).
Moreover,
31 20y <
+so
K / / )| [[7%( T)”Lw(g) (s 8) — (8 — T)HLx(g) 0% (s T)”LZ(Q) drds.

As in the proof of (4.67), we have the following estimates:

Bl o0 < 20 (18] ) ()

T lia) < 20 (Il 20) (5

which give

00
131 12q) < 8K sup [ux(:, s)HLw(Q/ ()] t°dt
0

0<s<t

\/ /0 //(wxm(m)z(s)d# /0 M ([0l 2(@y)” (5)ds.

31

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)
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Using again the maximal inequality from [41] and the Sobolev embeddings leads to

3]l 120) < € sup [[u(,s)l 30 / 100, 5) |72y ds (4.89)
0<s<t
that is
I3 L2y < CE2(). (4.90)

Finally, for I, we proceed as for obtaining (4.79) and get
1 all o) < CE2(0). (4.91)
The above estimates lead to the below ones:

95,0l 120y < C(0) (60 +V/60)) (492)

H/O[ G.(-,s)ds

Step 2 From (4.65), we obtain

< CE(1). (4.93)
LX(Q)

{ 2(0) G0 2@) + 190, Ol 2y + 05 D)l 1))

+ 141w sup [ iy + 1969 2@ + 10:9) 2]
/‘ %(-,7)de
0

Using now (4.70) and (4.79) and the fact that v(t) and &(¢) are increasing functions, we
obtain (4.67). Next, (4.68) is obtained in a similar manner: one produces an equality like
that of (4.94) satisfied by ||uyx(", t)HLz(Q) with fy, Gy, v, Uy, v in place of f, G, v;, v, vo.
Using (4.92) and (4.93), we get (4.68).

CNCUIPPES

(-,7)dz

O<s<t

+ ”U('»S)HU(Q) + UO'LZ(Q)‘| }
(4.94)

+\

+ 42l w.) Sup l

L2(Q) L2(Q)

O

4.4 Smallness estimates

The next Proposition proves the uniform boundedness of &(t).

Proposition 4.2 There exist two numbers & > 0 and 6 > 0 independent of n such that,
whenever vy and f verify F(f) 4+ Vo(vo) < 0, one has

vVt € [0,T). (4.95)
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Proof Remark first that, capitalizing on (4.29) and (4.9), one has v/(x,0) = f(x,0),
0 (%,0) = fr(x,0), vy(x,0) = —g'(0)a(0)vg(x) + fi(x,0). From the definition of &(z), we
deduce

6(0) < 14—2azﬂn\gT0N2}HUOHéaQ)4‘j£ [f2(x,0) + f3(x,0) + 2f7(x,0)] dx.  (4.96)

Therefore,
£0) <214+ O g O] (F + Vo). (4.97)

We now use the fact that the seminorm w € H?(Q) [Wxxll12q) 18 @ norm on
H?(Q)N H} (Q), equivalent to the usual norm in H? (Q). We shall as well make use of the

) . 1 )
inequality (\/70 + \/17). 1E(t) < né(t) + Z(VO + F), with > 0 small enough.
From Lemmas 4.7, 4.8 and 4.10, we deduce

&)< C {Vo +F + [v(0) + V(0] € + Vol (1) + 63(t) + vz(z)gz(z)} (4.98)

provided (4.10) holds true.
Recall also the inequality (4.7):

v(t) < ca/E(1), ¥ € [0, T). (4.99)

Then, we deduce from (4.98) that

EW)<ci [Vo+F+ &) (4.100)

with ¢; > 0 a constant independent of n.
Now, observe that we can choose & > 0 and & > 0 such that

—2 1
Clg < 5
e
&< —

4C
¢ (4.101)
10 <

&%

2{1+aX0)|g'(0)| o <

2| Sy

Let us now prove that, for any ¢ € [0, T'), (4.95) holds true. Indeed, if the contrary were
true, then invoking the continuity w.r.t. time there exists t, € (0, T) s.t. £(t) < &, for any
t € (0,13), but inequality (4.95) is false on an interval (ty,t;) with 0 < t; < t;. From the
second inequality in (4.101), we deduce that (4.100) is satisfied on [0, z;]. Using once more
(4.101), one gets &(t) < @ + % which triggers &(t) < % on [0,1,], hence a contradiction.
This later fact ends the proof.

O
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5 Proof of the main result
Remark that from Proposition 4.2, we actually deduce that for v, — solution of (P,)i,

(Py)2, (Py)3 — we have the following upper bounds:

sup |:Hun(':[)“%-13(g) + H(un)t('st)Hip(Q) + H(un)tt('st)H%-]l(Q) + H(un)ttl(.at)Hiz(Q)

te[0,T,)
T, ya
2 2 2 &
+/O {an('at)”Hz(Q) + ”(Un)t('at)HHl(Q) + H(Un)rz('st)HLZ(Q)} dr < 5 (5-1)
and
t
sup '/ (vn)y (x,7)d7| < 0. (5.2)
O<§\‘<€tQ<T,1 s

We then deduce from Proposition 4.1 that T, = 400, so (5.1) and (5.2) are valid upon
replacing T, by +oo. It follows that there exist two limits

3
ue [ W™ ((0,+00): H"(Q))

m=0
and

2 2
= {ﬂ Wm,so ((0’ +OO),H2m(Q))} N {m Wm,Z ((0’ +OO),H2m(.Q)>}

m=0 m=0

with u(x,t) = f()’ v(x,s)ds s.t. (up to a subsequence of n) we have

d™u, d"u
dem dem

weakly * in L” ((0,400); H"(Q)), m=0,1,2,3

and
d™v, . d™
dtm dtm
By the trace theorem, we have v = 0 for x € 0Q2, t > 0, and v(x,0) = vy(x), for x € Q.
Now, remark that the equation (P,); can be written in the form

weakly in L? ((0,400); H"™(Q)), m=0,1,2.

a t
(Un)t(xa [) = _aix /O an(t - S)g/ ((un)x(xs t) - (un)x(xa S)) (vn)x(xa S)ds + f(x7 t)- (53)

We now pass to the limit in (5.3) above, for any fixed t > 0. By the trace theorem, it is
LA(Q
clear that (v,),(-,t) —% v,(-, t) weakly. Next, we take on to proving that
n——00

/0 an(t — 5)g' ()55, 1) — () (%, 5)) (1), 5)dls

weakly converges in L? (Q) towards

/t a(t — s)g (ux(x, 1) — ux(x, s)) vy(x, s)ds.
0
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Let ¢ € L?(Q) be fixed; we have to prove that

En m E, (54)

where
E,= 0 d(x)ay(t — S)g/ ((un)x(x, 1) — (un)x(x, 5)) (Un)x(x, s)dxds (5.5)
(b (x)a(t — s)g" (ux(x, 1) — ux(x,s)) vy(x, s)dxds. (5.6)

. . (o
By Sobolev compact inclusion, we have that (u,) —+—)> uy strongly
n—-100

(@)

and (uy)«(-, 1) — uy(-,t) also strongly. From (5.2), with T, = +oc0 we deduce
n—-100

t
/ vy(x, 7)d7
t—s

Making use of (4.2) leads to the strong convergence

sup <0. (5.7)

xeQ
O<s<t

: <@
g ((un)x(x, 1) = (un)x(x, 5)) ——> g (ux(x, 1) — ux(x, 5)). (5.8)

. L*(Qy) L*(0,t) .
Since (v,)x — U strongly and a, —— a strongly (consequence of assumption
n—+00 n——+o0o

(a2)), one easily gets (5.4) which ends the proof of Theorem 2.1.

6 A class of totally monotone functions compliant with hypotheses (a;) to (as)

The goal here is to introduce a large class of functions a compliant with assumptions
(ai)—(as). The following Lemma gives sufficiently weak enough conditions so that (as)
holds.

Lemma 6.1 Assume that b € W' (0, 40) satisfies the following conditions:

(i) th' € L'(0,+00)
(ii) there exists My > 0 and oy > 0 s.t. |Fb(w)| = 1+|w‘,1 , Vo e R
(iii) there exists Ms > 0 and oy > 0 s.t. |F b (w)| < W Vo € R
(iv) there exists a3 € R s.t. the function R > t — tb(t) € R is an element of H* (IR).
Then, there exists Mg > 0 depending only on My,Ms, oy, o and o3, and p € N* depending
only on oy and oy and o3, s.t.

€ 7 (Buw)(0, M), (6.1)

where
M7 = Mg [1+ (1t || prw) + D]l w)] - (6.2)
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Proof Since H' (R) < # L' (IR) and ||97*1w||L1(]R) < Clwllgmw), Yw € H' (R) (see [30]),

711P
it suffices to consider the H! norm of E = [';,bb] . From hypotheses (ii) and (iii), it is clear

that, for p large enough depending on o; and oy, we have

1El 2wy < Ms, (6.3)

where Mg depends on My, Ms and a,. We also have E' = E; — E;, with

!/

) (7]

(76" [7b)
E, = 5 (65)
(7))
Since [(Fb')| = |Z(tb')| € L*(Ry), from the above mentioned assumptions we get
there exists p large enough depending on «; and o, s.t.
IE1 |12y < Me|[th'|| Liw)- (6.6)

From assumption (iv) and the fact that |(#b) | = |Z (tb)|, we have that the function
® — (1 + 0?)2(Fb) (w) € L*(R), and, ||(1 + &?)*/*(FbY (o) 2w) = [Itb]l 1= w)-
Then, there exists p large enough depending on o4, o, and o3 s.t.

1E2 1l 2y < Mg|lth] gs(r) (6.7)

with Mg as before. From (6.3), (6.6) and (6.7), the claimed result follows.

Let u be a positive, finite and non-zero Borel measure on R, satisfying

(11) the function R, 5 p+— p—lz is an element of LL(O, ~+00)

(1) there exists y € (0,1) s.t. the function Ry > p — p” is an element of LL(O, ~+00).
Remark that, as a consequence of these hypotheses, the function R, > p — p# is an

element of L},(0,+c0) for any § € [-2,7].
We now consider the following totally monotone function (see [37])

a:[0,40) = R, a(t) = / e Pdu(p), vt = 0. (6.8)

+
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This Section main result is contained in the below theorem:

Theorem 6.1 Assume the hypotheses (u1) and (1) hold true. Then, the function @ given by
(6.8) satisfies the hypotheses (ay)—(as) of Section 2 with

Gn(t) = / e Pdu(p), Vi = 0, Yn € N".
[0,n

Proof Since the measure ,u is finite, it is clear that a, € ¥* (R.), and for any t € R, and
k € N, (a,)®(t) = Jiom(— Y pke=P'du(p). This gives &, € WP (0, +c0), for any p € N and
also a), < 0.

Let k € N and g € R. Then,

+0
/ 17 (a,) ™ (¢ / i
0 [0.1)
=<—nﬁ/ pk(/ ﬂemm)dmm.
[0,n) 0

Taking t = pt in the integral w.r.t. t leads to

e P'du(p)dt

oo +0
/ t(@,)® (t)| dt = / e dt / P du(p). (6.9)
0 0 [0,n)
Invoking hypotheses (u1) and (u2) gives
| prtdute) < (6.10)
[0,4-00
provided that

0<g+1-k<2 (6.11)

For ¢ =0 and k =0 or k = 1, one sees that (6.11) is verified, therefore (a;) and (ay) are
valid.

For ¢ =2 and k =1 (6.11) is also verified, then f+°o t?|a, (t)|dt is bounded. The same
for ¢ = 1 and k = 2, with this time f t|a@;(t)|dt bounded. The later grants (as3) is valid.

Next, by Fubini’s theorem we obtain, for o €R,

+0o0 ) d
Fajo)= [ [ erdupea— | p)
0 0,n) [on P+ 10

from which one gets

N p
Re [7 @, = ———du(p).
cFmo) = [ i)

Now, assumption (u;) gives u ({0}) = 0, so, there exists u and f s.t. 0 < p < @ and
w([p, 1)) > 0. Take n > 1 to get

T H
Re [F iy (w)] = m

w (). vo € R

which proves (ay).
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Now, we prove that the hypotheses of Lemma 6.1 are verified for b = &,, with constants
independent of n.

The last inequality also proves that (ii) of Lemma 6.1 is verified with M3 independent of
n and oy = 2. Taking ¢ = k = 1 (which satisfy (6.11)), we deduce that part (i) of Lemma
6.1 is also verified, and that |t@) |1 is bounded.

Next, on one hand, we easily calculate

which gives

Fao< [ L) (6.12)
[0.) \/ P~ + w
We deduce that
Fii (o) < /}R du(p). (6.13)

On the other hand now, we use the fact that
PN <yl +(1=)p* <o’ +p?

to get from (6.12), for o + 0,

o)< [ du(p) = pdu(p).

o P o) lol” Jiom

Invoke (uy) to get, for w + 0,

|7t (w)| <

/ o' du(p). (6.14)
R,

lof”
Then, (6.13) and (6.14) give

2

Fu <
|7 a0, (o) 15 o)

/ (1 + p") du(p).
R,

Then, the assumption formulated in (iii) of Lemma 6.1 is verified with «, = y and a
constant M, independent of n.
Finally, the inequality (6.11) is verified with ¢ = 1 and k = 0. From (6.9) and assumption

(ko) we et
o0 5
v, < [ e [ pdute) <o
0 R,

The above entails t&, is bounded in H~!(R); consequently hypothesis (iv) of Lemma 6.1
is verified with f = —1. We then deduce that the conclusion of Lemma 6.1 is verified with
a constant Mg > 0 independent of n. Then, hypothesis (as) is verified. O
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Remark 6.1 The relaxation function of the Doi—Edwards theory,
app(t) = Y17 e PP 1> 0,

is actually a particular case of (6.8) with the measure upg = Z,:;Ool m5(2k+1)2n2[)/l‘2,

where Syt 1pmpyr2 is Dirac’s measure at (2k + 1)°n*D /L.
It is easy to see that the assumptions (u1), (1) are verified for this measure, and this
paper results can be applied for the apg function.
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Appendix A
A.1 Appendix 1

For sake of clarity, we show here how equation (1. 12) can be solved employing the method
of characteristics in a more general case, that is with 2 5y o(u) being replaced by the tensor
A (t,u) given in (1.3) with k an arbitrary tensor. In the end, we shall make the necessary
particular assumptions to explicitly obtain the solution of (1.12).

Consider the problem:

2
oF D@ F 0

ot Yo “oul [ (t,u)F], (t,u,s) € [0,+00) x Sy x (0, L) (A1)
F(s=0)= F(s= L) = (A2)
SEVEISEM =0
F(t =0) = F,. (A3)
Given that O% « M = —3ku-u= —3k :uu, one may re-write (A 1) as
oF @* oF
o D@-i-(&cu-u)F—///-a

and further on, with F = F — - so that F(s =0) = F(s = L) = 0, as
F ’F F
a——Da——(&cu wF + A - a— = —Ku-u (A4)

ot 0s2 Ou

We now search for solutions F in the form
F(t,u,s) = ZFk(t u sm—s

Introducing the above into (A 4) gives, for any k € N*,

F 22D F
ak-l—(kn —3Ku-u)Fk+% aak=(3l€u u>ak

ot L2 u 4
with g satisfying (1.16). One gets

F(t,u,s) =Y Fi(t,u)sin kfns (A5)
k=1
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with Fj solutions to

oF, KD oF
Ef <22-—%um)ﬂﬂn%'a:=ﬁﬂ (A 6)

Fi(t = 0) = Fy (A7)

with Fy, being given by (1.15). As an aside, in the above x is to be considered only as a
parameter, not entering the calculations.

To solve (A 6), (A7) we use the method of characteristics. Specifically, for all t,7 > 0,
denote M(t,7) the unique solution of the differential system

M(t =1,7) =1d3,

where Id5 is the Kronecker’s delta (unity) tensor. For any w € S, set (¢, 7, w) = Mtow o

i = IMEowl
S,. One easily checks that
0¢

3 = O Ik(OC- <6 T >0

and that
Et=r1,t,w)=w,t=0.

Equation (A 6) is now solved along the characteristic curves £(t, 0, w). To do so, for any
fixed w € Sy, let Ax(t,w) = Fi (t,£(t,0,w)); from (A 6), one obtains

94k nD
or

[ PU R

3k(t)E(t, 0,w) - E(t,0,w) — Lz] A +

with
Ar(t = 0) = For(w).
One gets

t+3 /r k(7)&é(t,0,w) - &(1, 0, W)d‘L':| For(w)
0

n D

UEyE

t kznzD t
kzak/ exp [_Lz(t —1)+ 3/ k(r)E(r,0,w) - E(r,0,w)dr| dz.  (A8)
0 0
Letting u = &(t,0,w) implies &(t,0,w) = &(t,t,u) (because w = &£(0,t,u)). Next, for any
ti,tp 20,

f2 M(z, t)w M(z, t)w

/zl "(T)f(r’t’“”“’t’”)d’:[1 M owl TMG W]

0O (M(now) M w ( M6, )
— ot . —
_/ﬂ M owl T ow] 08 M oul )

dr
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with the help of the above and from (A 8), we get

e—kzﬂth/L2 < M(0, t)u ) nDk2 /t e—kznzD(t—r)/L2
k
0

Fi(t,u) = F a
k(s u) MO, ul MO, 0ull ) T 4L2 IM(z, 0)ul)?

dr. (A9)

We conclude that the solution of (A 1)-(A3) is given by (AS), with F; from (A9)
above. In the particular case where .Z (t,u) = %Jﬁo(u) as in (1.12), one has

" ov
M(t,7) =1ds + / &(x,r)dr M,

for all t,7 > 0.
This allows to obtain (1.14) knowing that

M(t,tu = <u1 — {/t g—i(x, r)dr} uz,ug,u3> .

A.2 Appendix 2

The task here is to prove Lemma 4.6, relabelled below as Lemma A.2.

Let the function & = &(s,t,x) be defined a.e. as &(s,t,x) = d'(s) [g' (PL(x,5)) — g'(0)],
s€[0,400),t€[0,T), x € Q. Let Dr := {(s,) : s € [0,+0), t € [0, T), s * t}.

In the following, 9;¢&, 8,¢, 8¢ stand for &, &, and Z5, respectively.

The first step is proving the following:

Lemma A.1 Invoking the above defined notations,

(i) one has: & € €' (Dr; H'\(Q)), Tk € 6° (Dr; LX(Q));

e
(ii) assuming (4.10) holds true, one has the following estimates a.e. x € Q, s € [0,400)

E(s, 1, )] < Kv(#) |d'(s)] ro(s) (A10)
o¢ /
‘at(s’ t,x)| < 2K6v(1)|d(s)| (A11)
o¢ " /
’as(s, t,x)[ < Kv (@) [Ja"(s)| ro(s) + 0 |d ()] (A12)
azé 2 3 ’
5o (86| <420 [KO+ [V0)[] 1d/(5)

+ Kv(0) |d'(s) ro(s) [Joxe(x, )] + [oxe(x, t = 5)]] - (A13)

The above derivatives may be considered in the classical sense, as they are defined for
S+t
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Proof Observe that

d
gf = d'(s)g" (T4(5)) [ox(t) — vu(t — 9)]
d
a*i = d'(s) [ (7(s)) — £(0)] + d(s)g" (74(5)) valt — 5)
o%¢ 1o (3) (ot 5 i
35 =402 (10) [ox() = ot = 5 + d(5)8" (705)) alt) = vl = 9]

Repeated use of part (i) of Lemma 4.3 triggers the result.

O

For sake of clarity and — last but not least — reader’s convenience, we restate Lemma’s

4.6 content and then achieve its proof.

Lemma A.2 Under the assumption that (4.10) is fulfilled, one has

. 1
[ bt ox =20 fim 50 (Bl {F+ JFVED

+ [v(0) +v3(0)] 6(0) + Vb (1) }

Proof Derivate (2.4) w.r.t. t and apply Ay on the resulting equation. One gets

+o0
Aoy = /0 d(5)50 (g (7409)))., ds + Anf

Multiply the above by Ajv,, integrate on Q x [0,¢] to obtain

1 2 1 2
3 [ o dx =3 [ (A0 dv

t +o0
_/ // a(t)Apg (Ef((x,f))sAhvxt(x,s)d‘cdxds
0o JeJo
t
—|—/ /Ahf,(x,s)Ahvt(x,s)dxds.
0 Jo

Observing that
g ([0, 1), = g (T3(x, 7)) [va(x,8) —vi(x, 5 — 7]
leads to

t +00
—/ / / a(t)Ang (Ef((x, ‘E))S Apvy(x,s)dtdxds =11 + I, + 15 + 14,
0o JaJo

where

(A 14)

(A15)

(A 16)

(A17)

t +o0
— / / / d' (T) A pvxe(x, 5) Apg (T3(x, 7)) [vx(s + h) — vx(s +h — 7)] drdxds (A 18)
0 JaJo
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t o0
I, = —/0 /Q/o d (1) Apvxe(x,5) [g (TU(x, 7)) — g'(0)] Apvx(x, s)drdxds (A19)
I = g(0) /0 Z /Q /0 " @) B, 5) (s — 7) — Ano(s)] dedds (A20)

t +o0
Iy = / / / d' (1) Apvy(x, 5) [g’ (Efc(x, ‘E)) — g’(O)] Apvy(s — t)drdxds. (A21)
0o JaJo
Integrating by parts w.r.t. s leads to Iy = I; + I3, where
+o0
Iy = —/ / d' (D) A poy(x, ) ARG (T%(x, 7)) [ox(x, ¢ + h) — vi(x,t + h — 7)] drdx
eJo

t ~+00
+/0 /Q/O d (1) Ao (x, ) Ay [87 (T3(x, 7)) (vx(x,8) — V(x5 — 7))
X [ve(x, 5+ h) — ve(x,s + h — 1)] dedxds

t “+o0
+ / / / d' (D) A pvs(x, ) Ang' (T, 7)) [oa(X, s + h) — v(x, s + h — 7)] drdxds
0o JaJo

(A22)
and
I = /Q /0+00 d (1) Apvx(0) Apg’ (B2, 7)) [vx(x, h) — vx(x, h — 7)] dedx
— /I/ a(s+h)Ag </S v(x, /I)d/l) 06(X) Aoy (x, s)dxds. (A23)
0 Jo 0

Observe that

/ /+00 d' (1) Ao (0)Apg’ (Eg(x, 7)) [vx(x, h) — vy(x,h — 7)] drdx
aJo

h h
- / [o:(h) — (0] / d(7) [g' ( / vxwdz) —g’(O)} [ox(h) — ou(h — 7)] de
Q 0 h—t
h
- / () [ox() — 04(0)] {g’ ( / vxu)dz) —g/(t»} oo (). (A24)
Q 0

By integrating the first term by parts w.r.t. 7, one gets

h
I, = /Q [ox(h) — v (O)) a(h) [g’ ( /O vx(xw) —g’<0>] dx

h h
- / [ox(h) — 0x(0)] / a()g” ( / vxu)cu) va(h — 7) [ox(h) — vu(h — 7)) dedx
Q 0 h—1

h h
- /Q o (h) — 0:(0)] /0 a(x) {g’ ( /h ) vxwdz) —g’((»} vu(h — 7)dedx
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h
- / () [ox(h) — vx(0)] [g' ( /O vx(zw) —g/((»] oy (h)dx
/ / (s + h)Ang' ( / x(})@) () Ao (s)dxds. (A25)

Next, dividing the above by h?, passing to the limit for 1 — 0, and using the fact that
v and its derivatives up to order 2 belong to € ([0, T); L*(Q2)) leads to

1
it ey it Jon (A26)
where
o0
_ / / 02&(t, 1, Xy (X, 1) [0x(x, 1) — vx(x, t — 7)] drdx
e Jo
t +o0
+/0 /Q/o 0228(7, 8, X)vxe (%, 8) [0x(xX, 5) — vx(x, s — 7)] drdxds
t +o0
+/0 /9/0 02&(1, 8, X)Uxr(X, 8) [Uxe (X, 5) — vxe(x, 5 — 7)] drdxds (A27)
and
Jor = / / $)xe(x,5)g" (To(x, 5)) vx(x, s)vh(x)dxds. (A 28)

The term I, can be re-written as

1 t +0o0 a 5
b= [ ][ s 1w sz
2 Jo JaJo Os
1 400 5
——5 [ [ e aws
2 QJo

1 t —+00
+ = / / / 02E(1, 5, X) | Apox(x, 5)|* drdxds. (A 29)
2 0 JQJO

Dividing by h? and passing to the limit for h — 0., one obtains

1
—IH ——
h? 2 h—0,

1 +o0
h=—x / / £t t, ) o, ) dedx
2 Ja Jo
1 t “+00
+7/// 02E(T, 8, x) [vxe(x, 5))> drdxds. (A31)
2 0 JQJO

Next, I3 = I3 + I3 + I33, where

D, (A 30)

where

I = g'(0) / // T)Apvyi (X, 8) Apvy(x, s — t)dtdxds (A 32)



On the 1AA version of the Doi—Edwards model 47

t st+h
I3 = g’(O)/ / / a (7)Ao (x, s)oc(x, s + h — t)drdxds (A 33)
0 JQJs

t
iy = €000) [ [ Bt s) ot siixas (A 34)
0o Jo
Upon integration by parts w.r.t. T leads to
t
B =g 0) [ [ ats)2mmats) S (. 0)dxds
0 Jo

— g'(0)a(0) /0[/QAhvx[(x,s)Ahvx(x,s)dxds

+£'(0)0 (Apvxp, at). (A35)
The above implies, upon simplification and integration by parts w.r.t. s, that
I = ¢00Q (Arat) +£/0) [ alt)20(0)540:(00dx
Q
t
~£/00a0) [ (20 dx = g0 [ [ ) 20m.(5)200,(0)dxds
Q 0o Jo
t s+h
— g'(O)/ / / a' (1) Apvy(x, $)vxe(x, s + h — t)drdxds. (A 36)
0 JQJs
Divide the above by h? and taking the lower limit for h — 0, gives

| |
hhrg(l)?f b= g'(0) lllgg(l)?f 2 Q (Ao, a,0) + s, (A37)

where
J =g’<0){a(r> [ e, 0 —at0) [ o000
Q Q
—/0 /Qa(s)vx[(x,s)um(x,O)dxds—/0 /Qa(s)v"(x,s)vo(x)dxds}. (A 38)

Next, we end up with the same result as in (A 37) with (lim inf IH0+) being replaced by

(limsupy, o, ).
Now, we can write I4 in the form

! $ s+h
fe= / / {_/ £(r,5)Apvx(s — 1)dr + / C(r, shux(s +h — T)dT:| A pvy(x, s)dxds.
o Je LJo s
(A39)
An integration by parts w.r.t. s gives

Iy = Iy +1ap + 143 + Lyg, (A 40)
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where

Iy = — /0I /Q /OS [02&(7, ) Apvx(x, s — T) + E(T,8) Apvxe(x, s — 7)] dtApvi(x, s)dxds (A 41)

t s+h
Ip = — / / / [026(%, $)ox(x,5 + h — 1) + (5, Joxe(x, 5 4+ h — 1)] deLyos(x, s)dxds
0 QJs

(A42)
Iy = —/0 /Q [E(s + h,s) — &(s, 5)] vp(x) A pox(x, s)dxds (A43)
and
s+h s=t
Iy = {/Q /o E(T, ) A pui(x, s — T) Apoy(x, s)drdx] N (A44)

We now deal with the second term in I4;; we have

_ / (58 Anon( s — 1T = E(5,5) [ox(h) — 0:(0)] — / () A5 — idT (A4S)
0 0

fact that allows to get

Iy = _/Ot /Q /Os [01&(T, 8) + 02&(7, 8)] Apvx(x, s — T) Apvy(x, s)drdxds

+ /0 /Q E(s, 8) [ox(h) — v5(0)] Apvy(x, s)dxds. (A 46)
Now, we obtain
1
ls o Jat Jo (A47)
where
Jy=— /t/ /s [01&(7, s) + 028(7, 5)] vxe(X, 8 — T)vxe(xX, s)dTdxds
0o JaJo
+ /I/ E(T, t)vxe(x, t — T)vye(x, £)dxd7 (A 48)
0o Jo
and
Jog = —/ / [01£(s,5) + 02E(s, 8)] vo(x)xe(x, s)dxds. (A 49)
0o Jo

Now, from (A 16), (A 17), (A 26), (A 27), (A 30), (A 31), (A 37), (A 38), (A47), (A 48), we
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deduce that

1/ 2(x,t)d —1/ 2(x,0)dx = ¢'(0) lim iQ(A t)

2 o Uft X, X 2 0 vt[ X, X = g hA?OJr h2 hUxt, 4,

t
+ / / Ui (%, ) fee(x, s)dxds + J1 + Jo + J3 + Ja + Jo1 + Joa (A 50)
0 Jo

with Ji—J4 being given by (A 27), (A 31), (A 38) and (A 48), respectively. One now needs to

appropriately bound the terms J1—Jy, Jo; and Jo4. It may be easily seen, using Lemma A.1,
that all terms Jy, J, and J4 can be bounded by one of the following type of expressions:

cvk(t)/ [wi(x, 1)| [wa(x, )| dx (A 51)
Q

or
evk (o) /O /Q lwi(x, )| [wa(x, s)| dxds (A 52)

or
cvk(t)/0 /Q(p(r)\wl(x,t—rﬂ|wz(x,t)|dxdr (A 53)

or
cvk(t)/0 /Q/O o(7) [wi(x, s — )| [wa(x, s)| drdxds, (A 54)

where ¢ > 0 is a given function in L'(R,) depending on a, ¢ > 0 is a constant, wi, w,
stand for either v or one of its derivatives up to second order, and k € {1,2,3}. This is a
consequence of assumption (a3).

Terms like (A 51) and (A 52) can easily be bounded by cv¥(t)&(t). Using Lemma 4.2,
terms like (A 53) and (A 54) can also be easily bounded by cv¥(t)&(t). We then obtain that
there exists a constant ¢ > 0 s.t.

Ji+ D+ Jds <c[v@O) +v ()] 6(0). (A 55)

The estimates for J3, Jo; and Jy4 are simpler to obtain since they contain initial data.
Using (4.33), we get vy (x,0) = fy(x,0). It easily follows that

3l < 1O (1a)| + | 1w, ) [(VF+v70) VE@+aOF]  (A56)

[Jot] < KO|d' || 1w, llvoll m2(0) 6 (1) (A57)
and
[Joal < 3K (0]ld' [ aw,) + la"roll iw ) llvoll 2oy v (£)y/ & (2) (A 58)
From (A 50), (A 55), (A 56) and (A 58), the result stated in the Lemma now follows.
]



