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We consider a second-order measure differential inclusion describing the dynamics of a
mechanical system subjected to time-dependent frictionless unilateral constraints and we
assume inelastic collisions when the contraints are saturated. For this model of impact,
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1. Introduction

Motivated by the study of discrete mechanical systems submitted to perfect uni-
lateral constraints, we consider in this paper second-order differential inclusions of
the form

i+ N(K(t),u) 3 g(t,u), (1.1)
where K (t) is a subset of R? characterized by the following geometrical inequalities
ue K(t) < folt,u) >0, ac{l,...,v}

with smooth functions f, and N(K (t),u) is the normal cone to K (t) at u given by

{0} if u € Int(K(t)),
N(K(t),u) = > AaVafaltu),da <0 ifu € dK(t),
a€eJ(tu)
] otherwise

with J(t,u) = {a € {1,...,v}; fa(t,u) < 0}, Le. J(t,u) is the set of active con-
straints at the point (¢, u).
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The inclusion (1.1) may describe the motion of a mechanical system subjected
to the frictionless unilateral contraints

u(t) € K(t) Vt. (1.2)

Indeed, with the definition of N (K (t),), any solution of (1.1) will satisfy (1.2) and,
as long as u(t) € Int(K(t)), the motion will be described simply by the Ordinary
Differential Equation

i = g(t,u).

Furthermore, if u(t) € Int(K(¢)) for all t € (to,t1) U (¢t1,%2), with u(t1) € 0K (t1),
then

a(ty) € ~T(K(t1),u(t)), a(t]) € T(K(t1),u(t1)) (1.3)
with
T(K(t),u) = {v € RY 0, folt,u) + (Vi falt,u),v) >0 for all a € J(t,u)}.

It follows that the velocity may be discontinuous at ¢; and the model has to be
completed with an impact law. In this paper, we will assume that

W(t™) = Proj(T (K (t),u(t)), u(t™)). (1.4)

Observing that T(K (t),u(t)) is the set of kinematically admissible right veloc-
ities at the instant ¢, this relation relies on a minimization property of the kinetic
energy at impacts and thus seems to be the most physically relevant (see [11] or [13],
for a more mathematical justification in the case of time-independent constraints
see also [22]).

The adequate framework for the solutions is thus the set of absolutely contin-
uous functions u which derivative @ belongs to the space of functions of bounded
variation. More precisely, for any initial data (ug,vo) € K(0) x T(K(0),ug), we will
consider the following Cauchy problem:

Problem (P). Find u : [0, 7] — R, with 7 > 0, such that

(P1) w is absolutely continuous on [0, 7], @ € BV (0, 7; R?),

(P2) u(t) € K(t) for allt €0, 7],

(P3) the measure p = du — g(-,u)dt satisfies the differential inclusion (1.1) in the
following sense: there exists v scalar measures A, such that

div — g(-,u)dt = Y AaVaufalu)
a=1
Aa >0, Supp(Ae) C{t€[0,T]; falt,u(t)) =0} Vae{l,...,v}.

(P4) u(t™) = Proj(T(K (1), u(t)),w(t™)) for all t € (0,7),
(P5) u(0) = ug, u(0F) = vg.
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For this problem, existence and approximation of solutions have been studied by
several authors in the case of time-independent constraints, i.e. when the functions
fa do not depend on t.

The first results deal with the single-constraint case, i.e. v = 1: two different
types of time-stepping schemes, formulated either at the position level or at the
velocity level, have been proposed and their convergence established (see [14, 19, 20,
23] for position-based algorithms or [10, 8, 9, 6, 7] for velocity-based algorithms).
These results have been extended to the multi-constraint case, i.e. v > 2, more
recently (see [16-18]). In both cases (v = 1 or v > 2), the very complete study of
Ballard ([1]) can be applied if the data are analytical, leading to the uniqueness of
a maximal solution. Unfortunately, for less regular data, uniqueness is not true in
general and several counter-examples can be found in the literature (see [5, 24] or
[1] for instance).

On the contrary, for time-dependent constraints, very few results are available.
In [25], Schatzman established an existence result in the case of a single constraint
by using a penalty method, which also provides a sequence of approximate solu-
tions. Unfortunately this technique is not well suited for implementation since it
transforms the differential inclusion into a very stiff Ordinary Differential Equation,
which stiffness is related to the penalty parameter (see [21] for a more detailed dis-
cussion). It is then necessary to try to adapt the time-stepping schemes to the time-
dependent contraints framework. A first step in this direction has been achieved in
a very recent paper ([2]), in which the authors prove the convergence of a general-
ization of the velocity based algorithms when the sets of admissible positions are
defined as a finite intersection of complements of convex sets (i.e. the mappings f,
are assumed to be convex with respect to their second argument). Of course this
last assumption is a severe restriction to the applicability of their result and it is
important to relax it. The aim of this paper is thus to propose a generalization of
the position-based algorithms and to prove their convergence in a more general geo-
metrical setting than in [2]. Let us also mention another extension of [2] where the
sets K (t) are replaced by a given Lipschitz and admissible set-valued map t — C(t)
(see [3] and Definition 2.13 of admissible set-valued maps). We should emphasize
that all these results give, as a by-product, global existence results.

So we adopt the same regularity assumptions for the data as in [2] but we will
not assume any convexity property for the mappings f,. More precisely, let T' > 0,
we assume:

(H1) The mappings fa, @ € {1,...,v}, belong to C%([0,7] x R%R) and for all
t € [0,7], the set K(t) = {u € R% fo(t,u) > 0,Ya € {1,...,v}} is not
empty.

We define

K ={(t,u) € [0,T] x R:u € K(t)}
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and for any r > 0, K. is the neighborhood of K given by
K, ={(s,9) € [0,T] x R:3(t,u) € K/|s —t] <7, |ly —ul| <7}
(H2) There exist r > 0, m > 0 and M > 0 such that, for all (s,y) € K,:

m < [|Vufa(s,y)ll < M, ([0 fa(s,y)ll < M,
107 fa (s, )| < M, (10:Vufa(s,y)| < M. || D3 fa(s,y)]| < M.

Moreover there exist v > 0 and p > 0 such that, for all ¢ € [0,7] and for all
u € K(t):

Z )‘a||VUfa(tau)H§'Y Z /\avufa(tau)

acJ,(tu) acJ,(tu)

Ve €Ry, e J,(tu),
where J,(t,u) is the set of almost active constraints at (t,u) defined by

Jo(t,u) ={a e {l,...,v}; falt,u) < p}.

(H3) The function g is a Caratheodory function from [0, 7] x R? with values in R?,
i.e. g(-,u) is measurable on [0, 7] for all u € R? and g(¢,) is continuous on
R? for all ¢ € [0,7], and there exist k, > 0 and F € L*(0,T;R) such that, for
almost every ¢ € [0,7] we have

lg(t,u) — g(t, @)|| < kgllu—al V(u,a) € (R s.t. (t,u) € K,, (t,4) € K,
lg(t,u)|| < F(t) Yué€R st. (t,u) € K,.

Let us emphasize that (H2) is a kind of uniform positive linear independence
property for the vectors (V fu (t,%))aes(¢,u) Which implies a uniform prox-regularity
property for the sets K (t), t € [0,T] (see [2] or [4]) but does not imply convexity. In
particular this geometrical framework is much more general than the one considered
in [1, 16, 17] since it allows us to consider also cases where the active constraints
are not linearly independent, i.e. (V. fo(t,u))aes(t,u) is not linearly independent.

One of the main interesting consequences of assumption (H2) is the following
result.

Lemma 1.1. There exist T € (0,7], 8 € (0,7], kK > 0 and 6 > 0 such that, for all
t € [0,T] and for all u € K(t), there exists a unit vector v(t,u) such that, for all
s€t—m7,t+71]N[0,T] and for all y € B(u,0), we have:

(Va(s,y),v(t,u)) >0 Vae Jy(s,y).

The proof of the technical lemma can be found in Lemma 5.1 of [4].
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Now let us describe our time-discretization algorithm: let h € (0,7] be a given
time-step, we define t,, = nh for all n > 0 and

o U™l =wuy— hvg, U° = uy,
e forallne{0,...,[£] -1},

1 [in+r
G" = E/ g(s,U™)ds (1.5)
tn
and
W =2U" - U™ +h2G", U™ € Argmin |[W" — z]|. (1.6)
2€EK (tny1)

We may observe that this scheme coincides with the one proposed in [16] when
the constraints do not depend on time and are convex and it is a natural gen-
eralization of the position-based algorithms introduced for the first time in [14].
Furthermore, it is also closely related to the algorithm proposed in [2]. Indeed, let
us define the discrete velocities as

e T
= C 2 e L= 1] 1

If we replace K (t,11) by its convex approximation given by
K(tpy1,U")
={q €RY; faltn11,U") + (Vofaltni1,U"),q—U") > 0V € {1,...,v}},
then (1.6) is replaced by
U = Proj(K (ty,1, U™), 20" — U™ + h2G™)
which is equivalent to
Untt =um" + hvm (1.7)
with
V" = Proj(Kp(tny1, U™), V"™t + hG™) (1.8)
and
Kn(tni1,U")
={v €RY faltnt1, U™) + h(Vgfaltns1,U"),v) > 0Va € {1,...,v}}.

This is exactly the scheme introduced by Bernicot and Lefebvre-Lepot in [2]. From
a numerical point of view, it is clear that the algorithm defined by (1.7) and (1.8)
is much more easy to handle than the one defined by (1.6) but (1.7) and (1.8)
does not ensure the feasibility of the approximate positions if the functions fo,
a € {1,...,v}, are not convex with respect to their second argument while we
always have U™ € K (t,,) for all nh € [0,T] with (1.5) and (1.6).
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As a consequence, the convergence proof that is given in the following sections
will allow us to extend the results of [14, 19, 16] to the more general setting associ-
ated to the assumption (H2) and to extend the result of [2] to the case of non-convex
functions f,. As usual in the multi-constraint case, we cannot expect to prove that
the limit satisfies the prescribed impact law (1.4) without introducing some fur-
ther geometrical assumptions on the active constraints along the limit trajectory.
Indeed, the model problem of a material point moving in an angular domain of R?
shows that continuity on data is lost if the active constraints create obtuse angles
(see [15] for a detailed computation). Hence it appears that a necessary condition
to ensure continuity on data is given by

(Vafa(t,u(®), Vufs(t,ut)) <0 V(a,f) € J(tut)? a#p, Vte[0,T)]

and it has been established in [15] that it is also a sufficient condition when the
constraints do not depend on time. It is straightforward to extend this result to the
smoothly time-dependent framework considered here.

So we define the sequence of approximate solutions (up)n>o by a linear interpo-
lation of the U"s, i.e.

n+l _ 7rn T
¥ YVt € [nh, (n+ 1)A)], vne{o,...,hJ —1},

w(®) =0 (1= [T n)vimstvee || 2 ]

and we prove

up(t) = U™ + (t — nh)

Theorem 1.1. Let us assume that (H1)-(H3) hold. Let (ug,vo) € K(0) x
T(K(0),up). Then, possibly extracting a subsequence still denoted (un)n>o, the
approzimate solutions converge uniformly on [0, T| to a limit u which satisfies prop-
erties (P1)—(P3). Furthermore, if

(H4) (Vufalt,ut), Vufs(t,u(t)) <0V (a,B) € J(t,u(t))*,a # 5,5t € [0,T]

then u also satisfies properties (P4) and (P5) and is a solution of problem (P)
on [0,T].

Let us emphasize that since uniqueness is not true in general for such prob-
lems, we cannot expect the convergence of the whole sequence of approximate
solutions.

The rest of the paper is organized as follows. In Sec. 2, we establish some a priori
estimates for the discrete velocities and accelerations. Then, in Sec. 3, we pass to
the limit by using Ascoli’s and Helly’s theorem and we prove that the limit motion
is feasible and satisfies properties (P1)-(P3). Finally, assuming that (H4) holds, we
prove in Sec. 4 that the initial data and the impact law are satisfied at the limit.
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2. A Priori Estimates
We prove first two preliminary lemmas.
Lemma 2.1. For all h € (0, min (r, %)) and for alln € {0,...,N(h)—1}, N(h) :=
L], we have

Vvl VL hG™ € N(K (tny), U™, (2.1)
Furthermore, if h||V™|| < r, we get

h
Ot faltnt1, UH) + (Vo faltnsr, UM, V) < —= (1 +[|V"[])?

2
Vo€ J(ty, UM, (2.2)

Proof. Let h € (0,min (r, %)) and n € {0,...,N(h) — 1}. By definition of the

scheme, for all z € K (¢,41) we have
[ — U < )P
= [W* U2 2Wn — UL UM — 2) + U — 22
Since W™ — U"*! = p(Vn=t — V" + hG™), it follows that

1
(Vb V4 G 2 - UMY < §HU"“ —z|*> Vze K(tpy). (2.3)

If Ut € Int(K(tny1)), we immediately get V*~! — V™ + hG™ = 0 and the
announced result holds. Otherwise, J(t,41, U™ ") # () and we may define

TO(K(tn+1),Un+1) ={we ]Rd; <Vufa(tn+1,U"+1),w> >0Vae J(ty, Un+1)}
and
TO(K (tng1), U™™) = {w € R (Vo fa(tng1, U™T),w0) > 0V € J(tngr, U™}

Let w € TO(K(tn+1),U”+1). The C?-regularity of the mappings f,, a = 1,...,v,
implies that the smooth curve ¢ : s — U + s satisfies ¢(s) € K (t,41) for all
s in a right neighborhood of 0. Thus, by choosing z = ¢(s) in (2.3) and letting s
goes to 0, we obtain

(vt — v 4 hG™, ) < 0.

But T°(K (t,11),U"*!) is dense in TO(K (t, 1), U"t1). Indeed, with Lemma 1.1,
we know that there exists a unit vector v(t,41, U"') € TO(K (tpy1), U™T1). Thus,
for all w € TO(K(t,i1),U™" ) the sequence (wy)gen+ defined by wy = w +
F0(tng1, UML) for all k > 1 converges to w and satisfies wy, € TO(K (tnyr), U™
for all £ > 1. Hence we have

(V= V4 hG™w) <0 Yw € TY(K (tyr), U™

and we may obtain (2.1) by using Farkas’s lemma.
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In order to prove (2.2) we observe that, for all a € J(t,v1,U"™ "), we have
0= faltng1,U™) < foltn,U™) and thus

0 S foz(tn7 Un) - foz(tn+laUn+l)
1
— —h/ (Ot fa(tns1 — sh, U™ — shv™)
0

+ (Vo fa(tnir — sh, U™ — shV™), V™)ds.
It follows that
atfoz(t'rH»la Un+l) + <Vufoz(tn+la Un+l)a Vn>

1
< / (Ouf(bsr, U™Y) = 8y fo(bsr — sh, U™ — shV™))ds
0

1
+/ (Viufaltni, U™ = Vo faltnsr — sh, U™ — shV"™), V™) ds
0

Mh n
< - @+ 2. O
We can reformulate (2.1) as follows: for all h € big(0, min (r, %)) and for all n €

{0,...,N(h) — 1} there exists a family of non-negative real numbers (A7})aeq1,....0}
such that A\ =0 for all a & J(t,41,U™"!) and

V=V S G =Y ARV fa(tngr, UMY, (2.4)

a=1

This relation is the discrete analogous of property (P3) and ‘/n%‘/n_l — G™ can be
interpreted as a discrete reaction force at t,,.
Let us assume from now on that h € (0, h*] with

b . ( T K 1 r6>
=min| r, —, , ,— |-

> W) (15 207 2
Lemma 2.2. Let h € (0,h*]. For alln € {0,...,N(h) — 1}, we have

Vel <2Vt + 201G + =5 (2.5)

Proof. Let h € (0,h*] and n € {0,...,N(h) — 1}. We define w = 2o (t,,U"),
where v(t,,, U™) is the unit vector defined at Lemma 1.1 for (¢,u) = (¢,,U™). Then
U™ + hw € K(t,11). Indeed, for all a & J,;(t,, U™), we have

1
Faltnst, U™+ hw) = fultn, U™) + B / (Oufu(tn + sh, U™ + shw)
0
+ (Vufalty + sh, U™ + shw),w))ds

>ﬁ—hM(1+||w)>m—hM<l+¥> >0
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and for all « € J,;(t,,U™) we have
foz(tn+l7 u" + hU)) = foz(tn7 Un) + h(atfoz(tna Un) + <quo¢(tn7 Un)7 U)>)

1
+h/ (Ot fa(tn + sh, U™ + shw) — Oy fo(t,, U™)|)ds
0

+ h/ol(vufa(tn + sh, U™ 4 shw) — Vy fa(tn, U™), w))ds
> h(=M + dljw]|) = KM (1 + [Jw]?)
>h (M — hM <1+ (%)2»
> 0.
By definition of U™ *! it follows that
|20 — U™t 4 R2G" — U™ < |20 — U™ 4 BEGT - U™ — hw)|
and thus
V=t — V™ £ G| < [V —w + hG™|

which yields the conclusion. O

Now we will prove a global uniform estimate for the discrete velocities.
Proposition 2.1. There exist hy € (0,h*] and C > 0 such that

V| <C ¥Yne{o,...,N(h)}, Vhe/(0, h]. (2.6)

Proof. Let us define two real sequences (Ci)ren and (7% )ren+ by

Co = ||vo] + 1,

4M AM
Ck = Ck;f]_ + T + ||FHL1(O,T;R‘1) = CO + k (T + ||FL1(O,T;R‘1)> Vk 2 ].

and

o min(r, ) _ g\jn(ﬂ ) V> 1.
2C 20 + 2k (2 1 || F| 1o, reme))

It is clear that ), 7% is a divergent sum, thus there exists kg > 1 such that
Z’Z(’Zl 7 > T. The main idea of the proof is to show that there exists hy € (0, h*]
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such that, for all h € (0, hq], there exists a finite family of real numbers (T,?)lgkgkg
such that 7)) =0 < 7f* <--- <7, =T with 1 <k{ < ko and
0

V| <Cr Vne{0,...,N(h) =1} st.nh e[, 7}), Vke{l,....kh}.

The conclusion of the proof will follow with the choice C' = Cy, .
We define

hlzmin<h* z i oL Tﬁ)

Let h € (0, hq]. We will obtain a global uniform estimate for the velocities by an
induction argument.

Since (to, U%) = (0, o) € K, we define w® = 2 v(ty, U°). First we observe that
V=1 = |Jvo|| < Co < C, which implies, with Lemma 2.2, that ||[V°|| < C. Hence
(t1,U') € B(to,7) x B(U?,0) since 0 < h < hy. With Lemma 2.1 we infer that
w? — VO e TO(K(t1),U'). Indeed, for all a € J(t1,U")

Mh

<vufo¢(t17 U1)7U)0 - V0> Z <Vufa(t17U1)vw0> + atfoz(tlaUl) - T(l + ||V0H)
> ol - M~ 200y 2

It follows that
(V7 —w® — (VO —w®) + hG°, w® — V°) <.
Thus
VO —w®l| < VT = w®|| + )| G°

and

4M
VO < IV + =5 +RIGO < G < C.

We may reproduce the same computations and prove that

Ve =) < IV = w® + 23] GH Y€ {0,...,N(h) — 1}s.t. nh € [0,71].
=0

Indeed, let us assume that n € {1,..., N(h) — 1} such that nh € [0,71] and that

k
IVE = < [V —w® + Y NG VE € {0,...,n— 1}
=0
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Then ||[VF|| < Cy for all k € {0,...,n — 1} and, with Lemma 2.2, we infer that
V|| < C. Thus (t,.1,U") € B(to,7) x B(U,8) since 0 < h < hy and, with
Lemma 2.1 w® — V™ € TO(K (tp41), U""1). Thus

(VP —w®) = (V" = w®) + hG™ u® = V™) <0

and

[V =) < VPt — O + G < VT =+ R DG
=0
Hence

4M -
——+hY |G <O

1=0
Now let 7' = 0 and n? € N such that nlh < mm(ﬁ,T) <nfh+h. Ifnk < N(h)—
we define 7)* = (n} + 1)h, otherwise 7' = T. If n} < N(h) — 1, we have ' — 7'61 =
™ > 1. Moreover, T > 7', so ko > 1 and (tn;f,U”?) € K and ||V"}11|| <C <C.
Let us assume now that nf < N(h) — 1. We define w! = %v(tn?, U"}f) and
we can prove again by induction that, for all n € {0,...,N(h) — 1} such that
nh € [P, T + 7):

v < Ivel+

V" —wl < VP —wt+h S |G
I=nl+1
and
||V"||<||V"1||+—+h Z IG! < e <C.
I=nh+1

We define n4 € N such that nfh < min(rf + 72,7) < nbh + h and 7'2 = nhh 1f
nk < N(h)—1, otherwise 7 = T'. We can check immediately that, if n} < N(h)—1,

we have 7' — 7/ > 7 and ko > 2. Finally we complete the proof with a finite
induction argument. O

Let us come now to the estimate of the discrete accelerations.
Proposition 2.2. There exists C' > 0 such that, for all h € (0, h1], we have

N(h)—1
Z an _ anlH < .

n=1

Proof. Let h € (0,h1]. We again use the decomposition of the interval [0,7]
with the subintervals [r', 7/, ,], k& € {0,...,k{} — 1}, which have been defined
in the previous proposition. We recall that, for all & € {0,.. .,k('} — 1} and for
all n € {0,...,N(h) — 1} such that nh € [r},7),,] we have (t,41,U""!) €
B(t,n,7) x B(U™ ,6). Furthermore, with the definition of w* = %v(tnz JU™) we
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also have

M
<Vufoz(tn+la Un+1)vw - Vn> > 7

and thus B(w® — V", 1) C TO(K (tp41), U ).
Using [12] we infer that, for all z € R%:
Iz = Proj(T® (tn41, U™™1), )|
< |lz = w" + V|2 = [[Proj(T%(tns1, U™), 2) — wh + V7|2
Then we apply this estimate with z = V"~! — V" 4 hG™: using Lemma 2.1

we know that z € N(K(t,y1),U"") and since N(K(t,41),U""!) and
TO(K (tns1), U™H1) are convex polar cones, we get

vt —ve
< h||G™M| + (VP =V £ hG™) — Proj(T (ty 1, UMY, V=L — V™ 4 hG™)||
<AGM|+ (VT = wh RGP [V = w?)
<AG™| + (VT = Wb = [V — w2+ RGP 420G VT — wh))

AM ) .
< (1 1F oz + 2C + —) RIG™ + (V71 — kP — [V — wb]P).

)
We add all these inequalities for n =nj!,...,nj',; —1l and for k =0,...,k} —2 and
for n =nl,,...,N(h) = 1if k = kil — 1. We get
0
N(h)—1 Kb —2nj -1 N(h)—1
> vrtovi= Y 2 IVrt=vrie S vrtov
n=0 k=0 n= n n= nhh
kR —1
N(h)—1
AM ;
< (14 1Floran +20+ 2 S He
kh—2

+ ST (VT = w2 — et - k)2
i (HV"Zg_fl -~ wkg‘le2 Nt wkgq”z)

4M
< <1 + 1F|l Lr0,rirey +2C + T) | E N 21 0,7;ma)

+ 2kM (C+ %)

Recalling that k% < ko for all h € (0, hy], we may conclude. O
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3. Convergence of the Approximate Solutions (up)n«>n>0

Now we can pass to the limit in the same way as in [17]. We recall that the approx-
imate solutions are defined as

U™+ (t — nh) L =U" Vte[nh, (n+1)h],¥n e{0,...,N(h) — 1},
up(t) =
UNM 4 (t — N(h)h)VNI=1 Yt [N(h)h,T)
and we let
" v = U =U" e [nh, (n+1)h), Yne{0,...,N(h)—1},
Uh =
= pyNn)-1 vVt e [N(h)h,T]

for all h € (0, hq].

From Propositions 2.1 and 2.2 we know that the sequence (up)p,>r>0 is
uniformly Lipschitz continuous and that (vp)n,>n>0 is uniformly bounded in
L>(0,T;R?) and in BV (0,T;R?). Thus, applying Ascoli’s and Helly’s theorem,
we can extract a subsequence, still denoted (up)n,>r>0 and (vp)n, >n>0, and there
exist u € C°([0,7); R?) and v € BV (0, T;R?) such that

up — u  strongly in C°([0, T]; R9),
v, — v pointwise in [0, T, (3.1)
dvp, — dv  weakly* in M'(0,T;R%).

Furthermore, the definitions of u; and v, imply that
up(t) = up + /Ot vp(s)ds Vte[0,T], Yh e (0,h].
We can pass to the limit by using Lebesgue’s theorem and we obtain
u(t) = uo + /Otv(s)ds vVt e[0,7T]. (3.2)

Hence u is C-Lipschitz continuous on [0, 7] and @ = v € BV (0,T;R%). Moreover,
we can check easily that

Lemma 3.1. For allt € [0,T],u(t) € K(t).

Proof. This is a direct consequence of the feasibility of the approximate positions.
Indeed, for all ¢ € [0,7] and for all h € (0, hy] there exists n € {0,...,N(h)} such
that ¢ € [nh, (n + 1)h). Then we can use a Taylor’s expansion to estimate from
below fo(u(t)), « € {1,...,v}. More precisely, for all a € {1,...,v},

fa(t,u(t)) = fo(nh, un(nh))

+/0 (Oefa(nh + s(t — nh), up(nh) + s(u(t) — un(nh)))(t — nh)ds
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—|—/0 (Viufa(nh + s(t —nh),up(nh)
+ s(u(t) —up(nh))),u(t) — u(nh)))ds.
But
[u(t) = un(nh)|| < [lu(t) — u(nh)|| + |lu(nh) — up(nh))]
< C(t — nh) + Hu — 'Uzh||co([0,T};Rd).

Using the uniform convergence of (up)n,>n>0 to w on [0,7], we infer that there
exists ho € (0, hi] such that

Ch+ |lu — unllcoqo,rrey < v Vh € (0, hy].
It follows that, for all h € (0, ho]:
Falt u() > fultn, U™) = M(h+ [ult) — un(nh)])
> —M((1+ C)h+ |lu = un|lcogo,r;re));

which allows us to conclude. O

Next we prove that the limit trajectory satisfies property (P3). With the def-
inition of uy, and vy, the Stieltjes measure i, = dup = dvp, is a sum of Dirac’s

measures:
N(h)—1
iin(t)= Y (V" =V"" 15t —nh)
n=1

and we define

N(h)—1

Z hG"§(t — nh)

N(h)—1 o

- Z ZA" Vita(tni1, U = Vo fotn, u(t,))d(t — nh),

Aan(t) =D Ad(t—nh) Vae{l,... v}
Then relation (2.4) can be rewritten as

Vp = Z /\mhvufa(', u) + Gy, (3.3)
=1

and we have to pass to the limit in the above relation.
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First we observe that

Lemma 3.2. For all o € {1,...,v} and for all h € (0, h1] we have

N(h)—1 ,
Z Aol < E(TV(Uh) +1Fl L10,7ire))-

n=1

Proof. Let o € {1,...,v} and n € {1,...,N(h) — 1}. With relation (2.4) we have

Y ABVafp(tar, UM < VP =V + h|G)
B=1

and A > 0 for all g € {1,...,v} with \% = 0 if 8 & J(tns1,U"™t!). Thus, using
assumption (H2), we get

D A8Vafaltars, UM = ) N5V fa(tngs, U™
B=1 BEJ (tnt1,UnT)
1 n n
2 ; Z ﬁHvufa(tn+laU +1)H

BEJ (tnt1,UT)

]' - n n
= =Y NlIVafaltnsr, U™
Y 5o

v

> 8% > T,

T v
Hence
N(h)—1 N(h)—1
Y. M= >
n=1 n=1
N(h)—1
Y n n—1 n
< — (V" =V +hIG™)
m n=1
< XL(rv F
< TV (on) + 12 0,7m))- 0

Reminding the uniform estimate of wv, in BV(0,T;R?%) obtained at
Proposition 2.2, we infer that the scalar measures Ao, @ € {1,...,v}, are uni-
formly bounded in M*!(0,T;R). Thus, possibly extracting another subsequence,
there exist non-negative scalar measures A,, such that for all « € {1,...,v}:

Aah = Ao weakly™ in M (0, T;R).
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It remains to pass to the limit in the last term of the right-hand side of (3.3).
Lemma 3.3. The sequence (Gp)p=>n>0 converges weakly to g(-,u)dt in M*(0,T

R?), where g(-,u)dt is the measure of density g(-,u) with respect to Lebesgue’s mea-
sure on [0,T].

Proof. Let ¢ € C°([0,T];R%). By definition of G}, we have

(Ghy @) M1 (0,75R4),C0([0,T]:RY)
N(h)—1
n=1

+ EZ EZ«vz VuFaltn1,U™) = Vo faltn, ultn), 6(nh))

N(h)—
Z /  $(nh))ds
N(h) v
+ Z Z )\n \Y% fa n+17 1) - vufoz(tn7u(tn))v¢(nh)>

T T
=/XmMm»aww—/ (9(s, u(s)), $(s))ds
0

N(Rh)h

tn+1

N (h)—
Z (5,U") = g(s,u(s)), ¢(s))ds
n=1

Wﬁ

/ " (s, U™), d(nh) — 6(s))dt
Z ufa n+17Un+1) _vufa(tnau(tn))7¢(nh)>'

Wﬁ

But, for all n € {1,...,N(h) — 1}, we have (t,,u(t,)) € K and

JU™+ = a(ta)]| < (U= U™ + fun(tn) — u(ta)]|

<Ch+|u-— Uh”CO([O’T];Rd).
As in Lemma 3.1 we define hy € (0, hy] such that

Ch+ ||u - uhHCO([QT];Rd) <r Vhe (07 hg]
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It follows that, for all h € (0, hg], we have

N(h)—1

Z Z )‘Z<vufa(tn+la Un+1) - vufa(tn7 u(tn))7 ¢(nh)>

N(h)—1

< Zj};ﬁMw+WW“—ummwwmmn

N(h)-1 v
< Z Z)\n (C+ Dh+ |lu = unllooo,:ra)) |9l coo,7):r9)

< Mv((C + 1)h + |lu — un|l cogo,r);:ra))

Y
X Hd)”CO([O,T];Rd)E (TV (vn) + I Fllr 0, 7;r)) -
Moreover,

N(h

["“ (5,0, d(nh) — b(s))ds

N(h

tn 1
<X {/' s, Ul 6(2h) = 6(5)ds < i (W) F 1 o 0

279

where wg denotes the modulus of continuity of ¢. Furthermore, using assumption

(H3) we have

N(h)—

)3 /"“ (5,U™) — g(s, u(s)), &(s))ds

N(h

> /nHkHU”—wﬂmwwww

kg(Ch + llu — un | cogo,r);ra)) /OT [o(s)l|ds
for all h € (0, hg], since
U™ = u(s)]| < lun(nh) —un(s)|l + llun(s) — u(s)]|
< Ch+ [|u = un|lcoqo,1):re)
<r.

Finally

T
/1 (9(s, u(s)), &(s))ds

N(Rh)h

T
< Bl co(o,71;me) / F(s)ds
N(h)h

and we can pass to the limit as h tends to zero to get the announced result.
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Hence we can pass to the limit in (3.3) and we get

div=dv =Y XaVufal- ) + g(- u)dt.

a=1

Finally we prove that
Lemma 3.4. For all « € {1,...,v} we have
Supp(Aa) C {t € [0,TT; fa(t, u(t)) = 0}.
Proof. Let a € {1,...,v} and ¢ € C°([0,T]; R) such that ¢ # 0 and

Supp(¢) C [0, TI\{t € [0, T]; fa(t, u(t)) = 0} = {t € [0, T]; fa(t, u(t)) > 0}.

Using the continuity of the mappings fo, @ € {1,...,v}, we obtain that, for all
t € Supp(¢) there exists r; € (0,r) such that

fals,y) > %fa(t7u(t)) >0 Vse[t—ry,t+r]N[0,T], Vye& Bu(t),r).

Then

supp(¢) ¢ J )(t_ 4(()11)’th 4(Cll)>

teSupp(¢

and, since Supp(¢) is a compact subset of R, there exists a finite family (t')1<i<p
of points of Supp(¢) such that

P
i Tti
Supp(¢ U( C+nt+4w+n)

Let 7 = minj<;<, ﬁ and h} € (0, min (hy, 4((};;1))] such that

r .
lu — unllcoqo,rpray < 1 Vh e (0,h7].
Then, by definition of A, ; we have
N(h)—
(Aa,hs @) M1 (0,T3R),CO([0,T):R Z Aad(nh) Vhe(0,h]

But, for all nh € Supp(¢) there exists t* € {t',...,t"} such that nh € (t' —

4(C+1),tl + m) It follows that, for all h € (0, h}], we have

(c+n§2wiu

|(n+1)h —t'| < h+ <7y
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and

U™ —a()]| < flun(tnr1) = ultns) | + [u(tars) — u(t)]]

< lu —unllcoo,rrey + Cl(n + 1)k — t'l

f 'rt'i
<Tho
=1 %0
<7"tz‘.

Thus fo(tny1, U™) > 0 and A% = 0 for all nh € Supp(¢). We infer that

N(h)—1
Ak B 0.1, co0IR) = D And(nh) =0 Vhe (0,h]]

n=1

which allows us to conclude.

4. Transmission of the Velocity at Impacts

281

In this section we prove that the limit trajectory satisfies the impact law (P4) and

the initial data (P5).

First we observe that the impact law is satisfied at any instant ¢ € (0,7") such
that J(t,u(t)) = 0. Indeed, by continuity of the mappings fa, @ € {1,...,v}, we

may define 7, € (0, min(r, ¢, 7 — ¢)) such that, for all « € {1,...,v} we have

fals,y) > %fa(t7u(t)) >0 Vs€e[t—ry,t+rd, YVye Bu(t),r)

and we define hy € (0, min (hi, &4gy)] such that [lu — upllcogo,rmey < % for all

h € (0, h¢]. Then, for all 7 € (0,r] and for all h € (0, h¢], we define

[ t
n_ = \‘74(c+1)J + ].7 n+ = \‘74}(1,0_‘—1) J .

It follows that

7

2 —Dh<t————<n_h <

h<(n Yo <t 4(C+1)<nh< <nih
,f:

< _— 1 T—-2

_t+4(c+1)<(n++ Vh < h

and

n_—1 _ _ T ny T
14 v, (t 74(04_1)), 14 vy <t+74(0+1)).

With relation (2.4) we get

N4 N4 v
Vi =V = N TRGT 4 Y Y AV ot UM,

n=n_ n=n_ a=1
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But, for all n € {n_,...,n4} we have t, =nh € [t — 4(Cf+1),t+ 4(011)] and

h < 2(07:_1)
||Un+1 —ut)|| < ||Un+1 —up ()] + |Jun(t) — u(t)]]

7
by — ] < ——— <1,
[t |_4(C+1)+ T

< Cltpgr —t| + |lu— UhHCO([O,T};Rd) < Tt.

It follows that fo(t,+1,U"") > 0 and A? = 0 for all a € {1,...,v} and for all
ne€{n_,...,ny}. Thus

o (i) - (e

o tny+1 t+ sy th
= > nGr g/ F(s)dsg/ F(s)ds.
n—=n_ t t

T
n_ I(C+n)

We can pass to the limit as i tends to zero, then as r tends to zero and we get
lo(t™) —o(t)] <0,

ie.v(tT)=ult")=at"T) =ov(t").

Now let us consider ¢ € (0,7") such that J(¢, u(t)) # 0. If J(¢t,u(t)) = {1,...,v},
we let 7, = Lmin(r,t,T — t). Otherwise, using again the continuity of the map-
pings fo, a € {1,...,v}, we define r, € (0,min(r,¢,7 — ¢)) such that, for all

ae{l,...,v\J(t,u(t)) we have
Fulsiy) > %fa(t,u(t)) S0 Vse[t—rt+rd, Vye Bult),r).

Then, using the uniform convergence of (un)n,>n>0 to w on [0,T], we define

hy € (0, min (hl’m)] such that [Ju — up|lco(o,r);rey < % for all h € (0, hy].

It follows that, for all h € (0, h¢] and for all nh € [t — 4(5’;1),15 + 4(5;1)] we have

I (tns1, U™Y) C J(t,u(t)). Indeed, let h € (0, ] and nh € [t — gbty. t+ 85y -
We have

tn ]—1 <7—|—h<7<’lt,

||Un+1 . u(t)|| < ||Un+1 _ Uh(t)” + ||’u,h(t) — U(t)H

< Cltntr — )+ [lu — unllco(o,1yre) < 7t
and we infer that

Faltnsr, UMY >0 Ya & J(t,u(t)).
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Then we split J(¢,u(t)) as J(t,u(t)) = Ji(t,u(t)) U Jo(t, u(t)) with
Ji(t,u(t)) = {oz € J(t,u(t));Ire € (0,7¢],Iha € (0,he] /Y h € (0, hal,

Ta Ta

CES (G

Vnh € [t -1 ] N[0, T], faltnir, U"TH) > O}
(4.1)
and

Jo(t, u(t)) = {a € J(t,u(t)); Vra € (0,74), Vha € (0, he),3h € (0, ho,

r r
Inh e |t — m— - N[0, 7]/ fa(tnsr, UML) <0 3.
" [ A4(C+1) +4(C+1)] 0,71/ faltn+s )< }
(4.2)
Since Ji(t,u(t)) is a finite set, we may define 7y = mingey, (¢ u(t)) Tas he =
minae 7, (,u(t)) Mo if J1(t u(t)) # 0, and 7 = ry and hy = hy if Ji1(2, u(t)) = 0.
Now let 7 € (0,7] and h € (0, hy]. We define as previously
t— 1o t+ woem
which implies that
7 7
2h _—1)h<t— —— _h<--- h<t+-—-—1
<(n )h < 4(04_1)<n < <ngh < +4(C+1)
< (n++1)h<T—2h
and
G f
Vil = (t— ———= ), V™ =, (t+—— ).
”h< 4(C+1))’ ”h< +4(c+1))
Thus
n+ n4 v
Vi =V = ST RGT 4 Y Y AaVafa(te, UM,
n=n_ n=n_ a=1
But, for all n € {n_,...,ny}, we have t,, = nh € [t — 4(011),25 + 4(Cf+1)]. Hence

J(tn+17 Un+1) c J(tvu(t)) and « g J(tn+17 Un+l) ifa e J]. (tvu(t))7 SO

ny n+
vie—veeThs 3 ORGT Y0 Y M Vafaltesn, UM, (43)

n=n_ a€Ja(t,u(t)) n=n—

If Jo(t, u(t)) = 0 we may conclude as previously that (t) = a(t™).

On the other hand, we have u(s) € K(s) for all s € [0,T], so u(tt) €
T(K(t),u(t)). We infer that u(t™) = a(t™) € T(K(¢),u(t)) and thus u(tt) =
u(t™) = Proj(T(K(t), u(t)), u(t™)).
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Otherwise, if Ja(t, u(t)) # 0, we rewrite (4.3) as follows:

» (i) ()

= Y X | Vefabum) + S G

acJa(t,u(t)) \n=n— n=n_

+ Z Z )‘Z(Vufoz(tn+l7 Un+1) - Vufa(t7u(t)))'

a€Ja(t,u(t)) n=n—
We may deduce that

Lemma 4.1. We have

vt —v(tT) e > RTVufaltul(t).

a€Ja(t,u(t))

Proof. We can estimate the last two terms of (4.4) as follows:

s tny +h t+ oo th
Z hG™|| < / F(s)ds < / F(s)ds

T
n_ acTn
and, using Lemma 3.2

Z Z )\Z(Vufa(trH»h Un+1) - Vufoz(t7 u(t)))

a€Ja(tu(t)) n=n—

S Z Z )\ZHvufa(tn+17 Un+1) - vaa(t’u(t))”

a€Ja(t,u(t)) n=n—

n+
< XYY At — U = ()]

a€Js(t,u(t)) n=n—

ny4 . 7.;
S Z Z )\QM <<h + m) (C + ].) + Hu — uh”CO([O,T];Rd))

a€Js(t,u(t)) n=n—

F
<M ((h—i— m) (C + 1) + ||U - UhC“([O,T];W))

vy
X E(TV(Uh) + 1 Fl 210, 75r))-
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Reminding the uniform estimate of TV (vy) obtained at Proposition 2.2, we infer
that

. . T T
st o (4 ) - (- aeen)

nq
-y > AL Vafalt,ut)| =o. (4.5)
a€Js(t,u(t)) \n=n-—
Finally we infer from assumption (H2) that C:= 3" ;. ) RTVufa(t u(t)) is a

closed subset of RZ. Indeed, let (z,)nen, With z, = Z(ye]g(t,u(t)) TanVaufalt,u(t))
for all n € N, be a sequence of C. With assumption (H2) we have

m E Tan < E ZTa,n

aeJa(t,u(t)) acJa(t,u(t))

Vufalt, u(®))]

S Yy Z xa,nvufoé(tau(t))

a€eJa(t,u(t))

for all n € N. Hence, if (7,,)nen converges to x. in R?, the sequence (||z,|)nen
is bounded and all the non-negative real sequences (o n)nen, & € Ja(t, u(t)), are
bounded. Possibly extracting a subsequence, still denoted (x,,)nen, we may infer
that there exist non-negative real numbers z, . such that

Tan — 7 La,x Va e JQ(t,U(t))
n—-4oo

Then we get

zn— Y waaVafalbu®)|| < Y0 |an — Zaul|Vafalt ult))]

acJa(t,u(t)) acJa(t,u(t))

<M Z [Tamn — Tax] VR EN
a€eJa(t,u(t))

and we obtain at the limit @, = 3" ¢ ;. ¢ w)) Ta,x Vufa(t, u(t)) € C. Hence, using
(4.5) and passing to the limit as h tends to zero, then as r tends to zero in (4.4),
we obtain the announced result. O

Now we will prove that
Proposition 4.1. For all « € Jo(t,u(t)) we have

Oy fa(t,u(t)) + (Vufa(t,u(t), a(t™)) = 0.
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Proof. Since we already know that a(t%) € T(K(t),u(t)), we only need to prove
that

B falt,u(®)) + (Vafalt,u(®), a(tT) <0 Ya € Jo(t, u(t)).

Let a € Ja(t,u(t)) and 7 € (0,7,]. Using the definition of Jo(t,u(t)) (see (4.1) and
(4.2)), we may define a subsequence (h;);en strictly decreasing to zero such that,
for all i € N we have h; € (0,h:] and there exists nh; € [t — 4(CF+1)7t + 4(011)]
such that fo(t,i1,U") <0,ie a € J(t,r1, U™, We define

T ‘ T
(C+1)  4(C+1)

n; = max{n € N;nh; € [t 1 and a € J(tpy1, Un+1)} )

With Lemma 2.1 we have

Mh;
2
Mh;
2

Ocfaltn,+1, U™ HY) + (Vafaltn1, UM, V™) < @+ v

IN

(1+C)2

It follows that

O fa(t,u(t)) + (Vufa(t, u(t), V')

< M2m (1+C)? + (De falt,u(t) — O foltn, 11, U™ )

+{(Vufalt,u(t)), Vs — V")
+ <Vuf0t(tv u(t)) - vu,fa(tm+1v Uerl)v an> (4‘6)

We can estimate the second and fourth terms of the right-hand side of (4.6) as

Hatfoz(tau(t)) — 8tfa(tni+1’ Um+1)||
< M(|t =ty 11| + U™ = u(d)]])

,f;
<M ((m + hz) (C + 1) + Hu — Up, CO([O,T];Rd))
and

KVufalt,u(t)) = Vafa(tn1, U™, V)
< M(Jt = tnga| + U —u(®)DIV™

7
< MC ((m + hz) (C + 1) + ||’LL - uhi”CO([O,T];Rd)>'
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If n; = n4, the third term of the right-hand side of (4.6) vanishes. Otherwise we

rewrite it as follows

(Vufalt, ut)), V' = V")

<v fa(t, u(t Z hG”>

n=n;+1

<V falt,u(t Z > )\Evufﬂ(tn+1»U”+l)>

n=n;+1BeJ(tny1,Unt!)

i+ 4(c+1)+h
< M/ F(s)ds

t 4(c+1)

<v L), Y% Agvufﬂ<t,u<t>>>

n=ni+1 BeJ(tny1,Unt!)

<V falt, u(t Z > A5 (Vaufp(tntr, U)

n=n;+1 ,BGJ(tn+1,U"+1)
—Vufﬁ(t7u(t)))> ~

Since a & J(tp41, U™ for all n € {n; + 1,...,n1} by definition of n; and
J(tns1, U™ C J(t,u(t)), assumption (H4) implies that the second term of the
right-hand side of this last inequality is non-positive. Furthermore, the last term

can be estimated as

<v fabu®, 3o NTafaltern UM - Vafsltu)

n=n;+1BeJ(tny1,Unt!)

n4
> Yo ARMEA(lt— b | F U — (@)

n=n;+1BEJ(ty 1,Un+1)
, P
< M3y ((m - h) (C+1)+|lu- uhillcoqo,T];R%)

X (TV (vn,) + | Fll L1 o,7;ma))-

Then we can pass to the limit in all the terms of the right-hand side of (4.6), and
recalling that V"+ = v, (t + 4(c+1)) we obtain

lim hm 6tfa(t u(t)) + (Vufalt,u(t)), Vi)

7—0+ h;—0

= Ocfa(t,u(t)) + (Vufa(t,ut)),v(t")) < 0. O
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Now we can easily check that
a(t™) = Proj(T (K (t),u(t)), u(t™)).
Indeed we already know that @(tT) € T(K(t),u(t)) and that u(tT) — u(t™) €

D ae s (tult) RTV, fo(t,u(t)). Hence there exist non-negative real numbers \,, for
a € Jo(t,u(t)), such that

Wty —at) = > AaVafalt,u(t))
a€Ja(t,u(t))
and for all w € T(K (t),u(t))
(@) —at),w—at ) == Y Aa(Vafalt,u(t)),w —a(t")).
a€Ja(t,u(t))

But, using the previous proposition, for all w € T(K(t),u(t)) and for all a €
Jo(t,u(t)), we have

(Vaufa(t,u(t)),w —a(t)) = (Befalt,u(t) + (Vufalt, ut), w))
— (Oefa(t,u(t)) + (Vufalt,u(t)), u(t™)))
= 8tfo¢(ta u(t)) + <vufo¢(tv ’U,(t))7 U)>
> 0.
Hence
(a(t™) —a(t™),w—a(t")) <0 Vw e T(K(t), u(t))
which allows us to conclude since T'(K (t),u(t)) is a closed convex subset, of RY.
Finally we observe that the limit trajectory satisfies the initial data. Indeed, with
(3.2) we have immediately u(0) = uo. Moreover, recalling that vy € T'(K(0),up) we
can prove that
w(0") = vy = Proj(T(K(0),up), vo)
by the same kind of computations. Indeed, if ¢ = ¢ty = 0, we may define 1, €
(0, min(r, T)) such that
I(s,y) C J(to,u(to)) Vs € [to—Tio,to +74,] N[0, T], Yy € Blulto), r4,)
and we define hy, (respectively, 7y, and hy, if J(to,u(to)) # 0) in the same way

as previously. Then, for all 7 € (0,74,] and for all h € (0, hy,] (respectively, for all
7 € (0,74,] and for all h € (0, hy,| if J(to,u(to)) # 0) we define

to + 1o
n.=0, ny= {%J

We get

n_—1_ y/—1 _ ny _ r
\%4 \% vy, V vp, (t0+74(0+1)>

and the rest of the computation is straightforward.
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