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INTRODUCTION

Renormalization theory lies on the edge of mathematics and physics. It appeared in
the middle of the 20th century as a computational tool used in quantum field the-
ory and statistical physics, and nowadays appears to be deeply connected to a wide
variety of areas of pure mathematics, including algebra (Hopf algebras, operads),
combinatorics (graphs, trees), number theory (multiple zeta functions, motives), dif-
ferential and algebraic geometry (geometric quantization, Poisson structures), anal-
ysis (mould calculus, nonlinear partial differential equations), dynamical systems
(KAM theory), probability (Brownian and stochastic processes) and statistics
(scaling relations of critical phenomena).

This volume is partially based on the lectures given at the conference “Renor-
malization: Algebraic, Geometric and Probabilistic Aspects” held at the University
of Lyon (France) on June 16-18, 2010. It offers a glimpse of some recent devel-
opments of renormalization theory and their application to mathematical physics,
namely

connections between different renormalization groups in quantum field theory;
constructive field theory and its links with rough paths;

the Hopf algebra approach to renormalization;

renormalization within the Batalin—Vilkovisky formalism.

FEach article is self-contained and can be read independently of the others.
The first one by Michael Diitsch establishes a precise connection between the
renormalization groups as defined by Stiickelberg—Petermann and by Wilson. The
Stiickelberg—Petermann renormalization group is the group of finite renormaliza-
tions of the S-matrix in the framework of causal perturbation theory. The Wilson
renormalization group describes the dependence of the theory on a UV-cutoff. In
the framework of causal perturbation theory, the author introduces an ultraviolet
cutoff, constructs a regularized S-matrix and proves a pertinent flow equation for
the effective potential, which can be compared to a version of the Wilson renormal-
ization group.

The second article by Jérémie Unterberger offers an introduction to construc-
tive field theory in the Bosonic case, intended for mathematicians or mathematical
physicists knowing the basic arguments of quantum field theory, and desiring to
discover a general framework in which this topic can be made rigorous. The author
then applies the renormalization tools to the construction of rough paths and frac-
tionary stochastic calculus.
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The article by Dominique Manchon describes various classes of bialgebras and
Hopf algebras of oriented graphs. In particular, the author constructs two commu-
tative connected graded Hopf algebras, such that one is a comodule-coalgebra on
the other. These algebras provide a generalization of some Hopf algebras of rooted
trees extensively used within the Connes—Kreimer approach to the combinatorics
of perturbative renormalization.

The last article by Dmitry Tamarkin presents a mathematically consistent pro-
cedure to construct the Batalin—Vilkovisky bracket on the space of observables for
a free scalar Boson in a Euclidean space. The author follows the approach of Catta-
neo and Felder for sigma models, but within the framework of D-modules. He then
interprets renormalization as the way to treat the ambiguity in the definition of a
deformation of the Poisson algebra of observables.
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