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����� �� �&�������� F1[X1, · · · , Xn]
[d] ��� ���'���

�� ����	 ����� d (


������ ������� ��� �������� ���� ���� �
 ����� )

	
�����(
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M∈F1[X1,··· ,Xn][d]

M
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1−XiT
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n∏

i=1

1

1−XiT
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n∏
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Xαi
i Tαi

=
∑

α1,··· ,αn

Xα1
1 · · ·Xαn

n Tα1+···+αn

=

∞∑

d=0

(
∑

|α|=d

Xα1
1 · · ·Xαn

n )T d

=
∞∑

d=0

SdT
d
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���(M(X1, · · · , Xn)
d) = Sd(1, · · · , 1)
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1

(1− T )n
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C d
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(1− T )n
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1

(1− T )n
=
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d=0
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C d+1
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d
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������ plex ( ���	 f ∈ K[X1, · · · , Xn] 	�
 ��� M = 
!(f) ∈ K[Xr, · · · , Xn]" �
 �

M = Xαr
r . · · · .Xαn

n ���� αr ≥ 1" ���	 N = Xβ1
1 . · · · .Xβn

n �= M �
 !�
 !� #����
	 ��
� f �
 �

N ≺ M " ���
 ����	��	 �
 �
���� i ���� 1 ≤ i ≤ r − 1 ���� βi ≥ 1 �
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 M �� ���	� ���

N = Xβr
r . · · · .Xβn
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 ��	 M 
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s+1 . · · · .Xαn
n 
 Xβs−αs

s .X
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s+1 . · · · .Xβn
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 !� f = X
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s+1 . · · · .Xαn
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!≺(f) = X
αs+1

s+1 . · · · .Xαn
n ∈ K[Xs+1, · · · , Xn] �
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 αs < βs ������ �� �	���
 αs > βs 
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(3)(3)

> > 

(1)(1)

(4)(4)

> > 

> > 

(5)(5)

> > 

(2)(2)

> > 

(6)(6)

> > 

> > 

with(Groebner):
f:=2*X^3-Y^2-4*X*Y-2*X^2*Y+X-X*Y^2+4;

f := 2 X3K2 X2 YKX Y2K4 X YKY2CXC4
g1:=2*X^2+1;

g1 := 2 X2C1
g2:=X*Y+1;

g2 := X YC1
r:=NormalForm(f,[g1,g2],plex(X,Y),'q');

r := KY2C2 YC8
q;

XKY, KYK4
evalb(f=expand(q[1]*g1+q[2]*g2)+r);

true



A = PolynomialRing(QQ,2,'XY',order='lex')
(X,Y) = A.gens() 

       

f = 2*X^3-Y^2-4*X*Y-2*X^2*Y+X-X*Y^2+4
f 

       2*X^3 - 2*X^2*Y - X*Y^2 - 4*X*Y + X - Y^2 + 4

g1 = 2*X^2+1
g1 

       2*X^2 + 1

g2 = X*Y+1
g2 

       X*Y + 1

r = f.reduce([g1,g2])
r 

       2*X - Y^2 + Y + 8

q =(f-r).lift([g1,g2]) 

       

q[0] 

       -X^2*Y - X*Y^2 - Y

q[1] 

       2*X^3 + 2*X^2*Y - X - 4

f - (q[0]*g1+q[1]*g2+r) 

       0

(q[0]*g1).lm() < f.lm() 

       False

q[1]*g2.lm() < f.lm() 

       False
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n = 3
A = PolynomialRing(ZZ, ['X%s'%i for i in range(1,n+1)])
show(A) 

       

vars= A.gens()
vars 

       (X1, X2, X3)

d = 5
P.<T> = PowerSeriesRing(A,d+1)
show(P) 

       

F = 1/mul([1-v*T for v in vars])
F 

       

1 + (X1 + X2 + X3)*T + (X1^2 + X1*X2 + X2^2 + X1*X3 + X2*X3 +
X3^2)*T^2 + (X1^3 + X1^2*X2 + X1*X2^2 + X2^3 + X1^2*X3 + X1*X2*X3 
X2^2*X3 + X1*X3^2 + X2*X3^2 + X3^3)*T^3 + (X1^4 + X1^3*X2 +
X1^2*X2^2 + X1*X2^3 + X2^4 + X1^3*X3 + X1^2*X2*X3 + X1*X2^2*X3 +
X2^3*X3 + X1^2*X3^2 + X1*X2*X3^2 + X2^2*X3^2 + X1*X3^3 + X2*X3^3 +
X3^4)*T^4 + (X1^5 + X1^4*X2 + X1^3*X2^2 + X1^2*X2^3 + X1*X2^4 + X2
+ X1^4*X3 + X1^3*X2*X3 + X1^2*X2^2*X3 + X1*X2^3*X3 + X2^4*X3 +
X1^3*X3^2 + X1^2*X2*X3^2 + X1*X2^2*X3^2 + X2^3*X3^2 + X1^2*X3^3 +
X1*X2*X3^3 + X2^2*X3^3 + X1*X3^4 + X2*X3^4 + X3^5)*T^5 + O(T^6)

Ft = F.truncate()
Ft 

       

(X1^5 + X1^4*X2 + X1^3*X2^2 + X1^2*X2^3 + X1*X2^4 + X2^5 + X1^4*X3
X1^3*X2*X3 + X1^2*X2^2*X3 + X1*X2^3*X3 + X2^4*X3 + X1^3*X3^2 +
X1^2*X2*X3^2 + X1*X2^2*X3^2 + X2^3*X3^2 + X1^2*X3^3 + X1*X2*X3^3 +
X2^2*X3^3 + X1*X3^4 + X2*X3^4 + X3^5)*T^5 + (X1^4 + X1^3*X2 +
X1^2*X2^2 + X1*X2^3 + X2^4 + X1^3*X3 + X1^2*X2*X3 + X1*X2^2*X3 +
X2^3*X3 + X1^2*X3^2 + X1*X2*X3^2 + X2^2*X3^2 + X1*X3^3 + X2*X3^3 +
X3^4)*T^4 + (X1^3 + X1^2*X2 + X1*X2^2 + X2^3 + X1^2*X3 + X1*X2*X3 
X2^2*X3 + X1*X3^2 + X2*X3^2 + X3^3)*T^3 + (X1^2 + X1*X2 + X2^2 +
X1*X3 + X2*X3 + X3^2)*T^2 + (X1 + X2 + X3)*T + 1

Sd = [M for M in Ft.coeffs() if M.degree()==d][0]
Sd 

       X1^5 + X1^4*X2 + X1^3*X2^2 + X1^2*X2^3 + X1*X2^4 + X2^5 + X1^4*X3 

Z[X , , ] 1 X2 X3

Z[X , , ][[T ]] 1 X2 X3
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X1^3*X2*X3 + X1^2*X2^2*X3 + X1*X2^3*X3 + X2^4*X3 + X1^3*X3^2 +
X1^2*X2*X3^2 + X1*X2^2*X3^2 + X2^3*X3^2 + X1^2*X3^3 + X1*X2*X3^3 +
X2^2*X3^3 + X1*X3^4 + X2*X3^4 + X3^5

Fd = Sd.monomials()
Fd 

       

[X1^5, X1^4*X2, X1^3*X2^2, X1^2*X2^3, X1*X2^4, X2^5, X1^4*X3,
X1^3*X2*X3, X1^2*X2^2*X3, X1*X2^3*X3, X2^4*X3, X1^3*X3^2,
X1^2*X2*X3^2, X1*X2^2*X3^2, X2^3*X3^2, X1^2*X3^3, X1*X2*X3^3,
X2^2*X3^3, X1*X3^4, X2*X3^4, X3^5]

len(Fd) == binomial(n+d-1,d) 

       True
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(5)(5)

> > 

> > 

(6)(6)

> > 
(1)(1)

(4)(4)

(7)(7)

(3)(3)

> > 

(2)(2)
> > 

> > 

> > 

Monômes

n:=3;
n := 3

vars:=[seq(X[i], i=1..n)];
vars := X1, X2, X3

d:=5;
d := 5

F:=series(mul(1/(1-vars[i]*T),i=1..n),T,d+1);
;

F := 1C X1CX2CX3  TC X1
2K KX1KX2  X2K KX1KX2KX3  X3  T2C X1

3K KX1
2

KX1 X2KX2
2  X2K KX1

2KX1 X2KX1 X3KX2
2KX2 X3KX3

2  X3  T3C X1
4K KX1

3K

X1
2 X2KX1 X2

2KX2
3  X2K KX1

3KX1
2 X2KX1

2 X3KX1 X2
2KX1 X2 X3KX1 X3

2KX2
3KX2

2 X3

KX2 X3
2KX3

3  X3  T4C X1
5K KX1

4KX1
3 X2KX1

2 X2
2KX1 X2

3KX2
4  X2K KX1

4KX1
3 X2

KX1
3 X3KX1

2 X2
2KX1

2 X2 X3KX1
2 X3

2KX1 X2
3KX1 X2

2 X3KX1 X2 X3
2KX1 X3

3KX2
4KX2

3 X3

KX2
2 X3

2KX2 X3
3KX3

4  X3  T5CO T6

Ft:=collect(expand(convert(F,polynom)),T);

Ft := 1C X1
5CX1

4 X2CX1
4 X3CX1

3 X2
2CX1

3 X2 X3CX1
3 X3

2CX1
2 X2

3CX1
2 X2

2 X3CX1
2 X2 X3

2C

X1
2 X3

3CX1 X2
4CX1 X2

3 X3CX1 X2
2 X3

2CX1 X2 X3
3CX1 X3

4CX2
5CX2

4 X3CX2
3 X3

2CX2
2 X3

3

CX2 X3
4CX3

5  T5C X1
4CX1

3 X2CX1
3 X3CX1

2 X2
2CX1

2 X2 X3CX1
2 X3

2CX1 X2
3CX1 X2

2 X3

CX1 X2 X3
2CX1 X3

3CX2
4CX2

3 X3CX2
2 X3

2CX2 X3
3CX3

4  T4C X1
3CX1

2 X2CX1
2 X3CX1 

X2
2CX1 X2 X3CX1 X3

2CX2
3CX2

2 X3CX2 X3
2CX3

3  T3C X1
2CX1 X2CX1 X3CX2

2CX2 X3

CX3
2  T2C X1CX2CX3  T

Sd:=coeff(Ft,T,d);

Sd := X1
5CX1

4 X2CX1
4 X3CX1

3 X2
2CX1

3 X2 X3CX1
3 X3

2CX1
2 X2

3CX1
2 X2

2 X3CX1
2 X2 X3

2CX1
2 X3

3

CX1 X2
4CX1 X2

3 X3CX1 X2
2 X3

2CX1 X2 X3
3CX1 X3

4CX2
5CX2

4 X3CX2
3 X3

2CX2
2 X3

3CX2 X3
4

CX3
5

Fd:=convert(Sd,list);

Fd := X1
5, X1

4 X2, X1
4 X3, X1

3 X2
2, X1

3 X2 X3, X1
3 X3

2, X1
2 X2

3, X1
2 X2

2 X3, X1
2 X2 X3

2, X1
2 X3

3, X1 X2
4, X1 

X2
3 X3, X1 X2

2 X3
2, X1 X2 X3

3, X1 X3
4, X2

5, X2
4 X3, X2

3 X3
2, X2

2 X3
3, X2 X3

4, X3
5



> > 
> > 

(8)(8)

evalb(nops(Fd)=binomial(n+d-1,d));
 

true
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