RENORMALIZATION OF DETERMINANT LINES IN QUANTUM FIELD
THEORY.

NGUYEN VIET DANG

ABSTRACT. On a compact manifold M, we consider the affine space A of non-self-adjoint
perturbations of some invertible elliptic operator acting on sections of some Hermitian bun-
dle, by some differential operator of lower order.

We construct and classify all complex analytic functions on the Fréchet space A vanishing
exactly over non-invertible elements, having minimal growth at infinity along complex rays
in A and which are obtained by local renormalization, a concept coming from quantum field
theory, called renormalized determinants. The additive group of local polynomial functionals
of finite degrees acts freely and transitively on the space of renormalized determinants. We
provide different representations of the renormalized determinants in terms of spectral zeta
determinants, Gaussian Free Fields, infinite product and renormalized Feynman amplitudes
in perturbation theory in position space a la Epstein—Glaser.

Specializing to the case of Dirac operators coupled to vector potentials and reformulating
our results in terms of determinant line bundles, we prove our renormalized determinants
define some complex analytic trivializations of some holomorphic line bundle over A. This
relates our results to a conjectural picture from some unpublished notes by Quillen [61] from
April 1989.

1. INTRODUCTION.

Let (M,g) be a smooth, closed, compact Riemannian manifold. The aim of the present
paper is to study the analytical properties and the renormalization of a class of functional
determinants defined on some affine space A of non self-adjoint operators that we divide in
two classes:

e in the first class, we consider perturbations of the form A+V of some given invertible,
self-adjoint, generalized Laplacian A acting on some fixed Hermitian bundle £ +— M
where V € C*°(End(FE)) is a smooth potential,

e in the second class, we look at perturbations of the form D + A of some invertible
twisted Dirac operator D : C*°(E,) — C*°(E_) acting between Hermitian bundles
E. by some term A € C>*(Hom(E4, E_)). By invertible, we mean the Fredholm
index of D equals 0 and ker(D) = {0}.

We consider lower order perturbations since A and V' are local operators of order 0.

1.0.1. Quantum field theory interacting with some external potential. Let us briefly give the

physical motivations underlying our results which are stated in purely mathematical terms.

The reader uninterested by the physics can safely skip this part. Inspired by recent works in

mathematical physics [19, 20, 21, 22, 31, 30] and classical works of Schwinger [67] [45, Chapter
1
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4 p. 163], our original purpose is to understand the problem of renormalization of some
Euclidean quantum field ¢ defined on M interacting with a classical external field which is not
quantized !. For instance, consider the Laplace-Beltrami operator A : C*(M) — C>®(M)
defined from the metric g on M, corresponding to the Dirichlet action functional:

5(6) = /M (6A) dv (L1)

and their perturbations by some external potential V' € C°°(M,Rso) which corresponds to
the perturbed Dirichlet action functional

5@)= [ (oa0+ V) do (12)

A classical problem in quantum field theory is to define the partition function of a theory,
usually represented by some ill-defined functional integral. In the bosonic case, it reads:

2= [Hslew (= [ 020+ ve)ao) (13)

where V' € C°°(M,R+g) plays the role of a position dependent mass which is viewed as an
external field coupled to the Gaussian Free Field ¢ to be quantized. The external field can
also be the metric g [2] in the study of gravitational anomalies in the physics litterature or
gauge fields, which is the physical terminology for connection 1-forms, in the study of chiral
anomalies.

In fact, according to Stora [75, 56], the physics of chiral anomalies [27, 56, 2] can be
understood in the case where we have a quantized fermion field interacting with some gauge
potential which is treated as an external field. Consider the quadratic Lagrangian W_ D, W ,
where W are chiral fermions, W_ is the Dirac conjugate of W_, Dy is a twisted half-Dirac
operator acting from sections of positive spinors S, to negative spinors S_, see example 1
below for a precise definition of D 4. In this case, the corresponding ill-defined functional
integral reads

Z(A) = /[D\I!_D\II+] exp </ \II_DA\I/+>
M
where we are interested on the dependence in the gauge field A.

1.0.2. Functional determinants in geometric analysis. The above two problems can be formu-
lated as the mathematical problem of constructing functional determinants V' +— det (A 4+ V')
and A — det (D* (D + A)) with nice functional properties where we are interested in the de-
pendence in the external potentials V' and A. In global analysis, functional determinants
also appear in the study of the analytic torsion by Ray—Singer [63] and more generally as
metrics of determinant line bundles as initiated by Quillen [62, 4]. He considered some
affine space A of Cauchy-Riemann operators D = Dy + w acting on some fixed vector bun-
dle £ — X over a compact Riemann surface X where Dy is fixed and the perturbation
w lives in the linear space of (0,1)-forms on X with values in the bundle End(E). The
metrics on X and in E induce a metric h in the determinant (holomorphic line) bundle

lsometimes called background field in the physical litterature
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det (Ind(D)) = AP ker(D)* @ A'Pcoker(D) over A. As Quillen showed in [62], the metric h
in the bundle det(Ind(D)) can be divided by the function det; (D*D) (here det¢ is the zeta
regularized determinant of the Laplacian D*D). Then the canonical curvature form of the
new metric m, the first Chern form, coincides with the symplectic form of the natural

Kihler metric on A. Locally, an element w € Q%(X, End(E)) = A reads w(z)dz where
w(z) € End(E),. If we define w* locally as w*(z)dz then the exterior product w* A w is a
(1,1)-form that can be integrated on X as q(w) = [ Trg (w* Aw). This defines the natural
Kahler metric ¢ on the affine space A. An important consequence of the above observation,
stated as a [62, Corollary p. 33], is that if one multiplies the Hermitian metric on det (Ind(D))
by e? where ¢ is the natural Kéhler metric on A, then the corresponding Chern connection
is flat. From the contractibility of A, one deduces the existence of a global holomorphic
trivialization of det (Ind(D)) + A and the image of the canonical section of det (Ind(D))
by this trivialization is an analytic function on 4 vanishing over non—invertible elements.

Building on some ideas from the work of Perrot [56, 58, 57] and some unpublished notes
from Quillen’s notebook [61] 2, we attempt to relate the problem of constructing renormalized
determinants with the construction of holomorphic trivializations of determinant line bundles
over some affine space A of perturbations of some fixed operator by some differential operator
of lower order which plays the role of the external potential.

1.0.3. Quillen’s conjectural picture. In some notes on the 30th of April 1989 [61, p. 282], with
the motivation to make sense of the technique of adding local counterterms to the Lagrangian
used in renormalized perturbation theory, Quillen proposed to give an interpretation of QFT
partition functions in terms of determinant line bundles over the space of Dirac operator
coupled to a gauge potential drawing a direct connection between the two subjects. The ap-
proach he outlined insists on constructing complex analytic trivializations of the determinant
line bundle without mentioning any construction of Hermitian metrics on the line bundle
which seems different from the original approach he pioneered [62] and the Bismut-Freed [4]
definition of determinant line bundle for families of Dirac operators.

To explain this connection, we recall that for a pair Hg, H1 of complex Hilbert spaces, there
is a canonical holomorphic line bundle Det — Fredy (Ho, H1) where Fredy (Ho, H1) is
the space of Fredholm operators of index 0 with fiber Detp ~ AP ker (B)* @ APcoker (B)
and canonical section o [62, p. 32] [70, p. 137-138]. Consider the complex affine space A =
D+ C>®(Hom(E4, E_)) of perturbations of some fixed invertible Dirac operator D by some
differential operator A € C*(Hom(Ey,E_)) of order 0. We denote by L?(E.) the space
of L? sections of E;. Then the map ¢: D+ A€ A Id+ D' A € Fred, (L*(E4), L*(EL))
allows to pull-back the holomorphic line bundle Det as a holomorphic line bundle £ =
t*Det — A over the affine space A with canonical section det = t*o. We insist that we view
C>®(Hom(E4, E_)) as a C—vector space, elements in C*°(Hom(FE,, E_)) need not preserve
Hermitian structures. According to Quillen [61, p. 282], the relation with QFT goes as

Zmade available by the Clay foundation at http://www.claymath.org/library/Quillen/Working_
papers/quillen1989/1989-2.pdf
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follows, one gives a meaning to the functional integrals
A /D\I/+ZD\I/_efA4 V-Da¥y (1.4)

3 by trivializing the determinant line . In other words, denoting by O(L) (resp O (A)) the
holomorphic sections (resp functions) of £ (resp on A), we aim at constructing a holomor-
phic trivialization of the line bundle 7 : O (L) — O (A) so that the image 7(det) of
the canonical section det by this trivialization is an entire function f(D4) on A vanishing
exactly over the set Z of non-invertible elements of A. In some sense, this should generalize
the original construction of Quillen of the holomorphic trivialization of the determinant line
bundle over the space of Cauchy—Riemann operators [62]. Furthermore, Quillen [61, p. 284]
writes:

These considerations lead to the following conjectural picture. Over the
space A of gauge fields there should be a principal bundle for the additive
group of polynomial functions of degree < d where d bounds the trace which
have to be regularized. The idea is that near each A € A we should have a
well-defined trivialization of £ up to exp of such a polynomial. Moreover,
we should have a flat connection on this bundle.

To address this conjectural picture, we follow a backward path compared to [62]. Instead of
constructing some Hermitian metric then a flat connection on £ — A to trivialize the bundle,
we prove in Theorem 3 an infinite dimensional analog of the classical Hadamard factorization
Theorem 1 in complex analysis. We classify all determinant-like functions such that:

e They are entire functions on A with minimal growth at infinity, a concept with
is defined below as the order of the entire function, vanishing over non-invertible
elements in A.

e Their differentials should satisfy some simple identities reminiscent of the situation
for the usual determinant in finite dimension.

e They are obtained from a renormalization by subtraction of local counterterms, a
concept coming from quantum field theory which will be explained below in para-
graph 2.6.

Trivializations of £ are simply obtained by dividing the canonical section of £ by the con-
structed determinant-like functions as showed in Theorem 4. A nice consequence of our
investigation is a new factorization formula for zeta regularized determinant (3.1),(3.2) in
terms of Gohberg—Krein’s regularized determinants. It implies that the zeta determinant ex-
tends to certain non smooth, non-self-adjoint perturbations of the Laplace operator A
as we discuss in Corollary 3.1. We show that our renormalized determinants are not canonical
and there are some ambiguities involved in their construction of the form exp (P) where P is
a local polynomial functional of A. Then we show that the additive group of local polynomial
functionals of A, sometimes called the renormalization group of Stiieckelberg—Petermann in

3Dy is the Dirac operator coupled to the gauge potential A as described in [73, section 3 p. 325], this is
called the problem of quantization of chiral fermions in the physics litterature
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the physics litterature, acts freely and transitively on the space of renormalized determinants
we construct.
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1.1. Notations. dv is used for a smooth density |A?|M on M. In the sequel, for every pair
(B1, B2) of Banach spaces, B(Bi, B2) denotes the Banach space of bounded operators from
By = By endowed with the norm ||.||(p,,p,)- For any vector bundle E' on M, we denote by
U*(M, E) the algebra of pseudodifferential operators on the manifold M acting on sections of
the bundle E and when there is no ambiguity we will sometimes use the short notation ¥(M).
CH(E), [[lck (g, k € N denotes the Banach space of continuous sections of E of regularity
C* H*(E),s € R denotes Sobolev sections of E endowed with the norm -l s () that we
shall sometimes write H*,||.|| s for simplicity” and finally LP(E),1 < p < +oo denotes LP
sections of £ endowed with the norm ||| »(g). C2°(U, E) are smooth sections of E' compactly
supported on U.

For any pair (E, F) of bundles over M, for C™ Schwartz kernels K of operators from
C™(E) — C™(F) which are elements of C™ (M x M, F'® E*), we denote by || K|[cm (arxar)
their C™ norm which is not to be confused with the operator norm || K||gcm(g),cm(r))-

For any Hilbert space H, we denote by Z, C B(H, H) the Schatten ideal of compact
operators whose p-th power is trace class endowed with the norm |.||, defined as ||A|, =
>_xeo(a) |AIP where the sum runs over the singular values of A.

2. PRELIMINARY MATERIAL.

The goal of this section is to introduce enough material to state precisely our main results.
We begin with some classical results on entire functions on C with given zeros. Since we
view functional determinants as infinite dimensional analogues of entire functions with given
zeros, we need to recall classical results on holomorphic functions in Fréchet spaces. We
conclude the introductory part by discussing Fredholm determinants and their generalizations
by Gohberg—Krein which are also viewed as entire functions with given zeros on some infinite
dimensional Banach or Fréchet spaces. This also serves as motivation for our main results.

4 when s < 0 these are distributional sections
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2.1. Entire functions with given zeros on C. In this paragraph, we recall some classical
results on entire functions with given zeros. The order p(f) > 0 of an entire function f is the
infimum of all the real numbers p such that for some A, K > 0, for all z € C |f(z)| < AKX,
The critical exponents of a sequence |a,| — +00, is the infimum of all @ > 0 such that
Yon W < +400. Finally the genus of f is the order of vanishing of f at z = 0. The
divisor of an entire function f is the set of zeros of f counted with multiplicity. We recall a
classical Theorem due to Hadamard on the structure of entire functions with given zeros [65,

p. 78-81], [74, Thm 5.1 p. 147] (see also [54, p. 60]):

Theorem 1 (Hadamard’s factorization Theorem). Let (ay)nen be some sequence such that
S lan) "D < 400 but 3, an| P = oo. Then any entire function f whose divisor Z(f) =
{an|n € N} has order p(f) = p, and any entire function s.t. Z(f) = {an|n € N} and p(f) =p
has a representation as:

F(z) = 2meP () i[l E, (;) (2.1)

p
LA ‘
v is a Weierstrass factor of

22
where P is a polynomial of degree p, Ey(z) = (1 — z)ez+7+"'+

order p and m is the genus of f.

The lower bound on the order of f follows from Jensen’s formula. Observe that the
entire functions produced by the Hadamard factorization Theorem are not unique due to

P

the polynomial ambiguity which brings a factor e”. We will meet this ambiguity again in

Theorem 3 which is responsible for the renormalization group.
2.2. Entire functions on a complex Fréchet space.

2.2.1. Smooth functions on Fréchet spaces. In the present paper, we always work with Fréchet
spaces of smooth sections of finite rank vector bundles over some compact manifold M.
Smooth functions on Fréchet spaces will be understood in the sense of Bastiani [7, Def I1.12],
as popularized by Hamilton [40] in the context of Fréchet spaces and Milnor [76]. This means
smooth functions are infinitely differentiable in the sense of Gateaux and all the differentials
D"F : U x E™ +— C are jointly continuous on U x E™ [7, Def I1.11]. We recall the notion of
Gateaux differentials and the correspondance between multilinear maps and distributional
kernels since these will play a central role in our approach:

Definition 2.1 (Gateaux differentials and Schwartz kernels of multilinear maps). Let B —
M be some Hermitian vector bundle of finite rank on some smooth closed compact manifold
M. For a smooth function f:V € C®(M,B) — f(V) € C where C*°(M, B) is the Fréchet
space of smooth sections, the n-th differential

dn

D"f(V,h1,...,hy) = mf(v +t1hy + -+ tohn) | ==t =0 (2.2)

is multilinear continuous in (hi, ..., hy), hence it can be identified by the multilinear Schwartz
kernel Theorem [7, lemm II1.6] with the unique distribution [D™f(V)] in D'(M™, B¥"), called
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Schwartz kernel of D" f(V), s.t.
((D™(V)],hi ®--- K hyp) =D"f(V,hi,..., hy) (2.3)

is jointly continuous in (V;hy,...,h,) € C°®°(M, B)"*! [7, Thm IIL.10].

In the sequel, to stress the difference between the n-th differential D" f(V') of a function
f at V from its Schwartz kernel, we use the notation [D™f(V)] for the Schwartz kernel. In
the physics litterature, Gateaux differentials of smooth functions on spaces of functions are
often called functional derivatives. These functional derivatives play an important role in
classical and quantum field theory and are usually represented (in fact identified) by their
Schwartz kernels.

2.2.2. Holomorphic functions on Fréchet spaces. First, let us define what we mean by an
entire function on a Fréchet space.

Definition 2.2 (Holomorphic and entire functions on Fréchet spaces). Let Q C E be some
open subset in a Fréchet space E. A function F : Q C E — C is holomorphic if it is smooth
and for every Vo € Q, the Taylor series of F converges in some neighborhood of Vy ° and F
cotncides with its Taylor series:
1
F(Vo+h) = ED"F(VO,h,...,h)

n=0

where the r.h.s. converges absolutely. In case Q) = E, F will be called entire.

2.3. Fredholm and Gohberg—Krein’s determinants as entire functions vanishing
over non-invertible elements.

2.3.1. Fredholm determinants. We briefly recall the definition of Fredholm determinant det g (Id+
B) for a trace class operator B : H — H acting on some separable Hilbert space H and re-
late them with functional traces of powers of B. These identities will imply that dety is an
example of entire function on the infinite dimensional space (Id + trace class) whose zeros
are exactly the non-invertible operators.

Definition 2.3 (Fredhom determinants). The Fredholm determinant detp(Id+ B) is defined
in [71, equation (3.2) p. 32| as

oo
detp(Id+ B) = ) Tr(A"B) (2.4)

k=0
where A*B : A¥H +— A*H acting on the k-th exterior power A*H is trace class. Using the
bound ||[A*B||; < % [71, Lemma 3.3 p. 33], it is immediate that detp(Id+zB) is an entire

function in z € C (see also [36, Thm 2.1 p. 26]).

Sfor the Fréchet topology
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For any compact operator B, we will denote by (A;(B))y, its eigenvalues counted with mul-
tiplicity. By [71, Theorem 3.7], the Fredholm determinant can be identified with a Hadamard
product and is related to the functional traces by the following sequence of identities:

detp (Id+ 2B) = [[ (1 + 2Ax(B)) = exp <Z (—1)m+1j::r’rL2(Bm)> (2.5)
k m=1

where the term underbraced involving traces is well-defined only when |z|||B|l1 < 1. Note
the important fact that exp (anozl(—l)mH%TrLz (B™)) which is defined on the disc D =

{|z]/|B]|1 < 1} has analytic continuation as an entire function of z € C and B — detg (Id + B)
is an entire function vanishing when I/'d + B is non-invertible.

2.3.2. Gohberg—Krein’s determinants. Set p € N and let A belong to the Schatten ideal
7, C B(H, H). Following [71, chapter 9], we consider the operator
~ (=1
Ry(A) = [(1d + A)esp(Y_ 1
1
which is trace class by [71, Lemma 9.1 p. 75] since A € Z,,. Then following [71, p. 75]:

3

An)—l] el

3
Il

Definition 2.4 (Gohberg—Krein’s determinants). For any integer p > 2, we define the
Gohberg-Krein determinant det,, : Id + 1, C B(H,H) — C as:

det,(Id + A) = detp (Id + Ry(A)) (2.6)

where detp is the Fredholm determinant. The quantity det, is well defined since B = R,(A)
1s trace class.

Proposition 2.5. Both detp : Id +Z; — C and det, : Id + 1, — C are entire functions
vanishing exactly over non-invertible elements in the following sense:

det, (Id+ B) = 0 & det, (Id + 2B) = (z — 1)dmkerld+B) (0 L O(z —1)),C # 0.
detp (Id + B) = 0 & detp (Id + 2B) = (z — 1)dm&kerUd+B) (0 4 Oz —1)),C # 0.

2.4. Geometric setting. In the present paragraph, we fix once and for all the assumptions
and the general geometric framework of the main Theorems (2),(3),(4) and that we shall use
in the sequel. For E +— M some smooth Hermitian vector bundle over the compact manifold
M, we denote by C*°(E) smooth sections of E. An operator A : C*®°(E) — C*°(FE) is called
generalized Laplacian if it is symmetric (i.e. formally self-adjoint) and the principal part
of A is positive definite, symmetric and diagonal with symbol g, (z)#¢” ® Idg, in local
coordinates at (x;&) € T*M where g is the Riemannian metric on M. We are interested in
the following two geometric situations:

Definition 2.6 (Bosonic case). Let (M, g) be a smooth, closed, compact Riemannian man-
ifold and E some Hermitian bundle on M. We consider the complex affine space A of
perturbations of the form A+V where V is a smooth endomorphism V- € C* (End(E)), and
A : C®(E) — C®(E) is an invertible generalized Laplacian. The element V € C*°(End(E))
1s treated as external potential.
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Definition 2.7 (Fermionic case). Let (M,g) be a smooth, closed, compact Riemannian
manifold. Slightly generalizing the framework described in [73, section 3 p. 325-327] in
the spirit of [3, def 3.36 p. 116], we are given some pair of isomorphic Hermitian vec-
tor bundles (Ey,E_) of finite rank over M and an invertible, elliptic first order differen-
tial operator D : C*(E4) — C®(E_) such that both DD* : C*®(E_) — C*(E_) and
D*D : C>®(E;) — C*®(E;) are generalized Laplacians where D* is the adjoint of D in-
duced by the metric g on M and the Hermitian metrics on the bundles (E4,E_). We
consider the complex affine space A of perturbations D + A : C°(EL) — C®(E_) where
AeC®Hom(E;,E_)).

Recall that in both cases, we perturb some fixed operator by a local operator of order 0.
We next give an important example from the litterature which fits exactly in the fermionic
situation:

Example 1 (Quantized Spinor fields interacting with gauge fields). Assume (M, g) is spin
of even dimension whose scalar curvature is nonnegative and positive at some point on
M. For example M = S?™ with metric g close to the round metric. Then it is well-known
that the complex spinor bundle S — M splits as a direct sum S = Sy @ S_ of isomorphic
hermitian vector bundles, the classical Dirac operator D : C*°(S) — C*(S) is a formally
self-adjoint, elliptic operator of Fredholm index O which is invertible by the positivity of the
scalar curvature thanks to the Lichnerowicz formula [50, Cor 8.9 p. 160].

Consider an external hermitian bundle F +— M which is coupled to S by tensoring
(Sy ®S_)® F = E, ®E_. For any Hermitian connection V¥ on F, we define the twisted
Dirac operator Dg : C®°(S® F) — C°(S ® F), which is a first order differential operator of
degree 1 w.r.t. the Zy grading, Dr = c(e;) (Vfl ®Id+ 1d ® V]) near x € M where (e;); is
a local orthonormal frame of TM near x, c(e;) is the Clifford action of the local orthonormal
frame (e;); of TM on S. In the study of chiral anomalies, one is interested by the half-Dirac
operator D : C®(Sy @ F) — C®(S_® F). If (M,g) has positive scalar curvature and
the curvature of V7 is small enough then dimker (D) = 0 and Ind (D) = 0 [50, prop 6.4
p. 315]. Two connections on F differ by an element A € QY (M, End(F)). So we may define
perturbations D + A of our half-Dirac operator D, induced by perturbations of V7, of the
form

D+ A=cle;) (VE @ Id+Id® (VI +Ale;))) . (2.7)

In the sequel, for a pair (E, F) of bundles over M, we always identify an element V €
C*®(Hom(E, F)), which is a C* section of the bundle Hom(E, F') with the corresponding
linear operator V : C*°(E) — C°°(F), in the scalar case this boils down to identifying a
function V' € C*°(M) with the multiplication operator ¢ € C®(M) — Vi € C*°(M). To
avoid repetitions and to stress the similarities between bosons and fermions, we will often
denote in the sequel (for problem 3.2, Theorems 3 and 4) A= P + C*(Hom(E, F)) for the
affine space of perturbations of P = A of degree 2, ¥ = F' in the bosonic case and of P = D
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of degree 1, E = E,, F = E_ in the fermionic case.

Bosons Fermions
Bundles (E, F) (E,E) (B4, E-)
Principal part P | Laplace A order 2 chiral Dirac D order 1
Perturbation V | V € C*°(M,End(E)) | A€ C®(M,Hom(E;E_))
Affine space A A+V D+ A

2.5. Zeta regularization.

2.5.1. Defining complex powers by spectral cuts. The usual method to construct functional
determinants is the zeta regularization pioneered by Ray—Singer [63] in their seminal work
on analytic torsion and relies on spectral or pseudodifferential methods [34, 69]. The reader
should see also [55, 68] for some nice recent reviews of various methods to regularize traces
and determinants. Let us review the definition, in our context, of such analytic regularization
(see [6, section 3 p. 203] for a very nice summary of the main results on zeta determinants)
keeping in mind the subtle point that we consider non-self-adjoint operators.

Let M be a smooth, closed compact manifold and £ +— M some Hermitian bundle. We
denote by Diff! (M, E) the space of differential operators with C*° coefficients of order 1 acting
on C* (E). For every perturbation of the form A + B : C*°(E) — C*(E) of an invertible,
symmetric, generalized Laplacian A by some differential operator B € Diff!(M, E), the
operator A+ B has a canonical closure from H?(M, E) — L?(M, E) by ellipticity of A+ B €
U2(M, E). In the notations from subsection 2.4, B = V € C*®(M, End(E)) in the bosonic
case has order 0 or B = D*A € Diff'(M, E. ) in the fermionic case in which case B has order
1.

By the compactness of the resolvent (A + B — z)_1 and analytic Fredholm theory, A+ B :
H?(M,E) v~ L?>(M,E) has discrete spectrum with finite multiplicity which we denote by
o (A + B) C C. Since the operator A+ B is no longer self-adjoint, we must choose a spectral
cut to define its complex powers. The operator A + B has principal angle 7 since the value
of the principal symbol g,,,, (2)E#€" of A + B never meets the ray R, = {re'™,r > 0} = Re.
Furthermore, for A='B € B(L?, L?) small enough, the spectrum o (A + B) C C will not meet
some conical neighborhood {re,r > 0,0 € [ — &, 7 +¢€],& > 0} of Reg, see Proposition 4.7
for more details. For such B € Diff! (M), 7 is an Agmon angle for A + B and A + B is said
to be admissible with spectral cut .

Since A + B is invertible, we choose some p > 0 s.t. the disc of radius p does not meet
(A + B), see Proposition 4.7. Then we define the contour [59, 10.1 p. 87-88] [48, p. 12]

y={re™ 0o >r>ptU{pe? 0 € [m, —n]}U{re ™, p<r < ool
We define the complex powers as °:
(A+B)°= Z/)\S (A+B—X)"tdA
v

s

6A= = 198N where log(A) = log(|A|) + i arg()\) for —7 < arg(\) <7
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2.5.2. The spectral zeta function and zeta determinants. 1t is well known that the holomor-
phic family of operators (A + B)_* dme(M)
Seeley [34, 69], the spectral zeta function defined as

Caspn(s) = Trpz (A + B),) (28)

has meromorphic continuation to the complex plane without poles at s = 0. In fact, much
more general operators are considered in the work of Seeley who only requires ellipticity and

is trace class for Re(s) > and by the works of

the existence of an Agmon angle to define the spectral cut.

To formulate the spectral zeta function entirely in terms of the spectrum o(A + B), note
that 0(A + B) NR<g = (). Then using the classical branch of the logarithm on C\ Rgg, we
can obtain an expression for the spectral zeta function as [48, Eq (2.14) p. 15]

(arpa(s)= > A° (2.9)

Ao (A+B)

where the series on the r.h.s. converges absolutely for Re(s) > dimT(M). This follows imme-
diately from Lidskii’s Theorem and the Weyl law for perturbations of self-adjoint, positive

definite, elliptic operators [1, p. 238] due to Agranovich-Markus.

Let us comment on the above definition now for B arbitrary in Diff' (M, F). When B was
small in the natural Fréchet topology of Diff! (M, E), it was unambiguous to define det; with
the spectral cut at 7 because we knew (A + B) NReg = . However if B € Diff' (M, E) is
chosen arbitrarily, o(A + B) might intersect R<y and we may choose any other spectral cut
in (0,27). In fact, the definition of complex powers and spectral zeta function may depend
on the choice of spectral cut but the zeta determinant does not depend on the choice of
angle 0 provided 6 € (0,27) since any such angle 6 is a principal angle. This is due to the
fact that we consider operators of the form A + B where B has order 1 hence the leading
symbol is self-adjoint of Laplace type. In fact, for any closed conical neighborhood of R,
only a finite number of eigenvalues of A 4+ B lies outside this conical neighborhood as we
discuss in Proposition 4.7. Said differently, for any angle 6 € (0,27), there exists a conical
neighborhood Lig_. g4 = {2]arg(z) € [0 —¢,0 + €]} s.t. Ljg_c g4 No(A+ B) is finite. So
moving the cut in (0,27) only crosses a finite number of eigenvalues which implies by [48,
Remark 2.1] [6, 3.10 p. 206] that det:(A+ B) does not depend on # € (0, 2). So this justifies
why in the sequel we may write unambiguously det¢ (A + B) where we choose any spectral
cut 6 € (0,2m) to define det,.

Definition 2.8 (Spectral zeta determinant). The zeta determinant det¢ is defined as:
detc(A + B) = exp (—Cay p(0)) . (2.10)
We next specialize our definitions of zeta determinants in the bosonic and fermionic cases:

Definition 2.9 (Zeta determinants for bosons and fermions.). We use the geometric setting
for bosons and fermions defined in paragraph 2.4. For bosons, we define the corresponding
zeta determinant as a map

V € C®(Bnd(E)) v dete(A+ V). (2.11)
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For fermions, following 73, p. 329], we define the corresponding zeta determinant as a map

A€ C®(Hom(Ey, E_)) —» det: (D*(D + A)) . (2.12)

2.6. Determinants renormalized by subtraction of local counterterms. In order to
give a precise definition of locality, we recall the definition of smooth local functionals.

Definition 2.10 (Local polynomial functionals). A map P : V € C*(Hom(E,F))
P(V) € C is called local polynomial functional if P is smooth in the Fréchet sense and there
exists k € N, A : V € C®°(Hom(E,F)) — A(V) € C®°(M) Q@coo(ar) [AP|M s.t. for all
x € M, A(V)(z) depends polynomially on k-jets of V at x and P(V) = [,, A(V). The
vector space of local polynomial functionals of degree d depending on the k-jets is denoted by
Oloc,d (JkHom(E, F))

With the above notion of local functionals, we can explain the problem of renormalization
of determinants by subtraction of local counterterms as follows. We denote by (C[e_% ,log(e)]
the ring of polynomials in log(¢) and inverse powers e73. If we perturbed some elliptic
operator P by any smoothing operator V € W~ then the Fredholm determinant

Ve U detp(Id+ P~1V)

would be a natural entire function on 4 = P 4+ ¥~*° vanishing over non-invertible elements.
Unfortunately, the perturbations V € C*>°(M, Hom(E, F)) in both bosonic and fermionic
case, are viewed as pseudodifferential operators V € W°(M) of degree 0 hence V € WO(M)
is surely not smoothing. Therefore, the Fredholm determinant detp(Id + P~1V) will be ill-
defined since Id+ P~V does not belong to the determinant class /d+Z;. This is why we need
to mollify the operator V by some family (V;). of smoothing operators approximating V and
consider the family detg (I d—+ P*IVE) of Fredholm determinants which becomes potentially
singular when ¢ — 0T and try to absorb the singularities created when ¢ — 07 by some
multiplicative counterterm. This is formalized as follows:

Definition 2.11 (Determinants renormalized by subtraction of local counterterms.). If there

is some family (V:)e of smoothing operators approzimating V, V- = V oin UHO(M),
e—0

some family of local polynomial functionals P. = fM A () € Oped (JkHom(E,F)) Qc

C[Efé,log(s)] called local counterterms, such that the limit

Ve C®(M,Hom(E,F))— lim exp (—/ AE(V(m))> detp (Id—|—P—1V5)
M

e—0t

makes sense as entire function of V ". Then lim. o+ exp (— [}, Ae(V(2))) detp (Id + P~1V;)
1s the renormalization of the singular family detp (I d+ P_IVS) by subtraction of local
counterterms.

The counterterms P. defining the renormalized determinants depend on the chosen regular-
ization. After renormalization, there still remains an ambiguity which is infinite dimensional
but still polynomial in V.

Tdetr (Id+ P~'V.) is well defined for & > 0 since PV, € U~
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3. MAIN THEOREMS.

3.1. Main Theorem on the structure of zeta determinants. Our first main result gives
a factorization formula for zeta determinants in terms of Gohberg—Krein’s determinants and
renormalized Feynman amplitudes. In fact, the reader can think of this result as some
infinite dimensional analog of Hadamard’s factorization Theorem 1 in infinite dimension
where we think of det; as an entire function on the affine space A. In the sequel, we
denote by d,, C M™, the deepest diagonal {(z,...,z) € M™st. x € M} C M"™ and by
N*(d,, C M™) the conormal bundle of d,. The restriction of the cotangent space T*M" to
the deepest diagonal dy, is denoted by T; M"™. We use the notion of wave front set W F(t)
of a distribution ¢ to describe singularities of ¢ in cotangent space and refer to [43, chapter
8] for the precise definitions.

For a € R, we denote by [a] = supez x<, k- The bundle of densities on a manifold X will
be denoted by |A"P|X.

Theorem 2. The zeta determinants from definition 2.9 are entire functions on A satisfying
the factorization formula:
d
dete (A+V) = 2Vdet, (Id+A7'V) ,p= [5] + 1 in bosonic case  (3.1)

det:(D*(D + A)) = %A det, (Id+D7'A) ,p=d+1 in fermionic case  (3.2)

where det, are Gohberg-Krein’s determinants, Q(V) (resp Q(A)) are nonlocal polynomial
functionals of degree [] (resp d) ®.

We furthermore have the following properties

e an exponential bound on the growth:

[41+1

\dete (A+ V)| < CefVlica-s
d+1

\dete(D*(D + A))] < CeMlca

o an identity for all the Gateaux differentials:

(!

— D"log dete (A +V,Vi,..., Vo) = Trp: (A+V)" Vi (A+ V)"V,

if supp(Vi) N -+ N supp(Vy,) =0
-1 n—1
(n_)lanlOgdetC (D*(D+A),A1,,An) = TTLQ ((D+A)_1A1(D+A)_1An),
if supp(A1) N -+ N supp(Ay) =0

8The degree of a polynomial functional P(V) is the smallest n € Zso such that (%)HJr1 P(tV)=0,VV
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e a bound on the wave front set of the Schwartz kernels of all the Gateauz differentials:
WF ([Dlog det; (A)]) =0,
Vn = 2, WF ([D"log det; (A)])NTy M™ C N*(d, C M"),
WF ([Dlog det; (D*D)]) = 0,
Vn > 2, WF ([D"log det (D*D)])NT; M"™ C N*(d, C M"),

where [D™log det; (A)] € D'(M"™) (resp [D™log det; (D*D)] € D'(M™)) denotes the
Schwartz kernel of the n-th differential D™ logdet¢ (A) (resp D™ logdete (D*D)).

The choice of branch of the log is dictated by the Agmon angle but the results on the
differentials of log det; does not depend on the chosen branch of log.

There are several consequences of the above result. The first straightforward consequence
is that the zeta determinants of Theorem 2 vanish exactly over non-invertible elements in A
in the following sense:

det¢(A+V)=0 & dete (A+2V) = (z—1)dimerB+V) (¢ L Oz —1)),C #0,
dete(D*(D+ A)) =0 < dete (D*(D + zA)) = (z — 1)dimbker@*D+AD) (0 L O(z — 1)), C # 0.
Furthermore:

Corollary 3.1 (Zeta determinant for non smooth, non-self-adjoint perturbations). The zeta
determinants of Theorem 2 extend as entire functions of non smooth, non-self-adjoint
perturbations

e of A of regularity C?=3(End(E)) N L>(End(E)) in the bosonic case,
e of D of regularity C*Y(Hom(E,,E_)) in the fermionic case.

3.2. An analytic reformulation of Quillen’s conjectural picture. In our setting, we
attempt to reformulate Quillen’s question as a problem of constructing an entire function with
prescribed zeros in the infinite dimensional space A generalizing the Fredholm determinant.
Our first Theorem 2 seems to indicate that the zeta determinant det¢ is a good candidate,
but is it the only possible construction ? A naive approach suggested by Quillen in [61] would
be to consider the Fredholm determinant detg (I d+ D*IA) where for small A, we expect
that

X 1Vk+1
logdetp (Id+ D™ 'A) = Z (1]3:T7“ ((D*IA)I“) .
k=1

However as remarked by Quillen, the operator D! A is a pseudodifferential operator of order
—1, hence for k > d the power (D~!A)¥ is trace class hence the traces Tr ((D~*A)*) are
well-defined whereas for k < d these traces are ill-defined and often divergent as usual in
QFT. We will later see how to deal with these divergent traces in Theorem 3.

We next formulate the general problem of finding renormalized determinants with func-

tional properties closed to zeta determinants:

Problem 3.2 (Renormalized determinants). Under the geometric setting from paragraph 2./,
set A= P+ C>®(Hom(E,F)),p = deg(P) where P = A,p=2,E = F in the bosonic case
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and P=D,p=1,E = FE,, F = E_ in the fermionic case. An entire function Rdet: A— C
will be called renormalized determinant if

(1) R det vanishes exactly on the subset of noninvertible elements in the following sense
Rdet(P + V) = 0 & Rdet (P + zV) = (z — 1)3m&erPHV) (0 4 0(z — 1)),C # 0,
and R det satisfies the bound:

41+
IRdet (P + V)| < CeKIVIdm (3.3)

for the continuous norm ||.||cm on C*°(Hom(E, F)) where m = d — 3 in the bosonic
case, m = d — 1 in the fermionic case and C, K > 0 independent of V.
(2) Forn > [g],

(_1)n71
n — 1!

(i)n log Rdet(P + 2V)|.—0 = Trp2 (P7'V)"). (3.4)

(3) For ||V||cm small enough, we further impose two conditions of microlocal nature on
the second Gateaux differential of R det. The first one reads:

D2log Rdet (P + V, Vi, Vo) = Ty ((P V) Py V2> (3.5)

if supp(Vi)Nsupp(Va) = 0 where the L? trace is well-defined since (P + V) ' Vi (P + V) ' V;
18 smoothing.

Recall [D? log Rdet(A + V)] € D'(M?, Hom(E, F)RHom(E, F)) denotes the Schwartz
kernel of the bilinear map D?log Rdet (P +V,.,.), then the second condition reads:

WEF ([D*log Rdet(A + V)]) N T3, M* C N* (dy C M?). (3.6)

Note that in the fermionic case, our discussion is non trivial if the Fredholm index of D
vanishes. But in fact, we require in definition 2.7 that D is invertible which means having
Fredholm index 0 and ker(D) = {0} which is a stronger condition. Also the L? trace in the
r.hs. of equation 3.5 is well-defined since (P + V)™ ' Vi (P + V) ! V4 is smoothing because
the condition supp(V1) N supp(V2) = @ on the supports of Vi, Vs implies the symbol of
(P+V)" Vi (P + V)"V vanishes (see [48, 1.1] for similar observations).

Let us motivate the axioms from definition 3.2. About condition 1), it is natural to
require our determinants to vanish on noninvertible elements since they generalize the usual
Fredholm determinant. Furthermore, we want to minimize the growth at infinity of the entire
function z € C — R det(P + zV), hence its order in the sense of subsection 2.1. We will see
in corollary 11.2 that our condition on the order of z € C — R det(P + z)) is optimal in the
sense this is the smallest growth at infinity we can require. This is in some sense responsible
for the polynomial ambiguity conjectured by Quillen which prevents us from having a unique
solution to problem 3.2. In the same way, there is not necessarily a unique solution to the
problem of finding an entire function with prescribed zeros in the Hadamard factorization
Theorem 1.
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About condition 2) that we impose on the derivatives of log R det, this is reminiscent
of the derivatives for the log of Gohberg-Krein’s determinants V ~ logdet, (I d+ P_lV).
V  det, (I d+ P*1V) also vanishes exactly on non-invertible elements. However, Gohberg—
Krein’s determinants V ~ det, (I d+ P_IV) fail to satisfy the conditions on the second
derivative of problem 3.2, hence by our main Theorem 3 they cannot be obtained from
renormalization by subtraction of local counterterms since our Theorem 3 will show that these
conditions are necessary to describe all renormalized determinants which can be obtained by
a renormalization procedure where we subtract only local counterterms.

About condition 3), Equations (3.4) and (3.5) are very natural since they are reminiscent
of the usual determinant in the finite dimensional case. In the seminal work of Kontsevich—
Vishik [48, equation (1.4) p. 4], they attribute to Witten the observation that for the zeta
determinant, the following identity

D*logdete (A, A, Ag) = —Trps (A1 A7 A, A7)

holds true where Aj, Ao are pseudodifferential deformations with disjoint support. This is
not surprising provided we want our determinants to give rigorous meaning to QFT functional
integrals. ? Finally, we want to subtract only smooth local counterterms in V, this
smoothness will be imposed by the conditions on the wave front set of the Schwartz kernel
of the Gateaux differentials. The bound on m is also optimal, locality forces renormalized
determinants to depend on m-jets of the external potential V.

3.2.1. Solution of problem 3.2. We now state the main Theorem of the present paper an-
swering Problem 3.2, the assumptions are from paragraph 2.4 :

Theorem 3 (Solution of the analytical problem). A map Rdet : A +— C is a solution of
problem 3.2 if and only if the following equivalent conditions are satisfied:

(1) there exists Q € O, . (4] (J"Hom(E, F)) such that
P

V= Rdet(A+V) = exp(Q(V))dete (A+V),p=2,m=d—3 for bosons
A~ Rdet(D+A) = exp(Q(A))dete (D*(D+ A)),p=1,m=d—1 for fermions. (3.8)

(2) R det is renormalized by subtraction of local counterterms. There exists a generalized
Laplacian A with heat operator e=** and a family Q. € O,,, 21 (J"Hom(E, F)) ®c
tp

C[e_%,log(a)} such that 19
Vs Rdet (P +V) = lim exp (Q=(V)) detp (Id + e >2P71Y). (3.9)
e—

As immediate corollary of the above, we get that the group O, 14, (J""Hom(E, F)) of local
tp

polynomial functionals acts freely and transitively on the set of renormalized determinants

9n the present paper, we take this as axiom of our renormalized determinants and the identity (3.5) follows
from a formal applications of Feynman rules.
10the choice of mollifier e~2°* is consistent with the GFF interpretation since the covariance of the heat

regularized GFF ¢ 2¢ is e 22A 7!
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solutions to 3.2:
Qe0,, (4] (J"Hom(E, F)) — exp (Q(V)) Rdet (P + V). (3.10)
tp

Theorem 3 also shows that zeta determinants are a particular case of some infinite dimen-
sional family of renormalized determinants obtained by subtracting singular local countert-
erms.

Corollary 3.3. In particular under the assumptions of Theorem 3 and using the same no-
tations, p = deg(P) any function R det (P + V) can be represented as:

Rdet(P+V) = exp(Q(V))detpa),, (Id+P'V)

— exp (Q(V))ﬁE[ﬁ (;)

where Q is a polynomial functional of V of degree [%], detia;, | is Gohberg—Krein’s determi-

(4]+
Z2 Zk

nant, E(z) = (1 — 2)e*" 27"t % k> 0 is a Weierstrass factor and the infinite product is

over the sequence {\|dimker (P + \V) # 0}.

3.3. Renormalized determinants and holomorphic trivializations of Quillen’s line
bundle. Let us quickly recall the notations from paragraph 1.0.3. For a pair Hg, H1 of com-
plex Hilbert spaces, there is a canonical holomorphic line bundle Det —— Fredg (Ho, H1)
where Fredg (Ho, H1) is the space of Fredholm operators of index 0 with fiber Detp ~
AP ker (B)" @ A'Pcoker (B) over each B € Fredy (Ho,H1) and canonical section o [62,
p. 32] [70, p. 137-138]. Recall in the fermionic situation, we considered the complex affine
space A =D + C®(Hom(E4, E_)) of perturbations of some invertible, elliptic Dirac oper-
ator D. Then the map ¢ : D+ A € A~ Id+ D 'A € Fredy (L*(E4), L*(E;)) allows to
pull-back the holomorphic line bundle Det — Fredo (L?(E4), L*(E,)) as a holomorphic
line bundle £ = *Det — A over the affine space A with canonical section det = 1*0. We
denote by O(L) the holomorphic sections from £ and by O(.A) holomorphic functions on A.

Theorem 4 (Holomorphic trivializations and flat connection). There is a bijection be-
tween the set of renormalized R det from Theorem 3 and global holomorphic trivialization

7:0(L) — O(A) of the line bundle L — A such that
TeAw— 7 (det(T)) = Rdet(T) (3.11)

is a solution of problem 3.2. The image of the canonical section (*det(T) under this triv-
ialization being exactly the entire function R det vanishing over non-invertible elements in

A.
For every pair (11,T2), there exists an element A of the additive group (Ojoc,a, +) s.t.
71(D 4+ A) = exp </ A(A(x))) T9(D + A), (3.12)
M

where A depends on the (d—1)-jet of A. For every choice of renormalized determinant R det,
the section o = Rdet™!i*det defines a nowhere vanishing global holomorphic section with
canonical holomorphic flat connection V s.t. Vo = 0.
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The ambiguity group that relates all solutions of problem 3.2 is the renormalization group
of Stiieckelberg—Petermann as described by Bogoliubov—Shirkov [5] and is interpreted here
as a gauge group of the line bundle £ — A. Our result is a variant of the so called main
Theorem of renormalization by Popineau—Stora [60] and studied under several aspects by
Brunetti-Fredenhagen [8] and Hollands-Wald [41, 42, 47]. In the aQFT community, there
are various recent works exploring the renormalized Wick powers using FEuclidean versions
of the Epstein-Glaser renormalization [17, 18].

Relation with other works. The way we treat the problem of subtraction of local coun-
terterms is strongly inspired by Costello’s work [12] and the point of view of perturbative
algebraic quantum field theory which is explained in Rejzner’s book [64].

Perrot’s notes [56] and Singer’s paper [73] on quantum anomalies, which played an im-
portant role in our understanding of the topic, are in the real setting. The gauge poten-
tial A which is used to perturb the half-Dirac operator preserves the Hermitian structure
whereas we do not impose this requirement and view our perturbations as a complex space
instead. Actually, our motivation to consider holomorphic determinants in some complexified
setting bears strong inspiration from the work of Burghelea—Haller [9, 10] and Braverman—
Kappeler [6] on finding some complex valued holomorphic version of the Ray—Singer analytic
torsion.

In this short paragraph, we shall adopt the notation of [48]. Our renormalized determinants
seem related to the multivalued function f [48, prop 4.10] on the space of elliptic operators
Ell (_1)(M ; E, F) endowed with a natural complex structure [48, Remark 4.18] introduced in
the seminal work of Kontsevich—Vishik. This multivalued function, defined on certain good
classes of non-self-adjoint operators, naturally extends the functional determinant
dets defined on self-adjoint operators [48, Prop 4.12]. This is more general than the operators
we consider in the present paper since we only work in the restricted class A + U° and
Dirac + ¥ where only the subprincipal part is allowed to vary whereas in [48] the full symbol
is also allowed to change. We also note that [48, 4.1 p. 52| also consider determinants of
Dirac operators exactly as in the present work but on odd dimensional manifolds. However,
we obtain a factorization formula for det; in terms of Gohberg-Krein determinants and we
relate zeta regularization with renormalization in quantum field theory which seem to be new
results. Moreover, our factorization formula allows us to consider non smooth perturbations
of generalized Laplacians or Dirac operators which also seems to be a new result. The way
we define the determinant line bundle is very close to [48, section 6] and work of Segal
and differs from the seminal work of Bismut—Freed [4] although all definitions should give
the same object when restricted to self-adjoint families of Dirac operators. In particular,
we do not focus on Quillen metrics and connections on the determinant line bundle which
are important results of [4] but on the holomorphic structure instead and the relation with
renormalization ambiguities as conjectured by Quillen in his notes [61, p. 284].

Finally, in a nice recent paper [26], Friedlander generalized the classical multiplicative
formula det; (A(Jd +T)) = det¢ (A)detp (Id +T) when T is smoothing, in [26, Theorem
p. 4] connecting zeta determinants, Gohberg-Krein’s determinants and Wodzicki residues.
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This bears a strong similarity with our Corollary 3.1 although our point of view stresses

"in configuration

the relation with distributional extensions of products of Green functions
space. Another difference with his work is that we bound the wave front of the Schwartz
kernels of the Gateaux differentials of zeta determinants which is important from the QFT

viewpoint and is related to the microlocal spectrum condition used in QFT.

4. PROOF OF THEOREM 2.

We work under the setting of paragraph 2.4 and the zeta determinants are defined in def-
initions 2.8 and 2.9. We discuss in great detail the bosonic case for det¢(A + V) where
V € C>®(M,End(FE)) and we indicate precisely the differences when we deal with the
fermionic case for det¢:(A + D*A) where A = D*D is a generalized Laplacian, the oper-
ator D : C*°(E1) — C°°(E_) is a generalized Dirac operator and A € C*°(Hom(E4, E_)).
Both cases consider zeta determinants of a non-self-adjoint perturbation of some
generalized Laplacian by some differential operator V' of order 0 in the bosonic
case and V = D*A of order 1 in the fermionic case.

4.1. Reformulation of the Theorem.

4.1.1. Polygon Feynman amplitudes. We will first state a reformulation of our Theorem 2
in terms of certain Feynman amplitudes. This emphasizes the relation of our result with
quantum field theory as in the work of Perrot [56]. Before, we need to define these Feynman
amplitudes as formal products of Schwartz kernels of the operators involved in our problem.
This will play an important role in our Theorem:

Definition 4.1 (Polygon Feynman amplitudes). Under the geometric setting from para-
graph 2./, we set G € D' (M x M, EX E*) to be the Schwartz kernel of A~ in the bosonic
case and G € D’ (M X M,E_K Ei) is the Schwartz kernel of D™' in the fermionic case.
For every n > 2, we formally set

tn = G(21,72) ... G(wn1,70) G2, 71) (4.1)
which is well-defined in C> (M™ \ Diagonals).

An important remark, we will later see in the proof of our main Theorem that the formal
products t,, are actually well-defined as distributions in D'(M™ \ d,,) where we deleted only
the deepest diagonal d,,. This could also be easily proved by estimating the wave front set
of the product t, = G(x1,22) ... G(xp—1,2,)G(zy, 1), using the fact that the wave front
set of the pseudodifferential kernels are contained in the conormal bundle of the diagonal
do C M x M.

Another remark related to quantum field theory. In QFT, formal products of Schwartz
kernels, called propagators, are described by graphs '* where every edge of a given graph
stands for a Schwartz kernel G and vertices of the graph represent pointwise products of

Healled Feynman amplitudes in physics litterature
12called Feynman graphs
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propagators. The correspondance Graph — Distributional amplitude is described precisely
in terms of the Feynman rules [16, 2.1]. Using the Feynman rules, one sees that the amplitude
t,, defined above represents some polygon graph with n vertices and edges.

4.1.2. Alternative statement of Theorem 2. For any pair (E, F') of Hermitian bundles over M,
there is a natural fiberwise pairing (t, ) between distributions ¢ in D'(M", Hom/(F, E)¥")
with elements ¢ in C*° (M™, Hom(E, F)®") to get an element (t,¢) € D'(M™). To obtain
a number, we need to integrate this distribution against a density dv € |AP|M™ as in

Sagn (t; ) dv.

Theorem 5. The zeta determinants from definition 2.9 are entire functions on A satisfying
the factorization formula for |V ca-s gnaey) (resp |Allca-1(mom(e,ry)) small enough:

dete (A+V)

V) det, (Id+ A7), p= [g] + 1 in bosonic case  (4.2)
dete(D*(D + A)) = @A det, (Id+D7'A) ,p=d+1 in fermionic case  (4.3)

where det), are Gohberg—Krein’s determinants. There exists £ € C*°(End(E)) in bosonic case
and { € C*(Hom(E1,E_)) in fermionic case s.t.

Q(V) = / E V dU-i— Z n+1 / n<Rtn7V@n> d’Un (4'4)

n+1
/ (Rtn, A% dvy, (4.5)

Q(A) = / (0, A dv + Z
2<n<d

o dv € |A'°P|M, dv,, € |A"P|M™ are the canonical Riemannian densities,

o Rit, is a distribution of order m on M™ extending the distributional product t, from
definition 4.1 which is well-defined on M™ \ d,,, m = d — 3 in the bosonic case and
m =d — 1 in the fermionic case,

o the wave front set of Rt, satisfies the bound

WF (Rt,) NTy3 M"™ C N*(d, C M").

Let us compare this statement with the original formulation of Theorem 2. The distribu-
tion Rt,, in the above statement is nothing but the Schwartz kernel [D™ log det, (A)] of the
Gateaux differentials up to some multiplicative constant.

4.1.3. Plan of the proof. The main idea of the proof of the Theorem in both bosonic and
fermionic cases is to calculate Gateaux differentials of V' — logdet¢(A + V') with respect to
the perturbation and compare with the Gateaux differentials of some well chosen Gohberg—
Krein determinant V'~ logdet, (I d+ A*1V). Physically, this seems to be a natural idea
since we look for the response of the free energy logdet¢ (the logarithm of the partition
function) under variation of the external potential which is V' in the bosonic case and A in the
fermionic case. What we will prove is simply that starting from a certain order, all derivatives
actually coincide and since we know that both sides are analytic, they must coincide up to
some polynomial in the perturbation V. A second important idea is to recognize that the
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Schwartz kernels of the Gateaux differentials are distributional extensions of products
of Green kernels of the elliptic operator that we perturb, paired with external powers of
the perturbation. This relies on explicit representation of the Schwartz kernels of Gateaux
differentials in terms of heat kernels.

The first step is to discuss the analyticity properties of det¢ in subsubsection 4.1.4. Our
proofs rely on representations of complex powers and their differentials in terms of heat
kernels in Lemma 4.12. This requires to consider small perturbations of A which maintain
a spectral gap ensuring heat operators have exponential decay in subsection 4.2. But once
the factorization formula is proved for small perturbations, it extends to A by analyticity
of det¢. In subsection 4.6, we decompose the integral formula involving integrals of heat
operators in two parts: a singular part involving short time of the heat operators that we
control with the heat calculus of Melrose and a regular part involving the large time of
the heat operators controlled by the exponential decay of the heat semigroup. This gives
equation 4.19 representing differentials of det;. Finally, the computation of differentials of
log det for perturbations with disjoint supports in subsubsection 4.7.1 yields Proposition 4.16
which gives a characterization of the Schwartz kernels of D" log det. in terms of the Feynman
amplitudes t,, introduced in subsubsection 4.1.1. Furthermore, these results allow us to
conclude the proof of the factorization formula of Theorem 2 in subsection 4.8. The bounds
on the wave fronts are discussed in the next section 5.

4.1.4. Analyticity. The results of the present subsection are general enough to apply in both
bosonic and fermionic cases.

Differential operators of order 1 on M have a canonical structure of Fréchet space so it
makes sense to talk about holomorphic curves in Diff' (M, E). By [6, Thm 5.7 p. 215]:

Proposition 4.2. For every holomorphic family z € Q C C + V, € Diff-(M, E) s.t. 7 is an
Agmon angle of A +V,, ¥z € Q, in particular A + 'V, is invertible and all 0 € [1 — e, 7 + €]
are principal angles of A 4+ V,, the composition

z€ Q> dete(A+V,)eC

18 holomorphic.

In [48, 6], holomorphicity of the zeta determinant along one parameter holomorphic fami-
lies of differential operators is established but where the full symbol is allowed to vary which
is stronger than what is needed here. We now discuss how parametric holomorphicity im-
plies holomorphicity for det¢ in the sense of definition 2.2. We next state a result proved
in Kriegl-Michor [49, Thm 7.19 p. 88, Thm 7.24 p. 90] which gives a simple criteria which
implies holomorphicity in the sense of definition 2.2.

Proposition 4.3 (Holomorphicity by curve testing). Let E be a Fréchet space over C. Then
given a map F : E — C, the following statements are equivalent:

e For any holomorphic curve v : D C C — E, the composite oy : D +— C is
holomorphic in the usual sense,
e F' is holomorphic in the sense of definition 2.2.
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Then by Proposition 4.3, this implies that the maps V' +— det; (A + V) in the bosonic
case, and A — det (A 4 D*A) in the fermionic case, are holomorphic for V'€ C*(End(FE))
and A € C*°(Hom(E+; E_)) close enough to 0.

4.2. Perturbations with a spectral gap. We need to consider small perturbations A+ B
of some positive definite generalized Laplacian A by differential operators B of order 1 s.t.
the corresponding heat semigroup e *(A+5) has exponential decay. Let us recall briefly some
classical properties of such perturbations. The operator A + B : C*°(M) — H*(M) admits
a closed extension H*T2(M) ~— H*(M) for every real s € R by ellipticity of A + B €
W2(M). Since (A+ B —z)~! is compact and the resolvent set is non empty (see Lemma 4.4),
by holomorphic Fredholm theory, the family (A 4+ B — z)~! is a meromorphic family of
Fredholm operators with poles of finite multiplicity corresponding to the discrete spectrum
of A+B : H*2(M) + H*(M). In fact, it has been proved by Agranovich-Markus that such
perturbations A + B have their spectrum contained in a parabolic region containing the real
axis.

Our goal here is to bound the spectrum for small perturbations to show that the spectral
gap of A is maintained. This will imply exponential decay of the semigroup e “A+5) We
assume that A is a positive, self-adjoint generalized Laplacian hence there is § > 0 such that
o (A) > 6. We have the following Lemma proved in appendix:

Lemma 4.4. There exists some neighborhood U of 0 € Difff(M, E) such that for every
BelU, o(A+B)C {Re(z) > §,Im(2) < 3.

So we control the spectrum of the perturbed operator in some % neighborhood of the
half-line [d, +00).

Therefore, we can specialize the above Lemma to our particular situations as:

Lemma 4.5. In the bosonic case, there exists some open neighborhoodd C C°(End(E)) of
such that for all small perturbations V€ U, A+V is invertible and o (A + V') C {Re(z) > g

0
}.
In the fermionic case, the discussion is similar. D invertible implies that A = D*D
is positive self-adjoint, o (A) = 6 > 0. It follows that there is some open subset U C
C®(Hom(E;,E_)) s.t. VA€ U, o (D* (D + A)) C {Re(z) > 3}.

In the sequel, until subsection 4.8, we shall take small enough perturbations in the neigh-

HA+V) and e—t(D*(D+A))

borhood U given by Lemma 4.5 so that the semigroups e~
lytic semigroups with exponential decay and the spectras o(A + V) and o(D*(D + A)) are

contained in the half-plane Re(z) > 0.

are ana-

4.2.1. Taking the log of det¢. In this situation, we can take the log det;. However our results
on the functional derivatives of log det; do not depend on the chosen branch of the logarithm.
Since det; is well-defined for all perturbations and is holomorphic, all our identities on
Gateaux differentials that are proved for small perturbations will become automatically valid
for any perturbations by analytic continuation.
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4.3. Resolvent bounds and exponential decay. We also prove for small perturbations
that we have some nice sectorial estimates on the resolvent which allow to apply the Hille—
Yosida Theorem for analytic semigroups.

Lemma 4.6. Let B € U C Diﬁd(M, E) where U is the open set from Lemma /.4. Then
there exists a convex angular sector R = {arg(z) € [—0,0]},0 € (0,%) containing the half-
line [0,4+00), R > 0 s.t. the resolvent (A+ B — z)™! exists when |z| > R,z ¢ R and satisfies
a bound of the form:

I (A+B—2)""|g2.12) < Kdist(z,R) (4.6)

for some K > 0.

These sectorial bounds are straightforward consequences of the more general [59, Theorem
9.2 p. 85 and Theorem 9.3 p. 86| since the operator A + B — z is elliptic with parameter
z of order 2 in the sense of Shubin [59, p. 79] on M x A where A C C is any closed cone
containing (—oo, 0] avoiding the half-line [%, +00).

A consequence of the above estimate also reads:

Proposition 4.7. Under the assumptions of the previous Lemma, only a finite number of
eigenvalues of A + B lies outside any conic neighborhood of the half-line [0, +00).

The resolvent bound on (A + B — 2)~!: L*(M) — L?(M) from Lemma 4.6 immediately
implies by the Hille-Yosida theorem for analytic semigroups [39, Theorem 4.22 p. 36]:

Proposition 4.8. Let B € U C Diﬁd(M, E) where U is the open set from Lemma /..
Then there exists a unique strongly continuous heat semigroup e "A+B) + L2(M) — L2(M)
generated by A + B which satisfies exponential decay estimates of the form

e~ A* B g g2y < CeT3,
4.4. Relating the heat kernel and complex powers. In the sequel, we will strongly rely

on the formulation of complex powers in terms of the heat kernel. To make this correspon-
dance precise, we shall need the following Proposition proved in appendix:

Proposition 4.9. Let B € U C Diﬁd(M, E) where U is the open set from Lemma 4.4, for
every Q € Difft(M, E), we have the following identity:

Trs (Q(A + B) ™) = r(ls) /0 S ey (Qe’t(AJFB)) s (4.7)

We shall use the above formula to represent differentials of log det¢ in terms of heat oper-
ators in the next subsection.

4.5. Gateaux differentials. Inspired by the nice exposition in Chaumard’s thesis [11, p. 31-
32], we calculate the derivatives in z of logdet¢ (A + 2V') near z = 0 and we find in the
bosonic case that for n > g, the derivative of order n of z + logdet¢:(A + 2V) at z = 0
equals (—=1)" "1 (n — I)!Trz2 ((A~'V)") where the L?~trace is well-defined, in the fermionic

case a similar result holds true for n > d.
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We introduce a method which allows to simultaneously calculate the functional derivatives
of logdet; and bound the wave front set of their Schwartz kernels. We start by using the
following;:

Proposition 4.10. For any analytic family (Vi)iern of perturbations, setting Ay = A + V;
we know that Tr(A + V;)~° is holomorphic near s = 0 and depends smoothly on t =

(t1,...,tn) € R™, and satisfies the variation formula:
d o v ..\ .
d—tiTr (A;°) = —sTr <dt A > i€{l,...,n} (4.8)

which is valid away from the poles of the analytic continuation in s of Trye (A ) hence the
above equation holds true near s = 0.

Proof. In fact, the claim of our proposition is identical to [34, Theorem d) (1.12.2) p. 108]
except Gilkey states his results only for positive definite, self-adjoint operators A + V
whereas we need it for small non-self-adjoint perturbations V' € C*°(End(E)). We need to
choose V. € U C C*°(End(E)) where U is some sufficiently small neighborhood of 0 such
that the semigroup e *(A+V) has exponential decay, U is given by Lemma 4.4. The proof in
our non-self-adjoint case follows almost verbatim from Gilkey’s proof since his proof relies
on:

e the asymptotic expansion of the heat kernel for a smooth family of non-self-adjoint
generalized Laplacians [34, Lemma 1.9.1 p. 75], the smoothness of the terms in the
asymptotic expansion in the parameters and the variation formula for the resolvent
and heat kernel which are proved in [34, Lemma 1.9.3 p. 77| in the non-self-adjoint
case, we also refer to [3, section 2.7] for similar results,

e the result of [34, Lemma 1.12.1 p. 106] which still applies to T2 (e tA+V)),

e the identities

1 o
Tres (QUA+V)™) = 55 / 7 Trps (QeAHY)) dr, vQ € Diff! (4.9)
0
which we established in Proposition 4.9, and
Try2 (Qe—f<A+V ) Zan O, A+ V)= (4.10)

which is established in [34, Lemma 1.9.1 p. 75].
]

The holomorphicity of Tr(A +V;)~* implies the Laurent series expansion Tr(A+V;)™° =
S oo o an(Vi)s® near s = 0. By definition logdete (A + Vi) = —4|,_Tr(A + V;)~* which
implies that

d d day (Vz)
woTr(A —
dtz g s=oTr(A+ V)™ dt;

d
7 logdet¢ (A +V;) =

d — day(Vy) ,

d d v
= —ols= = gls=0 T A 8= — 08T A5
ds‘*okzo at; - 0gg LA+ V)T = ls=os r(dt )
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Thus for higher derivatives, using equation (4.8), we immediately deduce that

d d d d Vi .4
= log det (A S Y L A
diy " dyy pdetc AtV = oS g O T(dth t >
d d Vi .,
= FPlig— ... T A
| Odt, " dt, T(dth t )

where the finite part F'P of a meromorphic germ at s = 0 is defined to be the constant term
in the Laurent series expansion about s = 0.

So specializing the above identity to the family t € R™” — V + V] + -+ - 4+ t41Vir1, we
find a preliminary formula for the Gateaux differentials of log det¢ for bosons:

D" logdete(A + V,V4,. .., Viy1) = FP|o—oD"Tr ((A +v)t VnH) Vi, V)| (411)

and for fermions

D" ogdete (A + D*Ag, Ay,..., Ani1) = FP|s_oD"Tr ((A £ D*Ay) D*AnH) (A1,...,A).

The heavy notation D"T'r ((A +Vv) 5t Vn+1) (V1,...,V,) means the n-th Gateaux differ-
ential of the function V +— T'r ((A + V)t Vn+1) in the directions (Vi,...,V,).

At this level of generality the formulas in both bosonic and fermionic cases are very similar
just replacing V' by D* A gives the fermionic formulas.

4.5.1. Inverting traces and differentials. There is a subtlety which motivates our next dis-
cussion. We would like to invert the Gateaux differentials and the trace. In the next part,
we shall prove estimates which allow to carefully justify the inversion of Tr and Gateaux
differentials.

To calculate more explicitely the Gateaux differentials on the r.h.s of equation 4.11, we
shall study in more details the analytic map V — (A + V)=~ € B(L?, L?) in both bosonic
and fermionic situations and try to represent this analytic map in terms of heat kernels.

4.5.2. From the heat operator e *A+V) to (A + V)~=5~1 as analytic functions of V. Assume
A is a generalized Laplacian, not necessarily symmetric, s.t. o (A) C {Re(z) > ¢ > 0}.

—t(A+V)

By Duhamel formula, the heat operator e can be expressed in terms of e ¥ as the

Volterra series:

ot A+V) _ Z(_1)k/ e~ t=tAYy | yehA (4.12)
=0 tA

where the series converges absolutely in B (LQ, L2) since in the bosonic case, we have the
bound

k k
st IV e o)

H . e A Ve g e 12y < e k
tAg ‘
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Since t —» e A

r.h.s of 4.12 is strongly continuous and defines a solution to the operator equation

% = —(A+V)U(t) : C®(M) — L? with U(0) = Id (4.13)

which defines uniquely the semigroup e~

is a strongly continuous semigroup, it is easy to see that the series on the

t(A+V) hence this justifies that both sides are equal.

In the fermionic case, the convergence is slightly more subtle. We start from the bound

Lemma 4.11. Assume that A = D* (D + Ap) € A is a generalized Laplacian s.t. o (A) C
{Re(z) = 6 > 0}. For any differential operator P of order 1,

le™ 2P| gp2,12) < Ct 3¢ 3. (4.14)

Proof. Assume that A = D* (D + Ap) € A is a generalized Laplacian s.t. o (A) C {Re(z) >
d > 0} hence A is not necessarily self-adjoint. We shall use the following ingredient. In
Proposition 4.9, we proved that fractional powers of A = D* (D + Ap) defined as
-5 __ 1 < —tA,s—1
A% = @ /0 e St dt

coincide with complex powers of A defined by the contour integrals of the resolvent as in the
work of Seeley. Note that by results of Seeley, the powers A%, s € R are well-defined elliptic
pseudodifferential operators of degree 2s. Therefore

1 111 11 1 11
[Azullpe = [|A>AT2 Az ull e < |A2 A72 g1 51 [|A2ull 2 = [[AZAT2 g1 m-1)l[ul g1,
where HA%A_% 81,11y < 400 since A2 A"z is a pseudodifferential operator of order 0

by composition. Recall that under our assumption of taking small perturbations of a positive
definite self-adjoint D*D, e~*2 generates an analytic semigroup.

_ e NTOu! 1
|Pe " per2.r2) < lle” 2% |prz.r2y e 22 A2 || g2 2y | A2 Pllgr2 12)

t
—50
<e 2

where the last term underbraced is bounded by a constant since A":P ¢ ¥0 by pseudodif-
ferential calculus is bounded on every Sobolev space. We are now reduced to estimate the
term ||e_tAA% |8(L2,12)- Then a straightforward application of [39, Proposition 4.36 p. 40,
which is valid for generators of analytic semigroups whose spectrum is contained in the
right half-plane, yields the estimate ||e_tAA% B(L2,02) < Ct~2 hence this implies the final
result. O

Therefore setting V' = D* A, we find that the series on the r.h.s of identity (4.12) converges
absolutely in B (LQ, L2) by the bound

[ R e UTRAD A L D* AeT R |p(pe 12
k

t ! _1 2 1
< HA||]%(L2(E+)7L2(E_))6_260k/0 |t — tgl 2/(; |t1| " 2dty ... dty

Al 15 (b + 1)CHIT(5)M
- B(L2(Ey),L*(E-))¢ r(E£3) ’
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where C' is the constant of Lemma 4.11 and the r.h.s. is the general term of some convergent

series by the asymptotic behaviour of the Euler I' function °.

Furthermore using the Hadamard—Fock—Schwinger formula proved in Proposition 4.9, for
Re(s) > 0, we find that

& -1 k )
A+V) Wy = Z I‘((s—l—)l)/ ts/ e~ (t=tAY Ve tAY, dt for bosons,
k=0 Ak
> -1 k )
(A+D*A)5'D*A,1 = Z 1_‘((531)/ ts/ e~ t=tR)Ap* A D*Ae "2 D* A, 1dt for fermions,
k=0 Ak

where both series converge absolutely in V € B (L*(E), L*(E)) (resp A € B(L*(EL), L*(E_)))
by the above bounds since we have exponential decay in {.

From the above identities, we find that

d d
D" logdete (A + V) (Vi,...,Vyy1) = FP|s- 05 ETr(A + V)" Wit =0
n
for the family V; = t1V1 + -+ - + ¢, V,, and by definition of the Gateaux differential.

d d e
Tﬁ e ET'I"((A + ‘/t) 1Vn+1)|t:0

d d . 1) —(t—tp)A
= ...—T t° KAV A BE Via1dt)|i=
g E 1) / /Ak L. Ve 11dt) |t=0

= 3 + 1 / / —(t=tn)A Vi... VneftlAVn_;,_ldt).

4 A similar identity holds true for Fermions.

Lemma 4.12 (Gateaux differentials of logdet). Following the notations from definitions
(2.9) and (2.8). Let M be a smooth, closed, compact Riemannian manifold of dimension
d, and A (resp A = D*D) some generalized Laplacian acting on E (resp E;) s.t. o (A) C
{Re(z) = 0 > 0} for bosons (resp fermions). The Gateauz differentials of logdet¢ satisfy the
following identities. For bosons, for every (Vi,...,Viy1) € L®(M, End(E))*+1,

1
ngJrl log detC(A + V.V, Vi) lv=o

(—1)k k+1 k+1
= FPlgo——T Y ue)le AT L e A, due | .
| 70F(S+ 1) " <~/[0,oo)k+1( v ) € ! € k1 H Y )

e=1 e=1

3Rewrite fo [t — tx]™2 fotz [ti]” 2dt1 Ldty = f{u1+ = —1 Hf+11 u, 2d0 do measure on the sim-
_ k1 _ k1 _
plex {u1 + -+ 4+ up41 = t}. Note that fu1+m+uk+1:t L2 v, "ty — £ f{u1+-~-+uk+1§t} | S 2duL =

4 T llowing a beautiful identity due to Dirichlet
& —r(ag3) — following a beautiful identity due to Dirichle

14The combinatorial factor n! comes from the fact that for every symmetmc polynomial S,, : E" — C
homogeneous of degree n and vy = tiv1 + -+ + tpvn;t = (t1,...,tn) € R”, dtl ...ﬁs (Vey vy v8)|t=0 =

n!Sn(vi, ..., vn).
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For fermions, for every (Ai,..., Aky1) € L°(M,Hom(Ey, E_))

1
ED’“Jrl log det; (A + D*A, Ay, ..., Aps1)]a=o

k+1 k+1
= F‘P|S 0 T?” (/[0 - Zu S 7uk+1AD Ay fu1AD*Ak+1 Hdue>

e=1 e=1

We want to determine more explicitely the above Gateaux differentials and invert the L2-
trace and the integral. To justify this inversion, it suffices to prove that for Re(s) > %, for
every integer k, the operator valued integral fooo t* ftAk e~ Ay Ve AVt represents
a trace class operator with continuous kernel. In this case, the L? trace of this operator
coincides with the flat trace of this operator. Then it is enough to prove that the integral
f[opo)kﬂ(zkﬂ ue)*Trrz (e “Uknl Ay, e‘“lAVkH) leill due converges absolutely by care-
fully estimating the operator traces T'rj2 (e_“kHAVl . e_“lAVkH). We use the fact that
outside some subset of measure 0, the operator (e‘“k“AVl . e‘“lAVkH) is smoothing and
depends continuously on (u1,...,uxs1) therefore both L? and flat trace coincide.

4.6. Bounding operator traces. Our next task is to make sense and study the analyticity
properties of the integrals of the form

kt1 k+1
/[ - Zue STr uk+1AV1.._e_U1AVk+1) Hdue :[(3’V17.'.’Vk+1)
0,00) b

for s near 0 and also determine the holomorphicity domain in s as a function of k£ € N.

4.6.1. A decomposition. Asin [16], the strategy relies on methods from quantum field theory:
using the symmetries of the integrand by permutation of variables, we integrate on a simplex
{ug41 = -+ = u1 > 0} called Hepp’s sector:

k+1 k+1
[ ey s
[0 OO k+1 e=1 e=1

= (k+1)! /{ }(ul o Upg) e AY e A duy L duggy
Up1=2u120

We will show that the only divergence is in the variable ug41. In the next definition, we cut
the integral in two parts, ug+1 > 1 and ug4; < 1.

Definition 4.13 (Decomposition). Under the assumptions of Lemma /.12. We set

k41 k+1
I(s,V1, ..., Viy1) :/ - Zu PTr (e 128V . e V) [ due|  (415)
0,00 e=1

that we shall decompose in two pieces

I(si Vi, Vier) = S(s: Vi, o, Visr) + R(s3 Vi, ., Vi) (4.16)



RENORMALIZATION OF DETERMINANT LINES IN QFT. 29

where
k+1 k+1
R(s; Vi, V1) = Z / (Z ue)*Tr (e‘"’““AVU(l) .. .e_“lAV[,(;Hl)) H du,,
0€Ski1 {up4122u120up 121} 4 e=1
(4.17)
and

k+1 k+1

S(S, V], .. Vk+1 Z / Z ue Tr ( _“k+1AV o(1) - —U1AVU(k+1)) H due.
e=1

€Skt {1Zupy12--2u1 20} .

(4.18)

We use the above decomposition for both bosons and fermions where (V; = D*A;, A; €
C>(Hom(E, E_)))*! for fermions. The function S (resp R) is the singular (resp regular)
part of I. We will later deal with the singular part S using the heat calculus of Melrose [53,
Chapter 7] [37, 13].

4.6.2. Controlling the regular part. We shall first show that the regular part R has analytic
continuation as holomorphic function in s on the whole complex plane.

Lemma 4.14. Following the notations from definitions (2.9) and (2.8). Let M be a smooth,
closed, compact Riemannian manifold of dimension d, and A (resp A = D*D) some gen-
eralized Laplacian acting on E (resp E4) s.t. 0 (A) C {Re(z) = § > 0} for bosons (resp

fermions). For every (Vi,...,Viy1) € C®(End(E))** in the bosonic case and for ev-
ery (A1,...,Ag+1) € C°(Hom(E4,E_)) where Vi = D*Ay,...,Viky1 = D*Apq1 in the
fermionic case, the regular part R(s; Vi, ..., Viy1) has analytic continuation as a holomor-

phic function of s € C.

Proof. For p > d and B € B(L? HP), B is trace class and satisfies the simple bound
|Trr2(B)| < C||Bllg(r2,mry [25, Prop B 21 p. 502]. Hence in the bosonic case,

k1
Trpz (e7 12V e 1 2Vip) | < le” 2 2lse,mmlle” (1 = A||B(L2 12) H 1Villa(z2,02)
i=1
) ) k1
< e T em 38 5o H IVillg(z2,L2)
=1

the integrand has exponential decay which ensures the holomorphicity.
In the fermionic case where (V; = D*A;, A; € O (Hom(E,, E_)))* !, the bound reads:

|Trp2 (e‘““lAVl . .e_ulAVkH) \

k1
A A
< lez Blp(zz,moylle” 1= DApr B(z2,12) HH@ “AD g,z [ 114l sz, 2
=1 =1

koo kil
1 Uk4+1 1
< V2O 28 e e (T2 T HHA IB(z2,12)
=1 =1

where C' is the constant from Lemma 4.11, HeiéAHB(LQ’Hp) < 400 since the heat kernel is
smoothing and the r.h.s has exponential decay in wug; which ensures holomorphicity. (]
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4.6.3. Bounding the singular part. It remains to deal with the term S(s;Vi,...,Viy1) in-
volving the integral for ui1 € [0,1]. Without loss of generality, we will discuss the case
V =Vi = dots = Vi41 in the next two subsections, the general case follows by polarization.

The case when k = 0. In this simple case, for the bosonic case, we directly use the diagonal

e d
asymptotic expansion of the heat kernel [34, Lemma 1.8.2] e~*A(z,2) ~ 372, %
4m)2

which yields that f0+oo u’T'r (e‘“AV) du is holomorphic when Re(s) > g — 1 since the inte-
grand converges absolutely, it has analytic continuation as a meromorphic function in s € C
and also that

1 “+o00 1
FPls— ] / u’Tr (e_“AV) du =Tr (e_AA_1V) + / dt/ ry+1(t, x, )V (x)dv
0 M

F(S+1 0

N

(s ak(%ﬂﬁ)v(fﬁ)dv) I'(1)

+ d d aqs_(x,z)V(z)dv ).
ko%&:g_l (4m)2 (s+1+k— %) (47)2 </M 21 >

This means there exists £ € C*™ (End(E)) and dv € |A"P|M a smooth density such that
FP|s— OFGrD) s+1) f+oo wTr (e7"AV) du = fM (¢, V) dv. A similar result holds true in the fermionic
case where we find that FP|s— Ur(s+1) FusTr (e7"AD*A) du = [, (¢, A) dv where { €
C>®(Hom(E_,E,)) and dv € |A"P|M.

When k > 0. We use the formalism of the heat calculus of Melrose as exposed in the
work of Grieser [37] (see also [77, p. 62] for related construction) Whose notations are
adopted. We start from the fact that in local coordinates, e "2 (z,y) =t~ 2 A( 7 Y y) where

AcC™ <[O, )1 xR x U, EX E*> since the heat kernel is an element in W' (M, E) [37,
2

definition 2.1 p. 6]. Hence the kernel K of the operator e *AV also belongs to ¥/ (M, E).
Then, we note that the k + 1-fold composition K * ---x K belongs to \ll;kal (M, E) by the
composition Theorem in the heat calculus [37, Proposition 2.6 p. 8 |. Hence this means for
every p € M, there are local coordinates U > p s.t.:

K00 (¢ 0, y) = ¢ 5D 4, 222 )

Vit

where A € C® ([0, 00) 1 X R x U, EX E*) by definition of the elements in the heat calculus
U3, (M, E). Therefore by definition of , we find:

1 1
S(s;V,...,V):/ tS/ Tr (etmWAY . verhiay) dt:/ t° </ (&) (t,x,w)dv> dt
0 tA} 0 M

d+2

where fol 5 (K (¢ 2, 2)dt = f 5=+ A(¢,0, 2)dt in local coordinates on M and
the r.h.s is Riemann integrable in ¢ and holomorphic in the domain Re(s) > % —k—2by

Fubini. In particular, the term S is holomorphic near s = 0 as soon as k + 1 > %.
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In the fermionic case, we start from the fact that in local coordinates, e‘m(w,y) =

t- 2A( 7 Y 1) where A € C™® <[0, )1 xR x U, E, K Ei) From the observation that
2
_d . Ty _dxl o ~ r—y _d ~ r—y
Dt~ 5 A LY ) =ty — & (D iA) TR S R 2<D iA) £, XY ),

_1
we deduce that K = e *AD*A € V,* (M, E;). We loose % of regularity compared to the
bosonic case since we do not consider the heat kernel alone but composed with a differential

operator of order 1. Then by composition in the heat calculus, we find that:

1
S(s;D*A,...,D*A) = / ts/ Tr (e =AD*A . e_tlAD*A> dt
Ag

= /01 ts (/M (K*k+1) (t,x,:r)dv) dt

where f 5 (K1) (¢, 2, 2)dt = f =+ ﬂA(t 0,x)dt in local coordinates and the r.h.s
is Riemann integrable in ¢, holomorphic in s in the half-plane Re(s) > % — ﬂ by Fubini
and has analytic continuation as a meromorphic function in s € C. In partlcular, the term

S is holomorphic near s = 0 as soon as k+ 1 > d.

In both cases, when k+1 > % in the bosonic case and k + 1 > d in the fermionic case, we
find that

ki1
Hm 7 (s; Vi, ooy Vi) = / Tr (7“1 2Vi e "BV ) [ ] due

[0,00) k41 i}

where the integral on the right hand side is convergent.

4.6.4. Inverting integrals and traces in Lemma /.12. From the estimates on the operator
trace T'r (e*"’f“AVl e efulAVkH) of Lemma 4.14 controlling the exponential decay for large
times ugy1 € [1,4+00) and of subsubsection 4.6.3 which bound the operator trace for small
times ug41 € [0, 1], we conclude that the integrals

k+1 k+1
/[ k+1 ZU@ ST’I" UkJrlAVl ulAVk-l—l) Hdue — I(S;V17---,Vk+1)
0,00) e—1 e

converge for Re(s) > % + 1. Therefore, this implies that we have the identity:

nl(=1)"

— T . 4.1
F(S+1) (Sa‘/h 7Vn+1) ( 9)

D" (Tr (A4 V)" Waia) Ve Va) =
Combined with the analytic continuation near s = 0 of both sides, this justifies the in-

version of traces and integrals in the formula for the Gateaux differentials of log det; from
Lemma 4.12.
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4.7. Schwartz kernels of the Gateaux differentials of logdet;. Up to now, we worked
with operators and their compositions. Now, we will work with integral kernels and products
of operator kernels instead. The goal of the present subsection is to perform an in depth
study of the Schwartz kernels [D™ log det¢| of the n-th Gateaux differentials D" log det; and
to show they are distributional extensions of some products of Green functions (either the
Schwartz kernel of A=! for bosons or the Schwartz kernel of D=1 for fermions), which is a
priori well-defined only on M™ \ d,,, to the whole configuration space M".

4.7.1. Gateauz differentials with disjoint supports. Let us start by discussing [D™ log det,] as
a distribution on M™ \ d,, so outside the deepest diagonal. In this subsubsection, we assume
that (Vi,..., Vky1) are such that supp (V1) N---Nsupp (Vi+1) = 0. So the mutual support is
empty. We need the following Lemma whose proof is given in the appendix:

Lemma 4.15 (Microlocal convergence of heat operator). Let e tA be the heat operator.
Then we have the convergence e™** N Id in U (M).
t—0 ’

This implies that the family (e_tAV;)te[o,l] defines a bounded family of pseudodiffer-
ential operators in \IIIS(M , E') whose wave front set is uniformly controlled in Tppvy M-
This means that for every pair of cut—off functions (x1,x2) € C®(M)? s.t. supp(V;) N
supp(x1) N supp(x2) = 0, the family (X2eitA‘/iX1)te[O,+oo) is bounded in W=°(M, E) '°.

Otherwise, (Xge*tAV;Xl)te[O,Jroo) is bounded in \Iffg(M, E). This implies that the family
e WAY L Vae A, for {0< t <.t <E < 1)

is bounded in W~°°(M, E) by the condition on the support of (Vz)f:ll Finally,
/ Tr (e_(t_tk)AVk+1 . Vge_tlAvl) —0(1)
tA,

and limg_,0 I (s, V1,...,Viy1) = Trp2 (A‘1V1 .. .A_IVk+1) where the L?-trace on the r.h.s is
well-defined since A™'V; ... A7,y € = (M, E). Hence, for every (k -+ 1)-uple of open
subsets (Uy,...,Ugs1) s.t. Uy N---NUgsq = 0, the multilinear map

I(s; Vi, ...
(Viy ., Vig1) € CX°(Uy, End(E)) x -+ - x C2°(Upg1, End(E)) — lim (55 V1, Vi)
s—0 F(S =+ 1)

is multilinear continuous and
I(S, V17 R Vk+1)

~ k+1
V1, Vi) € CF(End(E))™ = FP|s=o I(s+1)

coincides with the Gateaux differential

—1)*

(k')Dk“ logdete (A + V, Vi, ..., Vit1)
of the analytic function logdet; on C*°(End(E)). Observe that M**!\ dy q is covered
by open subsets of the form Uy x -+ x Ugypq s.t. Uy N---N Uks1 = 0. By the multi-

linear Schwartz kernel (see definition 2.1), the above multilinear map is represented by a

151t means the corresponding family of Schwartz kernels are bounded in C*° (M x M, EX E™) for the usual
Fréchet topology

=Tr(A™'Vi...

A*1Vk+1)
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distribution Rtp,; € D'(M**! End(E)®*+1) which coincides with the product t.; =
G(z1,72)...G ()41, 71) € D' (MF1\ dyyq, End(E)?F+1) since

Tr (A1 AT W) = (e, ViR B Vi)

for supp(Vi) N --- Nsupp(Viy1) = O and (.,.) is a distributional pairing on M**1. In the
fermionic case, the discussion is almost identical.

From the above observation, we deduce the following claim which holds true in both
bosonic and fermionic settings which summarizes all above results:

Proposition 4.16. Following the notations from definitions (2.9) and (2.8). Let M be a
smooth, closed, compact Riemannian manifold of dimension d, and A (resp A = D*D) some
generalized Laplacian acting on E (resp E.) s.t. o (A) C {Re(z) = 6 > 0} for bosons (resp
fermions).

In the bosonic case, for every invertible A +V € A = A+ C®(End(E)), for every
(Vi,..., V) € C®(End(E))", if n > g or supp (V1) N--- N supp (V) = 0 then:

D"log detg (A + V) (Viy-., Vo) = (1) (n = )!Trpz (A+ V) Vi (A V)W)
(4.20)
For general (Vi,...,V,) € C°(End(E))":

(1!

DM log detc (A4 V) (Vi Vi) = (R, VIR B V) (4.21)

where Rt, is a distributional extension of t, = G(x1,22)...G (xn,x1) € D' (M™ \
dp, End(E)2") where G € D'(M x M, ER E*) is the Schwartz kernel of (A + V)™ .

In the fermionic case, for every invertible D + A : C*°(E;) — C®(E_), for every
(A1,...,Ap) € C®(Hom(E+,E_))", if n > d or supp (A1) N--- N supp (4,) = 0 then:

D"log det (A + D*A) (A1, ..., Ay) = (=1)" *(n—1)1Trp2 (D + A)'A; ... (D + A)'4,) .
(4.22)
For general (Aq,...,Ay) € C®(Hom(E+, E_))"

-1 n—1
()MD" log det; (A + D*A) (Ay,...,Ay) = (Rtp, A1 K- - K Ay) (4.23)
n— 1!
where Rt, is a distributional extension of t, = G(z1,22)...G (zn,21) € D'(M"™\
dp, Hom(E_, E{)®") where G € D'(M x M, E, X E*) is the Schwartz kernel of (D + A)~".

Proof. In the bosonic case, we proved the claim for all A+ V s.t. 0 (A+V) C {Re(z) =6 >

t(A+V) to make the regular

0} since we need the exponential decay of the heat semi—group e~
part R from definition 4.13 convergent. However, by analyticity of both sides of the iden-
tity D" log dete (A + V) (Vi, ..., Vy) = (=1)" L (n—1)ITr 2 ((A V)L (A V)T Vn>

in Ve C®(M,End(E)), the claim holds true everywhere on C*°(M, End(FE)) by analytic
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continuation using the fact that the subset of invertible elements in A is connected '°. The
discussion is identical for the fermionic case. O

From the results of the above proposition, we can conclude the proof of Theorem 5 and
prove all claims except the bound on the wave front set of the Schwartz kernels of the Gateaux
differentials for which we shall devote the whole section 5

4.8. Factorization formula relating det; and Gohberg—Krein’s determinants det,,.
We give the proof for bosons and write the factorization formula for fermions for simplicity
since the discussion is almost similar in both cases. The proof relies crucially on the following
well-known Lemma on the Gohberg-Krein determinants [71, Thm 9.2 p. 75]:

Lemma 4.17 (Gohberg-Krein’s determinants and functional traces). For all A € Z,,, Gohberg—
Krein’s determinant det,(Id + zA) is an entire function in z € C and is related to traces
Tr(A™) for n = p by the following formulas:

a— (_1)n+1zn .
det,(Id + zA) = exp <Z ——F—Tr(A )> = H

n
n=p k

1 n
(1+ 22Xk (A)) exp (Z )

where the infinite product vanishes exactly when z\i(A) = —1 with multiplicity.

The product [, [(1 + 2A;(A)) exp (Zp LDty (A)”)} reads [ [, Ep—1(—2Ax(A)) where
E,_1 is the Weierstrass factor. From the above, we deduce:

Proposition 4.18. Let (M, g) be a closed compact Riemannian manifold of dimension d,
(E,F) a pair of isomorphic Hermitian bundles over M and P : C* (E) — C*®(F) an
invertible elliptic operator of degree k. For any V € C*°(Hom(E, F)), the series

> V(i)

d
TL>E

converges absolutely for || V|| Loo(Hom(E,F)) small enough and

(_1 it —1 n —1

V — exp Z

d
’I’L>E

extends uniquely as an entire function on C*°(Hom(E, F)).

Proof. Choose some auxiliary bundle isomorphism F +— F which induces an elliptic invert-
ible operator U € U9(M,E, F) : L>(E) v+ L*(F) and UP~! € U~%(M, E) belongs to the

Schatten ideal I[ |+1 hence HUP_lH[%Hl < 4o00. The claim then follows from Lemma 4.17

16 A 4+ V invertible iff Id + A~'V invertible which is true for V in a small neighborhood of V' = 0. Then
consider complex rays z € C + Id 4+ zA™*V which are non-invertible at isolated values of z since A™'V
compact



RENORMALIZATION OF DETERMINANT LINES IN QFT. 35

applied to A = P~V € U~*(M, E) which belongs to the Schatten ideal I[Q]+1 and the series
k
converges since the Schatten norm satisfies the estimate:

1P~ Vllay1 < UM sez2em), 2 IVIlsee), 2y 0P g4

which can be made < 1if | V|| o (srom(e,ry) < IUP i) 11U g 0z2(my, 1200 O

Proposition 4.18 and Lemma 4.17 imply that for z small enough, the series

_1\n lzn n
> S L (amv))

n>g+1

converges and equals log det,, (Id + ZA_1V) for p = [%] +1. In particular, det, (Id + A‘1V)
is analytic in V € C*°(End(E)) and vanishes iff A4V is non-invertible and z ~ det,, (Id + zA~V)
is an entire function.

It follows from Proposition 4.16 that Gateaux differentials of logdet,(Id + A~'V) and

logdet¢(A + V) at V = 0 coincide when k& > % . Now we shall use the following general

Lemma whose proof is given in subsection 11.4 in appendix:

Lemma 4.19. Let E be a complex Fréchet space and Fy, Fy a pair of holomorphic functions
on some open subset Q C E. Assume there is some integer k > 0, s.t. Fy, Fy have the same
Gateauz differentials of order n for every n = k. Then there exists a smooth polynomial
function P : E — C of degree k — 1 s.t. F1 = P + F5.

The Lemma implies that we have the equality
log det¢ (A + V) = P(V) + logdet,(Id + A™'V) (4.24)

for V close enough to 0 where P is a continuous polynomial function of V. Equa-
tion (4.24) together with the fact that H + det,(Id+ H) is an entire function on the Schat-
ten ideal Z, vanishing exactly over noninvertible Id 4+ H, proves that V — det:(A + V) =
el (V)detp(l d+A~1V) extends uniquely as an entire function on A vanishing exactly over non-
invertible elements. Then by Proposition 4.16, the Schwartz kernels (_nlljzl [D™ log det¢(A)]
of the Gateaux differentials are distributional extensions of the distributions

tn = G(z1,22) ... G(xp, x1) € D'(M™\ dy, End(E)%™).

n

distributional extension of the product t, € D'(M" \ d,,, End(E)*").

It remains to estimate the wave front set of Rt,, over the deepest diagonal d, which is
the purpose of the next section where we will show that WF (R (¢,)) satisfies the bound
WF (R (t,) NT; M™ C N*(d, C M") by Proposition 5.4 in the next section. This will
conclude the proof that det; admits the representation 4.4. The proof for fermions is similar
and yields the factorization formula det¢ (A + D*A) = exp (P(A))det,, (Id + A~*D*A) for
p=d+1 and P a continuous polynomial of degree d on C*°(Hom(E4, E_)).

It follows that P(V) = >, _a (=t (Rtn, V¥") where Rt, € D'(M", End(E)*") is a
EUS

Our goal for the next part is to study the microlocal properties of the Schwartz kernel
Rt, = [D"logdet¢] near the deepest diagonal d,,. As explained in the introduction, the
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bounds on the wave fronts are needed to ensure the renormalized determinants are obtained
by subtraction of smooth local counterterms.

5. WAVE FRONT SET OF SCHWARTZ KERNELS OF D" logdet,.

5.0.1. Traces and integrals on configuration space. First, we need to reformulate all compo-
sition of operators appearing in D" logdet; as integrals of products of operator kernels on
configuration space. In the bosonic case, for (u1,...,urs1) € (0,151 we reformulate the
trace term T'r (e‘“lAvl . e‘”kHAVkH) as an integral over configuration space

/ . (7B (m1,22) ... e "B (2pp1, 1), X (21, - -+, Thr1) ) AVt
M

where dvg 1 € [AP|MF*+1] the product e 12 (21, 29) ... e “+15 (x4 41, 21) on the Lh.s is an
element in C®(M*1 End(E*)¥ 1), x = VK- - KV € O®°(M* End(E)®*+1) is the test
section and the (.,.) denotes the natural fiberwise pairing between elements of End(E)®¥F+!
and End(E*)®F+1. Starting from now on in the bosonic case, the test function part x will
be chosen arbitrarily in C°(M*+1 End(E)¥k+1).

In the fermionic case, we will consider the operator e *AD* : C®(E_) — C™(E,)

which has smoothing kernel when ¢ > 0 (since ¥~ is an ideal) hence the trace term
Tr (efulAD*Al . e*“’vHAD*AkH) is reformulated as the integral over configuration space:

/ . <e_“1AD*(x1, x9). .. e_“k+1AD*(:ck+1, x1), x(x1, ... ,:ck+1)> dvg41 (5.1)
M

where dvy 1 € |[APP|M*+1 the product e ™12 D*(21,29) ... e “+12D*(2},1,21) on the Lh.s

is an element in C=°(M**!, Hom(E_, E; )%+, x = AK-..KA € C®°(M**!, Hom(E,, E_)®F+1)
and (.,.) denotes the natural fiberwise pairing between elements of Hom(E,, E_)*+1
Hom(E_, B, )%+,

In what follows, we will localize the study in some open subset of the form U**! near
an element of the form (z,...,2) € dpyy C M* where U € M,z € U is an open
chart that we choose to identify with some bounded open subset U of R¢ making some

and

abuse of notations. Recall that a consequence of the heat calculus is that in local coor-

dinates e 2 (z,y) = tfgfi(t, %,y),fl e C>(]o, +oo)% x R? x U, E X E*) for bosons and

e PAD*(x,y) = t_%fl(t, %, y),A e C®([0,+00)1 x R x U, E{ K E*) for fermions. From
2

this observation on the asymptotics of the kernel e~*2D* the proofs in both bosonic and

fermionic cases are uniform. The only changes occur in the numerology since there is a loss

of =7 in powers of ¢ in the expansion of et D*.

Definition 5.1. We define for (u,z) = ((ue)*t1, (z:)F 1) € (0, 1%+ x UF+L:

e=1»
i Li(e) — Lj(e)
J(U,.’E,X) = < H A(Ue7,35j(e))7X>
1<e<k+1 V e

where i(e) = e,j(e) =e+1 whene € {1,...,k} andi(k+1) =k+1,j(k+1) =1, the bracket
(.,.) denotes the appropriate fiberwise pairing defined above, J(.,.,x) € C™ ((07 1]k x U]H'l)
and J depends linearly on .
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Then we can express S from definition 4.13 in terms of J:

k+1

sto= [ Cur ([ dwen)dtux = viE B
Ak+1 ME+1

e=1
We will next prove that S is a distribution valued in meromorphic functions of the variable
s [16, def 3.5 p. 11] based on the methods of [16] using blow—ups. In fact, we will also recover
the distributional order from our proof.

5.0.2. Resolving products of heat kernels. The problem in the definition of S is that the
product [[;cocpyq Alte, %ﬁ“‘), Tj(e)) 18 not smooth on Ay x Uk+1. We choose the test

section x supported in U1 ¢ M**!. We integrate w.r.t the Riemannian volume dv = pd%x
with smooth density p w.r.t. the Lebesgue measure d%z hence without loss of generality, we
choose to absorb p in the test section .

Definition 5.2 (Blow—up). Consider the following change of variables:

k+1
B:(x, hy,y. . hgty,. . tgr) — ((x1 ==, x,—x—kz . try1)h ZQ,u—HtQ k+1

U x RF 5 0,1 — UM x Appq

[16, def 5.3] which resolves the singular product in J. We use the short notation (x,h,t) =
(z, (hiy... hg), (t1, -, tkr1)) € U X Rkd % [0, 1]k+1.

Replacing in the integral expression of .S yields,
S(s;x) = / (b1 ti)? 4+ 1B T (@, by )ty -t 2o dF e dn,
[0,1]k+1 x U xRk

where the factor tz’_ﬁl comes from the Jacobian determinant 5* (dk+1u) = oktls . til_ﬁldk“t

in the change of variables. One of the key results from [16, Thm 5.2] is that for every
e € {1,...,k}, the pull-back 5* <ML\/H—?<€)> by the blow—down map £ is a smooth function

on the resolved space U x R% hence 5*.J is also smooth on the resolved space. In the bosonic
_ d _d+1
(resp fermionic) case, the change of variables in §* <Hf+11 Ue > (resp B* <Hf+11 Ue 2 >)

brings a factor of the form [], .y (fi-- tpg1)”? (vesp [Ticicnia(ti- 1) "% 1) and the
Jacobian determinant of the variable change yields a factor (t1...t.41)%. .. (tptrr1)? from
which we can extract the power of t;11 to be equal to t;frll (resp t,;jzl_k_l). Replacing in the
integral formula yields the following identity [16, Proposition 5.2],

S0 = [ () P (5.2)
[071}k+1

X < / A(t,z, h; X)dd:ndkdh> tesh 2R day, dty s
R(k+1)

where P is a polynomial function whose explicit expression is irrelevant and A(.;x) =
B*J(;x) € C([0,1]F! x U x R%). For fermions, we would get tz‘flk_d in factor under
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the integral sign instead of tzfl%ﬂ 4 As in [16, Lemma 5.4], A depends linearly on

B*x(t,z,h) = x(x,z + Z;;l( Ctig1)hy )f+2 We find

Lemma 5.3. Under the previous notations, in both bosonic and fermionic case, the quantity
op [A(t,x,h)|y,,,—o depends linearly on p-jets of the coefficients of x along the diagonal

teh+1
g1 C MFEHT,

In the following paragraph, we shall prove that both x — S(s;x) and x — I(s;x) are
distributions valued in meromorphic germs at s = 0.

5.0.3. The case when 1 < k < %l (resp 1 < k: d) for bosons (resp fermions) case and

integration by parts. In the bosonic case, if k < &, the factor tk(erk)+1 d

of A is potentially divergent since near s = 0, 2(Re( )+ k) + 1 — d is no longer necessary
> —1. Then as usual in Riesz regularization, we need to Taylor expand A w.r.t the variable
tr+1 up to order p in such a way that (p+1)+2k+1—-d>—-1 = p+1>d—-2(k+1).
This yields

appearing in factor

/[01]’“+1((t1'“tk)2+'“+1)SP(t1,.,,’tk)

x (j/ ,4@,x,h;xjddxdkdh>tifikﬂl’ddtl.”cﬁk+1
RA(k+1)
sup(d— 2(k+1
_ / Pt 1) P )
01

fRd(lH—l) 81257 A(ta z, h? X) |tk+1=0dd$dkdh

k+1

d
s+k+p+1—4%

dty . ..dt; 4+ holomorphic at s =0

where the holomorphic part depends linearly on the (d — 3)-jet of x. This implies that in the
general case F'P|,— OF(s+1) I(s,x) depends linearly on the (d — 3)-jets of x and when supp(x)

does not meet the deepest diagonal dj,1 C M**! we already know that

1 k+1 k+1
P’SZOmI(S ) /Mk+1 <€1_[ Gle )),X> 1:[ o).

Altogether, this proves that the Schwartz kernel &1 ) [Dk+1]og det:(A)] is a distributional
extension of the product G(z1,x2) ... G(xg41, xl). This distributional extension has order
at most (d—3). The fermionic case is similar only the numerology differs, We need to expand
coefficients of x at order p in txy1 so that p+1 > d—2 therefore F P|,— 0T s+1) I(s,x) depends
linearly on (d — 1)-jets of the coefficients of .

5.0.4. Bounds on the Fourier transform of the singular term S. In this part, the bosonic
and fermionic cases are similar and therefore we restrict to the former case for simplicity.
To bound the wave front set of the meromorphic family of distributions S(s;.), using the
above notations, we should study S(s; x) where the test function part x is chosen of the form
X = (x1)e™18 L ah(2pyq )R8+ where 1) has small support in the coordinate chart U of
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M and for large momenta (&1, ...,&k+1) in some closed conic set V' C RUK+D* that we will
later determine. As usual for wave front bounds, we are just localizing with the function
and taking Fourier transforms.

After the change of variables of definition 5.2, the exponential factor becomes

k+1le—1

exp iw(6r+ -+ &hr) 1YY (- trpa)hyée

e=2 j=1

k
=exp | i@(& -+ &) T (G )i Y &)
j=1 j+1<e<k+1
Therefore, the term A(t, z, h; x) has the explicit from
A(ty Z, h7 X) = A(ty xZ, h7 wgk—"_l)@(lw Zk+l €]+ Ek+1 (tj~--tk+1)hj£5)

so the interesting term in factor of S that we should integrate by parts w.r.t. ¢;,1 reads

k+1 k+l e—1/, . )
’afk+1 / (zzz IR DA jzl(tj...tk+1)hjfe)A(t’ z, h; w®k+1)dd$dkdh‘
RA(k+1)

k+1 k+1 k+1
< CO+ KZ [&[)? sup  sup [|B/A Zﬁe, thp1) Y Ces )
1<j<p tel0,1] k+1 e—j+1
k+1

< On(L+ > eh™
e=1

uniformly in ¢ € [0, 1]**! for all N by smoothness, in the z variable, of A and its deriva-
tives 0/ A. Assume that (£1,...,&k+1) belongs to some closed conic set V' C RUk+1* which
does not meet the hyperplane {Zfﬂl i = 0}. Then there exists a constant C' such that for
every (&1,...,&+1) € V satisfying ZkH &2 > R, we have \Zf:ll il = (1 + ZkH \§Z|>
Therefore, we obtain the estimate:

‘af;m/ i S g T S gt )y 55)A(t,a:,h; PR g ki
RA(k+1)

k+1

< COne MA+ ) Jeh)™™
e=1

uniformly in ¢ € [0,1]**1. Finally, this means that for any element (x,...,x;&1,...,& 1) in
the wave front set WF (FP|s—=0S(s,.)), we must have & + -+ 4+ {1 = 0. This implies the
wave front set bound

(WF (FP’SZOS(S, )) N TJkHMk:—i-l) c N* (dk+1 C Mk:-i-l)

over the diagonal dy1. In the next paragraph, we will use these bounds on the Fourier trans-
form of S to estimate the wave front set of the Schwartz kernel of the Gateaux differentials
over the diagonal.
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5.0.5. Wave front bounds. The next step is to use the above methods to bound the wave
front set of the Schwartz kernels of the Gateaux differentials. An important application of
the blow—up techniques is to estimate the wave front set of the extensions Rt, € D'(M")
over the deep diagonal d,, C M"™ which is proved to be contained in the conormal bundle
N*(d, C M™).

Proposition 5.4. Following the notations from definitions (2.9) and (2.8). Let M be a
smooth, closed, compact Riemannian manifold of dimension d, E — M some Hermitian
bundle over M.

For every invertible generalized Laplacian A +V € A = A+ C®(End(E)) acting on E
s.t. 0(A) C {Re(z) 2§ > 0}, set G € D'(M x M,EX E*) to be the Schwartz kernel of
(A + V)fl. The Schwartz kernel of the Gateaux differential of logdet: defined as Rt, =
%[Dn log det: (A + V)] is a distributional extension of the product

tn = H G(J}i(e), xj(e)) S D/(Mn \ dn, End(E*)gn)
e€E(Q)

and satisfies the wave front set bound

(WF (Rt,)NT3 M") C N* (d, C M™). (5.3)

Proof. We need to show that the distribution Rt,, defined as

satisfies the wave front bound W F(Rt,)NT; M"™ C N* (d, C M™). In fact the proof reduces
to the scalar case and we assume without loss of generality that we work with a scalar
generalized Laplacian A acting on functions and the potential V' € C*(M,C). We start
from the expression

(Rtn, ViR ---RV,) =

n

1
/ Hdue(m +oFuy,)’ (/ eulA(xl,m)...e“"A(ajn,xl)x(xl,...,xn)dvn> )
[0,00)™ e=1 "

I(s+1)

where dv,, is the volume form on M™. We work on a local chart U™ where we choose the
test section x to be equal to x = th(x1)e®1& .. ah(x,)e®nén where ¢ € C°(U) is supported
on some chart U. There is a competition between:

(1) integration of heat kernels on [1,4+00) which yields smoothing operators in the sense
the family (e_“A (z,y)) is bounded in C°°(M x M) since e "~ = e~ ile(u=3)A—3A
(S —
bounded

where the term in the middle is uniformly bounded in B(L?, L?) by spectral assump-
A

u€[1,400)

tion and both factors e~ 12 on the left and right are smoothing operators in (z,y)

variable,
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(2) integration on [0, 1] which yields singular distributions whose wave front set is conor-

mal in the sense that the family (e‘“A(:E, y)) is a bounded family of distribu-

u€e(0,1]
tions in DE\/*( daC MQ)(M x M) " which is the space of distributions whose wave front

set is contained in the conormal bundle N* (d2 CcCM 2).

Introduce a first decomposition where we sum over permutations S, of {1,...,n} in the
second sum:

n
/ (g +---+ un)s/ <67“1A . e*“"A,X> H du,
[0,00)™ " e=1
n n
Z % Z / (up + - +up)?® <67“”(1)A e B X> H du,
0 e=1

I gpey=y [0,1]F x[1,+00)—k Mn

Without loss of generality, we only treat the terms corresponding to the identity permutation
of S,. When k& < n, we use the hypocontinuity of the product of distributions whose wave
front set is fixed [15, Thm 6.1 p. 219]. From the fact that the family e=%* (z;, z;11), viewed
as distribution on M", is bounded in D?V*(d{m-ﬂ}cM")(Mn) where N* (dyg; 41y € M"™) is
the conormal of the diagonal dg; ;. 1y = {z; = z;41} C M", we note that the distribu-
tional product (e™“12(z1,22). "e_ukA(mk’xkﬂ))(ul,..,,uk)e[o,l]k is bounded in DR(M™) for
I'=U;N*(df C M™) C T*M™, where the union runs over the sets I = {i,...,j}, where
{i,...,j} contains the arithmetic progression from i to j, for 1 < i < j < k. Then it follows
immediately that for & < n,

WF / (g + - +up)’e e [ due | NTj M™ C N* (dn € M™).
[0,1]F X [1,+00)—k

e=1

For the term where k = n, the result follows simply from the bounds on the Fourier
transform of the singular term (W F(FP|=0S(s,.)) NT; M") C N*(d, C M™) from para-
graph 5.0.4. Gathering both cases yields the claim from the Proposition. O

6. PROOF OF THEOREM 3.

Equation 4.4 shows that zeta regularized determinants, defined by purely spectral condi-
tions, admit a position space representation in terms of Feynman amplitudes and that zeta
determinants are just a particular case of some infinite dimensional family of renormalized
determinants obtained by subtraction of local counterterms.

As above, we give the proof for bosons since the fermion case is similar and presents no
extra difficulties.

6.0.6. Any element of the form R det = elolynomial det¢ solves Problem 3.2. Assume R det(A+
V) = e?") det (A +V) for some Q € Ooe (4] (J""End(E)). The zeta determinants from def-
L2

inition 2.8 are solutions of problem 3.2 by Theorem 2 and Proposition 4.16 where we found

17in the sense of the seminorms in [15, p. 204]
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the second Gateaux differentials of det; to be equal to
D?logdet¢ (A + V, V4, Vo) = Trr2((A+ V) 'V (A + V)" 1R)
when (V1,V2) € C®(End(E))? have disjoint supports and o(A + V) C {Re(z) > § > 0}.
Therefore, since Q € O, (4] (JTEnd(E)) is a local polynomial functional of degree [%], the
2

map V — Rdet(A + V) = exp (Q(V)) det¢ (A + V) satisfies D?log Rdet(A + V, Vi, V3) =
D?logdet¢ (A +V, Vi, Va) where DQ(V, Vi, V) = 0 since (V1, Vz) have disjoint supports and
Q is local [7, Prop V.5 p. 16]. This means

D*logRdet(A +V,V4,Va) = D*logdetc(A+V,V4,V3)
=Tr2((A+V)'V(A+V)h) :/ ta (w1, 2)V (21)V (22)dv(21)dv(2).
MxM

The wave front bound from Proposition 5.4 shows that the Schwartz kernel
[D?log R det(A + V)] = [D?logdet (A + V)] + [D2Q(V)]

is a distribution Rto € D'(M x M) satisfying W F' (Rt3) OTJQM2 C N* (dy C M?) where we

used the fact that WF ([D?Q(V)]) C N* (dy C M?) by [7, Lemma VL9 p.19 ]. For the mo-
ment, we found R det solves the equations (3.5) and (3.6) and equation (3.4) is easily satisfied

by the factorization formula R det(A+V) = det¢ (A + V) eQV) = £P+Q)(V) detya;, (Id+ A7),

2
deg(P+Q) < [%] and the properties of det,. The last step is to use the factorization formula
dete (A + V) = V) detia) 4 (Id+ A™'V) from the previous section and the bound
2
[41+1

(4141
Ki|A—V K ( A1 \% )
[detay,, (Id+AT'V) [ <e I8 Vg ¢ SN g Vs
2

which results from [71, b) Thm 9.2 p. 75] for the norm ||.||[g]Jrl in the Schatten ideal Zq) 4,
2 2

the fact that A~! € W=2(M, E) belongs to Zj4}4; since Al e 7 [25, Prop B.21] and
2
Holder’s inequality HAAVH[Q]H < HA*1H[
2
bound:

%]HHVHCO. From the above facts, we deduce the

[1414+1
Rdet (A+ V)| < |dete (A+V) le?V)| < CeKIVIdm

for some C, K > 0 independent of V' which proves the bound (3.3). Finally, R det solves
problem 3.2.

6.0.7. Any renormalized determinant is of the form efownomial det¢. Let Rdet be any other
solution of problem 3.2, then for every V, the entire functions z — Rdet (A + zV) and
z — det¢ (A + 2V) have the same divisor (which means same zeros with multiplicities). It

R det(A+2V)

et (ATzV) is an entire function without zeros on C which

follows that the ratio z —
satisfies the bound
Rdet (A + 2V)
| dete (A4 2V)
By the uniqueness part of Hadamard’s Theorem 1, this implies that for every fixed V,

R det(A+2zV) P(zV)
27 ete (A+eV)

map V — log Rdet (A + V) —logdet; (A + V) is analytic near V' = 0 hence locally bounded

(4141, [8]+1
| < CellF2 Wlem  py = g — 3.

=e where P is a polynomial of degree [%] +11in z. We already know the
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near V' = 0 and also the above shows that for every fixed V, z — logR det (A4 2V) —
log det¢ (A + 2V) is a polynomial of degree [%] +11in z. By proposition 11.5, this implies that
the difference log R det (A + V') —log det¢ (A + V) = P(V) where P is actually a continuous
polynomial function in V' of degree [g] + 1. But condition 3.4 imposes the derivatives
(d%)[%]‘H log R det(A + zV) and (d%)[%]“ log det¢ (A + V') to coincide at z = 0 hence P has
degree [4]. It remains to show that P is local. The fact that both log R det (A + V) and
log det (A 4 V') are solutions of functional equation 3.5 implies that D*P(V, Vi, V) = 0 if

supp(V1) Nsupp(Va) = (. Observe that

Rdet (A +V)

D21
ad Og<detC(A+V)

)] = [D?P(V)] € D'(M x M)

is polynomial in V' valued in distributions on M x M with wave front set in N* (d2 cCM 2). To
extract the homogeneous part , we use the finite difference operator Ay defined in the proof
of 11.5, the element w =[Pn(V,...,V,.,.)] € D'(M x M) has also wave front set
in N* (dp € M?) thus V — [Py(V,...,V,.,.)] satisfies the assumptions of lemma 11.1 proved
in appendix. Therefore V' +— <]5n, V&”> is a local functional which equals [, A, (V (z))dv ()
where A, (V(z)) depends on the m—jets of V' at x for m = d—3 and is homogeneous of degree
n in V. It is important to stress that the function A, is not uniquely defined '® but the
functional V — [, A, (V(x))dv(x) is uniquely defined. Then locality of P together with
the representation formula for det; from Theorem 2 implies that any solution of problem 3.2
has the form given by equation 4.4. The infinite product representation is an easy consequence
of the representation of Gohberg-Krein’s’s determinants det,, as infinite products.

To complete the proof of our Theorem, it remains to show that any R det solution of
Problem 3.2 is obtained by a renormalization with subtraction of local counterterms in the
sense of the third property in 3 which is the goal of the next section.

7. LOCAL RENORMALIZATION AND THEOREM 7 ON GAUSSIAN FREE FIELD
REPRESENTATION.

We follow the notations from subsection 2.6 where we explained the notion of subtraction of
local counterterms. The aim of this section is to show the third claim of Theorem 3. Namely
that all R det solutions from problem 3.2 are obtained from renormalization by subtraction
of local counterterms which concludes the proof of Theorem 3: there exists a generalized
Laplacian A with heat operator e *® and a family Q. € (’)loc’[%] (J"Hom(E4+,E_)) ®c

C[s_%,log(e)] such that:
Vo Rdet (P +V) = lim exp (Q:(V)) detr (Id + e =APTIY). (7.1)
e—0
7.1. Extracting singular parts. In this subsection, we shall use the methods of [16] based

on blow—ups to extract the singular parts of regularized traces Trpe ((e_QgAA_IV)n) to
show:

18Only up to boundary terms
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Lemma 7.1. In the bosonic case, for every V.€ C*>(M, End(E)), we have an asymptotic
expansion

Trp (( —2eAA- 1v)’““) = P.(V) + 0(1)

where P.(V) = [, Ac(V)dv € O, (4] (J"End(E)) ®c (C[a_%, log(e)] and m =d — 3 and
g%

(Viy..oy Vig1) € CX(End(E)FT s FPleoTre (e ATV e 22 A V)
—2¢A 1 k+1
= dim Tre ((e2A7W)") - P(V)

is well-defined and multilinear continuous.

For fermions, for every A € C*°(Hom(E+, E_)) , we have an asymptotic expansion
Trps (( —22AA-1D* A)kH) P.(A) + 0(1)

where P.(A) = [}, Ac(A)dv € Ojoeq (J"End(E)) &c Cle™2,log(e)] and m =d — 1 and

(A1, ..., App1) € C®°(Hom(E4, E_))* s FPl_oTrps (e *2AT'D*A; ... 2 AT D* A1)
_ —2eA A —1 k+1
= lim Trp (G oy ) P.(A)

1s well-defined and multilinear continuous.

Note that in the previous Lemma, the functionals P. depend only on the m-jets of their
argument.

Proof. We prove the claim only for bosons, the fermionic case is similar. In this lemma, we
shall use the following notation, for two functions a(e), b(¢), we shall note a ~ bif b—a = O(1)
when £ — 0%. This means that a, b have the same singular parts as € approaches 0. We start
from the identity:

Tre (B_QEAA_lvl - 6_26AA_1Vk+1) ~ /[ e Trye (e_ulAVi - e_uk+1AVk+1) duy ... dugiq
€

as a direct consequence of e 2*AA1 = f;: e tAdt and since the operator valued integral
floo e tAdt € U~ is smoothing. Now without loss of generality and using the symmetry of
the integral, we may assume that we work in the Hepp sector {e¢ < u; < --+ < ugy1 < 1}
which is a semialgebraic subset of the unit simplex A1 = {0 < wup < -+ < wugpq < 1} So
we need to study the asymptotics when ¢ — 07 of

(k+1)! /{ _ . Trye (e_“lAVl . 6_“k+1AVk+1) duy ... dugq.
€ U1< <uk+1\

Setting x = Vi - - RV 41 € C®°(M**1 End(E)**1) and using the notations and conventions
from paragraphs 5.0.1 and 5.0.2, the blow—up from definition 5.2 yields a blow—down map
k+1

B:(x,hy,y. .. hgty,. . tgr1) — (21 ==, xl—a:—{—z . trr1)h ZQ,u—HtQ k+1)

Ukadxﬂs — Uk+1><{5<u1<---<uk+1<1}
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where ). is the semialgebraic set defined by Q. = {e < (t1...t,41)%} N[0, 1%L, Now,
following the calculations of paragraph 5.0.3 we set:

w(y) = < / s AP (b, ) BRI (@, g X)ddxdkdh) dty A Adtpg
R

where tZﬁk_lw is a smooth differential form of top degree on the cube [0, 1]**1. To extract the
singular part of fﬂs w, we need to Taylor expand fRd(Hl) A(t, z, h; x)d%xd*h in the variable

lt1:
2t 1—dtj
t .
k41 o gd.. Tkd
/ BES g / i P(ty, ... tg) <8§k+1 /Rd(kﬂ) A(t,z, h; x)d*xzd h) ltesr=0 dts A Adtiq
€ j=0 €

where the term underbraced is a conormal distribution of y € C® (U End(E)®¥¥*1) sup-
ported by di,1 by the results of paragraph 5.0.4. So setting x = V¥l we can view the
term underbraced as a functional of V: the map

V € 0 (U, End(E)) > 0 / A(t, 2, b VIR ddggbdp ) |
1 feaean +

is an element of Ojoe k41 (JjE).

Thus to extract precise asymptotics, we set

_ Yk

(2h+1—d+j
4!

w; o, P /R s A(t, z, h; X)d%d’“%) e 1 =0dtt Ao A dtjiq.

Then we may slice the semialgebraic set (. by the fibers (t1...t,,1)? = constant of the
map F(t1,...,tgr1) = (t1...t,s1)?. Practically, this means we will pushforward the differ-
ential form w; along the fibers of the b-map F : (t1,...,t51) € [0, 18 s F(ty, ... tgy1) €
R [38, def 2.11 p. 16] [51, p. 51-52] where the cube [0,1]**! is viewed as a b-manifold in
the sense of Melrose [38, def 2.2 p. 8] [51, p. 51]. Then we will conclude by using the push-
forward Theorem of Melrose [51, Thm 4 p. 58] in the form discussed in the nice survey of
Grieser 38, Thm 3.6 p. 25]. We define the form 5% which is called Gelfand-Leray form (80,
Lemma 5.11 p. 123] and the function J;(t) = [,_, 75. By Fubini’s Theorem, we find that
fﬂe wj = fsl Jj(t)dt. Finally, the pushforward Lemma 7.2, which is stated in the next sub-
subsection below, implies that for each 7 € N, the map ¢ — fﬂa wj admits an asymptotic

expansion as € — 07 of the required form which concludes the proof. O

7.1.1. Pushforward Lemma. Here we state the Lemma on asymptotic integrals used in the
previous proposition.

Lemma 7.2 (Pushforward by Jeanquartier, Melrose). Let w € QZ([0,1]™) be a smooth dif-
ferential form of top degree on [0,1]" and F : (t1,...,t,) € RT — t3...t2 € R. Then for
every m € N, the map

—m
t,"w

tHJ(t):/Fl(t) T = {(6(t — F), t;,"w)
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has an asymptotic expansion: J(t) ~ >, 7 log(t)%ayq(w) where p € Z runs over a finite set
of growing arithmetic sequences of rational numbers and a, 4 is a distribution supported by
the algebraic set {F = 0}.

This implies that the map € — f; J(t)dt also has an asymptotic expansion: f; J(t)dt ~
> pq €7 log(e) by q(w) where p € % runs over a finite set of growing arithmetic sequences of
rational numbers and b, , are distributions supported by F' = {0}.

Proof. The result for smooth forms and real analytic F' is due to Jeanquartier [28] [80,
Theorem 5.54 p. 155]. Here we need the same result for a polyhomogeneous top form ¢, ™w
and F = t2...t2 which is a particular case of the pushforward Theorem of Melrose [38,
Thm 3.6 p. 25] [51] by the b-map F which yields an index set contained in £ since the b-
map F' vanishes at order 2 on each boundary face of [0,1]". Let us give a proof based on
remarks from Jeanquartier on the Mellin transform [29]. The index set of the asymptotics of
t— (§(t — F),t,™p) is exactly given by the poles with multiplicity of the Mellin transform
fooo tsJ(t)% = f[(],l]" Fs=1tmpd™t by [29, Prop 4.3 p. 304 and Prop 4.4 p. 306]. We perform
successive Taylor expansions with remainder as follows, start from ¢ then Taylor expand
with remainder at order N in t; keeping other variables (ts,...,t,) as parameters, then
Taylor expanding successively in ta, ..., t, with remainder at order N yields: ¢(t1,...,t,) =
Zogal,...,angN [1t}"cq where ¢, depends on t; iff a; = N. Then plugging under the integral
yields that s — f[O,l}” F3*~1t-™pd"t has analytic continuation as a meromorphic function

on C with singular terms of the form (H?:_ll 284_;_1) 2$+an1_1_m hence poles are in {s €

W} with multiplicity at most n. O

7.2. Every R det solution of problem 3.2 are obtained by local renormalization.
By Lemma 7.1, Vk € N, (Vi,...,Viy1) = FPle—oTrpe (e7F2ATIV L e 22 ATV 4) s
multilinear continuous hence it can be represented as a distributional pairing

FPlo—oTrre (e #2A7 W e 22 A W) = (Rtpy1, Vi K-+ R Vigq)

by the multilinear Schwartz kernel Theorem. Exactly as in the proof of subsubsection 4.7.1,
we find that for (V4, ..., Viy1) € C®°(M, End(E))*** such that supp(V1)N---Nsupp(Vii1) =
0,
FPlecoTrpe (e 22A Wi e 2 2A W) = Trpe (AW AT Wy)
where the L? trace on the r.h.s is well-defined since WF(A~1V))N-- - NWF(A™ V4 1) = 0.
Therefore arguing as in subsubsection 4.7.1 we find that for n < %, Rt,, is a distributional ex-
tension of t,, = G(x1,x2) ... G(xp,x1) and for n > %, the composition e " 22AV, e ZAATV,,, €
U—2k(M, E) hence of trace class [25, Prop B 21] uniformly in ¢ € (0, 1] hence

FPl—oTrr2 (e #2AT VL. em 2 2AT W) = Trpe (AW AT V)
where the r.h.s. is well-defined as in the case with zeta regularization.
Now let P, € Ojpc ® (C[Efé,log(a)] from Lemma 7.1 s.t.
lim T'r s ((e2ATV)™) = P, (V) = FP|—oTrp (e 22 A7V
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One should think of P, . as being the singular part of 7' (6_2€AA_1V1 e e_QEAA_an).
d
Then set P-(V) =>_72_, P,.(V), we have

n=1
5
detp (Id+ e_2€AA_1V) e V) = exp Z Trre ((e_QEAA_lV)”) — P, (V)
n=1
—2eA A1
X deta (Id+ e *2A7V)

-~

by the factorization properties of Gohberg—Krein’s determinant [71, d) Thm 9.2 p. 75]. The
individual factors underbraced converge as follows:

e lim,_,g+ det[é}ﬂ (Id + e‘zEAA_lX/) = det[g]+1 (Id + A_1V) because e 2AATYV —
2 2
A7V € U2(M, E) hence in the Schatten ideal 214y, and Gohberg-Krein’s deter-
2

minant H +— deta;, ,(Id + H) depends continuously on H € Z 4, .
[5]+1 [§]+1

d d
e lim__,4+ exp (251 Trps ((e722AIV)) — Pn7E(V)> = exp < 2 (Rty, V®”>> where
Rty is a distributional extension of t, = G(x1,22) ... G(zy, 1) by construction.

Thus it is immediate that
d

2
Rdet(A+V) = al_i>1g)1+ detp (Id + e*2€AA—1v) e (V) = exp Z (Rtn, V®n> det[g}ﬂ (Id+ A~1V)

n=1

hence it satisfies the representation formula 4.4 which makes it a solution of problem 3.2.

If we are given any other solution Rgdet of problem 3.2, then by the free transitive action

of O, (4}, we know that there exists @ € O, 4 s.t. Ra det(A + V) = e?VIR det(A +
L2 L2

V) = lim,_q+ detp (Id + e 22A71V) @ P)() which shows that R det is obtained by
renormalization by subtraction of local counterterms.

8. RELATION WITH GAUSSIAN FREE FIELDS.

In the bosonic case, there is a nice interpretation of the renormalized determinants from
Theorem 3 in terms of the Gaussian Free Field.

8.0.1. Probabilistic representation. We next briefly recall some probabilistic definition of the
Gaussian Free Field (GFF) associated to our positive elliptic operator A which is represented
as a random distribution on M.

Definition 8.1 (Bundle valued Gaussian Free Field). Under the geometric assumption from
definition 2.6, if A : C®°(F) — C*(FE) is positive, self-adjoint then the Gaussian free
field ¢ associated to A is defined as follows: denote by (ex)xeo(a) the spectral resolution
associated to A. Consider a sequence (cx)xeq(a),cx € N(0,1) of independent, identically
distributed Gaussian random variables. Then we define the quantum field ¢ as the random
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series

b= ). fe,\ (8.1)

A€o (A)
where the sum runs over the eigenvalues of A and the series converges almost surely as
distributional section in D'(M, E).

The covariance of the Gaussian free field defined above is the Green function:

Gy = Y Ta@Heaw)

A€o (A)

where the above series converges in D'(M x M,EX E).

A classical result characterizes the support of the functional measure:

Lemma 8.2 (Regularity of bundle GFF). Using the notations of definition 8.1, the random
section ¢ converges almost surely in the Sobolev space H*(E) for every s < 1 — %l.

In Euclidean quantum field theory, there is an analogy between considering a discrete
GFF on a lattice with spacing /2, whose propagator is a discrete Green function which is
the inverse of the discrete Laplacian and considering the heat regularized GFF, ¢, = e ¢2¢
22AA-1. For discrete Laplacians A, on a regular lattice of mesh
g, there are beautiful results on the asymptotics of det(A.) [11] (see [46] for related results):

whose covariance reads e~

Theorem 6. On the flat torus T?, for discrete Laplacian A, with mesh € and denote by ¢,
the corresponding discrete GFF, if V € C*(T?) s.t. Jp2 V =0 then:
-2

det¢ (A+V) — lim det(A: +V) — lim E (e—%sz V¢§) ) (8.2)
det¢ (A) =0 det(A) e—0F

In the bosonic case, replacing lattice regularization by the heat regularized GFF, we prove

an analog of the above Theorem and describe all renormalized determinants from Theorem 3

as coming from the local renormalization of Gaussian free fields partition function as follows:

Theorem 7 (GFF representation). Under the assumptions of definition 8.1. Let ¢ be the
Gaussian free field with covariance G. Denote by ¢. = e *2¢ the heat reqularized GFF.

Then a function V +— Rdet (A + V) is a renormalized determinant in the sense of def-
inition 3.2 if and only if there exists a sequence (A : C°(E) — C (E))ae(o,l] of smooth
local polynomial functionals of minimal degree such that the following limit exists:

1 1
Rdet (Id + A_lV) 2 = 111(1)1+E (exp ( / (e, Vo) — A (V )(x)dv(x))) . (83)
e—

Furthermore, if V. € C®°(End(E)) defines a positive operator on L*(E), we denote by p the
Gaussian measure of covariance A~ then the limit of measures

e 5P (23 fy (02, Vo) — Ac (V) (2)dv(x) p
0t B (exp (=3 [y (0e, Ve) — Ac (V) (w)du(x)))

exists as a Gaussian measure on D' (M) with covariance (A+ V)" and v is absolutely

(8.4)

continuous w.r.t. p iff 1 < d < 3 otherwise the measures (v, 1) are mutually singular.
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The intuitive idea is very simple. In QFT, the renormalization problem arises from the
fact that fields are irregular distributions and their pointwise product is ill-defined. Then a
natural idea is to study a regularized version of the field and see if one can perform an explicit
renormalization of the partition function by subtracting explicit local counterterms in the
action functional. The first part of Theorem 7 follows from Theorem 3 once we reformulate
the partition function E(e™ fM(‘PE7V<P6>)7 where ¢. = e 2 ¢ is the smeared GFF, in terms of
Fredholm determinants det g (I d+ A‘le_aAVe_aA) which is the goal of the next paragraph.
In a companion paper [14, Prop 1.4], we give a simple derivation of the above Theorem 7
using elementary commutator arguments when dim(M) < 4.

8.0.2. Fredholm determinants and partition functions. The following Lemma relates partition
functions and Fredholm determinants:

Lemma 8.3 (Field regularization.). Under the assumptions of definition 8.1, let ¢p. = e B¢
be the mollified GFF.

Then for every € > 0, the following relation holds true:
1 —eAN—1_—eAyr\ "3
E | exp —2/ (¢, Ve)dv(z) | | = detp (Id+ e 2 AT e™2V) 2.
M

Proof. This is an immediate consequence of [35, Remark 1 p. 211] which allows to write
E (exp (—% Jop (b, Vbe) dv(x))) = exp <—%T’I"L2 log (Id—l— ‘Z)) for ||V||s small enough,
where

YZ — ¢ AATIV AT A
is positive, self-adjoint and smoothing hence trace class on L% (E). We can expand the

term T'ryz2log (I d+ ‘A/E) in power series and use the cyclicity of the L? trace to identify
exp <—%T T2 (I d+ 175)) with the power series defining the Fredholm determinant

_1
detp (Id+ e*EAAfle*EAV) 2. A very similar proof can be found in [14, subsubsections
3.0.1 and 3.0.2] where we relate the Wick renormalized partition function with the Gohberg—
Krein determinant dets. O

8.1. The renormalized functional measure. In the previous part, we have constructed
renormalized functional determinants to rigorously define the partition function. The follow-
ing Proposition proves the second part of Theorem 7 and answers some natural questions
about the corresponding renormalized functional measure.

Proposition 8.4. Under the assumptions of definition 8.1, assume V € C*°(End(E))

is Hermitian. Let pu denote the GFF measure on D' (M, E) with covariance G which is

the Schwartz kernel of A™'. Then there exists P-(.) = [,;A(.) € O, (4] (JI3E) ®c
%)

(C[a_%,log(e)] s.t. the limit

v = lim exp (—; [ (6.vod - A dv(w)) s

e—0t



50 NGUYEN VIET DANG

converges to a Gaussian measure on D' (M, E) which is absolutely continuous w.r.t. p if
d = (2,3) and the measure (u,v) are mutually singular when d > 4.

A depends on the (d — 3)-jet of V' in the above proposition.

exp(—35 [y ((9e,Vge)—Ac(V))do(x))
E(exp(—3 [y ((6=,V ) —Ac(V))dv(x)) )
whose covariance is (A+e‘€AVe_€A)71 by [35, Prop 9.3.2 p. 213]. When & — 07, this
covariance converges to (A + V)~! as bilinear forms on C®(M) x C®(M) for the weak
topology [35, iv) p. 208] since e~¢® — Id in the strong operator topology when e — 07. A
necessary and sufficient condition for the renormalized measure to be absolutely continuous

Proof. Define v, = p for € > 0. This is a Gaussian measure

w.r.t. the initial measure is given by a Theorem of Shale [72, Thm I1.23 p. 41] is that
A"2VA™z € U~2(M, E) is Hilbert-Schmidt which holds true only if dim(M) =d < 3. O

9. QUILLEN’S DETERMINANT LINE BUNDLE.

We recall the definition of Quillen’s determinant line bundle which is an adaptation of the
definition of Segal [70, p. 137-138], Furutani [32] and Melrose-Rochon [52] where holomor-
phicity properties are manifest. The reader can also look at [68, section 5.3 p. 642] for a very
nice account of determinant line bundles for families of Wdos.

Definition 9.1 (Quillen’s universal determinant line bundle). Using the notations of subsub-
section 1.0.3. Recall Ty (H) denotes the ideal of trace class operators on some Hilbert space
H. Let (Ty)pep be a holomorphic family of Fredholm operators from Hg — Hi of index 0,
parametrized by a compler Banach manifold B. Consider the bundle

G =|JT(Id+Ii(H1)) = B x (Id + Ty (H1))
beB

which fibers over the complex Banach manifold B.

Then we define the determinant line bundle Det — B to be the quotient G x C/ ~ where
(A(Id +T),z) ~ (A,detp(Id + T)z). The canonical section det(T) is defined to be the
equivalence class T — [T, 1].

This definition is functorial since it works for any holomorphic family (73),cp and holo-
morphicity is checked as in the work of Furutani [32]. Quillen’s line bundle is recovered by
letting B to be the space Fredg (Ho, H1) of Fredholm operators of index 0 as proved by
Furutani [32, section 2 and prop 2.1]. Let us recall that

Lemma 9.2. The canonical section T +— det(T') = [T, 1] vanishes if and only if T is non-
invertible.

Proof. [T,1] ~ [T, 0] means there exists [d+A, A € ' s.t. T(Id+A) = T and detp(Id+A) =
0 hence Id + A is non-invertible and so is T'. Conversely, even if T is non-invertible, there is
a finite rank operator t such that T+ ¢ invertible since T is Fredholm of index 0. Therefore
T = (T +t)(Id — (T + t)~') where (Id — (T + t)~!t) is in the determinant class and is
non-invertible. Finally [T, 1] ~ [T +t,detp((Id — (T +t)~'t))] = 0. O
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10. PROOF OF THEOREM 4.

We follow the notations from subsubsection 1.0.3. The way Quillen trivializes the line
bundle is by constructing a smooth Hermitian metric on £ named Quillen’s metric and he
calculates explicitely the curvature of the corresponding Chern connection which is exactly
the Kéhler form on A. Then he shows that by modifying the Hermitian metric, one can
produce a modified Chern connection V which is flat. It follows from the contractibility of A
that flat sections for V trivialize £ holomorphically. Here the setting is slightly different.
Our approach to holomorphic trivialization is more direct and does not use Quillen metrics.

We already know that the canonical section (*det has the same zeros on A as any solution
v*det(D)
R det(D)
on A. Tt remains to show that this is well-defined and locally bounded in order to conclude

that the ratio is a holomorphic section without zeros by proposition 11.5, hence it yields a
holomorphic trivialization of L.

R det of Theorem 3. Hence, we expect that the ratio is holomorphic without zeros

Following Segal and Furutani, we define open sets U; C Fredo(#) indexed by finite rank
operators t such that U; = {T € Fredo(H) s.t. T+t invertible}. Since elements in Fred(H)
have Fredholm index 0, the collection (U;); forms an open cover of Fredo(H). Then we
trivialize £ over U; by the never vanishing section T' € U; — [T' + t, 1] which is holomorphic
by the proof of Furutani. In the local trivialization, the canonical section

T s det(T) = [T}, 1]

is identified with the holomorphic function detg(Id—(T+t)~1t) since [T, 1] ~ [T+, det p(Id—
(T +t)71t)] = detp(Id — (T +t)~1)[T +t,1].

Now we shall prove a technical

Lemma 10.1. Let Ty be an invertible operator in ¢ (A) such that for all T € 1« (A), T — Ty

is in the Schatten ideal I[%Hl? k=(1,2).
It follows that for p = [%] + 1, Gohberg-Krein’s determinant det, (Id + TO_1 (T — To)) 18
holomorphic on ¢ (A). Then the section

T € 1(A) — det, (Id+ Ty " (T — Tp)) " det(T) (10.1)

defines a global holomorphic section of Det — ¢ (A) which never vanishes.
Proof. 1t suffices to prove the claim on each open subset U;N¢ (A) where the canonical section
T + det(T) is identified with T € U; +— detp(Id — (T + t)~'t) by the local trivialization.
Use the identity Id + T, (T — Tp) = Ty 'T and Id — (T +t)~'t = (T + t)~'T. By the
multiplicativity of Fredholm determinants, for every invertible T' € U; Nt (A), we find that
detp(Id — (T +t)~"t)det, (Id + Ty (T — Ty))
= detp(Id— (T +t) "t)detr (Id+ R, (T, ' (T —Tp)))
= detp (T +1t) '"To(Id + Ty (T — Tp))(Id + Ry(Ty (T — Tp))) )

1

19For every trace class H, we are using the fact that (Id + H)™' € Id + T, and detp((Id + H)™") =
detF(Id+H)_1.
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For every T' € U; N ¢ (A), the operator (T +t)~!Tp is invertible. For such T, we observe by
definition of R, that

(Id+ Ty (T = To))(Id + Ry(Ty (T — Tp))) ™

(=pkt!
k

= (Id+ TO_I(T _ TO))(€Z£;1 & (Toil(T—TO))k(Id + TO_I(T - To)))_l

1 (=1,
— X Sy (T

ek
where the term ezi=1 D (T (T —To))*

calculus for the compact operator Tj; l(T — Tp) and is easily seen to be invertible by the
spectral mapping theorem for holomorphic functions of bounded operators. Indeed, for every
bounded operator A, f : @ C C +— C holomorphic in some neighborhood € of o(A), f(A)
is well-defined with o(f(A)) = f(o(A)) by the spectral mapping Theorem [44, Thm 2.3.6

- : : —1 DR et
p. 22]. In our case, this gives that 0 is not in the spectrum of eXhioy T (Tg (T=To)*

is well-defined thanks to the holomorphic functional

. Finally

— f— k p—
(T +t) " Ty (Id+ Ty (T — To))(Id+ Ry(Ty M (T —Tp))) ™" = (T + 1)~ Tpeshmt - (1=T))*

is invertible for every T' € U; N ¢ (A) and is the composition of two operators of the form
Id+T; and (Id+ Z;)~! hence it belongs to the determinant class. Therefore, its Fredholm
determinant never vanishes. It follows that T € U; N ¢ (A) N invertible — detp(Id — (T +
t)~tt)det, (Id + Ty ' (T — Tp)) " extends uniquely as a never vanishing holomorphic function
on Uy N (A). O

Lemma 10.1 says the ratio P+V € A det[%Hl(Id—i—P*lV)*lL*@(P—i—V) never vanishes
over A. Furthermore Corollary 3.3 states that R det(P+V) = exp(g(V)) det[%Hl(Id—i- P~y
where ¢ is a polynomial function, therefore exp(g(V)) never vanishes and the holomorphic
section o : P+ V € A~ Rdet(P + V) Li*det(P + V) never vanishes over A and defines a
holomorphic trivialization of £: 7 : O (£) — Hol(A) such that the canonical section ¢*det(T")
is sent to the entire function 7' € A — R det(T'). The second claim follows from the action
of the renormalization group as in Theorem 3. Finally, every non vanishing section o defines
canonically a flat connection V whose flat section is o.

11. APPENDIX.

11.1. Wave front set of Schwartz kernels of local polynomial functionals. We give
the proof of the following

Lemma 11.1. Let P be a continuous polynomial function on C°°(M) such that P is local
in the sense

D?P(w;u,v) =0 (11.1)
when (u,v) have disjoint supports and the linear term of P is given by integration against

a smooth function. If WF ([D?*P(V)]) C N*(dy C M?) for all V. € C*®(M) then P €
Oloc(C®(M)).
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Proof. Equation 11.1 implies that all Gateaux differentials D™ P(0) of P at 0 € C°°(M) have
their Schwartz kernels [D®P(0)] € D'(M™) supported on the deepest diagonal d,, C M™
by [7, Proposition V.5] and that P is additive in the sense of [7]. Since P is a polynomial

deg(P) P

function, it equals its Taylor expansion P(V) = > ="’ P,(V) where P, homogeneous of

degree n.

The smoothness condition on the linear term in P together with the microlocal condition
on [D2P(V)] € D'(M x M),VV € C*(M) imply that DP(0) is represented by integration
against smooth function [DP(0)] € C*(M).

Therefore by uniqueness of the Taylor expansion each P, satisfies equation 11.1. Let P,
be the multilinear map corresponding to P, and its Schwartz kernel [Py] € D'(M™) whose
existence is given by the kernel Theorem [7]. The Schwartz kernel [Py] € D/(M") is a
distribution carried by the deepest diagonal by locality of F,,. By a Theorem of Laurent
Schwartz, [Py] has an expression in local coordinates (xy,...,z,) in U" as

Pul(@1,- o n) = Y flag(21)052 .. 02022680 (a1 — 2o, g — )
[o]

where the sum over the multiindices [a] = (a1, ..., a,) € N is finite and fla) is a distribution
in the variable ;. It follows that the Schwartz kernel of the second Gateaux differential has
the representation in local coordinates

[D2P( Zf[a] Y2V () ... 92V ()0 65y (& — )

which implies P satisfies condition 2 of [7, Lemma VI.9]. By [7, Lemma VI.9], this means
Ve C®(M)+— [DP(V)] € C°(M) is smooth. To summarize, P is additive, its differential
DP(V) is represented by integration against a smooth function [DP(V)] € C*°(M) and V €
C*®(M) — [DP(V)] € C*°(M) is smooth hence by [7, Theorem 1.2], P € Oj,.(C>*(M)). O

11.2. Sharpness of the bound from the main Theorem. We give an application of the
Hadamard Theorem 1 by giving an example where the bound from Theorem 3 on the order
of the entire function z — R det(P + zV) is sharp.

Lemma 11.2. Let A be the Laplace—Beltrami operator of some Riemannian manifolds (M, g)
of dimension d. For any entire function f : C+— C s.t. f(z) =0 < ker (A + z) # {0} with
multiplicity dim (ker(A + z)), we must have the order p(f) > [4] + 1.

This proves the bound from problem 3.2 is optimal.

Proof. Note that f(z) =0 = —z € 0 (A). By Weyl’s law for spectral functions of positive,
elliptic pseudodifferential operators [33, Thm 2.1 p. 825], the number of eigenvalues nr(A)

d.. d d
A)(ﬂﬁ;é)éL}cT*Md xd®€ ~p 400 CL2.
This implies for p = [d] + 1 that Trp2 (A7P) = Zze{f o} 2|7 < 400 and Trp2 (A17P) =
Zze{f o0} 1% 2| —P+l — 4 o hence p(f) = [ ] + 1 by Theorem 1.

of A less than L grows like a symplectic volume || {o(

O
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Both results show that the solution to the problem of finding entire functions with pre-
scribed zeros is not unique, the non unicity is due to the critical exponents of zeros which
forces the entire function to have non zero order. So there is an ambiguity relating all possible
solutions of the problem which is of the form exp(Polynomial) by Hadamard’s factorization
Theorem.

11.2.1. Proof of Lemma 4.4. The composite operator ATIVA™T is a pseudodifferential of
order 0 in (M, E) by the composition Theorem. Therefore by the Calderon Vaillancourt
Theorem, we can choose V € Diff' (M, E) in some small enough neighborhood U of 0 so that
max (||A_%VA_iH 11 ,HA‘iV*A_iH 11 ) < %. This yields for every z:
B(H2,H?2) B(H2,H2

~

[NIES

Re (u, (A +V —2)u) = Re <Aiu, (A FATIVATE - zAfé) Aiu>

_1 _1 _1
> O (Volul?y - A~ vaTi|, Re(2)0™ 4 [ul? )

2 —_
H;H%)HUHH%

_1 _1 Re(z
> (VB latvat - T2 iy,

where C is some constant such that C’||uHH% < HA%uHLz < C‘1Hu||H%. Hence when Re(z) <

8. Re{u,(A+V —2)u) > C@HuH%Q. We have a similar estimate for the adjoint V* which
implies that {Re(z) < g} lies in the resolvent set of (A +V + z).

11.3. Proof of Proposition 4.9. Recall (A 4+ B);* is the complex power defined in terms
of the spectral cut at angle w. The first formula we need to establish:

1 oo
A+ B)"5 = —t(A—i—B)ts—ldt
@+n) s [
is widely used in the mathematical physics litterature to define complex powers of Schrodinger

type operators. Since we work with non-self-adjoint operators, we need to justify it. We first
define

-5 __ 1 > —t(A+B)s—1
(A + B) _F(S)/O e 514t

where the integral on the r.h.s, which is valued in B(H?®, H®), converges since on floo we use
the exponential decay of the semigroup and on fol, it is well defined for Re(s) > 0. So we
just defined a holomorphic family of operators ((A + B)™%)pe(sy>0 : C(M) — D'(M). To
extend it to the complex plane and to make the connection with actual complex powers, we
shall identify it with the definition of complex powers using the contour integral and resolvent
instead of the Mellin transform of the heat kernel. In Gilkey’s book [34], the heat operator
e HA+B) for non-self-adjoint operators is expressed in terms of the resolvent by the contour
integral
e tA+B) — / e (A + B -\ "tdA
27 J,

where the contour integral converges for t > 0 by the exponential decay of e** since the
contour -y, oriented clockwise, is chosen to be some V shaped curve which contains strictly
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the angular sector R from Lemma 4.6 and + is contained in the half-plane Re()\) > 0. We

—S

saw that the complex power (A + B);® is defined using the spectral cut at angle =

(A+ B); / S(A+B—A)"tdA

where the operator valued integral converges absolutely for Re(s) > 1 in B(L?, L?) and
F={re™ oco>r>=puU{pe?, 0 cr,—7|}U{re” ™ p<r< oo}

Since the spectrum of A 4+ B is contained in some neighborhood of [g,—i-oo), we can
deform the contour 4 to the contour v used in defining the heat operator without crossing
o(A+ B). Using the estimates on the resolvent of Lemma 4.6, Cauchy’s formula and contour
deformation avoiding o(A + B), it is simple to show that

//\_S(A+B—)\)_1d/\—//\_S(A+B—)\)_1d/\
¥ v

where both sides converge absolutely for Re(s) > 1. Now we use the formula A\7% =
ﬁfooo t>"le~* dt which makes sense for the branch log(\) = log(|A]) + iarg(\), -7 <
arg(A) < 7 since Re(A) > 0 and Re(s) > 1. Therefore

(A+B)-* = 2;/ (F(IS) /OOO ts_le_t)‘dt> (A+B—x""d\
Y

IR T St —iA -1 1 /Oo s—1_—t(A+B)
_ 27rr(s)/0 ¢ (Le (A+B-)) dA)dt e ) U dt

where we could invert the integrals since everything converges when Re(s) > 1. The above
discussion also shows that for any differential operator Q € Diff' (M, E), we have

1 (o]
(A+B)-S = / cHATB gy ¢ B(L2 BV,
I'(s) Jo
This proves that one can define the complex powers with spectral cut using the heat kernel
even in this non-self-adjoint setting.

11.3.1. Taking the trace. We want to prove the relation
1 oo
Tr2 (Q(A + B);®) = / g (QeT AR ) ay
I'(s) Jo

which means that we want to take the functional trace on both sides of the previous identity.
Start again from the relation Q(A+B);* = 5= F fo t5-1Qe U A2+B)dt. One key idea is that
a sufficiently smoothing operator will be trace class and has continuous Schwartz kernel. For
such operator, the L? trace coincides with the flat trace 77" defined simply by integrating
the Schwartz kernel of the operator restricted on the diagonal against a smooth density.

By the work of Seeley, we know that (A + B)7® € U~=25(M), then by composition of
pseudodifferential operators Q(A+ B)-* € U=25+1(Mf). This implies that as soon as Re(s) >
L Q(A + B);* is trace class and the left hand side Trz2 (Q(A + B);®) is well-defined
and Trr2 (Q(A+ B);®) = ﬁTTLQ (fo" t571Qe"A+B)dt). To exchange the trace and the
integral on the r.h.s, note that Tr 2 (Q(A + B)*) = T7" (Q(A 4 B);®) since Q(A + B);*
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trace class when Re(s) > %g(@ and has continuous kernel arguing as in [59, p. 102-103].

Therefore

L 1 o A
Trie @+ B) = g™t i [ Qe an

HA+B) i continuous

However note that for ¢ in [, A], it is immediate to prove that ¢ — Qe~
and uniformly bounded in smoothing operators, therefore we can invert the flat traces and the
integral to get Tr” <f€A tsleeft(AJrB)) = [M 1Tyt (QemtATE)) = [Mysiry, (QetATD))
since (Qe*t(AJFB)) € U=, To conclude, it suffices to show that under the assumption that
Re(s) > %1, the integrand ¢ 'Trp2 (Qe " A*+P)) is Riemann integrable on (0,+00). But
this follows almost immediately from the bound (using the fact that @ is a differential oper-
ator of degree 1) [34, Lemma 1.9.3 p. 77-78],[3, Thm 2.30 p. 87|

(d+1)

vt € (0,1], Trpe (Qe D) | < 0t~ 5 = |71 Ty (Qe (AP | < Cfel 1= 57

where the r.h.s. is absolutely integrable near 0 and

N[>

Vi € [1,+00), [Trpa (QeAH) | < [l OBy o ) [Qe™HEHB) g gy < CeliD

—UA+B) the smoothing

for any r > d, which uses the exponential decay of the semigroup e
1

properties of Qe~2(AT5B) and allows us to control the integral for large times. Finally once

the identity is proved in some domain Re(s) > %, the analytic continuation takes care of

extending the relation on the whole complex plane.

11.3.2. Proof of Lemma 4.15.

Proof. For every real number s, a symbol p € S7(R) iff p is in C°° (R) and |8gp(§)| <
C;(1+ |§|)S_j [79, Lemm 1.2 p. 295] for every j € N. Observe that the function p; : £ €
R s e~ defines a family (Pt)tefo,+o0) Of symbols in SP; (R) such that p; 1 in 510 (R).
Indeed, for k € N and for ¢ in some compact interval [0, a],a > 0, we find by direct compu-
tation that: (1 + ]E\)k](?ge*tgﬂ < C(1+ [¢)* Zoglgg th=le|F2e~” where the constant C
depends only on k.
When [¢| > a, the function ¢ € [0, +00) — (tF~LeF=21)e~1 goes to 0 when ¢ = 0, — +o00 and
reaches its maximum when % ((tk_lék_Ql)e_tSQ) = ((k — [)thI-tgh=20 _ gh—leh—20+2) o~ _
((k — 1) — t&2)th—1-1eh=20—t6 — ( for ¢ = % Hence when [£| > a,
sup (1-+[¢)F[(#*16F2)]e ™ < (k= DF (L4 61l < (k=DM (L +a T,
te(0,a]
On the other hand, if |£| < a, t € [0, a], we find that (1+\§|)k]8§e_t52] < C(1+a)k 3, ok a3
~ \2

Therefore, we showed that (1 + |§\)k|8§e*t52\ < Cj, uniformly on ¢ € [0, a], hence p; € 57

uniformly on ¢ € [0,a]. We also have for all §,u > 0, t < §'72% implies that supe [(1 +

€])~*(e~*%" —1)| < & which means that supg [(1+ €))"%(e~ " —1)| — 0 when ¢ — 0" which
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implies the convergence p; — 1 in Sig. By a result of Strichartz [79, Thm 1.3 p. 296],
p(VA) = e = Idin UF(M). (11.2)
t—0t ’
[l

11.4. Proof of Lemma 4.19. Without loss of generality we assume 0 €  and we try
to prove the Lemma in some neighborhood of 0 € ). For every fixed V € 2, and for
every complex z € C small enough, 07 F;(2V) = 0}F5(2V) by assumption, therefore the
uniqueness of the Taylor series and its convergence for analytic functions of one variable
yields the identity
Fi1(2V) = P(z, V) + Fy(zV)

where both sides are holomorphic germs in z near 0 € C and P(z,V) is a polynomial in z
of degree k — 1. The subtlety is that here we have an identity which holds true along every
complex ray {zV, z € C} in the open subset 2 C E and both sides are holomorphic functions
of one variable z € C. We would like to deduce a similar identity without z € C and were
both sides are viewed as holomorphic functions on C*°(End(FE)) in the sense of definition 2.2.

To finish the proof of the Lemma, we recall the definition of finitely holomorphic (also
called Gateaux—holomorphic) functions which is the weakest notion of holomorphicity in
oco—dimension [23, p. 54 def 2.2]:

Definition 11.3 (Finitely holomorphic functions). Let Q open in some Fréchet space E over
C. A function f : E — C is said to be finitely holomorphic on Q if for all A € Q, every
BeE, zeCw f(A+ zB) is a holomorphic germ at z = 0.

Beware that finitely holomorphic maps are not necessarily continuous since any C-linear
map F': E — C which is not even continuous is always finitely holomorphic. The notion of
holomorphicity from definition 2.2 is the strongest possible and Fréchet holomorphic functions
are automatically smooth hence C° unlike finitely holomorphic functions.

Our goal in this part is to recall the proof that finitely analytic maps near A which are

locally bounded are analytic near A.

Definition 11.4 (Local boundedness). A map f is locally bounded near A if there is an open
neighborhood U C E of A and 0 < M < 400 such that |f|ly] < M

The proof is inspired from the thesis of Douady [24, Prop 2 p. 9] and also [23, p. 57-58].

Proposition 11.5. Let FE be a Fréchet space and F : E — C finitely analytic on Q C E. If
F is locally bounded at A, in particular if on a ball B(A,r) = {B s.t. |B — Al < r} for a
continuous norm ||| on E, suppa |[F| < M < 400, then F' is Fréchet differentiable at A
at any order and can be identified with its Taylor series near a:

F(A+ H) = ZP

where each P, is a contz’nuous polynomial map homogeneous of degree n, the P, are uniquely
determined by P, (h) = f F(A+ )\h) QA and 3 || Pa||7™ < +o0 for every 0 < 7 < 7.

217r
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In particular F' smooth in some neighborhood of A.

Proof. This proposition is well-known when B has finite dimension and the expansion F'(a+
h) =, Pa(h) is given by the formula P, (h) = &= 02” F(a+€"h)e=™9df where |h| < r and
then we keep this formula in the infinite dimensional case. The integral is that of a continuous
function (by finite analyticity) hence is well-defined. If F' is bounded by M on a ball of radius
r > 0 for the continuous norm ||.|| then so is P,. To show that P, is a homogeneous monomial,
we follow Douady’s approach by setting Pn(hl, coyhy) = %Ahl ...Ap, P, where Ay is the
finite difference operator A, P(z) = 3 (P(x + h) — P(z — h)). In the finite dimensional case

P, is multilinear and it is the same in the infinite dimensional case since it only depends on

the restriction of P, to some finite dimensional subspace of E. Hence P, (h) = Py(h, ..., h)
for some symmetric multilinear map P,. From Cauchy’s integral formula, we know that every
P, is bounded by M when ||h|| < r which implies that |P,(h1, ..., hy)| < 22|kl ... |[hn|

hence P, is continuous. From this it results that the series ) P, has normal convergence
and the proposition is proved. ]

Since both V€ Q +— F;(V) and V € Q +— Fy(V) are locally bounded near V' = 0 by
holomorphicity of Fy, F», the above Proposition 11.5 applied to the holomorphic function
Fy — F5 implies that we have the equality

Fi(V) = P(V) + Fy(V) (11.3)

for V close enough to 0 where P is a uniquely determined continuous polynomial
function of V € F.
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