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Continuity of the fundamental operations on distributions
having a specified wave front set
(with a counterexample by Semyon Alesker)

by
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Abstract. The pull-back, push-forward and multiplication of smooth functions can
be extended to distributions if their wave front sets satisfy some conditions. Thus, it is
natural to investigate the topological properties of these operations between spaces D7 of
distributions having a wave front set included in a given closed cone I" of the cotangent
space. As discovered by S. Alesker, the pull-back is not continuous for the usual topology
on D}, and the tensor product is not separately continuous. In this paper, a new topology
is defined for which the pull-back and push-forward are continuous, and the tensor and
convolution products and multiplication of distributions are hypocontinuous.

1. Introduction. The motivation of our work comes from the renor-
malization of QFT in curved space times; indeed, the question addressed in
this paper cannot be avoided in this context and also the technical results
of this paper form the core of the proof that perturbative quantum field
theories are renormalizable on curved spacetimes [7, [6].

From the work of L. Schwartz, we know that the tensor product of dis-
tributions is continuous [16, p. 110] and the product of a distribution by a
smooth function is hypocontinuous [16], p. 119] (see Deﬁnition, although
it is not jointly continuous [15].

However, in many applications (for instance when considering multipli-
cation of distributions), we cannot work with all distributions and we must
consider the subsets D/ of distributions whose wave front set [3] is included
in some closed subsets I" of T*R™ = {(z;&) € T*R" ;¢ # 0}, where I" is a
cone in the sense that (x;§) € I' implies (x;\§) € I for every A € Ryy.
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If I' is a cone, then IV = {(z; &) ; (z;€) € I'}. Indeed, the spaces D). are
widely used in microlocal analysis because wave front set conditions rule the
so-called fundamental operations on distributions: multiplication, pull-back
and push-forward. The tensor product is also a fundamental operation, but
it is feasible without any condition.

Hormander himself, who introduced the concept of a wave front set [11],
equipped D). with a pseudo-topology [11, p. 125], which is not a topol-
ogy but just a rule describing the convergence of sequences. In particular,
when Hormander writes that the fundamental operations are continuous [12]
p. 263], he means “sequentially continuous”. And indeed, Hérmander and his
followers proved that, under conditions on the wave front set to be described
later, the following operators are sequentially continuous: the pull-back of a
distribution by a smooth map [12, Thm. 8.2.4]; the push-forward of a distri-
bution by a proper map [4, p. 528], the tensor product of two distributions [4}
p. 511] and the multiplication of two distributions [4, p. 526].

However, sequential continuity was soon found to be too weak for some
applications and Duistermaat [8, p. 18] equipped D with a locally convex
topology defined in terms of the following seminorms [10}, p. 80]:

(i) All the seminorms on D'(R™) for the weak topology: [|ul|¢ = |(u, ¢)|
for all ¢ € D(R™).

(ii) The seminorms ||ul|n,v,y = supgpey (1 + |k|)N|ux(k)|, where N > 0,
X € D(R™), and V C R" is a closed cone with (supp x x V)NI" = .

These seminorms give D). the structure of a locally convex vector space
and the corresponding topology is usually called Hérmander’s topology. 1t
probably first appeared in the 1970-1971 lecture notes by Duistermaat [§],
although the seminorms || - || v, had already been mentioned by Hérman-
der [11l p. 128]. The (sequential) convergence in the sense of Hérmander is:
a sequence (u;) € D} converges to u in D). if and only if ||u; — ully — 0 for
every ¢ € D(R") and ||uj — u||n,v, — O for every x € D(£2), every N € N
and every closed cone V in R™ such that (supp x x V) N I" = (). Therefore,
it is clear that a sequence converges in the sense of Hérmander if and only
if it converges in Hérmander’s topology.

However, for a locally convex space such as D7 (which is not metriz-
able), sequential continuity and topological continuity are not equivalent.
Therefore, when Duistermaat states, after defining the above topology, that
the pull-back [8, p. 19], the push-forward [8, p. 20] and the product of dis-
tributions [8, p. 21] are continuous, it is not clear whether he means sequen-
tial or topological continuity. When investigating applications to valuation
theory [1], Alesker discovered a counterexample proving that the tensor
product is not separately continuous and the pull-back is not continuous for
Hormander’s topology. In other words, this topology is too weak to be useful
for these questions.
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The purpose of the present paper is to describe Alesker’s counterexample
and to define a topology for which the fundamental operations have optimal
continuity properties: the tensor product is hypocontinuous; the pull-back
by a smooth map is continuous; the pull-back by a family of smooth maps de-
pending smoothly on parameters is uniformly continuous; the push-forward
by a smooth map is also continuous; the push-forward by a family of smooth
maps depending smoothly on parameters is uniformly continuous; and mul-
tiplication of distributions and the convolution product are hypocontinuous.
Finally, we discuss how the wave front set of distributions on manifolds can
be defined in an intrinsic way. In appendices, we prove important technical
results concerning the covering of the complement of I, the topology of Dé)
and the fact that the additional seminorms used to define the topology of
D’ can be taken countably many.

The main applications of these results are to replace technical microlocal
proofs by classical topological statements [6l, [7].

2. Alesker’s counterexample. Semyon Alesker discovered the follow-
ing counterexample.

PROPOSITION 2.1. Let f : R? — R be the projection to the first coor-
dinate. Let I' = T*R, so that D.(R) = D'(R) and f*I" = {(z1,22;£1,0)}.
Then the map f* : D(R) — D}*F(R2) is not topologically continuous for
the Hormander topology.

Note that the general definition of f*I" is given in Proposition [5.1

Proof. Let ¢ € D(R) be such that ¢[_; ;) = 1. Take x = 9@ ¢, V =
{(&1,&2) € R?%; €] < |&|} and N = 0. The intersection of V with {(&1,0);
& # 0} is empty as [§1] < [&2] = 0 implies & = & = 0. Therefore, || - ||,y
is a seminorm of D', and, if f* were continuous, it would be possible to
bound || f*ul|n,v, by sup;[(u, fi)| for a finite set of f; € D(R) and every
u € D'(R).

We are going to show that this is not the case. We have

1/ ullo,vx = sup |@u(&1)| [@(&2)| = sup | (&) |w (&),
gev &1
where w(£1) = supje, >(¢,| |P(§2)]. It is clear that w(£;) > 0 everywhere since

¢ is a real analytic function. Thus we should show that the map D'(R) — R
given by u > supgcg |Pu(€)|w (&) is not continuous (for a fixed w > 0).

If the pull-back were continuous, there would be a finite set x1,..., x+ of
functions in D(R) such that
[ ullovix < sup [{u, xi)l-

1=1,...,t

We can find ¢ such that the functions xi, ..., x: and ¢(z)e~"¢ are linearly
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independent. Then there exists u € D'(R) such that (u,x;) = 0 for i =
L....t and up(€) = (u,pee) = 1+ 1/w(€), where eg(z) = e %%, Then
|| fFullo,vy =1+ w(§), and we reach a contradiction. m

Thus, the pull-back is not continuous. Moreover, the same example can
be considered as an exterior tensor product u — u X 1. This shows that
the exterior tensor product is not separately continuous for the Hérmander
topology.

3. The normal topology and hypocontinuity. We now modify
Hérmander’s topology and define what we call the normal topology of D
This is a locally convex topology defined by the same seminorms || - ||n,v,y
as Hormander’s topology, but we replace the seminorms || - ||4 of the weak
topology of D'(R™) by the seminorms pp(u) = supyep |(u, ¢)| (where B
runs over the bounded sets of D(£2)) of the strong topology of D'(R™). The
functional properties of this topology, like completeness, duality, nuclearity,
PLS-property, bornologicity, were investigated in detail [5]. As in the case
of standard distributions, several operations will not be jointly continuous
but only hypocontinuous. Let us recall

DErFINITION 3.1 ([I7, p. 423]). Let E, F and G be topological vector
spaces. A bilinear map f: F x F — G is said to be hypocontinuous if:

(i) for every neighborhood W of zero in G and every bounded set A C E
there is a neighborhood V' of zero in F' such that f(A x V) C W;

(ii) for every neighborhood W of zero in G and every bounded set B C F'
there is a neighborhood U of zero in E such that f(U x B) C W.

If E, F and G are locally convex spaces with topologies defined by the
families of seminorms (p;)ier, (¢;)jes and (ry)kek , respectively, the definition
of hypocontinuity can be translated into the following two conditions: (i) for
every bounded set A of E and every seminorm ry, there is a constant M and a
finite set of seminorms ¢;,, . . . , g;,, (both depending only on k and A) such that

(3.1) Vee A, r(f(z,y) < Msup{g;, (v),---, ¢, (¥)};

and (ii) for every bounded set B of F' and every seminorm 7y, there is a
constant M and a finite set of seminorms p;,, ..., p;, (both depending only
on k and B) such that

(3.2) Vye B, ri(f(z,y)) < Msup{p; (z),...,pi,(x)}.

Equivalently [14] p. 155], we can reformulate hypocontinuity using the con-
cept of equicontinuity [13, p. 200], defined as follows:

DEFINITION 3.2. Consider the general context of a locally convex topo-
logical vector space E with seminorms (pq)aca. Let E* be its topologi-
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cal dual. A set H in E* is called equicontinuous if the family of maps
lyE 3 u— (u,v) € R is uniformly continuous when v runs over H.

Hence f is hypocontinuous if for every bounded set A C E and every
bounded set B C F' the sets of maps {f,;x € A} and {f,;y € B} are
equicontinuous, where f, : E — G and f, : ' — G are defined by f,(y) =

fy(@) = f(z,y).

4. Tensor product of distributions. Let (27 and {25 be open sets in
R and R%, respectively, and (u,v) € D, x Df,, where Dj, C D'(f21) and
D}, C D'({22). Then the tensor product u® v belongs to D} C D' (21 x (22)
where

I = (Fl X FQ)U ((Ql X {0}) X FQ) U (Fl X (.QQ X {0}))
= (I1U{0}) x (I3 U{0}2) \ {(0,0)},
{0}; means 21 x {0}, {0}2 means 2 x {0}, and {0,0} means ({21 x £29) X
{0,0}. Our goal in this section is to show that the tensor product is hypocon-
tinuous for the normal topology. We denote by (z;() the coordinates in
T*($21 X £2), where z = (z,y) with x € 21 and y € {2, and ¢ = (§,n) with
£ € RN and n € R%. We also denote d = dy + ds, so that ¢ € R%.

LEMMA 4.1. The seminorms of the strong topology of D'(R?) and the
family of seminorms

(4.1) [t1 @ talln Vo100, = Sup (1 + DN Er1 ()] [E202(m),
€

where ¢ = (£,1), (p1,02) € D)) x D(§2) and V C R? are such that
(supp(p1 @ w2) x V)N T =0, are a fundamental system of seminorms for
the normal topology of D'..

Proof. We use the following lemma [10, p. 80].

LEMMA 4.2. Let §2 be an open set in R™. If there is a family, indezed
by a € A, of xa € D(£2) and of closed cones V,, C R"™ \ {0} such that
(supp Xa X Vo) NI =0 and

re = J{(=¢) e T"2; xalz) #0, £ € Va},
acA
then the topology of D} is already defined by the strong topology of D'(£2)

and the seminorms || - || N,vi,xa -

It is clear that the family indexed by @1 ® 9 and V' with (supp(p; ® p2)
x V) NI =0 satisfies the hypothesis of the lemma. =

To establish the hypocontinuity of the tensor product, we consider an
arbitrary bounded set B C D/ (£21); according to (3.1), we must show that,
for every seminorm 7y of D}.(§2; x §29), there is a constant M and a finite
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number of seminorms ¢; such that rj(u ® v) < M sup, g;(v) for all u € B
and v € DF, (£22). By Schwartz’ theorem [16, p. 110] we already know that
this is true for every seminorm ry, of the strong topology of D}-(£21 X 29). I

. This will be done by first deﬁnlng
a suitable partition of unity on (21 X {25 and its corresponding cones. Then,
this partition of unity will be used to bound the seminorms by standard
microlocal techniques.

LEMMA 4.3. Let I, I5 be closed cones in T*Ql and T* {29, respectively.
Set I' = (I U{0}) x (I U{0})\ {(0,0)} € T*R% Then for all closed cones
V C R% and x € D(§1 x §25) such that (supp x x V) NI = (), there exist a
partition of unity (V1 @ Yj2)jes on 21 x {29, which is finite on supp x, and
a family (Wj1 x Wjs)jes of closed cones in (R \ {0}) x (R \ {0}) such
that
(4.2)  (suppyyjn x Wjj) NI = (supp ¢y x W) N 1o =0,

(4.3) V0 (Wi U{0}) x (Wj2 U{0})) =
if supp x N supp (Y1 @ ¥j2) # 0.

Proof. We first set some notation. For any D € N, with the identification
T*RP ~ RP @ (RP)* we denote by 7 : T*RP — RP and 7 : T*RP — (RP)*
the two projections. We use the distance do, on RP (or (RP)*) defined
by doo(u,v) := supjcicp [u' — v'|. For v € RP and r > 0 we then set
B(u,r) = {v € RP;dy(u,v) < r} and, for any subset Q C RP, Q, :=
{v e RP;d(v,Q) < r}. We note that, for any pair of sets Q1 C R% and
Q2 C Rd2 we have (Q1 X Q2)» = Q1 X Qa, (in particular, B((z,y),r) =
B(z,7) x B(y, r) for (z,y) € 21 x {2). Lastly, for any closed conic subset
W c (RP)*\ {0}, we set W := W U {0} and UW := SP~1 N W. Similarly
if I" is a conic subset of T*RP, we set UI' = (RP x SP~)N T and T =
I'u0 c T*RP where 0 is the zero section of T*RP.

We will prove that there exists a family (Bj1 X Bj2), e of open balls that
covers {21 N {2, which is finite over any compact subset of 21 x {25 and in
particular on supp x and such that (Bj; x W )Nl = (Bjo x W )N =0,

and VN (W1 x Wja) = 0 if supp x N (Bj1 x ng) # (). The conclusion of the
lemma will then follow by constructing a partition of unity (¢;1 ® 1;2)jes
such that suppyj; = le and supp ;2 = ng, for all 7 € J, by using
standard arguments.

STEP 1. If (suppx x V) NI = (), then there exists 4 > 0 such that
doo(suppx x UV,UI") > 4. We define K := (suppx)s and note that
doo (K x UV,UI'") > 36. Without loss of generality, we can assume that
0 has been chosen so that K C ()4 x (2. Obviously §2; x 2 is cov-
ered by (B((2,9),0))(@y)enx0,- Moreover all balls B((z,y),0) are con-
tained in K if (z,y) € suppy, and supp x is covered by the subfamily
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(B((z,9),6))(2,y)esupp x- Since supp x is compact, we can extract a count-
able family (B;);er = (Bi1 X By2)icr of balls which covers 2, x {25 and
which is finite over supp x.

We now set v := w(x L(K)NT) and Uy := 7(z 1 (K) N UT") and we
estimate the distance of U~ to UV:

doo[Uv,UV] = inf inf deo (€,
v | Ee%(g—lll%K)mUr) nglljv (&)
g ] f . f d :
(u,ﬁ)eltrflr, ueK (v,n)gll(XUV (&)
— inf inf doo((u, 5)7 (1}7 7]))7

(w,8)eUNueK (vn)eKXUV
where the last equality is due to the fact that one can choose v = w in the
minimization. We deduce that, by removing the constraint v € K in the
minimization,
deolUv,UV] > inf inf doo((u; §), (v,
(U, UV] i oy ((u,6), (vym))
=de(K xUV,UT) > 3.

STEP 2. Since v and V are cones, the previous inequality implies doo (€, V)
> 2||€||0 for every & € «y. For any i € I such that the ball B; is centered at
a point in supp x, the inclusion B; C K implies 7(z~}(B;) N I') C v. We
hence also have
(4.9) veem(a  (B)NT),  dw(&V) = 2|5
We now set W1 := {&1 € (RY)* s doo (&1, T(x~H(Bs)NIY)) < €119}, Wio :=
{& € (R2)*;do(&,T(x ' (Biz) N I2)) < [|&2]|6} and Wiy := Wi \ {0},
Wio := Wio \ {0} By LhQ definition of Wjq, ch N ﬁ(g_l(Bil) N F1) = @,
which is equivalent to (B;; x W5) NI = 0. Similarly (Bja x W) NIy = 0.

On the other hand, since

T(x ' (Ba) N 1) x Wz~ (Biz) N T2) = 7[x (Bt x Bia) N (I x I,)]
=7lx ' (B;)NT), B; =B x Bx

Sy

because
{€1;3(x1;&1) € I, w1 € Bt} x {&;3(x2;&2) € I, 22 € Bin}
= {(¢1,&2) ;3 (w1, 22; 61, &2) € T X Ty, (21, 22) € Byt X Bia},
we also have
Wit x Wiz = {(&1,62) € (RY)"; doo[(€1, &), 7(x ™ (B;) N )]
< sup([|&], [[§2[])0}-
Hence by , we deduce that W;; x W;s does not meet V. m

In the rest of the paper, we may identify abusively R? and (R%)*. We also
introduce the notation e¢(z,y) = €' &#1Y) where ¢ = (£,7). To estimate
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|u®v]| NV, @02, We use Lemma [4.3]to find a partition of unity (1)j1®1)2) e
which is finite on supp(p1 ® ¢2) to write

up1(§)vpa(n) = F(upr @ vpa)(C) = (u® v, (1 @ pa)ec)
= Z ® v, (P11 ® p2vjo)ec) ZUSON/}]l €) vpatha(1).

Hence HU®UHN,V,¢1®¢2 <> HU®UHN,V,g01¢j1®<pzwj27 where the sum is finite.
By the following lemma, each seminorm on the right hand side is bounded.

LEMMA 4.4. Let Iy, I'5 and I' be closed cones as in the previous lemma,
Y1 € D(f1), o € D(§29) with (supp(1 @ o) x V) NI = 0, and closed
cones Wi and Wy in R4\ {0} and R\ {0} such that
(4.5) (W1 U{0}) x (Wou{0})NnV =10,
(4.6) (supp v X WO)N Ty =0  fork=1,2.
Then, for every bounded set A C D}l and every integer N, there are con-

stants m, My, My and a bounded set B C D(K), where K is an arbitrary
compact neighborhood of supp 9, such that

forallt; € A and ty € D}Q, where Cg is any conic neighborhood of Wa with
compact base and pp is a seminorm of the strong topology of D'(R%).

oy < Milltal|N,cs s + Mollt2l|Ntm,cpp, + PB(E2)

Proof. We want to calculate

[t1 @ toll NV ep, = Sup (1+ [CHNIF(trn @ ta22) (C)]-
€

We denote u = t191, v = tatpg and I = 1@) From €(¢m) = e @ ey we find
that 1(£,n) = (t, een) = (U@, ec @ ey) = (u, e)(v, ey) = U(§)v(n). By the
shrinking lemma we can slightly enlarge W7 and W5 to closed cones having
the same properties. Thus, there are two homogeneous functions « and
on R4 and R, respectively, of degree zero, which are smooth except at the
origin, nonnegative and bounded by 1, such that:

(i) alw,ufoy = 1 and Blw,uq0y = 1;
(ii) (suppa x suppB) NV = 0;
(iii) (supp¢1 x supp(l — ) NI = 0;
(iv) (suppea x supp(l — B)) NIy = 0.

We can write I = Iy + Iy + I3 + Iy where (recalling that { = (£, 7))

1(¢) = a(§)u(€)B(n)o(n),

1(¢) = a(§)u(§)(1 = B)(n)v(n),
13(¢) = (1 = a)(§)u(§)B(n)v(n)
14(¢) = (1 = a)(§u(§)(1 = B)(n)v(n).

)
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We have I;(¢) = 0 because, by condition (ii), a(£)S(n) = 0 for ({,n) € V.
Condition (iii) implies that
(1= e)(©O! < sup [E12(6)] < L+ 1) allvcown
€Ca

where { € C, = supp(1l — «). This gives, with Cg = supp(1 — ),

IL(O] < @+ 1EDN @+ 1)t v, o 12l v.Cp
< (41D M1l N o 12l ¥, Cp 0

because 1 + [(&,n)| < 1+ €|+ |n] < (1 + [£])(1 + |n|). Since the set A is
bounded in Df,, there is a constant My = supy, ey [[t1]|n,c., such that
IO < X+ IKh =N Mallt2llv.cp .-

To estimate Is, we use the fact that, u = t19)1 being a compactly sup-
ported distribution, there is an integer m such that, for all ¢; € A,

(§)u(@)| < [u@)] < 1+ [EN)™ 1607 ull L~

As for I, we get [(1— B)(m)o(n)| < (14 [n))~™™(|t2]| N4m,csp,- The set
{¢esuppa x Cg;|¢| =1} NV is compact and avoids the set of elements
of the form ¢ = (£,0) with £ € suppa\ {0}. Otherwise, we would find some
sequence (&, 1n) — (£,0) € ((suppa x {0})NV) C ((supp « x supp f)NV),
which contradicts condition (ii). Let € > 0 be the smallest value of || in
this set. Then, the functions a and g being homogeneous of degree zero,
(suppa x Cg) NV is a cone in R? and |n|/|[¢| > € for all ¢ = (&,7) in
(suppa x Cg) NV. Thus, (14 [n))™V=™ < e N=m(1 +((&,n)])~V~™ and

1L(O] < 107111 || oe 2l vm.cp e Y"1+ [¢])™N  for every ( €V,

because [£| < [(n,£)|. We now prove an intermediate lemma:

LEMMA 4.5. Let £2 be an open set in R and B a bounded set in D'(12).
Then for every x € D(§2) there exist an integer M and a constant C (both
depending only on B and on an arbitrary relatively compact open neighbor-
hood of supp x) such that

sup sup (1 + [£])~M[ax(§)| < 2MC Vol(K) mark (x),
uEDB ¢ERn

where mar K (X) = SUPgek, |oj<m |0°X(2)| and K = supp x.

Proof. Let 2y be a relatively compact open neighborhood of K = supp .
According to Schwartz [16], p. 86], for any bounded set B in D'({2), there is
an integer M (depending only on B and (2)) such that every u € B can be
expressed in 29 as u = 0% f,, for |a| < M, where f, is a continuous function.
Moreover, there is a constant C' (depending only on B and (2y) such that
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|fu(z)] < C for all z € {2y and u € B. Thus,

TRE) = | e ()0 fulw) di = (~1)°) | ful@)0 (€ () dt
20 29

= (=1)le Z (g) (i€)? S fulx)e €95~ (z) dux.

BLa 20

By using |(i€)?| < (1 + |k|)M if |3] < M we obtain
1 My~ Oé) - —iﬁ-xaﬂ—a d
(1 +1¢) hw@ﬂéjg&;;<ﬂ)éfcwe () de

< 2MCVol(K) mar i (x). m

By Lemma HH_mthEHLoo is uniformly bounded for t; € A by a
constant My = supy, ¢ 4 |07 t19)1|| L with =1+ |£|. Therefore, there is a
constant My = Mée*N*m such that, for all ¢ € A and ¢, € D}Q,

[12(C)| < Mal|t2||N+m,c5,0-

The term I3 is treated differently because we want to get the following
result: for every bounded set A in D}, and every seminorm || - [|y,v,y, there
is a bounded set B C D(22) such that for all ( € V,

I3(¢) < pp(te)(1 + |C|)_N for every ty € D}T

This special form of (3.1]) is possible because the union of bounded sets is
bounded and multiplying a bounded set by a positive constant M yields a
bounded set.

We write I3(¢) = (t2, f¢), where

fem () = (1= a)(©)u(€)B(n)v2(y)ey(y);

we must show that B = {(1+|¢|)" f¢ ;¢ € V'} is a bounded subset of D(§2).
A subset B of D(f23) is bounded if and only if there is a compact set K and,
for every integer n, a constant M,, such that supp f C K and 7, x(f) < M,
for all f € B. All f: are supported on supp and are smooth functions
because v and e, are smooth. We have to prove that if £; runs over a
bounded set in D}l, then there are constants M,, such that m, x(fc) < M,
for all ( € V, where K is a compact neighborhood of supp 2. We start from

Tk (fem) = [(1 = a)(©)u(€)B(n)|mn,k (aey).

We notice that m, x(12ey,) < 2"y, k(V2)Th K (€y) and m, x(e,) < [n]™. As
for the estimate of Is, we have

(1= @)@ < L+ €)™ tallN-n,Con
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as (suppp1 X supp(l —a)) NIy = (), and moreover (1 + [¢])™N" <
e N7 (1 + (&, n)]) V™ for some € as (£,1) € V N (supp(1 — a) x supp 3).
Therefore

T,k (f) < 1l N, o 2 i () (L 1C) Y,

because [n|"(1+[(£,n)[)™™ < 1. If t; belongs to a bounded subset A of D ,
then for each N, ||t1]|n,c, ¢, is uniformly bounded. Finally,

1I(O)| < pp(t2) (1 +[¢))~Y
For each j, the conditions of the lemma hold if we set ¥ = @191,
Yo = patPjo, W1 = Wj1 and Wa = Wjy. Thus, for every bounded set A
in D , every u € A and every v € D}, we have

lu® vl N viprep < D I1u@vlN Vs oom;
J

< Z[Mlj”v||N,ng7§02¢j2 + M2||U\|N+m,05j,soz¢j2 +ij (U)]
J
Since the sum over j is finite, the family of maps u X v — u ® v, where
u € A, is equicontinuous for any bounded set A C D}l. By the symmetry of
the problem, we can prove similarly that the family of maps u X v — u ® v,
where v € B, is equicontinuous for any bounded set B C D/F2~ Finally, we
have proved

THEOREM 4.6. Let 21 C R™ gnd 25 C R% pe open sets, I € T*Ql
and Iy € T*() be closed cones, and set
I = (Fl X FQ)U ((Ql X {0}) X FQ) U (Fl X (QQ X {O}))

Then the tensor product (u,v) = u ® v is hypocontinuous from D, x Dl
to D} in the normal topology.

5. The pull-back. The purpose of this section is to prove

PROPOSITION 5.1. Let £2; € R% and 25 C R% be open sets and I' a
closed cone in T*(2s. Let f 821 — (2 be a smooth map such that Ny NI’
= 0, where Ny = {(f(z);n) € 22 x R2:nodf, = 0}, and define f*I" =
{(xsnodfy); (f(2); )GF} where

da
nodf, = Z nid(y’ © o =Y midy’ o df,

j=1 i=1
dg ) d2 dl

= Zﬁjdfi = ZZUJ
j=1 j=1i=1

Then the pull-back operation f* : Dp(£22) — D). (§21) is continuous for the
normal topology.
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We will show this by proving that (f*u,v) is continuous for every v in
an equicontinuous set. Before doing so, we characterize the equicontinuous
sets of the normal topology, which is of independent interest.

5.1. Equicontinuous subsets. Let {2 be open in R% and I" be a closed
cone in T*£2. We define the open cone A = {(x;¢) € T*2; (x; —€) ¢ I'} and
consider the space &(£2) of compactly supported distributions v € £'(£2)
such that WF(v) C A.

Acccording to Definition a set H is equicontinuous in £ (£2) (which
is the strong dual of D-(£2) [0]) if and only if there are a finite number of
seminorms || - ||ny,vix1s- - Il - IV Vi Of Pp(82), a bounded subset By of
D(£2) and a constant M such that

(5'1) |<u, U>| < MSUP{HUHNl,Vl,Xlﬁ s HuHNk,Vk,Xk’pBo (u)}

for all u € D-(£2) and v € H. There is only one seminorm pp, because these
seminorms are saturated [I3, p. 107] in D’(£2) with the strong topology. The
following theorem will be useful to prove the continuity of linear maps [13]

p. 200]:

THEOREM 5.2. If E is a locally conver space and f : E — Dp(£2) is
a linear map, then f is continuous if and only if, for every equicontinu-
ous subset H of £(12), the seminorm py : E — R defined by pu(x) =
sup,ep |(f(x),v)| is continuous.

The equicontinuous sets of £’j(£2) are known:

LEMMA 5.3. A subset B of £(2) is equicontinuous if and only if there
are:

(i) a compact set K C §2 containing the supports of all elements of B;
(ii) @ closed cone = C A such that B C DZ(£2), B is bounded in DZ(2)
and (=) C K.

Proof. We first prove that every such B is equicontinuous. We showed
in [5] that £, (£2) is the inductive limit of the spaces Ey = {v € £/(12) ;suppv
C Ly, WF(v) C Ay}, where the compact sets Ly exhaust 2 and the closed
cones /A, exhaust A. Thus, there is an integer ¢ such that =& C A, and
B C Ey. The inclusion of = in A, implies that every seminorm || - ||n,v,y, of
Ey is also a seminorm of DL (2) because supp x X V does not meet = if it
does not meet Ay. Thus, B is bounded in E;, and [5 (8)] gives

sup [, 0)] <Y (05 () + [ulmantrvyog CLE + lulln,y o Maw; oo 10",
ve X
J

which can be converted to the equicontinuity condition ([5.1)).
To show the converse, we denote by B the set of all v € £/, (£2) that satisfy
(5.1). Then, by following [5, proof of Prop. 7], we find that the supports of
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all elements of B are included in a compact set K = |J ;i supp x;j UK '’ where
K’ is a compact set containing the supports of all f € By. Moreover, the
wave front sets of all elements of B are contained in = = (J; supp x; x (=V}).

It remains to show that B is bounded in DZ(£2) for the normal topology.
We first notice that if supp x x (=V) C =, then | - ||n,v,y is a continuous
seminorm of the strong dual £L,.(£2) of DL (£2). Indeed, it was shown in [5]
proof of Prop. 7] that we have [[u|lnv,y = supgey [(u, fe)|, where fe(z) =
(1+ 1)V x(x)e™®® and the set {f¢;& € V} is bounded in DL(£2). If B is
a bounded set in EL,.(12), the continuous seminorms |u||y,v, and pp,(u)
of EL,.(£2) appearing on the right hand side of are bounded over B’.
Thus, for any bounded set B’ in £L,.(2), taking u € B’ and taking the
sup in over u € B’ shows that sup,cp ,ep [(u,v)| is bounded and B
is a bounded subset of DL({2) when DZ({2) is equipped with the strong
B(DL, EL.c) topology. It is shown in [, Theorem 33] that the bounded sets
of D}.(£2) coincide for the strong and the normal topologies. Thus, B is
bounded for the normal topology. =

We obtain the following characterization of continuous linear maps:

THEOREM 5.4. Let E be a locally convex space, £2 an open subset of R?
and I a closed cone in T*02. A linear map f : E — D.(£2) is continuous if
and only if every map fp: E — R defined by fp(x) = sup,ep |(f(x),v)| is
continuous, where B is equicontinuous in E(£2) with A = I"".

The equicontinuous sets of £/, (§2) intervene also because the duality pair-
ing enjoys a sort of hypocontinuity where, for £(£2), the bounded sets are
replaced by the equicontinuous ones:

THEOREM 5.5 ([14] p. 157]). Let the duality pairing D}.(£2)x & (2) — K
be defined by u x v — f(u,v) = (u,v). Then, for every bounded subset A
of D-(£2) and every equicontinuous subset B of £/,(§2) the sets of maps { fu ;
u € A} and {f,;v € B} are equicontinuous.

5.2. Continuity of pull-back

Strategy of the proof. Let £2; and (2 be open sets in R and R%,
respectively. Let f : £21 — (2 be a smooth map and I' be a closed cone
in 7% 2. We want to show that the pull-back f* : D/.(£29) — Dipp(f21) is
continuous for the normal topology. According to Theorem 5.4} the pull-back
is continuous if and only if, for every equicontinuous set B C £(£2;) (where
A = (f*I')'®) the family of maps (p,)vep defined by p, : u — (f*u,v) is
equicontinuous, which implies that sup,cp |[(f*u,v)| is continuous in u. By
Lemma [5.3] there is a compact set K C £2; and a closed cone = C (f*I"°)
such that suppv C K and WF(v) C = for all v € B. Choose x € D({2)
such that y|x = 1. If (¢;)ier is a partition of unity on (2, we can write
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(ffu,v) = >, (f*(upi),vx). The image of supp x by f being compact [2
p. 19], only a finite number of terms of this sum are nonzero and the family
pv is equicontinuous if and only if, for every ¢ € D({2,), the family of maps
u— (f*(up),vx) is equicontinuous.

Stationary phase and Schwartz kernels. In order to calculate the
pairing between f*(ug) and v, we first notice that, when u is a locally
integrable function, then up(y) = F 1 (up)(y) = (2m) % (a4, dne™Vup(n),
so that f*(up)(z) = (277)_d2 SRdQ dn ei”'f(m)ﬂg\o(n) and

) o) = o | | x(@)o(@)e™ @ mp() da di

(271-) 21 Rd2
1 in-f(x) ,—1y-
= an® VY x@w(@)em e muy)o(y) dy da dn.
Rd2 21 Rd2

This definition can be extended to any distribution u € D/ as
(5.2) (f*(ug), xv) = 27r) S u(y)v(@)I(z,y) dz dy,

(2m)?

where d = dy + dp and I(z,y) = S]Rd e @)=Y p(y)x(z) dn. The duality
pairing can also be written as <f*( ©),vx) = (v®u, I). Note that I(z,y) =
(2m) "% x(x)p(y) {dn e (F@=v) i an oscillatory integral [I2] with symbol
x(x)p(y) and phase n - (f(x) — y) where 7 - (f(z) — y) is homogeneous of
degree 1 with respect to 1, and for all n # 0,d(n- (f(z) —y)) # 0. Therefore,
I € D'(£1 x §29) is the Schwartz kernel of the bilinear continuous map
(u, v) = (f*(ugp), vX)-

Proof of Proposition By Theorem the map (v,u) — v ® u is
hypocontinuous from Dz x D} to D, where Iy = = x I'U (2, x {0}) x I'U
Z % (§25x{0}). Let Ag be the open cone I'5. Therefore by Theorem the
family of duality pairings D}@ Su®v (u®uv,r) is equicontinuous from
D). to K uniformly in » € B’ for every equicontinuous set B’ of 52@. In
particular, if B’ contains only the element I, then the map v®@u — (v®u, I)
is continuous since I is compactly supported in supp x X supp¢ and its
wave front set is contained in Ag. Thus, if WF(I) C Ag, then the map
(v,u) — (v ®u, I) is hypocontinuous by the next lemma.

LEMMA 5.6. The composition of a hypocontinuous map and a continuous
linear map is hypocontinuous.

Proof. Let f: E x F — G be a hypocontinuous map and g : G — H a
continuous linear map. The map g o f is hypocontinuous if and only if, for
every bounded set B C F and every neighborhood W of zero in H, there
is a neighborhood U of zero in E such that (g o f)(U x B) C W (with
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a similar condition for (g o f)(A x V)). By the continuity of g, there is a
neighborhood Z of zero in G such that g(Z) C W. By the hypocontinuity
of f, there is a neighborhood U of zero in E such that f(U x B) C Z. Thus,
(gofI(UxB)Cg(Z)CcW.n

Therefore, the map (v, u) — (f*(ug), xv) is hypocontinuous; by item (i)
of Definition this implies that the family of maps p, : u — (f*(ug), xv)
with v € B is equicontinuous. It just remains to check that WF(I) C Ag,
i.e. WF(I)" does not meet I'y. We have WF(I) C {(z, f(x);—n o d.f,n);
z€suppx} [12, p. 260]. Recall = C (f*I")*={(z;—nodfs); (f(x);n) ¢ '}
By definition of Iy the following three conditions have to be satisfied:

x I' N WF(I) = 0 because it is the set of points (z, f(z);
—nody f,n) such that (f(x);n) ¢ I' by definition of = and (f(x);n) € I
by definition of I;

e = X (2 x {0}) NWF(I)" = 0 because we would need n = 0 whereas
(y,n) € I" implies n # 0;

e (suppx x {0}) x 'NWF(I)" C {(z, f(2);0,n);2 € suppx, n o dfs
=0,(f(x)in) € I'}.

Thus, if f*I'NN¢ = 0, then WF(I)' NIy = () and the pull-back is continuous.

(1)

How to write the pull-back operator in terms of the Schwartz
kernel I? Relationship with the product of distributions. We start
from a linear operator L : D(R%) — D'(R%) with Schwartz kernel K €
D'(R% x R%). Using the standard operations on distributions, we can make
sense of the well-known representation formula Lu = {54, K (z,y)u(y) dy for
an operator L : D(R%) — D/(R%) and its kernel K € D'(R% x R%). Let
m: RM x R2 3 (2,y) = y € R% and m : RA x R > (z,9) — 2 € R%,
Then we define

K(z,y)uly) = K(z,y)mu(z, y) = K(z,y)(1(z) ® u(y))
where miu = 1 ® u and (a4, dy f(z,y) = 71, f(x). Therefore
(5.3) Lu= | K(z,y)u(y)dy = m.(K(m3u)).
R%2

The interest of the formula Lu = (K (7m5u)) is that everything gen-
eralizes to oriented manifolds. Replace R% (resp. R%) with a manifold My
(resp. M7) with smooth volume densities |ws| (resp. |w1|). The duality pair-
ing is defined as the extension of the usual integration against the volume
densities, for instance:

V(“#P) € COO(Ml) X D(Ml)a <U,<p>M1 = S (’L“p)wl
My
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Finally, for the continuous linear map L : D(R%) > u +— x f*(up) € D'(R%),
we get the formula Lu = 71, (I(75u)) where

I(z,y) = (2m) 2 x(2)p(y) | dn e @ =0)
is the Schwartz kernel of L.
5.3. Pull-back by families of smooth maps. To renormalize quan-

tum field theory in curved spacetimes, it is crucial to pull back by a family
of smooth maps. We start with a simple lemma.

LEMMA 5.7. Let §21, 25, U be open sets in R%, R% R"™ respectively.
For any compact sets K1 C 21, Ko C (22, A C U and any smooth map
f 9821 xU — (29, the conic set

I'={(z, f(x,a);—nodyf(xz,a),n);(z,a, f(z,a)) € K1 x Ax Ky, n# 0}
is closed in T* (2, x (2).
Proof. Let (x,y;&,m) € I’ with (£,1) # (0,0). Then there is a sequence
(ks f(Tr, an); =M o do f(Tr, an), M) € I, (xk, ag, f (2, ar)) € K1 x Ax Ko

which converges to (x,y; &, n). By compactness of A, we extract a convergent
subsequence aj — a. By continuity of d, f, we find that £ = —nod,f(z,a);
moreover limy o f(2g,ar) = f(x,a) € Ky since Ky is closed; and n # 0
since otherwise £ = 0,1 = 0. Therefore (x,y;£,n) € I' by definition. Finally,
I’ C I, hence I is closed. m

PROPOSITION 5.8. Let £21 be an open set in R4, 25 an open set in R%,
and A C U C R™ where A is compact and U is open. Let x € D(21),
© € D(f2%) and f: 1 x U — (29 a smooth map. Then:

(1) The family (I¢(..qa))aca of distributions formally defined by

(;”;d o0 (f(@.a)—y)
T 2

Iy (@) = X(2)e(y) |
Rd2

is a bounded set in D', where I' is the closed cone in T*(21 x £22)
defined by
I'={(z, f(z,a); —noduf(z,a),n);
z € supp X, f(x,a) € suppyp, a € A, n # 0}.
(2) For any open cone A containing I', (If(.qa))aca is equicontinuous in

8;1(01 X QQ)

In the proof we will use the push-forward Theorem whose proof will
be given in Section 7.
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Proof of Proposition . From Lemma and the fact that (I7(. q))aca
is supported in a fixed compact set supp x X supp ¢, we deduce that conclu-
sion (2) follows from (1), so it suffices to prove (1).

The conic set I' is closed by Lemma To prove that the family
(If(..a))aca is bounded in D}, by [5, Proposition 1] it suffices to check that
suPgea [(I5(.a),v)| < 00 for all v € e (821 x (2).

STEP 1. Our goal is to study the map a — SleQQ I(z,y,a)v(z,y) dx dy,
where

Ir(x,y,a) = x(z)e(y) |

R%2

Let 712, w3 be projections from 21 x 25 x U defined by mi2(z,y,a) = (x,y)

and m3(z,y,a) = a. Using the dictionary of Subsection if v were a test
function, then we would find that

(5.4) V' If(@,y, u(z,y) dody = ma.(Ipmipv) € D'(U).
.Q1><.QQ

We want to prove that a — Slefzg It(z,y,a)v(x,y) dr dy is smooth in some
open neighborhood of A since this will imply that

sup | | Ip(x,y, a)v(z,y) dody| = sup [(Iy(.q),v)| < 0.
acA Q1 %82 acA

In order to do so, it suffices to prove that the condition v € &£} im-
plies that the distributional product If(z,y,a)v(z,y) = If(7miv)(z,y,a)
makes sense in D'(§2y x 25 x U) and the push-forward ms,(Ifmfyv) =
§ 1% 2 It(z,y, - )v(z,y) de dy has empty wave front set over some open neigh-
borhood of A.

STEP 2. WF (/) is the set of all

r;—0od,f
f(@,a);0
a; —0od,f

such that = € supp ¢, f(z,a) € suppx, a € U, 6 # 0. And WF(7]5v) is the
set of all (272) such that (£f) € WF(v).
Moreover v € Ef,. implies WF(v) N I = () so that { # —pod,f and

Vo, <£ —fe dxf) = <0> has no solution.
0+n 0
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Observe that
;6§ —0odyf
WE(If) + WE(n5y0) = ¢ | f(2); 0+ ;6 € RT\ {0}
a; —0od,f
implies (WF(Iy) + WE(7{,v)) N0 =0 and (WF(If) UWF(7{yv)) N0 = 0.

STEP 3. In the last step, we shall prove that the condition WF(v) N I’
= () actually implies that WF (s, (Ifm{,v)) is empty over some open neigh-
borhood U’ of A. The condition WF(v) N I" = () implies the existence of
some open neighborhood U’ of A such that

Va e U, V(z, f(z,a);§,m) € WE(v), &§# -nodsf(x,a).

Since A and supp v are compact and A x WF(v) is closed, we can find § > 0
such that

V(a, (z, f(z,a);€,n)) € AX WF(v), [£+nodyf(z,a)|l = d[nl.
Define
U'={acU;V(z, f(z,a);&,n) € WF(v), [ +nodyf(x,a)l > (5/2)n]}-

The condition WF(v) NI = @ ensures that 73, (Ifmfyv) is well defined in
Dy(U') = C*=(U’). Hence

am (W Ipg)= | If(zy,av(z,y)dedy
.QlX.QQ
is smooth on U’, a fortiori continuous on the compact set A, which means
that sup,e4 [(v, If(.0))| < 00. =

THEOREM 5.9. Let £ CR% and 25 CR% be open sets, let ACU CR™
where A is compact and U open, and let I' be a closed cone in T*2y. Let
f 81 xU — 25 be a smooth map such that f(-,a)*I" meets the zero sec-
tion 0 for no a € A, and set © = J,c, f(-,a)*I". Then for all seminorms
Pp of Dy ($21) and all w € D(£22), the family Pp(f(-,a)*u)aca is bounded.

Proof. We need to prove that sup(, q)epxa [(f(-;@)*u,v)| < oo for any

equicontinuous subset B of £ ((21). It follows from Lemma [5.3| that there
exists a closed cone = such that =N O =0 and B C D(§21). Set

T'o=(ExT)U((£1 x{0}) x I') U (E x (22 x {0})).

Let Ag be the open cone defined by Ag = (I'y)’“. By Proposition we can
easily verify as in the proof of Proposition that the family (If(.q))aca is
equicontinuous in £ 2@. Then we prove much as in the proof of the pull-back
Proposition that the family of maps pyq : u — (f(-,a)"(up), xv) with
(v,a) € B x A is equicontinuous where B is equicontinuous in £j,.({21) and
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X is chosen in such a way that x|supp 5 = 1 and ¢|¢(supp By = 1. Therefore,

sup ‘(f(v CL)*'LL,’UH = sup |<f(7 a)*(USD)vX"UH < 00,
(v,a)eBxA (v,a)eBXA

and the result follows from Theorem 5.4l m

6. Product and push-forward of distributions. Hérmander no-
ticed that the product of distributions v and v can be described as the
composition of the tensor product (u,v) + u ® v with the pull-back by
the map f : x — (x,z). If the wave front sets of u and v are contained
in I7 and I5, then the wave front set of u ® v is contained in Iy =
(I1 x I3) U ((£21 x {0}) x Ip) U (11 x (22 x {0})), and the pull-back is
well defined if the set Ny = {(x,z;71,12) ; (1 + 12) o dz = 0}, which is the
conormal bundle of the diagonal A C R™ x R", does not meet I, i.e. if there
is no point (z;7n) in I such that (z; —n) is in I%. This gives

- THEOREM 6.1. Let 2 CR"™ be an open set and I, 13 be closed cones in
T*Q such that ' N TS = 0. Then the product of distributions is hypocontin-
uous for the normal topology from D, x Dp, to D, where

(6.1) I'=(I1xoI2)U((£2x{0}) xoI2) U (1T xg (2 x {0})).

Proof. The product of distributions is the composition of the hypocon-
tinuous tensor product with the continuous pull-back (see Lemma [5.6)). =

This theorem has the useful corollary:

~ COROLLARY 6.2. Let 2 C R" be an open set and I' be a closed cone in
T*(2. Then the product of a smooth map and a distribution is hypocontinuous
for the normal topology from C*°(£2) x D} to Df..

Proof. By Lemma C*°(§2) and Dy are topologically isomorphic.
Therefore, the corollary follows by applying Theorem to I = 0 and
Iy = I'. Equation (6.1)) shows that the wave front set of the product is
inl. =

6.1. The push-forward as a consequence of
the pull-back theorem

THEOREM 6.3. Let 21 C R™ and 25 C R% be two open sets and I’
a closed cone in T*02y. For any smooth map f : 1 — 25 and any closed
subset C' of {21 such that flc : C — 25 is proper and ©w(I') C C, the
map f. is continuous in the normal topology from {u € D} ;suppu C C}
to Dy 1, where f,I" = {(y;n) € T*$22; 3w € 1, y = f(x) and (x;n o df.) €
I'Usuppu x {0}}.

Proof. The idea of the proof is to think of a push-forward as the adjoint
of a pull-back [8]. For all B equicontinuous in &y where A = f, I, and
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all v € B, supp(f*v) N C is contained in a fixed compact set K since f
is proper on C. Hence, for any x € D(R?) such that x|c = 1 and f is
proper on supp X, we should have at least formally (f.u,v) = (u, xf*v) if
the duality pairings make sense. On the one hand, if v € £j(£22) where f*A
does not meet the zero section 0 C T*(2; then the pull-back f*v would be
well defined by the pull-back Proposition (which is equivalent to the fact
that Ny N A = (). On the other hand, the duality pairing (u, x(f*v)) is well
defined if f*ANTI" = (). Combining both conditions leads to the requirement
that f*AN (I"U0) = 0. But note that:

(FFANI"U0) =10

& {(mmodf); (f(z)in) € A, (zsnodf) e I"U{0}} =0

& [(f(z)in) € A= (wsmodf) ¢ I"U{0}]

& [(fa)in) € A= (wymodf) ¢ I'U{0}],
which is equivalent to the fact that A’ does not meet f.I" = {(f(x);n);
(x;modf) € T'U0,n # 0} C T*(29, which is exactly the assumption of our
theorem. Therefore, the set of distributions x f*B is supported in a fixed
compact set, bounded in D}* 1(£21) by the pull-back Proposition ap-
plied to f*, the duality pairings are well defined, and sup,cp |(fiu,v)| =
sup,eps |(u,v)| where B" = x f*B is equicontinuous in £}..(£2;) (the sup-
port of the distribution is compact because f is proper), which means

that sup,cps |(u,v)| is a continuous seminorm for the normal topology of
Dp(£21). =

We now prove a parameter version of the push-forward theorem.

THEOREM 6.4. Let 21 C R™ and 25 C R% be open sets, A C U C R",
A is compact, U is open and I" a closed cone in T*(21. For any smooth map
f 021 xU — {2 and any closed subset C' of {21 such that f : C x A —
(25 is proper and ©w(I") C C, the function f(-,a)s is uniformly continuous
in the normal topology from {u € D} ;suppu C C} to DL, where = =

UaeA f(v CL)*F.

B P1'"00f. We have to check that = is closed over T}‘(CX a)§2. Let (y;m) €
50T aySe- 'Then there exists a sequence (yi;mr) — (y;n) such that
(y;me) € 2N T}‘(CXA)QQ. By definition, yx = f(zg,ar) where (zg,nx o
dyf(xx,ar)) € I'UQ and (zg,ar) € C' x A. The central observation is that
{yr; k€ N} C f(C x A) and {(wk, ax) ; f(2k, ax) = yp, k € N} C C x A are
compact sets because f is proper on C x A. Then we can extract convergent
subsequences (zy,ax) — (v,a) and (z,m0d,f(z,a)) € I'UQ since I'UQ is
closed in T*(25 and d, f is continuous. By definition of =, this proves that
(y;m) € = and we conclude that = is closed.
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Now we can repeat the proof of the push-forward theorem except that
we use the pull-back theorem with parameters. Let B be equicontinuous in
L.c({22), hence all elements of B have support contained in some compact
set. For every v € B, supp(f*v) N C x A is compact, therefore for y = 1 on
Uscasupp(f (-, a)*v) N C, the family B" = {(xf(-,a)*v);a € A, v € B} is
equicontinuous in £, where © = I by the parameter version of the pull-back
theorem. Therefore, u — sup,c s sup,ep [(f(-, a)su, v)| = sup,ecp: [(u,v)] is
continuous in u since the right hand term is a continuous seminorm for the
normal topology of D}-(£21). m

Convolution product. In the same spirit as for multiplication of dis-
tributions, the convolution product u * v can be described as the composi-
tion of the tensor product (u,v) — u ® v with the push-forward by the map
X : (z,y) = (z +y). For a closed subset X C R", let D}-(X) be the set of
distributions supported in X with wave front set in I

THEOREM 6.5. Let I'1, I be closed conic sets in T*R™ and X1, X5 closed
subsets of R™ such that X : X1 x Xo — R" 4s proper. Then the convolu-
tion product of distributions is hypocontinuous from D, (X1) x D, (X2) to
D(X1 + Xa) where

(6.2) I'={(z+wy;n);(x;n) € I, (y;m) € I2}.

Proof. The convolution product of distributions is the composition of
the hypocontinuous tensor product with the continuous push-forward. =

As an application of the parameter version of the push-forward theorem,
we state the coordinate invariant definition of the wave front set, which was
proposed by Duistermaat [8, p. 13], correcting a first attempt by Gabor [9].
Its proof is left to the reader.

THEOREM 6.6. Let 2 C R? be an open set, and u € D'(12). An element
(z;€) ¢ WF(u) if and only if for all f € C°(£2xR™) such that dy f(z,a0) =
& for some ag € R™, there exist neighborhoods A of ag and U of x¢ such that
for all o € D(U), |(u, pe'™ )| = O(7=°°) uniformly in some neighborhood
of ag in A.

7. Appendix: Technical results. This appendix gathers different use-
ful results. Several of them are folkore results for which we could find no
proof in the literature.

7.1. Exhaustion of the complement of I'. To prove that D} is
nuclear [5], we need to take the additional seminorms in a countable set: the
complement I'® = T*M \ I" of any closed cone I' C T*M can be exhausted
by a countable set of products U x V', where U C M is compact and V is a
closed conic subset of R™.
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First we introduce the sphere bundle over M (or unit cotangent bundle)
UT*M = {(z;k) € T*M ; |k| = 1}. We then define the set

Ulg = {(x;k) e Dz € K, |k| =1} = UT*M|x N T,

for any compact subset K C M. Since M can be covered by a countable
union of compact sets, we assume without loss of generality that K is covered
by a single chart (U,) such that ¢(K) C @, where Q = [-1,1]" is an
n-dimensional cube. Hence we can assume that M = R" and UT*M =
R” x 8™~ It will be convenient to use the norm do, on R”, defined by
doo(z,y) := sup |x; —y;| for xz,y € R™.
1<i<n

We denote by Boo(7,7) = {y € R";doo(z,y) < 7} the closed ball of radius r
for this norm. We also denote the restriction of do to S~ x S"~! by the
same letter and, lastly, for (x;&), (y;n) € UT*R™ we set doo((x;€), (y;1)) =
sup(doo (@, ¥), doo (€, 1)) . )

We define cubes centered at rational points in Q: Let ¢; = [-1/27,1/27]"
= Bx(0,277) and gjm = m/2) + q¢j = Bo(277m,277), where m € Z" N
27Q. In other words, the center of ¢j,m runs over a hypercubic lattice with

coordinates (277my,...,279m,), where —27 < m; < 27. Note that, for each
nonnegative integer j, the hypercubes g¢; ,, overlap and cover Q:
(7.1) Qc U gm

mezZnN2iQ

Denote by  : UT*R™ — R™ and 7 : UT*R™ — S"~! the projection maps
defined by 7(z; k) = z and 7(x; k) = k. We define Fj,,, = 171 (qj.m) =~ qjm ¥
Sn=1 (see Fig. . The set 7(F}, NUI'x) is compact because the projection

1.0 T

1 1
J, mi

0.8
06}

odf

0.2F.--

0.0 .
-1.0 -0.5 X 0.0 0.5 1.0

Fig. 1. The case n = 2, where only one dimension of the cube [—1, 1]2 is shown and the
circle S! is represented by the vertical segment [0,1]. The large surface is Uk, the small
square around p is the ball B (p,d). We see that gj,m contains z and is contained in
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7 is continuous and I}, NU 'k is compact. For any positive integer ¢, define
the compact set Cjp = {n € S" 1 ;doo(F(Fjm NUI'x),m) > 1/¢}. This is
the set of points of the sphere which are at least at distance 1/¢ from the
projection of the slice of UI" inside Fj,, (see Fig. . We have

U Ciame = 8"\ T (Fjm N UTk).

£>0
Indeed, by definition, any element of Cj,, ¢ is in S™~1 and not in T(Fjm N
UI'k); conversely, the compactness of 7(F}, NUI'k) implies that any point
(z;€) in S I\ T(Fjm NUTk) is at a finite distance § from 7(F},, NUTk).
If we take ¢ > 1/, we have (x;&) € Cj, . Note that all Cj , ¢ are empty if
7(Fjm NUI'x) = S™ 1. With this notation we can now state

LEMMA 7.1.

(7.2) U @ X Cjmye = UT* M|k \ UTx,
j,m,e
and, by denoting Vi, e = {k € R"\ {0};k/|k| € Cjme},
(7.3) U @ X Vigme = (T"M\ D) .
jm,f

Proof. We first prove C in 1) Let (z;k) € Uj,m,f @j,m X Cjm ¢, so there
exist j € N, m € Z"N2/Q and ¢ € N* such that (z;k) € gjm ¥ Cjm,e- Hence
(w; k) € Fjm and, by definition of Cj ;. ¢, doo (T(Fjm NUIT'k), k) > 1/¢, which
implies that (z; k) ¢ Ul'k.

Let us prove the reverse inclusion D. Let (z;k) € UT* M|k \ UI'k. Since
this set is open, there exists § > 0 such that Boo((7;k),6) C UT*M | \U k.
Let j € N* with 27971 < 4. Because the sets gj, cover Q (see (7.1))), there
is an m such that x € gjp,. Moreover, for all y € g;,, we have

doo(, ) < doo(,277m) 4+ doo(279m, y) <279 + 277 < 4,

i.e. y € Boo(z,9). Hence gjm C Boo(z,6). We deduce that

Gjm X Boo(k,8) C Boo(2,6) X Boo(k,6) = Boo((;k),6) CUT M| \ UT'k.
This means that (gjm X Bso(k,8)) NUI'x = 0 or equivalently

Fjm N7 (Boo(k,8)) NU Tk = 0.

Hence Boo(k,0) N7 (Fjm NUI'k) = 0, 80 doo(k,7(Fjm NUIT'k)) > 6. By
choosing ¢ € N* with 1/¢ < §, we deduce that do (K, 7(F;m NUI'k)) > 1/¢,
ie. k€ Cjmyp. Thus (z;k) € ¢jm % Cjme and (7.2) is proved.

To prove ([7.3), we notice that, because of the conic property of I'; each
Cjm,e corresponds to a unique Vj,, . w

Any nonnegative smooth function v supported on [—3/2,3/2]" and such
that ¢ (z) = 1 for € [—1,1]" enables us to define scaled and shifted func-
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tions 9j_1.m(x) = ¥(27(x—m)) supported on gj_1 ,, and equal to 1 on g; 2.
If Cj e is not empty, we denote by ;s - S"~1 — R a smooth function
supported on Cj,, ¢ and equal to 1 on C} ,, ¢41. Note that if C ,,, , is a proper
subset of S™"! then it is strictly included in Cimt+1-

7.2. Equivalence of topologies. Grigis and Sjostrand stated [10} p. 80]
that if we have a family yx, of test functions and closed cones V,, such that
(supp Xa X Vo) NI = 0 and | {(z, k) ; xa(z) # 0 and k € Va} = I'°, then
the topology of D/ is given by the seminorms of the weak topology and the
seminorms |- || N,v,,y. - By covering M with a countable family of compact sets
K; described in Section [7.1] we see that Lemma[7.1] gives a family of indices
a = (i,4,£), functions xjme = 1jm and cones Vj,,, adapted to K; such
that the conditions of the Grigis—Sjostrand lemma are satisfied. Therefore,
the normal topology is described by the seminorms of the strong topology
of D'(£2) and by a countable family of seminorms indexed by (i, j, m,¥).

7.3. Topological equivalence of C°°(X) and Dj;. As an application
of the previous lemma, we show

LEMMA 7.2. The spaces C*(X) and D(/ZJ are topologically isomorphic.

Proof. The two spaces are identical as vector spaces because a distribu-
tion u whose wave front set is empty is smooth everywhere, since its singular
support sing supp(u) = m(WF(u)) [12 p. 254] is empty [12], p. 42].

To prove the topological equivalence, we must show that the two inclu-
sions Dy — C*°(X) and C*°(X) < Dy are continuous. Recall that a system
of seminorms defining the topology of C*°(X) is 7, k', where m runs over
the integers and K runs over the compact subsets of X [I6, p. 88]. By a
straightforward estimate, we obtain

T, () < Co(2m)™" Y sup (1+ [K[*)? KX ()|

af=m FER

. (m+n
< Cy(2m) n< n )||‘:0Hm+2p,R",xa

where x € D(X) is equal to one on a compact set whose interior contains K
and where we have used 1+|k|? < (1+]k|)2, [k®| < (1+]k])™ and Plaj<m 1 =
("™*F™). Thus, every seminorm of C*°(X) is bounded by a seminorm of Dy,
and the injection Dy — C*°(X) is continuous.

Conversely, for any closed conic set V and any x € D(X) we have
llellv,vy < llellngrn,y. Thus, it is enough to estimate ||| nrn . We also
find that, for any integer N and a = 0,

Sup (1 + KN ex (k)| < K2V 7o,k (93),
6 n
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where K is the support of . Then the inequality 1+|k| < 2(1+|k|?) and the
Leibniz rule give [|¢||nrny < |K|8man x (X)m2n,k (), so the seminorms
| - lz,v,yx are controlled by the seminorms of C°°(X). For the seminorms
of D'(X), it is well known that the inclusion C*°(X) — D’(X) is contin-
uous [16, p. 420] when D’(X) has its strong topology. Therefore, it is also
continuous when D’(X) is equipped with the weak topology. Thus we have
proved that C*°(X) and Dé) are topologically isomorphic, where Dé) can be
equipped with the Hérmander or the normal topology. m
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