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Introduction.

In this thesis, we study and solve the problem of the renormalization of
a perturbative quantum field theory of interacting scalar fields on curved
space times following the causal approach.

Quantum field theory is one of the greatest and most successfull achieve-
ments of modern physics, since its numerical predictions are probed by ex-
periments with incredible accuracy. Furthermore, QFT can be applied to
many fields ranging from condensed matter theory, solid state physics to
particle physics. One of the greatest challenges for modern mathematical
physics is to unify quantum field theory and Einstein’s general relativity.
This program seems today out of reach, however we can address the more
recent question to first try to define and construct quantum field theory
on curved Lorentzian space times. This problem was solved in the ground-
breaking work of Brunetti and Fredenhagen [26] in 2000.

Their work was motivated by the observation that both the conventional
axiomatic approach to quantum field theory following Wightman’s axioms
or the usual textbook approach in momentum space failed to be generalized
to curved space-times for several obvious reasons:

- there is no Fourier transform on curved space time

- the space time is no longer Lorentz invariant.

Indeed, the starting point of the work [26] was to follow one of the very
first approach to QFT due to Stueckelberg, which is based on the concept
of causality.

The ideas of Stueckelberg were first understood and developed by Bo-
goliubov ([7]) and then by Epstein-Glaser ([21], [22]) (on flat space time). In
these approaches, one works directly in spacetime and the renormalization is
formulated as a problem of extension of distributions. Somehow, this point
of view based on the S-matrix formulation of QFT was almost completely
forgotten by people working on QFT at the exception of few people as e.g.
Stora, Kay, Wald who made important contributions to the topic ([57],[71]).
However, in 1996, a student of Wightman, M. Radzikowsky revived the sub-
ject. In his thesis, he used microlocal analysis for the first time in this
context and introduced the concept of microlocal spectrum condition, a con-
dition on the wave front set of the distributional two-point function which
represents the quantum states, which characterizes the quantum states of
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positive energy (named Hadamard states) on curved space times. In 2000,
in a breakthrough paper, Brunetti and Fredenhagen were able to generalize
the Epstein-Glaser theory on curved space times by relying on the funda-
mental contribution of Radzikowski. These results were further extended by
Fredenhagen, Brunetti, Hollands, Wald, Rejzner, etc. to Yang-Mills fields
and the gravitation.

Let us first explain what do we mean by “a quantum field theory”.

The input data of a quantum field theory. Our data are a smooth
globally hyperbolic oriented and time oriented manifold (M, ¢) and an alge-
bra bundle A (called bundle of local fields) over M. Smooth sections of H
represent polynomials of the scalar fields with coefficients in C*°(M). H has
in fact the structure of a Hopf algebra bundle, i.e. a vector bundle the fibers
of which are Hopf algebras. The natural causality structure on M induces
a natural partial order relation for elements of M: z < y if y lives in the
causal future of z. The metric g gives a natural d’Alembertian operator [
and we choose some distribution A, € D’(M?) in such a way that:

e the distribution A, is a bisolution of [,

e the wave front set and the singularity of A, satisfy some specific con-
straints (actually, WF (A, ) satisfies the microlocal spectrum condi-
tion).

From the input data to modules living on configuration spaces
and the x product. For each finite subset I of the integers, we define
the configuration space M! as the set of maps from I to M figuring a
cluster of points in M labelled by indices of I. From the algebra bundle
H, we construct a natural infinite collection of C*°(M7')-modules (H');
(each H! containing products of fields at points labelled by I) and define
a collection of subspaces (V)7 of distributions on M indexed by finite
subsets I of N (each V! contains the Feynman amplitudes). The collections
(M), (HD)1, (V1)1 enjoy the following simple property: for each inclusion
of finite sets of integers I C .J we have a corresponding projection M7
M and inclusions H! — H/, VI — VJ. We can define a product %
(“operator product of fields” ), which to a pair of elements A, B in a subset of
(HI Qoo (MT) VI> X (”HJ Qoo (M) VJ) where I, J are disjoint finite subsets
of N, assigns an element in %/ @ oo (pr100) VY7, The product x is defined
by some combinatorial formula (which translates the “Wick theorem” and
is equivalent to a Feynman diagrammatic expansion) which involves powers

of Ay. The partial order on M induces a partial order < between elements
A Bin H! x H’ for all I, J.
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The definition of a quantum field theory. A quantum field theory is
a collection Ty of morphisms of C°°(M7')-modules:

T H' @ceoairy V= H @coe ey VY,
which satisfies the following axioms
1. V|I| < 1,77 is the identity map,
2. the Wick expansion property which generalizes the Wick theorem,

3. the causality equation which reads VA, B s.t. B £ A

T(AB) = T(A) « T(B). (1)

The maps 17 can be interpreted as the time ordering operation of Dyson.
The main problem is to find a solution of the equation (1). This solution
turns out to be non unique, actually all solutions of this equation are related
by the renormalization group of Bogoliubov ([7],[10]).

Renormalization as the problem of making sense of the above def-
inition. We denote by d, the thin diagonal in M"™ corresponding to n
points collapsing over one point. From the previous axioms, we prove that
Tyl pm\g, is a linear combination of products of 77,1 & {1,---,n} with co-
efficients in C*°(M"™ \ d,,). So we encounter two problems:

1) Since the elements T; are H-valued distributions, we must justify that
these products of distributions make sense in M™ \ d,,.

2) Even if the product makes sense T, is still not defined over M", thus we
must extend T, on M™.

Contents of the Thesis. In Chapter 1, we address the second of the
previous questions of defining 7},, on M"™, which amounts to extend a distri-
bution ¢ defined on M \ I where M is a smooth manifold and I is a closed
embedded submanifold. We give a geometric definition of scaling transver-
sally to the submanifold I and of a weak homogeneity which are completely
intrinsic (i.e. they do not depend on the choice of local charts). Our defini-
tion of weak homogeneity follows [54] and [53] and slightly differs from the
definition of [26] which uses the Steinman scaling degree. We prove that if
a distribution ¢ is in D'(M \ I) and is weakly homogeneous of degree s then
it has an extension ¢ € D/(M) which is weakly homogeneous of degree s
for all s’ < s. The extension sometimes requires a renormalization which is
a subtraction of distributions supported on I i.e. local counterterms. The
main difference with the work [26] is that we only have one definition of
weak homogeneity and we use a continuous partition of unity. This chapter
does not rely on microlocal analysis.
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In Chapter 2, in order to solve the first problem of defining T;,, we
must explain why the product of the T7’s in the formula which gives T,
makes sense and this is possible under some specific conditions on the wave
front sets of the coefficients of the T’s. So we are led to study the wave
front sets of the extended distributions defined in Chapter 1. We find a
geometric condition on W F'(t) named soft landing condition which ensures
that the wave front of the extension is controlled. However this geometric
condition is not sufficient and we explain this by a counterexample. We also
give a geometric definition of local counterterms associated to a distribution
t, which generalizes the counterterms of QFT textbooks in the context of
curved space times. We show that the soft landing condition is equivalent
to the fact that the local counterterms of ¢ are smooth functions multiplied
by distributions localized on the diagonal, i.e. they have a specific structure
of finitely generated module over the ring C°°(I). The new features of this
Chapter are the soft landing condition which does not exist in the literature
(only implicit in [26]), the definition of local counterterms associated to ¢ and
our theorem which proves that under certain conditions local counterterms
are conormal distributions. Finally, our counterexample explains why in
[26], the authors impose certain microlocal conditions on the unextended
distribution ¢ in order to control the wave front set of the extension.

In chapter 3, we prove that if we add one supplementary boundedness
condition on t i.e. if ¢ is weakly homogeneous in some topological space of
distributions with prescribed wave front set, then the wave front W F(t) of
the extension is contained in the smallest possible set which is the union of
the closure of the wave front of the unextended distribution W F(t) with the
conormal C' of I. Chapter 3 differs from [26] by the fact that we estimate
WF(t) also in the case of renormalization with counterterms and our proof
is much more detailed.

In chapter 4, we manage to prove that the conditions of Chapter 3 can
be made completely geometric and coordinate invariant. We also prove the
boundednes of the product and the pull-back operations on distributions
in suitable microlocal topologies. Then we conclude Chapter 4 with the
following theorem: if ¢ is microlocally weakly homogeneous of degree s €
R then a “microlocal extension” ¢ exists with minimal wave front set in
WF(t) UC and t is microlocally weakly homogeneous of degree s’ for all
s’ < s. Chapter 4 improves the results of Hormander on products and pull-
back of distributions since we prove that these operators are bounded maps
for the suitable microlocal topologies. This seems to be a new result since
in the literature only the sequential continuity of products and pull-back are
proved.

In Chapter 5, we construct the two point function A which is a distribu-
tional solution of the wave equation on M. We prove that W F(A_ ) satisfies
the microlocal spectrum condition of Radzikowski and finally we establish
that A, is “microlocally weakly homogeneous” of degree —2. Chapter 5 con-
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tains a complete mathematical justification of the Wick rotation for which
an explicit reference is missing although the idea of its proof is sketched in
[74]. We also explicitly compute the wave front set of the holomorphic fam-
ily Q*(- 41400) which cannot be found in [40], (we only found a computation
of the analytic wave front set —in the sense of Sato-Kawai-Kashiwara— of
Q°(- +100) in [46] p. 90 example 2.4.3). Finally, our proof that the wave
front set of Ay (constructed as a perturbative series a la Hadamard) satis-
fies the microlocal spectrum condition seems to be missing in the literature.
The construction appearing in [29] is not sufficient to prove that Ay is
microlocally weakly homogeneous of degree —2.

Chapter 6 is the final piece of this building. Inspired by the work of
Borcherds, we quickly give our definition of a quantum field theory using the
convenient language of Hopf algebras then we state the problem of defining
a quantum field theory as equivalent to the problem of solving the equation
(1) in T recursively in n on all configuration spaces M™. We prove this
recursively using all tools developed in the previous chapters, a careful par-
tition of the configuration space generalizing ideas of R. Stora to the case
of curved space times and an idea of polarization of wave front sets which
translates microlocally the idea of positivity of energy.

Chapter 7 solves a conjecture of Bennequin and gives a nice geometric
interpretation of the wave front set of any Feynman amplitude:

e it is parametrized by a Morse family,

e it is a union of smooth Lagrangian submanifolds of the cotangent space
of configuration space.

In Chapter 8, which can be read independently of the rest except Chap-
ter 1, using the language of currents, we treat the problem of preservation of
symmetries by the extension procedure. Indeed, renormalization can break
the symmetries of the unrenormalized objects and the fact that renormal-
ization does not commute with the action of vector fields from some Lie
algebra of symmetries is called anomaly and is measured by the appearance
of local counterterms, which are far reaching generalizations of the notion
of residues coming from algebraic geometry, (but generalized here to the
current theoretic setting).

Finally, in chapter 9 we revisit the extension problem from the point of
view of meromorphic regularization. We prove that under certain conditions
on distributions, they can be meromorphically regularized then the exten-
sion consists in a subtraction of poles which are also local counterterms. To
conclude this last Chapter, we introduce a lenght scale ¢ in the meromor-
phic renormalization and we prove that scaling in ¢ only gives polynomial
divergences in log /.
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Chapter 1

The extension of
distributions.

1.1 Introduction.

In the Stueckelberg ([72]) approach to quantum field theory, renormalization
was formulated as a problem of division of distributions. For Epstein—Glaser
([21], [22]) , Stora ([57],[71]), and implicitly in Bogoliubov ([7]), it was for-
mulated as a problem of extension of distributions, the latter approach is
more general since the ambiguity of the extension is described by the renor-
malization group. This procedure was implemented on arbitrary manifolds
(hence for curved Lorentzian spacetimes) by Brunetti and Fredenhagen in
their groundbreaking paper of 2000 [26]. However, in the mathematical lit-
erature, the problem of extension of distributions goes back at least to the
work of Hadamard and Riesz on hyperbolic equations ([63],[35]). It became
a central argument for the proof of a conjecture of Laurent Schwartz ([65]
p. 126,[49]): the problem was to find a fundamental solution FE for a linear
PDE with constant coefficients in R™, which means solving the equation
PE = § in the distributional sense. By Fourier transform, this is equiva-
lent to the problem of extending P~ which is a honest smooth function on
R™ \ {P = 0} as a distribution on R", in such a way that PP~! = 1 which
makes the division a particular case of an extension. This problem set by
Schwartz was solved positively by Lojasiewicz and Hérmander ([40],[68]).
Recently, the more general extension problem was revisited in mathematics
by Yves Meyer in his wonderful book [53]. In [53], Yves Meyer also explored
some deep relations between the extension problem and Harmonic analy-
sis (Littlewood—Paley and Wavelet decomposition). The extension problem
was solved in [53] on (R™\ {0}). For the need of quantum field theory, we
will extend his method to manifolds. In order to renormalize, one should
find some way of measuring the wildness of the singularities of distributions.
Indeed, we need to impose some growth condition on distributions because

3
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distributions cannot be extended in general! We estimate the wildness of the
singularity by first defining an adequate notion of scaling with respect to a
closed embedded submanifold I of a given manifold M, as done by Brunetti—
Fredenhagen [26]. On R"*“ viewed as the cartesian product R" x R?, the
scaling is clearly defined by homotheties in the variables corresponding to
the second factor RY. We adapt the definition of Meyer [53] in these vari-
ables and define the space of weakly homogeneous distributions of degree s
which we call E;.

We are able to represent all elements of E; which are defined on M \ I
through a decomposition formula by a family (u)‘)/\ €(0,1] satisfying some

specific hypothesis. The distributions (u)‘) Ae(0,1) ATe the building blocks of

the Ey and are the key for the renormalization. We establish the following
correspondence

(uA) — 1 @AS(UA))\—I + nice terms (1.1)
A€(0,1] 0 A ’
A A_ \—S
t € Ey—> (u >>\e(0,1] where u™ = A%y, (1.2)

the nice terms are distributions supported on the complement of I.

However this scaling is only defined in local charts and a scaling around a
submanifold / in a manifold M depends on the choice of an Euler vector field.
Thus we propose a geometrical definition of a class of Euler vector fields:
to any closed embedded submanifold I C M, we associate the ideal 7 of
smooth functions vanishing on I. A vector field p is called Euler vector field
if

VfeI pf—feI (1.3)

This definition is clearly intrinsic. We prove that all scalings are equivalent
hence all spaces of weakly homogeneous distributions are equivalent and
that our definitions are in fact independent of the choice of Euler vector
fields. Actually, we prove that all Euler vector fields are locally conjugate
by a local diffeomorphism which fixes the submanifold I. So it is enough
to study both E and the extension problem in a local chart. Meyer and
Brunetti-Fredenhagen make use of a dyadic decomposition. We use in-
stead a continuous partition of unity which is a continuous analog of
the Littlewood—Paley decomposition. The continuous partition of unity has
many advantages over the discrete approaches: 1) it provides a direct con-
nection with the theory of Mellin transform, which allows to easily define
meromorphic regularizations; 2) it gives elegant formulas especially for the
poles and residues appearing in the meromorphic regularization (see Chapter
7); 3) it is well suited to the study of anomalies (see Chapter 6).

Relationship with other work. In Brunetti-Fredenhagen [26], the scal-
ing around manifolds was also defined but they used two different definitions
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of scalings, then they showed that these actually coincide, whereas we only
give one definition which is geometric. In mathematics, we also found some
interesting work by Kashiwara—Kawai, where the concept of weak homo-
geneity was also defined ([54] Definition (1.1) p. 22).

1.2 Extension and renormalization.

1.2.1 Notation, definitions.

We work in R"*? with coordinates (z, h), I = R" x {0} is the linear subspace
{h = 0}. For any open set U C R"*? we denote by D(U) the space of test
functions supported on U and for all compact K C U, we denote by Dg (U)
the subset of all test functions in D(U) supported on K. We also use the
seminorms:

Vo € DR™), mi(0) := sup 0% oo ntay

la|<k

Vo € O (R VK € R 71, k() == sup sup [0%p(z)|.
la|<kzeK
We denote by D'(U) the space of distributions defined on U. The duality
pairing between a distribution ¢ and a test function ¢ is denoted by (¢, ¢).
For a function, we define py(z, h) = ¢(z, Ah). For the vector field p = hj%,
the following formula
Oy = 6(10g>\)’0*(p

I

shows the relation between p and the scaling. Once we have defined the
scaling for test functions, for any distribution f, we define the scaled distri-
bution fy:

Yo € DR™Y), (fr,0) = A" (f,051).

If f were a function, this definition would coincides with the naive scaling
Pah) = fa, Mh).

We give a definition of weakly homogeneous distributions in flat space
following [53]. We call a subset U C R"*? p-convex if (z,h) € U = VYA €
(0,1], (x, Ah) € U. We insist on the fact that since we pick A > 0, a p-convex
domain may have empty intersection with I.

Definition 1.2.1 Let U be an arbitrary p-convex open subset of R*T¢. E (U)
is defined as the space of distributions t such that t € D'(U) and

Vo € D(U),3C(p), sup (A% (tr, ) [ < Clyp).
A€(0,1]

In the quantum field theory litterature, the wildness of distributions is mea-
sured by the Steinman scaling degree. We prefer the definition of Meyer,
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s

Figure 1.1: The function y of Littlewood—Paley theory.

which exploits the properties of bounded sets in the space of distributions
(this is related to bornological properties of D'(U)).

We denote by % the multiplicative measure on [0, 1]. We shall now give a
definition of a class of maps A\ — u? with value in the space of distributions.
Definition 1.2.2 For all 1 < p < oo, we define L%, ([0,1],D'(U)) as the

A
space of families (UA),\e(o,l] of distributions such that

vwepwmAH<M#§GL;qmmcy (1.4

The Hormander trick. We recall here the basic idea of Littlewood—Paley
analysis ([53] p. 14). Pick a function x which depends only on A such that
X = 1 when |h| < 2 and x = 0 for |h| > 3. The Littlewood—Paley function
P(-) = x(-) — x(2-) is supported on the annulus 1 < |h| < 3. Then the idea
is to rewrite the plateau function x using the trick of the telescopic series

X =x() = X(2) + -+ x(2) = x (2 )

and deduce a dyadic partition of unity
1= (1= + > w(2)
j=0

Our goal in this paragraph is to derive a continuous analog of the dyadic
partition of unity. Let x € C*°(R"*9) such that x = 1 in a neighborhood Ny
of I and x vanishes outside a neighborhood Ny of N7. This implies y satisfies
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L

ea

Figure 1.2: The neighborhoods N; and Na.

the following constraint: for all compact set K C R" 3(a,b) € R? such
that b > a > 0 and x|(gxxre)n{nj<a} = Ls Xl(xxrO)A(nzpy = 0. We find a
convenient formula (inspired by [41] equation (8.5.1) p. 200 and [53] Formula
(5.6) p. 28) for x as an integral over a scale space indexed by A € (0,1]. First
notice that y(z, %) —_p0 0 in Llloc. We repeat the Littlewood Paley trick
in the continuous setting:

o [tdx d g YA »
\(a h) = x(,h) — 0= /mA )] = [T o0 @)
Set,
Y = —px. (1.5)

Notice an important property of ¢: on each compact set K C R", J(a,b) €
R? such that Y| (K xray is supported on the annulus (K x R4 N{a < |h| < b}.
We obtain the formula

L dA
1=-0+ [ T (1.6

which for the moment only has a heuristic meaning. The next proposi-
tion gives a precise meaning to the heuristic formula and gives a candidate
formula for the extension problem.

Proposition 1.2.1 Let y € C®(R"*%) such that x = 1 in a neighborhood
N1 of I and x vanishes outside a neighborhood No of N1 and let ¥ = —px



CHAPTER 1. THE EXTENSION OF DISTRIBUTIONS.

/ SC@&.

|

&

Figure 1.3: The function y, the function ¥ and the scaled ty-1.
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Figure 1.4: Partition of unity.




1.2. EXTENSION AND RENORMALIZATION. 9

Then for all o € D(R™?) such that ¢ = 0 in a neighborhood of I = {h = 0},
we find

1
(o) = [ (e + (0= 0. (1.7

The formula ¢t = 1 R (tpy-1,0) + (t, (1 — x)p) was inspired by Formula
(5.8), (5.9) in [53] p 28

Proof — Let 6 > 0 such that ¢ = 0 when |h| < §. We can find 0 <
a < bsuch that [|[h| >b = x =0]and [|h| > b :> —px = ¢ = 0]. Hence
supp ¥ (z, ) C {|n| < Ab} which implies VA < ¢ 2P (l’,h)?ﬂ(l‘,%) =0. We
have the relation ¢ = p(1 — x) + px = f% & ¢)\_1g0 + ¢(1 — x) where the

integral is well defined, we thus deduce Ve € [0, %]

L L
sox=/6 5% Yr-1 =[5 7%49@

b
=0 for A€e,$

where the product makes perfect sense as a product of smooth functions,

hence
o =te = (0 [ Pue) = [ 2wl
X>P) = \LXP) = ) 5 A 1P ) = E A A\ y P
dA dA
B - [ 2
e 0
b
where we can safely interchange the integral and the duality bracket. |

Another interpretation of the Hormander formula. The Héormander
formula gives a convenient way to write xy — x.-1.

Lax
X — X1 :/5 7%—1

then noticing that when ¢ > 0, for all A € [e, 1], 1¥\-1 is supported on the
complement of a neighborhood of I, this implies that for all test functions
¢ € D(R™), for all € > 0, we have the nice identity:

/ W et 0) = (t(x = Xem1) 1 0.

Now if the function (t¢y-1,¢) is 1ntegrable on [0,1] w.r.t. the measure %,
the existence of the integral fo (tyy-1, ) will imply that the limit

lim (2 (x = xe-1), ) (1.8)
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Figure 1.5: x — x-1.

exists. In the next sections, we prove that when the distribution ¢ is in Fj
for s +d > 0, the integral formula f; % (tyy-1,p) converges when & — 0.
Thus the limit (1.8) exists. However, when ¢t € F5 when s +d < 0, we
must modify the formula f; % (ty-1,p), which is divergent when ¢ —
0, by subtracting a local counterterm (c., ) where (c;). is a family of
distribution supported on I such that the limit

Hm ((£ (x — xe-1), ) — (e, )., (1.9)
e—0
makes sense. Notice that the renormalization does not affect the original
distribution ¢ on M \ I since ¢ is supported on I.

1.2.2 From bounded families to weakly homogeneous distri-
butions.

We construct an algorithm which starts from an arbitrary family of bounded
distributions (u?*) Ae(0,1] supported on some annular domain, and builds a
weakly homogeneous distribution of degree s. Actually, any distribution
which is weakly homogeneous of degree s can be reconstructed from our
algorithm as we will see in the next section. This is the key remark which
allows us to solve the problem of extension of distributions. In this part, we
make essential use of the Banach Steinhaus theorem on the dual of a Fréchet
space recalled in appendix. We use the notation t(x,h) = t(x, \h) and U
is a p-convex open subset in R4,

Definition 1.2.3 A family of distributions (u)‘),\e(o,l] is called uniformly
supported on an annulus domain of U if for all compact set K C R"™, there
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exists 0 < a < b such that V)\,u)‘](Kde)mU is supported in a fived annulus
{(z.h)|z € K,a < |h| <b}NU.

The structure theorem gives us an algorithm to construct distributions in
E,(U) given any family of distributions (u*) e(0,1) bounded in D'(U\ I) and
uniformly supported on an annulus domain of U.

Lemma 1.2.1 Let (u)\>/\e(0,1] be a bounded family in D' (U\I) which is uni-
formly supported on an annulus domain of U. Then the family (/\_duﬁ_l)
is bounded in D'(U).

A€(0,1]

Proof — If the family (u’) A€(0,1] is uniformly supported on an annulus
domain of U, then for all compact set K C R", there exists 0 < a < b
such that V/\,u)‘|(KXRd)mU is supported in a fixed annulus A = {a < |h| <
by N (K x RY)NU). If UA’(Kde)mU is a bounded family of distributions
supported on the fixed annulus A = {a < |h| < b} N (K x RY) N U, then

compact in R7+d

the family v satisfies the following estimate by Banach Steinhaus:
V' ¢ R™compact, 3(k, C), Vg € Dicr (U), sup | {1, 0) | < Cme(p),

A€(0,1]

and we notice that the estimate is still valid for test functions in C*°((K x
R?) N U) (by compactness of A):

3k, C), ¥ € C2((K x R NU), sup | (u,¢)| < Cmpale),  (1.10)
A€(0,1]

A

because u” is compactly supported in the h variables and ¢ is compactly

supported in the = variables. For any test function ¢ € D(U):

A <u§_h¢> | = A9\ <u)‘,<p(.,)\.)> | < Cmalen)

thus

A ()1, 0) | < Omule) (1.11)
because of the estimate (1.10) on the family (u)y. This proves that the
family (A™"u3_1) ¢ (o) is bounded in D'(U\ I). u

Corollary 1.2.1 Let (UA))\E(O,H be a bounded family in D' (U \ I) which is
uniformly supported on an annulus domain of U. If s+ d > 0, then the
integral

dA

1
/0 TAsuﬁ_l (1.12)

converges in D'(U).
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Proof — When s+d > 0, A — Xuy_, = AT A"}, e LY, ((0,1],D'(U\
—~ X
integrable bounded
I)) and the integral t = fl DAsHN=dy3 | converges in LY, ([0,1], D' (U\I))!
A

By the estimate (1.11) on the bounded family A~%u}_,, we also have the

estimate:
=1 [ B (8e)

d\ Lax C
< S+d < S+d — .
\/0 3 — AT <u/\ 1,0 >\ < C’ﬂk(go)/o Y A . ()
—_— —

<Cmi(p) by 1.11

Proposition 1.2.2 Under the assumptions of Corollary (1.2.1), fl da )\su)\ 1 €
Es(U).

Proof — Recall that we proved that the integral t = f L) \sp A \-1 converges
in D'(U) and we would like to prove that t € Es(U). We try to bound the
quantity p—%t,:

—s —s— L) —s—dys
VO << L™ (ty, ) = p d<1t790,i1>=/0 T <u§71,<p,fl>

LEC) T e = [Rre(n).

0 A K K 0 )\

We use the fact that there exists R > 0 such that ¢ € D(U) is supported
inside the domain {|h| < R}. Then ¢y = ¢(.,A.) is supported in {|h| <
A~!R}. We denote by m; the projection 7 := (x,h) € R"4 s (2,0) € R" x
{0} and we make the notation abuse 7 (z,h) = (z). Then K = m(supp ¢)
is compact in R™ thus, by assumption on the family u, u’\“|( KxRA)NU 18
supported in {a < |h| < b} for some 0 < a < b and (u™, ,) must vanish
when \"!1R<a< A > f Finally:

B b ) = /0 Dt v,

Since ¢ € C*®((K x R?) NU), by estimate (1.10), we have | (u™,p,)| <
Crp,a(p) < Cmi(g) and

i ey < (B) €
1% w P s+d

a T () -
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Proposition 1.2.3 Let (UA)AE(O,l] be a bounded family in D' (U \ I) which
s uniformly supported on an annulus domain of U. If —m — 1 < s +d <
—m,m € N, then the integral fl A )\Su)\ 1 needs a renormalization. There is
a family (T )Ae(o,l] of dzstmbutzons supported on I such that the renormalized

integral
i
/0 ~ A (u)\ 1 —T’\) (1.13)

converges in D' (U).

Proof —If —m—1 < s+d < —m, then we repeat the previous proof except
we have to subtract to ¢ its Taylor polynomial P, of order m in h. We call
I, the Taylor remainder. Then ¢ — P, = I,,,. In coordinates, we get

hi ,
pla,h) = Y ﬁ8};‘5(95,0):Im(x,h) = Y WHih

li|<m [i|l=m~+1

P, m

where (H;); are smooth functions. Ry(z,h) = R(z, \h) = A™*! > lil=mt hH;(z, \h).
We define a distribution supported on I, which we call “counterterm”:

(T0) = <u§1, 3 Zg;f(-,0)> (1.14)

li|<m

where we abusively denoted the expression g;l‘f om by g;lf(, 0) . We take
into account the counterterm

. s hz’ az
A <u§71 _7_)\7§0> =A <U§1,(p($,h) - Z z‘c‘)hf<’0)>

li|<m

=\ <u§1, > hiHZ-(a;,h)>:)\S+d< AN b :c)\h>

[i|l=m-+1 li|=m+1

= AldtstmtD) < > WHi(x )\h>

|i|=m+1
Hence
1 1
dX dA
X (g — ) = [ S pldrsEmEl) K H;(z, \h)
/0 A < > o A integrable |zm:+1

/

bounded
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since VA € (0,1], h'H;(z, \h) € C®((K x RY) NU), we can use estimate
(1.10)

d\ C
— N {uy, — 77, ———————— sup T h'H;(z, \h)
/0 A < ATt ¢>‘ d+s+m+1,\e(0p1] Al |Zm:+1 ))

derivatives of ¢ order m+1

d\ C
i lwd = e — -
/0 \ <uA1 730>! P —— +1 ()

where the constant C' does not depend on ¢ and can be estimated by the
integral remainder formula. |

Proposition 1.2.4 Under the assumptions of proposition (1.2.3), if s is
not an integer then fl A \s (uy-, — ™) € E5(U).

Proposition 1.2.5 Under the assumptz’ons of proposition (1.2.3), if s +d
s a mon positive integer then fo d/\AS (u/\ =T ) € E4(U),Vs' < s, and
t= fl d>‘)\s (uA 1 =T ) satisfies the estimate

Vi € D(U),3C, |n~* (tp, @) | < C (1 + |log p) - (1.15)

Proof — To check the homogeneity of the renormalized integral is a little
tricky since we have to take the scaling of counterterms into account. When
we scale the smooth function then we should scale simultaneously the Taylor
polynomial and the remainder

px = P\ + Ry

We want to know to which scale space Ey the distribution ¢ belongs:

— e d\ o
p ’ (tm(p):/f S'u’ ° d<t7¢M71>:MS S/o 7)‘8<U)\ 1—7')\7/1/ d S‘tou*1>

s YA (AN 4/ h Rt 9l
== [ =Z(Z) u _ -) - — 2 (z,0
7 /0 X <u> et {weele, ) > i o @ 0)

li|<m

;A (AN A hi i
Y ey Zh) — 2 (2,0) ).
A (u) whele T = D g (@0

li|<m

2 is supported on |h| < ﬂ thus when % <a& R“ < A, the support

A

of gm does not meet the support of u* because u?* is supported on a > |hl,
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whereas Zli\ <m ( Z,) gh‘f (x,0) is supported everywhere because it is a Taylor

polynomial. Consequently, we must split the integral in two parts

1 () = I+ I
Ry s+d
@ dA (A
I = 2z I
' /0 ) (u) <u ’ m7?>
A A\ EretmED S : A
= — (= u”, h'Hi(x,—h
/0 A (u) Z ( It )

no contribution of ¢ » since %é)\
m

and we apply a variable change for I;:

@ dA
Il _/ 7A(d-i—s-i—ﬁl-‘rl < Z h’L I' )\h>
0
li

|=m+1
again by estimate (1.10)

R —(d+s+m+1) C
< | — _— 8 hiH Ah)
<a> 8+(1H—m+1,\el(l(})umw4 ||Zm:+1 (@

and each H' is a term in the Taylor remainder I,,, of ¢,

I < Ci1Tpgm+1 ().

Notice that in the second term only the counterterm contributes

Lax (AN (AR) i
f2= /Ru by (u) wh= il one @& 0)

a li|<m

1 d\ N A s+d+i hz 8190

li|<m

Then notice that by assumption s + d < —m and |i| ranges from 0 to m
which implies s + d + |i| < 0. When s+ d + |i| < 0:

1 s+d+i 14 i s+d+1i s+d+i
/ dx w, A hf 0 (,0) 1 (R
Ru )\ L il Oht 0 a

“a
no blow up when p—0

< Oy

()
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If s+d < —m then s+d+|i| is always strictly negative and there is no blow
up when p — 0, thus t € Es. If s+ d+m =0 and for |i| = m:

1 st+d+i 1§ i
LS (G) S5eeo
Ry )\ 1 il ORhY

and the only term which blows up when g — 0 is the logarithmic term.
If s+d= —mthen t € Ey for all & < s and |u~*(t,, )| has at most
logarithmic blow up:

R
| < Cal log(= ) mi ()

—s' s—s’ R
30, o) 1 ()| < 1 <017Tk+m+1(90)+02\10g( u)lm(@))-

a

~
bounded when s’'<s

1.3 Extension of distributions.

Conversely, if we start from any distribution ¢ in Es (U \ I), then we can
associate to it a bounded family (u)‘) AE(0.1]" Then application of the pre-

vious results on the family (u}), allows to construct a distribution 7y in
Es(U). But the resulting distribution given by formulas (1.12) (1.13) coin-
cides exactly with the extension formula fol %tﬂ) yv—1 on U\ I. Hence ty is an
extension of tx. Moreover, if we started from a distribution ¢ € E5(U) then
the reconstruction theorem provides us with a distribution which is equal
to tx up to a distribution supported on I, except for the case s +d > 0
where the extension is unique if we do not want to increase the degree of
divergence.

Proposition 1.3.1 Lett € E, (U \ I) and let ) = —px where y € C®(R"+4),
x = 1 in a neighborhood N1 of I and x = 0 outside No a neighborhood of
Ny, then

ut = A"Styp (1.16)

is a bounded family in D' (U \ I) which is uniformly supported on an annulus
domain of U.

Proof — Consider the function ¥ = —px used in our construction of the
partition of unity of Hormander. By construction, it is supported on an
annulus domain of U. By definition, ¢t € E5(U\I) implies A~%¢, is a bounded
family of distributions in D'(U \ I), hence u* = A~*t,1 is a bounded family
of distributions uniformly supported in supp . |
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Once we notice

dA A s (s d\
[ S = [ 0ot = [ R,
0 A 0 A

the formula of the construction algorithm exactly coincides with the exten-
sion formula of Hérmander. Then we can deduce all the results listed below
from simple applications of results derived for the family u’:

Theorem 1.3.1 Lett € E;(U\ 1), if s+d > 0 then
Vi € D(U), tp) = lim {t(1 = xc-1), ) (1.17)

exists and defines an extension t € D'(U) and t is in Es(U).

The proof relies on the first identification

/ 7)\3 = —tq/; = hm/ —thy-1 = 11H1< (X = Xe-1) 5 9)
0

where 1) = —px. Then by definition of :

t:/o Rio)+ 00 -2.9)

=l (¢ (x = xe-1), ) + (H(1 = X), ) = lm {(1 = xe1), ) -

e—0 e—0
In the case s + d > 0, the last formula lim._, (¢(1 — x.-1), ) also appears
in the very nice recent work [4] (but with different hypothesis and interpre-
tation) and in fact goes back to Meyer [53] Definition 1.7 p. 15 and formula
(3.16) p. 15.

Theorem 1.3.2 Lett € E;(U\I), if -m—1<s+d<—m <0 then

t=1lim ((t (x = Xc-1) ) — (e ) + (1 = x), ¢) (1.18)

e—0

exists and defines an extension t € D'(U) where the local counterterms
ce 1s defined by

(e, 0) = <t(>< —xe)s 3 }Z,L:goi(x,O)> . (119)

li|<m

If s is not an integer then the extension t is in E4(U), otherwise t €
ES/(U),VS, < s.

The last case is treated by [4] and [26] in a slightly different way, they
introduce a projection P from the space of C'*° functions to the m-th power
Z™ of the ideal of smooth functions (of course by definition the restriction
of this projection to Z™ is the identity), and to construct this projection one
has to subtract local counterterms as Meyer does.
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A converse result.

Before we move on, let us prove a general converse theorem, namely that
given any distribution ¢ € D’ (U), we can find sy € R such that for all s < sg,
t € E5(U) (we believe such sort of theorems were first proved by Lojasiewicz
and Alberto Calderon, [79]), this means morally that any distribution has
“finite scaling degree” along an arbitrary vector subspace. We also have the
property that Vs; < s9,t € B, = t € E,,. This means that the spaces

E; are filtered. We work in R"* where I = R" x {0} and p = hJ ;2

Theorem 1.3.3 Let U be a p-convex open set and t € D'(U). If t is of
order k, then t € E5(U) for all s < d + k, where d is the codimension of
I C R*. In particular any compactly supported distribution is in E4(R™+%)
for some s.

Proof — First notice if a function ¢ € D(U), then the family of scaled func-
tions (px-1)xe(0,1) has support contained in a compact set K = {(z, Ah)|(z, h)
supp ¢, A € (0,1]}. We recall that for any distribution ¢, there exists k, Cx
such that
Vo € D (U), | {t, ) | < Crxmr ().
| (ta, o) | = 1Nt oa-1) | < CrA™ e n(oa-1) < CrA™ ().
So we find that A\%*¥ (ty, ¢) is bounded which yields the conclusion. [

1.3.1 Removable singularity theorems.

Finally, we would like to conclude this section by a simple removable singu-
larity theorem in the spirit of Riemann, (compare with Harvey-Polking [62]
theorems (5.2) and (6.1)). In a renormalization procedure there is always
an ambiguity which is the ambiguity of the extension of the distribution.
Indeed, two extensions always differ by a distribution supported on I. The
removable singularity theorem states that if s+d > 0 and if we demand that
t € Es(U \ I) should extend to t € E4(U), then the extension is unique.
Otherwise, if —m — 1 < s +d < —m, then we bound the transversal or-
der of the ambiguity. We fix the coordinate system (2%, h7) in R**¢ and
I = {h = 0}. The collection of coordinate functions (h?)1<j<q defines a
canonical collection of transverse vector fields (0y;);. We denote by d; the
unique distribution such that Yo € D(R"+%),

Gre) = [ ol.0)d.

If t € D'(R"*9) with supp ¢ C I, then there exist unique distributions (once
the system of transverse vector fields dy; is fixed) t, € D' (R™), where each
compact intersects supp t, for a finite number of multiindices «, such that
t(x, h) =", ta(x)050r(h) (see [65] theorem (36) and (37) p. 101-102 or [40]
theorem (2.3.5)) where the 0 are derivatives in the transverse directions.
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Theorem 1.3.4 Lett € Es(U\I) andt € Eg(U\ 1) its extension given by
Theorem (1.3.1) and Theorem (1.3.2) s = s when —s —d ¢ N or Vs’ < s
otherwise. Then T is an extension in Ey(U) if and only if

t(z,h) =H(z,h) + > ta()0for(h),

as<m

where m is the integer part of —s — d. In particular when s +d > 0 the
extension is unique.

Remark: when —s — d is a nonnegative integer, the counterterm is in FEj
whereas the extension is in Fy,Vs' < s.
Proof — We scale an elementary distribution 9;'0;:

(R0 x, 0) = X086, x 1) = (—D)lIA=47lel (a6, )

hence A\™*(9%07)y = A~47121=5926; is bounded iff d + s + [a] < 0 =
d+ s < —|al. When s +d > 0, Va,0;'6; ¢ Es hence any two extensions in
Ey(U) cannot differ by a local counterterm of the form )~ t,050;. When
—m—1 < d+s < —m then A7%(9}}6r) is bounded iff s+d+|a| <0 & —m <
—|a| & |a| < m. We deduce that 05 € Ej for all a < m which means that
the scaling degree bounds the order |a| of the derivatives in the transverse
directions. Assume there are two extensions in Fy, their difference is of the
form u = ) u050r by the structure theorem (36) p. 101 in [65] and is also
in Fs which means their difference equals v = Z| al<m U007 |

1.4 Euler vector fields.

We want to solve the extension problem for distributions on manifolds, in
order to do so we must give a geometric definition of scaling transversally
to a submanifold I closely embedded in a given manifold M. We will de-
fine a class of Euler vector fields which scale transversally to a given fixed
submanifold I C M. Let M be a smooth manifold and I C M an em-
bedded submanifold without boundary. For the moment, all discussions are
purely local. A classical result in differential geometry associates to each
submanifold I C M the sheaf of ideal 7 of functions vanishing on I.

Definition 1.4.1 Let U be an open subset of M and I a submanifold of M,
then we define the ideal Z(U) as the collection of functions f € C*°(U) such
that fliny = 0. We also define the ideal Z*(U) which consists of functions
f € C™®(U) such that f = f1 fo where (f1, f2) € Z(U) x Z(U).

Definition 1.4.2 A vector field p is locally defined on an open set U is
called Fuler if
Vf e Z(U),pf — f € T*(U). (1.20)
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Example 1.4.1 h'0: is Euler by application of Hadamard lemma, if f in
T then f = h'H; where the H; are smooth functions, which implies pf =
f+hhWo,Hy = pf — f=hhoH,.

In this definition, p is defined by testing against arbitrary restrictions of
smooth functions f|y vanishing on I. Let G be the pseudogroup of local
diffeomorphisms of M (i.e. an element ® in G is defined over an open set
U C M and maps it diffeomorphically to an open set ®(U) C M) such that
VpeINUNVP € G,P(p) € 1.

Proposition 1.4.1 Let p be Euler, then V® € G, ®,p is Euler.

Proof — For this part, see [47] p. 92 for the definition and properties of the
pushforward of a vector field: if Y = ®,X then Ly f = Lx(f o ®)o & L.
We may write the last expression in terms of pull-back

Lo, xf=Lx(fo®)od ' =0 1*(Lx (®*f)). (1.21)

Then we apply the identity to X = p,Y = ®,p, setting Le,,f = ®.pf and
L,f = pf for shortness:

(Pup) f) =27 (p(7f)) -
Now since ® € G, p is Euler and f an arbitrary function in Z.
V0 € GVf €L, (Dup) f=f =07 (p (7)) =07 (27 f) = @71 (p(2°f) — (27f)).

Since ®(I) C I, we have actually ®*f € T hence (p (®*f) — (®*f)) € I?
and we deduce that ®~1* (p (®*f) — (®*f)) € ®~1*Z2. We will prove that
O*ZT(U) =Z(2(V)).

f€ZT s flr=0% floq = 0since (1) C I < (fod)|; =0 thus & f € 7.
Hence p (®*f) — (®* f) € Z? by definition of p, finally we use the fact
®* (2%) = {(f9)o®: (f,9) € T} = {(FoR)(g0®); (f.9) € T} = (2°T)* = T
since ®*7 =7 to deduce:

e (p(Q°f) — (7)) € T°
which completes the proof. |

Euler vector fields form a sheaf (check the definitions p. 289 in [47]) with
the following nice additional properties:

e Given I, the set of global Euler vector fields defined on some open
neighborhood of I is nonempty.
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e For any local Euler vector field p|y, for any open set V' C U there is
a Euler vector field p’ defined on a global neighborhood of I such
that p'lv = plv.

Proof — These two properties result from the fact that one can glue together
Euler vector fields by a partition of unity subordinated to some cover of some
neighborhood N of I. By paracompactness of M, we can pick an arbitrary
locally finite open cover U;c;V; of I by open sets V;, such that for each 4,
there is a local chart (z,h) : V; — R""? where the image of I by the local
chart is the subspace {h/ = 0}. We can define a Euler vector field ply,, it
suffices to pullback the vector field p = h73;; in each local chart for V; and
by the example 1.4.1 this is a Euler vector field. The vector fields p; = p|v;
do not necessarily coincide on the overlaps V;NV;. For any partition of unity
(a;); subordinated to this subcover, a; > 0, Y, o; = 1, consider the vector
field p defined by the formula

p= Zaipi (1.22)
then Vf € Z(U),pf — f = L cipif = caf =Y ai(pif — f) €TX(U). W

We can find the general form for all possible Euler vector fields p in arbitrary
coordinate system (x,h) where I = {h = 0}.

Lemma 1.4.1 p|y is Euler if and only if for allp € INU, in any arbitrary
local chart (x,h) centered at p where I = {h =0}, p has the standard form

p=h i—i—h’A](x h)i+h@hﬂBk (z,h) = 9

OhJ Oz Ohk (1.23)

where A, B are smooth functions of (x,h).

Proof — We use the sum over repeated index convention. Let us start with
an arbitrary f € Z(U). Set p = B*(x,h)0): + L*(z, h)0,: and we use

of 0% f

J
Jel = J=NWg55 D Oh

=2.(0,0) 4+ z'n’ (0,0) + O(|n|?)

First compute pf up to order two in h:

pf = B](:‘Cah)ahﬂf"i'LZ(x?h)axlf

. of - 0% f o 0% f
— RJ J 7 Jjrt
= B/ (x h)ah (0,0)+B(z,h)x i 0w =(0,0)+h! L (, h)8h36 - (0, 0)+O(|h|?)
then the condition pf — f € I? reads Vf € Z,
, of . ‘ o 0% f
J J A Jjrt
B (x, h)ahﬂ (0,0) + (B (z,h)z" + h' L (:c,h)) 0w (0,0)
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 Of sing T 2

Now we set f(x,h) = h? which is an element of Z, and substitute it in the
previous equation, by uniqueness of the Taylor expansion

Bi(x,h) =k + O(|h|?)

=1

but this implies

 Of
OhJ

0% f
OhI Oz’

0% f

W Ohidx?

—L.(0,0) + W2’

 Of
OhJ

(0,0) + K Li(z, h) ——2—

0?2 f
O0xtOhJ

(0,0)

=1

=2.(0,0) 4+ '’
% f
Ohj Oz

finally p = B%(x, h)0y: + L (x, h)0,: where BI(z,h) = h?/ +I? and L' € T
which gives the final generic form. |

(0,0) +O(|n[*)

— WL (z,h)=——=—(0,0)=0(|n|*) = L'eZ

Fix N an open neighborhood of I with smooth boundary N, the bound-
ary ON forms a tube around I. If the Euler p restricted to ON points
outward, this means that the Euler p can be exponentiated to generate a
one-parameter group of local diffeomorphism: t + e % : N — N, N is
thus p-convex. [ is the fixed point set of this dynamical system. The one
parameter family acts on any section of a natural bundle functorially de-
fined over M, hence on smooth compactly supported sections of the tensor
bundles over M particularly on Q2(M).

Example 1.4.2 Choose a local chart (z,h) : U+ R where I is given by
{h =0}, the scaling (e'°&** f) satisfies the differential identity

d log A\p* ) ( log Apx )
— = . 1.24
Ay (e f)=nrle f (1.24)
In the case of the canonical Fuler p = hi 2 37+ We also have identity:

d df
J = =
A o) = (W55 ) (@) = (o) )
from which we deduce that (€'°8*°* f) (z,h) = f(x, Ah) which is true because
both the l.h.s. and r.h.s. satisfy the differential equation ()‘dA p)f =0 and
coincide at A = 1.

We generalize the definition of weakly homogeneous distributions to the case
of manifolds but this definition is p dependent:

Definition 1.4.3 Let U be p-convex open set. The set E5(U) is defined as
the set of distributions t € D'(U) such that

Vo € D(U), HC(w),As?p] [ (A%t 0) | < Clo).
S

)
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1.4.1 Invariances

We gave a global definition of the space Ef but this definition depends on
the Euler p. Recall that G is the group of local diffeomorphisms preserving
1. On the one hand, we saw that the class of Euler vector fields is invariant
by the action of G on the other hand it is not obvious that for any two Euler
vector fields p1, p2, there is an element ® € G such that ®,p; = po.

Denote by S(A) = €!°6?? the scaling operator defined by the Euler
p. S(A) is a multiplicative group homomorphism, it satisfies the identity
S(A1)S(A2) = S(A1A2).

Proposition 1.4.2 Let p in I, let U be an open set containing p and let
p1, p2 be two Euler vector fields defined on U and Su(A\) = €8 a g = 1,2
the corresponding scalings. Then there exists a meighborhood V- C U of p
and a one-parameter family of diffeomorphisms ® € C*°([0,1] x V, V) such
that, if for all A € [0,1], ®(\) = ®(N,.) : V = V, then ®(N) satisfies the
equation:

Sa(A) = S1(A) o D(N).

Proof — We use a local chart (z,h) : U +— R" centered at p, where
I ={h =0} Weset p=hi0,; and S(\) = €'°*» and we try to solve the
two problems S(A)*t = g (A)* (Sa(N)*t) for a = 1 or 2. We must have the
following equation

D (N)* =SS, TN = Pu(N) =S, (A) o S(N).
If so, the map ®,(A) satisfies the differential equation

a * 8 * g—1 *
Aoy Pa(V) = 25558, (V)

= pSN)" ST N + SN (—pa) S (A

a

= pSA)* S N + SN (—pa)STHA)*S(N)* S, (W)
= (p = Adg-1(x)pa) Pa(N)*

> AT BuN) = (0~ 5 (Nupa) (Ra(N)) with B, (1) = Id

where we used the Lie algebraic formula (1.21): ((®.p) f) = @~ (p (®*f)) =
(Adgp) f. Let f be a smooth function and X a vector field. We use formula
(1.21) to compute the pushforward of fX by a diffecomorphism &:

Lo, (sx)% = (27" f)La.x¢. (1.25)
We use the general form (1.23) for a Euler vector field:

pa=h o5+ h Ag(a:,h)@ +h hJij(x,h)W
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hence we apply formula 1.25:

S7H ) upa = STIN), (hJa(Z]>+S (M) <hlAgaa]>+Sl( )+ <hlh3ijaCZk)

. B o b o o
— *1p7)q—1 v *(pi ATy g—1 v *(pipipkyq—1 g
(S)R)ST (Mg +S () (W ADST (M) 5+ (W Bi3) ST (Mg
A o o o
= i1y, . v AJ . 21117 Rk 1
AIXT Oy + MDA (@, AD) s+ NP0*W B (e, AW o
j 7 0 % k 0
= Wy + AR A (z, M) 55+ Ah h B (x, AR =
o) o)
_ g1 .V Y 117 Rk
= p— S, ' (N)pa = —A (hA (w, Ah) 5 + h'h B (e, )\h)ahk>
If we define the vector field X ()) = (hZAJ (2, \B) 52 + hihi B (x, Ah)ai)
then 9%
a; (A) = X (X, ®,(N\)) with ®,(1) = Id. (1.26)

®,(\) satisfies a non autonomous ODE, the vector field

X(\) = — <hiAg'(x, AR)—— 0

527 -+ h'W B (v, Ah) 0 )

Ohk
depends smoothly on (A, z, h). We have to prove that by choosing a suitable
neighborhood of p € I, there is always a solution of (1.26) on the interval
[0,1] in the sense that there is no blow up at A = 0. For any compact K C
{|h| < €1}, we have the estimates V(x, h) € K,V € [0,1],|h*h B;j(z, Ah)| <
blh|? and |h'A;(z, Ah)| < alh|. Hence as long as |h| < e1, we have |92| <
blh|? < beq|h|. Then for any Cauchy data (z(1), k(1)) € K such that |h(1)| <
g9, we compute the maximal interval I = (\g, 1] such that for all A € [\, 1]
we have |h(A\)| < €1. An application of Gronwall lemma ([73] Theorem 1.17
p. 14) to the differential inequality | \ < bep|h| yields VA € I,|h(N)| <
e(1=Ne1d|p(1)|. Hence, if we choose A in such a way that e('~ )‘)Elb g9 < €1
then |h(\)| < e(l_/\)‘flb|h( )| < elmMebe, < g1 thus A € I by definition.
Hence, we conclude that if we choose €2 < =15 then

[0,1] = {Ale‘“)“”% <e}C {Ale“*”el*@ <eycl

and by classical ODE theory the equation (1.26) always has a smooth solu-
tion A — ®,(A) on the interval [0, 1], the open set V' on which this existence
result holds is the restriction of the chart U N {|h[ < e2}. Now, to conclude
properly in the case both p1, p2 are not equal to p = b/ 6 then we apply
the previous result

hi

S(A) = S1(A) 0 ®1(N) = S2(\) 0 Da(N) = Sa(N) = S1(A) 0 @1 (N) 0 By 1(N)
hence So(N\)*t = (@1(\) 0 &3 1 (X)) S1(N)*t ]
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We keep the notations and assumptions of the above proposition and proof,
we give an elementary proof of the conjugation without the use of Sternberg
Chen theorem:

Corollary 1.4.1 Let py,a = (1,2) be two Euler vector fields and Sg(\) =
€8 Ma g = (1,2) the two corresponding scalings. In the chart (z,h),I =
{h = 0} around p, let p = h70y; be the canonical Euler vector field and
S(\) = €8 the corresponding scaling and ®4()\) be the family of diffeo-
morphisms ®4(\) = S;1(A\) o S(A\) which has a smooth limit ¥, = ®,(0)

when A = 0. Then ¥, € G locally conjugates the hyperbolic dynamics:

Vi, Wa 0 S(p) o Wt = S (i) (1.27)
() = a0 S(u") 0 U3 0 S(p) (1.28)
Pa = Wasp. (1.29)
Hence in any coordinate chart, in a neighborhood of any point (z,0) €

all Fuler are locally conjugate by an element of G to the standard Euler
p = h70,;. Proof — The map A + S()) is a group homomorphism from
(R*, x) — (G, 0):

Ba(N) 0 S(1) = (S0 0 SV) 0 S(1) = S, () 0 S(w)
= Sa(p)oS;  (1)oS,  (N)oS(Au) = Sa()oS,  (Au)oS(Ap) = Sap)oPa(An)

finally Y(\, 1), we find @,(A) 0 S(s2) = Sa(1) 0 Bu(Mr) —> B4(0) 0 S(11) =
Sa(p) o @4(0) at the limit when A — 0 where the limit makes sense because
®, is smooth in A at 0. To obtain the pushforward equation p, = W, p, just
differentiate the last identity w.r.t. pu. |

Beware that the conjugation theorem is only true in a neighborhood V,,
of some given point p € I. p1, p2 are not necessarily conjugate globally in
a neighborhood of I. There might be topological obstructions for a global
conjuguation. The local diffeomorphism ¥ = &,(0) makes the following
diagram

v 9y
v | v
Vv - Vv
Sa(A)

commute. We keep the notational conventions of the above corollary:

Lemma 1.4.2 Let p in I and U be an open set containing p, let p1, p2 be
two Euler vector fields defined on U then there exists an open neighborhood

V' of p on which Vs Epl(V) = EP (V).

Proof — Set ®(\) = S71(A\)oS(\), ® depends smoothly in A by Proposition
142and V = ﬂ)\em](I) L)

Y € D(V), A7 (S2(A)"L, ) = A7 (@7 (A) (S1(M)1) , )
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=\"° <Sl()\)*t, (@(N) ) | det(D(I)()\)_l)]>

/

bounded in D(U)

which is bounded by the hypothesis ¢t € E5* which means by definition that
A7%S1(N\)*t is bounded in D' (U). |

We illustrate the previous method in the following example:

Example 1.4.3 We work in R2,n = d = 1 with coordinates (z,h), let
p1 = hOp, p2 = hop + hOy. Let t(x,h) = f(x)g(h) where f is an arbitrary
distribution and g is homogeneous of degree s:

A~*g(Mh) = g(h).

Then t is homogeneous of degree s with respect to p1 thus t € E5*. We will
study the scaling behaviour when we scale with ps, So(N)(z, h) = €8 2 (2, h) =
(x 4+ (A= 1)h, Ah):

- S2(N)* (f(@)g(h)) o(x, h)dwdh = - f e+ A =1)h) g(Ah)p(x, h)dzdh

Use Proposition (1.4.2) and first determine ®(\) in such a way that the
equation VX, Sa(\) = S1(N)o®(N) is satisfied. We find ®(\)(x,h) = S7 (Ao
Sa(A) = ST\ (@ + (A —1)h, AR) = (z + (A —1)h, h). Applying the previous
result to our example reduces to a simple change of variables in the integral:

[ 0" (F@)g(0) ol W)dadh = | f(x)g(Wb)g(e -+ (1= Vb, h)dadh

=X [ J@gh)  gla+ (1= Nhh) - dedh.

bounded family of test functions

Then the result is straightforward and we can conclude t € E£?.

Local invariance

Definition 1.4.4 A distribution t is satd to be locally Ef at p if there exists
an open p-convexr set U C M such that U is a neighborhood of p and such
that t € E£(U).

Corollary (1.4.1) and lemma (1.4.2) imply the following local statement:

Theorem 1.4.1 Let p € I, if t is locally EY at p for some Euler vetor field
p, then it is so for any other Fuler vector field.
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A comment on the statement of the theorem, first the definition of p-
convexity allows U to have empty intersection with I, because the definition
of p-convexity is Vp € U,V € (0,1], S(\)[p] € U, the fact that A > 0 allows
the case of empty intersection with I. The previous theorem allows to give a
definition of the space of distributions Es(U) that are weakly homogeneous
of degree s which makes no mention of the choice of Euler vector field:

Definition 1.4.5 A distribution t is weakly homogeneous of degree s at p
if t is locally Ef at p for some p. Es(U) is the space of all distributions
t € D'(U) such that Vp € (INU), t is weakly homogeneous of degree s at p.

If we look at the definition 1.4.5, and we take into account that the space
of distributions on open sets of M forms a sheaf, we deduce the following
gluing property: if there is a collection U; and a collection t; € D'(U;) such
that Vi, t; € Es(U;) and t; = t; on every intersection U; N Uj, then for
U = U;U; there is a unique ¢t € D'(U) which lives in Fs(U) and coincides
with ¢; on U; for all . From this gluing property, and since the property
of being weakly homogeneous of degree s at p is open, we can deduce that
it is sufficient to check the property on a cover (U;); of U by local charts
(z,h); : Ui € N+ Q; C R*" where t|y, is in E£(U;) for the canonical
Euler p; given by the chart.

Theorem 1.4.2 Let U be an open neighborhood of I C M, ift € Es(U \ I)
then there exists an extension t in Ey(U) where s’ = s if —s —d ¢ N and
s < s otherwise.

Apply Theorem 1.4.1, restrict to local charts (x,h); : (U; \ I) — (Q; \ I)
where |\ ; = ti o (v, h); where t; € Es(; \ I), then extend each t; on ;,
t; € E4(%), pullback the extension denoted by t|y, € E4(U;) on U;, then
glue together all ¢|y;, (they coincide on (U; N U;) \ I but might not coincide
on I but this does not matter !) by a partition of unity (¢;); subordinated
to the cover (U;);. The extension reads t =), aplﬂ

The extension depends only on p,x. Instead of using the Taylor ex-
pansion in local coordinates, we can use the identity

Z %8%]%1‘70) = % ((jt) QIOgtp*f> ‘t:()(x, h)

laj=n
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We can define the counterterms and the renormalized distribution by the
equations:

(B.) = (1™ (—px) I (9)) + (H(1 =)0 (131)

dx 1 a\™!
I, (1-— 08 SPx 1.32
W= [ Bl [asa-o () e

where we made an effort to convince the reader that the formulas only
depend on p and ¥.

1.5 Appendix.

The Banach—Steinhaus theorem. We will frequently use the Banach—
Steinhaus theorem in more general spaces than Banach spaces. We recall
here basic results about Fréchet spaces using Gelfand-Shilov [28] as our
main reference. Let E be a locally convex topological vector space where
the topology is given by a countable family of norms, ie F is a Fréchet
space in modern terminology and “countably normed space” in Gelfand—
Shilov terminology. Hence it is a complete metric space (the topology
induced by the metric is exactly the same as the topology induced by the
family of norms) (section 3.4 in [28]). Following [28], we assume the family
of norms defining the topology are ordered |||, < ||.|[p+1, where we denote
by E, the completion of E with respect to the norm |.||, which makes
E, a Banach space. Then we have the sequence of continuous inclusions
E=. CEp1CEyC..and E=(), E),.

A complete metric space satisfies the Baire property: any countable
union of closed sets with empty interior has empty interior. A consequence
of the Baire property is that if a set U C FE is closed, convex, centrally
symmetric (U = —U) and absorbant, then it must contain a neighborhood
of the origin for the Fréchet topology of E. In 4.1 of [28], starting from the
definition of the continuity of a linear map ¢ on F, the authors deduced the
existence of p and the corresponding seminorm ||.||, such that Va € E, {(x) <
Cl|z||lp- Following the interpretation of 4.3 in [28], if we denote by E,, the
completion of E relative to the norm ||.||, then ¢ defines by Hahn-Banach
a non unique element of Ezlﬁ the topological dual of F,. Then the main
theorem of 5.3 in [28] characterizes strongly bounded sets in the topological
dual E' of E. A set B C E' is strongly bounded iff there is p such that
B C E]'D and elements of B are bounded in the norm of E]’).

IC,Vf e B, sup |(f,9)|<C
lellp<t
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The weak topology in E’ is generated by the collection of open sets

{£51(f, )| <e}
By definition, if A is a weakly bounded set, then:

Vo, sup | (f, ¢) | < oo.
feA

In 5.5 it is proved that weakly bounded sets of E’ are in fact strongly
bounded in E’. Let A be a weakly bounded set in E’. Then the set
B = {g;Vf € A/|(f,¢)| < 1} is closed, convex, centrally symmetric
(U = —=U) and absorbant therefore it must contain a neighborhood of the
origin by lemma of section 3.4.

el <Crc B

for a certain seminorm ||.||, by definition of a neighborhood of the origin in a
Fréchet space. By definition elements of A are bounded on this neighborhood
of the origin

VieApeB,|(f,e|<1
= VieAlpl, <Cl{f,o)| <1
= VfeA|{f, o) <C el

Now we will apply these abstract results in the case of bounded families
of distributions:

Theorem 1.5.1 Let U C RY be an open subset. If A is a weakly bounded
family of distributions in D'(U) :

Vo € D(U),sup (t, p) < o0
te A

then for all compact subset K C U:
Tp,3Ck, ¥t € A,Yp € Dc(U), | {t, ) | < Cremyl0).

Proof — Set |||, = mp(p), it is well known this is a norm. The family
A is weakly bounded in the dual D'(K) of the Fréchet space D(K) =
an C’é“(K ) ie the intersection of all spaces of C* functions supported in K.
It is thus strongly bounded in the dual space D'(K) and translating the
strong boundedness into estimates yields the result. |

Theorem 1.5.2 Let K be a fized compact subset of R%. If A is a family of
distributions in D} (U) supported on K C U and

Vo € C(U),sup (t,¢) < oo,
tecA

then YKo which is a compact neighborhood of K, dp, 3C,
Vte A,Vp e C(U), | (t,¢) | < Cmp K, ().
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Proof — In the second case, first we find a compact set Ko such that Ko
is a neighborhood of K. We set the Fréchet E = (0, C§(K>) which is the
intersection of all C* functions supported in K>. These functions should
not necessarily vanish on the complement of K. Then we pick any plateau
function x such that x|x = 1 and xy = 0 on the complement of K. t € A
is supported on K thus Vt € A,Vp € C®(U),|{t,)| = | (t,xp)| then we
reduce to the previous theorem: Vt € A,V € C®(U),|(t,o) | =|{t, xp) | <
CK, SUD|a|<p [0 XPl Lo < O'SUP|41<p 0P Loo (i) - u

Corollary 1.5.1 Let U be an arbitrary open domain, t € Es(U) iff t €
D'(U) is a distribution on U

Vo € D(U),3C(p), ASL[lp] IA"tx, 0 < C(o)
€[0,1

& VK C U, 3(p,Ck),Vo € Dr(U), sup |[A %ty p| < Crmp(ep).
A€(0,1]



Chapter 2

A prelude to the microlocal
extension.

2.0.1 Introduction.

First, let us recall the problem which was solved in Chapter 1. We started
from a smooth manifold M and a closed embedded submanifold I C M. We
defined a general setting in which we could scale transversally to I using the
flow generated by a class of vector fields called Euler vector fields. Then for
each distribution ¢ € D/(M \ I) which was weakly homogeneous of degree s
in some precise sense (we called Es(M \ I) the space of such distributions):
- the notion of weak homogeneity was made independent of the choice of
Euler p,

- we proved that ¢ has an extension t € Ey (M) for some s’. We also un-
derstood that the problem of extension is essentially a local problem and
that everything can be reduced to the extension problem in R**? with co-
ordinates (x,h), I = R"™ x {0} = {h = 0} and where the scaling is defined
by p = hi 827" All the “geometry” is somehow contained in the possibility
of choosing another Euler vector field. In fact, the pseudogroup G of lo-
cal diffeomorphisms of R"t9 preserving I acts on the space of Euler vector
fields.

However this gives no a priori information on the wave front set of the
extension ¢. But in QFT, we need conditions on WF(¢) in order to define
products of distributions. By the pull-back theorem of Hérmander ([40] thm
8.2.4), there is no reason for W F(t)) to be equal to W F(t). Hence in order
to control the wave front set of ¢, the first step is to build some cone I'
which bounds the wave front set of all scaled distributions ¢) and a natural
candidate for I' is I' = (¢ (g 1) WF(x). We denote by (z,; k,§) the coor-
dinates in T*R" ™, (x;k) € T*R", (h;€) € T*R?. We use the notation 7 M
for the cotangent bundle T*M with the zero section removed. Denote by
C, the set {(z,h;k,0)|k # 0} C T°R"™4. We call C = {(z,0;0,&)|¢ # 0}

31
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the intersection of the conormal bundle of I with T*R"*¢. In the first part
of this Chapter, we will explain the geometric interpretation of the set C),
and how it depends on the choice of Euler p. C, plays an important role
for the determination of the analytical structure of local counterterms: if
W F(t) does not meet C, = {(x, h;k,0)|k # 0}, then the local countert-
erms constructed from ¢ (1.30) are distributions with wave front set in the
conormal (we meet them again in Chapter 6 under the form of anomaly
counterterms). Whereas the condition WF(t) N C, = 0 depends on the
choice of p, the stronger condition W F(t)|; C C' does not depend on p and
implies that for any choice of Euler p, WF(t)NC, = {) in some neighborhood
of I.

The problem of the closure of I' over I. So we are led to study un-
der which conditions on WF'(¢) the cone I' defined by I' = ¢ 0,1y W (t))

satisfies the constraint T'|; C C, where T is the closure of ' € T* (M \ I) in
T*M. Then we find a necessary and sufficient condition on W F'(t) which we
call soft landing condition for T'|; to lie in C. The fact that W F(t) sat-
isfies the soft landing condition guarantees that whatever generalized Euler
vector field p we choose, the counterterms are conormal distributions sup-
ported on I. Furthermore, it is a condition which allows to control the wave
front set of the extension as we will see in Chapter 3.

The soft landing condition is not sufficient in order to control the
wave front set. Assume that t € Es(M \ I) and WFE(t) satisfies the
soft landing condition. Under these assumptions, we address the question:
in which sense lim, f; %t@l)(%) converges to t 7 More precisely for what
topology on D'(M) do we have convergence ? We already know from The-
orems 1.3.1 and 1.3.2 in Chapter 1 that the integral converges in the weak
topology of D’ but this is not sufficient since it does not imply the conver-
gence in stronger topologies which control wave front sets as the following
examples show: indeed in (2.4.1), we construct a distribution ¢ such that
t(1—x.—1) = t in D', whereas Ve € (0, 1],¢(1—x.-1) is smooth in M\ I, the

wave front of ¢ can contain any ray p € T*M|; in the cotangent cone over I.
Our example shows that generically, we cannot control the wave front set of
lim. 0 t(1—x.-1) even if the limit exists in D’ and each t(1—x.-1) € D}, has
wave front set in a given cone I'. Thus our assumptions that t € Es(M \ I)
and W F(t) satisfies the soft landing condition are not sufficient to control
the wave front set of the extension . We will later prove in Chapter
3, that the supplementary condition that A%ty be bounded in Dp(M \ I)
(see Definition 2.0.2) is sufficient to have the estimate WF(t) C WF(t)UC.

Notation and preliminary definitions. In this paragraph, we recall
results on distribution spaces that we will use in the proof of our main
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Figure 2.1: The conormal bundle to I.

theorem which controls the wave front set of the extension. Furthermore
the seminorms that we define here allow to write proper estimates. For any
cone I' € T*R?, we let Dr. be the set of distributions with wave front set in
I'. We define the set of seminorms ||.||n,y,y on Df.

Definition 2.0.1 For all x € D(RY), for all closed cone V C (R%\ {0})
such that (supp x x V) NT =0, [ty = supgey [(1+ [€)MEx(€)-

We recall the definition of the topology D (see [1] p. 14 and [33] Chapter 6
p. 333),

Definition 2.0.2 The topology of Dp. is the weakest topology that makes all
seminorms ||.|N,v,y continuous and which is stronger than the weak topol-
ogy of D'(RY). Or it can be formulated as the topology which makes all
seminorms ||.|n,v and the seminorms of the weak topology:

vp € D (RY), (L) | = Py (1) (2.1)
continuous.

We say that B is bounded in D} if B is bounded in D’ and if for all seminorms
||.I|nv,v,y defining the topology of Dy,

sup [t < oo.
teB

2.1 Geometry in cotangent space.

We will denote by C' = (T'I )L NT'®* M the intersection of the conormal bundle
(TI )J‘ with the cotangent cone T* M. For any subset I' of T*M and for any
subset U of M we denote by I'|y the set 'NT*U where T*U is the restriction
of the cotangent cone over U.

Associating a fiber bundle to a generalized Euler p. We work with
Euler vector fields p defined on a neighborhood V of I then V fibers over 1
in such a way that the leaves of these fibrations are the set of all flow lines
ending at a given of point of I, these leaves are invariant by the flow of p.
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Figure 2.2: The foliation, endpoints of flow lines and leaves.

Definition 2.1.1 Define the map 7° : p € V + limy_,oo et (p) € I.

Proposition 2.1.1 Let p be a generalized Euler vector field defined on a
neighborhood V of I, then V fibers over I, P :V +— 1.

Proof — 1t is sufficient to check that the fibration is trivial over an open
neighborhood of any p € I ([47] Definition 6.1 p. 257 ). We proved that for
any p € I, there is a local chart (x, h) of M around p where I = {h = 0} and
the vector field p writes hi Opi- In this chart, the fibration takes the trivial
form

(z,h) € R" — (z) € R".

Definition 2.1.2 We define a subset C, as the union of the conormals of
the leaves of the fibration ©f : V = I. C, is a coisotropic set of T*M.

C,C, in local coordinates. In the sequel, we always work in local charts
(z,h) € R"9 where I = {h = 0}. We denote by (z, h; k,£) the coordinates
in cotangent space T*R"*? where k (resp £) is dual to = (resp h). The
scaling is defined by the Euler vector field p = h7d,;. There is no loss
of generality in reducing to this case because we proved that locally we can
always reduce to this canonical situation (cf Chapter 1). In local coordinates

C = {(2,0;0,6)|¢ # 0} and C) = {(z, h; k, 0)[k # O}.

Lemma 2.1.1 Let t € D'(M \ I). If WF(t)|; C C then for any Euler p,
there exists a neighborhood V of I for which WF(t)ly N C, = 0.
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Figure 2.3: The representation of C” as a union of conormal bundles of the
leaves of the foliation.

Proof — Since the property we want to prove is open, it is sufficient to
establish it on some open neighborhood of any p € I. So consider a local
chart (z,h) : Q — R" where p = (0,0),I = {h = 0}, p = h/0,; and
Q is a compact set. By a simple contradiction argument, if for all |h| < e,
WF(t)|on{o<|hj<e} NCp # B, we can find a sequence (,,, hn; “]:—:‘, 0) in WF(t)
such that (zp,h,) € Q,h, — 0, then extracting a convergent subsequence
yields a contradiction with the assumption WF(t)|; C C. [

Lifted flows on cotangent space. It will be crucial in the proof of
Theorem 3.2.1 to control the wave front of the extension to understand
the dynamics of the lift of the Euler flow on cotangent space. When we
scale a distribution ¢ by the one-parameter family @, = €°2** we need to
compute the wave front of ®{¢. This is described by the pull-back theorem
of Hélimander (see [40] Theorem 8.2.4) as the image of W F(t) by the flow
T ®, .

Two interpretations of the lifted flow in cotangent space. We give
here two points of view on this lifting. In the first one, the sections of the
cotangent bundle are viewed as sections of the bundle of one forms Q*(M).
The second interpretation is more in the spirit of symplectic geometry and
will be useful for the microlocal interpretation of the flow (see Chapter 5).

1. p defines a flow on M and, as any diffeomorphism, this flow can be
lifted to the cotangent space T*M. Actually any diffeomorphism @ :
M — M lifts by the formula

T*® : (2,n) — (®(x),n0d® " [5(s)) (2.2)
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which in coordinates representation (z,h) + (z, Ah) in R"*¢ reads:

(z,hy Kk, &) € T*R" ™ — (2, A\h; k, \71¢) € TR,

2. The symbol of the differential operator p is o(p) = —ih/¢;. We com-
pute its symplectic gradient o(p) € C*°(T*M) for the symplectic form
i(dk A dx + d€ N dh)

hjahj - gjafj’

and we take the flow of this vector field (for more on the symbol map
see [23] p. 198) .

Experts in microlocal analysis use this lifted flow in the “Change-of-variables
formula” for pseudodifferential operators, see the formula at the bottom of
p. 222 in [23] and Formula 61.20 p. 334 in [23].

2.2 Geometric and metric topological properties
of I'.

We work in R+ with coordinates (z, h), I = R x {0} is the linear subspace
{h = 0}, the scaling is given by the vector field p = h’ % and we use
the notation fy(z,h) = f(z,Ah). We restrict to a compact set K which
is p-convex. The goal of the first part is to find conditions on I' so that
VA € (0,1, WF(ty) C I'. We first use the pull-back theorem of Hérmander

to describe WF(ty).

The pull back theorem of Hérmander. Recall the definition of ®*I’
for ® : X — Y a smooth diffeomorphism beetween two smooth manifolds
(X,Y)and T € T*Y,

T = {(;§ 0 d®,)|(P(x); ) € T'}.

In the case ® is a diffeomorphism, ® is invertible and we have the simpler
formula:

T = {®7(y); £ 0 DPy1(y| (y:€) €T}
For ®(A) : (z,h) — (x,\h), we thus have

ONT = {(z, \ " h, k,\O)|(x, hs K, &) € T}

and also ®(\)*T|x = {(z, h; k, &) |(z, \h, k, A1) € T, (z,h) € K} = ®(\)*T'N
(K x (]R"“‘d)*) .If t € D} then ®*t € D, by application of the pull-back
theorem of Hormander (8.2.4 in [40] or [23] theorem 63.1) where Hérmander
uses the notation ‘d®,£ for € o d®,.
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Figure 2.4: I'js as the union of all flowlines intersecting W F'(¢).

The fundamental equation. We wish actually to compute (Jy¢ (o 1) WF(t2).
Let U be any p-convex subset of M. We construct a geometric upper bound
Ly (WE(t)) such that Uye o) WE(t\)lu C Ty (WF(t)), where Iy (WF(1))

has a transparent geometrical meaning.

Definition 2.2.1 Let p be a Fuler vector field and U a p-convex subset of
M. Let WF(t) be given, then the set T'pf(WF(t))|u is defined as the union
of all curves of the flow X\ s T*(e'°8*) which intersect WF(t) and the
projection on the base space of which lie in U. Let T be the mazximal time
of existence of the flow e8>

Ty (WE))|g = {T* 8 (p)|p € WE(t),A € (0,T)} N T*U. (2.3)

L'y (WEF(t))|u is also defined as the smallest subset of 77 M which contains
WF(t) N THM and which is stable by T*el°8* for A € (0,1]. It is entirely
determined by p and WFE(t).

Proposition 2.2.1 For all A € (0,1], WF(t\)|lyv C T (WF(t))|v.

This is immediate from the definition of 'y, (W F(t)) and the pullback theo-
rem. In the sequel, we use a local chart to identify a neighborhood of p € T
with the (hj%)—convex set U = {0 < |h|] < g,z € K} for some £ and
where K is a compact set of R”. We want to describe geometrically the set
Iy (WEF(t)). The intuitive idea is that it is enough to know I'p (W F(t))
on a vertical slice {|h| = ¢} just by following the integral curves of the flow
intersecting I'ps (W F(t))]j5)=c- We solve a Cauchy problem for the set T'yy,
in the sense that we fix some geometric Cauchy data I" M“ h|=e On the bound-
ary {|h| = ¢} of the domain then we use the geometric characterization of
Tar|lu given by equation (2.3). It is a geometric version of the method of
characteristics in PDE.
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Figure 2.5: The WF(t), the foliation of I"y; by flowlines and the restriction
over |h| =e.

Proposition 2.2.2 Let U = {(z,h)|0 < |h| < &, € K} C R*™ where K
is a compact subset of R™ and for some ¢ > 0. Let I'py(WFE(t))|y be de-
fined by Definition (2.2.1). Then T p(WF(t))|ungjn=e) entirely determines
Py (WE(t))|u by the equation:

Ly (WE®) o ={T*®x(p)lp € T (WF () lungjn=e}, 0 < A < 1} (2.4)

Proof — By definition, Iy (W F(t))|v is fibered by curves I'ny(WFE(t))|y =
{PA(p)lp € TM(WEF )|y, A € (0,1]} N T*{0 < |h| < e}. Each of these
curves must intersect the boundary |h| = € in T°U hence I'yf(WF(t))|y is
the set of all curves (T*®x(p))gr<; for p € Pne(WE(t))|ungn=c)- [ ]

For a given cone W F(t) and T'jy; (W F(t)) defined by the equation (2.3), we
believe it is natural to demand that m| 7 is contained in the conormal C
because this ensures that I'ys (W F(t)) never meets C,, for arbitrary choices of
generalized Euler vector fields p. This condition is crucial for QFT because
it ensures that counterterms are conormal distributions supported on I, we
will discuss this in Theorem (2.3.1). We introduce a local condition on
W F(t) named local soft landing condition at p which ensures that for
some neighborhood V,, of p, 'y (WE(t))| v, C C:

Definition 2.2.2 W F(t) satisfies the soft landing condition at p if there
exists p and a local chart (x,h) € C®°(U,R" ), I = {h =0} atp € U for

which p = hj% and such that

e > 0,36 > 0, WF(®)[ungni<ey C {k] < 51IIE]}- (2.5)
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Figure 2.6: The soft landing condition forces the elements of WF to converge
to the conormal of I.

Notice that the scale invariance of estimate |k| < d]h||¢| implies the sta-
bility of the soft landing condition by scaling with p = hj%. The above
definition depends on the choice of p, however since by 1.4.1, two Eulers
p1, p2 are always locally conjugated by an element W of the pseudogroup G,
U transforms the Euler by pushforward, W,p; = p2, and the local chart by
pullback. To prove that the local soft landing condition does not depend on
the choice of Euler vector field, it suffices to prove I' satisfies the local soft
landing condition at p implies ¥(T") satisfies the soft landing condition at

U(p) for all ¥ € G.

The soft landing condition is stable by action of G.

We prove in Propositions 2.2.3 that the soft landing condition is locally
stable by the action of the pseudogroup G of local diffeomorphisms fixing 1.

The geometric reformulation of the soft landing condition. We
are led to reformulate the local soft landing condition in a more geometric
flavor which, once established, makes the claim of stability rather trivial.
We denote by U*R"*¢ the unit cosphere bundle. Let 71 : (z,h;k, &) €
U*R™ 4 s (2,h) € R" and 75 : (z, h; k,€) € UR™ 1 (k, &) € Untd-1,
We introduce the following distance on the cosphere bundle dy«gn+a (p,q) =
dpnta(m1(p), m1(q)) + dyn+a—1(m2(p), m2(q)). Let us consider UT the trace of
I on U*R™*? and also UC the trace of the conormal bundle of I in U*R"t9,
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Definition 2.2.3 The set I' satisfies the local soft landing condition on U
if and only if for any element p € UL such that w1 (p) € U, the distance of p

with the conormal trace UC is controlled by the distance beetween mi(p) and
I:

VK C U,36,Vp € Fs,ﬁl(p) € K, dS*Rner(p, Cs) < 5an+d(7r1(p),I).

We will quickly explain the equivalence of this definition with the definition
(2.2.2),

It k[ < d|hl[¢]
—

e < dlnl
& [tan0((k,£); (0,6)) < 9lh| = [0((k,€); (0,6))] < d'|h]
= dgn+a-1(m2(p), m2(C)) < 8'dgata(mi(p), 1)
= dgegnta (p, Cs) = dgnta-1(m2(p), 2(C)) + dgnta(m1(p), I)
< (1 + 8 dgnra(mi(p), I).

Conversely,
dgsgn+a(p; Cs) < ddgn+a(m1(p), I)

= dgnia-1(ma(p), m2(C)) < ddgnra(mi(p), I)
= [0((k,€); (0,¢))| < 6h]

o Jtan6((k, ) (0,6))] < &|h] — @“"’”‘"

The invariance by G. The geometrical reformulation in terms of distance
combined with Proposition 4.3.1 makes obvious the following claim:

Proposition 2.2.3 Let ¥ : U +— U be a local diffeomorphism in G, o =
T*WU be the corresponding lift on T*U and T be a closed conic set in T®M.
Then if T’ satisfies the local soft landing condition at w oo (p) € U, then
o o' satisfies the local soft landing condition at m o o(p).

By 1.4.1, this implies:

Proposition 2.2.4 If WF(t) satisfies the soft landing condition locally at
p for some p and some associated chart, then for any local chart (x,h) €
C>®(U,R"9) I = {h = 0} and associated Euler p = hj%, WEF(t) satisfies
the soft landing condition locally at p.

Definition 2.2.4 W F(t) satisfies the soft landing condition if for allp € I,
it satisfies the soft landing condition locally at p.
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Consequences of the soft landing condition.

Lemma 2.2.1 Lett € D'(M \ I). If WF(t) satisfies the soft landing con-
dition, then WF(t)|; C C. In particular, this implies for all Euler p, there
exists a neighborhood V of I such that WF(t) N CP = ().

Proof — By definition of the soft landing condition, it suffices to work
locally at each p € I. For each p, there exists some open set U s.t. 36 >
0, WF(t)|lungni<ey C {Ik] < 6[hl[¢]} which implies W F'(¢)[ynin—oy C {k =
0} = WF(@)|inv C C. Actually WE(t)|;ny € C = WF(t)’Um{‘th}ﬂ
C, = () for € small enough by Lemma 2.1.1. For each p, we were able
to find an open set U, and g, > 0 such that WF(#)|y,nn<e,y N Cp =
0 then UpcrUp N {]h| < €,} forms an open cover of I and extracting a
subcover V = UpenUpy, N{|h| < &p, } gives a neighborhood V of I such that
WF(t)nCP =0. [ |

Theorem 2.2.1 Lett € D'(M\I). WF(t) satisfies the soft landing condi-
tion if and only if

Tu(WE()|r € C = (TI), (2:6)
where Ty (WE(t)) is defined by Equation (2.3).

Proof — 1t suffices to work locally at each p € I. The sense = is sim-
ple. The set {|k| < d|h||¢|} is clearly invariant by the flow (x,h;k,&) —
(z, \h; k, A7), If p € WF(t) then by hypothesis p € {|k| < |h||¢]}, hence
the whole curve \ — ®,(p) lies in {|k| < d]h||¢|} thus by definition I'j; =
[@A(p)lp € WF(1), A € (0,00),@x(p) € T(0 < || < &)} < {|k] < dJhlle]}.
Since {|k| < d]h||¢|} is closed then T'y; C {|k| < d]h||¢|} and on I = {h = 0}
we must have k = 0 thus T'ps|; € C. Hence I'ys|; C C. To establish the con-
verse sense <, we use the proposition (2.2.2). If I'yy(WF(t))|; C C then by
Lemma 2.1.1, Ty (WE(t))|jpj== N { (2, h; k,0)|k # 0} = () for € small enough.
This implies that 30 > 0 s.t. T'|j=. C {|k| < d¢[¢]}. Indeed let us proceed
by contradiction. Assume the contrary, then for any n € N* there exist
(Tn, hs knn) € Tljpj=c 8.t. kn > n|&,| and w.lg. |k,| = 1. By compactness,
we can extract a subsequence which converges to (z, h;k,0). This hypoth-
esis translates in an estimate I'ar|jp—. C {|k| < d¢[¢[} for a certain 6 > 0.
Now the idea is to scale this estimate in order to have a general estimate for
all h.

pE€ulp=e = p=(z,h;k, &) € {|k] < oelé]} C {|k] < O[hll¢]}
by the estimate I'as|jp— C {|k| < d¢|¢|} and because |h| = ¢,

= YA€ (0,1], 2a(p) = (2, Mk, A1) € {Ik] < ONRIATHEN} = {Ik] < dlnll€]}
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Hence by proposition (2.2.2) we find

Tarlo<inice = {®AP)Ip € Tarljpj=e, 0 < A <1} C{[R[ < IR[[E]} - (2.7)
Tarlo<inice = {@a@)|p € Tarljpj=c, A € [0, 1]} < {Ik| < O[A[IE]}  (2.8)

and we proved the claim because W F(t)|o<|nj<c € 'nrlo<|n/<e- [ ]

A counterexample which shows the optimality of the soft landing
condition.

We give a counterexample which proves WF(t)]; C C does not imply
Ty (WE(t))|r € C ie the soft landing condition (2.2.2) is in fact opti-
mal. We work in R? with coordinates (x,h). The Euler vector field writes
p = hop. If WF(t) = {(x, h; A1, )\h_%)|)\ € R4} then it is immediate that
WF(t) c C={(x,0;0,£)}. However W F(t) does not satisfy the soft land-
ing condition since we find that the sequence of points (z, %; 1,7n) belongs
to WE(t). By definition of I' = (¢ (o ;) WF(tx), we find that

T = {(x, X" h, k, \)|(z, h, k, €) € WE(t),\ € (0,1]}

thus setting \, = %, we find that the sequence (a:,n#; L% = (x, %; 1,1)

belongs to I' thus lim,,_,(z, %; 1,1) = (x,0;1,1) € T'|; which does not live
in the conormal.

2.3 The counterterms are conormal distributions.

We fix the coordinate system (z,h?) in R"*% and I = {h = 0}. We first
recall a deep theorem of Schwartz (see [65] Theorems 36 p. 101) about the
structure of distributions supported on I C R™"?¢. We denote by 6; the
unique distribution such that Yy € D(R"+%),

G100 = [ ol 0)d.

The collection of coordinate functions (h?)1<j<q defines a canonical collec-
tion of transverse vector fields (9),;);. If t € D'(R™*9) with supp ¢t C I,
then there exist a unique family of distributions (once the system of trans-
verse vector fields 0y, is fixed) t, € D' (R™), with {supp t,} locally finite,
such that t(z,h) = > ta(2)05d1(h) (see [65] Theorem 36 p. 101-102 or [40]
theorem 2.3.5)) where the 0} are derivatives in the transverse directions.
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What happens in the case of manifolds 7 From the point of view of
L. Schwartz, the only thing to keep in mind is that a distribution supported
on a submanifold [ is always well defined locally and the representation of
this distribution is unique once we fix a system of coordinate functions (h7);
which are transverse to I ([65] Theorem 37 p. 102). For any distribution
to € D'(I), if we denote by i : I < M the canonical embedding of I in M
then it is the push-forward of ¢, in M:

Vo € D(M), (ixta, @) = (ta,p o).

The next lemma completes Theorem 1.3.4 proved in Chapter 1. Here the
idea is that we add a constraint on the local counterterm ¢, namely that
W F'(t) is contained in the conormal of I. Then we prove that the coefficients
to appearing in the Schwartz representation are in fact smooth functions.

Lemma 2.3.1 Lett € D'(M) such that t is supported on I, then
1) t has a unique decomposition as locally finite linear combinations of
transversal derivatives of push-forward to M of distributions to in D'(I):

t - ZOL 8}? (i*t()é)}
and 2) WF(t) is contained in the conormal of I if and only if Vo, t, is
smooth.

Proof — In local coordinates, let

t,h) =Y O (ta(@)d1(h) = Y ta()0501(h).
Assume t,, is not smooth then W F'(t,) would be non empty. Then W F'(¢,)
contains an element (zo; ko). Pick x € D(R"™) such that x(z¢) # 0 then

F(tax0507)(k, &) = tax(k)(—i€)",

hence we find a codirection (Akg, A§), ko # 0 in which the product t/o;((?/ﬁ‘?] is
not rapidly decreasing, hence there is a point (x,0) such that (x,0; ko, &o) €
WF(t) (by lemma 8.2.1 in [40]) which is in contradiction with the fact that
WEF(t) C C={(x,0,0,8)|¢ # 0}. The reader can use Theorem 8.1.5 in [40]
for the converse. |

Combining with Theorem 1.3.4, we obtain:

Corollary 2.3.1 Let t € D'(R™9) and suppt Cc I. If WE(t) C C and
t € Bs(R),—m — 1 < s +d < —m, then t(z,h) = 3 ta(2)0351(h),
where Va, to, € C® (R™) and |a| < m.

Corollary 2.3.2 Let M be a smooth manifold and I a closed embedded
submanifold. For —m—1 < s+d < —m, the space of distributionst € Es(M)
such that supp t € I and W F(t) is contained in the conormal of I is a finitely
generated module of rank ";;,rj' over the ring C*°(I).
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Proof — In each local chart (z,h) where I = {h =0}, t =) to(x)050r(h)
where the lenght |«| is bounded by m by the above corollary and Ve, t, €
C (I). This improves on the result given by the structure theorem of
Laurent Schwartz since we now know that the £, are smooth. [ |

Recall 7 is the fibration which in local coordinates where p = h % writes
7 : (z,h) — x and ¢ is the embedding of I in M. Recall the formula 1.30 for
the counterterms which are used to renormalize the Hormander extension

formula:

(13, ) = <w<ﬁ>, > o (aﬁ“so)>- (29)

|al<m

We give here a general definition of local counterterms of ¢ that covers the
counterterms of Chapter 1, the anomaly counterterms of Chapter 6 and the
poles of the meromorphic regularization of Chapter 7:

Definition 2.3.1 Let us fix a system (hj)lgjgd of coordinate functions trans-
verse to I. The vector space of local counterterms of t € D'(M\ 1) is defined
as the vector space generated by all distribution T supported on I which can
be represented by the formula:

Vi € D(M), (1, ) = {t, 771" (I50)) , (2.10)

where ¥ vanishes in a neighborhood of I and 7 : supp ¢ — I is a proper
mapping.

The next theorem we will prove is very simple yet extremely important
conceptually for QFT in curved space times. In classical QFT textbooks, one
should subtract polynomials of momenta to renormalize divergent integrals.
By inverse Fourier transform these counterterms become sums of derivatives
of delta functions supported on vector subspaces of configuration space. In
curved space times, there is no concept of polynomials of momenta but the
notion of conormal distribution supported on a submanifold still makes sense
and replaces the concept of polynomials of momenta. We start by a simple
lemma:

Lemma 2.3.2 Let t € D'(M \ I) and 7 be a distribution defined by the
formula
Vi € D(M), (7, ¢) = ({1, (Fpp) oiom), (2.11)

where ¥ vanishes in a neighborhood of I and 7 : supp ¢ — I is a proper
mapping. If WF(ty)NC, =0 then WF (1) is contained in the conormal C.

Proof — We can prove our claim in local charts and reduce to the flat case
R™*?. 7 can be reformulated as a product of the pushforward of ti) by the
fibration 7 : (z,h) € R"*¥ 1~ 2 € R™ with a derivative of delta distribution.
The idea of the proof is to use the Fubini theorem where integration is
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performed in a specific order. To clearly understand the strategy, let us
write (t1), 0%p(x,0)) in integral form

/ 3 d®hit(, h) (x, )0 (x, 0)
Rt

— / d"x (/Rd ddht(x,h)w(x,h)> 9%p(x,0)

_ / d%( / ddht(x,h)gb(x,h))@agp(:c,()).
n =1(z)

integrated along fibers

This formula suggests the coefficient ¢,(z) in the Schwartz representation
formula is just equal to the integral <f7r*1(:1:) d?ht(z, h)i(x, h)) Then the

distribution z — t,(z) = fwl(z) d®ht(x, h)y(h) is the pushforward m, (t1))
where we integrated ti along the fibers of the fibration n. The wave
front set of 7, (1)) can be computed by proposition (1.3.4) page 20 of [17].
WE(m, (t)) = {(x;k)|3h, (x, h; k,0) € WF(t)}, since WF(ty) N C, =
() then WF(m, (t1)) is empty hence m, (t¢)) € C°(I). Finally, if we set
ta = s (ty)) then the counterterm 7 writes 7(x,h) = to(x)05d1(h) where
to € C°°(I) and is a conormal distribution in the terminology of Hormander
(see [40] 8.1.5). [ |

Combining Lemmas 2.3.2, 2.3.1, 2.1.1 and fixing a system of coordinates
functions (h’); transversal to I yields the theorem:

Theorem 2.3.1 Let t € D'(M \ I). If WE(t)|r C C, then there exists a
neighborhood V of I such that for all T defined by the formula

Vi € D(M), (1, ) = (1, 771" (F50)) , (2.12)

where ¥ vanishes in a neighborhood of I and 7 : supp ¢ — I is a proper
mapping and supp ¥ CV, WF (1) C C. In particular, T is represented in a
unique way by T =" Of (ix7a) where Vo, 7o € C*(I).

2.4 Counterexample.

We work in T*R"*¢ with coordinates (z,h;k,€¢) and I = {h = 0}. In
this section, we prove that for any p € T*R"*?|;, we can construct ¢t €
C®(R"4\ {h = 0}) N L>®(R"*%) in such a way that p € WF(t). tis a
bounded function hence defines a unique element ¢t € D’(R"+9).
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Lemma 2.4.1 For allp = (x0,0; k,&) € T*R"*4|;, there existst € C>(R" T4\
{h = 0}) N L®(R"*?) such that p € WF(t). In particular, when p =
(0,0;€,0) then we can choose

)= /R dedie € ok, €) (1+ [k| + €))7,

k2 HE2 (k.02

where a(k,§) = e (k) (1 —a(k,&)) when k.e > 0 and 0 otherwise,
where a = 1 in a neighborhood of 0.

The contruction of ¢ was inspired by [41] Example 8.2.4 p. 188 and the
lecture notes of Louis Boutet de Monvel [15] (8.7) p. 80.

Proof — Without loss of generality, we can reduce to the specific case where
e =(1,0,...,0) and ¢ = 0 by coordinate change. Notice t € L>°(R"*9),

] < / dedk (1 + k| + |¢) "4
Rn+d

and

R =R, k2ie?

t(k,§) =e k)T (- )
does not decrease faster than any polynomial inverse when ko = --- =k, =
& =+ =& =0,k > 0 which implies by Proposition 8.1.3 p. 254 in [40]

that W F(t) is nonempty. t is a smooth symbol on T*R™+? ([67] p. 98-99)
which does not depend on (x, h) and the Fourier phase (z.k+h.£) has critical
points only at 2 = h = 0 thus by Theorem 9.47 p. 102-103 in [67], we find
that the singular support of ¢ reduces to (0,0) thus WF(t) C T('(LO)R"M and
t € C®(R"4\ {h = 0})N L>®(R""). But WF(t) should be non empty and
the projection on the second factor (z,h;k, &) € T*R" T4 s (k,¢) € R+
should be contained in {ky = --- =k, =& = -+ =& = 0,k; > 0} so
WE(t) = (0,0; e, 0), A > 0. m

The distribution ¢ is bounded hence weakly homogeneous of degree 0,
thus the extension lim._, f; %td;)\q = lim,_,o t(1—x.-1) exists in D' (R*+%)
by Theorem 1.3.1, is unique in Eo(R"*¢) by Theorem 1.3.4 and just corre-
sponds to the extension of ¢ in D’ by integration against test functions.
However, Ve, f; Ripghy-1 = (1 — x.-1) € CP°(R):

Theorem 2.4.1 For all p = (x0,0;k, &) € T*R"*4|;, there exists a smooth
function t € Eo(R" 4\ I) (thus WF(t) = () which has a unique extension
t in Eo(R™?) such that p € WF(%).

2.5 Appendix.

The module structure of distributions supported on I. The concept
of delta distribution §; of a submanifold I is not intrinsically defined but a
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certain sheaf associated to I is canonically defined: let U be an open set of
M and (h9);-1.... 4 € Z(U)? a collection of sections of the sheaf Z of functions
vanishing on I N U such that the differentials dh/,j = 1,--- ,d are linearly
independent ((h?)1<j<q are transversal coordinates of a local chart). The
map h : U — R? allows to pullback 5%@ € D'(R?) on U, and we denote this
pullback h*é%w by 0{z—oy. If we chose another system of defining functions
h' for I, then dgp—gy = |%\ d¢h=0}, Where \%| = det(%)ij. Thus the
eCo(I)

left module C°°(I)d;,—g) defined over U has intrinsic meaning (analoguous
to the space of sections of a vector bundle). Patching by a partition of unity
gives a sheaf of modules of rank 1 over C°°(I). Acting on the sections of
this sheaf by differential operators of order k defines a module of rank %Tkkf
over C*(I).
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Chapter 3

The microlocal extension.

Introduction. Let M be a smooth manifold and I C M be a closed em-
bedded submanifold of M. In Chapter 2, we gave a necessary and suf-
ficient condition on WF(t),t € D'(M \ I) that ensured that the union
I' = Urey WF(tr) of the wave front sets of all scaled distribution ¢y

has the property I'|; C C where C is the conormal of I. We saw this condi-
tion named soft landing condition (Definitions 2.2.2 and 2.2.3) was not
sufficient to control the wave front set of the extension t. Our goal in this
chapter is to add a boundedness condition which ensures the control of the
wave front set of the extension. Our plan starts with a geometric investiga-
tion of the dynamical properties of the scaling flow €!°8*? in cotangent space
and show certain asymptotic behaviour of this flow.

3.1 Dynamics in cotangent space.

In this section, we use the terminology and notation of section 1 of Chapter
2. We investigate the asymptotic behaviour of the lifted flow T*®,.

Decomposition in stable and unstable sets. We interpret C,C, as
stable and unstable sets for the lifted flow T*e!” in cotangent space. We
work locally, let p € I and V,, a neighborhood of p in M, we fix a chart
(z,h) : V, = R4 in which p = hj%.

Proposition 3.1.1 The flow T*e'" lifted to the cotangent cone T*V, has
the following property:

: * _tp °
Jlim Te¥(p) € (C,NT*V}) (3.1
tiil—n T*e(p) € (CNT*V,) (3.2)

in an open dense subset T*V),.

49
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Proof — In coordinates (z,h) in which I = {h = 0} and the flow has
simple form (x,h) — (z,e'h), the action lifts to (z,h;k, &) € TR
(z,eth; ke t¢) € T*R™ 9. We study the limit ¢ — —oo, two cases arise:

e generically ¢ # 0, then (z,eth;k,e %) ~ (z,eth; ek, &) (because it
is a cotangent cone) converges to (z,0;0,¢), it is immediate to deduce
{(£,0;0,8)|¢ # 0} = (TI)* = C is the stable set of the flow. Notice
the conormal bundle is an intrinsic geometric object and does not
depend on the choice of vector field p.

e Otherwise £ = 0, (z,\h;k,0) — (2,0;k,0), the limit must lie in
{(z,0;k,0)|k # 0} C CP which we will later see belongs to the un-
stable set.

Conversely if ¢t — oo:

e generically k # 0, then (x,e'h; k, e t€) converges to (z,0;k,0), it is
immediate to deduce {(x, h;k,0)|k # 0} = C, is the unstable cone.

The flow limy_so Te’” sends all conic sets in the complement of C to
the coisotropic set C,. |

Beware that the wave front set WF (®*u) is the image of WF(u) by the
map T*®~ 1. If & = €!°8* then the interesting flow for the pull back will
be T*e~1°8*? when A — 0. This is why the properties established in the
proposition 3.1.1 are crucial in the proof of the main theorem. Especially,
we will use the fact that the flow Te 1982 when A — 0 sends all conic
sets in the complement of C' to the coisotropic set C,,.

3.1.1 Definitions.

In this subsection, we recall results on distribution spaces that we will use
in our proof of the main theorem which controls the wave front set of the
extension. Furthermore the seminorms that we define here allow to write
proper estimates. We denote by 6 the weight function § — (1 + |£|). For
any cone I' C T*RY, let D} be the set of distributions with wave front set
in I'. We define the set of seminorms |.||n,v,, on Df.

Definition 3.1.1 For all x € D(R?), for all closed cone V C R4\ {0} such
that (supp x x V) NT =0, [[t]l v = supeev |(1 + [€)VEx(€)]-

We recall the definition of the topology D (see [1] p. 14),

Definition 3.1.2 The topology of Df. is the weakest topology that makes all
seminorms ||.|n,v,y continuous and which is stronger than the weak topology
of D'(RY). Or it can be formulated as the topology defined by all seminorms
|.[|v,v,x and the seminorms of the weak topology:

Vo e D (Rd) o) | =Py (t). (3.3)
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We say that B is bounded in Dy, if B is bounded in D’ and if for all
seminorms ||.||n,v,, defining the topology of D,

sup ]l w1y < 0.
teB

We also use the seminorms:

Vo € DRY), mim(0) = sup 0% oo (me),

|a]<m

Vo € E(RY), VK C R mo k() = sup [|0%¢]| poo (x0)-

|a|<m

3.2 Main theorem.

In this section, we prove the main theorem of this chapter which gives a
sufficient condition to control the wave front set of the extension t. The
condition is as follows: Let ¢t € Eg(M \ I) and assume W F(t) satisfies the
soft landing condition, and assume that A\~*¢) is bounded in D} where

I' = Use,) WF(tr). Then our theorem claims that WF(t) C WF(t) U C
for the extension ¢.

Theorem 3.2.1 Lets € R such that s+d > 0, V be a p-convex neighborhood
of I andt € D'(V\I). Assume that W F(t) satisfies the soft landing condition
and that A=°ty is bounded in Dp(V \ I) where I' = (o WF(t)) C
T* (M \I). Then the wave front set of the extensiont of t given by Theorem
1.3.1 is such that WF(t) C WF(t) UC.

We saw in Chapter 2 that the hypothesis that W F'(¢) satisfies the soft land-
ing condition is equivalent to the requirement that I'|; C C in particular,
this implies that ' N C,, = () in a sufficiently small neighborhood of I and
WF(t)]f C T|; € C. Hence we have the relation WF () C WF(t)UC =
WEFE(t)uC.

3.2.1 Proof of the main theorem.

For the proof, it suffices to work in flat space R"*% with coordinates (z, h) €
R™ x R? where I = {h = 0} and p = hj%, since the hypothesis of the
theorem and the result are local and open properties.
Proof — We denote by Z the set W F(t)UC. The weight function (1+|k|4|£|)
is denoted by 6. In order to establish the inclusion WF(t) C E, it suffices to
prove that for all p = (g, ho; ko, &o) ¢ Z, there exists x s.t. x(xg, ho) # 0,
V a closed conic neighborhood of (kg,&p) such that ||¢||x,v, < +oo for all
N. Let p = (xq, ho; ko, &o) ¢ Z, then:

Either hg # 0, and we choose x in such a way that y = 0 on [ thus
tx = tx and we are done since ||t|| N,y = [[t]| N,y < +00.
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Either hg = 0 thus kg # 0 since p ¢ C'. Since |ko| > 0, there exists ¢’ > 0
s.t.
[ko| > 28"|ol-

We set V = {(k,&)||k| = 0’'|¢|}. By the soft landing condition,
de1 > 0,36 > 0, WF(t)|jpj<e, C {IK] < 8[RIIE]},

and |5 <c, C {[k] < d]h][¢]}.
If we choose ¢ > 0 in such a way that de < ¢’ and € < &1, then for any

function x s.t. supp x C {|h| < €}, by the previous steps, we obtain that
(supp x x V) NT = (. From now on, x and V are given.

1. Recall ¢p = —px’ is the Littlewood-Paley function on R™*¢, and
supp ¢ = {a < |h| < 1},0 < @ < 1 does not meet I = {h = 0}.
1 is defined on R but is not compactly supported in the z variable.
We start from the definition of scaling given in Meyer ([53]) Definition
2.1 p. 45 Definition 2.2 p. 46:

(trxh, g) = A~ (tha-1,951) -
We pick the test functions g defined by:
gla,h) = e BNy (@ h),
then application of the identity which defines the scaling gives:

thy-1x = Mxat(k, AE)

The trick is to notice that ¢y, has a compact support which does not
meet I = {h = 0}, because supp ¥ C {a < |h| < b} and x(z, \h) is
compactly supported in x uniformly in A. Thus we can find a compact
subset K C R"t4 such that VA, supp xa» C K and K NI = () hence
the above Fourier transforms are well defined. Set the family of cones
Vi = {(k, \)|(x,&) € V}. By definition of the seminorms ||.||x,v,y, we
get, .
ltn-sllvyx = sup (1 K]+ g ur-:x]

= sup (L4 [k| + [€DVAlEaxa] (k, AE),
(k,§)eV
we isolate the interesting term

(1+ k| + €)Y

G T e (R NED A B0, 2.

(LR IED N A x|k, AE) =

We also have

(ksgpv(l + K[+ MDY XD (R, A < I N1
§)e

by definition of V) = {(k, A§)|(k, &) € V'}.
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o (t[E+HEDY
2. Hence, we are reduced to prove that the quantity (TR ENENN

bounded for (k,§) € V. If so, we are able to apply estimates in Step
2 to bound |[[t1y-1|| Ny, in function of || A%)t||n.vy - The difficulty
comes from the values of A close to A = 0. But we find the following
condition

remains

(1 + K] + €)™ in
sup 146 , 3.4
ot T T gy <) (34)

this follows from:
(k,§) e V. = &'l¢| < |k

LAk 1+ (14 8Tk|
RIS 1+ |k|

and implies the estimate

<(L+07h,

[tr—1llvvy <

where C' = (14 §~1)N. By rescaling, we also have

A d
v >0, ool < () Cltavonlawyng: @9

3. We return to V' C {|k| > ¢'|¢|} thus
supp x x V' C {|k] > o'[R[I¢]}

since supp x C {|h| < €} and € can always be chosen < 1. For all
A < g, we have the sequence of inclusions:

supp (Xate-1) x Va C supp x¢e—1 x V. C {|k| > 9'|h[[¢]},

from which we deduce an improvement of the rescaled estimate (3.5):
VA& lltaverllvyy xy SlEavexallvyy

for some function ¢’ € D(R"*9) s.t. ¢’ = 1 on supp x.-1, ¢’ = 0
in a neighborhood of I and (supp ¢’ x V) NI = ( (such ¢’ always
exists by choosing € small enough in the first step of the proof and
by choosing supp ¢’ slightly larger than supp xt.-1). We have gained
the fact that the term Htmbs—mo |N,v,e on the r.h.s. is expressed in

terms of a seminorm ||| n,v,x where the cone V does not depend on
A. We still have to get rid of the dependance of the function ¥.-1xa

in \. We use our estimates for the product of a smooth function and



54

CHAPTER 3. THE MICROLOCAL EXTENSION.

a distribution (see Estimate 3.9), for any arbitrary cone W which is
a neighborhood of V:

e e—1xa ([, (36)
< Omon (Yoixa ) (2 v + 16782 1) |

where ||.||n,w, is a seminorm of Df.. By using the hypothesis of the
theorem that A~5ty is bounded in Dy, we deduce that

A —S
wp<) sl vy < +oo.
AE(0,e] € €

The above inequality combined with the estimate (3.6), the estimate
3.5 and Theorem 4.1.2 applied to the bounded family (Aist/\))\e((],l]
gives us:

A

s+d
VA < E,HC’, th})\—luN,V,X § Cl <5> .

. This suggests we should decompose the integral fol de\tlb)\—l in two

parts:

Iﬂva—H/

1
dA
< ||/ *t%\ 1|NVX+H/ Tt@bz\*l”N,V,X
€

< IIt% v v+ B0 = xe-1) v v,
0

<+oo

because t(x — x.-1) is supported away from {h = 0}. This reduces

the study to fe A ||gahy -1 |~ vy which is bounded by C’ E ax (Q)Hd
+00.

. We try to give an explicit bound which “summarizes” all our previous

arguments:

Jo B ltoa-llvvy
CES+d

< mél(l&] (2)7° 7T2N(¢5*1X§) <Ht§||N,W,§0’ + ||97m@(PIHL°°> -
(3.7)
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What do we need to reproduce the estimate (3.7) for families? We
keep the same notation as in the proof and statement of theorem (3.2.1). The
previous proof works for a fixed distribution ¢. We would like to reconsider
the proof of the main theorem for a family (¢,), of distributions bounded in
Dr.. The validity of the previous theorem relied on the final estimate (3.7):

§ = gy
s —8 B
< 5 s (2) 7 man(eixa) (s v + 10755 ).

A€(0,e]

(3.8)
where the constants of the inequality are independent of t. Hence the
proof and the final estimate still works for the family of distributions ™%t
since the family A™%(u™%t,)x = (M) ™%ty is bounded in D (V\ I) uniformly
in (A, p). Thus we have the proposition:

N,V,x

Proposition 3.2.1 If t satisfies the assumptions of theorem (3.2.1), then
the family (u™°tu) (0] 5 bounded in Dy (V).

3.2.2 The renormalized version of the main theorem.

What do we need to extend the proof of the main theorem to the
case with counterterms ? In the course of the proof of 3.2.1, we used
that A\™°t), is bounded in D}. When —m — 1 < s +d < m, we need to
introduce counterterms in the Hormander formula. We outline the proof of
the renormalized case following the main steps of the proof of Theorem 3.2.1.
We will sometimes denote by F [f], the Fourier transform f of a Schwartz

distribution f and we denote by ej¢ the Fourier character ey¢ : (x,h) —
cilke+eh)

e The first step is identical, for p = (z¢, 0; ko, &) ¢ WE(t) UC, ko # 0
we find a neighborhood supp x x V of p such that supp x x VNI =0
where V' C {|k| = 0¢’|¢|} and supp x C {|h| < €} for some €,d" > 0.

e For the computational step, we must use the Taylor formula with in-
tegral remainder to take into account the subtraction of counterterms:

]:[(7511),\—1 - T)\) X] (kag) = <t¢/\_17 1- Z %(—a)%h:o ek,€X>

|a|<m

subtraction of local counterterm

= twl’m!/o du(l —u) (8u> €k,ugXu

Taylor remainder

1 8 m+1 —
a0 () e
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m!

1 1 ) m—+1 P
= )\d/ du(l —u)™ (6) ExPX (K, uAE)
0 U
1 3 du w o m—+1 e
_ yd+m+l L — (1 - )" =
= /0 SRSV <6u> D)

by variable change. We also introduce a rescaled version of the previ-
ous identity with a variable parameter € > 0 in such a way that the
cut-off function 1.-1 on the r.h.s. restrict the expression under the
Fourier symbol to the domain |h| < e:

Ve > 0, F [(ty-1 — n) x] (K, €)

AN s eu . [0\
~(2) o[- (o) F () )

Since -1 C {|h| < e}, we have the estimate

gl F (t%u}a_l;@) (k,ué) < (1+elg))™ ™ sup ‘f(tg%—l ) (K, ug)|

0<j<m+1

by Leibniz rule.

m+1
@+ (5n) 7 (o) ()

< (U IR+ DN sup | F(ta e Dixa) (b, )|

0<j<m+1

(1 ‘k| ‘€|)N ! N+m+1 j
< 1+ k| +u m su ‘.7: t 10 xu) (k,ug)| .
(1 ‘k| U‘£|)N+m+1( ‘ | |€’) Oéjéng 1 ( %wa 10, X )( 6)

e Following the proof of Theorem 3.2.1, we find that the hypothesis (3.4)
V C {d'€] < |k|} implies the estimate

N+m+1
wp LEFLEIEDNH™ s
keyev (1+ [k + ulg[)N+m+1

from which we deduce:

0

m+1
Y €V IR HIEDY (5n)  F (tavei) ()

<O+ [k +ulehV ™ sup | F(ta gesBixa) (h, )|

0<gj<m+1
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e Thus Vu < %5
) m—+1

< C sup
0<j<m+1

where V,, = {(k, u&)|(k,&) € V'}. If we denote by X&j) = &xu, by the
same argument as in the proof of Theorem 3.2.1, for all u < %, A<eg,

we have the inclusion supp <§/J€—1X7(j)) x Vi, C supp <w€1X(Aj)) X Va

Ht%%—l HN+m+1,Vu,81{Xu

where supp (¢a1 X&”) x V' NT = (), which implies the estimate

8351y g v < N3 0ot X P g1 v

where ¢ is any function in D(R"*4) such that ' = 1 on supp (¥.-1x)
and supp ¢’ x VNI = (. Finally, we find that

| (thr—1 — 7)) [ v,vx

A\ 2 cu .
s¢ <> l/ du(l*T)m sup ||téws—1Xq(L])”N+m+l,V,go’
€ m:Jo u€(0,1],0<j<m+1 ¢
d+m+1
A 1 .
<C () N TRV 1
o \e m+ e ogjamer = Y

where we use the simple identity #ﬂ = fol du(l — u)™. Then we use
the estimates (3.9) for the product of the bounded family of smooth
functions 9,1 Xq(lj ) and the family of distributions ¢t and the assump-
tion that A~%t) is bounded in D} to establish the egstimate
. A\ ¢
sup [[tx e X | Nemstvy < C ()
u<l € (3

for all 0 < j < m+ 1. Then we can conclude in the same way as in
the proof of Theorem 3.2.1:

Lax
1[5 tr =]

1
<l = e :
IE(x — x- 1)\|N,v,x+||/8 TA||N1V7><+/O ) m+ 11
€D v

N,V,x

3

, .
W) ED’C integrable

where the last term is finite.

Theorem 3.2.2 Theorem 3.2.1 holds under the weaker assumption s € R.
Moreover if —s —d € N then \™'y, is bounded in Dp (V) for all s' < s, if
—s—d ¢ N then A\™%ty is bounded in Dp (V).
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3.3 Appendix

3.3.1 Estimates for the product of a distribution and a smooth
function.

Theorem 3.3.1 Letm € N andT' C T*(RY). Let V be a closed cone in R\
0 and x € D(R?). Then for every N and every closed conical neighborhood
W of V' such that (supp x x W)NT = 0, there exists a constant C' such that
for all o € D(RY) and for all t € Dp(RY) such that ||0~™tx| e < +o00:

ltollvviy < Cran i (@) (1t vy + 167" X o0). (3.9)

Proof — We denote by 6 the weight function § — (1 + [£]) and e¢ := z
e~"< the Fourier character. If the cone V is given, we can always define a
thickening W of the cone V such that W is a closed conic neighborhood of
V.

£

_
&l Inl
intuitively this means that small angular perturbations of covectors in V will
lie in the neighborhood W. If (supp x x V)N T = () then ¢ can be chosen
arbitrarily small in such a way that (supp x x W) NI = (. We compute
the Fourier transform of the product:

[Eox(©)] = | (e, eex) | = lix > BI(€)

W = {n e R\ {0}|3 € V,| | < 6},

< [ Ipte = nixmlan

We reduce to the estimate

/ 1B(E — m)ix(m)ldn
]Rd

g/\
|- 1<

N R BN = e X
Tel ™ In

£ _n
e 729

/

~~

I, (¢) I>(¢)

we will estimate separately the two terms [;(&), [2(£). Start with I;(), if

¢ € V then ||% — ﬁ| <0 = n € W and by definition of the seminorms,

we have the estimate

YN, [Ex(m)] < It vwa (X + [n) ™Y

then we use a trick due to Eskin, since ¢ € D(R?), we also have |p(¢ —
)| < NN (1+ 1€ = nl) >N < Cman(@)(1 + [§ — nl) 7> where C' =
d"N'Vol (supp ¢) depends on N and on the volume of supp ¢. Hence

/ B — mEx(m)ldn
e~ I<

1€l Inl
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Qe
(T DN+ [g =™
< Cman (@)1t v (1 + €N~ Cr
where O = sup fRd (1+|n\)(1{’J(rl‘i)lgfnl)2N dn is finite when N > d+ 1. To
estimate the second term I2(£), we use the inequality ||,§—| - |Z—‘| > 0 which

implies the angle beetween covectors is bounded below by an angle o =

2arcsing > 0. By definition ﬁ is in R?\ (W U {0}), and % eVcw
é

hence the angle between %, I%\ must be larger than o = 2arcsin . Then

the trick is to deduce lower bounds from the identity a? + b?> — 2abcosc =
(a —bcosc)? +b?sin?c = (b — acosc)? + a®sin? ¢, thus

V(&m) € (V x W), |(sine)n| < |€ = nl, |(sine)é] <€ —n.
We start again from the estimate on the Fourier tranform of ¢, VNV:
[B(&—n)| < Cman (0) (1+1E=n) T2 < Cman () (14| (sin @)y ) ™ (1+{(sin )€ )~

< Cman ()| sina| 2N (L + )~ (1 + €)™

/ B(¢ —n)tx(n)|dn
e

< Cran()lsinal (1 +16) ™ [ (1-+1al)~ )l

< Cran (@)l (1 + 1D [

< Cran(@)lsina Y1+ €)™ [ (14 1) Y107 K= (1 + fn)"dn
where m is the order of the distribution, finally
(8) < Coman (@) (1 + [€)) N |07 x| =
where Cy = C|sina|™N [L.(1 + [n])"™ (1 + ||)™dn is finite when N >

m + d 4+ 1. Gathering the two estimates, we have

/ 1B(E — m)ix(m)ldn
Rd

< Cman (@) (L + €)™ (Culltll vy + Call0 ™ ix| )

but recall the estimate on the right hand side is relevant provided é > 0
which implies @ > 0, § depends on the choice of the cone W, the estimate
is true for any cone W such that dist (‘W NS4 1 1V NS¥1) > §. We have
a final estimate

Nwox 107 x| L)

[tellvvy < Cman(@)(II2]

where C' is a constant which depends on N, V, W and the volume of supp ¢. B
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CHAPTER 3. THE MICROLOCAL EXTENSION.



Chapter 4

Stability of the microlocal
extension.

Introduction. In Chapter 3, we saw that there is a subspace of distri-
butions of D'(M \ I) for which we could control the wave front set of the
extension ¢ € D'(M). In fact, we proved that if W F(t) satisfies the soft
landing condition and A™%¢y is bounded in Dy, then WF(t) Cc WF(t)|JC.
Our assumptions obviously depend on the choice of some Euler vector field p.
Actually, our objective in this technical part is to investigate the dependence
of these conditions on the choice of p, their stability when we pull-back by
diffeomorphisms and when we multiply distributions both satisfying these
hypotheses. This is absolutely necessary in order to prove by recursion that
all vacuum expectation values (0|7(a1(z1)...an(2y))|0) are well defined in
the distributional sense.

4.1 Notation, definitions.

We denote by 0 the weight function £ — (1 + [£]). We recall a theorem
of Laurent Schwartz (see [65] p. 86 Theorem (22)) which gives a concrete
representation of bounded families of distributions.

Theorem 4.1.1 For a subset B C D'(R?) to be bounded it is neccessary and
sufficient that for any domain ) with compact closure, there is a multi-index
o such that Vt € B,3f; € C°(Q) where tlg = 0°f; and sup,ep || fill () <
00.

We give an equivalent formulation of the theorem of Laurent Schwartz in
terms of Fourier transforms:

Theorem 4.1.2 Let B C D'(RY).

Vx € D(RY),3Im € N, sup |0t < +00
teB
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& B weakly bounded in D'(R?) < B strongly bounded in D'(R?).

We refer the reader to the appendix of this chapter for a proof of the above
theorem. For any cone I' € T*RY, let D be the set of distributions with
wave front set in I'. We define the set of seminorms ||.||x,v, on Df.

Definition 4.1.1 For all x € D(RY), for all closed cone V C (R%\ {0})
such that (supp x x V) NT =0, [|t] v, = supeey (1 + €DV Ex (&)

We recall the definition of the topology D} (see [1] pl4),

Definition 4.1.2 The topology of Df. is the weakest topology that makes all
seminorms ||.|n,v, continuous and which is stronger than the weak topol-
ogy of D'(RY). Or it can be formulated as the topology which makes all
seminorms ||.||n,v, and the seminorms of the weak topology:

Vo e D (RY),|{t,0)| = P, (¢) (4.)
continuous.

We say that B is bounded in D, if B is bounded in D' and if for all
seminorms ||| v, defining the topology of D,

sup [[t[w,vx < 0.
teB

We also use the seminorms:

Vo € D(R?), mm(p) = sup |09l oo (ray,

|a|<m

Vi € ERY),VEK C R, 7 i () = sup [|0°¢| oo (1)

|a|l<m

Warning! In this chapter, we will prove that if I';, ' are two closed conic
sets in T°R% such that Ty N —Ty = 0, if we set T' =T'; UT'y U (I'; +T'5), then
the product (t1,t2) € Dy, x Dp, = tity € Dy is jointly and separately
sequentially continuous and bounded for the topology of D, x Dr, . In
fact, Professor Alesker informed us that he found a counterexample which
proves that the product is not topologically bilinear continuous. This
comes from the fact that the space D} is not bornological (see [11]), for
instance a bounded linear map from D} to C may not be continuous.
We also prove that the pull-back by a smooth diffecomorphism ¢ € Df —
t o ® € Dj.p is sequentially continuous and bounded from Df. to D, .
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4.2 The product of distributions.

4.2.1 Approximation and coverings.

In order to prove various theorems on the product of distributions and to
discuss the action of Fourier integral operators on distributions, we should
be able to approximate any conic set of T°R? by some union of simple
cartesian products of the form K x V C T*R¢ where K is a compact set
in space and V is a closed cone in R%. We denote by R4 & T*R4 53 Rd*
the two projections on the base space R and the momentum space R%
respectively.

Lemma 4.2.1 Let I'y,I'y be two non intersecting closed conic sets in
T*R?e.  Then there is a family of closed cones (Vi1,Vj2)jes and a cover
(Uj)jes of RY such that
' C U Uj x Vi
jeJ

and Vj € J,leﬁV}g:@.

Proof — For all 2 € R? let U,(e) be an open ball of radius ¢ around
z and Tyl, = T N TR Let Vig(e) = m (Fk‘m> be a closed cone
which contains T'g|,. We first establish that since I'1|, N T3], = @ and

EQO’TFQ (Fk|U,c (5)) = I't|» we may assume that we can choose € small enough

in such a way that Vi, N V5, = 0: assume that there exists a decreasing
sequence £, — 0 such that

Vi, Vie(en) N Vag(en) = 0,

then let 7, € Vi,(g,) NVaz(gy) for all n where we may assume that |n,| = 1.
Using the definition of Vi, (e,), there is a sequence xp, s.t. (Trn;nmn) €
Fk\m. (Tkn; M) lives in the compact set U, (g0) x SY~! and we can there-

fore extract a convergent subsequence which converges to (zy;mr) € I'k
since T’y is closed. Furthermore 11 = e = n and zy, € U,(e,) implies
limy, 00 Tk, = @ thus (z;n) € T'y N Ty, contradiction ! For all z, we thus
have T'y|y, C Uy X Vi Since (Uy),ega forms an open cover of R, we can

extract a locally finite subcover (U;)jes and I'y C U;e; Uj X V. [ |

Lemma 4.2.2 Let T' be a closed conic set in T*R®. For every partition of
unity (@?)je] of R and family of functions (o) ey in C°°(R%\ 0), homoge-
neous of degree 0, 0 < oj < 1 such that ') (UjeJ supp pj X supp (1 — ozj)) =
0, we have

VtEDrt=Y @ F ! (aﬂ@) + o, F! ((1 —~ aj)@).

Jj€J ~
stngular part smooth part
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Proof — Let Df. denote the set of all distributions with wave front set in T'.
We use the highly non trivial lemma 8.2.1 of [40]: Let ¢t € Df, for any ¢ €
D(R?), for any V such that (supp ¢ x V)NI = (), we have VN, ||t||n.v,, < 0o
Set the family of functions V; = supp (1 — ) then (supp ¢; x supp (1 —
a;)) NT = 0 hence (1 — «)tep; has fast decrease at infinity and its inverse
Fourier transform is a smooth function which yields the result. |

4.2.2 The product is bounded.

A relevant example of products of distributions first appeared in the work
of Alberto Calderon in 1965. A nice exposition of this work can be found
in the article [52] by Yves Meyer. Actually, Meyer defines I'-holomorphic
distributions as Schwartz distributions in S’ (Rd) the Fourier transform of
which is supported on a cone I' € R? where I' ¢ R%\ 0 is defined by the
inequality 0 < [¢| < 0&; where 6 > 1. Notice that {; must be positive
and that 0 ¢ T'+ I'. Then Meyer defines the functional spaces L which
are analogs of the classical Sobolev spaces WP for positive «, and proves
that for any pair (t1,t3) € Lh x L% the product tits makes sense, tits
is I'-holomorphic and belongs to the functional space LZH-B where 7~ =
p~ ! 4+ ¢~'. Most importantly, Meyer proves there is a bilinear continuous
mapping Pr which satisfies a Holder like estimate and coincides with the
product when t1, ¢y are I'-holomorphic.

In the same spirit, we will prove bilinear estimates for the product of dis-
tributions. The bilinear estimates are formulated in terms of the seminorms
|.IIn,v, defining the topology of Df. and the seminorms:

1677 x| o (4.2)

which control boundedness in D’ (but they do not define the weak topology
of D’). We closely follow the exposition of [23] thm (14.3).

Lemma 4.2.3 Let I'1,Ty be two conic sets in T*R¢. If Ty N Ty = 0,
then there exists a partition of unity (gp?)je 7 and a family of closed cones
(le,WjQ)jeJ in R? \ 0 such that ¥j € J, Wi N =Wjs = 0 and T}, C

(Ujes supples) x Wi) s (k = 1,2).

Proof — We use our approximation lemma for I'y and —I's. The approxi-
mation lemma gives us a pair of covers

I'y C U Uj x Wik, k € {1,2},
jeJ

then pick a partition of unity (ga?)je s subordinated to the cover (J;c; Uj
and we are done.
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Lemma 4.2.4 Let I'1,I'y be two cones in T°R? and let mi, ma be given
non negative integers. Assume T'y N —Ty = O then for all x € D(R?), for all
N2 > Ny +d+1 there exists C such that for all (t1,t2) € Dr, (RY) x Dr, (RY)

satisfying ||9_m1m||lpo < +00 and ||9_m2m||Loo < 400, we have the
bilinear estimate:

”9—(m1+m2+d)t1t2)(2(§) [ oo

<Y (7™ Ex@slle + Il v, ) (1072 8x25 = + Xl vie s, )
Jj€J

for some seminorms |||, v;y.0; of Dp, K =1,2.

Before we prove the lemma, let us explain the crucial consequence of this
lemma for the product of distributions. Let By, k € {1,2} be bounded
subsets of Dr, (R%),k € {1,2}. Then for each fixed ¥, there exists a pair
m1,meo such that the r.h.s. of the bilinear estimate is bounded for all 1, to
describing By x Bs by theorem (4.4.2). Thus for each fixed x2 € D(R?),
there exists an integer mj + mgo + d such that ||9_(m1+m2+d)@(£)||Lw is
bounded for all ¢1,ts describing By x Bz. Then this implies again by (4.4.2)
that ¢t is bounded in D'(R%). So the consequence of this lemma can be
summarized as follows

Corollary 4.2.1 Let I'y,I'y be two cones in T*R%. Assume Ty N =Ty = 0.
Then the product (t1,ts) € Dp (R?) x Dp, (RY) — tity € D'(R) is well
defined and bounded.

Now let us return to the proof of lemma (6.4.1).

Proof — By Lemma 4.2.3 T}, C UjeJ supp ¢; X Wy, k € {1,2} for a parti-
tion of unity (ga?) jes and for a family of closed cones (W1, Wj2) ey in R4\ 0
such that Vj € J, W;; N —=Wj2 = 0. In a similar way to the construction of
the approximation lemma, we have

titax® = Y _(xpit1)(xwjt2) = D tjitjo.
jeJ jeJ
where we set tj, = (xgjtk). Set aji,k € {1,2} a smooth function on
R4\ {0}, ajr = 1 on W;x, homogeneous of degree 0 such that supp (a;1) N
—supp (aj2) = 0. We decompose the convolution product I(&) = [pa dntj1(E—
n)tj2(n) into four parts:

h= [ ot = moefal) (4.3
b= [ dnl = an)Gi(€ - ot (4.4
B [ dnanfce = mi = a0 (4.5

I, = /Rd dn(1 — Oéjl)t/g:(f -1 — OéjQ)t/J";(n) (4.6)
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We would like to estimate I(§) for arbitrary £. Let us first discuss the
more singular term I;. The key point is that its integrand vanishes outside
the domain |n| < siE'a for some . Indeed, we observe that supp a1 N
—supp a2 = () means that for any ({1, (2) € supp a;1 X supp 2, the angle
0 between (; and (o is less than m — § for a given § > 0.

Hence if (1 = £ —n € supp a1 and (2 = 7 € supp a2 the angle between
(1 and (3 is bounded from below:

|1+ Gol® = (G + Cas C1 + C2) = [Cuf* + [Gal® + 2 cos 0] 1|2
= (|C1] + cos 0]Ca|)? + sin? 0]¢a|* > sin® 0]Gf* > sin® ]G,

hence |sind||n| < |£| and |sind|| — n| < |€ by symmetry between (1, (s.
Thus

L] < /|s>| sl ldﬁ!\fmla\leHG’mQt/EHLw(l+|€—77\)m1(1+|77|)m2
>|sind||n

if €] is fixed we integrate a rational function over a ball

€]
— — | sin §|
(L] < [sin 67 2|07 g | oo |67 222 | oo (1 4 fl)m1+m2/ rldr
0

< ClHeimlt/ﬁHLoo||97m2t/]§||Loo(1 + ’€|)m1+m2+d

d

where C] = 1%?;) |(sin §)~4="1=™2| does not depend on t;,t3. We have esti-
2

mated the more singular term, set supp (1 — a;,) = Vj, we choose ajj, in

such a way that Vj, = Wj,. The estimation of others terms is simple and

: : P (1+1n)) (A+]€=n])
relies on the key inequalities TFEDAHE=) <1 and TTHE) (D < 1. We
gather all results:

[NJIsH

2
I'(3)

I < 167" 51 | oo 16722 oo (1 4 [€])™ M4

L < tixllmatds1,v;0,0, 110722 2] oo /Rd dn(1+ |€ =)~ D (1 4 )2

(L + |n))™

< : ] —m2/.\ o ma
< X 1,150, 1672 = (1) /Rdd’%u|s|>m2<1+|f—m><m2+d+1>

I < 107" 1 pee it 1,V /Rd dn(1+ |€ =)™ (1 + |p)~(mFery

s (1+1[6—n)™
<Ot oo ||E Lo (1 m d
| jllzee lt2xlmy +d+1,v52.0; (1+1€]) /Rd TAF )1+ [nyrarddt
(1+[Eh™

I < |t . i (1F —Nl/d :
4 || 1X||N11V311€0]|| QXHNZ,V]Q,SO]( ’€|) Rd 77(1+’£_77’)N1(1+’77‘)N2
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We write the estimates in a more compact form where we replaced the
integrals by constants (C;)i<i<a:

I < Cy[|07™ 1| oo |67 E2 | pow (1 + [&]) ™2 (4.7)
I < Colltyxllmy+ds1,v0,0, 102 Ej2] | Loo (1 + [€])™2 (4.8)
I3 < C3]|07™ 1| oot X s 1,150, (1 + [E)™ (4.9)

I < CalltaxXlIne, vy, 12X 3o, Vi i, (1 [€) ™ (4.10)

then we summarize the whole estimate, if No > Ny +d + 1:

(1+ Je=mma=d|1]

<O (I Gill + Itxlim v, ) (10782l e + 2l v vie, ) -

Lemma 4.2.5 Let I'1,T's be two cones in T*R® and mi, ms some non neg-
ative integers. Assume 'y N =Ty =0. Set ' =Ty Uy Uy +T's. Then for
all seminorm ||.||nv,2 of Dp where N > supy_; o my +d + 1, there exists
C such thgﬁfor all (t1,t2) € D, (RY) x Dr, (RY) satisfying |0~ t1x|| o <
00, |02 tax||Lee < 00, we have the bilinear estimate:

t1t2lln, e < C O It2X 28, Vs, 10 ™ Erpsx | Lo
jeJ

_ —_—
Flltrxllon,vir e, 1072 tawjx | oo + It llan, v L2118, V005

N.V,i9; OfDi—\k, k= 1,2

for some seminorms ||.|

Proof — Let V be a closed cone of R? such that supp x x V does not
meet I'y UT'y UT'; + I'y. Now, it is always possible to use the cover given
by the approximation lemma fine enough so that for all j € J, V will
not meet Wj; U Wjo U (Wj1 + Wj). We would like to estimate I(§) for
§¢ Wi UWi U (Wj1 + Wja). But ajp(n)a(§—n) #0 = (n,{—n) €
ng X le - f: (f-??)-i-?? S Wj1+Wj2. Thus iff ¢ Wj1+Wj2
then ajo(n)aj1(§ —n) = 0 for all n, hence I;(§) = 0 when { € V. We set
supp (1 — i) = Vjj, which is a cone in which tj;, decreases faster than any
inverse of polynomial function. By definition:

~ -N
|(1 = i)tk (€) < [IteXIINVjp,0; (14 [€])
also for ajk?jk where 2, = (txx)y;, we have:

it el (€) < (L + €)™ Ejpll oo (1 + €)™
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where my, is the order of the compactly supported distribution t;x. We can
estimate I in a simple way:

1+ [~
@+ 1€ =)™ (1 +[n)h™

IT4l(€) < lrxllonv;u.p, IE2XIINVo g, (LHIED ™ /R dn

N,ij,lpj(l =+ |£|)_N7

N —

To estimate I, let us first notice that if o, were smooth at 0 then we
could identify the “good function” (1—a;;)t;1(n) with the Fourier transform
of a Schwartz function and ”the bad function” «jat;o(17) with the Fourier
transform of a distribution. Denoting by 0(£,n) the angle between £ and 7,
we cut Is into two parts:

[141(§) < Onlltixllan, v llt2x|

L(€) = / (1—a1)F1 (€ —n)ajalin(n)+ / (1—a1) 1 (E—m)orzaTa ()
0(&m)<o 0(&,m)=6

We set the cone Wy, = {|dist (é, Wi;) < 6} for some § > 0 in such a way
that the following sequence of inciusions holds:

Wy; Csupp aji C W,éj.

The restrictions £ € V,n € supp a;2 impose the angle 6(&,n) between them
satisfies the bound 6 > dist(V N S%L supp ajo N ST71) > 0, hence if § <
dist(V NS4 1, Wjs NS4 1) then

VE € V. Iy(€) = / (1~ 1) (€ — majafia(n),

0(&,m)=0

but the estimate 6(£,n) > ¢ exactly means that the angle between &, 7 is
bounded from below hence we use the bounds

€ = nl = sind¢], [ =] > sind]n]
which implies
(1+Hle—nl) 7> < (1+sin )™ (L+sindln) ™ < (sin6) 7N (1+[E) ™V (1)~
which implies the following bounds for Is:

VE S V7 |IQ‘(€)

< /9 R e el = PR
777/

< Ntrxllon, vy, 1072 2 oo (1) ™ sin 6] 7Y /Rd dn(1+n) = (L+n])™=.
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Provided that dist(V N Sdil,ng NS >¢ >0and N > mg+d+ 1,
the integral on the right hand side absolutely converges. Setting Co =
|sin 6|72V [padn(1+ |n|)~N (1 + [n])™2 yields the estimate

VE € V. |L21(€) < Calltixllzn, vy, 1072 2] e (1 4 €)Y

Now for I3(&), after the variable change

/ dnlajitji(§ —n)(1 — aje)tje(n)] = / dnlagitin(n)(1 — a;2)tje(§ —n)l,
R4 Rd

we repeat the exact same proof as above with the roles of the indices 1,2
exchanged.

VE € V. |I51(€) < Cslltaxllan,viaup; 107 i1 pe (1 + 1)

where C5 = [sind|™2Y [adn(1 + |n])™™(1 + |n|)™. Gathering the three
terms, we obtain:

Ve € V, [11(€) < Olltaxllon, vy o, 107 E1 [ o

Hltrx 2w, vy, 107 ™22l Lo + X281 0, T2 X N, Vi2 0, ) (14 1D T
[ ]

Let us explain the boundedness properties of the product. Let By, k € {1, 2}
be bounded subsets of Dr (R%),k € {1,2}. Then for each V satisfying
the hypothesis of the lemma for each x, there exists a pair (mj,ms) such
that the r.h.s. of the bilinear estimate is bounded for all ¢1, ¢y describing
B1 x By by theorem (4.4.2). Thus the seminorm [|¢1t2]|y 2 is bounded
for all ¢1,to € B; x By. The joint and partial sequential continuity of the
product simply follows from the above arguments. As a corollary of the
previous lemmas, we deduce the following important

Theorem 4.2.1 Let I'1,I's be two cones in T*R%, Assume 'y N =Ty = 0.
SetT'= (T UTyU (T'y +T9)), where x,§ € Ty + 'y means that £ = & + &
for some (x,&1) € 'y, (x,&) € I's. Then the product

(tl,tg) S D{ﬂl X D{‘Q — tito € D,F

1s well defined and bounded.

4.2.3 The soft landing condition is stable by sum.

We have studied the boundedness properties of the product. The main
theorem of Chapter 3 singled out an essential property of the wave front
set of distributions which was the soft landing condition. Our goal in
this subsection will be to check that this condition on wave front sets is
stable by products. If WF(t;)eqy 2y satisfies the soft landing condition and
WF(t1) N (=WF(t2)) =0 on M \ I, then what happens to W F(t1t2) ?
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Proposition 4.2.1 Let I'1,I'y be two closed conic sets which both satisfy
the soft landing condition and T'1,Ty are such that Ty N (=Tg) = 0. Then
the cone I't UT'o UT'; 4+ 'y satisfies the soft landing condition.

Proof — We just have to prove that I'y +I'y satisfies the soft landing condi-
tion because taken individually, I';, € {1,2} already satisfy the soft landing
condition. We denote (z;, hi; ki, &) a point in I';, € {1,2}. We also denote
n; = (ki, &). In the course of the proof, we use the norm |n| = |k| 4+ |¢| and
the result does not depend on the choice of this norm since all norms are
equivalent.

1. We start from the hypothesis that I';, € {1,2} both satisfy the soft
landing condition

Vi€ {1,2},35 > 0,35 > 0, Til ke C (K] < SlAIIE]}

but this implies that for the points of the form (x,h;n1) + (z, h;n2) =
(z, h;mi 4 m2) € (T'1 4 T2)|(z,n), we have the inequality

|k1+ k2| < sup &bl (|&1] + &),

€{1,2}
from now on, we set sup¢y; 9y 6; = 0.

2. In order to estimate the sum (|1] + |[€2|), we will use the fact that
I'y N =Ty = 0. This can be translated in the estimate

Yz, hymi) € Tili, 30" > 0,0" (Im] + |n2l) < [+ n2]
= 0 ([k1| + k2| + [&1] + [2]) < [kt + ka| + |&1 + &
1-4 1
= [&| + [&2] < T'kl + ka| + g|§1 + &2,
where we can always assume we chose ¢’ < 1.

3. Combining the two previous estimates, we obtain
1-4 1
k1| + [ka| < S|R[ (I61] + [&2]) < 0]R| T’kl + ka| + §|51 + & ) -

Now we choose &’ small enough in such a v way that V|h| < ¢/ 0 <
11— 5

5Ih!

Ik <€k + k| < (1—5’ ) e+ &

which means I'y + I'y satisfies the soft landing condition. [ |
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4.3 The pull-back by diffeomorphisms.

Our goal in this part consists in studying the lift to T* M of diffeomorphisms
of M fixing I since the symplectomorphisms of T*M will determine the
action on wave front sets. In this section, we will work in a local chart of M
in R"*¢ with coordinates (z, h) where I is given by the equation {h = 0}.

4.3.1 The symplectic geometry of the vector fields tangent
to I and of the diffeomorphisms leaving [ invariant.

We will work at the infinitesimal level within the class g of vector fields
tangent to I defined by Hérmander ([40] vol 3 Lemma (18.2.5)). First recall
their definition in coordinates (x, h) where I = {h = 0}: the vector fields X
tangent to I are of the form

hal(x, h)Oy: + b’ (x, h) 0,

and they form an infinite dimensional Lie algebra denoted by g which is
a Lie subalgebra of Vect(M). Actually, these vector fields form a module
over the ring C°°(M) finitely generated by the vector fields h'0;;, 0,:. This
module was defined by Melrose and is associated to a vector bundle called
the Tangent Lie algebroid of I. This module is naturally filtered by the
vanishing order of the vector field on 1.

Definition 4.3.1 Let Z be the ideal of functions vanishing on I. For k €
N, let F} be the submodule of vector fields tangent to I defined as follows,
X € F, if XT C IF1.

This definition of the filtration is completely coordinate invariant. We also
immediately have Fj11 C Fj. Note that Fp = g.

Cotangent lift of vector fields.

We recall the following fact, any vector field X € Vect(M) lifts functorially
to a Hamiltonian vector field X* € Vect(T*M) (for more on Hamiltonian
vector fields, see [2] 3.5 page 14) by the following procedure

X = X@'aai € Vect(M) % o(X) = X' € C®°(T*M)
z

. 0 aXt o
X ={0(X),}=X"— & ——
(o(X). } = X' g5~ 65 o
where {.,.} is the Poisson bracket of T*M. Notice the projection on M of
X*is X and X* is linear in the cotangent fibers. This means the action
of vector fields is lifted to an action by Hamiltonian symplectomorphisms
of T*M. The map X € g — o(X) € C®(T*M) from the Lie algebra g to
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the Poisson ideal Zippyr C C>(T*M) can be interpreted as a “universal”
moment map in Poisson geometry since to each element X of the Lie
algebra g which acts symplectically as a vector field X* € Vect(T*M), we
associate a function which is the Hamiltonian of X* (as explained to us by
Mathieu Stiénon).

Lemma 4.3.1 Let X be a vector field in g. Then X* is tangent to the
conormal (TI)" of I and the symplectomorphism eX  leaves the conormal
globally invariant. In particular, if X € Fy, then X* vanishes on the
conormal (TI)* of I and (T1)"* is contained in the set of fized points of the
symplectomorphism eX~

Proof — Any vector in g admits the decomposition h/ aé- (2, h)Opi+bi (2, h) Oy
Thus the symbol map o(X) € C°(T*M) equals ha}(x, h)& + b*(x, h)ki.
This function vanishes on the conormal bundle (7'1)* which is a Lagrangian
submanifold. Now we are reduced to the following problem: given a function
f in a symplectic manifold which vanishes along a Lagrangian submanifold
C, what can be said about the symplectic gradient V, f along C' 7 Since
fl =0, for all v € TL, df(v) = 0. But Yo € TL,0 = df (v) = w(Vuf,v)
which means that V,, f is in the orthogonal of T'L for the symplectic form w.
Since L is a Lagrangian submanifold of 7*M, this orthogonal is equal to
TL, finally V,,f € TL. If X € Fy, then o(X) = h'hak,(z, h)& + h'bl(z, h)k;
by the Hadamard lemma. The symplectic gradient X* is given by the for-

- 00(X), 00(X),  00(X), 00(X)
o o o o
X* — i 3 . 7 - .
Ok Or T gm0 T g Oh T g e
thus X* = 0 when k = 0, h = 0 which means X* = 0 on the conormal (7'1)*
of I. |

Proposition 4.3.1 Let py, po be two Euler vector fields and ®()\) = e~ 108 10
el P2 Then the cotangent lift T*®(N\) restricted to (TI)* is the identity
map:

T*(I)()‘)|(TI)J- = Id|(T])J_.

In particular, the diffeomorphism ¥ = ®(0) (Corollary 1.4.1) which conju-
gates p1 with po satisfies the same property.

Proof — Let us set
D(\) = e~ 108201 log Ap2 (4.11)

which is a family of diffeomorphisms which depends smoothly in A € [0, 1]
according to 1.4.2; then ®(0) is the diffeomorphism which locally conjugates
p1 and py (Corollary 1.4.1). The proof is similar to the proof of proposition
1.4.2, ®()\) satisfies the differential equation:

dd(N)

= e 108201 (o — p1) €8 1P (N) where ®(1) = Id (4.12)
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we reformulated this differential equation as

d®(A
dg\) =XNP(\),®(1) =1d (4.13)
where the vector field X (\) = e~ 19821 (py — py) €621 depends smoothly

in A € [0,1]. The cotangent lift T*®) satisfies the differential equation

dT*®(N)

d\
Notice that VA € [0,1], X(\) € F1 which implies that for all A the lifted
Hamiltonian vector field X™*(\) will vanish on (71 )J- by the lemma (4.3.1).

Since T*®(1) = Id obviously fixes the conormal, this immediately implies
that V}\,T*(I)()\N(TI)J_ = Id|(TI)J-' |

= X*(N)T*®(\), T*®(1) = Id (4.14)

4.3.2 The pull-back is bounded.

The problem we solve. We start from a distribution ¢t € D/(M \ I) such
that WF(t) satisfies the soft landing condition. We assumed that there
exists a generalized Euler p; and a small neighborhood V of I such that
A~Se~logd*¢ is bounded in Dh(V \ I) where T' = Uneo,1] W F (elogArixt),
Under these conditions, by the main theorem of Chapter 3, we know that
the extension ¢ is well defined, WF(t) C WF(t) U C and for every s’ < s,
A~% elog AT is hounded in Dg (V). We proved (Proposition 1.4.2 Chapter
1) that when we change the Euler vector field from p; to p2, we have:

)\fselog )\pz*t — (ID()\)* ()\fselog )\pl*t) )

——_— ——
bounded in D{H

The above equation motivates us to study a more general question, is the
image of a bounded set in D}, by a diffeomorphism @ still a bounded family
in D&)*F?

4.3.3 The action of Fourier integral operators.

Fourier integral operators are abbreviated FIO. In this section, we will work
exclusively in R since our problem is local. To solve our problem, we will
have to revisit a deep theorem of Hérmander (see [40] theorem 8.2.4) which
describes the wave front set of distributions under pull back. However, we
will reprove a variant of this theorem which is tailored for applications in
QFT. First, we prove the theorem for a specific subclass of FIO (as dis-
cussed in [23]) which contains the space of diffeomorphisms and we also give
explicit bounds for the seminorms of D}.. We deliberately choose to discuss
everything in the language of canonical relations and symplectomorphisms
since these are at the core of the geometric ideas involved in the proof.
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A quick reminder about the formalism of FIO.

We recall the definition of a specific class of FIO following [23]. And we will
frequently use several notions that can be found in [23].

The definition of Eskin’s FIO. We adapt the definition of [23] to our
context, we consider operators of the form:

U : D(R?Y) x D'(RY) — D'(RY)

1 1S (x PN
() > Upt = oy | S Daenia) (@15)

where S is smooth, homogeneous of degree 1 in 1 and det%gn # 0, we
do not assume a = 0 if |n| < 1 since for diffeomorphisms a = 1, and this
does only change the FIO modulo smoothing operator (see [23] p. 330). The
Schwartz kernel of U, is the Fourier distribution which by a slight abuse of
notation reads:

Up(,y) = (271r)d /R dne' ST a3, 1) (y).

See [23] p. 341.

Lemma 4.3.2 Let ® be a diffeomorphism of R? and p € D(R?). Then there
exists an operator Uy, as in 4.15 such that Vt € D'(R?), U,(t) = ®*(tp).

We will later choose ¢ as an element of an ad hoc partition of unity defined
by the approximation lemmas (4.2.1,4.2.2). Proof — Our proof follows the
strategy outlined in [17] proposition (1.3.3). The idea is to write down tp

—

as the inverse Fourier transform of tep.

- 1 L
to=F 1 tp) = —— [ dne™n%
o=F (cp) ) /R | dne ©(n)

Now, we pull-back t¢ by the diffeomorphism & :

¥ (1) (@) = 0" F 1 () (2) = oz [ dne™TER ()

Now setting S(z;n) = ®(x).n, we recognize the phase function S appearing
in (4.15). [

In the following, given a generating function S, we denote by o the
canonical transformation defined by:

oS oS
g (y;ﬁ)’—)(ﬂf;ﬁ)vfz %(Scan)ay:ain(xvn)v (4'16)

see Equation (61.2) p. 330 in [23].
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Theorem 4.3.1 Let (t,), be bounded in Dp(Q),Q C R, Let U be a proper
operator as defined in (4.15) with amplitude a = 1 and generating function
S and o the corresponding canonical relation. Then (Ut/‘)u 1s bounded in
D:J'OF(Q)‘

We will decompose the proof of the theorem in many different lemmas. Our
strategy goes as follows, we have some bounds on Z(E where ¢ € D(RY)
because we know that ¢t € Dp by the hypothesis of the theorem and we
want to deduce from these bounds some estimates on the Fourier transform
F (xU (te)). We first prove a lemma which gives an estimate of WF (U (tp)).

Lemma 4.3.3 Let U be a proper operator as defined in (4.15) with am-
plitude a = 1 and generating function S, o the corresponding canonical
transformation and ¢ € D(RY). Then for allt € Dy, WF(Uyt) Cool.

Proof — We denote by (y;7n) and (z; &) the coordinates in T*R?. Let t be a
distribution and U a FIO of the form (4.15) with phase function S(x;n) —
(y,m). Then Theorem 63.1 in Eskin (see [23] p. 340) expresses WF(U,t)
in terms of the image o o WF(tp) of WF(tp) by the canonical relation o
generated by S. To apply the theorem of Eskin, we use the fact that ty
compactly supported

— 07|~ < 400 = 07" T ip e L2(RY) & tp e HME

Ut() = (Qi)d / dydne!S M=l y) (4.17)
R2d
oS a8

The canonical transformation is the same as equation 61.2 p. 330 in [23]. For
convenience, we will write in local coordinates o(y,n) = (z(y,n),&(y,n)). In
the particular case of a diffeomorphism x — ®(x),

a8 a8
a77(&17) = &(z), g(fﬁ,n) =nodd

and the corresponding family of canonical relations is

a: (y,n) = (27 (y),n o d®). (4.19)
n

Motivated by this result, we will test ®*(tp) on seminorms ||.||nv,y, for a
cone V and test function x such that supp x x V does not meet o oI

Lemma 4.3.4 Let U be given by 4.15, o the corresponding canonical rela-
tion, m a nonnegative integer, o € C°(R?\ 0), homogeneous of degree 0,
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¢ € D(RY), x € D(RY) and V C (R4\0) a closed cone. If (supp x x V)[(oo
(supp ¢ X supp o) =0 and (supp ¢ x supp (1 —«))(\T =0 then for all N,
there exists Cn s.t. for all t € D} satisfying ||0~"tp; o < 400:

10 (t0) v < O 1+ 167N (107 llioe + Wllvasaiwy) — (4:20)

where W = supp(l — ).

Proof — Our method of proof is based on the method of stationary phase
and a geometric interpretation. In the course of our proof, we will explain
why constants appearing in all our estimates do not depend on ¢ but only
on U and I'. This is the only way to obtain an estimate which is valid for
families (¢,), bounded in Df.. In order to bound [|U(t¢)|n,v.y, we must first
compute the Fourier transform of xU (tp):

FOUR) ) = g [ dednx(@)e =iz (421)

(2
We then extract the oscillatory integral on which we will apply the method
of stationary phase:

16 = [ daelen 2oy = [ deceny (o)

where the phase ¥(x,&,n) = [S(x;n) — x.£]. We reformulate the expression
giving F (xU (tg)) (§) in terms of the oscillatory integral I(&,n):

FOU (#9)) (€) = [ dnl(€n)n).

Then the idea is to split the integral in two parts, in one part the oscillatory
integral I(£,n) behaves nicely and decreases fastly at infinity, ie VN, (1 4+
€] 4+ |n)NI(&,7m) is bounded. In the second part, the oscillatory integral is
bounded but this domain corresponds to the codirections in which fgz has
fast decrease at infinity. The method of stationary phase states (see [70]
p. 330,341) that the integral I is rapidly decreasing in the codirections (£, )
for which v is noncritical, i.e. d ¢ (x;&,m) # 0. We compute the critical
set of the phase
d:cw(x7 3 77) =dzS(z,n) — &

Hence the critical set d,1» = 0 is given by the equations

{(77> f)‘de(l‘, 77) - f = 07 T € supp X}a (422)
we thus naively set

VE, T(E) = {(ys )3 € supp X, doS(a,m) — € = 0, = gimn)}. (4.23)
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Motivated by the geometric relation between the generating function S and
the canonical relation o (by Equation (4.16)), we interpret () in terms of
the canonical transformation o:

¥(€) = {(y,n)|3z € supp x,0(y,n) = (x,€)} (4.24)
or  %(¢)=o0""o(supp x x {¢}). (4.25)

Hence X(§) is the inverse image of supp x x {£} by the canonical relation
0. Let us recall that m projects T*R? on the second factor R*. We define

R(§) = 12 (2(§)) = {n|3z € supp x, dxS(x,n) — § = 0}

which has the following analytic interpretation, for fixed &, R({) contains
the critical set (“bad 1’s”) of I(£,n). We admit temporarily that

o o (supp ¢ X supp a)m(supp xxV)=10

implies supp « does not meet Ufev R(&) (we will prove this claim in Lemma
(4.3.5)). We are led to define a neighborhood R.(&) of R(§) for which V¢ €
V, R(§) Nsupp a = (:

R:(&) = {n|3x € supp x, |d.S(x,n) — & < e}

Denote by RS(€) the complement of R.(&).
RE(E) = {nlV(x,€) € supp x x V,|dzS(z;m) — | > €}

RZ(€) = {n|¥(z,€) € supp x x V,|dz (€, m)| > €}
We use the following result in Duistermaat, VN, dCn s.t.

V(&,m) € V x RE(E), [1(6,m)] < COn (14| + &)~ (4.26)

The proof of this result is based on the fact that we are away from the critical
set R(€) and from application of the stationary phase ([17] Proposition 2.1.1
p. 11). The constant Cy depends only on N, x, S, €.

Recall we made the assumption there is a function @ € C*°(R™ \ 0),
homogeneous of degree 0 such that V¢ € V, R.(§) does not meet supp «, and
supp ¢ x supp (1 — a) does not meet I'. We cut the Fourier transform in
two pieces:

1(§) = F (XU (tu;)) (€) = I + I

where

L) = /R REGOED (4.27)

B© = [ e iz (1.25)
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Observe I (¢ fRs dnI(&,n)ote(n +fRe dnI(&,m)(1—a)te(n fRE dnl(&,m)(1—
a)tp(n) since we assumed V¢ € V,supp a N R(§) = 0. By Paley Wlener

theorem, we know that Im, ||0~"%p|| L~ < oo. We use this inequality and

stationary phase estimate (4.26)

112|(£) = | dnI (&, n)tp(n)| < CN+m+d+1/ dn(1+[n|+E) N ()|
Re(8) Re(€)

S ONtmtdt /R'(s) dn(L+ [n| + €)™ L A+ )10 | e

€

< Covemeant(L+E) N0 Fluoe [ a1+ fo

hence I3(§) < C;V+m+d+1( + ’§|)_N||9_mt90jHL°° where C§V+m+d+
constant which depends only on N, x, S, €. Now to estimate [, set

W :=supp (1 —a):

1 15 a

1) = /R o EM = T

by a change of variable in (4.27) so that n does appear on the right hand
side,

@< [ drix@) [ anl - )iptm)

because |I(§,n)| < [pa dz|x(2)],
111 ()] </ dw\x(@!/ dillt]| v (14 )™
R Re(€)

Recall the definition of R.(§) = {n|3z € supp ¥, |dzS(x,n) — &| < e}. The
defining inequality |d,S(z,n) — &| < € implies that on R.(§):

|deS(25n) — €l <& = [€] —e < [deS(x;n)| < [€] + e

This estimate is relevant if || > ¢. Then we use the fact that n — d;S(z,n)
does not meet the zero section when n # 0 and depends smoothly on = €
supp x (in the case of a diffeomorphism, we find d;S(x,n) = n o d®(z)), so
there is a constant ¢ > 0 such that

¥(@, 1) € supp x x RY, | < |doS(x,m)| < clnl. (4.29)

Combining with the previous estimate gives V¢ € V,Vn € R.(€), |{]—¢ < ¢|n|
which can be translated as the inclusion of sets

RAO < (-9 <l =B (0.525)
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L(6) < / da|x(z)| / |t Ny we (1+ |n) =N 4!
R4 cH(|E]—e)<n]

27Td/2

= dx|x(x ) t W, / 14 ) Nod=lpd-lg,
cra7y (L @) essannas [ )

( / dwx(w)!) Il AR
X 57 AN N+d+1,W,
['(d/2) \ Jra L c1(|e]—2)

2 ([ st 1 o)
= x|x(z
0(d/2) \Jpa “X Nt+d+1,We N+1
< Onalltlvarmp(1+ €DV
where Cny1 does not depend on ¢ but only on T |

In the previous lemma, we made two assumptions that we are going to prove,
we recall some useful definitions:

V€ V,X(€) =0t o(supp x x {€}), R(§) = m2(2(€))
and R.(&) is a family of neighborhoods of R(§) which tends to R(§) ase — 0.

Lemma 4.3.5 For any closed conic set V and x € D(RY) such that (supp x x V)N
(o oT') =0, there exists a pseudodifferential partition of unity (o, p;); such
that

V& e V,R.(€) Nsupp a;j = (4.31)
I'c U SuUpp ;X Supp . (4.32)
jeJ

Proof — x and V are given in such a way that

(supp x x V)N (ool) =0 & ot (supp x x V) NI = 0.

We then use Lemma 4.2.1, 4.2.2 to cover I' by (U] Supp @; X supp aj)

where a; € C®(R?4\ {0}) is homogeneous of degree 0 and we choose the
cover fine enough in such a way that

(07t o (supp x x V) 1 [ [ Jsupp ¢ x supp ay | =0,
j

But this implies

Vi, | [ o7 (supp x x {€}) | N (supp ¢; x supp a;) =0
I39%
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& U () | N(supp ¢, X supp ;) =0 = U R(&) | Nsupp a; = 0,
&ev eV

the last line follows by projecting with m3. Finally by choosing e small

enough, we can always assume V¢ € V, R.(§) Nsupp o; = 0: assume the

converse holds, i.e. Vn, 3¢, € V, 3z, € supp x, In, € R1(&,) Nsupp «;

w.l.g. assume |, | = 1 then by definition of R1 (&), we find that

oS 1

|§n - %(5Emnn)| < n

and estimate (4.29) = |dyS(@n,mn)| < | = ¢ = |&] < c+ L.
This means the sequence (xy,&,,n,) lives in a compact set, thus we can
extract a subsequence which converges to (x,&,n) € supp x x V X supp «;
and 7 € R(§) Nsupp «;, contradiction ! [ |

Then we give the final lemma which concludes the proof of theorem (4.3.1).

Lemma 4.3.6 Let U be an operator given in (4.15) with symbol a =1 and
o the corresponding canonical transformation. For any closed conic set V
and x € D(RY) such that (supp x x V)N (0 oT) = (), there exists a finite
family of seminorms (||.||N,w;.p;)jer for Dp such that YN,3Cn,Vt € Dr
s.t. Vi€ J, |07 ;|| L < +oo:

10t < 300 (107850 10w + [l w2051, ) -
jeJ’

Proof — There is still a problem due to the noncompactness of the sup-
port of ¢, there is no reason the sum » .. ;tp; ((¢;)jes is a partition of
unity of R? given by Lemma 4.3.5) should be finite thus we do not neces-
sarily have one fixed m for which Vj € J, |0~ ;|| < +oo. However,
XUt = 3 ey xUtp; where J' is any subset of J such that djer i =1
on the compact set m; (0*1 (supp x X V)), thus J’' can be chosen finite.
Now we use the pseudodifferential partition of unity indexed by J’ to patch
everything together:

VEEVIF(XU[(€) < A  dadne T2y ()t ()]
jeJ’
<Y on+lgh™ (\Ie’m@!\m 1l 21,0,
jeJ’

by estimate (4.20) where W; = supp (1 — «;). And this final estimate
generalizes directly to families of distributions (t,),:

10l < 32 O (167" Gl + Itz e, )
jed’
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For t,, in a bounded family of distributions, there is a finite integer m (which
depends on the finite partition of unity ¢;) such that the r.h.s. of the above
inequality is bounded thus all seminorms ||.||x,v, for D/ . are bounded. Fi-
nally, it remains to check that the pull-back by a diffeomorphism of a weakly
bounded family of distributions is weakly bounded, the proof is a simple ap-
plication of the variable change formula for distributions ([23] formula (3.7)

p. 10).

Consequences for the scaling with different Eulers.

Definition 4.3.2 t is microlocally weakly homogeneous of degree s at p € 1
for p if WFE(t) satisfies the local soft landing condition at p, there exists a
p-convex open set Vy, such that (A\™*€!°82*t), ¢ 1) is bounded in Dp(V, \ )
for some I' C T*V,, which satisfies the soft landing condition.

In particular, if (A\~%el°® /\p*t)/\e(o,l] is bounded in Dp.(V,\I) for I' = Uy (o 1 W (t2)
then ¢ is microlocally weakly homogeneous of degree s since W F'(t) satisfies
the soft landing condition implies I' = (J,¢ (1) W F (£) also does.

Theorem 4.3.2 Lett € D'(M\I). Ift is microlocally weakly homogeneous
of degree s at p € I for some p then it is so for any p.

Proof — Let p1, p2 be two Euler vector fields and ¢ is microlocally weakly
homogeneous of degree s at p € I for p;. We use Proposition 1.4.2 which
states that locally there exists a smooth family of diffeomorphisms ®()\) :
Vp =V}, such that VA € [0,1], ®(\)(p) = p and ®(\) relates the two scalings:

6log)\p2>s< — (I)()\)*elog)\pl*.
Then ®(\)* is a Fourier integral operator which depends smoothly on a
parameter A € [0,1]. A%€!°8*1%¢ is bounded in Dr, (V' \ I), then we apply
Theorem (4.3.1) to deduce that the family
(13()\)* ()\—selog )\pl*t) — <)\—selog Apg*t>
A A

is in fact bounded in sz (Vp), with I'y given by the equation

where o) = T*®71()). [

The previous theorem allows us to define a space of distributions Es(U)
that are microlocally weakly homogeneous of degree s, the definition being
independent of the choice of Euler vector field p:
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Definition 4.3.3 t is microlocally weakly homogeneous of degree s at p if t
is microlocally weakly homogeneous of degree s at p for some p. EX(U) is the
space of all distributions t € D'(U) such that Vp € (INU), t is microlocally
weakly homogeneous of degree s at p.

We now state a general theorem which summarizes all our investigations in
the first four chapters of this thesis and is a microlocal analog of Theorem
1.4.2,

Theorem 4.3.3 Let U be an open neighborhood of I C M, if t € E¥(U\I)
then there exists an extension t in EY,(U) N D{/VF(t)UC (U) where s = s if
—s—d ¢ N and s < s otherwise.

4.4 Appendix.

We recall a deep theorem of Laurent Schwartz (see [65] p. 86 theorem (22))
which gives a concrete representation of bounded families of distributions.

Theorem 4.4.1 For a subset B C D'(R?) to be bounded it is neccessary and
sufficient that for any domain Q0 with compact closure, there is an multiindex
o such that Vt € B,3f, € C°(Q) where tlg = 0°f; and sup,cp || fill L) <
00.

We give an equivalent formulation of the theorem of Laurent Schwartz in
terms of Fourier transforms:

Theorem 4.4.2 Let B C D'(RY).

Yy € D(Rd), Im e N, sup||(1+ ]E\)fmt}HLoo < 400
teB

& B weakly bounded in D'(R?) < B strongly bounded in D'(R?).

Proof — We will not recall here the proof that B is weakly bounded is
equivalent to B is strongly bounded (by Banach Steinhaus see the appendix
of Chapter 1). Assume Yy € D'(RY),3m € N,sup,cp ||(1 + [€]) x|z <
+00. We fix an arbitrary test function ¢. There is a function xy € D(R?)
such that y = 1 on the support of ¢. Then

[{to) | =1{tx. @) | = [{ix. B) |
=1 [+ 1)+ DR+ )

< /R (1 + Jel) (L )T BUOII + ) G(e)]

integrable



4.4. APPENDIX. 83

< CII( + €)™ x| L Tm-ra1 (),

finally

sup [ (¢, ) | < Cromprara (@) sup [|[(1+ €)™ x| < +oc.
teB teB

Conversely, we can always assume B to be strongly bounded, then for all
X € Dk (RY), the family (Xee)eepa Where eg(x) = e~ has fixed compact
support K. Then there exists m and a universal constant C' such that

\V/t € va90 € D(K)a | <t7§0> | < CWm(SO)
thus R
vt € B, [tx[(§) = | (T, xee) | < Cmm(xee),

now mnotice that m,(xeg) is polynomial in § of degree m thus sup, |(1 +
€)™ mm (Xeg) is bounded. But then (14[¢]) ™" [¢x ()] < C|(1 + [£]) " mm (xee)|

bounded in £
and thus sup,cpg ||07"tx| L~ < +o00. u
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Chapter 5

The two point function

Ole(z)e(y)]0).

Introduction. Hadamard states are nowadays widely accepted as possible
physical states of the free quantum field theory on a curved space-time. The
Hadamard condition plays an essential role in the perturbative construction
of interacting quantum field theory [26]. Since the work of Radzikowski [60],
the “Hadamard condition” (renamed microlocal spectrum condition) is for-
mulated as a requirement on the wave front set of the associated two-point
function Ay which is necessarily a bisolution of the wave equation in the
globally hyperbolic space-time. The construction of solutions of the wave
equation in a globally hyperbolic space-time by the parametrix method, fol-
lowing Hadamard [35] and Riesz [63], is by now classical in the mathematical
literature. For space-times of the form R x M where M is a compact Rie-

mannian manifold, it is well known that A, = eit/_;A where V=2 is a

A
Fourier integral operator constructed in [19] theorem (1.1) p. 43 with the

wave front set satisfying the Hadamard condition (see also [76] théoréme 1
p. 2). However, to our knowledge, only the recent work of C. Gérard and
M. Wrochna [29] treats the non static space-times case (although [45] con-
structed Hadamard states on space-times with compact Cauchy surfaces).
Furthermore, for the purpose of renormalizing interacting quantum field the-
ory, we need to establish that A, has finite “microlocal scaling degree”
(following the terminology of [26]), which is a stronger assumption than
establishing that W F (A ) satisfies the Hadamard condition.

The goal of this chapter is to prove that I' = WF(A,) satisfies the
microlocal spectrum condition and that A, is microlocally weakly homo-
geneous of degree —2 in the sense of Chapter 4 (means in the notation of
Chapter 4 that Ay € E",). Although our goal is not to construct A; on
flat space, as preliminary, we spend some time to present various different
mathematical interpretations of the Wightman function A in the flat case
and give many formulas that are scattered in the mathematical literature.

85
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We provide proofs (or give precise references whenever we do not give all the
details) of so called “well known facts”, as for instance the Wick rotation,
which cannot be easily found in the mathematical literature. In fact, our
work done in the flat case will be useful when we pass to the curved case.

Our plan and some historical comments. The first section deals with
the Wightman function A, in R™"1. We start with the expression of the
Wightman function given by Reed and Simon [67]: A is the inverse Fourier
transform F~! (u) of a Lorentz invariant measure p supported by the pos-
itive mass hyperboloid in momentum space. This beautiful interpretation
also appears in the book of Laurent Schwartz [64]. This gives a first proof

that Ay is a tempered distribution. The formalism of functional calculus

eit/i;:A of the
is a solution in the space of operators of the

immediately allows us to relate F~!(u) with the function

eit —
V-A
wave equation. From the inverse Fourier transform formula, Ay is inter-
preted as an oscillatory integral ([67]), hence by a theorem of Hérmander,
this gives us a first possible way to compute the WF of A .

Then we give a second approach to the Wightman function: we notice
elti_:A with the Poisson kernel %, and the fact
that they should be the same formula if we could treat the time variable ¢ as

a complex variable. To carry out this program, we first compute the inverse

Fourier transform w.r.t. to the variables £ of the Poisson kernel %Tlm, we

Laplace operator —A,

the striking similarity of

obtain the function w which can be viewed as the Schwartz kernel
=1

of the operator e_tmm_l. This computation relies on the beautiful
subordination identity connecting the Poisson operator and the Heat
kernel. Then we show how to make sense of the analytic continuation in time
of the Poisson kernel %, called the wave Poisson kernel and which
corresponds to the operator ei(t"r”)m\/jil. This allows to recover Ay
when the complexified time (7 —it) becomes purely imaginary, justifying the
famous Wick rotation and giving a third proof that A, is a distribution.
In fact, to generalize this idea to static space-times of the form R x M
where M is a noncompact Riemannian manifolds, we can use the machinery

of functional calculus defined in the monograph [74] (see also [75]), from the

relation .
1 0o )
“A) = itv—A,
VB = [T

one can easily define the analytic continuation in time of the Poisson kernel
e~ V=24, \/jg_l, hence define the Wick rotation of e~V =29 \/j; where
Ay denotes the Laplace-Beltrami operator on the noncompact Riemannian
manifold, this will be the object of future investigations. Finally, we arrive
at the formula which expresses the kernel of the Wightman function as a
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distribution defined as the boundary value of a holomorphic function

C C

S, :
Q(.+i00)  eor (a0 £ie)2 — S0 ()2

where Q(z) = (2°)% — Y1 ,(2%)? and @ = (1,0,0,0). Applying general
theorems of Hérmander, this gives a fourth proof of the fact that A, is
a distribution and a second way to estimate the wave front set of A,.
Along the way, we prove that log ((:1:0 +i0)2 — Z?(x’)Q) and the family
((2°+140)2 — 3" 1 (2)?)” are distributions with wave front set satisfying
the microlocal condition condition.

Going to the curved case. There are two conceptual difficulties when
we pass to the curved case, the first is to intrinsically define objects on M?
which generalize the singularity Q~!(- 4+ i00) of A, and the powers of Q
in general. The starting point is to pull back distributions and functions
defined on R"*! by a map F : V € M? — R"*! constructed by inverting
the exponential geodesic map. This well-known technique was already used
in [35] and [63] and is expounded in many recent works ([5], [78]), however
none of these works present a computation of the wave front set of the pulled
back singular term F*Q~!(-+100). Here we prove that the wave front set of
the singular term F*Q~!(-+100) satisfies the Hadamard condition as stated
in [60].

The second step consists in pulling back certain distributions in D'(M)
on R"*! in order to set and solve the system of transport equations. For
all p € M, we define a map £, : Rt s M which allows to pull-back
functions, differential operators and the metric on R (R"*+! is identified
with the exponential chart centered at p).

Once these two difficulties are solved, and all proper geometric objects
are defined, it is simple to follow the classical construction of Hadamard [35]
to obtain a parametrix with suitable wave front set.

5.1 The flat case.

Fix the Lorentz invariant quadratic form Q(z°, 2!, ... 2") = (20)2-_7 (2%)?
in R""1. In the book of Laurent Schwartz [64], the study of particles is
related to the problem of finding Lorentz invariant tempered distributions of
positive type on R”*!. By Fourier transform and application of the Bochner
theorem (p. 60,66 in [64]), it is equivalent to the problem of finding positive
Lorentz invariant measures p € (CD(R”“)), in momentum space. Then p
is called a scalar particle. If the particle is elementary, it is required that
 is extremal which means that g =) a;u; holds iff y; are proportional to
. This notion of extremal measure is the analogue in functional analysis of
the notion of irreducible representations of a group in representation theory.
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We also require that p has positive energy i.e. u is supported on {2 > 0}.
Before we discuss Lorentz invariant measures, we would like to give a simple
formula which is a reinterpretation of the usual Lebesgue integration in R"+!
in terms of slicing by the orbits of the Lorentz group:

Aot = [ dm fw (5.1)
Rn+1 u:O N —00 Q:m dQ '

as a consequence of the coarea formula of Gelfand Leray ([43], [83]). Notice
that we can produce natural Lorentz invariant measures by modifying this
integral, instead of integrating over the Lebesgue measure dm over the real
line, we integrate against an arbitrary measure p(m):

Proposition 5.1.1 Any Lorentz invariant measure of positive energy i can
be represented by the formula

uin)= | " pm) | R ) (5.2)

—00

where the measure p s in fact the push-forward of :

p = Qu(n).

In particular, by Bochner theorem, any tempered positive distribution p in-
variant by O(n, 1)T+ can be represented by

wh= [ otm [ FHE e [ aape). 63)

Proof — The proof is given in full detail in [67] Theorem 9.33 p. 75 and
also the classification of all Lorentz invariant distributions was given by
Méthée. [ |

From now on, we assume p has positive energy. Inspired by the previous
proposition, we claim

Proposition 5.1.2 Any extremal measure of positive energy p in R
which is invariant by the group O(n, 1)1 of time and orientation preserving

Lorentz transformations is supported on one orbit of O(n, 1)1

Proof — It was proved in a very general setting in [64] p. 72. The orbits of
O(n, 1)T|r in the positive energy region {2° > 0} are connected components
of constant mass hyperboloids for m > 0, the half null cone (2°)? — |z|> =
0,2 > 0 and the fixed point {0} of the group action:

U 162 = Jaf = m? 2° > 0} J{(")* — Jaf? = 0,2° > 0} | J {0}

m>0 positive mass hyperboloids halfcone origin
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Let p be an O(n, 1)1 invariant measure on R"*!. Let @ be the canonical
O(n,1) invariant quadratic form. Then the push-forward Q.u is a well
defined measure on R™ (since p has positive energy) because @ is smooth
and the support of Q. u contains the masses of the particles. Assume the
support of p contains two points which are in disjoint orbits of O(n, 1)1,
then the push-forward Q,u is supported at two different points mq, mo.
Then pick a smooth function 0 < x < 1 such that x(mi) =1 and x(m2) =0
and consider the pair of push pull measures

Q" (xQxpt) , Q" (1 = X)Qupt) -

These are measures with different supports, hence linearly independent, and

p=H(z")Q" (xQup) + H(z")Q" (1 — x)Qsp)
which contradicts the extremality of p. |

Now, let 1 be an extremal measure of positive energy. We already saw the
support of y is one orbit of O(n, 1)1, a hyperboloid of mass m > 0. Here we

give an interpretation of the O(n, 1)1 invariant measure p supported by the
mass shell m of positive energy (which is unique by theorem 9.37 in [67])
in terms of the Gelfand-Leray distributions (see [43]). We introduce the
following notations:

§= (£M)O<H<n = (607£i<i<n) = (507 )

Proposition 5.1.3 Let Q = d¢° A d"? be the canonical measure in R+
and Q = (£°)2 — " (€2, Then we can construct an O(n, 1)1 invariant
measure p supported by the component of positive energy of Q = m given by
the formulas:

wn = (o ([ r35))= . Mj:jasz HIEPL D).

(5.4)

€

Proof — Letﬁ us remark that the Lebesgue measure in momentum space
Q=de® Ad™ € is O(n, 1) invariant because the determinant of any element
in O(n, 1) equals 1. Let us compute the ¢ function § (Q)

as defined in Gelfand—Shilov [43] :

{(£9)2—| € |2=m,£0>0}

_>
— deO A d €
St 2oy @ N = [ .
e e im0l {e0=/m2 4 €12} d((£9)2 — (m? + [ €[2)
n—>
The Gelfand-Leray form deOnd” € is the ratio of two Lorentz invari-

o d((€0)2=(m2+€2) o o
ant forms. More explicitely, we compute this ratio in the parametrization
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? €R" = ((m? + | f | )% €) € R™*! of the mass hyperboloid:

dfo A d"? | _ dfo A dnz> |
A((E)2 = (m2 + [€[2) €=V HER  p(eoae0 — (g )) €=Vl €r

d”§ ’
260 'e0=\/m24+ 22

because Ges- A 2(¢0dg0 - <?,d?>):d§%dn?

e
_) b
2¢/m? + [ £ [?

we thus connect with the formula found in [67] p. 70,74. |

Once we have this measure p in momentum space, we would like to re-
cover the distribution it defines by computing the inverse Fourier transform
F~(p) in R

Proposition 5.1.4 Assume A, = F~! (u) where u is an extremal measure

of mass m, O(n, 1)1 invariant and of positive energy, then AL is given by
the formula

Ay(z;m) =

1 / e—iw°<m2+|?2>%+z‘7.?dn? 55)
2(2m)" L Jgn (m2+|?|2)% ' '

Proof — To prove the claim, we use the Gelfand—Leray notation and the
beautiful identity e'"fw = e dt ft:f  ([83] page 124 lemma (5.12)), which
allows to rewrite the Reed Simon formula:

i(206047.€)
O (e —Ep=meoz0} (€ Q)

0 n_>
E0=/m2+[ €2 d(£% — (m? + | £ ]7))

g
:/ VA S S
n —
2/m? + 2

we recognize the inverse Fourier transform of a distribution supported by
the positive sheet of the hyperboloid. |
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If we provisionnally call ¢ the variable 2° then the above proposition allows
it/ —A+m?

. e :
to interpret A as the Schwartz kernel of the operator AT where A is
the Laplace operator acting on R™. Also notice that the evolution operator
t Ul) = <20 gatisfies th t Klein-Gord tion:

— Ut) = S Az satisfies the square root Klein-Gordon equation:

O —ivV—A+m2U = 0, thus A;(xz;m) is a solution of the Klein Gordon
equation and for any u € H*(R"), uy = A4 (¢;m)=*u is a solution of the Klein
Gordon equation which has positive energy i.e. its Fourier transform is
supported in the positive hyperboloid.

5.1.1 The Poisson kernel, the Wick rotation and the subor-
dination identity.

To define Ay as the inverse Fourier transform of the measure p is not very
satisfactory since it does not give an explicit formula for A, in space vari-
ables. We will prove that A = C((2°+i0)? — |z|?) ™! where we explain how
to make sense of the term on the right hand side as a tempered distribution
by the process of Wick rotation.

Lemma 5.1.1 The family of Schwartz distributions

1 iz.E—ylé| —yv/=A nit
/ ¢ dre = ¢ T (5.6)

1
1
() = == =
(2m)" €l P (2 + [2f?) 7
is holomorphic in y € {y|Re(y) > 0} and continuous in y € {y|Re(y) = 0}
with values in S"(R™).

Similar computations of Poisson integrals are presented in [69] p. 60, 130,
[23] and [74] (3.5).

Proof — Our proof follows [74] (3.5). Everything relies on the following
identity (see the identity 8 in [69] p. 61)

G_Ay 1 o0 ;yQ A2t 1
A:ﬂml T (5.7)

which is derived from the subordination identity (5.22) in [74]

© 2 )

Y = eTytefzt*%t .

M= =34 5.8
™ 0

by integrating w.r.t. y and by noticing that when y = 0 our formula (5.7)
coincides with the Hadamard—Fock—Schwinger formula:

oo o
/ oot A gt = / et dt
0 0 t

1 dt 1
= Al/ t7e' " = ATII(z) = A2
0 t 2
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since F(%) — 2. Next we need functional calculus in our proof since we
want to apply the subordination identity with A = /—A. We then get an
identity for functions of the operator v/—A. We apply these operators to
the delta function supported at 0:

—V—=Ay 1 oo 2
eiA(so = (71_1/2/ eﬁetAt_édt> 50,
V— 0

we recognize on the left hand side a distributional solution of the Poisson
operator 85 + A, and on the right hand side, we recognize the Heat kernel

|2 P .
elBoy = a 1)% e~ 4t . Substituting in the previous formula,
7y

e*V*Ayé 1 /OO L ‘4‘2t L 1 /°° " _o4a? 1
= e it ~ t T e t —
VAT AR ) T e (am)Ext Jo 3

set t = ﬁ and we get

1,11/ & e~ (45)"5" = n+1/ dse W Hlal)s g 252
(4m)zmz Jo 152° 2"

finally by a variable change in the formula of the Gamma function
e~V-2y B =) 1
VEA T o e

We give an interpretation of ((¢ £1i0)? — |x]2)7n771 as an oscillatory inte-
gral.

Theorem 5.1.1 The limit limgﬁo((tiis)2—|x\2)fn%l makes sense in S’ (R™)
and satisfies the identity:

n—1
2

£ 0V — |22 — (-1 e L Eitle] jixg 59
((t£40)" — |z[7) —F(%l)(“)%l - f|£|€ e (5.9)

Proof — The key argument of the proof is to justify the analytic continuation
of the Poisson kernel, this is called Wick rotation in physics textbooks. No-
—V-Ay

V=A o
Through the partial Fourier transform w.r.t. the variable x, the operator
GHA corresponds to the multiplication by e]g“gl . Consider now the func-
tion e YKl when n > 2 this function is analytic in {y, Re(y) > 0} with

value échwartz distribution in £ because

tice that e_yi/? 0 is the Schwartz kernel of a well defined operator <

Vy € {Re(y) > 0}r‘§,e‘y'5'l A € Li,o(R™).

5 |
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Notice that the above estimate is still true when Re(y) — 01 hence %e*ylé |
is a well defined Schwartz distribution in £ for Re(y) > 0 (it is continuous in
y with value tempered distribution). Finally, we can continue this operator
in the y variable in the domain Re(y) > 0, set y = 7+ it and let 7 tends to

/= T+i n—1
zero in RT. Set © %i 2 5o = 1@) ((Tﬂt)2+1|z|2)nT_1 then at the limit we
find (221
1 eiw-E—(r£it)|¢| NG 1
dn — 2
(2mm fR" €] $ P (—(tq:i7)2+|a:|2)n771
A ) brso+
1 eim-EFit|€] NG| 1
dn — 2
@ e TR S
[
5.1.2 Oscillatory integral.
For QFT, we are interested in the formula (5.9) for n = 3.
2 2\—1 2 1 sud —iw? (-)*T 7%
(t£i02 ~ o) = Cu | @€ met €l C 0, = S T
R 1€ [(%5=)(4m) =
(5.10)

%
It provides a definition of ((t4-40)2 — | £ |?)~! as an oscillatory integral or
Lagrangian distribution in R?*1,

C, | dE et — (5.11)

— ‘ -

with phase function ¢4 (t,7; €) = S0 —a'& + /S0 (&2 = 7. € +
—

t| €]. The idea is to use the interpretation of ((t & i0)? — |z|>)~! as an

oscillatory integral to compute W F((t +10)? — |z|?)~L.

Proposition 5.1.5 We claim

. 1 — AZ;
WF <cn / d"ge“—“ﬂ'“m) = {(0,0; £¢], — €)yu{(J], s £A, —‘i’pu > 0,|a] # 0}.
n x
Proof — This g)mputit)ion can be found in [67] example 7 p. 101. The
function ¢ = t| £ | — . £ . satisfies the axioms of a p_l}lase function because
it is homogeneous of degree 1 in &, smooth outside ¢ = 0 and d; ¢ never
vanishes as soon as | £ | # 0 which implies that it defines a phase function

in the sense of Hormander. We first compute the critical set of ¢ denoted
by 34 and defined by the equation {d¢¢p = 0}:

&
€]

|z

elt]¥] = 2.8) = Y thds, —ohdg, =0 ¢ = aa" =
pn=1
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We will later see in Chapter 6 that this defines a Morse family
((B™\ {0)) x B™! s B )

and the wave front set is parametrized by the Lagrange immersion AyX4 in
T*R"™H! of the critical set defined by the Morse family:

AXg = {(t, 50,0, 0:0)|0cp = 0}
&

={(z =0,t =0;[¢|, =&)} UL{(t, z; €], =)t = ||, 2" = €] ||, £ # 0}
Azt
= {(anv ’5‘7 _f)} U {(’$‘7xu; /\7 _Wﬂ)‘ > O? ’IE‘ 7é 0}

To conclude, we see that the sign in front of ¢ in the phase ¢ (t, z;8) =
+t|¢|—x.€ will decide of the positivity or negativity of the energy of WF (A ).

5.2 The holomorphic family ((2° +i0)? — Y1, (2%)?)".
We give a detailed derivation of the main steps needed for the computation
of the wave front set of the family ((z°+i0)% — 37 (2%)?)",s € C and
log ((xo +10)? — Z?:l(aci)2) using the general theory of boundary values
of holomorphic functions along convex sets developped by Hérmander [40].
The result is given in [40] p. 322 without any detail, also a similar treatment
in the literature can be found in [77]. We carefully follow the exposition
of [40] (8.7) but we specialize to the simpler case of the quadratic form
Q = (29)? — 31, (2")? which makes the explanations much clearer and
allows us to give direct arguments.

Let C* denote the set {y|Q(y) > 0,4° > 0}, CT is an open cone called
the future cone. We denote by ¢ the unique symmetric bilinear map associ-
ated to the quadratic form Q.

Microhyperbolicity. Given 6 = (1,0,0,0). We recall that @ is said to be
microhyperbolic (see definition 8.7.1 in [40]) w.r.t. # in an open set 2 C R"
if Vo € R™, 3t(z) > 0, such that Vt,0 <t < t(x), Q(x + ith) # 0.

Proposition 5.2.1 The quadratic form Q(x) = (29)? — Y1 (2)? is mi-
crohyperbolic with respect to any vector § € CT.

Proof — We are supposed first to fix a vector § € CT, and we must check
@ is microhyperbolic with respect to 6. In fact, we prove a stronger result:
Va,Ve > 0, Q(z +ief) # 0. If Q(x + ich) = Q(x) — 2Q(0) + 2ieq(x,0) = 0
then the imaginary part ImQ(x + i) = 0 must vanish hence ¢(z,0) = 0.
Hence we would have Q(z) < 0 since § € CT and finally Q(z + i) =
Q(z) — £2Q(0) < 0. Contradiction ! [ |
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The domain 7¢ = R** 4+ iCt is called a tube cone. We want to define the
limits in the sense of distributions lim,_, yec+ Q°(2+4y) of the holomorphic
function Q°.

The Vladimirov approach.

In the Vladimirov approach which is similar to Hérmander’s, we have to
prove Q° is slowly increasing in the algebra O(T¢) of functions holomorphic
in the tube cone T ( see [77]). In fact, in our case, we would have to prove
an estimate of the form

Vz =+ iy, |Q%(2)] < (1 +d(y, ac+)—2Re<S>) . (5.12)

where d(y, 0C") is defined as the distance beetween y € CT and the bound-
ary OCT of the future cone. Then we know (see Theorem 4 p. 204 in
[77]) that the Fourier Laplace transform F is an algebra isomorphism from
(O(T°), x) to the algebra (S'(C°), ) of tempered distribution supported in
the dual cone C° C C* endowed with the convolution product. However,
both the Hormander and Vladimirov approaches rely on an estimate which
roughly says the holomorphic function Q*(z) has moderate growth when the
imaginary part y of z tends to zero in the Tube cone T°.

Stratification of the space of zeros. For a fixed point o € R**!, we
study the Jets of the map = — Q(z) at the point xg. The Minkowski space
R"™*! is partitioned by the lowest order of homogeneity of the Taylor
expansion of (). Lojasiewicz describes this construction as the stratifica-
tion of the space R"*! by the orders of the zeros of Q. We study the
Taylor expansion of @) at xg by looking at the map y — Q(z¢ +y). We find
three distinct situations:

o Q(zg) # 0 thus Q(zo + y) = q(zo,z0) + O(|y|), the term of lowest
homogeneity is ¢(xg, zp) and is homogeneous of degree 0 in y

e Q(zo) = 0,0 # 0 thus Q(zo + y) = 2q(w0,y) + O(lyl?), the term of
lowest homogeneity is 2¢(x,y) and is homogeneous of degree 1 in y

e 1 = 0thus Q(0+y) = q(y, ¥)+O(|y|?), the term of lowest homogeneity
is ¢(y,y) and is quadratic hence homogeneous of degree 2 in y.

Following Hormander, we denote by Q,(y) the term of lowest homogene-
ity in y. The term of lowest homogeneity allows to construct a geometric
structure over R"*! called the tuboid.
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Construction of the tuboid. To every zo € R"!, we associate the cone
I'z, ([40] Lemma 8.7.3 ) defined as the connected component of

{ylQu, (y) # 0} (5.13)
which contains the vector 6 = (1,0,0,0).

Lemma 5.2.1 Let Q = (2°)2 = Y7 ,(2%)? and 0 = (1,0,0,0). For every
zo € R"L et Iz, be the cone defined as above.

o If Q(xo) # 0 then T'yy = {y|Quy(y) # 0} = R™ L since the term of
lowest homogeneity Q(xo) does not depend on y.

o If Q(wo) = 0,20 # 0 then {y|Qu(y) # 0} = {yla(zo,y) # 0} =
{ylg(zo,y) > 0} U{ylg(x0,y) < 0} contains two connected compo-
nents the upper and lower half spaces associated to Q(xo,.), Tz, =

{ylg(wo, 0)q(wo,y) > 0}.

o If g = 0 then I'y, = {ylg(y,y) > 0,y0 > 0}, it is the space of all
future oriented timelike vectors.

The domain A = {xg + il |0 € R*"™} < C* is called a tuboid in the
terminology of Vladimirov.

Choice of the branch of the log function. In order to define the com-
plex powers Q°*(x + iy) = e*1°8 Q@+ ) and log Q(z + iy), we must specify
the branch of the log function that we use. We choose the branch of the log
in the domain 0 < arg Q(z) < 2m, for Q = (2°)% — 31, (z%)%. For this de-
termination of the log (see [48] Proposition 4.1), by the proof of Proposition
5.2.1, we see that Q(z + ief) avoids the positive reals .

Proposition 5.2.2 lim._,olog Q(. + i) converges to a smooth function in
the nonconnected open set () # 0.

Proof — We are going to prove that limlog Q(. + ief) € C*°({Q # 0}). We
notice that the set {Q(zo) # 0} contains three open connected domains,
and we classify the convergence of log Q(. 4 i) on each of these connected
domains:

Q(z0) <0 = Va € Uy, log Q(z +ich) — log |Q(z)| + im(5.14)
Q(xo) > 0,20 > 0, = Va € Uy, log Q(z + icf) — log|Q(x)|(5.15)
Q(xo) > 0,29 < 0, = Va € Uy, log Q(z + ich) — log |Q(z)| + 2im (5.16)

Thus for every g such that Q(zg) # 0, there is a small neighborhood of x¢
in which the family of analytic functions log Q(. + i) converges uniformly
to a smooth function. |

We only have to study the case Q(x¢) = 0.
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The moderate growth estimate along 7°.

Hormander proved an important estimate in [40] lemma 8.7.4 which is a
specific case of the celebrated Lojasiewicz inequality. We have to slightly
modify his result, actually we prove the estimate of lemma 8.7.4, plus the
property that Q(z + iy) never meets the positive half line Ry for z,y in
appropriate domains. Let 6 = (1,0,0,0). For every o € R™"! such that
Q(zo) =0, let I'y, be the cone defined as the connected component of

{y|Qu, (y) # 0} (5.17)

which contains the vector 6.

Proposition 5.2.3 For any closed conic subset V,, C I'y,, there exists
9,0" > 0 and Uy, is a neighborhood of xg such that for all (z,y) € Uy, X
Vo Y] < 0 the following estimate is satisfied:

Im € Z,8y|"™ < |Q(z + iy)| (5.18)

and Q(z + iy) does not meet R.

Proof — We fix xg. We also prove that we can choose U, in such a way
that Uy, x Vg, tends to {xg} x I'y, for any net of cones V,, which converges
to I'y,. We study the two usual cases:

o if Q(xp) = 0,20 # 0, any closed cone V,, contained in

Iz, = {yla(zo, 0)q(x0,y) > 0}

should be contained in

{yla(zo,0)q(xo,y) > 20]y[}

for some ¢ > 0 small enough (when 6 — 0 we recover I';,). Let us
consider the continuous map f := z — inf ey, =1 q(xo,0)q(x,y).
By definition of V,,, f(zog) = 26 therefore the set f~![, +oc0) con-
tains a neighborhood of xg. We set U,, = f~1[§,+o0) = {z|Vy €
Vaos q(z0,0)q(x,y) = dly|}, then Uy, is a neighborhood of xg. It is
immediate by definition of U,, that for all (z,y) € Uy, X Va,, we
have |q(x, )| > 6|q(z0, 0)|~*|y| which is the moderate growth estimate
and we also find that Im Q(z + iy) = 2¢(z,y) never vanishes. Thus
Q(x + iy) avoids Ry.

o if 9 = 0 then I'o = {y|q(y,y) > 0,yo > 0} is the space of all future
oriented timelike vectors. If we set y = t0,0 = (1,0,0,0), we find
that

Vi, |Q(x +iy)| = |Q(y)| (5.19)
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in fact the unique critical point of the map (z,t) — Q(z + itd) is
the point x = 0. But then this inequality is invariant by the group
Oi(n, 1) of time and orientation preserving Lorentz transformations.
Thus the previous estimate is true for any y € I'g and reads:

Vz,Vy € Lo, |Q(z + iy)| = [Q(y)]. (5.20)

To properly conclude, we use the fact that y is contained in a closed
subcone Vj of the interior future cone ¢(y,y) > 0, thus there is a
constant & < 1 such that

(z,y) e K = > (y')* <8(y")?
i=1

this implies the estimates

D=0+ ) <U+0)0")? = ()=
=1

pu=0

ZZ:O(?J”)Q
1446

and also the estimate V(x,y) € Uy x Vi, where Uy = |z| < 9:

n

a(,y) = W02 =D W) = (") - 6(°)? = aly,y) = (1-0)(y°)°
=1

finally, combining the two previous estimates gives

(1—10) > —o(v")?
1+0

< q(y,y),

which yields the inequalities, ¥(x,y) € Uy x Vj:

(1—0) > —o(v")?
1+0

<qly,y) < |Q(x +iy), (5.21)

setting &' = %—I‘g proves the claim.

Corollary 5.2.1 Thus for ally € Ty, log Q(x +1iy) and Q°(x +1iy) are well
defined analytic functions of the variable z = x + 1y for the branch of the
log: 0 < argQ(z) < 27.

The tube cone T¢ is O(n, 1)1 invariant thus our arguments would be still

valid for any vector # in the orbit of (1,0,0,0) by O(n, 1)1 Thus all results
of proposition 5.2.3 are independent of the choice of 6 in the open cone
Q) > 0,0° > 0. The key inequality (5.21) also appears in a less precise
form in the proof of Proposition 4.1 p. 352 in [48].
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Partial results by the Vladimirov approach. In the course of the
proof of proposition (5.2.3), we rediscovered the Lorentz invariant inequality
Vz=uax+iy e T |Q(2)| > |Q(y)|. We notice that Yy € C, Q(y) = 2A2(y)

NI

where A(y) = (M) is the Euclidean distance beetween y and the
boundary of C'. Immediately, we deduce that for Re(s) < 0:

[(Q(2))°] < 2A%() ™) < M(s)(1+ A*FC)(y)),

this means Q* is in the algebra H(C) of slowly increasing functions in O(T)
(where O(TY) is the algebra of holomorphic functions in 7). Applica-
tion of theorems of Vladimirov proves the existence of a boundary value

lim Q*(z) in the space of tempered distributions when y — 0 in
y—0,2=z+iyeTC

C. The limit is understood as a tempered distribution and also the Fourier
transform of @Q° is a tempered distribution in &’(C°) which is the alge-
bra for the convolution product of Schwartz distributions supported on the
dual cone C° of C. In the terminology of Yves Meyer, the boundary value
Q*(. +100) is C° holomorphic.

Existence of the boundary value as a distribution. The previous
estimates allow us to prove a moderate growth property which is the re-
quirement to apply Theorems 3.1.15 and 8.4.8 in [40] giving existence of
Boundary values and control of the wave front set:

Proposition 5.2.4 For any closed conic subset Vy, C I'y,, there exists a
sufficiently small neighborhood Uy, of xo such that for all x + 1y € Uy, +
ivxov |y| < 5;

log(Q(x + iy))] < |§| (5.22)

Q% (z + iy)| < CJy|*Fe) (5.23)

Thus the hypothesis of theorem 3.1.15 of [40] are satisfied for log(Q(z)), Q*(z).
Proof — Since V(z,y) € Uy, X Vi, 0 < |y| < J, we have Q(z + iy) ¢ R4,

then we must have log Q(x + iy) = log |Q(x + iy)| + targ (Q(x + iy)) where

0 < arg(®) < 27 which implies |log Q(z +1iy)| < log |Q(x +iy)|+27. Recall

that we have estimates of the form

V(2,y) € Uy X Virg, 0 < |y| < 0,0]y|™ < |Q(x + iy)|

We can assume without loss of generality that 0 < Cly[™ < 1 and |Q(x +
iy)| < 1. Then we have

(2, y) € Ugy X Vi, 0 < |y < 8,0]y|™ < |Q(z+iy)| = |Q°(x+iy)| < (8]y|™)
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for Re(s) < 0. And also V(z,y) € Uy X Vz,,0 < |y| < 6,0]y|™ < |Q(z +iy)|
= logdly|™ < log|Q(z +iy)| = [log|Q(x +iy)|| < [log (ay|™) |-
Thus we find
| log Q( + iy)| < 2w 4 [log 6| + m/[log([yl)|-

Corollary 5.2.2 Application of Theorem 3.1.15 in [40] implies Q*(. + i0y)
and log Q(.+i0y) fory € T' are both well defined on R* ' as boundary values
of holomorphic functions.

The proof that Q*(. + i0y) defines a tempered distribution is only sketched
in [48] Proposition 4.1 and it is proved in [46] in example 2.4.3 p. 90 that
these are hyperfunctions in the sense of Sato but this is not enough to prove
these are genuine distributions. Notice that the existence and definition of
the boundary values Q*(. 4 i0y) and log Q(. + i0y) does not depend on
the choice of y provided y lives in the open cone CT, but since this cone
is O(n, 1)1 invariant, the distributions Q*(. 4+ i0y) and log Q(. + i0y) are
O(n, 1)1 invariant.

The wave front set of the boundary value.

Theorem 5.2.1 The wave front set of Q°(. 4+ 100) and log Q(. + i00) is
contained in the set:

{(z;7dQ)[r2" > 0,Q(x) = 0} J{(0:9)|Q(£.) > 0,6 > 0}, (5.24)

Proof — We want to apply Theorem 8.7.5 in [40] in order to obtain the result
explained in [40] on p. 322. More precisely, we want to apply Theorem 8.4.8
of [40] which gives the wave front set of boundary values of holomorphic
functions. Application of Theorem 8.4.8 of [40] claims that for each point
xo such that Q(zg) =0,

WEF(log Q(Uyy +10Vy,)) C Uy XV,

where Vo = {n|Vy € Vu,n(y) > 0} is the dual cone of V,,. But since
this upper bound is true for any closed subcone V., C I';, and corre-
sponding neighborhood U,, containing xo, by picking an increasing fam-
ily Vsa, = {yla(zo,y) > 20|y|} and the corresponding decreasing family of
neighborhoods Uy, s = {x|Vy € Vi, la(x,y)| = 6ly|, |z — x0| < 6}, when
6 — 0, we find that the wave front set of the boundary value over each point
xg should be contained in the dual cone I'; = {n|Vy € T'y,,n(y) = 0} of
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I'z,. Our job consists in determining this dual cone Iy, for all xg such that
Q(zo) = 0 ie in the singular support of Q*(. + i00). As usual there are two
cases: Q(xo) =0,z # 0 and zy = 0.

For Q(x0) = 0,z0 # 0, consider the cone

{yla(zo,y) # 0} (5.25)

this cone contains two connected components separated by the hyperplane
H = {y|q(zo,y) = 0}, we should set I';,, equal to the connected component
which contains 6,

Iz = {yla(zo,y)a(xo,0) > 0}.
However, since q(xo,0) = ) and dQu,(y) = q(xo,y), it is much more con-
venient to reformulate I';, as the half space

Tuy = {yln(y) > 0}, 1 = 20dQq, (5.26)

for the linear form y — n = x3dQ.,(y). By definition, this half space is
the convex enveloppe of the linear form 7 thus the dual cone I';  of the
half space I'y, consists in the positive scalar multiples of the linear form n
generating this half space, finally T'y = {7dQa,|7zf > 0}.

When zg = 0, consider the cone

{yla(y,y) # 0} (5.27)

this cone contains three connected components depending on the sign of @
and y°, we should set I'g equals to the connected component which contains
0:

Lo = {ylaly,y) > 0,3° > 0}. (5.28)

By a straightforward calculation

I'§ = {nlvy € To,n(y) = 0} = {n|Q(n) = 0,7° >0},

which is the future cone in dual space. Finally,

W Flog Q(. +i06) C U 15 | UTS
©07#0,Q(0)=0
and we have the same upper bound for WFQ?*(. 4 i00). |

The proof of this theorem cannot be found in physics textbooks and is
not even sketched in [40] (where it is only stated as an example of direct
application of Theorem 8.7.5 in [40]). A nice consequence of theorems proved
in this section is that it makes sense of complex powers of the Wightman
function A;. Our work differs from the work of Marcel Riesz because the
Riesz family [J° does not have the right wave front set, for all s [1° # A%,
actually 0! is a fundamental solution of the wave equation whereas the
Wightman function A, is an actual solution of the wave equation.
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5.3 Pull-backs and the exponential map.

The moving frame. Let (M,g) be a pseudo-Riemannian manifold and
TM its tangent bundle. We denote by (p;v) an element of T'M, where
p € M and v € T,M. Let N be a neighborhood of the zero section 0 in TM
for which the map (p;v) € N+ (p,exp,(v)) € M? is a local diffeomorphism
onto its image (expp : TyM — M is the exponential geodesic map). Thus
the subset V = exp N C M? is a neighborhood of dy and the inverse map
(p1,p2) €V — (pl;exp;11 (p2)) € N is a well defined diffeomorphism. Let
Q) be an open subset of M and (eg,...,e,) be an orthonormal moving
frame on Q (Vp € Q, g,(e,(p), e (p)) = M), and (a#), the corresponding
orthonormal moving coframe.

The pull-back. We denote by ¢, the canonical basis of R™*! then the
data of the orthonormal moving coframe (o), allows to define the submer-
sion

F = (p1,p2) €V Fl(p1,p2)ey = of
—

o (exp;ll(pg))eu eR". (5.29)

€Ty M €Ty M
For any distribution f in D'(R™*1), the composition
(p1,p2) €V = foF(p1,p2) = fo(ah (eXP;f (p2))en)

defines the pull-back of f on V ¢ M2, If f is O(n, 1)1 invariant, then the
pull-back defined as above does not depend on the choice of orthonor-
mal moving frame (e, ), and is thus intrinsic (since all orthonormal mov-
ing frames are related by gauge transformations in C*°(M, O(n, 1)1)) We
apply this construction to the family Q*(h + i00) € D' (R"!) constructed
in Corollary (5.2.2) as boundary value of holomorphic functions, and we

obtain the distribution (p1,p2) € V = Q° o (afy, (exp,,;! (p2))e,). This allows

to canonically pull-back O(n, 1)1 invariant distributions to distributions

defined on a neighborhood of ds.

Example 5.3.1 The quadratic function Q(h) = h*nuh" is O(n, 1)1 in-
variant in R" . The pull back of Q by F on V gives

Qo F(p1,p2) = ok (exp,! (p2)) e, (expy,, (p2))

which is the “square of the pseudodistance” between the two points (p1,p2)
called Synge’s world function in the physics literature. Following [35], we
will denote this function by I'(p1,p2).

5.3.1 The wave front set of the pull-back.

We compute the wave front set of Q% o F.
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The expression of WF(Q*(. + i06)) in terms of 7,,. Notice that
WFQ?*(. +1i00) can be written in the form:

WFQ®(+i00) = {(h*; M h”)|Q(h) = 0, %X > 0}U{(0; k)|Q(k) = 0, ko > 0},

(5.30)
where the condition A%\ > 0 plays an important role in ensuring that the
momentum A7, h” has positive energy.

The pull-back theorem of Hormander in our case. Denote by ¢
the distribution Q*(. 4+ 400). An application of the pull-back theorem ([40]
Theorem 8.2.4) in our situation gives

WF(F*t) C {(p1,p2; k o dp, F, k 0 dp, F)|(F(p1,p2), k) € WF(t)}  (5.31)

We denote by (p1,p2;n1,m2) an element of 7%V C T*M? and (h*;k,) the
coordinates in T*R™*!. The pull-back with indices reads:

(p1,p2;kody Fykody, F) = (p1, p2; kudp, ¥, kydp, F*).

Step 1, we first compute W F(F*t) outside the set do = {p; = p2}.
The condition (F'(p1,p2), k) € WF(t) in (5.31), reads by (5.30) (F*(p1,p2); ku) =
(F*(p1,p2); A F (p1,p2)). We obtain

(p17p2;)‘kodp1F7 )‘kodp2F) - (p17p2;)‘Funullgdp1FV27)\Fun;ulzdngVQ)

and also F'*(p1, p2)nuw F¥ (p1,p2) = 0. Now set I'(p1, p2) = F*(p1, p2) 0w F (p1,2)-
The key observation is that dp, I' = 2F#n,,d, F" and d,,I" = 2FFn,,d,, F",
hence:

WF(F*t) C {(p1,p2; Mdp, T, Adp,T)|T'(p1, p2) = 0, \F%(p1,p2) > 0, X € R}

U{(plva; ko dp1F7 ko dng)‘pl = p?aQ(k) 2 07 kO > 0}

The geometric interpretation of the last formula.

Definition 5.3.1 A distribution t € D’ (MQ) satisfies the Hadamard con-
dition, if and only if WF(t) C {(p1,p2; —m1, m2)|(w1;m1) ~ (22;m2),79 > 0}.

Our convention for the Hadamard condition is the opposite of the convention
of Theorem 3.9 p. 33 in [45]. The Hadamard condition is a condition on the
wave front set of a distributional bisolution of the wave equation which
ensures it represents a quasi free state of the free quantum field theory in
curved space time ([45]).

The function I is the pseudo Riemannian analogue of the square geodesic
distance and will be discussed in paragraph (5.4.3). We first interpret the
term

{(p1,p2; Adp, T', Ay, 1) [T (p1, p2) = 0, AF°(p1, p2) > 0}
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appearing in the last formula as the subset of all elements in T*V of the
conormal bundle of the conoid {I" = 0} such that (72)p has constant sign:
this is exactly the Hadamard condition. If we use the metric to lift
the indices, d,, ' (eu(p1)) " e, (p1) and dp,T (eu(p2)) 0"V e, (p2) are the Eu-
ler vector fields V1I', VoI defined by Hadamard. We will later prove in
proposition (5.4.3) that the vectors V I', —=V,I' are parallel along the null
geodesic connecting p; and p, proving (d,,I', —dp,I") are in fact coparallel
along this null geodesic.

Step 2, “Diagonal”. For any function F on M2, we uniquely decompose
the total differential in two parts as follows

dF = dp, F + dp, F, where dy, Fl(opx,, 11 = 0, dp, Fl, a0y = 0.

Let ¢ be the inclusion map i := p € M — (p,p) € do C M then Vp €
M,Foi(p) =0 = d,Foi=0%dy Fodi+dy,F odi=0. Since

dp, F'*(p,p) = dpzagl (exp;11 (pz)) |lp1=pa=p = 0‘51 (dpz eXP;11 (pz)) lp1=pa=p = (D),

because dp, exp;l1 (P2)|p1=po=p = Idr, v, = ey (p)at(p). Thus d,, F*(p,p) =
—a*(p) and

{(p1,p2;kodpy F,kod,,F)p1 = p2,Q(k) = 0,ky > 0}

= {(p, p; =k (p), kuc(p))lp € M, Q(k) = 0, ko > 0}.

Then summarizing step 1 and step 2, let us denote by A C T® (M 2\ d2) the
conormal bundle of the set {I' = 0} with the zero section removed:

Theorem 5.3.1 The wave front set of the distributions Q*(- +1i00) o F' and
log Q(- +i00) o F' is contained in

(AUt @.pi=n.mlgp(n.m) = 0}) (o1, poimme)lnd > 0}, (5.32)

where A C T*® (M?\ dg) is the conormal of {I' = 0} with the zero section
removed.

Remarks: B
a)If we denote by A the closure of the conormal A C T® (M? \ d3) in T*M?,

then (AU{(p,p; —n,m)|gp(n,m) = 0}) = A+ A,
b) {(p,p; —1,m)|gp(n,n) = 0} is contained in the conormal (T'ds)" of ds.

Corollary 5.3.1 The families Q°(. +1i00) o F' and log Q(. +1i00) o F' satisfy
the Hadamard condition.
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Discussion of the sign convention for the energy. We want to dis-
cuss some sign conventions. Recall that if (h;k) € WF(Q(. + i00)®) (resp
W F(Q(.—i00)?)) then k has positive (resp negative) energy. Denote (p1, p2;n1,12)
an element of the wave front set of F*Q*(- £1i00). If we want 7 to be a cov-
ector of positive energy (resp negative energy), then we must consider the
distribution F*Q*(. 4 i00) (resp F*Q*(. — i06)).

Notice that in the physics literature, the boundary value is determined
using a Cauchy hypersurface determined by a function 7" : M +— R:

(T(p1,p2) +ie(T(p1) — T(p2)) +€%)°.

The proof that it defines a well defined distribution is never given and the
wave front set of this boundary value was never computed. Furthermore,
the formula is not obviously covariant since it relies on the existence of a
foliation of space-times by Cauchy hypersurfaces.

5.3.2 The pull back of the phase function.

In order to connect with the interpretation of the wave front set in terms of
Lagrangian manifold, we imitate what we did for ((2°440)2 -7, (z*)?)71,
we pull-back the oscillatory integral representation on ¥V C M? by the
smooth map F.

Theorem 5.3.2 The distribution F* (Q(. +i00))~" is the Lagrangian dis-
tribution given by the formula

c, dngez‘(qbioF)(th;ﬁ)i,
- I3

this Lagrangian distribution with phase function ¢4 o F' has a wave front set
which satisfies the Hadamard condition.

Proof — Let us only sketch the proof. First we use Proposition (5.1.5) to
determine the wave front set of the oscillatory integral Cy, [p, d™¢ ei0x(hi€) %
It is the same wave front set as for ((h° £40)* — >"7(h%)?)~!, then we apply
the pull-back theorem of Hérmander in order to define the wave front set on

the curved space and it exactly follows the same proof as for the pull back
theorem (5.3.1). [

5.4 The construction of the parametrix.

Our parametrix construction is based on the work of Hadamard [35] (see
also [18]). The construction is done in the neighborhood V of dy. Recall by

5.29 that F(p1,p2) = ep, (exp;ll(pg)) €
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The Hadamard expansion. We construct the parametrix locally in V
by successive approximations. Inspired by the flat case, we look for an
expansion of the form

AL =U(py,p2) (Q_l o F) (p1,p2)

+>  Vilpr, p2)T*(p1, p2) (log Q o F) (p1, p2)
k=0

where I'(p1,p2) = Q o F is the square of the pseudodistance and each term
of the asymptotic expansion has an intrinsic meaning.

5.4.1 The meaning of the asymptotic expansions.

Our goal is to construct U, Vj, in C*°(V). First, we would like to make an
important remark. The series ), ViI'* does not usually converge. However,
we can still make sense of the asymptotic expansion ), Vi.I'* as the asymp-
totic expansion of the composite function V (., .;T') in C*°(V x R) where
only the germs of map r — V(.,.;r) at r = 0 are defined (V' is not uniquely
defined).

The Borel lemma.

Proposition 5.4.1 For any sequence of smooth functions (Vi.),, in (C®(V))",
there exists a smooth function r— V (., .;r) in C>°(V x R) such that the co-
efficients of the Taylor series in the variable r of V is equal to the sequence
Vie:
10"V .

Vi(p1,p2) = Hm(pl,pz,o)- (5.33)
Proof — The proof is an application of the idea of the proof of the Borel
lemma which states that any sequence (ay); can be realized as the Taylor
series of a smooth function at 0. The proof we give is due to Malgrange
[50]. Let © C V be an open subset with compact closure, then supgq |Vi| =
aj < 0o. Let x(r) be a cut-off function near » = 0, x = 1 in a neighborhood
of zero and vanishes when r» > 1. We fix any sequence by, s.t. by > 0
growing sufficiently fast such that Vk,sup,cp+ q<p—1 10%agx (rby)rF| < 2%
Then ka(bik)rk is a smooth function whose Taylor coefficients are the

V. The series > ka(é)rk is bounded and defines a smooth function only
on the set 2. Let (¢;)jcs be a collection of compactly supported functions
in M? such that Zj:J ¢; = 1 in a neighborhood of d3 and vanishes outside
V. For each j € J, since supp ; is compact the previous construction gives
us a sequence (by; )x;. This gives us a final series U = 3, ;1 goijx(ﬁj)rk
which is a smooth function supported in V such that

T
V(D)= Y0 @Vix(Gr ~ D Vil™.
jETkEN kj keN
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This remark cannot be found in any physics textbook. It is given in [25]
Lemma 4.3.2. Finally, if we know the sequence of coefficients Vj, we find
a function V such that V(py,pa;r) = 3 Vi(p1, p2)r¥, thus V(py,po;T) is a
well defined smooth function.

5.4.2 The invariance properties of the Beltrami operator [¢
and of gradient vector fields.

Let (M, g) be a pseudo Riemannian manifold and let us define the Dirichlet

energy & (u; g) by the equation:

1
E(u;g9) = / 3 (Vu, Vu) , dvoly. (5.34)
M

We will follow the exposition of Hélein (see [37]) and define the Beltrami
operator [19 for a general metric g by the first variation of the Dirichlet
energy:

5 (u.9) (9) = [

. (Vu, Vo), dvoly = — /M (O9%u) ¢dvol, (5.35)

(see [37] Equation (1.5) p. 3).

The operator [19. Let ® be a diffeomorphism of M, and
®: (M, 9%g) — (M,g)

the associated isometry, then the Dirichlet energy satisfies the invariance
equation by the action of diffeomorphisms: V® € Diff(M),E (u;9) =
E(uod;®*g) (see [37] p. 18-19 for the proof). Thus the Beltrami oper-
ator [19 obeys the equation

V& e Diff(M), (0%u) o ® = 09 (u o ) (5.36)

The gradient operator VI. We want to prove that gradient vector fields
w.r.t. the metric g also behave in a natural way. Let f € C°°(M) then

Vo € Diff(M),Vf € C(M), V9 (f o ®) = &* (VIf) (5.37)
(VIF,V9f), = (9 (fo®), V¥ (fo@)) (5.38)

*g

The first equation is equivalent to the equation &, (ch*g (fo <I>)) = VIf
([47] p. 92-93). We use the coordinate convention:

D% e (M, 9%g) — ¢ (x) € (M,g)



108 CHAPTER 5. THE TWO POINT FUNCTION (0|¢(X)$(Y)|0).

We start from the definition:

VP (fod) = <gwaxa 8x5> 0og2l/o®) 9

APy Dg° dr®  OxP
) Y L5028 Of )
= O = O @
P O OpH Oz 0P OO D 0z

then we push-forward this vector field

B8
¢* (v@*g (fO ¢)> _ (gy&am af @) o @—1% 0

0 D¢ © 27 O
_ 6 9f 9 _
= g7 8¢78¢5 —ng

The proof of the second identity can be simply deduced from the first one
and one can also look at [37] p. 19 for a similar proof. In the sequel, we
write V instead of V9 where it will be obvious we take the gradient w.r.t.
the intrinsic metric g which does not depend on the chart chosen. Recall
that we denote by e, the orthonormal moving frame on M. We define two
gradient operators V1, Vy on M? as follows:

Vf € C®(M?),Vif(p1,p2) = dp, f (eu(p1)) 1 ev (p1) (5.39)
Vf € C%(M?), Vaf(pr,p2) = dp, f (ep(p2)) 1" es (p2)- (5.40)

The exponential map and lifting on tangent spaces. Let us justify
microlocally the philosophy of the Hadamard construction which consists in
treating Q! o I and log Q o F as distributions of p, where p; is viewed as
a parameter: let f € D'(V) be any distribution in V € M2. We fix p; € M,
then we can make sense of the restriction of f, f(p1,.) :=p2 € M — f(p1,p2)
as a distribution on {p;} x M if

Conormal ({p1} x M)(\WF(f)=0.
Let 7 be the projection 71 := (p1,p2) € M? +— p; € M, if we have
¥p1 € M, Conormal ({p1} x M)(\WF(f) =0,

then for any test density w € D"T!(M), the map 71, (fw) defined by:

1 (@f) = p1 /Mw<p2>f<p1,p2>

partial integration

is smooth since WF (11, f) = (0 by Proposition 1.3.4 in [17]. These condi-
tions are satisfied in our case since the wave front set of Q'o F and log Qo F
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are transverse to the conormal of ({p1} x M) by Theorem 5.31. We pull
back f(p1,.) on R"! by the map E,, defined as follows:

Ep, : (W), € R"™ s By, (h) = expy, (h'e,(p1))) € M.

The orthonormal frame (e, (p1)),, fixes the isomorphism beetween Tp, M and
R,

5.4.3 The function I' and the vectors p1, ps.

In the Hadamard construction, everything is expanded in powers of the
function I which is the “square of the pseudo Riemannian distance”. T is
a solution of the nonlinear equation (5.41). In the physics literature, the
function I' is called Synge world’s function but the definition and the key
equation (5.41) satisfied by ' can already by found in Hadamard (see the
equation (32) in [35] and the Lamé Beltrami differential parameters for I").

The function T'.

We already defined the function I'(py, p2) = aﬁl (expzjl1 (pg))nm,agl (exp;l1 (p2))
in example (5.3.1). In the following proposition, we explain which differen-
tial equation this function satisfies.

Proposition 5.4.2 Let us define the function
L(p1,p2) = (expy, (p2), exp,, (P2)),
in'V C M?. Then T satisfies the equation
Vp1, (Val, V2F>g(p2) (p2) = 4T (5.41)

Proof — Denote by E7 g the metric in the geodesic exponential chart cen-
tered at p;. We give a purely pseudo Riemannian geometry proof of the
claim. Since I'(p1, p2) = <exp];11 (pg),exp]gl1 (p2)>g , we know that

Pl

Vp1 € M,Yh € R"' E* T(py1,-)(h) = h*nu,h”.

Then by equation (5.37), writing (E;lg)w/ (h) = (E;lg)“y for shortness:

Y1 € M. (VT (1, ). VT ), = (V57 (B,0). 9,77 (BD))
pP1

= (B3, 9)" Opn (W 100, ) O (W92 1y 07)
— (E;lg)’w 26ﬁl7lu1u2hm2551771/w2h1/2
= 4(E; 9)" (R)(Ey, 9) pps W2 (B, 9) vy ™
= 4(E;19),u21/2 ht*2h"? = 47]#21/2 ht*2 hV?a

by repeated application of the Gauss lemma: (Ej, g)uh” = nu,h". |
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The Euler fields defined by Hadamard. Once we have defined the
geometric function I', we can define a pair of scaling vector fields:

Definition 5.4.1 Let (p1,p2) € V C M?, we define the pair of vector fields
1 4
p2 = 5 Vil = dp,Uen(p2))1™ ev (p2) (5.42)

1
pr =5 Vol = dp, (en(pr))r™ eu(pr)- (5.43)

p1, p2 are Euler vector fields in the sense of Chapter 1 for the diagonal do C V.
The situation is reminiscent of Morse theory. If we freeze the variable pq,
the vector field p; = %VQF is the gradient (w.r.t. py and metric g) of the
Morse function py — I'(p1, p2) which has a critical point at p; = ps. The
Hadamard equation (5.41) takes the simple form

p2l'(p1,p2) = p1l'(p1, p2) = 2T (p1,p2) (5.44)

thus I' is homogeneous of degree 2 with respect to the geometric scaling
defined by these Euler vector fields.

Useful relations beetween I', po and Q% o F'. Around p;, the manifold
M is locally parametrized by the map E,, : h € R™™ — exp, (h*e,(p1)).
pa = Vsl is an Euler vector field in M and we want to study its pull-back
E5 p2 by Ep, .

Proposition 5.4.3 We have the identity Vp1 € M, E} ps = 2h10y; and this
identity is independent of the choice of orthonormal moving frame.

Proof — Denote by E7 g the metric in the geodesic exponential chart cen-
tered at p;. By naturality (5.37), we have setting (E;lg)w (h) = (E;lg)w

By p2 = By, (Val) =V (E},T)
= (E;lg)“”é?hp (Uklhkhl> 6hu = (E;lg)/w (nkléﬁhl + nklhk5L> 8hu

= 2(E}, g)" nuh'op = 2(E} g)" (E}5,9)ub' Opr = 21" Opv
by application of the Gauss lemma. |

This proposition allows us to interpret %VQF as the vector 4(1) where s —
~(s) is the unique geodesic with boundary condition v(0) = p1,v(1) = po: in
exponential chart, this geodesic is given by the simple equation ¢ — ~(t) =
th/ and for all t the vector () = h/ % is parallel along this geodesic. By
symmetry of the whole construction, we can interchange the roles of p; and
p2 and we deduce that py € T),, M, —po € T},,, M are parallel vectors along
v (see the same remark in [82] p. 18). A similar proof can be found in [18]
Lemma 8.4.

We denote by I'* the distribution F* ((Q(. + :00))°) and observe that

Yn €N, T" = F*Qn.
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Proposition 5.4.4 The relation
Vs € R,Vn € N,I"I'* = ["*$ (5.45)
holds in the distributional sense.
Proof — Recall E; T'*(h) = (Q(h +i00))°. For € > 0,
Q" (h)Q*(h +ich)

= Q" (h +ie) + ((Q"(h) — (Q(h +i20))") Q*(h + ich))

where ((Q"(h) — Q™(h + ief)) Q*(h + ieh)) is an error term which converges
weakly to zero when ¢ — 0. Thus we should have Q"(h) (Q(h +:06))® =
(Q(h +100))*™™ in the distributional sense. [ |

5.4.4 The main theorem.

We first prove a lemma which implies that W F(A. ) satisfies the soft landing
condition.

Lemma 5.4.1 Let Z be the wave front set of F* ((Q(- 4 i06))®) then = sat-
isfies the soft landing condition.

Proof — First note that, by Theorem 5.3.1, =N T52M2 is contained in

(Tdy)* and T*M?2\ dy C A hence it suffices to prove that the conormal A
of the conoid {I" = 0} satisfies the soft landing condition. Let p: z € Q —
p(x) € M be a local parametrization of M, using the local diffeomorphism
(z,h) € Q x R <p(x),expp(x)(h“eu(p(a:))» € V (recall that (e,), is
the orthonormal moving frame), we can parametrize the neighborhood V of
ds with some neighborhood of 2 x {0} in Q x R™"!. In coordinates (z, h),
the conoid is parametrized by the simple equation 7,,h*h" = 0, thus it is
immediate that its conormal {(x, h;0,&)[nuwh*h” = 0,&, = A\ h”, X € R}
satisfies the soft landing condition. |

From the previous Lemma, we deduce the main theorem of this chapter.
The motivation for this theorem is that it proves that the two point func-
tion satisfies the hypothesis of Theorem 3.2.1 of Chapter 3 which allows us
to initialize the inductive proof of Chapter 6 of renormalizability of all n-
point functions. We denote by I'"!, logT' the distributions F*Q~1(- + i06),
F*log Q(-+1i060). Recall for any open set U, E5(U) defined in 4.3.3 was the
space of distributions microlocally weakly homogeneous of degree s.

Theorem 5.4.1 For any pair U,V of smooth functions in C*(V), the dis-
tribution
UT™ !+ ViegT

is in E"o(V).
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Proof — Let p be one of the Euler vector fields defined in (5.4.1). For any
pair U,V of smooth functions in C*°(V), by Theorem 4.3.2, it suffices to
prove that the family

NZelog A (UT ! 4 ViogT) |

is bounded in DL. First ™! is homogeneous of degree —2 w.r.t. scal-
ing: A2elogrox—l = \2\=21-1 = I'~1 and Ael°8 2% logT = Alog AT =
—2Alog A+ Alog'. Then from these equations, we deduce that the families
(AQelog’\p2*F_1))\€(071] and ()\Qelog’\”* log F)/\e(o,l] are bounded in DL. Fi-
nally, we use that U,V being smooth, the families (Uy)x, (V) are bounded
in the C*° topology in the sense that on any compact set K, the sup norms of
the derivatives of arbitrary orders of (Uy)x, (V) are bounded. We can con-
clude using the estimate 3.9 of Theorem 3.3.1 to deduce (/\2U>\F;1)>\ = (U )
and (A?VylogD'y)y = (A?V) log ' + 2A?V, log A) are bounded in DL. |

Corollary 5.4.1 Consequently, if Ay — (ULt +ViogT) € C®(V) for
some U,V in C®(V) then Ay € E",(V).

Then we can construct the Hadamard Riesz coefficients from which we can
deduce suitable U, V' (see the above discussion on the Borel lemma), however
this construction is really classical and one can look at [82] and [27] Chapter
5.2 for the construction of these coeflicients.



Chapter 6

The recursive construction of
the renormalization.

6.0.5 Introduction.

This chapter deals with the construction of a perturbative quantum field
theory using the algebraic formalism developed in ([10],[9]) and proves their
renormalisability using all the analytical tools developped in the previous
chapters. In the first part, we describe the Hopf algebraic formalism for
QFT relying heavily on a paper by Christian Brouder [10] and a paper by
R. Borcherds [9]. The end goal of this first part is the construction of the
operator product of quantum fields denoted by x. Then in the second part,
we introduce the important concept of causality which allows to axiomati-
cally define the time ordered product denoted by T: T solves the causality
equations and T satisfies the Wick expansion property which is a Hopf al-
gebraic formulation of the Wick theorem. Once we have a T-product, we
can define quantities such as t, = (0|T¢™ (z1) ... ¢"*(x)|0) where ¢, is a
distribution defined on configuration space M™. We prove that if T satis-
fies our predefined axioms, then the collection of distributions (¢7); indexed
by finite subsets I of N satisfies an equation which intuitively says that on
the whole configuration space minus the thin diagonal M"™ \ d,,, the distri-
bution ¢, € D'(M™ \ d,) can be expressed in terms of distributions (¢7);
for I ¢ {1,...,n}. However, this expression involves products of distribu-
tions, thus we prove a recursion theorem which states that these products
of distributions are well defined and ¢, € D'(M™ \ d,) can be extended in
D'(M™). This allows us to recursively construct all the distributions ¢,, for
all configuration spaces (M"),enN.

6.1 Hopf algebra, 7" product and x product.

In this part, we use the formalism of [10].

113
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6.1.1 The polynomial algebra of fields.
The Hopf algebra bundle over M.

Let M be a smooth manifold which represents space time. We will denote
by H = R[¢] the polynomial algebra in the indeterminate ¢ and we use
the notation H for the trivial bundle H = M x R[¢]. The space of sections

I'(M, H)

of this vector bundle will be denoted by the letter H. ¢ is a formal inde-
terminate and we denote by ¢" the section of H which is the constant
section equal to ¢". Any section of H (ie any element of H) will be a finite
combination ) .  a,¢" where a, € C*(M). The space of section H is
a Hopf module over the algebra C*°(M). Actually, most of the theory
of Hopf algebras is still valid on rings and does not require fields. In order
to match with the physical convention, ¢"(z) := (x, $™) denotes the section
¢" = (x — ¢"(x)) evaluated at the point z € M. 1 is the unit section of
this module .

The module H has an algebra and coalgebra structure, the product and
coproduct of H are induced from the product and coproduct of H, for in-
stance the product ¢ ¢, of two sections is just the product computed fiber
by fiber in H, and the coproduct A in H is just the fiberwise coproduct.

The product. The rule for the product is simple
¢k¢l — ¢k‘+l

which means that the sections Qk and Ql multiply pointwise
¢"(2)¢! (x) = ¢"(2)
The coproduct. The coproduct on the primitive element ¢ is given by:

Ap=1®c=(m) ¢+ ¢ Bce(ar) L
and it can be extended to powers of the field ¢™ by the binomial formula:

n

A" =3 ( % ) ¢ @cn) 9"

k=0

Some comments and the Sweedler notation. A special case of coas-
sociativity will be:

> _aan®aun ®ag) = Y _aq) ®aen Daes) = Y _aq) ©ap) @ag), (6.1)

in tensor notation this reads (A ® Id) A = (Id ® A) A which justifies Sweedler’s
notation: AF~lg =% any ® ... @ a.-



6.1. HOPF ALGEBRA, T PRODUCT AND x PRODUCT. 115

The counit The counit is the Hopf algebra analog of the vacuum expec-
tation value in QFT:

e((z,9")) = (0[¢"(2)[0) = &5

Definition 6.1.1 The counit is a linear map € : H — C*°(M) which satis-
fies the following properties:

e ¢ is an algebra morphism: €(ab) = e(a)e(b)

o &(¢"(x)) = dnol.

> elar)ag =Y are(ap) =a. (6.2)
We make the identification (;570 =1.

Example 6.1.1 We want to give an example of the defining equation
Z aje(az) = a

fora=¢": 31 ( Z > "k e(oh) = ¢"e(l) = o™

6.1.2 Comparison of our formalism and the classical formal-
ism from physics textbooks.

In QFT textbooks, the fields ¢ are thought of as operator valued distribu-
tions. In our formalism, the field ¢ is merely an indeterminate. In QFT
textbooks, the noncommutative operator product is defined first and the
operator product of two fields ¢(x) and ¢(y) is written ¢(x)¢p(y). Then us-
ing the representation of ¢ in terms of annihilation and creation operators,
physicists define the normal ordered product denoted by : ¢(z)p(y) : which
corresponds to the commutative product of the Hopf module H. Whereas
in our formalism, we start from the commutative product and then use a
procedure called twisting to define the operator product .

Standard QFT Our approach Borcherds
Commutative product | - o(2)d() o(2)00) ()00)
“Operator produc® | (2)8(y) 5(z) * 9(y)
VEV (0] 10) €
Correlation functions (0|T...1|0) t=coT Feynman measure w
Laplace coupling (.|.) Bicharacter A
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6.1.3 Hopf algebra bundle over M".

A further step in the construction is to pass from the manifold M to the
configuration space M™ of n points. In order to define products of quantum
fields over n points, it is natural to construct an algebraic setting on config-
uration space M"™. We start again from the fiber H = R[¢] and consider the
n-fold tensor product H®" = R[¢] ® - - - ® R[¢]. Then H®™ can be generated
as a polynomial algebra by the n elements:

PR1IR®---®@1=0¢

1®0pR1®- - = ¢

thus we deduce that H®" ~ R[¢1,...,¢,]. Then we denote by H®" the
bundle M" x R[¢1, ..., ¢,] living over configuration space M™. As we did in
the previous part, we must consider a module over C*°(M™) which contains
products of fields of the form

9’“1@...@?’%’

hence we will consider the C°°(M™)-module of sections I (M™, H®™). This
module over the ring C*°(M™) will be denoted H™. Similarly, for any finite
subset I of the integers, let M! be the set of maps from I to M, we define

H® = M x R¢)ier = M' x Rgilier

Then H! is defined as the C*°(M?')-module of sections I'(M’, H®T). To
consider H"™ over the ring C°°(M™) is not sufficient since in QFT textbooks,
the operator product of fields denoted by x generates distributions as we can
see in the following example:

Example 6.1.2 6(x) x 6(y) = A (1) + $(x)(y).

We will have to extend the ring C°°(M™) of smooth functions living on
configuration space M™ to a ring which contains distributions. In order to
include sections of H with distributional coefficients, we use a tensor product
technique. This idea already appeared in the previous work of Borcherds [8],
in which he constructs a vertex algebra with value in some sort of ring with
singular coefficients. If we have an algebra A of polynomials over a ring R
and V a R-module, it is always possible to define the tensor product AQrV
over the ring R. Here we apply this construction: let V' be a left C*°(M™)-
module of distributions, then the tensor product H" ®cec(prn)V makes sense.
Warning: even if H" is an algebra, it is no longer true that H" ®@ceo(prn) V
is still an algebra since we cannot always multiply distributions.
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The Rota Feynman convention. Following Rota and Feynman, we
write ¢, ¢, instead of o(x) @ ¢(y). We drop the tensor product symbol
®, and the elements of H™ are C'°°(M™)-linear combinations of products of
powers of fields 9111 e Q;" Hence elements on the j-th factor of the tensor

product is written Q;J . Sometimes, to make our proofs look even simpler,

we write aj...a, instead of 9@11 .. Q;"
Extending the product and coproduct. To extend the product and co-
product to H™, we just compute products and coproducts ”point by point”.

Definition 6.1.2 We give the formula of the product for the generators of
H?’L
(o op) (ob . o)

_ ni+l N+l

—_ (?11 1?kk k)
and the formula of the coproduct:

INCAOE
AP . AG*

Although the definition is given in terms of sections Q:”, we will some-
times follow the physics folklore and write ¢™ (x;).

Fundamental example If we compute explicitly the coproduct for the
generators, we obtain the formula:

Ao o) =
(1) (e e g oo

The counit and the vacuum expectation values. The counit is de-
fined on ‘H" by extending the counit

e:H— C®(M")
to H™ by coalgebra morphism:
e(uv) = e(u)e(v).

Example 6.1.3
e(1) =1

8(91Q§l3) = 5(?1)5@3)5@3) =0x0x1=0
e(1;1,15)=1x1x1=1

~—

It is the Hopf algebraic version of the vacuum expectation value and is
an essential ingredient if one wants to define “correlation fonctions” from
product of fields.
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6.1.4 Deformation of the polynomial algebra of fields.
The non commutative product of QFT.

Explanation on the notation of physicists. In this part, we will make
the same notational abuse as physicists. Instead of writing products of sec-
tion as ¢, ¢, or the star product of sections as ¢ XDy, We prefer to adopt the
conventional physicist notation ¢(z1)¢(x2) for the commutative product and
¢(x1) * p(x2) for the star product. The meaning of the formulas is changed,
since in the physicist’s notation, we multiply sections then evaluate them at
points (x1,z2) of the configuration space M? whereas in the mathematical
notation, we just multiply two sections ¢ and ¢,.

Examples of Wick theorems coming from physics.

We give the general QFT formula for the star product in the notations of
physicists
(@) %k gyt ()

=) () (o (e ) 0)68 o) )

~
Distribution on M™

In Physics, the product of fields inside the (0|...]0) is computed using
Wick’s theorem. Wick’s theorem for time ordered product just means:
T(¢1...¢n) =: all possible contractions : when we contract two fields, it just
means we choose some pairs of fields in all possible ways and replace them
by a propagator which is a distributional two point function A,. We will

——f
represent a Wick contraction of two fields with the symbol ¢(z1)¢(x2) and

. . % . .
by definition ¢(z1)p(x2) = Ay (x1,22). We then give some simple examples
of * products in order to illustrate the mechanism at work.

Example 6.1.4

——

(1) *x p(x2) = d(w1)d(22) + O(21)P(22)
= ¢p(z1)p(x2) + Ay (21, 22)
—_—~
d(x1) * p(w2) * p(x3) = P(x1)P(w2)P(3) + <¢(x1)¢(a:2) o(x3) + cyclic)

= d(21)p(22)¢(73) + (A (21, 72)P(x3) + cyclic)

2 2 2 2 YRSV
¢~ (x1)*¢" (22) = ¢7(21) 9" (w2)+4 ¢(21)p(22) (1) P(22)+2 d(21)P(72) d(21)P(2)
= ¢°(1)¢*(w2) + 404 (w1, 22)p(w1)p(w2) + 242 (21, 22)
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Functorial pull-back operation.

Let I be a finite subset of N. Then we denote by M the configuration space
of points labelled by I. In order to define the * product of fields, we need to
define some operations which allows us to pull-back some products of fields
living in configuration space M’ I C {1,...,n}, to the larger configuration
space M™.

Example 6.1.5 Consider ¢(x1) * ¢(x2) € H?, we will illustrate the embed-
ding of the element ¢(x1) x ¢(xa) in HL.

Pli2says 12y (@(21) * d(22)) = ((21) * ¢(22)) L(z3)1(24)

If J is another finite subset of N such that I C J, then there is a canonical
projection pj_ s : M7 +— M! which induces by pull-back a morphism

Phop: C®(MY) > (M7)
f@iier = Phoif(@5)jer = Uaj)jens @cs vy f(@i)ier,

p* is an algebra morphism. To each configuration space M, we first define
the bundle H! = M x R[¢;]sc1, and taking the sections of this bundle, we
obtain the C*°(M7) module H! =T (M!, H). If I C J, the idea is that the
morphism p%, . ; extends to Hopf modules by the pull-back operation p%, . ;
lifts functorially to a map H! +— H” given by the formula:

P HI — H/
®ie[ a; = Py (®ie[ Qi) = ®jeJ\I 1 Qoo (M) ®ie[ a;
where 1;is the unit section of the bundle H over the j-th factor manifold
M.

This pull-back operation allows us to characterize collections (77)r, where
each Ty is a C*°(M7')-module morphism: T; : H! +— H! Qoo (M) V1, which
satisfy some good compatibility relations with the collection of inclusions
J AN H! < H”, which means that

VAr € H, Ty (0,1 Ar) = 05 Tr (Ar) .-
This can also be formulated as the commutativity of the diagram:
DY H - H
Tr | Tyl
H = H,
forall I C J.

Example 6.1.6 T3(¢" (21)®¢" (22)®1(23)) = To(¢" (21)®¢" (22))@1(23).
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Domain of definition of the x product. For each I C N, we need
to twist H! with a left C°°(M?!) module VI c D'(M?) of distributional
coefficients and we consider instead ! Qoo (MT) V1. For any finite subsets
I,J of N, such that I N J = (), our star product will be well defined as a
bilinear map

* . HI X HJ — HIUJ ®Coo(MIuJ) VIUJ

where VI V7 VIV are respectively the left C°(M?), C°(M7), C>°(MTV7)-
module which contains the distributional coefficients. The star product is
supposed to satisfy the following rule

V(u,v) € VI x VI V(P,Q) e HI x H/,

(uP) % (vQ) = (Piursrw) Prur—gv) (P* Q)

6.1.5 The construction of .

We will describe a general procedure called twisting, which allows to con-
struct non commutative associative products from the usual commutative
product of fields and an object called Laplace coupling (.|.). The Laplace
coupling is the Hopf algebraic machine which produces ”the contractions of
pairs of fields” that we need in order to reproduce the Wick theorem. In the
sequel, we will use capital letters to denote strings of operators

Example 6.1.7 A =aqy ...a, where A € H" and each a; € H{ .

Andfor A=a;...a,, B =b1...b,, the commutative product AB means
the commutative product over each point AB = (a1by) ... (anby).

The Laplace coupling. For our Hopf algebras, the contraction operation
of the Wick theorem in QFT is realised by the Laplace coupling:

Definition 6.1.3 Let I,J be finite disjoint subsets of N. The Laplace
coupling is defined as a bilinear map (.|.) : H! @ H' s VIV which satisfies
the relations

(p(z1)]9(72)) = Ay (w1, 72) (6.4)

(AB|C) = (AlC)) (BIC(z)
(1]4) = (A[1) = (A)

more generally we have the coassociative version (A'...A"|B) = Y 1I?_, (Ak|B(k)).

We notice that the Laplace coupling of two fields ¢(z1), ¢(z2) is exactly the
—_—~
Wick contraction beetween these two fields: (¢(z1)|d(z2)) = ¢(z1)p(x2) =

A+(331, .’1’;2).
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Example 6.1.8
(P(z1)[@(x2)) = Ay (w1, 22).

(¢*(21)]9% (22)) = 247 (21, 22)
(¢*(z1)|B(x2)p(3)) = 28 (w1, m2) Ay (21, 73).

Proposition 6.1.1 Let (.|.) be a Laplace coupling as in the definition (6.1.3).
Then (.|.) is entirely determined by the two point function (¢(x1)|p(x2)) =
AL (x1,x2). Furthermore, we have the relation: (gbk(xl)]qﬁl(:):g)) = 5klk!Aﬁ(x1,x2).

Proof — See [10]. [

The function A, (x1,x2) appearing in the definition of the Laplace coupling
should be a propagator for the Wave operator. In QFT, it is the Wightman
propagator A defined in chapter 5.

Definition 6.1.4 The star product x is defined as follows. Let I,J be any
finite disjoint subsets of N, for all (A, B) € H! x H’:

AxB=Y) (A A2)B) (6.7)

where (.|.) denotes the Laplace coupling and A2y B2y denotes the usual com-
mutative product of fields.

Example 6.1.9

¢3($1)*¢3(1‘2) = GAi(xl,:cg)-i-GAi(xl,x2)¢(x1)¢($2)+3A+(x1,xg)gb(xl, x2)+¢3($1)¢3(x2).
¢* (1) * (p(2)p(x3))

= ¢%(21)p(22)d(23)+20(21)P(22) Ay (w1, 73)+20 (1) d(w3) Ay (w1, w2)+2A 4 (21, 12) A (21, 23)

From the last example, we notice the important fact that the star product
A% B is not automatically well defined because the computation of the star
product involves products of distributions and we have yet to prove that
these products are well defined.

The counit .

As we already said, the counit plays the role of the vacuum expectation
value in QFT. We first recall the most important result about the counit e,
it is the coassociativity equation:

A=Y e(An)A

Example 6.1.10
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We give an example of the same quantity expressed in the language of Hopf
algebras and the conventional QFT language so that the reader can compare:

Example 6.1.11
S(02 % 02) = ¢ (A1) 6262 +4(6,10,) 6,0, + (¢162))
= e(¢P9 + 40 ¢, +2A7) = 0+ 0+ 2A%
(0¢*(21)9” (22)[0) = 242 (21, 22)

6.1.6 The associativity of .

For the moment, the x product we constructed is just bilinear. We have to
prove it is associative. First, let us prove some lemmas.

Lemma 6.1.1 The x product satisfies the identities:

Al(axb) = Z (a(l) * b(l)) & a(z)b(g) (6.8)
(axblc) = (alb*c) .
e(axb) = (alb) (6.10)

Note that A is the coproduct of the commutative product and not the
coproduct of x. Proof —

Afaxb) = (am b)) Ala@be) =Y (am)lba)) a@be) © asbe)

=Y (eanlban) eanbaz @ a@be) = Y (aq) * b)) © a@)be).
(axble) =" (alba)) (a@bele) =D (amlbwy) (a@leq)) (bele)
= (elb) (aglee) (bale)

because by cocommutativity of the field coproduct, we can permute b, b(2)
and C(1), €(2)-

e(axb) =32e((a)lba)) a@)be) = 32 (a@)e(ae)lba)e(be)) = 3 (alt) B
More generally, we have a distributed version of (6.8):

Proposition 6.1.2 x satisfies the identity:
Alay * -+ *ap) = Z(al(l) *oek an(l)) & a1(2)---An(2) (6.11)

Theorem 6.1.1 The product x is associative provided that the products of
distributions coming from the Laplace couplings make sense.
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Proof —

(axb)xe=23_ ((axb)plew) (@xbleee =Y (e *bulew) apberce)
by (6.8)
= (b *e1) aebece)
by (6.9)
—Z b*c )a(Q)(b*c)(g)

by (6.8) beo
=ax(bxc

Corollary 6.1.1 aj x ... x a,, is well defined provided that the products of
distributions coming from the Laplace couplings make sense.
6.1.7 Wick’s property.

We give a general QFT formula for the star product in the notations of
physicists
V(@) x o ex ot ()

=3 ( 7;”11 ) ( ’Z: ) (0™ 1 (1) x -+ % O™ (2)[0) " (1) - .. ¢ ().

Distribution on M™

And we write the Hopf counterpart of this formula

ayxe ek, =Y e(ayy xe K Gy () aa) - Gpga)-

distributions

We introduce a crucial definition which is the Hopf algebra counterpart
of the Wick theorem of QFT. We call this property Wick’s expansion. For
any finite subsets I, J of N, such that I N .J = 0, let x be any bilinear map

* 1 HI X HJ — HIUJ ®COO(MIUJ) VIUJ.
Definition 6.1.5 A bilinear map * as above satisfies the Wick expansion
property if for INJ =10,
= (HCLZ> cH! ®Coo(MI) V],\V/B: Hbj e H’ ®Coo(MJ) VJ,
iel jeJ

AxB = Z *B(l) A( )B(g) (6.12)
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This property encodes in the Hopf algebraic language all the algebro com-
binatorial properties of the Wick theorem. We prove that our star product
defined from the Laplace coupling does indeed satisfy the Wick property.

Theorem 6.1.2 Let x be defined by

where (.|.) denotes the Laplace coupling, then * satisfies Wick’s expansion:

VA = [](a:) € H' ®@coeaery VI,VB = [ (b)) € H @coe(psny V7
i€l JjeJ

AxB =3 e(Au)*Bu)Ae B

Proof — By the identity (6.8), notice that e(A(;yxB(1)) = (A(1)|B(1)) which
proves the claim. |

The meaning of this theorem is that any associative product * constructed
by the twisting procedure from the Laplace coupling (.|.) should satisfy the
Wick expansion property.

6.1.8 Recovering Feynman graphs.
Proposition 6.1.3 For any (p1,...,pn), € (P (x1) % ... * P (xy,)) =
AT (x4, 25
pll---pn! Z H1<i<]’<n+ﬂ§llj), (614)

> j=1 ™M =pi !

where (m;;);j Tuns over the set of all symmetric matrices with integer entries
with vanishing diagonal and such that for all i, the sum of the coefficients
on the i-th row is equal to p;.

Note that (m;;);; should be interpreted as the adjacency matrix of a Feyn-
man graph. Proof — The sum is indexed by symmetric matrices with integer
coefficicients vanishing diagonals. We will prove the theorem by recursion.
We start by checking the formula at degree 2.

(PP (1) * P2 (w2)) = (PP (21)[07? (22)) = P1!0p po AF (21, 72)

P12

=pilpa! ssuL

R p12! '
P12=p1=p2

m
e(gP1 (zl)*...*cppk(xk) Z I AL i (zi,x5)
pil..pr! ZJ LM =pi <<k ™ Tt

is true for any k < n. Set A = (a' *...xa") and B = a™"'. We use the

Assume we know that
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identity e(A%B) = (A|B) = > e(A(1)) (A@2)|B). We use the explicit formula
for the coproduct of quantum fields

AdPi(zj) = ) < ZZ)JJ ) ¢% () @ ¢P 7" (x5)
0<z;<p;

and
APt (2 q1) = Z ( i e i > ¢ (1)@ DO (Tpy1)
11+... i =Pn+1 ! "

to deduce

) = () (B ) e n )

11 in
(A)|B) = (A" (2n41))

= DPn+1 AZ+1 (1‘1, 1‘n+1) AT (xm wn—i—l)

= pn_,_l!AZ_& (.Il, xn+1) Ce A:qf (:L‘n, xn+1).

Each term €(A(;)) (A()|B) has the form:

€ (¢p1—i1 (xl) Xk ¢Pn_in (-Tn)) A:} (xl, xn+1) AT (l‘n, xn-i—l)

pil...prg! . . :
mt (p1— 1) ... (pn — in)! ip! in!

which ends our proof because the product (p; — i1)!...(pn — in)! in the
denominator kill the unwanted factors. The space of n+1 xn+1 symmetric
matrices with fixed last row with coefficients i1, ..., 75 and such that the sum
of terms on the k-th line is equal to pj is in bijection with the space of n x n
symmetric matrices with sum of k& — th line equals py — ig. |

A word of caution and an introduction to the next section. From
now on, the star product is fixed and is defined as above from the “twisting
procedure” with the Laplace coupling defined by the Wightman propagator
A, . However, we have not yet defined rigorously the product x for elements

(4,B) € (K @cmaan V1) % (H @ceearn V)
with distributional coefficients. We will construct a time ordered product

T from x and we will prove that T'(AB) is well defined in the distributional
sense. This is illustrated by one of our previous example:
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Example 6.1.12

¢ (21)x(p(2)B(w3)) = ¢*(x1)d(w2)P(w3) +20(21) A1, w2)P(w3)+20 (1) Aw1, 23) P(2)
—|—2A(IE1, .’EQ)A(:El, 1,‘3)

product of distributions

In the next section, we are going to use x to define the time ordered product
T which only satisfies the Wick expansion property T'(A) = > t(A(1))Ag)
and the causality equation.

6.2 The causality equation.

The geometrical lemma The geometrical lemma (due to Popineau and
Stora [57]) essentially states that we can partition the configuration space
minus the thin diagonal M\ d,,, with open sets having nice properties from
the point of view of causality.

Lemma 6.2.1 Let (M, >) be a causal Lorentzian manifold endowed with the
canonical poset structure (i.e. a set equipped with a partial order) induced
by the Lorentzian metric and the chronological causality on M: x <y if y
lies in the future cone of x. Define the relation £ by: x £ y if and only if
x <y does not hold Let [n] = {1,...,n} and I a proper subset of [n]. If I¢
is the complement of I in [n] (i.e. IUI°=[n]), we define the subset M re
of M™ by

M]Jc = {(.7}1, - ,[En) S MﬂV(’L,]) el x Ic,iL‘Z‘ ;{ .’L'j}.
Then,

UM = M™\dy, (6.15)
I

where d, = {x1 = -+ =z, } is the thin diagonal of M™ and I runs over the
proper subsets of [n].

Proof — It is clear that, for all proper subsets I of [n], we have My e C
M"™\d,, because if (z1,...,2,) € dp, then x; > z; for all i and j in [n]. It
remains to show that any X = (z1,...,2z,) € M"\d, belongs to some M re.
In fact we shall determine all the M e to which a given X belongs. For all
X = (21, ,xn) € M™, we define A\(X) as the finite subset {a1,--- ,a,} C
M st. a € MX) iff 30 € [n],z; = a. To each X € M™, we associate
a directed graph known as the Hasse diagram of X as follows. To each
distinct a € A(X), we associate a vertex and we draw a directed line from
vertex a to vertex b if a < b, a # b and no other ¢ € A(X), distinct from
a and b, is such that a < ¢ < b. All indices i € [n] such that z; = a
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R

Figure 6.1: A configuration of three points in Cyj9y C M 3 and the corre-
sponding Hasse diagram.

decorate the same vertex. The Hasse diagram of X has a single vertex if
and only if X € d,. Take X € M™\d,, its Hasse diagram has at least two
vertices. If we pick up any vertex of the Hasse diagram, then any point z;
greater than a point x; of this vertex is such that x; > x;. Thus, j € I
if « € I and, to build a M jc, we can select a non-zero number of vertices
of the diagram and add all the vertices that are greater than the selected
ones. The points corresponding to all these vertices determine a subset I of
[n]. If I # [n], then X € Mj e and it is always possible to find such a I
by picking up a single maximal vertex in one connected component of the
Hasse diagram. Conversely, any My jc is made of the points that are greater
than their minima. To see this, consider a point x; € My jc such that i € I.
Then, the set S; = {x; € X|z; > x;} is not empty because x; belongs to it.
Then, x; is larger than a minimum of .S;, which is also a minimum of the
Hasse diagram of X. [ |

6.2.1 Definition of the time-ordering operator

In quantum field theory, the poset is the Lorentzian manifold M and the
fields are, for example, ¢"(x). For any finite subset I of N, we defined the
configuration space M as the set of maps from I to M and we introduced
some vector space of distributions V! which contains the singularities of
the Feynman amplitudes, then we introduced a module ' Qoo (MT) %
associated to I. For all A € H!, we will denote by ¢;(A) the element
e(Tr(A)) and t : H! — VT,

Axioms for the time ordering operator. We are going to define the
time-ordering operator as a collection (T7); of C°°(M?')-module morphisms,
for all finite subset I of N, Ty : H!' — H! ®@coc(prry V! with the following
properties:
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1. If |I| < 1, the restriction of T to H! is the identity map,

2. T satisfies the Wick expansion property:
= eoT(An)Ap (6.16)

3. The causality equation. Let A = aj(x1)...an(z,) € H"™. If there is a
proper subset I C {1,...,n} such that z; £ z; fori € [ and j ¢ I,

denote Ay = [[;c; ai(xi) and Are = [[cre aj(z;) then

T(A) = T(A;) « T(Ae). (6.17)

Remark: The equation T'(A) = > t(A())A() implies T is a comodule
morphism, we denote by £ the coaction deﬁned as follows:

V(£ A) e VIXxHLB(foA) =) (fA1®A) =D (A ® fAs).

BT(A) = Zt(A(l))A(Ql) @ A(g2) = Zt(A(l))A(z) ® A3)

=) HAa)Ans @A) = > T(A = (T ® Id) BA.

In fact, C Brouder communicated to us a proof of T( ) =2 t(An)Ap) &
T is a comodule morphism.

What are we trying to construct 7 We have a given star product which
is the operator product of quantum fields. The idea is to construct all time
ordered products satisfying the previous set of axioms, the most important
being causality and the Wick expansion property. The T product is not
unique, actually there are infinitely many T-products and there is an infinite
dimensional group which acts freely and transitively on the space of all T-
products (see equation (4.1) p. 17 in [10]). This group is the Bogoliubov
renormalization group which was studied in Hopf algebraic terms by C.
Brouder in [10] p. 17-20. in [9] The problem of construction of a QFT in our
sense is reduced to the problem of constructing a T-product satisfying the
axioms and to make sense analytically of this T-product. We will prove
the existence of at least one T-product and we will show that it is analytically
well defined. A crucial ingredient in the existence proof is to establish a
recursion equation which expresses the T' product T,, € Hom(H",H") in
terms of the elements 7y € Hom(H!, HT) for I & {1,...,n}. We will later
see that the problem of defining the T-product reduces to a problem of
making sense of products of distributions and a problem of extension
of distributions. Our approach is related to the one of [9] but we use
causality in a more explicit way following Epstein—-Glaser. However, the
strategy we will adopt make essential use of ideas of Raymond Stora which
appeared in unpublished form ([57]).
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6.2.2 The Causality theorem.

We give the main structure theorem for the amplitudes coming from per-
turbative QFT. This theorem relates T;, and all (77); for I & {1,...,n} on
the configuration space minus the thin diagonal M™ \ d,,.

Theorem 6.2.1 Let T be a collection (Ty); of C*°(M?)-module morphisms
Tr : H! — H! oo (M1 V1 which satisfy the collection of axzioms (6.2.1).
Then for all I G {1,...,n}, t = o T satisfies the equation:

tH(A) =)t A0 Areq) (A1)l Are) (6.18)
on My c. We call this equation the Hopf algebraic equation of causality.
Proof — By definition t =0T,

t(A) = e(T'(A)) = e(T(Ar(wi)ier Are (xi)iere))

=¢e(T(Ar) *T(Are))

because of the causality equation (6.17)

t(A) = (T(AD|T(Are) = > (HA10) Ar) [t (Arer)) Arez))

because by Wick expansion property (6.16) T'(Ar) = > t(Ar1))Ar) and
T(Are) = t(Are)) Are(2)s

HA) = (At Are) (Are)lAre) -

We notice some important facts: first, in Borcherds, the equation

t(A) = Zt(AI(l))t(AIC(l)) (Ar2)|Are(2)) (6.19)

is called the Gaussian condition for the Feynman measure ¢ (Borcherds calls
it w), secondly beware that the above product is not a priori well defined
since it is a product of distributions. Secondly, this theorem says that the
T-product satisfying the axioms 6.2.1 is not even well defined on d,,. It is
only well defined on each Mj ;e thus on M™ \ d,, because of Stora’s geomet-
rical Lemma (6.2.1). To explain the meaning of the causality equation, we
shall quote Borcherds where we changed his notation to adapt to our case
(and also inserted some comments): “We explain what is going on in this
definition. We would like to define the value of the Feynman measure ¢ to be
a sum over Feynman diagrams, formed by joining up pairs of fields in all pos-
sible ways by lines, and then assigning a propagator to each line and taking
the product of all propagators of a diagram. This does not work because of



130CHAPTER 6. THE RECURSIVE CONSTRUCTION OF THE RENORMALIZATION.

ultraviolet divergences: products of propagators need not be defined when
points coincide. If these products were defined then they would satisfy the
Gaussian condition 6.19, which then says roughly that if the set of vertices
{1,...,n} are divided into two disjoint subsets I and I¢, then a Feynman
diagram can be divided into a subdiagram with vertices I, a subdiagram
with vertices I¢, and some lines between I and I¢. The value t(A;Ajc) of
the Feynman diagram would then be the product of its value ¢;(A 1(1)) on
I, the product (A[(2)|A1c(2)) of all the propagators of lines joining I and
I¢, and its value t7c(Aje1)) on I°. The Gaussian condition 6.19 need not
make sense if some point of I is equal to some point of I¢ because if these
points are joined by a line then the corresponding propagator may have a
bad singularity [however this never happens in the domain My e defined in
the geometrical lemma], but does make sense whenever all points of I are
not < to all points of I¢ [this is exactly the definition of the domain M e].
The definition above says that a Feynman measure should at least satisfy
the Gaussian condition in this case, when the product is well defined.” The
explanations of Borcherds show that the geometrical lemma gives a very
convenient way of covering M" \ d,, by the sets M se.

6.2.3 Consistency condition

The collection (M 1) forms an open cover of M™\ d,,, thus there are open
domains in which a given My ;- will overlap with a given C; and we must
prove the causality equations give the same result on overlapping domains,
which justify an eventual gluing by partitions of unity. We must check a
sheaf consistency condition: if I; and Iy are proper subsets of {1,...,n} such
that C = Cr, N Cy, is not empty, then 77, |¢ = Tr,|c. Let uw = viw; be the
factorization of u corresponding to I1 and u = vows the one corresponding
to I5. We define on C

aip = H a¥ (w),

kel NIy

ey = H ak(xk),

kelfnlz

ale = H ak(xk)a

keliNI§

e = H ak($k).

keIenIs
Therefore, v1 = a12a1¢, V2 = A12ac2, W1 = A20c aNd Wo = a1.0c.. We have
Th’c(u) = T(Ul) . T(wl) = T(algalc) . T(acgacc).
By definition of Cj, we have ai. # a12 and aqc # ac2, so that

T11 |C(’LL) = T(Ul) . T(wl) = T(alg) . T(alc) . T(CLCQ) . T(CLCC).
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The indices k of ac2 are in I{ and those of a1, are in Iy, thus ac }4 ate. On
the other hand, the indices k of a.p are in I3 and those of ay. are in I§, thus
aic # ac2. In other words ac ~ aic so that T'(aic) and T'(ac2) commute.
Therefore,

Thle(w) = T(ai2) - T(arc) - T(ac2) - T(acc) = T(a12) - T(ac2) - T'(a1c) - T'(acc)
= T(a2ac2) - T(arcace) = T(ve) - T(w2) = T, |c(u).

So we have defined distributions T7(u) on each My re in a consistent way. We
must now show that these 77(u) extend to a distribution 7" on M"™\ D,,. If the
test function f has its support in My re, we can define T'(u(f)) = Tr(u(f)).
However, for a test function with a support not included in a single Mj je,
we need to patch different T7. To do this we shall use a smooth partition of
unity subordinate to M je.

6.3 The geometrical lemma for curved space time.

In this part, we need to improve the geometrical lemma due to Stora. Why
is the geometrical lemma not enough ? We first notice that the functions
x1 from the partition of unity (x7)r subordinate to the open cover (Mj re)r
of M™\ d,, given by the geometrical lemma (6.2.1) are smooth in M" \ d,
but are not smooth in M". However, we will see (see formulas 6.25,6.24)
that we are supposed to multiply x; with some product of distributions
trtre [] A:Ln” on M"\ d,, extend it on M™ and control the wave front set of

the extension xtrtre [[ AT, Hence, in order to control the wave front set
of the extension, we must show that x; is weakly microlocally bounded for
some s. Otherwise if x; was badly behaving near d,, we would not be able
to control the wave front set of the extension #,! Actually, we explicitely
prove that for each point (z,...,z) € d,, there is a neighborhood U™ of
(z,...,x) in M™ where we can construct x; € C*°(U™) homogeneous of
degree 0 with respect to some specific Euler vector field p. xr is thus scale
invariant which implies YA € (0, 1], x7,» = xr which means that the family
(x12)x is bounded in C°°(U™ \ dy,) hence in Dy(U™ \ d,,). We need these
refined properties on () since we will have to control the wave front set
of products of distributions with these functions x;.

Lemma 6.3.1 Let (My,sc)r be the open cover of M™ \ dy, given by the ge-
ometrical lemma 6.2.1. Then there exists a refinement (MLIC)] of this

cover and a subordinate partition of unity (x1); where for each I,xr €
C®(M"\d,) L}, .(M™) and for any Euler vector field p, e?1°8** (X1)xe(0,1]

loc

is a bounded family in Dy(M™ \ d).

Note that for every I, xy is in Eq(M™).
Proof —
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1. For xg € M, we localize in a neighborhood of (zg, ..., z¢) € d,,. Using
a local chart, we identify some neighborhood of zy with U € R, on
U the metric reads g. We pick coordinates (z*), on U in such a way
that g, (0)dztdx” = ny,dxtdx” (n is of signature +, —, —, —).

2. We are going to construct another poset structure on U2. For every
z € U, we denote by Cy = {y > x} NU the set of elements of U in the
causal future of z. We consider the closed subset {z; < z;}NU? C U?.
This set fibers on U:

{z; <x;}NU* = U{%’}XCxi cUxU
x;,eU

Then in this local chart U C R?, set the quadratic form Q = Nuvdztdz’ +
c?(dz®)? where the aperture of the future cone of @ depends on the
parameter ¢. The metric g depends smoothly on x and thus satisfies
the estimate |g,,(r) — nw| < Clz| on U. For any strictly positive
¢ > 0, we have the following estimate at xq:

€% > 0 and G (0)E1E” = nwEhe” 2 0 = 1, MY + 02(50)2 >0

hence since g, is continuous we can find U small enough and c large
enough in such a way that

"> 0,5up g (2)€1€" 2 0 = mughe” + (€% > 0. (6.20)
xelU

Set C' the future solid cone defined by the constant metric Q. =
Nuwdrtdz” + c(dz®)?, C is given by the equations:

2’ >0 (6.21)

Qc(x) > 0. (6.22)

Intuitively, if ¢ — oo, the future cone C for the constant metric Q has
solid angle which tends to 2w. Hence for ¢ sufficiently large, equation

(6.20) means that the future cone C' contains all future conoids C,, for
all z € U. Then:

{:L‘ing}c U{ZCZ'}XC’CUXU.
z, €U
3. C defines a new partial order relation >, hence a new poset structure

on U defined as follows:

x> if m? — 2y >0and Q(z; —z;) >0, (6.23)
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Figure 6.2: Cyo3 for the partial order < and for <

where both the cones C' and the corresponding partial order relation
are invariant (in the configuration space R"?) under the action of the
group R* x R%:

(\a) eR* xR : z e R = Az +a € RY

Define for this new order relation new open sets MMC = {V(i,j) €

I x I¢,z;%x;}. Notice that if z; < x; for the old order relation, then
xiiwj for the new order relation. Consequently, the sets M ;e defined
for the order relation < are larger than the sets M 1,1¢ defined for <.
Applying the geometrical lemma, we find:

u" \ dn C U M[Jc.
Ic{1,..,n}

The group R* x R? acts on the configuration space R%", for (), a) €
R* x R?, we define the transformation:

(21, .., Tn) € R s A2y + a, ..., Az, + a) € R

4. We describe our construction in terms of fibrations of R\ d,,.

RN\ d, — R4m=D\ (0,...,0) s Sn-1)d-1
—

(T1,...,2p) (ho =20 —21,...,hp=2p —21) +—> (Z?Zh?’”"Z?Zh?)
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The first quotient is by the group of translation. The image of d,
by the first projection is the origin (0,...,0) € RU"=1) " The second
quotient is by the group of dilations. We denote by 7 the projection

7 (21,...,2,) R\ d,, — (Z{th,...,zﬁzhg) € St=1d=1 " The

open cover (M 1.1¢)1 are inverse images of some open cover (1my re)r of
the sphere S(*—Dd=1_ T et (¢r)1 be a partition of unity subordinate to
the open cover ()7 of S®~14=1 Then we pull-back the functions
(¢r)r on R™\ d,, and set VI, x; = m*pr:

_ L2 — T1 Tp — 1
)= W(\/Zg(xj —z)? (g — )2

5. The collection of functions (xr); are both scale and translation invari-
ant by the Euler vector field p = >0 o(z; — 21) (0z; — 0zy). In the
relative coordinate system (x1,ho1 = T2 — X1, ..., hpn1 = Ty, — T1), WE
notice that the collection (x7); only depends on the (h;1)i>2. X1 is
smooth in R™ \ d,, hence x; € Dy(U™ \ dp). Tf we scale linearly, we
notice (x7)a(h) = x1(Ah) = x1(h) thus the family (x7) is bounded in
Dy(U™ \ dp,). However, we know that the boundedness of this family
in Dy(U™\ dy) and the degree of homogeneity does not depend on the
choice of Euler vector field.

).

X1(@1,- T

6. Let (Ug)aeca be a locally finite cover of M then the collection of open
sets (U,)% forms an open cover of a neighborhood of d,,. Let ¢, be a
partition of unity subordinate to the cover (U,);. Then we can patch
together the various functions x, constructed from the cover by the

formula
Z XI, a%
ZJ Z XJaQOzz

where the sum in the denomlnator is locally finite.

Remark. The fact that x; € C*(U™ \ d,,) does not immediately imply
that the family (x1)x Ae[o 1] is bounded in Dy(U™ \ dy,). For example, con-
sider the function sin(2) € C*°(R\ {0}). For any interval [a,b] C R\ {0},
we can construct a sequence \,, which tends to 0 such that d - sin( /\1 ) =

X 1m2 cos(5=) — oo hence the family sin(s), is not bounded in C a, b] thus

it is not bounded in Dy(R\ {0}).

6.4 The recursion.

Notation, definitions. We denote by x ~ y if x and y in M are con-
nected by a lightlike geodesic and (x; &) ~ (y;n) if these two elements of the
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cotangent are connected by a null bicharacteristic curve i.e. a Hamiltonian
curve for the Hamiltonian g,,#§" € C°(T*M).

We denote by x > y if z is in the future cone of y and x # y.

Recall the configuration space M7 is the set of maps from I to M then the
small diagonal d is just the subset of constant maps from I to M.

We denote by My e, IUI¢ = [n] the set of all elements (z1,...,z,) € M" s.t.
V(i,j) € I x I° z; £ xj. By the geometrical lemma the collection (M je),
forms an open cover of M™ \ d,, and we denote by (x7); the subordinate
partition of unity.

E;r is the set of all elements in cotangent space having positive energy,
the concept of positivity of energy being defined relative to the choice of
Lorentzian metric g.

Definition 6.4.1 E = {(z,¢)]g2(£,£) = 0,& > 0} C T*M.

It is a closed conic convex set of T°M and has the property that E;‘ N
—E = 0. We will denote by E, the component of E living in the fiber
T2 M over x.

Causality equation and wave front sets. The fact that for all n, t,, €
Hom(H™, D' (M™)) satisfies the causality equation imposes some constraints
on the wave front set of ¢,. In M" with coordinates (z;)ic(1,.. n}, (x1)1 18
the partition of unity subordinate to the cover (M rc); of M™\ d,, given by
the improved geometrical lemma. For all n, t,(A) € D' (M™\ d,,) satisfies
the equation:

th(A) = Z ZXItI(AI(l))tIc(AIC(n) (Ar)|Are@) (6.24)
M[’Ic

where (¢(x;)|é(z;)) = Ay(zi,x5). For the sake of simplicity, each of the
term 7 (Az(1))tre(Arery) (AI(2)|A10(2)) in the above sum writes:

tr| [ AT (@i x)) | tre. (6.25)
ijeIxIe

since each Laplace coupling ((A1)2)|(Are)2)) = ([Tier ki (z;)| Hje[c ¢Fi(z4))
is a product of Wightman propagators: (Hijelx[c ATU (x5, gsj)), tr =tr(Ar))
and tre = tre(Ape)). We now face the problem of defining ¢, recursively
by using the equation (6.25), the difficulty is to make sense of the r.h.s. of
(6.25) on M™\ d,, which is a problem of multiplication of distributions and
the second difficulty is to extend the distribution ¢, € D'(M™ \ d,) (while
retaining nice analytical properties) which is only defined on M" \ d,, to a
distribution defined on M™. We prove that renormalisability is local in M,
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for all p € M there exists an open neighborhood €2 of p on which all ¢, are
well defined as elements of D'(Q" \ d,,) and can be extended as elements of
D'(Q™). In the sequel, using a local chart around p, we will identify £ with
an open set U C R%. In U, the metric reads g. The main theorem we prove
is the following

Theorem 6.4.1 The set of equations (6.24) can be solved recursively in n,
where for each n, if all t;,I G [n] are given then the product of distribution
makes sense on M"™ \ d,, and defines a unique element t, € D'(M™ \ dy)
which has some extension in D'(M™).

We first treat the problem of multiplication of distributions outside d,,, to
do this, we develop a machinery which allows us to describe wave front sets
of Feynman amplitudes.

6.4.1 Polarized conic sets.

The idea of polarization is inspired by the exposition of Yves Meyer of
Alberto Calderon’s result on the product of I'-holomorphic distributions
([52] p. 604 definition 1). In R™ with coordinates (z1,...,2,), the I'-
holomorphic distributions studied by Meyer are tempered distributions hav-
ing their Fourier transform supported on a closed convex cone I' in the
Fourier domain which is contained in the upper half plane &, > 0. The
beautiful remark of Meyer is that I’-holomorphic distributions can always
be multiplied (the product extends to I'-holomorphic distributions) and form
an algebra for the extended product (because of the convexity of I" the convo-
lution product in the Fourier domain preserves is still supported on I')! For
QFT, we are let to introduce the concept of polarization to describe sub-
sets of the cotangent of configuration spaces T* M™ for all n: this generalizes
the concept of positivity of energy for the cotangent space of configuration
space.

In order to generalize this condition to the wave front set of n-point
functions, we define the right concept of positivity of energy which is adapted
to conic sets in T*M™:

Definition 6.4.2 We define a reduced polarized part (resp reduced strictly
polarized part) as a conical subset = C T*M such that, if m: T*M — M

is the natural projection, then w(2) is a finite subset A ={ay,--- ,a,} C M
and, if a € A is mazximal (in the sense there is no element a in A s.t. a > a),
then ENT;M C (—=Ej U{0}) (resp ENT;M C (=E])) where E} is the
subset of elements of T*M of positive energy.

We define the trace operation as a map which associates to each element
p=(x1,...,20;€1,...,&) € (T*M)* some finite part Tr(p) C T*M.
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Definition 6.4.3 For all elements p = ((x1,&1),-- , (xx, &) € T*M*, we
define the trace Tr(p) C T*M defined by the set of elements (a,n) € T*M
such that Ji € [1, k] with the property that x; = a, & # 0 and n = Zi;xi:a &.

Then finally, we can define polarized subsets I' C T*M¥*:

Definition 6.4.4 A conical subset T C T*MP* is polarized (resp strictly
polarized) if for all p € T, its trace Tr(p) is a reduced polarized part (resp
reduced strictly polarized part) of T*M.

The union of two polarized (resp strictly polarized) subsets is polarized (resp
strictly polarized) and if a conical subset is contained in a polarized subset
it is also polarized.

The role of polarization is to control the wave front set of the distribu-
tions of the form (0|T¢" (x1) ... ¢" (2,)|0).

The wave front set of A;. In Theorem 5.3.1, we proved that for all
m € N, WF(A)|y24, € {Conormal I' = 0} N (—E} x E}) where E
is the set of elements of positive energy in T°M. Thus if (x1,x9;&1,&2) €
WE (AT (21, 72)) |24y, tWo cases arise:

o if 21 ;{ o then we actually have o < x1 where z1 € M is maximal
in {z1,z2} and & € —E7, thus WF(AT(z1,22)) is strictly

g9,Z1 ’11 Lxo
polarized,

o if xo y( x1 then we actually have x1 < x2 where xo € M is maximal in

{z1, 22} and & € E/ | thus WEF (A} (21, 22))|z,¢2, is nOt polarized.

Corollary 6.4.1 For all (i,5) € I x I°, T UI° = [n], WF(A} (2, 2;))| M e
18 strictly polarized.

We have to check that the conormals of the diagonals d; are polarized since
they are the wave front sets of counterterms from the extension procedure.

Proposition 6.4.1 The conormal of the diagonal dy C M' is polarized.

Proof — Let (x;;&;)ier be in the conormal of dy, let a € M s.t. a = z;,Vi € I,
and =3 & =01is in —E/, U{0}. Thus the trace T7(zs;&)icr = (a;0) of
the element (z;;&;)ier in the conormal of dy is a reduced polarized part of
TM. |

Proposition 6.4.2 For allm € N, if to(¢™ (z1)¢™ (22)) satisfies the causal-
ity equation (6.24) on U%\ dy and WF (t2(¢™(x1)¢™(x2))) |a, is contained
in the conormal of da, then the wave front set of ta(¢p™(x1)d™ (x2))y2 is
polarized.
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B

Figure 6.3: A polarized set, the trace Tr and the projection wo T'r.



6.4. THE RECURSION. 139

Figure 6.4: wave front set of A’

Notice that it is enough to prove the proposition for ta(¢(x1)@(x2)) since
ta(¢™ (21)¢™ (22)) = mlt2(¢(x1)(22))™ on U\dp thus WE (ta(¢™(21)¢™ (22))) C
WE (ta(d(21)$(x2))) + WF (t2(¢(21)d(22))) on U? \ da.

Proof — Notice that if z1 £ zo then T'¢p(z1)p(x2) = ¢p(z1) *x ¢(x2) by the
definition of causality i.e. T(AB) = TA*TB if A £ B. Thus the field ¢(z1)
associated with the element x7, where 71 is not in the causal past of xo,
stands on the left of the product ¢(x1) x ¢(x2). Causality reads from right

to left when we write products of fields i.e. T(AB) =TAxTB if A £ B.

t2(p(z1)9(22)) = € (Tag(z1)p(22)) = € (¢(71) * P(22))

= A+($1,$2) if il ;{ i)
= Ay (wg,21) if 29 & a1,

which implies WF (t2) [¢72\q, is polarized. Using Proposition 6.4.1 and the
fact that W F(t2)|q, is contained in the conormal of dg, it is immediate to
deduce W F(t) is polarized. [ |

Now we will prove the key theorem which allows to multiply two distri-
butions under some conditions of polarization on their wave front sets and
deduces specific properties of the wave front set of the product:

Theorem 6.4.2 Let u,v be two distributions in D'(Y), for some subset
Q C M", st. WF(u) NT*Q is polarized and WF(v) NT*Q is strictly
polarized. Then the product uv makes sense in D'(Q) and W F(uv) N T*Q
is polarized. Moreover, if W F(u) is also strictly polarized then W F(uv) is
strictly polarized.



140CHAPTER 6. THE RECURSIVE CONSTRUCTION OF THE RENORMALIZATION.

Proof — Step 1: we prove WF(u) + WF(v) N T*Q does not meet the
zero section. For any element p = (x1,...,2p;&1,...,&) € T*M"™ we
denote by —p the element (z1,...,2,;—&1,...,—&,) € T*M"™. Let p1 =
(1, 2n; &1y, &) € WF(u) and p2 = (21, ..., Zn; N1, - -, n) € WE(v),
necessarily we must have (&1,...,&,) #0,(m1,...,m,) # 0. We will show by

a contradiction argument that the sum p1+p2 = (z1,..., 20 & +01, - ., En+
Nn) does not meet the zero section. Assume that & +n1 =0,....§,+nm, =0
i.e. py = —py then we would have § = —n; # 0 for some ¢ € {1,...,n} since

(&1y.-,8&) # 0,(m,...,nn) # 0. We assume w.l.o.g. that n; # 0, thus
Tr(pz) is non empty ! Let B = w(Tr(p1)),C = w(Tr(p2)), we first notice
B =Csinceps = —p1 = Tr(p1) = —Tr(p2) = woTlr(p1) =moTr(p2).
Thus if @ is maximal in B, a is also maximal in C' and we have

0=> &+mi=Y &+ > me(E,u{0}+E,,)=E,

r;=a Tr;=a Tri;=a

where we denote E , = —E;a for notational clarity, (since p; is polarized
and py is strictly polarized) contradiction !
Step 2, we prove that the set

(WF(u) + WF(v)) N T*Q

is strictly polarized. Recall B = o Tr(p1), C = m o Tr(p2) and we denote
by A = 7o Tr(p; + p2) hence in particular A C B U C. We denote by
max A (resp max B, max C) the set of maximal elements in A (resp B, C).
The key argument is to prove that max A = max B N maxC. Because
if max A = max B N maxC holds then for any a € max A, in:a &+
M = D pmabi ¥ Dog—a i € —Ef, since a € max B N maxC and Tr(p;)
is a reduced polarized part and Tr(p2) is reduced strictly polarized. Thus
max A = max B N'max C implies that p; + po is strictly polarized.

We first establish the inclusion (max B NmaxC) C max A. Let a € max BN
maxC, then )  _ & € B  U{Oyand > _ ni € E .. Thus)  _ &§+ni €
Eg_’a — in:a & +m; # 0 so there must exist some ¢ for which z; = a and
& +m; #£0. Hence a € A. Since A C BUC, a € max BNmax C, we deduce
that @ € max A (if there were @ in A greater than a then @ € B or a € C
and a would not be maximal in B and C).

We show the converse inclusion max A C (max B N max C') by contrapo-
sition. Assume a ¢ max B, then there exists z;, € max B s.t. xj > a and
&, # 0. There are two cases

e cither z;, € maxC as well, then th:xi & +mi € —E;:le ==

th:zi &+n; # 0 and there is some 4 for which z; = x;, and {+n; # 0
thus z;, € A and z;, > a hence a ¢ max A.

e or z;, ¢ maxC then there exists zj, € maxC st. z;, > zj; and
nj, # 0. Since z;, € max B, we must have &, = 0 so that z;, ¢ B.
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But we also have &j, +7n;, = n;, # 0 so that z;, € A. Thus z;, € A is
greater than a hence a ¢ max A.

We thus proved
a ¢ max B = a ¢ max A

and by symmetry of the above arguments in B and C, we also have
a ¢ maxC = a ¢ max A.

We established that (max B)¢ C (max A)¢ and (maxC)¢ C (max A)¢, thus
(max B)¢ U (max C)¢ C (max A)¢ therefore max A C max B NmaxC, from
which we deduce the equality max A = max B N max C' which implies that
WF(u) + WF(v) is strictly polarized and W F(uv) is polarized. [

Lemma 6.4.1 Forall ILI¢ = [n], (ki)iela (kj)je[c s.t. Ziel k; = Zje[c k‘j
the Laplace coupling

[T¢" @l ]] ¢ ()

icl jele

is well defined in the sense of distributions of D' (My re) and its wave front
set is strictly polarized.

Proof — First the coupling (Hie[ oFi ()] [Ticse Pl (ly)) is a finite sum of

terms of the form  [[ A" (x4, 3;),m;; € N. However
(i,§)eIxIe

WFE( ] AT (@i x)lag o)
(i.j)eIxIe

is strictly polarized by application of lemma 6.4.2 since W F (A7 | My pe) 18
strictly polarized. |

Lemma 6.4.2 Let t7,tre be in D' (M?T), D' (M) respectively s.t. WF(tr)
and WF(ts) are polarized then W F'(t1tre)|n, ;e s polarized.

Proof — For all (z;, 255 6], 6] ) i jyerxre € WE(trte) vy e, Tr(wi, z53 €], €]7) =
Tr(:l:i;gil) U Tr(:vj;ﬁjf-c) because for all (z1,...,z,) € My e for all (i,j) €

I x I¢, z; # x;. Then using the fact that Tr(a:i;fil) and Tr(a;j;ffc) are
polarized, for all @ maximal in 7o T'r(x;, x; {i[, EJIC):

e cither a is maximal in T'r(z;; &) in which case n = > vima ¢l e -Ef,U
{0} since Tr(w;;€l) is polarized,
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Figure 6.5: The Wavefront of Laplace couplings is strictly polarized.
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e cither a is maximal in Tr(a:j;gjl.c) and we deduce the same kind of

result

n= Z g]IC S —E;:aU{O}

Tji=a

since T'r(x;; fjf»c) is polarized.

Theorem 6.4.3 Let t;,trc be distributions in DfI,Dhc where T'r,T're are
polarized in M' and M'* and m;j be a collection of integers. Then the
product
trtye H ATij(ZL'i,.I‘j)
(ij)eIxIe

1s well defined as a distribution of D{ﬂn (M 1) for

I, = Z %419 + ZF% ﬂT.MI,IC
I i

and Ty, is polarized. Furthermore, t, defined by the relation (6.24) is well
defined in D'(U™ \ dy,) and its wave front set is polarized in M™ \ d,,.

Proof — W F(trtre) is polarized in My e by Lemma 6.4.2, each Laplace
coupling is strictly polarized in Mj e by Lemma 6.4.1 hence by Theorem
6.4.2 the product
trtye H ATU (:L'i,xj)
(ij)eIxIe

exists and its wave front set is polarized over M; jc. We sum and multiply
each term > t7 (A )tre(Are1)(Arz|Are2) by the functions xj of the partition
of unity from the geometrical lemma which does not affect the wave front
set since they are smooth on M™ \ d,,, thus the wave front set of ¢, defined
by (6.24) is the finite union of polarized conical subsets thus polarized. W

6.4.2 Localization and enlarging the polarization.

In the previous part, we were able to justify the products of distributions on
M"™\d,, in equation 6.24 but have not yet extended the distribution ¢, on M™.
The goal of this part is to prove that we can construct some polarized cone
I'7, slightly larger than W F(tr), which is scale invariant for some family
of linear Euler vector fields and satisfies the soft landing condition. The
drawback of working with the cone E; C T*U is that the cones Ef, C TpU
depend on the point . We will construct a larger closed convex conic E;r
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for a constant metric ¢ which contains E;r and which has fibers E;; that do
not depend on x € U.

We identify an open set @ C M with U C R%, in U the metric reads g.
Then we soften the poset relation in a similar way to the step 2 and 3 in the
proof of the improved geometrical lemma (6.3.1). We use a constant metric
Q to define a new partial order denoted by <. Recall E;r C T*M is the
subset of elements in cotangent space of positive energy. We prove a lemma
which says we can localize in a domain U C R in which we can control the
wave front set of the family (A4 ),

YA€ (0,1, WF (Ayy) C (—E) x (E])

by a scale and translation invariant set E; living in cotangent space T°U.

Lemma 6.4.3 For any xg € U, we can always make U smaller around xg
so as to be able to construct a closed conic convex set Eq+ C T°U s.t.
E;' C E;, E;‘ does not depend on x € U and such that E;r N fE;' = 0.

Proof — We enlarge the cone of positive energy E;“ C T°U. Recall we
defined B as B} = {(;£)]9:(£,£) = 0,6 > 0} C T*M. But the drawback
of this definition lies in the fact that the fibers E, of the set ES depend
on the base point x since g is variable. We localize the construction in a
sufficiently small open ball U in R? and pick a constant metric ¢ on this ball
U in such a way that

Ve € U, g(£,€) 20,6 >0 = q(&,€) > 0. (6.26)

Such a metric is easy to construct, following the arguments of the proof
of the improved geometrical lemma, we assume gi, = n*¥ and by setting
q =" + X26° we can always choose ) large enough so that the inequality
(6.26) is satisfied for all z € U.

Definition 6.4.5 We set Ef = {(x,£)[q(£,£) > 0,6 > 0,2 € U}.

It is immediate by construction that our new closed, conic, convex set
E;‘ C T*M contains the old set E;’ . It is also obvious by construction
that Eq+ is both scale and translation invartant in U, since the metric ¢ is
constant in R%. |

We have a new definition of polarization by applying Definition (6.4.2)
for the new conic set E; and the partial order < ( < affects the choices
of maximal points). Hence the metric @ controls the order relation < and
exploits the finite propagation speed of light, whereas the metric ¢ controls
the cone of positive energy.
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Figure 6.6: Picture of the new poset structure together with the new polar-
ization.

Scaling in configuration spaces. On U!, we denote the coordinates by
(xi)ier, then we define the collection py,,i € I of |I| linear Euler fields p,, =
> ivijer(@i — xi)%. Pz, scales relative to the element x; in configuration

space U,

Example 6.4.1 In U", the vector field ), (xj — x1)0y, is Euler since
(Zj#(ﬂcj — 21) 0, (z; — xl)) —(xi—x) = (xi —x1) — (s —21) = 0 and
this implies that 3, 4 (xj — 21)0x,f — [ € T2 for all f € T the ideal of
functions vanishing on d,. If we scale by fx(z1,...,2,) = f(z1, (T2 —

x1) + 21, ..., AN(zp —x1) + 1) then this corresponds to the Euler vector field
Z;:ll hj%. The cotangent lift of this vector field equals

Z(‘Tj - 551)8931' - éj(aﬁj - a51)'
J#1

The vector field 2222 §j(Og; — Og,) corresponds to the system of ODE’s

. dgi - dgt noo
> — ¢J — § J
v.] = 27 dt § 9 dt j:2§ ’

thus integrating the vector field 3, (xj —x1)0z; —&;(O¢; — O, ) in cotangent
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space yields the flow :
(@1, Mzz —21) + 21, &+ 1= AT &A%, A7),
j=2

Finally, we compute the coordinate transformation in cotangent space which
passes from reqular coordinates in cotangent space T*U™ to the system of
coordinates (xz, h; k, &) used in Chapters 1,2,3,4:

(1, oy xn;&ly e &n) = (2 ha, oy hp— 1 ks, o p—1) (6.27)
Ir1 =@, hj = LL’]‘_H — I (628)

k=) &unj=&n  (629)
=1

The soft landing condition on configuration space. We saw in Chap-
ter 2 and 3 that the soft landing condition was an essential condition on the
wave front set of a distribution which allows to control the wave front set
of extensions of distributions. Before we state the soft landing condition
in T*U™, we first give the equation of the conormal of d,, C U™ in coordi-
nates (1,...,Tn;&1,...,&,). The collection dhy = dxg — dx1,...,dhyp—1 =
dxy, — dx1 of 1-forms spans a basis of orthogonal forms to the tangent space
of d,, thus a 1-form & dxq + - - - + &,dx, belongs to the conormal if it writes
> 5 aidh; for some (a;); which implies & = — Y " , &, thus the equation
of the conormal in U™ is x1 = x9 = -+ = x,,§ + - + &, = 0. If we write
the equation of the soft landing condition in T°U" for the coordinates, we

obtain . . .
1> &l (Z 21 — xi\) (Z |§z‘\> (6.30)
=1 i—2 i—2

since k = Y & and Vi > 2,m; = &41 by 6.27, the inequality 6.30
is clearly invariant by the flow A — (z1,A(z2 — z1) + x1,...;& + (1 —
AT Y0 & A, AT,

In configuration space T*U' with coordinates (;; &;)icr, the soft landing
condition takes the following form: a conic set I' C T*U’ satisfies the soft
landing condition w.r.t. to d; if for all compact set K C U, there exists
€ > 0 and 6 > 0, such that

UK e i, los—ail<et € dal<s| > la— il > lal |
icl il it ielitj
(6.31)

6.4.3 We have (WF (e°s*=*A )N T*U?) C (—E]) x E].
The next lemma aims to use our cone Ej C T*U to control the wave front

set of the family (elog /\Pfi*A+)/\E(O 1 ,i=1(1,2).
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Lemma 6.4.4 We can choose ¢ and U in such a way that

VA € (0,1], (WF (elogkpri*m) ﬂT‘UQ) c (-E}) x E/.
Proof — By construction of Ef, (WF (Ay)NT*U?) C (—Ef) x E}. If
(:L‘l; 51), (."L‘Q; 52) € —E;_ X E;_ then V) € (O, 1], (:El; &+ (1 - )\)52), ()\_1(1'2 -
x1) +21; M) € —E; x Ef by invariance and convexity of £ which imme-
diately yields the result.
|

6.4.4 The scaling properties of translation invariant conic
sets.

The next lemma we prove also has a geometric flavor.

Lemma 6.4.5 Let I'; ¢ T°M! be a translation invariant conic set.
Then T'; is stable under e°8Ari for some i € I is equivalent to 't is sta-
ble by €'°8*i for all i € 1.

Proof — Following the approach of Chapter 1, we try to find a flow ®())
relating the two linear scalings by ps, and p,,. This flow is given by the
formula ®(\) = e~ 10820z 6 ¢!°82%; and the lifted flow T*®()\) on cotangent
space is given by the formula T*®(\) = T*e~ 108 =i o T8 =5 In our
specific case, for each A, ®(\) is a flow by linear translation. The map ®(\)
results from the composition of two scalings relative to two elements (x;, ;)
with ratio (A, A~!) respectively. It can be computed explicitely

Dy Ao —ax;) +

= AT = ) + 20) — My — 23) + 20) + (Mg — 25) + 2)

= (z—zj) + (Mzj —xi) + ;) =2+ (A = 1) (25 — x3),

translation vector

which proves ®(\) = e~ 1083z o %627 i 4 translation of vector (A —
1)(zj — x;). We also have T*®(X) : (z;€) — (v + (A — 1)(xj — ;);£). This
computation proves the following fundamental fact: if a translation invariant
set I'; is stable by the cotangent lift of scaling relative to one given a € R?
then I'; is invariant by the cotangent lift of linear scalings relative to any
element a € R? which implies the claimed result. |

This lemma motivates the following definition: a translation invariant conic
set Tr € T* M7 is said to be scale invariant if it is stable by scaling w.r.t.
the vector field py, for some v € I.
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2

R
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Figure 6.7: Action on configuration space (Rd)4 of the map ®(\) =

e 108 A0zy o plogAoey for \ = % as a translation.

6.4.5 Thickening sets.

Lemma 6.4.6 If I'; satisfies the soft landing condition and is (strictly)
polarized, then there exists a translation and scale invariant I'y such that
'y C Ty, Ty s still (strictly) polarized and satisfies the soft landing condi-
tion.

We call good, any conic set that is translation invariant, scale invariant,
polarized and satisfies the soft landing condition.

Proof — Notice that the formulation of the soft landing condition on con-
figuration space by the equation

> al<o | D> Jmy— >l (6.32)

iel i€l i) i€l itj

is clearly translation and scale invariant. But E;r and < are also translation
and scale invariant thus the concept of polarization is translation and scale
invariant. So if a set I'; C T*U! is polarized and satisfies the soft landing
condition, then the union I'; of all orbits of the group of translations and
dilations which intersect I'; satisfies the same properties and contains I';. W

6.4.6 The plocal properties of the two point function.

Let us consider the configuration space U? with coordinates (z1,z2). Let
be the wave front set of A,. In Chapter 5, we proved that

EC (A UL, 25 —n,m)lgz(n,m) = 0}) ({1, 223m1,m2)[(2)0 > 0}
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where A is the conormal bundle of the conoid I' = 0 (Theorem 5.3.1) and
we proved that A is microlocally weakly homogeneous of degree —2, A €
E",(U?) (Theorem 5.4.1). Here, we initialize the recursion for to(¢™ (1) ¢™(x2)) =
g o T(¢™(z1)¢™(22)), and prove that A\*"ty ) is bounded in Df, (U?\ dp)
where T'y is a good cone (recall good means polarized, satisfies the soft land-
ing condition, translation and scaling invariant). We denote by (xr); the
partition of unity subordinate to the cover (M I, IC)I given by the improved

geometrical lemma.

Theorem 6.4.4 Let t2(¢m($1)d)m<l‘2)) = XlAT(.%'l,xQ) + XQAT(xQ,xl).
Then ty € E", (U?\ d2) and there exists a good cone I'y C T*U? such
that for each pg,;,1 = (1,2), the family ()\*zmelog )\pzi*tg)
D, (U?\ dy).

Proof — On the one hand W F(A'!) satisfies the soft landing condition by
Lemma 5.4.1 which implies W F(t2)|2 also does. On the other hand, we
already proved in proposition (6.4.2) that W F(¢2) is polarized then applying
Lemma 6.4.6, we find that the enveloppe I'y of W F(t2) is a good cone. W

AE(0,1] 1s bounded in

6.4.7 Pull-back of good cones.

Since we always pull-back distributions living on configuration spaces U to
higher configuration spaces U™, we want the pull-back operation to preserve
all the nice properties of the wave front set. Let py,; be the canonical
projection pj .y : U™ — Ul

Lemma 6.4.7 IfT'; C T*U! is a good cone then pfn]HII’I Cc T°U™ is also
a good cone.

Proof — By definition pfn} _,;I'1 is polarized in T*U™ since the trace Tr(x; &;)ier C
T°U of an element (z;;&;)icr € I'r and of its pulled back element

(i3 &), (255 0))ier jere € Pl L

are the same. pf‘n] L1 is also translation, scale invariant by invariance
of I'r and the projection pp,,;. The only subtle point is to prove that
pi‘n] ., /L1 still satisfies the soft landing condition. Start from the assumption

that T'; satisfies the soft landing condition, then for all compact K C U/,
Jde > 0,30 > 0:

DK ey s l2j—il <ot C dal<o| D oy —al >l

iel i€l itj i€l j#i

then notice
(@i; &i)iepn] € Plgstl't = (i3 &i)ier € 11
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— D) Gl=1) &l<s| > |uj—ail > Ll
=1

iel i€l i) i€l it]

<ol D - >l

i€[n],i#j i€[n] i£j
which implies p’["n]HIF[ C{I>r & <9 (Eie[n]ﬂ'?ﬁj |z — $z|) (Zie[n],i;ﬁj |fz’)}
which is exactly the soft landing condition. |

In the sequel, we denote by I'; the set pfn} 71’1 making a slight notational
abuse.

The soft landing condition is stable by summation: = We proved in
Proposition 4.2.1 that for I'y, I's two closed conic sets which both satisfy the
soft landing condition and s.t. 1N —Ty = (), the cone I’y UTyU(T'; 4 T'g)
satisfies the soft landing condition.

For all subsets I C {1,...,n},let A; C T*M? be the set of all elements in
T*U! polarized by E;. Since the cone E, the partial order relation < and
the trace operation are translation and dilation invariant, by Definition 6.4.2,
the subset A; is also translation and dilation invariant. For any manifold
M, for any closed cone I' C T*M in the cotangent cone T°* M, we denote by
' =T U0 c T*M where 0 is the zero section of T*M.

6.4.8 The wave front set of the product ¢, is contained in a
good cone T',.

Theorem 6.4.5 We assume the hypothesis of theorem (6.4.3) is valid and
keep the same notations. If furthermore we assume all elements I'r, I &
{1,...,n} are good conic sets then T, is a good conic set.

Proof — It is immediate since translation and scale invariance, the polar-
ization property and the soft landing conditions are stable by sums. |

6.4.9 We define the extension ¢, and control WF(¢,).

We saw in Chapter 4 that the product of distributions satisfying the Hérmander
condition was bounded: let I'y, 'y be two cones, assume I't N —I'y = ). Set
I'=T1UTyU (T'1 4+ I'2), then the product

(tl,tQ) S Dlrl X Di“z — t1tg € D%

is well defined and bounded (Theorem 4.2.1). We also concluded Chapter
4 with a general extension theorem (4.3.3): if t € E§¥(U™\ d,) then an
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extension ¢ exists in E%(U") for all s < s. Now we prove a theorem that
gives conditions for which the extension £, exists, has finite scaling degree
and has good wave front set.

Theorem 6.4.6 Assume that the assumptions of Theorems (6.4.3) and (6.4.5)
are satisfied and that the family \=51e'%8 =%t is bounded in Dfl for some sy
where 'y is good. Then t,, has a well defined extension t, in D{,VF(t JU(Td) um)

and there is a good conic set I'y, such that for any l € {1,...,n}, the family
()\*s/elog)‘pzl*ﬂ))\, is bounded in Di“nu(Tdn)L(Un) for all 8 < s+ sye +
Z(i,j)e[x[c 2my;.
Proof — For any [ € {1,...,n}, the family
)\—slelog )\pxl*tl

is bounded in Dfl where I'7 is a good cone. Let us set

T =@ +T% +19) | iy e (6.33)

I

Then the last step of the proof is a mere repetition of the proof of The-
orems (6.4.3) and (6.4.5), but instead of considering a ”static” product
trtre H(i,j)e[x[c AT” (@i, z;)xr on a given MMC, we will instead scale the
whole product w.r.t. to some linear Euler vector field py,:

()\—31 6log APz, *tl) ()\—sjc elog APz, *t1c>

bounded in D%I(U”\dn) in Df] (U"\dn)

c

H (A_Qm” BN AT (2, l"j)) X1
N

(i.)elxIc in D, (U"\d)
in Di“ij (U™ \dn) 0

Then we use the boundedness of the product (Theorem 4.2.1) to repeat
the arguments of the proof of Theorem 6.4.3 for bounded families of dis-
tributions. Notice that it is very convenient for us that the functions xr
constructed in the improved geometric lemma are smooth scale invariant
functions since they are going to be bounded in Dy(U™ \ d,,). The product

o ) B . .
\“SITS1e—2 D (ij)erx e Mij log Apz; trtye H AJF” (zi, xj)
(ij)elxI¢

A€(0,1]
is well defined and bounded in Dy, (U" \ dy,) (by Theorem 4.2.1) where

Ty = J (07 + T +TH) \ {0}, ..
I
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is good by Theorem 6.4.5. Then the distribution

tn = | trtse H AT (25, 25)
(i.j)elx I

is in E5 (U™ \ d,) (since T, satisfies the soft landing condition and the
family of distributions (A™°"¢)) ¢ (g 1] is bounded in Dy, ) for s, = sp+spe+
2> (ij)erx1e Mij- We can conclude by the extension theorem (4.3.3), which
provides an extension &, in EY(U™) for all s’ < s;+ sye + 2" ij)erx e Mij
with the constraint W F(¢,) € WF(t,)|J(Td,)" on the wave front set of the
extension. The wave front set W F'(t,) is polarized and so is the conormal
(T'd,)* hence the union W F(t,) | J(Td,)" is also polarized. And the family

p . ; n €L
()\ tn> (o Should be bounded in DL o7, 1 (U") where T U(Tdy)

is a good conic set. |

The last theorem allows to conclude the recursion since we were able to
initialize the recursion at the step n = 2: WF(t3) is contained in a good
cone I'y and A\2"eP1o8 Mty (¢ @™) is always bounded in Dr, (U?\ dz), how-
ever beware that to(¢™¢™) is in Ey(U?) for all s' < 2m, hence repeated
applications of theorem (6.4.6) allows to define all extensions t,, € D'(U")
for all n.



Chapter 7

A conjecture by Bennequin.

7.1 Parametrizing the wave front set of the ex-
tended distributions.

In this short chapter, we solve a conjecture of Daniel Bennequin stating that
the wave front set of the extensions %, are singular Lagrangian manifolds.

Lagrangians often appears in quantum mechanics as the geometrical ob-
ject living in cotangent space which represents the semiclassical limit of
quantum states ([6] p. 16, 35, 60-63 and [84] p. 103). Our theorem might
help us to give a similar geometric interpretation of the wave front set of
n-point functions in quantum field theory: each element of the Lagrangian
could represents the “trajectory of a process” in cotangent space. For in-
stance:

1. an element of the wave front set of ta(¢(x)¢(y)) represents a null
geodesic lifted to the cotangent space,

2. an element of the wave front set of t3(¢(z1)d(x2)¢3(y)¢(x3)) represents
the interaction of three null geodesics intersecting at one point.

The proof also clarifies the fact that the wave front set of these extensions
can be parametrized by objects (generalizing the graph of a gradient) called
Morse families which were introduced by Weinstein and Hérmander.

7.2 Morse families and Lagrangians.

Let us start by recalling some simple definitions. We introduce the concept
(due to Weinstein see [6] Definition 4.17) of a Morse family (with some
modifications of our own):

Definition 7.2.1 A Morse family is a triple S = (7 : B — M, S) satisfying
the following conditions:

153
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e a) (m: B+ M) is such that any connected component of B is of the
form (R*\ {0}) x Q for some k and some set @ C M, this endows
B with the structure of a smooth cone and the restriction of w to this
connected component is the canonical projection,

e b) S e C>®(B) is homogeneous of degree 1 w.r.t. vertical scaling,
e ¢c)dS #0.

Daniel Bennequin pointed out to us that this definition is actually very
general since B is not necessarily connected thus we could have several con-
nected components of B living over some given point in M, like branches of
a cover. The second nice point of the definition of Alan Weinstein is that
the map 7 is not necessarily surjective. Denote by x the coordinates in M
and by (x;0) the coordinates in B where 6 is the vertical variable. Denote
by ¥g = {% = 0} C B the critical set of S. The smooth projection
defines a set m(Xg) which is the projection of the critical set.

Definition 7.2.2 We denote by Tm(Xg) the tangent cone of m(Xs) which
is defined as follows, for x € 7(3g),

Tom(s) = {dn|(z.0(X)[Fy € C([0,1], Bs) s.t. 7(0) = (2,6),%(0) = X},
then Tn(Xs) = Uper(ng) Tom(Xs).

Example 7.2.1 For § = (Rxg x (U?\ da) = (U?\ d2),00(z,y)), the set
S is equal to ({T' =0} N (U?\ d2)) x Rsq where {T' = 0} is the null conoid
in U? \ dy i.e. the subset of pairs of points connected by a null geodesic.
Thus 7 (¥g) = {I' = 0}[y2\q, is an open submanifold and Tm(Xs) is just
the tangent space to the submanifold 7 (Xg) = {I' = 0} NU?\ ds.

It is possible to define a notion of tangent cone for very general sets but we
will not need such theory here.

Definition 7.2.3 We denote by Ny () the normal to n(3g) which is de-
fined as the subset {(x,§) € T*M|z € m(Xg),& (Tem(Xs)) =0} C T*M.

Throughout this section, for any cone C' in a vector space F, we denote

by C° the cone in dual space E* defined as {£|{(C) > 0} (it is sometimes

called the polar of C'). This definition can be extended to cones in tangent

space and we denote by Tm(Xg)° the subset | (7.7(Xg))° living in
zen(Xs)

T*M. Geometrically, Ny (s is the dual cone T7(¥g)° of the tangent cone

Tn(Xg). If mis a smooth embedding, N, is just the conormal bundle of

m(X).

Definition 7.2.4 We denote by As the map As : (x;0) € B — (x;d,5)(z,0) €
M.
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In nice situations, Ag (Xg) is a smooth Lagrange immersion and coincides
with Nz (x4). However in our general situation, we always have the following
upperbound:

Proposition 7.2.1 \s(¥Xs) C Ny

Proof — Any vector field in X € Vect(B) decomposes uniquely as a sum
X = X) + X, = fHOu + f'Op where X, is the horizontal part and
X, the vertical part since B is a trivial cone. Thus it suffices to prove
that if d(0p:S) (X)|xg = 0 then dS(Xy)|ng = 0 because dS(Xp)z9 =
d.S(dry 9(X)). The key observations are:

° a) 3@2 =0 = ¢ gégi = .5 =0, since S is homogeneous of degree 1 in

0, thus g C {S =0} and d (94 S) (X)|ps =0 = dS(X)|gs =0,

e b) for all vertical vector field X, dS(X,)|ng = 0.

From these observations, we deduce that:

d<as> (X)|gs =0 = dS(X)|gs =0 = dS(X)|s,

o0’
= dS(Xh)|ES + dS(XU)’sz =0 = dS(Xh)|ZS =0.
=0

We want to prove that Ag (Xg) is isotropic in the sense that the tangent cone
of As (Xg) is symplectic orthogonal to itself. We denote by 7, (As (Xg)) the
subset defined as

{dAs](0)(X)137 € C([0,1], Bs) s.t. 7(0) = (2,6),%(0) = X},

and T (As (23)) = Uperg(mg) Tr (As (2s)). Let w be the natural symplectic
form in T*M:

Proposition 7.2.2 w|) (54 = 0.

Proof — We actually prove that Asw|sg = 0 which implies w|yg(ng) = 0.
Let us denote by o = &da' € QY(T*M) the Liouville 1-form which is the
primitive of w i.e. da = w. We decompose uniquely the differential d acting
on Q°*(B) as a sum d = d, + dy. The key observation is that dpS|s;5—0.

Nswlsg = Nsdalss = d(N50) |5 = d (A5&da?) |sg

oS |
=d <85L’i dl‘l> Ing = d(dyS)|ss = d(dzS + dpS)|ss

since dpS|yns =0
= d*S|ss = 0.
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This means that Ag(Xg) is isotropic. At each point x € 7(Xg) where
As (X5) |« = Nrg(sg),e we will say that As (Xg) is Lagrangian at = because
it is isotropic of maximal dimension. If it is Lagrangian at every = €
m(Xg) (or on an open dense subset of m(Xg)) then we call it Lagrangian, in
nice situations this coincides with the usual notion of Lagrange immersion
(see [40] vol 3 p. 291,292 and [6]). We will later consider Morse families
S with the supplementary requirements that Xg C B is a finite union of
smooth submanifolds and Ag (Xg) is Lagrangian.

We work out a fundamental example of Morse family which generates
the conormal bundle of a submanifold.

Example 7.2.2 Let I C M be a submanifold. We shall work in local chart
where the manifold is given by a system of d equations f = --- = f3 = 0.
Then the Morse triple ((R?\ {0}) x M s M, Zle 0 f;) parametrizes the
conormal bundle (TI)*. Indeed, ¥g = {f; = 0} x (R¥\ {0}) = I x (R?\ {0})
and s (Xs) = {0:dfilss,0 € R\ {0}}. The key observation is that any
element in the conormal of I should decompose in the basis of 1-forms (df;);
thus \s (Xg) parametrizes the conormal of I.

An analytic interpretation of \g (Xg). We interpret Ag(Xg) in terms
of the wave front set of an oscillatory integral t. We can understand it as a
parametrization of W F(t) by the Morse family S.

Proposition 7.2.3 Let S = (7 : M x R¥ s M, S) be a Morse family over
the manifold M and (x;0) where € RF a system of coordinates in M x RF,
for any asymptotic symbol a ([67] vol 2 p. 99):

WF < d9a(~;9)ei5("9)> C AsZs.

Rk

Proof — In local coordinates (x, #) for B, it is just a consequence of Theorem
9.47, p. 102 in [67]. |

Functorial behaviour of Morse families. In microlocal geometry, we
need the following fundamental operations on distributions

e the pull-back ¢t — f*t by a smooth map f : M — N which is not
always well defined for distributions

e the exterior tensor product (t1,t2) — t1 X to which is always well
defined

e for our purpose, it will be important to add the product of distributions
when it is well defined.
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Assume that the wave front sets of given distributions ¢ are parametrized by
Morse families, we already know how the wave front sets transform under
these functorial operations on distributions, the question is whether we can
find a new Morse family to parametrize the wave front set of the distribu-
tion obtained by one of the previous operations. The functorial behaviour
of Lagrangians under geometric transformations is already studied in [33]
Chapter 4, however it is not described in terms of generating functions and
our point of view is more explicit and more oriented towards applications.

Formal operations on Morse families.

First introduce operations on cones as follows. Let B — M be a smooth
cone, for any smooth map f : N — M, f*B — f*M is a smooth cone
(Appendix 2 of [33]) with fibers defined as follows f*B|, = B|f(). We also
introduce a suitable generalization of the fiber product for cones, recall the
fiber product of m : By — M and 7wy : By — M denoted by By X B is
defined by {(p1,p2) € B1 x Ba|mi(p1) = m2(p2)}-

Definition 7.2.5 Let By, By be two smooth cones over a given base mani-
fold M. Then we define the product B1X y;Bo as the cone

(B1U0;) xa (B2 U02))\(01 Xar 0y) = (B1xn09)U(0y X pr B2)U(By X Ba) -

The key point of this product is that we add the zero section so that our
trivial cones become trivial vector bundles we compute the fiber product
and remove the zero section at the end.

The QFT case. In our recursion, we only need to pull-back by smooth
projections. For instance, by the canonical projection maps M™ — MY for
I C [n]. In this case, if we still denote by f the submersion f : N — M, the
Morse family can be chosen extremely simple

Definition 7.2.6 Let S = (7 : B — M,S) be a Morse family over the
manifold M, for any smooth projection f : N — M, we define the pulled
back Morse family as the triple

F*S = (f*1 1 f*B s f*M, §*5). (7.1)

It is obvious that df*S # 0 since dS # 0 and df is surjective. When f is a
smooth map, we prove that the pull-back by f of AsXs is parametrized by
the Morse family f*S:

Proposition 7.2.4 Let f := N — M be a smooth projection and S = (7 :
B — M,S) a Morse family over the manifold M. Then:

f*)\gzg = )\f*szf*g. (7.2)
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Proof — We denote by (y;n) the coordinates in T*N and (z;€) the coordi-
nates in T*M. We have

fT(AsZs) = {(ysnodf)|(f(y)in) € AsEs}
by the definition of pull-back in [40] and [33]

= {(y; dxS(s(y)0) © df )| dgS(f(y); 0) = 0}

={(y;d(So f) e ldo(Sof)(y;6) =0}
= Apesipes
by definition of Apxs¥ f+s. |

Proposition 7.2.5 Under the assumptions of proposition (7.2.4), if As (Xs)
is Lagrangian then \j«sX g is Lagrangian.

Proof —
AprsXxs = f*AsEs by the above proposition

= f*N,T(ES) because AsX¥s Lagrangian
= Ny(ng) o df by definition of the pull-back
= Tm(8+s5)° odf by definition of Ny
= Trpeg(Xpeg)° since Trg(Xg) = DfTmpeg(Xpxs)
= Nﬂ-(zf*s) by definition of Nﬂ(zf*s)'

Finally, AfxsX s = Nﬂ(zf*s) means, by definition, that Ap«s¥s+s is La-
grangian. |

Proposition 7.2.6 Under the assumptions of proposition (7.2.4), if Xg is
a smooth submanifold (resp finite union of smooth submanifolds) in B then

Y pxs is also a smooth submanifold (resp finite union of smooth submanifolds)
in f*B.

Proof — This is immediate since dy.g(dg(S o f)) has the same rank as
div’gS. [ ]

Let S; = (m; : B; — M, S;),i = (1,2) be a pair of Morse families over
the manifold M, then we define the “sum of the Morse families” S + Ss as
the triple

S1+ 8y = (7T1§M7T2 : BixXpBo— M,S1 + 52). (7.3)

We put quotation marks “” to stress the fact that this operation still defines
a triple (cone, base manifold, function) but this triple is not necessarily a
Morse family since we do not know if d(S1 + S2) # 0, we will see that a
necessary and sufficient condition for S; + Ss to be a Morse family is that
A, X, N —Ag, s, = 0 which is the Hérmander condition.
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Remark on sums of Morse families. Notice by definition that if the

cone B;,i = (1,2) corresponding to the Morse family S; has n; connected

components, then By X s Bs has (n1 4+ 1)(ng+ 1) — 1 connected components.

An immediate recursion yields that the cone corresponding to the sum Sy +
-+ 4+ 8k has ((n1 +1)...(ng+ 1)) — 1 connected components.

Transversality lemmas.

We recall the classical notion of transversality in differential geometry in our
context (see [47] Definition 2.48 p. 80). Let ¥;,7 = (1, 2) be a pair of smooth
manifolds and 7; : ¥; — M,i = (1,2) be a pair of smooth maps. In such
case for every x € m;(¥;), the tangent cones 7,m;(%;),7 = (1,2) are vector
subspaces of T, M (a vector subspace has less structure than a cone).

Definition 7.2.7 7, and my are called transverse if for all x € 71 (31) N
mo(X2), Tom1(X1) + Toma(32) = T, M.

Lemma 7.2.1 Let ¥;,i = (1,2) be a pair of smooth submanifolds in B;
and m; : B; — M,i = (1,2) be a pair of smooth maps. If m and my are
transverse then X1 X Yo is a smooth submanifold in By X Bs.

Lemma 7.2.1 obviously generalizes to the case ¥; is a finite union of sub-
manifolds, in which case 31 X s X9 is a finite union of submanifolds.

Proof — Denote by A the diagonal in M x M. Then By xj; By can be
identified with the inverse image (71 x m2) 1(A) = By XA By C By X By
which is always a submanifold of By x By and the fiber product ¥ X s 3o
is just the intersection (X1 x ¥9) [)(B1 Xa B2) in By X Ba. So we view both
> X Y9 and Bj xa Bs as submanifolds sitting inside By x Bs, a sufficient
condition for (X1 X ) [(B1 XA B2) to be a submanifold of By x A Bs is that
the intersection is transverse (it is a classical result of transversality theory
that the transversal intersection of two submanifolds is a submanifold of the
two initial submanifolds, it is a particular case of Theorem 2.47 in [47] for an
embedding also see Theorem 3.3 p. 22 in [38]). It is immediate to check that
at every point (p1, p2) of the intersection (X1 X X2) ((B1 xa B2), Tp, ps (X1 X
22) +Tp1’p2 (Bl XA Bg) = Tpl,pQ(Bl X Bg) since D(?Tl X 772)(21 X 22) T, A
by transversality of m1(X1), m2(2X2) and T}, p,(B1 xa B2) spans the vertical
tangent space of the bundle By x Bs. |

For each smooth map © : ¥g — M, we recall the definition of the
normal to m(X): Ny(x) C T'M as the subset (J, ¢ (x) Tom(X)° in T*M which
is the dual cone in cotangent space of the tangent cone 77 (X). We set
N;(E) = Ny NT*M.

Lemma 7.2.2 Assume %;,i = (1,2) are smooth manifolds and 7; : ¥; — M
are smooth maps, then w1, Ty are transverse if and only if Ny N—Npr = ).
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Figure 7.1: Transverse intersection of curves and their conormals.

Lemma 7.2.2 obviously generalizes to the case ¥; is a finite union of sub-
manifolds, in which case every submanifold in ¥; shall be transverse to any
submanifold of Y.

Proof — To prove the lemma, we just work infinitesimally. We fix a pair
(p1,p2) € 31 x X9 such that m1(p1) = ma(p2) = x. w1 and my are transverse
at « € M implies by definition that T,m1(31) + Tom2(X2) = T, M. Then by
a classical result in the duality theory of cones,

{0} =T, M° = Tomi (S1) + Toma(T2)

= 7;7T1<21)O N 7;7@(22)0 = ]\/;T1 N _NM'
|

We illustrate the last lemma in the figure (7.1) for the case of two curves
intersecting transversally in the plane and we represent the corresponding
spaces Nr,. The meaning of this lemma is that the condition Ny N—N2, =0
of Hormander generalizes the classical differential geometric transversality
when 3; are not necessarily smooth submanifolds in B;.

Proposition 7.2.7 Let S; = (m; : B; — M,S;),i = (1,2) be a pair of
Morse families over the manifold M. If As, (Xs,)((=As, (Xs,)) = 0, then
(As; (Bsy) + As, (Es,))UAs, (Bs,)UAs, (Es,) is parametrized by the Morse
family S1+ 8y = (7T1§M7T2 : B1 X B M, S+ SQ)

Proof — 1t is sufficient to find the Morse family parametrizing As, (Xs,) +
As, (s,). We will make some local computation in coordinates where we
assume w.l.o.g. that B; is equal to the cartesian product M x ©; with
coordinates (z,6;) where ©; is a vector space with the origin removed. Let
us consider the Morse family (71 X s w2 @ By X By — M, S1 + S3), where
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we use the local coordinates (x;61,02) for By xpr Ba. Then the critical
set of this Morse family is by definition {dg, 9,(S1 + S2) = 0} = {dp, 51 =
0} N {dp,S2 =0} = X5, X s, C Bi Xpr B, and the image of this subset
by As,+s, is given by

AS1 4585 (251 XM E52) = {(xvdw (Sl + SQ)) (x;9)|d9151 = 07d9252 = O}

= {(a;;del + szQ) ’(1’;01,92) € 231 XM 252} = )\31231 + )\32 (252) ,

which proves (w1 Xar o @ By Xpr By — M, S1 + S2) parametrizes As, X5, +
As, (Xs,), thus if we add all other components, As, Xs, +As, (Xs,)UAs, Xs, U
As, (Es,) is parametrized by the family &1 + S = (m1 X2 @ BiXaBa —
M,S51 + Sz).

It remains to prove that d(S1452) # 0in By X prBo. If both dg, S1(x;61) =
0 and dp,S2(x;02) = 0 then necessarily d,(S1 + S2)(z;01,62) # 0 since
As, (281) N —As, (282) = 0. u

For the moment our results and statements are for general Morse families
and we did not assume Ag (Xg) was Lagrangian (recall Lagrangian means
As (Xs) = Ny(zg) for us) nor that the critical set ¥g was a finite union of
submanifolds.

Proposition 7.2.8 Under the assumptions of Proposition 7.2.7, if (A, (251))1':(1 )
are Lagrangians then \s,+s, (Xs,+s,) is Lagrangian.

Proof — One can check from the definitions that 7 ((m1 X arm2) (X1 X3 22)) =
T (m131) N'T (m2X2). Hence by linear algebra,

Nizysenma)(Srxarsz) = T (M1 X s m2)(B1 X 22))° = (T (m1X1) N T (meX2))°

= (T(ﬂ-lzl))o + (T(Tr222))° = N7r1(21) + Nw2(22) = A31 (251) + )‘32 (252)7

finally Nz, x pm) (S xuse) = AS; (Bs;) + As, (Xs,) means that
N

T X pm2)(E1 X ar2)

= Nz xarma) (310 82) Y N s ma) (1% 0005) Y N x s m2) (04 x i 2)

= )‘31 (231) + )‘52 (232> U )‘51 (251) U >‘$2 (232)
= )‘51 (251) + )‘52 (252) U >‘51 (251) U )‘52 (232)

= )‘S1+S2 (251-1—52) )

which by definition means As, +s, (Xs,+s,) is Lagrangian. |
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Proposition 7.2.9 If under the assumptions of Proposition (7.2.8), each
Yg, s a finite union of smooth submanifolds in B; then Xs, X Xs, 5 a
finite union of smooth submanifolds of By X Bs.

Proof — It suffices to recognize that the assumption As, (Xs,) (] —As, (Zs,) =
() is equivalent to N;1(Esl) N—N; (Ss,) = () (by our definition of being La-
grangian) which implies the transversality of the two maps m : ¥s, — M,
mo : X, — M by lemma (7.2.2), which means by application of lemma
(7.2.1) that the fiber product Xs, X Xs, is a finite union of smooth sub-

manifolds of By X s Bs. [ |

To summarize all the results we proved if ¢; and to are distributions
whith wave front set WF'(t;) parametrized by the Morse family S; and
(As; (Xs;))i=(1,2) satisfy the Hérmander condition Ag, (Xs,)N—As, (Xs,) =0
then the distributional product t1t9 makes sense and has wave front set
contained in the set As,is, (¥s,+s,) parametrized by the Morse family
81+ Sa. Furthermore, we proved that if (As, ¥, );—(1,2) are Lagrangians and
(s,)i=(1,2) are finite union of smooth submanifolds then the same properties
hold for the Morse family &; + So. If f : N — M is a smooth submersion
and t € D'(M) whith wave front set W F(t) parametrized by the Morse fam-
ily § then the pull-back f*t makes sense and has wave front set contained
in the set A\p+s5¥s+s parametrized by the Morse family f*S. Furthermore,
we proved that if AgXg is Lagrangian and Xg is a finite union of smooth
submanifolds then the same properties hold for the Morse family f*S.

Theorem 7.2.1 Lett, be the distributions defined by the recursion theorem.
Then W F(t,,) is parametrized by a Morse family and is a union of smooth
Lagrangian manifolds.

Proof — We use the notation and formalism of the section 3 in Chapter
5. To inject this condition in our recursion theorem, it will be sufficient
to check that WF(A4)|c,,i € {1,2} or equivalently W Fta(¢(x)d(y))|r2\q,
and all conormal bundles (T'd;)* are parametrized by Morse families. For
to(p(x)d(y)), by Theorem 5.3.1 of Chapter 5 and causality,

WE(t2(6(2)0(y))) = WEF(A(2,Y))|azy UWEF (A4 (y, 7)) ]y>e

= conormal {I' = 0} N {(z,y; &, 1)|(z° — y")n° > 0}.

Thus we can write the Morse family in a local chart U? \ da:
8§ = (Roo x (U \ o) = (U?\ dp), 0T ()
and the fact that it parametrizes W F(¢2) results from the fact that:

{(z,y;0d,I',0d,I'\l'(x,y) = 0,0 > 0} = conormal {I" = 0}n{(x, y; &, n)\(xo—yo)no > 0}.
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Furthermore the critical set
Ss ={(z,y) € U*\ do|['(,y) = 0}

is a smooth submanifold and A\g (Xg) C T*(U?\dz) is Lagrangian. Also for
the conormal of the diagonals, it was already treated in our examples, they
can always be generated by Morse families. Then we inject these hypotheses
in the recursion and we easily get the result. |

Example 7.2.3 In order to illustrate the mechanism at work, we choose to
study the example of the wave front set of the product

1 .2 .3
5x1:05x2:05x3:0(x , L, T )

of three delta functions 0,i_q,i = (1,2,3) in R3. Each 6,i_ is supported on
the hyperplane ' = 0. One should have in mind the boundary of a cube in
a small neighborhood of one vertex ! Fach é,i—q has wave front set equal
to the conormal bundle of the corresponding face ' = 0 of a cube, which is
parametrized by the Morse family

SZ' = ((92,.%) S (R\ {0}) X R3 =T € ]R3,Si(x,0¢) = 1‘101) .

We represented in the figure some vectors V,S; standing for the momentum
component of the conormal of the face z* = 0. When two faces F;, Fj are
adjacent to an edge F; N F}, the conver sum of the wave front sets supported
over the edge is the conormal of the edge (represented in the figure as a
tube) which is parametrized by the Morse family

((91-, 0;:7) € (R\{0})> x R® s 2 € R, (S; + S;) (x,0:,0;) = 20, + xjej) .

Finally the origin is a vertex adjacent to all faces and the wave front set
over (0,0,0) is parametrised by

((91, 05, 05:2) € (R\ {0})® x B3 s € R3, (Sy + o + S3) = 210, + 2205 + 903193) ,

and represents the conormal at the origin (represented in the figure as the
sphere). In total, the Wavefronset has seven smooth components indezed by
the strata of the cube boundary: (3 faces, 3 edges, 1 vertex). The reader can
check that the wave front set of §3,=00z,=00z5=0(T1, T2, 3) is parametrized by
the Morse family 81 +S2+Ss (all seven cases are covered since by definition
the sum of Morse families “contains zero sections”) which is equal to

{m: (R*\{0,0,0}) x R? = R*, S(x;0) = 2'01 + 220 + 2°05}.

The morality of this example is that the conormal of a union of manifolds
is not the union of the conormals! One should take into account the
informations contained in the “strata” and our formalism does it for the
most elementary example.
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(61} M) = (m)iefu.a? z,
(€518 g £

gja,aze:%’\ﬂ

Figure 7.2: The wave front set of §;,-002,=00z;=0 as a union of 7 Lagrange
immersions.
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7.3 A conjectural formula.

We conjecture a formula which should give an upper bound of the wave front
set of any Feynman amplitude corresponding to a Feynman diagram T

Let T be a graph with n vertices which are indexed by [n]. Let E(I")
denote the set of edges of T', to each element e € E(T") corresponds a unique
injective map e : {1,2} — [n] s.t. the edge e connects the vertices e(1) and
e(2). To I", we associate the Morse family

<7r : (u@gﬂ x (Rd)n(gl) x U") \ (QU {dS = 0}) — U™, S) (7.4)

e (Te>67 (Qij)ijﬁ (xh T 71'71) = (1'1, T 7$n) (7'5)

S= > 7el(@eqryTe) + Y, Oiyo(zi—a5).  (T.6)

ecE(T) I<i<j<n

We conjecture that this Morse family parametrizes the wave front set of the
Feynman amplitude corresponding to I'.

We also conjecture that the wave front set of all n-point functions ¢, are
contained in the set parametrized by the Morse family:

n(n—1) n(n=1)
<7r; <R>02 X (Rd) 2 U”) \ (0U {dS = 0}) s U™, 5) (7.7)

7 (Ti5), (0i5)ij, (1, -+ s xp) = (21, ,2n)  (7.8)
S = Z Tijr(.’ﬂi, l’j) + 91](-751 — l’j). (79)

1<i<j<n
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Chapter 8

Anomalies and residues.

8.1 Introduction.

The plan of the chapter. First, we will generalize the notion of weak
homogeneity of Yves Meyer [53] to the setting of currents, then show how the
results of Chapter 1 naturally transfer to this new setting. However, we need
to discuss the notion of Taylor expansion for test forms to give a suitable
meaning to the notions of Taylor polynomial and Taylor remainder of a test
form. We spend some time to discuss the notion of currents supported on
a submanifold I and their representation in the current theoretic setting.
Following physics terminology, we will call local counterterms the currents
supported on I: actually in the causal approach to QFT, all ambiguities of
the renormalization schemes can be described by local counterterms, more
precisely the difference between two renormalizations is a current supported
on I.

One natural example of ambiguity originates from the work of Yves
Meyer [53]. We call R the composite operation of restriction of a distribution
defined on M to M \ I followed by any extension operation. We explain why
this operation differs from the identity because of the non-uniqueness of the
extension procedure. We describe explicitely the ambiguity of this operation
R by giving an explicit formula for T'— RT and we show that this difference
is a local counterterm. We give an interpretation of this ambiguity in
terms of the notion of “generalized moment” for currents.

Then we will describe the dependance of the regularization operator R
defined in Chapter 1, that might be called the Hadamard regularization
operator, on the choice of bump function x (which is equal to 1 in a neigh-
borhood of I) and the choice of Euler vector field p. Without surprise, we
will prove that a change in the function x or the vector field p will result
in a change of R by a local counterterm, these are explicit ambiguities.
In QFT, a fundamental question is to ask if the symmetries or the exact-
ness of currents can be preserved by the renormalization scheme. However

167
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since all continuous symmetries of QFT can be encoded by Lie algebras of
vector fields it is natural to wonder if the Lie derivatives commute with the
renormalization R. The symmetry is not always preserved and the quantity
which measures this defect will be called residue of 7. In the following,
Res is defined by generalizing Griffiths-Harris’s definition ([36] p. 368) by
the chain homotopy equation

dRT — RAT = Res[T) (8.1)

and is a local counterterm. However fies is a special type of counterterm
since MRes is always closed in D' (M) and is exact when T is closed. We show
that the regularization techniques of Meyer allows us to extend the notion
of residues in the sense of Griffiths—Harris (see the section 3 in [36]) and our
resulting definition has nothing to do with complex analysis. The residue
in [36] is only well defined for functions T € L} (R™) ([36] p. 369) smooth
outside a given singular set S, whereas our notion of residue works for dis-
tributions in F, which are weakly homogeneous of degree s for arbitrary
s. Somehow, our regularity hypothesis on the current T" which guarantees
the existence of residues is minimal because any current defined globally
on M will live in some scale space Eg for some s. The residue theory pro-
vides a very flexible and general framework to study anomalies. We repeat
the construction of geometric residues for infinite dimensional Lie algebras
of symmetries, for X a vector field which commutes with p, we study the
residue equation
LXRT - RLxT = %eﬁX[T]

and we interpret RResx [T as an obstruction to the fact that quantization (in
our sense quantization consists in an operation of extension of distributions)
preserves classical symmetries. More precisely, if we assume that we have an
infinite dimensional Lie algebra of vector fields g, and that VX € g, LxT =
0 (g is the Lie algebra of classical symmetries) then X +— PResx[T] is a
coboundary for the infinite dimensional Lie algebra of vector fields. It can
be thought in terms of a quantum version of the Noether theorem.

Physics terminology Our interpretation
renormalization scheme | Extension operator R : D'(M \ I) — D'(M)
local counterterm currents supported on [
ambiguity R\T — RT
Symmetry Lie algebra of vector fields g
anomaly residue LyR — RLx

Relationship to other work. During the preparation of our work ap-
peared a very interesting preprint of Todorov, Nikolov and Stora [55] whose
approach is close to the spirit of the present work. The difference is that the
authors of [55] work on flat space time and deal with associate homogeneous
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distributions in the terminology of [43]. They found the same notion of
residues as poles of the meromorphic regularization and as anomaly of the
scaling equations. However their anomaly residue is not as general as ours
since it only applies to associate homogeneous distributions whereas ours
applies to all weakly homogeneous distributions and our formulation has
a more homological flavour with the Schwartz, De Rham theory of currents.
Our definition of anomaly is broader since it applies for all vector fields of
symmetries and we make more explicit the connection with the concept of
periods. This work complements nicely the work of Dorothea Bahns and
Michal Wrochna [4] which gives very explicit anomaly formulas in Minkowski
space-time. We also learned recently that the problem of extension of cur-
rents was also studied in Complex analytic geometry ([66, 16]).

8.2 Currents and renormalisation.

8.2.1 Notation and definitions.

Let us denote by Dj (M) the topological dual of the space D¥(M) of com-
pactly supported test forms of degree k. Elements of D) (M) are called
currents. If a € Q" *(M) is a smooth form of degree n — k, then inte-
gration on M gives a linear map w € D*(M) — (o, w) = [;, @ Aw which
allows to interpret o as an element of Dj. Thus we have the continuous
injection Q""*(M) — D} (M) and the symbol (a,w) extends integration
on M to arbitrary o € Dj(M). Finally, an important structure theorem
states that the topological dual space of the space of smooth compactly
supported sections of a vector bundle E are just distributional sections of
the dual bundle E’, in our specific case D} (M) = D'(M) @cee(ar) Ok (M)
(for more on distributional sections see [5, 32]). In the book of Laurent
Schwartz [65], it is explained why currents can be treated as exterior forms,
for instance the usual operations of contraction with a vector field (interior
product), exterior differentiation, exterior product with a smooth form and
Lie derivatives are well defined for currents. For U C M, we will denote by
Hy, (D'(U)) the subspace of currents of D) (U) which are closed in U, and
we denote by By (D'(U)) the space of exact currents in U. We can define a
differential d on the graded C*°(U)-module H, (D'(U)) which extends the
exterior derivative of smooth forms to currents, thus (H, (D'(U)),d) is a
chain complex:

He (D'(U)) S H, (D'(U)).

From t to vector valued currents. Let w € D¥(M) be a test form, then
the scaling of w is defined by pull-back wy = €!°8**w. Therefore, we define
scaling of currents by the following formula, for all current 7' € D; (M) and
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test forms w € D¥(M):
Ti(w) = T(wy-1)-

Definition 8.2.1 Let U be a p-convex subset of M. A current T € D} (U)
is in E5(D},(U)) iff for all test forms w € D¥(U)

sup |[A T Th(w)| < 0.
A€(0,1]

fortunately, this definition coincides with the definition of [53] because in the
work of Meyer: A= [o, Toy-1d%s = [pa T (¢d?x), = [pa Tapd®z, Meyer
views distributions as dual of test forms w = pd%z and the theory of Chapter
1 applies verbatim to this case.

The Taylor formula for test forms. It is important to understand the
formalism of Taylor expansion for currents because we need to subtract
Taylor polynomials in order to define certain renormalized extensions of
distributions. Let w be a smooth test form in DF(M), then for a given
p using the normal form theorem of chapter 1, we find that there exists
a local coordinate chart around each point of I in which p = hi Oy and
W =3 ||k w1 (2 h)dz! A dh’ where I,J are multi-indices. We imme-
diately see that wry have various homogeneities w.r.t. p depending on the
length |J|. Thus, it is wiser to view w as a function of (x, h; dx, dh) smooth in
(z, h) and polynomial in the Grassmann variables (dx, dh) which are treated
on an equal footing as the variables (x, h), a function w is said to be homo-
geneous of degree n if w(x, \h,dx, \dh) = \'w(z, h,dz,dh). Consider the
decomposition:

w= Z wn + Inp(w) = Pp(w) + Ip(w)

os<n<m

in the sense of the Taylor expansion of Chapter 1:

_ 1 d\" log tp*
o= (@) ) e

where w, is homogeneous of degree n. We also have the formula for the
Taylor remainder:

1/t d\""!
() = /O dt(1 — )™ <dt> (cstrw)

Example 8.2.1 In this formalism dh is homogeneous of degree 1, ((%) elos tp*dh) lt=0 =
Ltdh|i—o = dh.
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Conceptual meaning of the Taylor expansion. We give an equivalent
formula for w,, due to F Hélein:

1 n
— 1 N 1 logtpx, , Ii —n log tp* 9
= lim L () o (p 1) % = Lo (p> v (82)

which allows to give the following conceptual remark:

: 1 log tp* 1 —-n n log tp*
lim 20 (p) - (p =+ 1) %8 w(p) = lim ¢ ) )° w(p)

depends linearly on the n-jet of w at the point e?!°2tp. But it also depends
polynomially on the (n — 1)-jet of the smooth Euler vector field p at the
point e?!°8tp. Finally, w, depends linearly on the n-jet of w, and depends
polynomially on the (n — 1)-jet of p at the point limy_,qe?°8%p € I. Since
the n-jet of w at the point lim_,q e?1°8%p € I is independent of p, we deduce
that the Taylor polynomial P,,(w) = anm wy, depends linearly on the m-
jet of w along I, but it depends polynomially in the (m — 1)-jets of p along
I. As noticed by Hélein, in an arbitrary local chart, P, (w) is in general
not a polynomial hence the term Taylor polynomial is somewhat abusive,
however in the coordinates in which p takes the normal form p = h/0),;,
P, (w) is a genuine polynomial in the variables h?,dh’. Let us discuss the
expression of the Taylor polynomial P in coordinates. Let w be a test k-form
which reads w = Z|I\+|J|:k wrydx’ A dh’, then

hY
P (w) = > — Owry(2,0)dz’ A dh’.
[T+ T =k, [y [+ I[<m

8.2.2 From Taylor polynomials to local counterterms via the
notion of moments of a compactly supported distribu-
tion 7.

The representation theorem. Before we discuss the results of Chapter
1 in the current theoretic setting, we would like to discuss the issue of local
counterterms. But even before we discuss the problem of local countert-
erms, we must recall the representation theorem for currents supported on
I (see [51]). For any distribution t,; € D'(I), if we denote by i : I < M
the canonical embedding of I in M then i.t,s is the push-forward of ¢, s in
M:
Vi € D(M), (ixtas, ) = (tas,p01).

Let I ¢ M be a closed embedded submanifold of M.

Theorem 8.2.1 Let us consider a current t € D, (M) supported on I. Then
for any local system of coordinates (h7); transversal to I, t has a unique
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decomposition as locally finite linear combinations of transversal derivatives
of push-forward to M of currents toy in D, (I):

t=> Of (ixtas) Ndh’. (8.3)
a,J

Proof — We first use the decomposition of a current ¢t € D) (M) as a sum
trgdx! A dh’ where t; ; € Dj(M) are O-currents (see [30] 2.3 p. 123 and
[61] Chapter 3 p. 36). Then the O-currents t; ; are in fact distributions
supported on I, then we apply the structure theorem 37 p. 102 [65] which
describes distributions supported on a submanifold, which gives the desired
result (also see 2.3.1). [ ]

Let us explain the ideas of the concept of moments, first we fix a coor-
dinate system which gives a basis dz?,dh?. Then we define the moments
car € D, (I) of T € D, (M) by the push-forward formula, if the projection
7 : (x,h) — x is proper on supp 71"

Yw € D(I), (car(T //< mem> @0. (8.4)

These moments are indexed by the multi-indices («, I) and satisfy the iden-
tity

(T, Pn(w) = > {cas ANdh 75, w) (8.5)

la|+d—|I|l<m

In the case n = 0, and I = {0} is the origin of R? and T'(h) is an integrable
function in L'(R?), this definition coincides with the moment of the function
T € L'(RY) (see [34] Proposition 6.3 p. 52). Now, we notice that when
t € D (M) is supported on I, the moments ¢, j(t) of ¢ exactly coincide with
the coefficients t, ;s in the representation (8.2.1). The concepts of moments
are crucial when we wish to represent currents supported on I or residues.

8.2.3 The results of Chapter 1.

Now that we have the suitable language to describe local counterterms, we
can recall the results of Chapter 1 in this new current theoretic setting:

Proposition 8.2.1 LetT € E; (D), (M \ I)) and p = sup(0,k—n). Ifs+p >
0 then for all w € Dp(M) and x is some smooth function which is equal to
1 in a neighborhood of I:

: _ —logepx
by - ) oo
exists.
Ifs+p<0andletmeN s.t. —m—1<s < —m, then for all w € Dy(M):
lim <T (X - e_logap*x) ,Im(w)> (8.7)
e—0
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exists where I, (w) is the generalized Taylor remainder

Ln(w) = % /0 L1 — oy (jt)mﬂ (coetere) (8.8)

Proof — We decompose the test forms w in local coordinates (x, h, dx, dh)
then we reduce the proof exactly to the same proofs as in Chapter 1.
There are differences involved because we are dealing with forms. In nor-
mal coordinates (x,h) for p If w is a k form, in the decomposition w =
D+ |=k wrsdr’dh’ the length |J| of the multi-index J is at least equal to
k — n because there are n coordinate functions (xl)zzln Thus w is in fact
weakly homogeneous of degree kK —n which explains the criteria s+k—n > 0.
Now the second case is simple since I, (w) is weakly homogeneous of degree
m + 1. |

We would like to introduce a new notation for the operation of regular-
ization, we call it R., and we define it as follows:

Definition 8.2.2 We define the continuous linear operator R. on Es (D). (M \ I))
as follows. Let p =sup(0,k —n).

o If s+ p>0 then for allw € Di(M):
(R.T,w) = <T (1 —e” logg’)*x) ,w> , (8.9)

and lim._o R.T = RT exists in D) (M) and defines an extension RT
of T.

e Ifs+p<0andletm € N st —m—1< s < —m, then for all
wEDk(M):

(R.T,w) = <T (X - e—logaﬂ*x) ,Im(w)> (T —y),w), (810)

and lim._0 R.T = RT exists in D) (M) and defines an extension RT
of T.

8.3 Renormalization, local counterterms and residues.

8.3.1 The ambiguities of the operator R. and the moments
of a distribution 7'

Actually, first notice that any current 7' in D, (M) is also an element of
D, (M \ I) by the pull-back ¢*T by the restriction map i : M \ I < M.
Thus we ask ourselves a very natural question, does the restriction followed
by the extension operation allows to reconstruct the element 7', in other
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words do we have lim._,g R:¢*T = T 7 The answer is no ! A distribution
supported on [ is automatically killed by R.,Ve > 0 thus if T" is supported
on I lim.,g R.*T = 0. This idea is strongly related to the discussion in
[53] Chapter 1, let t be a tempered distribution, does the Littlewood—Paley
series ) 2 Aj(t) converges weakly to t when N — +o0o 7 The answer is
no! There is convergence modulo floating polynomials in Fourier space (see
[53] Proposition 1.5 p. 15). The floating polynomials in Fourier space are in
fact corrections that we have to subtract from the Littlewood—Paley series
in order to make it convergent and these polynomials should be related to
vanishing moments conditions (see Meyer chapter 2 p. 45). We introduce a
linear operator A which describes the ambiguities of the restriction-extension
operation on the distribution 7.

Definition 8.3.1 Let T' € D (M), then we define the ambiguity as
AT = lim (T — R.T).
e—0

The operator A depends on x.

The ambiguity is a non trivial operator because of the example discussed
previously. As usual, we motivate our theorem with the simplest fundamen-
tal example

Example 8.3.1 § € D'(R) is a well defined distribution. ButVe > 0, R.d =
0 because O never meets the support of the cut-off hence

Ad=1lim (§ — R:6) =9
e—0
We state a simple theorem which expresses the ambiguity A in terms of the
moments of T'y.

Theorem 8.3.1 Let T € E, (D) (M)) where —(m+1) < s < —m,m € N,
then the ambiguity AT is given by the following formula:

Vw € DF(M), AT(w) = (T'x, Pn(w)), (8.11)

where P (W) = Y jcpm W

Proof — Yves Meyer defines the ambiguity by the Bernstein theorem. We
will give a more direct in space proof which does not use the Fourier trans-
form. The first idea is the concept of moments of a current T'x € D, (M).
First write the duality coupling in simple form:

(T, w) = (T(1 = x),w)+(Tx,w) = (T(1 = x),w)+(Tx; P (W) +(TX, I (W)

where P is the Taylor polynomial Zkgm wk. We remind the definition of
R.T

(RT.w) = (T (1= X)) + (T (x = e ") Ln(w) )
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Then we immediately find:
(T,0) — (R.T,w) = (Tx, P (w)) + <Te_1°gap*x,fm(w)>
now notice that
(e85, () ) = (57T ) %" () ) = (T, (i ())e)

where
3C > 0, {Tx, (Im(w))e) | < Ce5T™ T = 0

since x (I (w))e is a bounded family of test forms, thus
AT(w) = (T'x; Pn(w))

where w = P, (w) + I, (w) and the final result follows from the definition of
the notion of moment of the distribution T7. |

The dependence of R on the choice of y, p.

We would also like to describe the dependance of the operator R on the
choice of xy and p. As usual, the result will be expressed in terms of local
counterterms.

Changing y. Let x1,x2 be two functions such that xy; = 1,7 = 1,2 in
a neighborhood of I and py; is uniformly supported in an annulus domain
of M. Let R,i = 1,2 be the corresponding regularization operators on
E (D). (M \ I)) defined as follows: for p = sup(k—n,0), if s+p < Olet m € N
s.t. —m — 1 < s < m, then the regularization operator R’ corresponding to
each x;,7 = (1,2) is given by the formula

(RIT,w) = <T (Xi . e*logEP*Xi) I (w)> (- )W), (812)

and lim. o R.T = R'T exists in D). (M) and defines an extension R'T of T
if otherwise s +p > 0 then R'T = lim. 0 T'(1 — Y;e-1).

Theorem 8.3.2 Let T € Es (Dj,(M\I)). If s+p > 0 then R'T = R*T
(i.e. R does not depend on the choice of x). If s+ p < 0 then

((R' = R*) T,w) = (T (x2 — x1) , Pu(w)) , (8.13)

where m € N is s.t. —m—1<s< —m.
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Proof — By definition, we have:

(BT, w) = (T(Xi = Xiz—1)s Im(W)) + (T (1 = xi) ,w)

The only thing we have to do is to compute the difference (R} — R?)T.
First notice that

(T'(1—-x1),w) =(T(1—=x2),w) +(T(x2 — x1),w)

= (T'(1 = x2),w) + (T (x2 = x1) , Pn(w)) + (T (x2 = x1) s Im(w))
thus
<R;Taw> = <T (1 - Xl) 7W> + <T(X1 - Xls_l)v Im(w»

= (T'(1 = x2), @) T (x2 = x1), Pn(@)) (T (x2 = x1) 5 L (W) H{T (X1 = X16-1), In (W)
= (T'(1=x2),w) + (T (x2 = x1), Pn(w)) + (T'(x2 = X12-1), Im(w))

then computing the difference
((R: = R2) T,w) = (R:Tw) — (RIT,w)

= (T'(1=x2),w) + (T (x2 = x1) , Pn(w)) + (T(x2 = X12-1); Im(w))
—(T(x2 = x2c-1), Im(@)) = (T (1 = x2) ,w)
= (T (x2 = x1)» P (W) + (T (x2 = x1) -1 5 Im (@)

As in the proof of theorem (8.3.1), we can take the limit ¢ — 0 and we find
that the term (T (x2 — x1).-1, Im(w)) will vanish when & — 0. [

Changing p. We say that x is compatible with p iff for each p € I,
there is a neighborhood Vj, of p and a local chart (z,h) : V, + R"*¢ on
this neighborhood on which p = hj%, X = 0 when |h| > b and x =1
when |h| < a for some pair 0 < a < b. Let p1,p2 be two Euler vector
fields and x which is compatible with p; and py. Let R.,i = 1,2 be the
corresponding regularization operators on E, (D (M \ I)) defined as follows:
for p = sup(k — n,0). If s+p <0, let mst. —m —1 < s < m, the
regularization operator R’ corresponding to each p;,i = (1,2) is given by
the formula

(RIT,w) = <T (x - e*logﬁf’i*x) Im) (T (1= x),w) (8.14)

where w = Py (w) + Lim(w), i = 1,2, Py,(w) is the “Taylor polynomial of
order m” of w for the Euler vector field p; and lim._,q RQT = R'T exists in
D} (M) and defines an extension R'T of T. Otherwise, if s + p > 0 then
R'T = lim_,0 T(1 — e~ 198%Pi*y).
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Theorem 8.3.3 Let T € E; (D) (M \I)) and p =sup(0,k—n). If s+p >0
then R'T = R*T. If s+p<0letmeN s.t. —(m+1) <s< —m, then for
any Fuler vector field p such that x is compatible with p,

<(R1 - R2) T,w) = lim <T (X - e_logsp*x) , Pop(w) — le(w)> . (8.15)

e—0

Notice that in the conclusion of this theorem the vector field p is chosen
independently of p1, ps.

Proof — Before we prove our claim, we would like to give some important
remarks.

e First, no matter what Euler vector field p; we choose, the Taylor re-
mainder Iy, (w) always vanishes at order m on the submanifold I. The
key point is that if a smooth form w vanishes at order m at I, then the
limit lime_,q <T (X — e log 59*)() ,w> does not depend on the choice of
Fuler vector field p provided x is p admissible. Hence by choosing
some Euler vector field p for which y is p admissible, we still have

Vi, ;I_I)I(l) <T(X — e_log‘sp"x), Iim(w)> = lim <T(X — e_logapx), Iim(w)>

e—0

= lim <T(X - Xs_1)7lim(W)> where Xe-1 = e longX‘

e—0

e Secondly, if we denote by Pi,(w),i = 1,2 (resp Iim(w),i = 1,2)
the “Taylor polynomials” (resp “Taylor remainders”) associated with
pi,t = 1,2, then from w = Py, (w) + [1m(w) = Pop(w) 4 Iop (w) we de-
duce that I, (w)—Iom(w) = Pom(w) — Pim(w), hence Poy, (w) — Pip(w)
depends only on some finite jet of w, p1, p2 and vanishes at order m at
I (it is in general not a polynomial in arbitrary local charts).

We can now compute (R1 - R2) T:

((R' - RQ) T,w) =1lim (T(x — Xe-1), [im(w) — Iom(w)) -

e—0

Using I1m(w) — Iom(w) = Pom(w) — P (w), we finally get:

((R' = R*) T,w) = im (T'(x — Xo-1), Pom(w) — Pim(w))

e—0

where the above limit makes sense since Pa,(w) — Piy,(w) vanishes at order
m on the submanifold I. |
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8.3.2 The geometric residues.
The residues and the coboundary d of currents.

We want to describe the ambiguities of the restriction-extension operation
on closed currents T € H, (D,(M \ I),d) defined on M \ I and on exact
currents dT" € B, (D, (M \ I),d) defined on M \ I. In other words one could
ask is how does our extension procedure behaves when applied to closed
currents 7 The notion of residue (following [36] and Eells—Allendoerfer
[20]) that we define below answers this question, PRes[T]| is defined as the
solution of the chain homotopy equation:

Res[T]| = dRT — RdT. (8.16)

Recall E; (D) (M \ I)) is the space of k-currents in D} (M \ I) which are
weakly homogeneous of degree s and we work on M \ I where dim M = n+d
and dim I = n.

Theorem 8.3.4 Let T € E;(Dj(M\I)), and p = sup(0,k —n —1). If
s+ p > 0 then Res[T] = 0.

Proof — The key remark is that dT" € Es (Dj_,(M \ I)) since d is scale
invariant. The residue equals d(RT) — R(dT") by definition. If s +p > 0
then by definition of R (8.2.2):

(d(RT) — R(dT),e) = lim (d((1 = x.-1)T) = (1 = xz1)(dT), )
since there are no counterterms to subtract

= —lim (dx.-1,T Aw) = 0.
e—0

Since | (dx.-1,T Aw) | < Ce¥tP for some C' > 0 by the hypothesis of homo-
geneity on T and the degree of T. |

Let us give the fundamental example of residue from Griffiths—Harris see
[36] p. 367 and Laurent Schwartz [65] p. 345-347.

Example 8.3.2 Let H be the Heaviside function on R. H is a smooth closed
0-form on R\ {0}. The local integrability around 0 guarantees it extends in
a unique way as a current denoted RH € D) (R). By integration by parts
and by the fact that dH|r\ o1 = 0 since H is closed, it is immediate that

dRH — RdH = dRH = é(z)dx
=0

So the current 6o(x)dx € D)(R) is the residue of the Heaviside function H
which is closed on R\ {0}.
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In the above example, the residue measures the jump at 0. However in the
case of renormalization theory, our residues must generalize the “classical”
notion of residue to take into account more singular distributions (see [36]
p.369,371).

Theorem 8.3.5 Let T € E, (D), (M \I)), and p = sup(0,k —n —1). If
s+p<0let formeNst —m—1<s < —m, then Res is a current
supported on I given by the formula

Vw € DM H(M), Res[T)(w) = (=1)" " (T, dx A Pn(w)). (8.17)

Proof — Let T be a current in D, and w € D*"1(M) a k — 1 test form. We
want to compute the difference (d (R.T'),w) — ((RedT) ,w). There are two
cases for this theorem.

e Either both T and dT need a renormalization. We first treat this case.
By definition of the coboundary d of a current ([65], [30]), we find that

(d(R.T) ,w) — ((RdT) ,w) = (—1)”‘"“1 (R.T,dw) — (R.dT,w) .
On the one hand, we have:

(R.T, dw) = (T, (1 — x)dw) + <T (X e logep*x) ,Im(dw)>

= (T, (1 — x)dw) + <T (X - e‘logap*x> ,dIm(w)>

. 1 +1 " 1 +1 "
since L, [ dt(1—t)™ (%)m (eletP*dw) = d-L; [* dt(1—t)™ (%)m (elostrrw)
because d commutes with the pull-back operator e'°8**. We hence no-
tice the important fact that if we view I, and P,, as projections in
Hom (D*(M),D*(M)), then they commute with d. On the other
hand:

(RedT,w) = (dT, (1 — x) w) + <dT, (x _ e—logfp*x) Im(w)> ,

then following the definition of the coboundary d of a current, we
differentiate the test form:

(T,d (1 =) w)+(Td ((x = 57 x) In(w)) ) = (T (1= ) de) (T, (dx) A )

(1, () A (@) ~(T (@)1 A L (@) H(T, (x = € 850x ) dl(w) )
Thus

(—=1)" " (RedT, w) = (T, (1 = x) dw) — (T, (dx) A Pra(w))

~ (T ( A1 M) + (T, (x = €759 ) d(w)
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where w = P,,,(w) + I, (w) by the Taylor formula. Then we find:
(AR.T, )~ (RedT, ) = (—1)" 1 (T, (dx) A P(@)) + (T (dx)o1 A Tn(@))
Now notice that

(T, (dX) o1 A I (w)) = <T, (e— logaﬂ*dx) A Im(w)>

= (%50, (d) A €F P L () ) = (T, (d) A L (w)2)
and the above term satisfies the following estimate:

3C > 0, (T, dx A Lp(w)e) | < Ce5T L 5 0

e—0

since —m—1 < s, T is weakly homogeneous of degree s and the family
of test forms dx A I,(w)e, € € [0, 1] is bounded. Thus

lim ((do R. — Reod) T,w) = (=1)" 1T, (dx) A P (w)).

e—0

Finally, we find

Res[T)(w) = (—=1)" T, dx A Pa(w)).-

e Either T"is s.t. s+sup(0,k—n) > 0 thus RT does not need a renormal-
ization and s + sup(k —n — 1,0) < 0 which implies that the definition
of the extension RdT needs a renormalization and that k —n—1 > 0,
thus p =k —n—1. Actually since —p—1 < s < —p, we must subtract
a counterterm Pp(w) to the k—1 form w to define the extension: RdT.
The key fact is to notice that dw is polynomial in dh of degree at least
p+ 1 thus dw = I,(dw) = dw — P,(dw) and

(BT dw) = ((1 = )T, dw) + ((x = xe=1)T, Ip(w))

and we are reduced to the first case.

We give the most fundamental example illustrative of our approach

Example 8.3.3 We set T = ‘?1| and we will show how to compute the

residue for this simple example. RT is defined by the formula (RT, pdx) =

e ﬁx(az)(ap(x) —(0))dz+ [ |71‘(1 —x(z))p(x)dx. The residue is given
by the simple formula

e )= ([~ Do) s

oo |]
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We give a second example which illustrates the limit case where RT does
not need a renormalization but RdT does.

Example 8.3.4 Let us work in R and n = 0. Let T be a d — 1 form in
R9\ {0} which is homogeneous of degree 0, i.e. T € Eo(D}(R?\ {0})), then
p =sup(0,1 —0) =1 and s+1 =0+ 1 > 0 thus RT does not need a
renormalization. dT' is a d form which is still homogeneous of degree 0 but
dT € Eo(D)(R4\{0})) thus s+0 = 040 < 0 and dT needs a renormalization
with subtraction of the form wg.

<RdT7W> = il_{% <dTa (1 - Xsfl)w> - <dT7 (X - Xs*l)W0>

but notice that (dT, (x — x.—1)wo) = 0 by scale invariance of wy and dT thus
in this example the counterterm wvanishes. Finally, the residue satisfies
the simple equation:

lim (d (T(1 ~ xe-1)) ,w) — (AT, (1 = xet)w) = (T, o)

For T a closed current in E(Dj,(M \ I)), we associated a current Res[T] €
D, (M) supported on I. If T' is closed, what can be said about Res[T']?

Proposition 8.3.1 Let V be some neighborhood of I, m : V\I — I a
submersion and T € Eg(Dy,(V\I)). If T € H, (D« (V\1I),d) is a cycle in
the complex of currents and m is proper on the support of T then Res[T] €
B, (D'(M)).

Proof — We first notice that if T" is closed then

dRT — RdT = d(RT) = Res|T
=0

implies Res[T| € B, (Dyi(M),d) is an exact current. [

Can we relate Res[T] € D, (M) with a current in D,(I) in the spirit of
the representation theorem (8.2.1)? The answer is yes but the naive idea
to “restrict” MRes[T] to the submanifold I does not make sense! We need
another idea which is explained in the following example.

Example 8.3.5 Let 5(h)ddh be the current supported by the point 0. In
this case, I = {0} C R%. Then the corresponding current of D'(I) is just
the function 1, and it can be recovered by integrating over the “fiber” RY,

1= [ra6(h)dh.

Let N(I C M) be the normal bundle of I in M. We can identify the closed
smooth forms in H*(V,d), which are supported in some neighborhood V'
of I which is homotopy retract to I, with the closed smooth forms in
H}(N(I C M),d) which have compact vertical support (see [59] for more on
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these forms). The proof is a straightforward application of the tubular neigh-
borhood theorem which gives a diffeomorphism between a neighborhood of
the zero section of N(I C M) and V and the fact that this diffeomorphism
induces an isomorphism in cohomology H}(N(I C M),d) ~ H*(V,d). We
denote by ¢ the embedding i : I < M. For any submersion 7w : V \ [ — I
and any current T' € D, (V) s.t. 7 is proper on its support, the push-forward
w1 is defined by the formula

Vw e D(I), (m T w); = (T, m*w) ;-

Theorem 8.3.6 Let V' be some neighborhood of I, m : V. \ I — I a sub-
mersion and T € Ey(D,,(V\1I)). If T € Hi(D.(V\1I),d) is a cycle in
the complex of currents and mw is proper on the support of T' then the push-
forward

e (Res[T)) € Bo(D'(I),d).

In particular, the current Res[T) € D' (M) is represented by the push-forward
of mx (Res[T]): Res[T] = iy (my (Res[T7])).

Remark that in this theorem, the map 7" +— m, (Res[T]) is the inverse of the
Leray coboundary 4 (see [56] p. 59-61).

Proof — Proposition 8.3.1 gave us the exactness of Jes[T’]. Thus by pull
back on the normal bundle, Res[T] € B,(D,(N(I C M))) is exact and
supported on the zero section of the normal bundle N(I C M). Then
we pushforward PRes[T] along the fibers of 7 : N(I € M) — I. Re-
call that pushforward m, commutes with the coboundary operator d, hence
7w (Res[T]) = med (RT) = dm, (RT) by 8.3.1 which yields the result. [

This means that the residue map induces a map on the level of cohomol-
ogy.

The residues and symmetries.

The previous theorem gave us a formula which measured the defect of com-
mutativity of the operator R with the coboundary operator d. Now we study
the loss of commutativity of R with the operator of Lie derivation Ly for
any vector field X such that [X, p] = 0 and X is tangent to I in the sense of
Hormander (Lemma 18.2.5 in [40] volume 3). We first notice that the vector
space g forms an infinite dimensional Lie algebra. However, despite the
infinite dimensionality of this Lie algebra g, it has the following structure:

Proposition 8.3.2 Let A C C°(M) be the subalgebra of the algebra of
smooth functions which are killed by p. Let us fiz a local chart where I =
{h = 0} € R" in which the Euler vector field has the form p = hi0),;.
Then g is a finitely generated left A-module with generators hi0),;,0,:.
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Any vector field X in g is tangent to I thus it decomposes as a{ hi0y,; +
b'd,: where ag, b* are smooth functions by Lemma 18.2.5 in [40]. Now if X
commutes with p, an elementary computation forces the functions a{ b to
be p-invariant.

All our symmetries will be Lie subalgebras of g. As usual, we discuss here
the most important example for QFT which comes from our understanding
of an article of Hollands and Wald [39]. We study the neighborhood of
the thin diagonal d,, of a configuration space M"™ where (M, g) is a pseu-
doriemannian manifold of dimension p + 1 and the signature of g is (1,p).
By the tubular neighborhood theorem, it is always possible to identify this
neighborhood with a neighborhood of the zero section of the normal bun-
dle N(d, C M™). Another trick consists in using the exponential map (see
Chapter 5 section 3) to identify the normal bundle with the metric vector
bundle TM xpp--- xpr M of rank (n — 1)(p + 1), the fiber of this bundle

(nflrtimes
over x is T, M x --- x T, M which has a canonical metric 7, of signature

n—1
n—1,(n —1)p. Then the Lie algebra of infinitesimal gauge transformations
of this vector bundle is the suitable Lie algebra of symmetries.

Example 8.3.6 Let 7 : (P,7) — I be a metric vector bundle of rank d with
metric 7y on the fibers (in the Hollands Wald discussion P is the normal
bundle N(d, C M™) andd = (n—1)(p+1)). We construct a trivialisation of
P by the moving frame technique. Let U C I be an open set. Let (e, ..., en)
be an orthonormal moving frame (Vx € U, v;(eu, e,) = nu) and let

(z,h) : 7 1 (U) = U x RY

(p,v) = (z(p), h(p,v))
such that v = Zg h(p,v)eu(p), for p € U and v € m,'(U). We use the
coordinate system (x,h) on P. All orthonormal moving frames are related
by gauge transformations which are maps in C*°(1,0(n)) where O(n) is the
orthogonal group of the quadratic form n. The gauge group C*°(1,0(n)) is a
subgroup of the group of diffeomorphism of the total space M preserving the
zero section 0 (the zero section Q being isomorphic to I). The Euler vector
field p = W 22 which scales linearly in the fibers w.r.t. the zero section 0 is

OhJ
canonically given and the gauge Lie algebra consists of vector fields of the

form  au (z)  (R*0Y), where Vv, 0y = " Opu, hence (h*0)) — (h*0L) is
~—
antisymmetric
an infinitesimal generator of the Lie algebra o(n) which commutes with p
and vanishes at 0.

Before we state and prove the residue theorem for vector fields with
symmetries, let us pick again our simplest fundamental example (again due
to Laurent Schwartz) to illustrate the anomaly phenomenon:
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Example 8.3.7 The Heaviside current T = H(x)dx is smooth in R\ {0}
and satisfies the symmetry equation Ly, T = 0 on R\{0}, i.e. it is translation
invariant outside the singularity. Again, let R be the extension operator,
recall the extension RT is unique for this example and again by integration
by parts, we obtain the residue equation:

Lo, (RT) — R(Lp,T) = Lo, (RT) = §pdx.

Recall Eg (D) (M \I)) is the space of k-currents in D} (M \ I) which are
weakly homogeneous of degree s. For any vector field X € g, we denote by
Lx the operator of Lie derivation. We define the residue of 7" w.r.t. the
vector field X € g as the current defined by the equation:

MResx [T = Lx (RT) — R(LxT). (8.18)

Theorem 8.3.7 Let T € E; (D, (M \I)), p=sup(0,k —n) and X € g. If
p+s<0,letmeNst —m—1<s < —m, then we have the residue
equation:

Resx [T](w) = (1) F L (ix (T A Pp(w)),dx), (8.19)

where ix denotes contraction of the current (T A Py (w)) with the vector
field X. Note that Resx[T|(w) is a local counterterm in the sense it is a
current supported on I.

The proof is exactly the same as in Theorem 8.3.5, just replace the boundary
operator d by Lx and we obtain Resx [T = (—1) (T'(Lxx) , Pn(w)). Then
we use exterior differential calculus to convert this expression

<T (LXX) 7Pm(w)> = <TiXdX7 Pm(w)>

= (T A Pp(w),ixdyx) = (=1)" " {ix (T A Pp(w)),dx) .

8.3.3 Stability of geometric residues.

Now the natural questions we should ask ourselves are: what are the condi-
tions for which the residue vanishes 7 Is the residue independent of x 7 In
general, we would like to know what are the stability properties of residues.
In the case of symmetries, what should replace the closed or exact currents
in the De Rham complex of currents ?

There is a cohomological analogue of the De Rham complex in the case
of symmetries generated by infinite dimensional Lie algebras of vector fields
on M denoted by g. This is the theory of continuous cohomology of infinite
dimensional Lie algebras developped by I M Gelfand and D Fuchs. Fortu-
nately for us, we only need basic definitions of this theory following [24]. For
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any left g-module M, we define the complex ([24] Chapter 1, “The standard
chain complex of a Lie algebra”, p. 137,138)

k
C*(g, M) = Hom (/\g,/\/l)

with the differential § : C*(g, M) — C**1(g, M) which for k = 0 reads
d0(X) = LxO,

O € C%(M) =~ M and Lx denotes the left action of X on the module M.
(C*(g, M), d) is called the standard cochain complex of the Lie algebra g with
coeflicient in the module M. Now, the choice of topological module M dic-
tated by our problem is the space of currents D’ (M) with the natural weak
topology defined on it and the left action of g on D’ (M) is the action by Lie
derivatives. Then without surprise, the formula for § is the classical Car-
tan formula in differential geometry. The Lie algebra of smooth vector fields
on M has a natural C'"*° topology, this topology induces on g a C**° topology:
the space of smooth vector fields is endowed with the topology of C'* conver-
gence of the components and some finite number of derivatives over compact
sets. Then we require our cochains 7' € C*(g, M) = Hom (\* g, M) to be
continuous for the C'*° topology of g and the weak topology of M.

Theorem 8.3.8 Let T € E,(Dj,(M\I)) and w € DF(M). If3X € g
such that Lx (T A Pp(w)) = 0, then for all smooth closed forms [C] €
HY((Q* (M \I),d)) such that [C] = [~dX], we have the identity

Resx [T)(w) = (—1)" % (ix (T A Pp(w)),[C]) (8.20)
and Resx [T](w) is a period.

Proof — If T is a current in D, (M \ I) and w € D¥(M) is a test k-form,
then the Taylor polynomial Py, (w) € Q¥(M) is also a smooth k-form but is
no longer compactly supported. Thus the exterior product T'A Py, (w) is well
defined as a current in Dj(M\I) ([65] p. 341). Currents in Dy(M\I) are sim-
ilar to forms of maximal degree and are always closed, thus T'A P, (w) is
closed on supp dx C (M \ I). But from the Lie Cartan formula for currents
(165]), 0 = L (T A Pu(w)) = (ixd + dix) (T A Pu()) = dix (T A P(w))
because T'A P, (w) is closed. We find that dix (T' A Pp,(w)) = 0 which means
ix (TN Py (w)) is a closed curent and Res x [T'](w) is the period of the closed
form dyx relative to the cycle ix (T A\ Pp(w)) in the sense of Hodge and De
Rham (see [61] p. 135 and [30] p. 585). |

Corollary 8.3.1 Under the assumptions of Theorem 8.3.8, Resx[T|(w) does
not depend on the choice of x.
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Proof — MResx[T](w) does not depend on the choice of x because if x1, x2
are two smooth functions such that y; = 1 in a neighborhood of I, then
X1 — X2 = 0 in a neighborhood of I, thus [dx1] — [dx2] = [d(x1 —x2)] =0. B

Theorem 8.3.9 Let T € Es (D, (M \ I)) and w € D*(M). If 3X € g such
that Lx (T N P(w)) = 0, then Resx [T is local in the sense it is a current
supported on I and it depends only on the restriction on I of finite jets
of the vector field X.

Proof — To prove the locality in the vector field X, the key point is to notice
that Ve > 0,[dx] = [dx.-1] in H'(M \ I) since dx — dx.-1 = d(x — X.—1)
where (x — x.-1) € C°°(M \ I) vanishes in a neighborhood of I thus

Ve > 0, Resx [T)(w) = (=1)" F (ix (T A Pp(w)), [—dx.—1]) .

Since T'A P, (w) is a distribution in Dfj(M \ I) we can assume it is a distribu-
tion of order m; on each open ball U; of a given cover (U;); of M. Let (¢;);
be a partition of unity subordinated to the cover (U;);. Then we decompose
the duality coupling:

(T A Pp(w), Lxx) = Y (T A Pp(w), pilxx)
i
On each ball U;, the distribution T' A P,,(w) can be represented as a con-

tinuous linear form ¢; acting on the m;-jet of ¢; Lx x (this is the structure
theorem of Laurent Schwartz for distributions [65])

(T A Pp(w), Lxx) = Zﬁ (eilxx))

Hence we deduce from this result that QResx [T depends locally on finite jets
of X. We can conclude by taking the limit

(T A Pm(w)7LXX> = hH(l) <T A Pm(w)’ LXX5—1>
e—

=lim » £; ("™ (pilxxe-1))
e—0

which localizes the dependence on the jets of X restricted on I. |

We know that Resx[T] is a local coboundary supported on I, but we
don’t know if Resx [T is the coboundary of a cochain supported on I. We
prove a theorem which gives a cohomological formulation of the existence
of a g-invariant extension of the current 7" in terms of the residue of the
extension R.
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Theorem 8.3.10 Let T € Es (Dy{(M \ I)) and T is g invariant i.e. VX €
g, LxT = 0. Then there exists an extension T of T which is g-invariant if
and only if X — Resx[T] is the 1-coboundary of a current supported on
1.

Proof — We just follow the definitions. We view the map X — RT as an
element in C%(g, M) because it does not depend on g. Then © = §RT is the
coboundary of RT. Let T be a g invariant extension of 7. Then ¢ =T — RT
is a current supported by I.

VX €g,Lxc=Lx (T — RT) = —LxRT

because LxT = 0. But this means that we were able to write © as minus
the coboundary of the cochain ¢ supported on I. Conversely, if © is the
coboundary of a local cochain ¢ supported on I, then setting T = RT — ¢
gives a g-invariant extension of 7T'. |

Anomalies in QFT and relation with the work of Costello. The
author wants to stress that the suitable language to speak about anomalies
in QFT is to write them as cocycles for the Lie algebra g of symmetries with
value in a certain module M which depends on the formalism in which we
work. Usually, the Lie algebra g is infinite dimensional.

In recent works of Kevin Costello, anomalies appear under the form of
a character y and constitute a central extension of the Lie algebra g of
symmetries, this is the content of the “Noether theorem” for factorization
algebras discovered by Costello Gwilliam. They also require that this cocycle
be local ie the cocycle y is bilinear in g with value in the module M and is
represented by integration against a Schwartz kernel.

X0 X) = [ (), Xaon) © Xalaw)
where x(z1,72) is supported on the diagonal dy C M2. In our work, we
exhibit a purely analytic way to produce such local cocycles as residues.
The residue fResx [T is local in the sense it is a current supported on I
and it depends only on the restriction on the submanifold I of finite jets
of the vector field X.
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Chapter 9

The meromorphic
regularization.

9.1 Introduction.

The plan of the chapter. In this part, we would like to revisit the theory
of meromorphic regularization using the techniques of chapter 1. We will
show the advantages of the continuous partition of unity over the dyadic
methods because it allows us to define an extension of distributions, that
we call Riesz extension, using meromorphic techniques as in the “dimen-
sional regularization” used in physics textbooks. The first step is to define
some suitable space of distributions on which we can apply the meromor-
phic regularization procedure. It was suggested to the author by L Boutet
de Monvel that such spaces are the spaces of distributions having asymptotic
expansions with moderate growth in the transversal directions to I.

Given the canonical Euler vector field p, we define a simple notion of
constant coefficient Fuchsian differential equation and first order Fuchsian
system P, the solutions t of the constant coefficient Fuchsian systems are
vectors with distributional entries. For instance a Fuchsian operator P in
the vector case is of the form P = p—{2 where () is a constant square matrix.
These Fuchs operators are adaptation of the concept of Fuchsian systems
appearing in complex analysis. We first motivate the reason why we have
to introduce asymptotic expansions in the space of distributions and the
relationship with Fuchsian systems.

QFT example of A, and motivations.

In curved space times, the Hadamard states A4 (z,y) viewed as a two point
distribution in D’ (M 2) is not an exact solution of any constant coefficient
Fuchsian equation that would come to our mind. Actually, we would like to
study Ay and its powers Ai.

189
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For the Euler vector field p = %me we have the following asymptotic
expansion of A, :

Ay =Y U+ V,logT + W, (9.1)

n=0
where U, V,,, W,, are homogeneous of degree n wrt p.

Proposition 9.1.1 Let Ay be the Hadamard parametriz and p = %VIF,
then AL satisfies the equation:

(p+2)(p+ 1)p*A4 € E. (9.2)

Proof — Notice that if U,, is homogeneous of degree n since I'"! is homo-
geneous of degree —2 then we must have (p — n + 2)U,I'"! = 0 and also
pVplog' = nV;, log T+ 2V;, which implies (p —n)?V, logT' = 2(p—n)V,, = 0.
We deduce the system of equations:

(p+2)UI =0 (9.3)
(p+ 1)U Tt =0 (9.4)
pUs Tt =0 (9.5)
p*VologT = 0. (9.6)

Thus if we act on > oo U, I'"t + V,, log ' + W,, by the differential operator
(p +2)(p + 1)p?, the above system of equations shows that we will kill all
singular terms in the sum )7 , U0t + Vi logT + W,. |

From this typical quantum field theoretic example, we understand that
it is not possible to find constant coeflicients Fuchsian operators that kills
exactly the Feynman amplitudes. However, we can kill them with constant
coefficients Fuchsian operators modulo an error term which lives in nicer
space and go on successively. We define the space F of Fuchsian symbols
which consists of distributions ¢ having asymptotic expansions of the form
t=> o tyie IseR,VN,t— Zév tr € Fsin, where we used the property
that the scale spaces F; are filtered, s’ > s = FEgy C FE,. Intuitively, we
would say that these are spaces of distributions which are killed by constant
coefficients Fuchsian operators modulo an error term which can be made
“arbitrarily nice”, the price to pay for a nice error term is that we must use
constant coefficients Fuchsian operators of arbitrary order.

The meromorphic regularization and the Mellin transform. We
modify the extension formula of Hormander fol dM"tpy-1 4+ (1 — x)t and
define a regularization of the extension t# = fol dAN*"1t1p,—1 depending on
a parameter u. We relate the new regularization formula to the Mellin
transform. The idea actually goes back to Gelfand who considered Mellin
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transform of functions averaged on hypersurfaces (see [43] (4.5) Chapter
3 p. 326 and [3] (7.2.1) p. 218). When t € E (U \ I), we prove that t*
has an extension in Fs;, and is holomorphic in p for Re(u) large enough,
intuitively, when Re(u) is large enough the integral fol dAN*"1tp 1 has
better chances to converge. Moreover, we can already prove that if there is
any meromorphic extension p — t#, then the tail of the Laurent series
must be local counterterms. Now if we know that t € Fq, which is a
much stronger assumption than ¢ € F,, we then establish a nice identity
satisfied by the regularized extension

VN (T, ) = Y (n+ i+ Q)7 (Te);8) + (Un(TR)" ), (9.7)
j<N

where In(Ty) = fol ds(1 — s)V (%)N+1 s~ (Ty), is the remainder of
the expansion (T'p), = > ;n SITYT Aw)j + In(Tp)s, and we prove that
the regularization u +— t* can be extended meromorphically in p with poles
located in Spec () + N. We write explicit formulas for the poles of t*.

The Riesz extension. To go back to the interesting case, we have to
take the limit of t* when p = 0. However, if u = 0 is a pole of finite order
of t#, then we must remove the tail of the Laurent series which are local
counterterms, i.e. distributions supported on I. Then we will prove that
the operation of meromorphic regularization then removing the poles at u =
0 and finally taking the limit g — 0 defines an extension operation which
is called the Riesz extension and is a specific case of all the extensions defined
in Chapter 1. Then we will show that the Fuchsian symbols renormalized
by the Riesz extension are still Fuchsian symbols. Finally, we will explain
how to introduce a length scale ¢ in the Riesz extension and how the one
parameter renormalization group emerges in this picture and involves only
polynomials of log ¢.

Relationship to other works. In this Chapter, we give general defi-
nitions of Fuchsian symbols which are adapted to QFT in curved space
times as we illustrated in our example. To our knowledge, these definitions
were first given by Kashiwara—Kawai [54]. They also appear in the work of
Richard Melrose [58]. We undertake the task of meromorphic regularizing
Fuchsian symbols which are asymptotic expansions of a more general nature
than associate homogeneous distributions.

9.2 Fuchsian symbols.

In QFT, scalings of distributions is not necessarily homogeneous, there are
log terms. Distributions encountered in QFT are not solutions of equations
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of the form (p—d)t = 0 but they might be solutions of equations of the form
(p—d)™t = 0. We work in flat space R"*¢ with coordinates (z, h) € R" x R?
and where I = {h = 0}. The scaling is defined by the Euler vector field
p = hjf)hJ .

9.2.1 Constant coefficients Fuchsian operators.

Given the canonical Euler vector field p, we give a simple definition of a
constant coefficient Fuchsian differential operator of order n:

Definition 9.2.1 A constant coefficient Fuchsian operator of degree n is an
operator of the form b(p) where b € C[X] is a polynomial of degree n with
real roots.

In QFT, these roots will often be integers.

Example 9.2.1 Consider the one variable case where p = h%. The mono-
mial h? is solution of the equation (p—d)h® = 0, hence b(X) = (X —d). On
the other hand log h is solution of the equation p?logh = 0 hence b(X) = X2,
Lastly, h%log h is solution of the equation (p — d)>h?logh = 0.

Next define first order constant coefficient Fuchsian operators of rank n:

Definition 9.2.2 A Fuchsian system of rank n is a differential operator of
the form P = p —Q where Q = (wij), i<, € Mn(C) is a constant n x n
matrix with real eigenvalues.

1

(1)-(30)(7)

Let U be an arbitrary open domain which is p-convex. For b a n-th order
operator (resp P = p—{) a system), we give a fairly general definition of some
new subspaces F,(U) (resp Fo(U)) which are associated to the differential
operators b (resp P) and which are different from the space E(U) defined
by Yves Meyer. However their definition uses the spaces Es(U) defined by
Meyer. We define the space Fy,(U) of Fuchsian symbols associated to a
Fuchsian operator b:

Example 9.2.2 The column < log h ) s solution of the system

Definition 9.2.3 Let b(p) be a constant coefficients Fuchsian differential
operator of order n. Then the space Fy(U) of Fuchsian symbols is defined
as the space distributions t s.t. there exists some neighborhood V' of I N U
and a sequence (tx)g of distributions such that

N

VN,t:Ztk—G—RN (9.8)
k=0

Yk, b(p — k)tglv =0 (9.9)
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where VN, Ry € Esin+1(U), s = inf Spec(d).

Example 9.2.3 Let us consider the series Y - aph®*, then each term
aph@* is killed by the operator (p — d — k).

Definition 9.2.4 Let Q@ = (wij),c;;c, € Mn(C) be a n x n matriz and
P = p — Q be a Fuchsian operator of first order and rank n. Then the
space of Fuchsian symbols Fq(U) is the space of vector valued distributions
t = (t;)1<i<n such that there exists some neighborhood V of INU and a
sequence (tg)r of distributions such that

N
YNt =Y tp+ Ry (9.10)
k=0
Vk, (p— (2 +k)) tkly =0 (9.11)

where VN, Ry € Esin+1(U), s = inf Spec(Q).

Some remarks on scalings. Assume t € Fy. Notice that for all test
functions ¢, the function A — A= (¢, ¢) is smooth in (0, 1] since (ty, @) =
A~ (t,py-1) and has a unique asymptotic expansion at \ = 0,

A (tn, ) ~ Y A () -
k=0

But this does not mean that A\ — A~ (t, ) is smooth at A = 0 as the
following counterexample illustrates:

-1 1
Example 9.2.4 The function f(\) = e>2 sin(ex2) has asymptotic expan-
—1 1
sion e>? sin(ex?) ~ 0 and is smooth in (0, 1], however it is not smooth in
[0, 1] since the first derivative of this function does not converge to zero when
A—0.

However, we have a condition which implies the smoothness on [0, 1]:

Lemma 9.2.1 Let A — f(\) be a function which is smooth on (0,1] and
which has an asymptotic expansion at X = 0. Then if Vn, f(") has asymp-
totic expansion at 0 which is obtained by formally differentiating n times the
expansion of f then f extends smoothly at A = 0.

The proof can be found in [31] lemme 1 p. 120.

We want to remind the reader there is a standard way to go from Fuch-
sian differential operators of order n to 1st order Fuchsian systems of rank
n, this is called the companion system (see [42] 19B p. 332, 19E p. 342 for
this classical construction).
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Asymptotic expansions. We explain the connection with asymptotic
expansions of distributions.

Definition 9.2.5 The distribution t admits an asymptotic expansion if t €
Es(U) and if there exists a strictly increasing sequence of real numbers (8;);
such that s < sg

H(ti)i,ti € ESZ(U) (912)
N

VN, (t - th) € Egy, (U) (9.13)
=1

In concrete applications, the sequence (s;); is equal to A + N where A is
a finite set of real numbers. So we see that our space of Fuchsian symbols is
just a subspace of the space of distributions having asymptotic expansions.
However, these spaces are less general than the spaces E defined by Yves
Meyer as we shall illustrate in the following example

Example 9.2.5 sin(%) 1s weakly homogeneous of degree 0 on R, thus it lives
in Eo(R). However, it admits no asymptotic expansion !

We want to insist on the fact that our spaces F are defined in the smooth
category and does not require any analyticity hypothesis.

9.2.2 Fuchsian symbols currents.

For a given Fuchsian operator P = p — Q of first order and rank n, Fqo(U)
is the space of vector valued currents T such that there exists a sequence
(Tk)r of distributions such that in a certain neighborhood V of I NU

N

YN, T => Ty + Ry (9.14)
k=0

Yk, (p— (Q+ k) Ty = 0 (9.15)

where VN, Ry € Esin+1(U), s = inf Spec(€2). Recall also that we are able
to decompose test forms w as a sum

w= i wy, + Iy (w)
n=0

where the w,, are homogeneous of degree n.

Notice that for any compactly supported test form w, the exterior prod-
uct T'A w is a Fuchsian symbol and T} A w, satisfies the following exact
equation:

p (Thwn) = (n+ k + Q) Trwy. (9.16)
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On the relationship with the standard notion of Fuchsian differ-
ential equations. The theory of Fuchsian differential equation has an old
story which goes back to great names such as Poincaré, Riemann and Fuchs.
More recently, there was a resurgence of activities around these equations in
the context of PDE’s with famous works in analysis by Malgrange, Kashi-
wara, Leray, Pham. Some very nice surveys and textbooks now exist on the
subjects, and our work is particularly inspired by ([56, 83, 3, 42, 80]) which
give very nice expositions of this topic. Distributions solution to Fuchsian
differential operators have several names. They were called ‘associate ho-
mogeneous distributions” by [43].

These distributions are also called “hyperfunctions of the Nilsson Class”
by Pham [56], for instance a similar proof of Proposition (3.2) p. 18 in [55]
can be found in [56] p. 153,154.

9.2.3 The solution of a variable coefficients Fuchsian equa-
tion is a Fuchsian symbol.

The idea is that we want to deal with perturbations of the Euler equation
(p — Q)t = 0 where € is a constant matrix. Let Z C C°°(M) denote the
ideal of smooth functions vanishing on I. Let Q be a perturbation of Q:
Q — Q € M, (Z), note that this implies Q|; is constant and equals Q. We
are then able to prove that solutions of the Fuchsian operator with variable
coefficients P = p— ) are Fuchsian symbols. The space of Fuchsian symbols
is thus the natural space of solutions of perturbed Euler equation.

Let us work in a local chart in R"*? with coordinates (x, h) where I =
{h =0} andp:hj%. Let P = p—Q where Q € Q+ M, (Z) and p — Q is
a first order Fuchsian system of rank n with constant coefficients.

For any complex number A and matrix , we define A*? by the equation

A2 = exp(log AQ)
for the branch 0 < arglog < 27 of the logarithm.

Example 9.2.6 Before we state and prove the theorem, let us give an exam-
ple in the holomorphic case on C. Assume t(z) is holomorphic in C\{0} and
solves the equation zd%t—(Q—zh(z))t = 0 where h is holomorphic in a neigh-
borhood of {0}. Then f(z) = z*(z) solves the equation zd%f —zh(2)f =
0 = Lf—n(2)f =0. But this means that f(z) = el h(t)dtf(zo) is
holomorphic in a neighborhood of zero. Hence by the principle of analytic
continuation, we can extend the function f holomorphically at 0 ! Finally,
t(z) = > 0 %J‘"(}‘J)(O)zlﬂ'Q has the asymptotic expansion of Fuchsian sym-
bols.

However, in contrast with the previous example our theorem does not
assume any hypothesis of analyticity since our perturbed operator p—{2
is an operator with smooth coefficients.
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Theorem 9.2.1 Let Q € M, (C®(M)) s.t. there exists Q € M,(C) with
real roots satisfying Q — Q|; = 0. Ift € D'(U\ I) is a solution of the
equation (p — Q)t = 0 then t is a Fuchsian symbol in the space Fo(U \ I)
and t = "ty where () = pNLas

Proof — The idea consists in proving that A=, is smooth in A, then the
Taylor expansion about A = 0 of A™¢, will give us the expansion as Fuchsian
symbol. We restrict to a set K’ = {(x, h)||h| < R} which is stable by scaling.
We can pick a function y which vanishes outside a compact neighborhood K
of K, x|k = 1, then the distribution tx equals t on K’ and is an element of
the dual space (C™(K))" of the Banach space C™(K) where m is the order
of the distribution t (see Eskin theorem 6.4 page 22). The topological dual
(C™(K))' of the Banach space C™(K) is also a Banach space for the operator
norm. We want to prove that HA_Qt/\XH(cm(K))' is bounded for the Banach

space norm ||.{|(om gy of (C™(K))" and we also want to prove that the map

A = A%ty x is a smooth map for A € [0, 1] with value in the Banach space
(C™(K)). We must precise the regularity of \™%t,x in A € (0,1]. From
the identity (£xx, ) = (t, X\-1p5-1) We can easily prove the C regularity
on A € (0,1] with value distribution of order m. Then the derivative in A
is given by the formula 0y (A™t\x) = A717% ((p — Q)t\) x where (pty) x is
of order m + 1. This implies A € (0,1] = A~%t,x € C ((0,1], (C™T(K)))
then by recursion A € (0,1] — A=, x € C¥ ((0,1], (C™**(K))") where ¢ is
a distribution of order m. We see that at each time we increase the order
of regularity in A\ of one unit, we lose regularity of A™%t\x as a compactly
supported distribution. For the moment, we know A=ty is smooth in A €
(0, 1] with value distribution but the difficulty is to prove that there is no
blow up at A = 0 and that it has a C* extension for A € [0, 1]. The idea is
to exploit the fact it satisfies a differential equation and use a version of the
Gronwall lemma for Banach space valued ODE. fy = A~*¢,x is a solution
of the linear ODE
(2-9)

d A

R — =t 9.17

L =t (9.17)

0-0 log Apx ((_

where ( < N p/\(Q %) is smooth in (A, z,h) € [0,1] x R™ since
Q — Q € M,(Z). We want to prove that there is no blow up at A = 0 which
would give a unique extension of A™*¢,x to A € [0,1] by ODE uniqueness.
We notice that there exists a constant C' such that

(6-9),

3 >‘>\_Qt>\x||(cm(K))’ < C||)\_Qt>\X||(Cm(K))'

vA e [0,1], ]

since Q—Q € M,,(Z) which means (Q = Q)/\ = O(\) and % is bounded

in A in the space of smooth functions for usual C*° topology. Actually, we
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only need the simple estimate VA € [0, 1], supy¢jo 1) || (Q;Q)A lemxy < oo,
thus
- (9-9)
fr=nh +/ d)\%fx
1
and

. (QfQA
[ f=lemryy < Wfilliomryy + ”/1 dA———""llemuy

by the triangle inequality

(9-9),

1
17l emeryy < fillem iy +/ | ==l em o)y

by Minkowski inequality

1
1=l emereyy < Wfilliemxyy +C/ A fallem i)y

and we can conclude by an application of the Gronwall lemma. We deduce
that VA € [0, 1], || fall (om k) < 60(1*/\)||f1|](cm(K))/. Hence f) exists on [0, 1]
(for more on Gronwall see [73] Theorem 1.17 p. 14) otherwise there would
be blow up at A = 0 but the Gronwall lemma prevents f) from blowing up
at A = 0. Since the ODE (9.17) has smooth coefficients the value of its
solution is smooth in A. To conclude, we Taylor expand A~%tyy in A

Q — 2
A t)\X = Z X U
k=0

hence using x|x = 1:

e )\k+Q

tlr = x uk| K-

k=0

Hence we deduce the conclusion with tx|x = % |

9.2.4 Stability of the concept of approximate Fuchsians.

First, the space Fy is stable by left product with elements in C*°(M), the
proof is simple by Taylor expanding the smooth function. Let G be the
space of diffeomorphisms of M fixing I. Before we end this section, let us
prove a theorem which shows that the space Fq(U) of Fuchsian symbols is
stable by action of G. This result will imply that F(U) does not depend
on the choice of Euler p. Before proving the theorem we give some useful
lemmas:
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Lemma 9.2.2 Let ®(\) = S(A\)7' o ® o S(\) where S(\) = €8 and
® = eX for some vector field X which vanishes on I. Then ®(\) is smooth
in A € [0,1] and ®(0) is a diffeomorphism fixing I which commutes with p
and ®,®(0) have the same 1-jet on I.

Proof — Let ®(\) = S(A\)"1 o ® o S(\). We assume ® = eX € G where
X € g is a vector field vanishing on I thus ®(\) = S(A ) od®o S\ =
S(A)loeXoS(N) = 5N XS — XN where X (A) = S(A) o X 0S(N).

limy 0 X(\) = X(O) exists since X = hia(x,h)dy; + hib!(x,h)d,; hence
X(\) = h J(m Ah)Oyi + )\hzb](:z‘ Ah)O,; and X (0) = A ](:r 0)0y;. We
recall the following important fact, X(0) is in fact scale invariant i.e. it
commutes with p. thus ®(0) = X 0 commutes with p. Moreover an easy

computation:
(X — X(0)) B’ Hy(x, )

<h’( (2, h) — al (x,0))0ps + B (2, h)D, )hZ Az, h)

and the fact that a{(:z:, h) — az (x,0) € Z prove that (X — X (0))h‘H, (m h) =
O(|h[?). Thus (X —X(0))Z C Z? which implies (e¥ — X)) Z = (& — ®(0))*Z
72. This is enough to prove that ® and ®(0) have same 1-jet along I. W

Lemma 9.2.3 Under the hypothesis of the above lemma, the pull-back op-
erator ®(A\)* admits a Taylor expansion of the following form:

N )\k
D) =) D)+ Iy (@, 1)

where Dy, is a differential operator which depends polynomially on finite jets
of X and p at I.

Proof — We start from the identity )\d%\X()\) = A%Ads(A)X =—[p, X(N)].
This implies

NRX(\) = —)J@AX(/\): 1, Ny (Ad—z—i—l) X(\)

A AUl dA dX
1 )
= il (—ady)...(—ad, —i+1)X(X)
i 1 .
= 0,X(0) —)1\12% )\’z'( ady) ...(—ad, —i+1)X(X).

Hence the derivatives 83'\ (0) only depend polynomially on finite jets of X
and p at (z,0). Then we Taylor expand the map ®(\) at A = 0:

)\k
oM =Y o <a’€ X(*)*)A:0+IN(<I>,>\)*
k<N
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by definition of the exponential map and successive differentiation, the terms
(8’)feX()‘)*))\:0 are all of the form D, ®§ where each Dy, is a differential oper-
ator in C <8§\X(0)>i, for instance:

D; = 05X (0),Dy = 33X (0) + (9xX)?(0).
|

A consequence of the above lemma is that for all distribution ¢, for all IV, A,
the pull-back In(®, \)*t exists and we can bound its wave front set:

WEF(In(®,\)*t) C D0 WE(t) U BN\ WE(t).

Theorem 9.2.2 Let te Fg for a choice of p, t has the asymptotic expansion
t=>,t, and ® = eX € G for X vanishing on I. Then we have ®*t € Ff
and ®*t =3 Dtn where t, depends only on t;,1 < n and polynomially on
finite jets of p, X at I.

Proof — Since ®()\) depends smoothly in A and A=, admits an asymptotic
expansion at A = 0, the pulled back family ®(\)*(A~%%)) = A~ (@*¢),
admits an asymptotic expansion at A = 0. kIn order to conclude, we expand
Ay = 320 A M and ®(N) = 32 27 De®f and we obtain the general
expansion

DA (A%, = Z)\ {Hn Z ]D)k%tl

k+l=n

We keep the notation and hypothesis of the above theorem

Corollary 9.2.1 Let I' be a cone in T*(M \ I). If Vk, WF(t;) C T then
Vn, WF(t,) C ®}T.

We deduce from the previous theorem an important corollary which is that
the class of Fuchsian symbols Fy is independent of the choice of Euler
vector field.

Corollary 9.2.2 Lett € F§ for a choice of p, then for any other generalized
Euler p, we have t € F§.

Proof — By the result of chapter 1, for any other vector j, we have ®~1*
p for a diffeomorphism @ fixing I.

0=pt—Qt =d Y50t — d QD = pd*t — Qd*t =0

this means ®*¢ is killed by the Fuchsian operator p —  thus ®&*t € Fg. |
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9.3 Meromorphic regularization as a Mellin trans-
form.

In this section, for pedagogical reasons, we work in local charts in order to
make as explicit as possible the relationship with the Mellin transform. More
precisely, we work in a given fixed compact subset K = K; x Ky C R"¢, the
compact set is geodesically convex for p = h/9,;. All test functions are sup-
ported in K. Let x € Cgo(Rn+d)7 X = 0 and x|gnfjn<a} = L X kn{n=6y =0
where b > a > 0.

1
T) = [T Torre) + (10 - 1)) (9.13)

The meromorphic regularization formula. We modify the extension
formula of Hormander by introducing a weight A* in the integral over the

scale \:
Lax
<TM7 w) = 7)‘“ <T¢,\71 ) w> ) (919)
0

this defines a regularization of the extension depending on a parameter pu.
We would like to call the attention of the reader on the fact that if the test
form w was not supported on I, we would have a well defined extension at
the limit p — 0.

The philosophy of meromorphic regularization. The goal is to prove
that T# can be extended to a family of current in D, (U) depending holo-
morphically in p for Re(u) large enough. Then under the hypothesis that T
is a Fuchsian symbol, T* should extend meromorphically in y with poles
at p = 0 which are currents supported on I (ie local counterterms). Then
the meromorphic regularization will be given by the formula

lin% (T" +T(1 — x) — poles at u = 0 with value current supported on I)
—
(9.20)

Definition 9.3.1 A family (T"), of currents in D) (U) is said to be holo-
morphic (resp meromorphic) in p iff for all test forms w € DF(U), p —
(T*,w) € C is holomorphic (resp meromorphic).

If 4 — T* is holomorphic in a domain B, (ug) \ {0}, for all test functions
¢, the map u — (T, ¢) has an expansion in Laurent series in p around po,
(T, @) = i:ﬁi(u — p10)* <T“0(k), ¢) where each coefficient of the Laurent
series is a distribution tested against ¢ (there is a similar discussion in [43]

Chapter 1 appendix 2).
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Proof — By the Cauchy formula and by the holomorphicity of (T*, ), for
all test function ¢, we must have

1 du
Vk € Z, (TH® o) = — / — T (T" ).
€ < ,90> 207 o ey i — o)1 (T, o)

dp
Thus we define THo*) = 5= faBr (o) = #O)k+1

D(U). To prove the continuity, we just use the Banach Steinhaus theorem,
for all compact K C U, there exists C' > 0 and a seminorm 7, s.t. for all
¢ € D(U)

T* which is a linear map on

Vi € 0B (o), | (T, ) | < Cm(ep),

thus
Ve € Dic(U), [{T®), ) | < Cr (),

which proves the continuity of T+ for all k. |

Thus we can write the Laurent series expansion of p — T* around pg as
a series in powers of (u — po) with distributional coefficients:

k=+o00
TH — Z (1 — po)FTHo®).

k=—00

Definition 9.3.2 We say that p — T* is meromorphic with poles of order
N at po when p — TH is holomorphic in a domain By(uo) \ {ro} and
T — k= (T M LZION

Using this definition, it makes sense to speak about the support of the poles,
it just means the support of the distributions T#®*) for k < 0.

The holomorphicity theorem.
Recall that T* is defined by the formula ( f L\ (Thy-1,w).

Lemma 9.3.1 IfT € E; (D, (U\I)), then T" has a well defined extension
in Dy (U) for Re(p) +s+k—n>0 and TV € By ge(u)(Dy,(U)).

Proof — We keep the notation of the proof of theorem (1.2) and we recall
the main facts. In the proof of theorem (1.2), we proved that if (cy)y is
a bounded family of distributions supported on a fixed annulus a < |h| <
b, then A%, (., \.) is a bounded family of distributions. Hence from the
boundedness of the family (cy = A™%t\1)), we deduced the boundedness of
the family (A"%cy(.,\.) = A™* %1 -1)). By reasoning as in the proof of
theorem (1.2) in Chapter 1, the function A — f(\) = A5~ (T, 1, w)
is a bounded function supported on the interval [0, 1]. Thus we find

(T*, ) = / Do s,
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1 400
— @)\/H-s—i—k—n)\—s—(k—n) <T1/))\—1 ’ w> — / @)\u—ks—&—k—nf()\)
0o A o A
The last integral converges when Re(u) + s+ k —n > 0 because f is
bounded on [0,1]. This already tells us that the family of currents (7%),
is well defined in D) (U) when Re(u) + s+ k —n > 0. To prove that
T € By Re(u)> we use the theorem (2.1) proved in Chapter 1 for the bounded
family of currents (cy = A™*Tx1), supported on a fixed annulus. |

We establish a neat result namely that the function A — (Tiy-1,w) is in
fact always smooth in A € (0, 1]. But of course that does not mean it should
be L} at A =0.

loc

Lemma 9.3.2 A — M (TYy-1,w) is smooth in 0 < X < 1.

Proof — There is a compact set K = supp w such that if x ¢ K, ¢y—w(z) =
0, VA € (0,1]. Also A — 1y-1w is smooth in A\. Then the result follows from
application of Theorem 2.1.3 in [40]. |

Theorem 9.3.1 We keep the notation and hypothesis of lemma (9.3.1),
then Yw € DF(U) (respw € DF(U\I)), the map p + (T*,w) is holomorphic
in the half-plane Re(u) + s+ k —n >0 (resp holomorphic in C).

Proof — We relate the regularization formulas to the Mellin transform. By
definition, the Mellin transform of a distribution f € D'(R*) is given by
the formula (see “The Mellin Transformation and Other Useful Analytic
Techniques” by Don Zagier in [81] p. 305 and [44])

= dA
F= [~ SN, (9.21)
0
Actually, in the notation of Zagier, we study the half-Mellin transform:

1
Fatw = [ S (0.22)
0

The regularization formula (9.19) is the Mellin transform of the function
A = (Ty-1,w) X[0,1), Where x is the characteristic function of the interval
[0,1]. The function A — f(A) = A=5=F=) (T, 1 w) X[o,1] 18 a function
in C*(0,1] N L*>[0,1] ( however, it is not smooth at 0), (T%,w) is thus
reinterpreted as the Mellin transform I'¢(1 + s + k —n) of f € C°°(0,1] N
L*>[0,1] = f € L'0,1]. Then we use the classical holomorphic properties
of the Mellin transform as explained in [74] appendix A p. 308,309. To
understand the holomorphicity properties of the Mellin transform, we relate
the Mellin transform with the Fourier Laplace transform in the complex



9.3. MEROMORPHIC REGULARIZATION AS A MELLIN TRANSFORM.203

plane by the variable change e! = X\ (see [74] appendix A formula A.18
p. 308)

1 d\ 0 00
/ LSV / dte's f(et) = / dte=t= F(e~VYH (1)
0 —00 —o0
where H is the Heaviside function and where t — f(e™*)H(t) is bounded.
For any € > 0, t — e “H(t)f(e™?) is in LP(R),Vp € [1,0o0], especially in
L?(R) hence

5 / T et fet H (1)

is holomorphic in s for Re(s) > 0 by the properties of the holomorphic
Fourier transform. As this is true for any £ > 0, the Mellin transform is
holomorphic on Re(s) > 0. [ |

Let us keep the notations of the previous theorem and consider the family
p +— T* holomorphic for Re(n) + s +k —n > 0. We prove a lemma which
states that if there is a meromorphic extension of the holomorphic family
@ — TH then this meromorphic extension must have poles supported on I
(ie locality of counterterms).

Lemma 9.3.3 If u— T* is a meromorphic extension of the holomorphic
family p — T*H, then the poles of T* are distributions in D'(U) supported
on UNI i.e. they are local counterterms.

Proof — Yw € DF(U),u + (T*,w) is holomorphic in the half-plane
Re(u) +s+k—mn > 0. Let us notice that if w € D¥(U \ I), the func-
tion A — A (T1py-1,w) is smooth in A and vanishes in a neighborhood of
A = 0, hence the formula (9.19) makes sense for all © € C and is holomorphic
in p. If TH had a meromorphic expansion, then we write the Laurent series
expansion of y — T# around some value pg € C:

k=400

" — Z (1 — uo)kT“O(k)
k=—N

but for all w supported on U \ I, (T*,w) is holomorphic at po thus all the
poles (<T“°(k),w>)k<0 must vanish ! Yw € DF(U\ I),Vk < 0, <T“0(k),w> =0
which means Vk < 0,supp 7% does not meet U \ I which yields the
conclusion. |

9.3.1 The meromorphic extension.

We set the stage for our next theorem which states that if 7" is a Fuchsian
symbol, then the holomorphic regularization formula of Hormander p +— T*
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has a meromorphic extension in the complex parameter u. Let T €
D, (U\I) and if T' € Fo(U \ I) then we have by definition T' = Zév T+ RN
where the error term Ry € Esny1 where s = inf Spec(§2). Notice that for
any compactly supported test form w, the current T' A w is also a Fuchsian
symbol, and we have the expansion VN, (T’ Aw) = 3, y(T'Aw)j+In (T Aw)
where (T Aw);s = s7(T Aw); and the remainder In(T Aw) € Eginy1.
Following the notations of Chapter 1, we denote by v the function (—py).

Theorem 9.3.2 If T € Fo(U \ I) then u — T* has an extension as
a distribution in D'(U) and depends meromorphically in p with poles in

—Spec(2) — N.

Vp, AN, (T, w) = > (n+j+ Q) (T Aw)j, ) + (IN(T Aw), ) (9.23)
J<N

where the identity is meromorphic in the domain {Re(u) +p > 0}.

Proof — Before we start proving anything, let us make a small comment
on the principle used here. The key idea is analytic continuation, when
two holomorphic functions fi, fo defined on respective domains Uy, Us coin-
cide on an open set, then there is a unique function f (unique in the sense
that any analytic continuation of f;,7 = 1,2 must coincide with f on their
common domain of definition) defined on U; |J Uz which extends f1, fo. Re-
call that the exterior product (T'A w) is a Fuchsian symbol since T € Fy, is
Fuchsian and w is a smooth test form. Thus A™*(T'Aw), has an asymptotic
expansion in \. We expand (T' A w) in order to extract the relevant first
terms and the remainder of the asymptotic expansion.

N
TAw=Y (Trwi +INTAw)
———

k=0
" killed by p—k—Q €ENta+1

we replace this decomposition in the integral formula f ! d)‘)\“ (Ty-1,w).
The computation gives:

VN/ 7)\“ TQIZ)/\ 1 w> /0 %)\‘u <(T/\(A}),17ZJ/\—1>

:/ %W(TAM, /v (T Aw)ins ) + (TN (T Aw))r, )
0 <N

0

1
= <Z/(; %)\NJrQJrj <(T/\w)j,1/;> —|—/ %)\N <(IN(T/\w)))\,1/J> .
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Then for Re(u) large enough, the first N + 1 integrals converge and can be
computed

N LdA
=Y @0t (@A + [ SN A )
, —_———
JSN poles when det(u+Q+;)=0 O(AN+1+Q+Re(n))

where the remainder is integrable and holomorphic in g in the half plane
Re(p) + N +1+4+Q > 0 by theorem (9.3.1). Finally for all N, (T",w)
has meromorphic continuation on Re(u) + N + 1 4+ ©Q > 0 hence it has
meromorphic continuation everywhere on C. |

By a matrix conjuguation, we can always reduce €2 to its Jordan normal
form Q = G~Y(D + N)G where D is diagonal and N is a nilpotent ma-
trix which commutes with D. We set (—d;, n;);er the eigenvalues of Q with
their respective multiplicities, hence D is a diagonal matrix with eigenval-
ues (—d;);. Note that if 0 € —Spec(Q) — N, then p = 0 is a pole of the
meromorphic extension: 0 = d; — j where j € N and d; is an eigenvalue of
Q with multiplicity n;.

Proposition 9.3.1 Let Q € M, (C) and T € Fo(U\I). If Spec (2)N—N =
() then T* is holomorphic at p = 0. If Spec(Q) N —N # 0 then T* has a
pole at u =0 of order at most n.

Proof — We assume that d; — 7 = 0 for some eigenvalue d; € Spec(£2) and
some integer j. Up to conjuguation and projection, the proof reduces to
an elementary computation in a generalized eigenspace E; of dimension n;
associated to the eigenvalue —d; s.t. d; —j = 0. Indeed, Q|g, = —d; + N;
where N; is a nilpotent matrix of fixed order n;. (u+ Q+5) g = (u+

Ni)_l = /’L_l ( Z;Bl(_l)ku_kNZk> = 'U,_l + -+ 'Ul—ni(_l)ni—lNinifl’ S0

the worst singularity is a pole of order at most n; in u. |

Proposition 9.3.2 The extension TH defined in the previous theorem sat-
isfies the property TH € Foy,,.

Proof — To prove that T# € Fqn,, it is enough to prove that if T" is a
solution of (p — Q)T = 0, then the meromorphic extension 7* is solution of
the equation (p — Q — p)T" = 0 on the domain x = 1. We try to scale
T# and we compute 7-"HTH(.,7.) where T' € D, (U \ I) is exact Fuchsian
T\ = AT First, it is not true that T* will scale exactly like T = 71T
everywhere in U \ I. However, in any p-stable domain U for p = h/9),; in
which x|y = 1, we will be able to find that V7 € (0,1], T¢|y = 79THTH|y.
This can be understood in terms of section T#|y of the sheaf of currents
over the open set U. A typical example of such nice domains would be
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K x{|h| < a} € R" x R? in the local chart R"*9 where the plateau function
x satisfies the support condition:

XK x{lhl<a} = 1, XK x{[n|zb} =0 (9.24)
for 0 < a < b. We pick a test form w € D'(U).

1
dA
VO <7< 1,7 R (TH W) = 77 R (TH w,. 1) = / Y M1 (Tahy 1, wp—1)
0

A (AN g YN
_/O )\<T> T <T)\1/J,UJ)\7.1>—/OV )\<7_) <T)\T*1w’w)\‘r*1>

because T is exact Fuchsian. Then by a change of variable, we obtain

1
0oy = [ R gy w)
0 A
We notice that the condition on the support of y implies ¢ = —pyx is sup-
ported in {a < |h| < b}NU. Since ¥ is supported in {a < |h| < b}NU, y—1
is supported in {Aa < |h| < Ab} NU. However, we also recall that w is sup-
ported inside the domain {|h| < a}. T¥y-1 is supported in {Aa < |h| < Ab}
hence (T'9y-1,w) vanishes when A > 1. Finally:

1
T dA Lax
o) = [T T 0 = [T = ()
0 0

Notice that for Re(u) large enough, all our integrals make sense when 7 > 0
because the integrand viewed as a function of X is in L(]0, 1]). Then by the
principle of analytic continuation

pTH — (Q+p)TH=00on U

for Re(u) large enough thus the same equation is satisfied by any meromor-
phic continuation of T# and the r.h.s. of the equation 9.23 satifies the Fuchs
equation pT#* — (2 + p)TH = 0. [ ]

9.4 The Riesz regularization.

Preliminary discussion.

Up to now, the meromorphic regularization operation seems not very in-
teresting since it does not define an extension of the original current T €
Fq(U \ I) from which we started. In order to recover a genuine extension,
we must somehow make p tend to 0 in the meromorphic regularization of
Hoérmander. In order to do this, we will have to subtract poles but fortu-
nately these poles are local counterterms hence the subtraction operation
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does not affect the extension outside the submanifold I. The procedure we
are going to describe will be called Riesz regularization. Let us consider a
given T' € Fo(U\I). If —=m —1 < s < —m, the extension procedure defined
in Chapter 1 which could be called the Hadamard finite part procedure is
given by

<THadamard7 w> - il_I}I(l) <T(X - X5*1>7 Im(w» + <T(1 - X)?w> (925)
whereas in the Riesz regularization, we first extend meromorphically in pu,
then we subtract the poles at = 0, and finally take the limit p — 0.

Fundamental example.

Example 9.4.1 To illustrate this section, we give our favorite example: we
are going to Riesz reqularize the function h% following the classical approach
of [43]. First, we regularize by the formula

Lax
/0 )\)‘u<h1n¢)\—1790>+<h1n(1_><)7g0>

where p € C. We shall concentrate only on the term fol %)\“ <hin¢/\_1,go>:

Ld 1 Lda 1
hd VY i — 20 \pmntl [ T

Lan L yp—ntlth /g PN 1
= — E 2 . hFoF (0 / A=t [ 2 T

Then for Re(u) small enough, we can integrate the first N terms:

Lax 1 1
/O TAM <hn%1,s0> + <h”(1 - x)wp>

N
= —p, h"0 <p(0)> + nice terms .
kz::o(u—n+1+k)k! hn h

At u = 0, when k = n — 1, we have a pole m <%1/1,8}?_1<p(0)> of the

Laurent series, and subtracting it allows us to define the reqularization:

1
dA 1 1 1 1
li — M —hy- ————— (1,0 (0 —(1- .
s <hn% 1,s0> 1) <h¢, o e( )>+<hn( X),90>
We recall that if T* is meromorphic at 4 = 0 then the pole has order at
most n and T is holomorphic in B,(0) \ {0} for » small enough (since the
poles of T* are located in —Spec(Q) — N), then TH = ">  uFT* where
1 d
Vk € Z,T" = 5t [op,(0) et T

— 2im
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Definition 9.4.1 Let T € D, (U\I) and T € Fo(U \ I). Then T* is
meromorphic in p by Theorem 9.3.2 and the Riesz reqularization is defined
as

n—0

(Rpjes:T,w) = lim ((T“,w) - _Z uk <Tk,w>> (T~ x),w). (9.26)

k=—n

It is not completely obvious from its definition that Rp;.s, defines an exten-
sion operator.

Proposition 9.4.1 For all T € D, (U \ I) N Fo(U \ I), RRjes:T is an ea-
tension of T'.

Proof — Let w be a test form supported in U \ I. Then by lemma 9.3.3, all
poles of (T*,w) vanish hence (T*,w) is holomorphic in px and

n—0

-1
<RRieszT7w> = lim ((Tﬂ7w> - Z :Uk <Tkaw>> + (T(l - X)aw>

k=—n

= lim ((T%,0)) + (T(1 = ), w) = (T} + (T = 0)) = (T.w),

since lim,, o fol %)\“ (Tpy-1,w) = fol % (Ty-1,w) = (Tx,w). [

The anomalous scaling. Our next theorem is fundamental for quantum
field theory since it implies that if T is a Fuchsian symbol then its extension
RRies:T is also a Fuchsian symbol.

Theorem 9.4.1 Let Q2 € M, (C) where Spec(2) € R. For all T € D) (U \
INFEQUN\I), if (p— QT = 0 then Rpies.T satisfies the equation (p —
Q) Rpies:T = 0 when Spec(Q) N —N =0 and (p — Q)" Rpjes.T = 0 when
Spec() N —N £ ().

Proof — By the proof of 9.3.2, we know that (p — Q)T = 0 implies
(p—p—QT* =0 (9.27)

on some neighborhood V' of I provided V is stable by scaling and x|y = 1.
Then the trick consists in replacing 7" by its Laurent series expansion in
equation 9.27.

+oo
(p—Q—u)T“z(p—Q—u)<Z u’“T’“>

k=—n

-1
=(p—Q—p) ( o W AT+ 0(u)> = 0. (9.28)

k=—n
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Notice that the constant term in the Laurent series expansion 7° = Rpjes.T—
T(1 — x) therefore on V, we have T = Rp;es.T since 1 — x|y = 0. By
uniqueness of the Laurent series expansion, we expand the equation
(9.28) in powers of pu:

0
(p—T "+ > ((p - )T - T’H) +0(u) =0
k=—n+1
and we require that all coefficients of the Laurent series expansion should
vanish. Hence we find a system of equations:

(p— QT " =0 (9.29)
Vk, —n+1<k <0, <(p Q)T - Tk_l) ~0. (9.30)

Then for T = Rpies.T on V, we have (p — Q)T° = (p — Q) RRies.T =
T-1. Also note that on the complement of V, (p — Q)Rprjes.T = 0 since
RRies:T = T because Rpjes, 1 is an extension of 7. Thus we have globally
(p — Q) RRies: T = T~1. Now the key fact is that if Spec(Q) N —N = () then
T—! =0 since T# has no poles at y = 0. Finally, if Spec(Q2) N —N # ) then
by an easy recursion:

(p=0)" ' Rpies:T = (p—Q)"T " = (p— )" T % =+ = (p—YT ™" =0,

which is the final equation we wanted to find. |

Example 9.4.2 We pick again our example of T = hin, its Riesz extension
satisfies the differential equations

1 1 —
(0 +n)RRies:T = <h7¢> mah 150

and
(P =+ n)zRRieszT =0.

The residue equation. A small comment before we state anything. The
role of the poles seems to disappear since we subtract them in order to define
the Riesz regularization, however they come back with a revenge when we
compute the residue or anomaly of the Riesz regularization. Following the
philosophy of Chapter 8, we define the residues of Rpjes, for the vector
field p by the simple equation: QRes,[T| = p(RRries:T') — RRies=(pT)-

Theorem 9.4.2 Let T € Fo(U \ I) and T~! is the coefficient of u=' in
the Laurent series expansion of the meromorphic function T* around p = 0.
Then Rpgies. satisfies the residue equation

Res,[T] =T . (9.31)

In particular the residue vanishes when Spec(Q) N —N = ().
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Comment: the residue fRes[T] is the holomorphic residue of T# at p = 0.

Proof — By Proposition (9.3.1), the residue vanishes if —Spec(2) NN =
0 because T}  admits no pole at u = 0 thus Rpjes:T) satisfies the same
equation as Ty, thus (p — Q — k)RRies: 1k = 0 = pRRies:Tk — RRieszpTk-
If & € —Spec(2) NN, then by equation 9.29, pRRries:Tk — RRies:pTx =
(p— Q — k)RRies: Tx. = Tk_1 which yields the result. [ |

9.5 The log and the 1-parameter RG.

Let us fix p and a current 7' € D (U \ I) N Fo(U \ I). Once we fix the
function x and the Euler vector field p, we can renormalize following the
Riesz extension since T' € Fqo(U\I), this is called choosing a renormalization
scheme. But in contrary to the flat case, if we change the Euler field p and
the function x, we change the renormalization scheme, and the extensions
will differ by a local counterterm which is a distribution supported on
I. We thus have some infinite dimensional space of choices. But if x,p
and the extension Rpgjes, is choosed, then we still have a one dimensional
degree of freedom left when we scale the cut-off function y by the flow
x — ePlogtsy 1« RT* which changes the length scale of our renormalization.
The idea of scaling the function y by the one parameter group e8¢ was
inspired by the reading of unpublished lecture notes of John Cardy [12] and
[13] Chapter 5 section (5.2). The mechanism we are going to explain allows
to relate the Bogoliubov, Epstein-Glaser technique with the 1-parameter
renormalization group of Bogoliubov Shirkov.

Example 9.5.1 Let us give some important comment on the physical mean-
ing of the variable ¢ in the case where the manifold is a configuration space
M? and I = dy is the diagonal of M?. When { — oo, the function X
will have a support shrinking to the diagonal ds. This means that we
must think of ¢~ in terms of characteristic length beetween pair of points
(x,y) € M? (think of them in terms of particles in the hard ball model, see
[13] p. 88). Then according to this interpretation £ — oo should be called
UV flow whereas £ — 0 is the IR flow. We describe the simple example of
the amplitude <d>2(x)<;52(y)> in the flat Euclidean case:

Cardy poor man’s renorm Our approach | Costello Heat kernel

Juo\(a_yony A7 (@ y)g(2)g(y)d'ad"y | (R'A% g2 9) | 5 7 T (Kig®g)

In Costello’s approach ([14] (4.2) p. 43), K, is the Heat kernel and the UV
reqularized two point function in the massless case is given by the formula
J7°dtKy .

Let T be a given current T' € D (U \ I). For each function x such that
x = 1 in a neighborhood of I and vanishes outside a tubular neighborhood



9.5. THE LOG AND THE 1-PARAMETER RG. 211

of I, we denote by R%iesz the corresponding Riesz regularization operator
constructed with yy:

Lax
¢ _ . m
<RRzesz > ;ILILH (1 § /B(Or QZWMk+1> 0 \ ~ ATy~ 1+T(1 XZ)

We shall state the renormalization group flow theorem for the Riesz regu-
larization. The residue PRes appears when we scale the bump function .

Theorem 9.5.1 LetT € Fo(U\I) and V¥l € R, the residue Res,[T]({) =
pRRwszT RC. pT. Then both R%iesz,%eﬁp[T] (0) satisfy the differential

Riesz
equations
d
KngRzeszT = meﬁP[T] (6) (932)
d n
(— | Res,[T](¢) = 0. (9.33)
dl
Thus Rf{sz scales like a polynomial of log € of degree n:
n k
1 (log0)k ( d
RRzeszT - RRieszT + ; k! ‘6@ mQEP[T](l) (934)

where the divergent part is a polynomial of degree n in log ¢ with coefficients
local counterterms.

Proof — From the decomposition T' =Y ;° T; where Vj, (p — Q — j)T; = 0,
by linearity of the Riesz extension and by the fact that Res,[T;] vanishes
for j large enough, we can reduce the proof to an element 7' € Fq(U \ I)
killed by p — €.
d d
=t (1 — ) — Tt
(g (T + 10— x0) = 0

= E% @)\MTﬂ)g}\ 1 —/ 7}\MT pw

Lax Lax
= 7)\“ p(T)\-14 — T)\H(PT)Q/)A—M
0 0

= pTH — QTH = (Q + p)T™ — QTH = T,

We obtain the simple equation ¢ @T”’Z = pTH. Expanding the Lh.s and the
r.h.s. of this equation in Laurent series and identifying the different terms
in the Laurent series expansion,

Z gdeTk‘f k‘ Z Tké k+1
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we deduce a system of linear equations:

d d
Vk > —n+41,0—-T% = TF16 and ¢— 177 = 0.(9.35)

dl dl
But since K%TO’Z = B%RfﬁeszT and from the fact that (6%)”“ 70t =
()" T = (04)" Res,[T)(€) = -+ = £LT™™ = 0, we must have

(f%)nﬂ RfﬁeszT = 0 which implies R%ieszT scales like a polynomial of

log ¢ of degree n. |
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