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F (z) =
∞
∑

n=0

(2n)!2

n!4
zn = 2F1

(

1/2, 1/2
1

; 16z

)

/♦❧✉+✐♦♥ ❞❡ ❧✬0?✉❛+✐♦♥ ❞✐✛0#❡♥+✐❡❧❧❡

D2y − 16z

(

D +
1

2

)2

y = 0, ❛✈❡❝D := z
d

dz
. ✭✶✳✵✳✶✮

❉✬❛♣#./ ❧❛ ♠0+❤♦❞❡ ❞❡ ❋#♦❜❡♥✐✉/ ✭✈♦✐# ❬✸✵❪✮✱ ♦♥ ♦❜+✐❡♥+ ✉♥❡ ❞❡✉①✐.♠❡ /♦❧✉+✐♦♥ G(z) +
log(z)F (z) ❞❡ ✭✶✳✵✳✶✮ ❧✐♥0❛✐#❡♠❡♥+ ✐♥❞0♣❡♥❞❛♥+❡ ❞❡ F ♦A

G(z) =
∞
∑

n=0

(2n)!2

n!4
(4H2n − 4Hn) z

n

❡+ Hn :=
∑n

i=1 1/i ❡/+ ❧❡ n✲✐.♠❡ ♥♦♠❜#❡ ❤❛#♠♦♥✐?✉❡✳ ▲❛ ❝♦♦*❞♦♥♥,❡ ❝❛♥♦♥✐.✉❡ ❛//♦❝✐0❡ C

✭✶✳✵✳✶✮ ❡/+ q(z) = exp
(

(G(z) + log(z)F (z))/F (z)
)

= z exp(G(z)/F (z))✳ ❖♥ ♣❡✉+ ✐♥✈❡#/❡#
❢♦#♠❡❧❧❡♠❡♥+ ❧❛ /0#✐❡ q(z) ❝❛# q(0) = 0✳ ▲✬❛♣♣❧✐❝❛+✐♦♥ ♠✐#♦✐# z(q) ❝♦##❡/♣♦♥❞❛♥+❡ ❡/+ ❧✬✐♥✲
✈❡#/❡ ❞❡ q(z) ♣♦✉# ❧❛ ❝♦♠♣♦/✐+✐♦♥ ❞❡/ /0#✐❡/ ❢♦#♠❡❧❧❡/✳ ■❧ ❡/+ ❜✐❡♥ ❝♦♥♥✉ ?✉❡ z(q) ❡/+ ✉♥❡
❢♦♥❝+✐♦♥ ♠♦❞✉❧❛✐#❡ ❞♦♥+ ♦♥ ❝♦♥/+❛+❡ ?✉❡ ❧❡/ ❝♦❡✣❝✐❡♥+/ /♦♥+ ❡♥+✐❡#/ ✭✈♦✐# ❬✶✽✱ ❙❡❝+✐♦♥ ✾❪

♣♦✉# ✉♥ ❡①♣♦/0 ❞❡ ♥♦♠❜#❡✉① ❡①❡♠♣❧❡/ ❞✬❛♣♣❧✐❝❛+✐♦♥/ ♠✐#♦✐# ❞✬♦#✐❣✐♥❡ ♠♦❞✉❧❛✐#❡✮✳ ❖♥ ❛ ❡♥

❢❛✐+

z(q) =
θ4
2(q)

16θ4
3(q)

= q
∞
∏

n=1

(1− q4n)8

(1− (−q)n)8
∈ Z[[q]],

✸



♦! θ2(q) =
∑∞

n=−∞ q(n+ 1
2
)2

❡# θ3(q) =
∑∞

n=−∞ qn2
$♦♥# ❞❡$ ❢♦♥❝#✐♦♥$ #❤+#❛ ❞❡ ❏❛❝♦❜✐✳ ❖♥ ❛

❛❧♦2$ ❧❡ ❞3✈❡❧♦♣♣❡♠❡♥# ❞❡ ❚❛②❧♦2

z(q) = q − 8q2 + 44q3 − 192q4 + 718q5 − 2400q6 + 7352q7 − 20992q8 + 56549q9 +O(q10).

❯♥ ❛✉#2❡ ❡①❡♠♣❧❡ ❝3❧<❜2❡✱ 3#✉❞✐3 ♣❛2 ❈❛♥❞❡❧❛$✱ ❞❡ ❧❛ ❖$$❛✱ ●2❡❡♥ ❡# @❛2❦❡$ ❞❛♥$ ❬✺❪✱

❡$# ❧❡ ❝❛$ ❞❡ ❧❛ $32✐❡ ❤②♣❡2❣3♦♠3#2✐F✉❡

F (z) =
∞
∑

n=0

(5n)!

(n!)5
zn = 4F3

(

1/5, 2/5, 3/5, 4/5
1, 1, 1

; 55z

)

,

$♦❧✉#✐♦♥ ❞❡ ❧✬3F✉❛#✐♦♥ ❞✐✛32❡♥#✐❡❧❧❡

D4y − 5z (5D + 1) (5D + 2) (5D + 3) (5D + 4) y = 0. ✭✶✳✵✳✷✮

❯♥❡ ❞❡✉①✐<♠❡ $♦❧✉#✐♦♥ ❞❡ ✭✶✳✵✳✷✮ ❧✐♥3❛✐2❡♠❡♥# ✐♥❞3♣❡♥❞❛♥#❡ ❞❡ F ❡$# G(z) + log(z)F (z)✱
♦!

G(z) =
∞
∑

n=0

(5n)!

(n!)5
(5H5n − 5Hn)z

n.

▲✬❛♣♣❧✐❝❛#✐♦♥ ♠✐2♦✐2 ❛$$♦❝✐3❡ ❡$# ❧✬✐♥✈❡2$❡ ♣♦✉2 ❧❛ ❝♦♠♣♦$✐#✐♦♥ ❞❡$ ❛♣♣❧✐❝❛#✐♦♥$ ❞❡ q(z) =
z exp(G(z)/F (z))✳ ❉❛♥$ ❝❡ ❝❛$✱ ❛✉❝✉♥❡ ♦2✐❣✐♥❡ ♠♦❞✉❧❛✐2❡ ♥✬❡$# ❛❝#✉❡❧❧❡♠❡♥# ❝♦♥♥✉❡ ♣♦✉2

z(q)✳ ❊♥ 2❡✈❛♥❝❤❡✱ ✉♥ 23$✉❧#❛# ❞❡ ▲✐❛♥ ❡# ❨❛✉✱ ❡①♣♦$3 ❞❛♥$ ❧❛ ♣❛2#✐❡ ✷✳✶✱ ❞♦♥♥❡ ❧✬✐♥#3❣2❛❧✐#3

❞❡$ ❝♦❡✣❝✐❡♥#$ ❞❡ ❚❛②❧♦2 S ❧✬♦2✐❣✐♥❡ ❞❡ q(z) ❡# z(q) ✿

q(z) = z + 770z2 + 1014275z3 + 1703916750z4 + 3286569025625z5 +O(z6)

❡#

z(q) = q − 770q2 + 171525q3 − 81623000q4 − 35423171250q5 − 54572818340154q6 +O(q7).

❉♦♥♥♦♥$ ♠❛✐♥#❡♥❛♥# ✉♥ ❡①❡♠♣❧❡ 3❣❛❧❡♠❡♥# ❝❧❛$$✐F✉❡ ❞✬❛♣♣❧✐❝❛#✐♦♥ ♠✐2♦✐2 ❞❡ ♣❧✉$✐❡✉2$

✈❛2✐❛❜❧❡$✱ 3#✉❞✐3 ❞❛♥$ ❬✸❪✱ ❬✷✽❪ ❡# ❬✶✼❪✳ ▲❛ $32✐❡

F (z1, z2) =
∑

m,n≥0

(3m+ 3n)!

m!3n!3
zm
1 zn

2 ✭✶✳✵✳✸✮

❡$# $♦❧✉#✐♦♥ ❞✉ $②$#<♠❡ ❞✬3F✉❛#✐♦♥$ ❞✐✛32❡♥#✐❡❧❧❡$

{

D3
1y − z1 (3D1 + 3D2 + 1) (3D1 + 3D2 + 2) (3D1 + 3D2 + 3) y = 0,

D3
2y − z2 (3D1 + 3D2 + 1) (3D1 + 3D2 + 2) (3D1 + 3D2 + 3) y = 0,

✹



♦! D1 = z1
d

dz1
❡# D2 = z2

d
dz2

✳ ❖♥ #'♦✉✈❡ ❞❡✉① ❛✉#'❡- -♦❧✉#✐♦♥- ❞❡ ❝❡ -②-#2♠❡ ❞❡ ❧❛ ❢♦'♠❡

G1(z1, z2) + log(z1)F (z1, z2) ❡# G2(z1, z2) + log(z2)F (z1, z2) ♦!

G1(z1, z2) =
∑

m,n≥0

(3m+ 3n)!

m!3n!3
(3H3m+3n − 3Hm)z

m
1 zn

2 ✭✶✳✵✳✹✮

❡#

G2(z1, z2) =
∑

m,n≥0

(3m+ 3n)!

m!3n!3
(3H3m+3n − 3Hn)z

m
1 zn

2 . ✭✶✳✵✳✺✮

❖♥ ❞;✜♥✐# ❧❡- ❝♦♦'❞♦♥♥;❡- ❝❛♥♦♥✐=✉❡- ❛--♦❝✐;❡- q1(z1, z2) = z1 exp(G1(z1, z2)/F (z1, z2))
❡# q2(z1, z2) = z2 exp(G(z1, z2)/F (z1, z2))✳ ▲❡- ❛♣♣❧✐❝❛#✐♦♥- ♠✐'♦✐' ❝♦''❡-♣♦♥❞❛♥#❡- -♦♥#

❞;✜♥✐❡- ❝♦♠♠❡ ;#❛♥# ❧❡- -;'✐❡- ❢♦'♠❡❧❧❡- z1(q1, q2) ❡# z2(q1, q2) #❡❧❧❡- =✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥

(q1, q2) 7→ (z1(q1, q2), z2(q1, q2))

-♦✐# ❧✬✐♥✈❡'-❡ ♣♦✉' ❧❛ ❝♦♠♣♦-✐#✐♦♥ ❞❡

(z1, z2) 7→ (q1(z1, z2), q2(z1, z2)).

❉✬❛♣'2- ❧❡ ❝♦'♦❧❧❛✐'❡ 1 ❞❡ ❬✶✼❪✱ ♦♥ ♦❜#✐❡♥# =✉❡ ❧❡- -;'✐❡- q1(z1, z2)✱ q2(z1, z2)✱ z1(q1, q2) ❡#

z2(q1, q2) ♦♥# #♦✉- ❧❡✉'- ❝♦❡✣❝✐❡♥#- ❞❡ ❚❛②❧♦' ❡♥#✐❡'-✳ ❊♥ ♣❛'#✐❝✉❧✐❡'✱ ♦♥ ❛

q1(z1, z2) = q2(z2, z1)

= z1 + 15z2
1 + 33z1z2 + 3339z2

1z2 + 1008z1z
2
2 + 312903z2

1z
2
2 +O(z3

1) +O(z3
2).

❉❛♥- ❧❛ -✉✐#❡ ❞❡ ❝❡##❡ #❤2-❡✱ ♥♦✉- ;#❛❜❧✐--♦♥- ✉♥❡ ❝♦♥❞✐#✐♦♥ ♥;❝❡--❛✐'❡ ❡# -✉✣-❛♥#❡ ♣♦✉'

❧✬✐♥#;❣'❛❧✐#; ❞❡- ❝♦❡✣❝✐❡♥#- ❞❡ ❚❛②❧♦' ❞❡- ❛♣♣❧✐❝❛#✐♦♥- ♠✐'♦✐' ❞;✜♥✐❡- ♣❛' ❞❡- =✉♦#✐❡♥#- ❞❡

❢❛❝#♦'✐❡❧❧❡- ❞❡ ❢♦'♠❡- ❧✐♥;❛✐'❡-✳ ▲❛ ❢♦'♠❡ ❣;♥;'❛❧❡ ❞❡- ❛♣♣❧✐❝❛#✐♦♥- ♠✐'♦✐' #'❛✐#;❡- ♣❛' ❝❡

❝'✐#2'❡ ❡♥❣❧♦❜❡ ❧❡- #'♦✐- ❡①❡♠♣❧❡- ♣';❝;❞❡♥#-✳

✶✳✶ ❉#✜♥✐'✐♦♥ ❞❡+ ❛♣♣❧✐❝❛'✐♦♥+ ♠✐1♦✐1

◆♦✉- ✐♥#'♦❞✉✐-♦♥- ❧❡- ♥♦#❛#✐♦♥- ♠✉❧#✐✲✐♥❞✐❝❡ -#❛♥❞❛'❞ -✉✐✈❛♥#❡-✳ ❙♦✐# d ∈ N✱ d ≥ 1✱
k ∈ {1, . . . , d} ❡# ❞❡- ✈❡❝#❡✉'- m := (m1, . . . ,md) ❡# n := (n1, . . . , nd) ❞❛♥- Rd

✱ ♦♥ ♥♦#❡

m ·n ❧❡ ♣'♦❞✉✐# -❝❛❧❛✐'❡ m1n1+ · · ·+mdnd ❡# m(k)
♣♦✉' mk✳ ❖♥ ♥♦#❡ m ≥ n -✐ ❡# -❡✉❧❡♠❡♥#

-✐ mi ≥ ni ♣♦✉' #♦✉# i ∈ {1, . . . , d}✳ ❉❡ ♣❧✉-✱ -✐ z := (z1, . . . , zd) ❡-# ✉♥ ✈❡❝#❡✉' ❞❡ ✈❛'✐❛❜❧❡-

❡# -✐ n := (n1, . . . , nd) ∈ Zd
✱ ♦♥ ♥♦#❡ zn

❧❡ ♣'♦❞✉✐# zn1
1 · · · znd

d ✳ ❊♥✜♥✱ ♦♥ ♥♦#❡ 0 ❧❡ ✈❡❝#❡✉'

(0, . . . , 0) ∈ Zd
✳

➱#❛♥# ❞♦♥♥;❡- e := (e1, . . . , eq1) ❡# f := (f1, . . . , fq2) ❞❡✉① -✉✐#❡- ❞❡ ✈❡❝#❡✉'- ❞❡ Nd
✱ ♦♥

♥♦#❡ |e| := ∑q1

i=1 ei✱ |f | :=
∑q2

i=1 fi ∈ Nd
❞❡ -♦'#❡ =✉❡✱ ♣♦✉' #♦✉# k ∈ {1, . . . , d}✱ ♦♥ ❛✐#

|e|(k) =
∑q1

i=1 e
(k)
i ❡# |f |(k) =

∑q2

i=1 f
(k)
i ✳ P♦✉' #♦✉# n ∈ Nd

✱ ♦♥ ♥♦#❡

Qe,f (n) :=
(e1 · n)! · · · (eq1 · n)!
(f1 · n)! · · · (fq2 · n)!

.

✺



❖♥ ❞#✜♥✐& ❧❡) )#*✐❡) ❢♦*♠❡❧❧❡)

Fe,f (z) :=
∑

n≥0

(e1 · n)! · · · (eq1 · n)!
(f1 · n)! · · · (fq2 · n)!

zn

❡&

Ge,f,k(z) :=
∑

n≥0

(e1 · n)! · · · (eq1 · n)!
(f1 · n)! · · · (fq2 · n)!

(

q1
∑

i=1

e
(k)
i Hei·n −

q2
∑

j=1

f
(k)
j Hfj ·n

)

zn, ✭✶✳✶✳✶✮

♦2 k ∈ {1, . . . , d} ❡&✱ ♣♦✉* &♦✉& m ∈ N✱ Hm :=
∑m

i=1
1
i
❡)& ❧❡ m✲✐7♠❡ ♥♦♠❜*❡ ❤❛*♠♦♥✐;✉❡✳

<❛* ❡①❡♠♣❧❡✱ ♦♥ *❡&*♦✉✈❡ ❧❡) )#*✐❡) ✭✶✳✵✳✸✮✱ ✭✶✳✵✳✹✮ ❡& ✭✶✳✵✳✺✮✱ ❡①♣♦)#❡) ❞❛♥) ❧✬✐♥&*♦❞✉❝&✐♦♥✱

❡♥ ♣*❡♥❛♥& e =
(

(3, 3)
)

❡& f =
(

(1, 0), (1, 0), (1, 0), (0, 1), (0, 1), (0, 1)
)

✳

▲❛ )#*✐❡ Fe,f (z) ❡)& ✉♥❡ )#*✐❡ A✲❤②♣❡*❣#♦♠#&*✐;✉❡ ✭✶✮ ❡& ❡)& ❞♦♥❝ )♦❧✉&✐♦♥ ❞✬✉♥ A✲
)②)&7♠❡ ❞✬#;✉❛&✐♦♥) ❞✐✛#*❡♥&✐❡❧❧❡) ❧✐♥#❛✐*❡)✳ ❉❛♥) ❝❡*&❛✐♥) ❝❛)✱ ♦♥ &*♦✉✈❡ d )♦❧✉&✐♦♥) )✉♣✲
♣❧#♠❡♥&❛✐*❡) J ❝❡ )②)&7♠❡ ❛✈❡❝ ❛✉ ♣❧✉) ❞❡) )✐♥❣✉❧❛*✐&#) ❧♦❣❛*✐&❤♠✐;✉❡) J ❧✬♦*✐❣✐♥❡✱ ❧❡)

Ge,f,k(z) + log(zk)F (z) ♣♦✉* k ∈ {1, . . . , d}✳ ◆#❛♥♠♦✐♥)✱ ♦♥ ♣❡✉& )❡ ❝♦♥&❡♥&❡* ❞❡ *❡❣❛*✲
❞❡* Ge,f,k(z) + log(zk)F (z) ❢♦*♠❡❧❧❡♠❡♥& )❛♥) )✬❛&&❛❝❤❡* J ✉♥❡ #;✉❛&✐♦♥ ❞✐✛#*❡♥&✐❡❧❧❡✳ ■❧
❛**✐✈❡ ❞✬❛✐❧❧❡✉*) ;✉❡ Ge,f,k(z) + log(zk)F (z) ♥❡ )♦✐& ♣❛) )♦❧✉&✐♦♥ ❞❡ ❧✬#;✉❛&✐♦♥ ❞✐✛#*❡♥&✐❡❧❧❡
♠✐♥✐♠❛❧❡ ❞❡ Fe,f (z) ❡& ;✉❡ ❧✬✐♥&#❣*❛❧✐&# ❞❡) ❝♦❡✣❝✐❡♥&) ❞❡ ❚❛②❧♦* ❞❡) ❛♣♣❧✐❝❛&✐♦♥) ♠✐*♦✐*
❝♦**❡)♣♦♥❞❛♥&❡) *❡)&❡ ✈❛❧❛❜❧❡✳

❉❛♥) ❧❡ ❝♦♥&❡①&❡ ❞❡ ❧❛ )②♠#&*✐❡ ♠✐*♦✐*✱ ❝❛) ♦2 |e| = |f |✱ ❧❡) d ❢♦♥❝&✐♦♥)

qe,f,k(z) := zk exp(Ge,f,k(z)/Fe,f (z)), k ∈ {1, . . . , d},

)♦♥& ❞❡) ❝♦♦"❞♦♥♥%❡' ❝❛♥♦♥✐*✉❡'✳ ▲✬✐♥✈❡*)❡ ♣♦✉* ❧❛ ❝♦♠♣♦)✐&✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥

z 7→ (qe,f,1(z), . . . , qe,f,d(z))

❞#✜♥✐& ❧❡ ✈❡❝&❡✉* (ze,f,1(q), . . . , ze,f,d(q)) ❞✬❛♣♣❧✐❝❛/✐♦♥' ♠✐"♦✐"✳ ▲♦*);✉❡ d = 1✱ ✐❧ ♥✬② ❛
;✉✬✉♥❡ )❡✉❧❡ ❝♦♦*❞♦♥♥#❡ ❝❛♥♦♥✐;✉❡ ❡& ;✉✬✉♥❡ )❡✉❧❡ ❛♣♣❧✐❝❛&✐♦♥ ♠✐*♦✐* ;✉❡ ❧✬♦♥ ♥♦&❡ *❡)♣❡❝✲

&✐✈❡♠❡♥& qe,f (z) ❡& ze,f (q)✳

▲✬✉♥ ❞❡' ♣"✐♥❝✐♣❛✉① "%'✉❧/❛/' ❞❡ ❝❡//❡ /❤4'❡ %/❛❜❧✐/ ✉♥❡ ❝♦♥❞✐/✐♦♥ ♥%❝❡''❛✐"❡ ❡/

'✉✣'❛♥/❡ ♣♦✉" ❧✬✐♥/%❣"❛❧✐/% ❞❡' ❝♦❡✣❝✐❡♥/' ❞❡ ❚❛②❧♦" ❞❡' d ❛♣♣❧✐❝❛/✐♦♥' ♠✐✲

"♦✐" ze,f,k(q)✱ ❝✬❡'/✲<✲❞✐"❡ ❞%/❡"♠✐♥❡ '♦✉' *✉❡❧❧❡' ❝♦♥❞✐/✐♦♥'✱ ♣♦✉" /♦✉/ k ∈
{1, . . . , d}✱ ♦♥ ❛ ze,f,k(q) ∈ Z[[q]]✳ ❈❡ "%'✉❧/❛/ ❡'/ ❧❡ /❤%♦"4♠❡ ✶ %♥♦♥❝% ❞❛♥' ❧❛

♣❛"/✐❡ ✷✳✷✳

❉❛♥) ❧❡ ❝♦♥&❡①&❡ ❞❡ &❤#♦*✐❡ ❞❡) ♥♦♠❜*❡) ❞❡ ❝❡&&❡ &❤7)❡✱ ❧✬❛♣♣❧✐❝❛&✐♦♥ ♠✐*♦✐* ze,f,k(q) ❡&
❧❛ ❝♦♦*❞♦♥♥#❡ ❝❛♥♦♥✐;✉❡ ❝♦**❡)♣♦♥❞❛♥&❡ qe,f,k(z) ❥♦✉❡♥& ❡①❛❝&❡♠❡♥& ❧❡ ♠P♠❡ *Q❧❡ ❝❛*✱ ♣♦✉*
&♦✉& k ∈ {1, . . . , d}✱ ♦♥ ❛ qe,f,k(z) ∈ zkZ[[z]] )✐ ❡& )❡✉❧❡♠❡♥& )✐✱ ♣♦✉* &♦✉& k ∈ {1, . . . , d}✱ ♦♥ ❛

✶

▲❡" "#$✐❡" A✲❤②♣❡$❣#♦♠#-$✐.✉❡" "♦♥- ❛✉""✐ ❞#♥♦♠♠#❡" "#$✐❡" ❤②♣❡$❣#♦♠#-$✐.✉❡" ●❑❩✳ ❱♦✐$ ❬✷✽❪ ♣♦✉$
✉♥❡ ✐♥-$♦❞✉❝-✐♦♥ = ❝❡" "#$✐❡"✱ .✉✐ ❣#♥#$❛❧✐"❡♥- ❡♥ ♣❧✉"✐❡✉$" ✈❛$✐❛❜❧❡" ❧❡" "#$✐❡" ❤②♣❡$❣#♦♠#-$✐.✉❡" ❝❧❛""✐.✉❡"✳

✻



ze,f,k(q) ∈ qkZ[[q]] ✭✈♦✐$ ❬✶✼✱ )❛$+✐❡ ✶✳✷❪✮✳ ❖♥ ❢♦$♠✉❧❡$❛ ❞♦♥❝ ❧❡ ❝$✐+9$❡ ♣♦✉$ ❧❡; ❝♦♦$❞♦♥♥<❡;

❝❛♥♦♥✐=✉❡; ✉♥✐=✉❡♠❡♥+ ♠❛✐; ✐❧ ✈❛✉+ ❛✉;;✐ ♣♦✉$ ❧❡; ❛♣♣❧✐❝❛+✐♦♥; ♠✐$♦✐$✳

❈❡ ❝$✐+9$❡ ;✬❛♣♣❧✐=✉❡ ❛✉① ;✉✐+❡; e ❡+ f +❡❧❧❡; =✉❡ |e| = |f |✳ ❉❛♥; ❧❡ ❝❛; ♦B ✐❧ ❡①✐;+❡

k ∈ {1, . . . , d} +❡❧ =✉❡ |e|(k) > |f |(k)
✱ ♥♦✉; ♠♦♥+$♦♥; =✉❡ ❧❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦$ ❞❡

ze,f,k(q) ❡+ qe,f,k(z) ♥❡ ;♦♥+ ♣❛; +♦✉; ❡♥+✐❡$;✱ ❝❡ $<;✉❧+❛+ ❡;+ ❧❡ +❤<♦$9♠❡ ✸ <♥♦♥❝< ❞❛♥; ❧❛

♣❛$+✐❡ ✷✳✷✳

✶✳✷ ▼♦%✐✈❛%✐♦♥*

❘❡♣$❡♥♦♥; ❧✬❡①❡♠♣❧❡ ♣$<;❡♥+< ❡♥ ✐♥+$♦❞✉❝+✐♦♥ ❝♦$$❡;♣♦♥❞❛♥+ ❛✉ ❝❤♦✐① ❞❡; ♣❛$❛♠9+$❡;

d = 1✱ e = (2, 2) ❡+ f = (1, 1, 1, 1)✳ ❖♥ ❛ ❞♦♥❝

Fe,f (z) =
∞
∑

n=0

(2n)!2

n!4
zn ∈ Z[[z]].

❈♦♠♠❡ ♥♦✉; ❧✬❛✈♦♥; ♠❡♥+✐♦♥♥< ♣❧✉; ❤❛✉+✱ ❧✬❛♣♣❧✐❝❛+✐♦♥ ♠✐$♦✐$ ze,f (q) ❡;+ ❞✬♦$✐❣✐♥❡ ♠♦❞✉✲

❧❛✐$❡ ❡+ ♦♥ ❛

z(q) =
θ4
2(q)

16θ4
3(q)

= q

∞
∏

n=1

(1− q4n)8

(1− (−q)n)8
∈ Z[[q]],

♦B θ2(q) =
∑∞

n=−∞ q(n+ 1
2
)2

❡+ θ3(q) =
∑∞

n=−∞ qn2
;♦♥+ ❞❡; ❢♦♥❝+✐♦♥; +❤K+❛ ❞❡ ❏❛❝♦❜✐✳

❉<✜♥✐;;♦♥; ❧✬❛♣♣❧✐❝❛+✐♦♥ F̃ (q) := Fe,f (ze,f (q))✳ ❈♦♠♠❡ ❧❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦$ ❞❡ Fe,f

❡+ ze,f ;♦♥+ ❡♥+✐❡$;✱ ❝❡✉① ❞❡ F̃ ❧❡ ;♦♥+ ❛✉;;✐✳ )❧✉; ♣$<❝✐;<♠❡♥+✱ ❞✬❛♣$9; ❬✷❪✱ ♦♥ ❛

F̃ (q) = θ3(q)
2.

▲✬✐♥+<❣$❛❧✐+< ❡+ ❧❛ ❢❛✐❜❧❡ ❝$♦✐;;❛♥❝❡ ❞❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦$ ❞❡ F̃ ♣❡$♠❡++❡♥+ P ❆♥❞$<✱

❞❛♥; ❬✷❪✱ ❞✬❛♣♣❧✐=✉❡$ ;❛ ♠<+❤♦❞❡ ❞✬✉♥✐❢♦$♠✐;❛+✐♦♥ ❛❞<❧✐=✉❡ ;✐♠✉❧+❛♥<❡ ❡+ ❞❡ $❡❞<♠♦♥+$❡$

❧✬✐♥❞<♣❡♥❞❛♥❝❡ ❛❧❣<❜$✐=✉❡ ;✉$ Q ❞❡ π ❡+ Γ(1/4)✱ ♦✉ ❡♥❝♦$❡ ❞❡ π ❡+ Γ(1/3) ✭$<;✉❧+❛+ ❞R P

❈❤✉❞♥♦✈;❦✐ ❡♥ ✶✾✼✹✮✱ ♦B Γ ❡;+ ❧❛ ❢♦♥❝+✐♦♥ ●❛♠♠❛ ❞✬❊✉❧❡$✳

▲❡ ❝$✐+9$❡ =✉❡ ♥♦✉; ❞<♠♦♥+$♦♥; ❞❛♥; ❝❡++❡ +❤9;❡ ♣❡$♠❡+ ❞❡ ❝♦♥♥❛X+$❡ ❞❡ ♥♦♠❜$❡✉;❡;

♥♦✉✈❡❧❧❡; ❛♣♣❧✐❝❛+✐♦♥; ♠✐$♦✐$ ❞♦♥+ ❧❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦$ ;♦♥+ ❡♥+✐❡$;✳ ❊♥ $❡✈❛♥❝❤❡✱ ♥♦✉;

♥✬❛❜♦$❞♦♥; ♣❛; ❧❛ =✉❡;+✐♦♥ ❞❡ ❝♦♥♥❛X+$❡ ❧❛ ❝$♦✐;;❛♥❝❡ ❞❡ ❧❡✉$; ❝♦❡✣❝✐❡♥+;✳ ❈❡++❡ =✉❡;+✐♦♥

❛ $<❝❡♠♠❡♥+ <+❛✐+ ❛❜♦$❞<❡ ♣❛$ ❑$❛++❡♥+❤❛❧❡$ ❡+ ❘✐✈♦❛❧ ❞❛♥; ❬✶✽❪ ♦B ✐❧; <+✉❞✐❡♥+ ❡♥ ❞<+❛✐❧

❧❡; $❛②♦♥; ❞❡ ❝♦♥✈❡$❣❡♥❝❡ ❞❡ qe,f (z) ❡+ ze,f (q) ♣♦✉$ ✉♥ ❝❡$+❛✐♥ +②♣❡ ❞❡ ;✉✐+❡; e ❡+ f ✳

❯♥❡ ❛✉+$❡ ♠♦+✐✈❛+✐♦♥ ❡;+ ❧✐<❡ P ❧✬❡①❡♠♣❧❡ ❞❡ ❈❛♥❞❡❧❛;✱ ❞❡ ❧❛ ❖;;❛✱ ●$❡❡♥ ❡+ )❛$❦❡;✱

❛;;♦❝✐< P ❧❛ ❢❛♠✐❧❧❡ M ❞✬❤②♣❡$;✉$❢❛❝❡; =✉✐♥+✐=✉❡; ❞❡ P4(C) ❞<✜♥✐❡; ♣❛$

5
∑

k=1

x5
k − 5z

5
∏

k=1

xk = 0 (z ∈ C).

❉❛♥; ❬✺❪✱ ❈❛♥❞❡❧❛; ❡+ ❛❧✳ ❛;;♦❝✐❡♥+ P M ;❛ ❢❛♠✐❧❧❡ ♠✐$♦✐$ W ❞❡ ✈❛$✐<+<; ❞❡ ❈❛❧❛❜✐✲❨❛✉✳ ❖♥

❛;;♦❝✐❡ ❛❧♦$; P W ✉♥ ✈❡❝+❡✉$; ❞❡ ♣<$✐♦❞❡; =✉✐ ;♦♥+ ;♦❧✉+✐♦♥; ❞❡ ❧✬<=✉❛+✐♦♥ ❞✐✛<$❡♥+✐❡❧❧❡

(

D4 − 5z(5D + 1)(5D + 2)(5D + 3)(5D + 4)
)

y = 0, ♦B D = z
d

dz
. ✭✶✳✷✳✶✮

✼



❯♥❡ #♦❧✉'✐♦♥ ❤♦❧♦♠♦+♣❤❡ ❡♥ 0 ❞❡ ✭✶✳✷✳✶✮ ❡#' ❧❛ #4+✐❡ ❤②♣❡+❣4♦♠4'+✐7✉❡

Fe,f (z) =
∞
∑

n=0

(5n)!

(n!)5
zn,

❝♦++❡#♣♦♥❞❛♥' ❛✉① ♣❛+❛♠:'+❡# e = (5) ❡' f = (1, 1, 1, 1, 1)✳ ❯♥❡ ❞❡✉①✐:♠❡ #♦❧✉'✐♦♥ ❞❡
✭✶✳✷✳✶✮ ❧✐♥4❛✐+❡♠❡♥' ✐♥❞4♣❡♥❞❛♥'❡ ❞❡ Fe,f ❡#' Ge,f (z)+ log(z)Fe,f (z)✱ ♦< Ge,f (z) ❡#' ❧❛ #4+✐❡
❞4✜♥✐❡ ♣❛+ ✭✶✳✶✳✶✮ ✿

Ge,f (z) =
∞
∑

n=1

(5n)!

(n!)5
(5H5n − 5Hn) z

n.

❉❛♥# ❝❡ ❝❛# ♣+4❝✐#✱ ❧✬❛❝❝♦✉♣❧❡♠❡♥) ❞❡ ❨✉❦❛✇❛ K(q) ❛##♦❝✐4 A ❝❡''❡ ❝♦♥#'+✉❝'✐♦♥ #✬❡①♣+✐♠❡
❝♦♠♠❡

K(q) =
5

1− 55ze,f (q)
· 1

Fe,f (ze,f (q))2
·
(

qz′e,f (q)

ze,f (q)

)3

∈ Q[[q]]. ✭✶✳✷✳✷✮

➱❝+✐✈♦♥# K(q) =
∑∞

n=0 anq
n
✳ ❖♥ ♣❡✉' ❛❧♦+# 4❝+✐+❡ K(q) ❡♥ #4+✐❡ ❞❡ ▲❛♠❜❡+'

K(q) = a0 +
∞
∑

n=1

kn
qn

1− qn
,

❛✈❡❝ kn =
∑

d|n µ(n/d)ad ♦< µ ❡#' ❧❛ ❢♦♥❝'✐♦♥ ❞❡ ▼I❜✐✉#✳ ◆♦✉# +❡♥✈♦②♦♥# ❛✉① ❛+'✐❝❧❡# ❬✺❪✱
❬✷✹❪✱ ❬✷✺❪ ❡' ❬✷✾❪ ♣♦✉+ ❧✬✐♥'4+P' ❣4♦♠4'+✐7✉❡ ♣♦+'4 A ❝❡''❡ ❝♦♥#'+✉❝'✐♦♥ ❡' ❛✉① ♥♦♠❜+❡# kn

7✉✐ #♦♥' ❧✐4# ❛✉① ✐♥✈❛+✐❛♥'# ❞❡ ●+♦♠♦✈✕❲✐''❡♥✳

❉✬❛♣+:# ✉♥ +4#✉❧'❛' ❞❡ ▲✐❛♥ ❡' ❨❛✉ ✭✈♦✐+ ♣❛+'✐❡ ✷✳✶✮✱ ♦♥ #❛✐' 7✉❡ ze,f (q) ∈ q(1+ qZ[[q]])✳
❉❡ ♣❧✉#✱ ❝♦♠♠❡ Fe,f (z) ∈ 1 + zZ[[z]]✱ ♦♥ ♦❜'✐❡♥'✱ ❞✬❛♣+:# ✭✶✳✷✳✷✮✱ 7✉❡ K(q) ∈ Z[[q]]✳ ❊♥
♣❛+'✐❝✉❧✐❡+✱ ♣♦✉+ '♦✉' n ∈ N✱ n ≥ 1✱ ♦♥ ❛ kn ∈ Z✳
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✷✳✶ ❘$%✉❧(❛(% ❛♥($+✐❡✉+%

❉❛♥# ❧❛ ❧✐&&'(❛&✉(❡✱ ♦♥ ♣❡✉& ❞✐#&✐♥❣✉❡( &(♦✐# ('#✉❧&❛&# ❞❡ ❣'♥'(❛❧✐&' ❝(♦✐##❛♥&❡ '&❛❜❧✐##❛♥&

❧✬✐♥&'❣(❛❧✐&' ❞❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦( ❞✬❛♣♣❧✐❝❛&✐♦♥# ♠✐(♦✐( ❞✬✉♥❡ ✈❛(✐❛❜❧❡ ❧♦(#8✉❡ |e| = |f |✳
▲❡ ♣(❡♠✐❡( ('#✉❧&❛& ❛ '&' ❞'♠♦♥&(' ♣❛( ▲✐❛♥ ❡& ❨❛✉ ❞❛♥# ❬✷✶❪✱ ❞❛♥# ❧❡ ❝❛# ♦@

Qe,f (n) =
(pn)!

(n!)p
,

♦@ p ❡#& ✉♥ ♥♦♠❜(❡ ♣(❡♠✐❡(✳
❈❡ ('#✉❧&❛& ❛ '&' ❣'♥'(❛❧✐#' ♣❛( ❩✉❞✐❧✐♥ ❞❛♥# ❬✸✷❪✳ ❙♦✐& N ∈ N ❡& N = pa1

1 . . . paℓ

ℓ #❛

❞'❝♦♠♣♦#✐&✐♦♥ ❡♥ ❢❛❝&❡✉(# ♣(❡♠✐❡(#✳ ❖♥ ♥♦&❡ AN ❡& BN ❧❡# ♠✉❧&✐✲❡♥#❡♠❜❧❡# ✭
✶

✮ ❞'✜♥✐# ♣❛(

AN :=

{

N,
N

pj1pj2

,
N

pj1pj2pj3pj4

, . . .

}

1≤j1<j2<···≤ℓ

❡&

BN :=

{

1, . . . , 1,
N

pj1

,
N

pj1pj2pj3

, . . .

}

1≤j1<j2<···≤ℓ

,

❛✈❡❝ ✉♥ ♥♦♠❜(❡ ❞❡ 1 ❞❛♥# Bn '❣❛❧ K ϕ(N)✱ ♦@ ϕ ❡#& ❧❛ ❢♦♥❝&✐♦♥ ✐♥❞✐❝❛&(✐❝❡ ❞✬❊✉❧❡( ✭

✷

✮✳

❩✉❞✐❧✐♥ ❛ ♠♦♥&(' 8✉❡ #✐ e ❡#& ✉♥❡ #✉✐&❡ ❝♦♥#&✐&✉'❡ ❞❡# '❧'♠❡♥&# ❞✉ ♠✉❧&✐✲❡♥#❡♠❜❧❡
⋃k

i=1 ANi

❡& #✐ f ❡#& ✉♥❡ #✉✐&❡ ❝♦♥#&✐&✉'❡ ❞❡# '❧'♠❡♥&# ❞✉ ♠✉❧&✐✲❡♥#❡♠❜❧❡
⋃k

i=1 BNi
✱ ♦@ ❧❡# Ni #♦♥& ❞❡#

❡♥&✐❡(# #&(✐❝&❡♠❡♥& ♣♦#✐&✐❢# ❛②❛♥& ❧❡ ♠M♠❡ ❡♥#❡♠❜❧❡ ❞❡ ❞✐✈✐#❡✉(# ♣(❡♠✐❡(#✱ ❛❧♦(# ❧✬❛♣♣❧✐❝❛&✐♦♥

♠✐(♦✐( ❛##♦❝✐'❡ K e ❡& f ❛ &♦✉# #❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦( ❡♥&✐❡(# ✭

✸

✮ ✭♣❛( ❝♦♥#&(✉❝&✐♦♥

✶

❯♥ ♠✉❧%✐✲❡♥)❡♠❜❧❡ ❡)% ✉♥ ❡♥)❡♠❜❧❡ ❞❛♥) ❧❡-✉❡❧ ♦♥ ❛✉%♦/✐)❡ ❧❡) /0♣0%✐%✐♦♥) ❞❡) 0❧0♠❡♥%)✳

✷

3♦✉/ %♦✉% n ∈ N✱ n ≥ 1✱ ϕ(n) ❡)% ❧❡ ♥♦♠❜/❡ ❞✬❡♥%✐❡/) k ♣/❡♠✐❡/) ❛✈❡❝ n %❡❧) -✉❡ 1 ≤ k ≤ n✳
✸

▲❡ ❝❛) %/❛✐%0 ♣❛/ ▲✐❛♥ ❡% ❨❛✉ ❝♦//❡)♣♦♥❞ ❛✉ ❝❤♦✐① ❞❡) ♣❛/❛♠<%/❡) k = 1 ❡% N1 = p ❛✈❡❝ p ♣/❡♠✐❡/✳

✶✵



|e| = |f |✮✳ "❛$ ❡①❡♠♣❧❡✱ ♦♥ ♣❡✉. ❛♣♣❧✐0✉❡$ ❧❡ .❤2♦$3♠❡ ❞❡ ❩✉❞✐❧✐♥ ❛✉① 6✉✐.❡6

Qe,f (n) =
(4n)!

(2n)!(n!)2
❡. Qe,f (n) =

(12n)!

(3n)!(4n)!(n!)5
,

$❡6♣❡❝.✐✈❡♠❡♥. ❛..❛❝❤2❡6 ❛✉① ❝❤♦✐① ❞❡6 ♣❛$❛♠3.$❡6 k = 1✱ N1 = 4 ❡. k = 2✱ N1 = 6✱
N2 = 12✳

❊♥✜♥✱ ❑$❛..❡♥.❤❛❧❡$ ❡. ❘✐✈♦❛❧ ♦♥. ❞2♠♦♥.$2 ❧❛ ❝♦♥❥❡❝.✉$❡ ❞❡ ❩✉❞✐❧✐♥ 2♥♦♥❝2❡ ♣✳ ✻✵✺ ❞❡

❬✸✷❪✱ 0✉✐ ❝♦$$❡6♣♦♥❞ E ❧✬2♥♦♥❝2 6✉✐✈❛♥.✳

❚❤"♦$%♠❡ ❆✳ ❙♦✐# k ∈ N✱ k ≥ 1✱ ❡# N1, . . . , Nk ❞❡' ❡♥#✐❡)' '#)✐❝#❡♠❡♥# ♣♦'✐#✐❢'✳ ❙♦✐# e
❧❛ '✉✐#❡ ❝♦♥'#✐#✉2❡ ❞❡' 2❧2♠❡♥#' ❞✉ ♠✉❧#✐✲❡♥'❡♠❜❧❡

⋃k
i=1 ANi

❡# f ❧❛ '✉✐#❡ ❝♦♥'#✐#✉2❡ ❞❡'

2❧2♠❡♥#' ❞✉ ♠✉❧#✐✲❡♥'❡♠❜❧❡

⋃k
i=1 BNi

✳ ❆❧♦)' ❧✬❛♣♣❧✐❝❛#✐♦♥ ♠✐)♦✐) ❛''♦❝✐2❡ 7 e ❡# f ❛ #♦✉'

'❡' ❝♦❡✣❝✐❡♥#' ❞❡ ❚❛②❧♦) ❡♥#✐❡)' ✭♣❛) ❝♦♥'#)✉❝#✐♦♥ |e| = |f |✮✳

◆♦✉6 ❛❧❧♦♥6 $❡❢♦$♠✉❧❡$ ❧❡ .❤2♦$3♠❡ ❆ ❡♥ ♣♦$.❛♥. ❧❡6 ❝♦♥❞✐.✐♦♥6 6✉$ ❧❛ ❢♦♥❝.✐♦♥ ∆e,f ❞❡

▲❛♥❞❛✉ ❞2✜♥✐❡✱ ♣♦✉$ .♦✉. x ∈ R ✭

✹

✮✱ ♣❛$

∆e,f (x) :=

q1
∑

i=1

⌊eix⌋ −
q2
∑

j=1

⌊fjx⌋,

♦L ⌊·⌋ ❡6. ❧❛ ❢♦♥❝.✐♦♥ ♣❛$.✐❡ ❡♥.✐3$❡✳ ■❧ 6✬❛✈3$❡ 0✉❡ ❧❡ ❝❛6 .$❛✐.2 ♣❛$ ❧❡ .❤2♦$3♠❡ ❆ ❝♦$$❡6♣♦♥❞

❡①❛❝.❡♠❡♠❡♥. ❛✉① 6✉✐.❡6 e ❡. f ✈2$✐✜❛♥. |e| = |f | ❡. .❡❧❧❡6 0✉❡ ∆e,f ❡6. ❝$♦✐66❛♥.❡ 6✉$ [0, 1[
✭

✺

✮✳ ❖♥ ♣❡✉. ❞♦♥❝ $❡❢♦$♠✉❧❡$ ❧❡ .❤2♦$3♠❡ ❆ ❝♦♠♠❡ 6✉✐.✳

❚❤"♦$%♠❡ ❆ ❜✐,✳ ❙♦✐# e ❡# f ❞❡✉① '✉✐#❡' ❞✬❡♥#✐❡)' ♣♦'✐#✐❢' ✈2)✐✜❛♥# |e| = |f |✳ ❙✐ ∆e,f ❡'#

❝)♦✐''❛♥#❡ '✉) [0, 1[✱ ❛❧♦)' qe,f (z) ∈ zZ[[z]].

❉❛♥6 ❧❡ ❝❛6 ❞❡ ♣❧✉6✐❡✉$6 ✈❛$✐❛❜❧❡6✱ ❑$❛..❡♥.❤❛❧❡$ ❡. ❘✐✈♦❛❧ ♦♥. ♠♦♥.$2 ❬✶✼✱ ❈♦$♦❧❧❛✐$❡ ✶❪

❧✬✐♥.2❣$❛❧✐.2 ❞❡6 ❝♦❡✣❝✐❡♥.6 ❞❡ ❚❛②❧♦$ ❞✬❛♣♣❧✐❝❛.✐♦♥6 ♠✐$♦✐$ ❛♣♣❛$.❡♥❛♥. E ❞❡ ❧❛$❣❡6 ❢❛♠✐❧❧❡6

✐♥✜♥✐❡6✳ ❆✜♥ ❞✬2♥♦♥❝❡$ ❝❡ $26✉❧.❛.✱ ♣♦✉$ .♦✉. k ∈ {1, . . . , d}✱ ♦♥ ♥♦.❡ 1k ❧❡ ✈❡❝.❡✉$ ❞❡ Nd

❞♦♥. .♦✉.❡6 ❧❡6 ❝♦♦$❞♦♥♥2❡6 6♦♥. ♥✉❧❧❡6 6❛✉❢ ❧❛ k✲✐3♠❡ 0✉✐ ✈❛✉. 1✳

❚❤"♦$%♠❡ ❇✳ ❙♦✐# e ❡# f ❞❡✉① '✉✐#❡' ❞❡ ✈❡❝#❡✉)' ❞❡ Nd
✈2)✐✜❛♥# |e| = |f | ❡# #❡❧❧❡' @✉❡ f

'♦✐# ✉♥✐@✉❡♠❡♥# ❝♦♥'#✐#✉2❡ ❞❡ ✈❡❝#❡✉)' ❞❡ ❧❛ ❢♦)♠❡ 1k ❛✈❡❝ k ∈ {1, . . . , d}✳ ❆❧♦)'✱ ♣♦✉) #♦✉#
k ∈ {1, . . . , d}✱ ♦♥ ❛ qe,f,k(z) ∈ zkZ[[z]]✳

❙✐ ❧✬♦♥ $❡6.$❡✐♥. ❧❡ .❤2♦$3♠❡ ❇ ❛✉ ❝❛6 ❞✬✉♥❡ ✈❛$✐❛❜❧❡✱ ❛❧♦$6 ✐❧ ❡6. ❝♦♥.❡♥✉ 6.$✐❝.❡♠❡♥.

❞❛♥6 ❧❡ .❤2♦$3♠❡ ❆✳ ❊♥ ❡✛❡.✱ ❧❡6 6✉✐.❡6 e ❡. f .$❛✐.2❡6 ♣❛$ ❧❡ .❤2♦$3♠❡ ❇ 6♦♥. ❝❡❧❧❡6 0✉✐

✈2$✐✜❡♥. |e| = |f | ❡. ♣♦✉$ ❧❡60✉❡❧❧❡6 ✐❧ ❡①✐6.❡ N ∈ N .❡❧ 0✉❡ e = (N) ❡. f = (1, . . . , 1)✱ f
2.❛♥. 2✈❡♥.✉❡❧❧❡♠❡♥. ✈✐❞❡✳ "♦✉$ .♦✉. x ∈ [0, 1[✱ ♦♥ ♦❜.✐❡♥. 0✉❡

∆e,f (x) = ⌊Nx⌋ −N⌊x⌋ = ⌊Nx⌋.
✹

◆♦✉# ❞♦♥♥♦♥# ✉♥❡ ❞'✜♥✐*✐♦♥ ❞❡ ❧❛ ❢♦♥❝*✐♦♥ ❞❡ ▲❛♥❞❛✉ ❡♥ ♣❧✉#✐❡✉1# ✈❛1✐❛❜❧❡# ❞❛♥# ❧❛ ♣❛1*✐❡ #✉✐✈❛♥*❡✳

✺

❱♦✐1 ❧❛ ✜♥ ❞❡ ❧❛ ♣❛1*✐❡ ✹✳✷ ♣♦✉1 ✉♥❡ ❡①♣❧✐❝❛*✐♦♥ ❞'*❛✐❧❧'❡✳

✶✶



❉♦♥❝ ∆e,f ❡%& ❜✐❡♥ ❝)♦✐%%❛♥&❡ %✉) [0, 1[✳

-♦✉) ♣)♦✉✈❡) ❧❡% &❤2♦)3♠❡% A ❡& B✱ ❑)❛&&❡♥&❤❛❧❡) ❡& ❘✐✈♦❛❧ ♦♥& ✐♥&)♦❞✉✐& ❞❡% ❛♣✲
♣❧✐❝❛&✐♦♥% ❞❡  ②♣❡ ♠✐&♦✐& ❞♦♥& ❧✬✐♥&2❣)❛❧✐&2 ❞❡% ❝♦❡✣❝✐❡♥&% ❞❡ ❚❛②❧♦) ✐♠♣❧✐?✉❡ ❝❡❧❧❡ ❞❡%

❝♦❡✣❝✐❡♥&% ❞❡ ❚❛②❧♦) ❞❡% ❛♣♣❧✐❝❛&✐♦♥% ♠✐)♦✐) ❛%%♦❝✐2❡%✳ -❧✉% ♣)2❝✐%2♠❡♥&✱ ♣♦✉) &♦✉&❡%

%✉✐&❡% e ❡& f ❞❡ ✈❡❝&❡✉)% ❞❡ Nd
❡& &♦✉& L ∈ Nd

✱ ♦♥ ❞2✜♥✐& ❧✬❛♣♣❧✐❝❛&✐♦♥ ❞❡  ②♣❡ ♠✐&♦✐&

qL,e,f (z) := exp(GL,e,f (z)/Fe,f (z))✱ ♦A GL,e,f ❡%& ❧❛ %2)✐❡ ❢♦)♠❡❧❧❡

GL,e,f (z) :=
∑

n≥0

(e1 · n)! · · · (eq1 · n)!
(f1 · n)! · · · (fq2 · n)!

HL·n zn. ✭✷✳✶✳✶✮

❖♥ ♥♦&❡ Ee,f ❧✬❡♥%❡♠❜❧❡ ❞❡% L ∈ Nd \ {0} &❡❧% ?✉✬✐❧ ❡①✐%&❡ d ∈ {e1, . . . , eq1 , f1, . . . , fq2}
✈2)✐✜❛♥& L ≤ d✳ ❖♥ ❛ qL,e,f (z) ∈ 1 +

∑d
j=1 zjQ[[z]] ❡&

z−1
k qe,f,k(z) =

(

q1
∏

i=1

(

qei,e,f (z)
)e

(k)
i

)

/

(

q2
∏

j=1

(

qfj ,e,f (z)
)f

(k)
j

)

, ✭✷✳✶✳✷✮

❞❡ %♦)&❡ ?✉❡ %✐✱ ♣♦✉) &♦✉& L ∈ Ee,f ✱ ♦♥ ❛ qL,e,f (z) ∈ Z[[z]]✱ ❛❧♦)%✱ ♣♦✉) &♦✉& k ∈ {1, . . . , d}✱
♦♥ ❛ qe,f,k(z) ∈ zkZ[[z]]✳ ❆✐♥%✐✱ ❧❡% &❤2♦)3♠❡% ❈ ✭❚❤2♦)3♠❡ ✷ ❞❡ ❬✶✼❪✮ ❡& ❉ ✭❚❤2♦)3♠❡ ✶ ❞❡
❬✶✺❪✮ ✐♠♣❧✐?✉❡♥& )❡%♣❡❝&✐✈❡♠❡♥& ❧❡% &❤2♦)3♠❡% ❇ ❡& ❆✳

❚❤"♦$%♠❡ ❈✳ ❙♦✐ e ❡ f ❞❡✉① ,✉✐ ❡, ❞❡ ✈❡❝ ❡✉&, ❞❡ Nd
✈/&✐✜❛♥ |e| = |f | ❡  ❡❧❧❡, 4✉❡

f ,♦✐ ✉♥✐4✉❡♠❡♥ ❝♦♥, ✐ ✉/❡ ❞❡ ✈❡❝ ❡✉&, ❞❡ ❧❛ ❢♦&♠❡ 1k ❛✈❡❝ k ∈ {1, . . . , d}✳ ❆❧♦&,✱ ♣♦✉&

 ♦✉ L ∈ Ee,f ✱ ♦♥ ❛ qL,e,f (z) ∈ Z[[z]]✳

❉❛♥% ❧❡ ❝❛% ❞✬✉♥❡ ✈❛)✐❛❜❧❡✱ %✐ ♦♥ ♥♦&❡ Me,f ❧❡ ♣❧✉% ❣)❛♥❞ 2❧2♠❡♥& ❞❡% %✉✐&❡% e ❡& f ✱ ❛❧♦)%
♦♥ ❛ Ee,f = {1, . . . ,Me,f} ❡& ❑)❛&&❡♥&❤❛❧❡) ❡& ❘✐✈♦❛❧ ♦♥& ♦❜&❡♥✉ ❧❡ )2%✉❧&❛& %✉✐✈❛♥&✳
❚❤"♦$%♠❡ ❉✳ ❙♦✐ e ❡ f ❞❡✉① ,✉✐ ❡, ❞✬❡♥ ✐❡&, , &✐❝ ❡♠❡♥ ♣♦,✐ ✐❢, ❞✐,❥♦✐♥ ❡, ✈/&✐✜❛♥ 

|e| = |f |✳ ❙✐ ∆e,f ❡, ❝&♦✐,,❛♥ ❡ ,✉& [0, 1[✱ ❛❧♦&,✱ ♣♦✉&  ♦✉ L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛ qL,e,f (z) ∈
Z[[z]].

❈♦♠♠❡ ♣)2❝2❞❡♠♠❡♥&✱ %✐ ❧✬♦♥ )❡%&)❡✐♥& ❧❡ &❤2♦)3♠❡ ❈ ❛✉ ❝❛% ❞✬✉♥❡ ✈❛)✐❛❜❧❡✱ ❛❧♦)% ✐❧ ❡%&

%&)✐❝&❡♠❡♥& ❝♦♥&❡♥✉ ❞❛♥% ❧❡ &❤2♦)3♠❡ ❉✳ ❉❛♥% ❧❛ ♣❛)&✐❡ %✉✐✈❛♥&❡✱ ♦♥ 2♥♦♥❝❡ ❞❡✉① ❝)✐&3)❡%

?✉✐ ❣2♥2)❛❧✐%❡♥& ❧❡% )2%✉❧&❛&% ❞❡% ❛✉&❡✉)% ♣)2❝2❞❡♥&%✳

✷✳✷ ➱♥♦♥❝&' ❞❡' ❝*✐,-*❡'

❆✈❛♥& ❞✬2♥♦♥❝❡) ❧❡% ❝)✐&3)❡% ❞✬✐♥&2❣)❛❧✐&2 ❞❡% ❝♦❡✣❝✐❡♥&% ❞❡ ❚❛②❧♦) ❞❡% qe,f,k(z) ❡& qL,e,f (z)✱
♥♦✉% )❛♣♣❡❧♦♥% ❧❛ ❞2✜♥✐&✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛ ✐♦♥ ❞❡ ▲❛♥❞❛✉ ❛%%♦❝✐2❡ P ✉♥ ?✉♦&✐❡♥& ❞❡ ❢❛❝&♦)✐❡❧❧❡%

❞❡ ❢♦)♠❡% ❧✐♥2❛✐)❡%✳ ➱&❛♥& ❞♦♥♥2❡% e := (e1, . . . , eq1) ❡& f := (f1, . . . , fq2) ❞❡✉① %✉✐&❡% ❞❡ ✈❡❝✲
&❡✉)% ❞❡ Nd

✱ ♦♥ ♥♦&❡ ∆e,f ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ▲❛♥❞❛✉ ❛%%♦❝✐2❡ P Qe,f ❞2✜♥✐❡✱ ♣♦✉) &♦✉& x ∈ Rd
✱

♣❛)

∆e,f (x) :=

q1
∑

i=1

⌊ei · x⌋ −
q2
∑

j=1

⌊fj · x⌋.

✶✷



▲❛ ❢♦♥❝&✐♦♥ ∆e,f ❥♦✉❡ ✉♥ +,❧❡ ✐♠♣♦+&❛♥& ❞❛♥1 ❧✬3&✉❞❡ ❞❡ ❧✬✐♥&3❣+❛❧✐&3 ❞❡1 ❝♦❡✣❝✐❡♥&1

❞❡ ❚❛②❧♦+ ❞❡1 ❛♣♣❧✐❝❛&✐♦♥1 ♠✐+♦✐+ ❝❛+ ❡❧❧❡ ♣❡+♠❡& ❞❡ ❝❛❧❝✉❧❡+ ❧❡1 ✈❛❧✉❛&✐♦♥1 p✲❛❞✐:✉❡1 ❞❡1
&❡+♠❡1 ❞❡ ❧❛ ❢❛♠✐❧❧❡ Qe,f ✳ <+3❝✐13♠❡♥&✱ ♣♦✉+ &♦✉& ♣+❡♠✐❡+ p ❡& &♦✉& n ∈ Nd

✱ ♦♥ ❛

vp(Qe,f (n)) =
∞
∑

ℓ=1

∆e,f (n/pℓ).

❊♥ ❡✛❡&✱ ♦♥ +❛♣♣❡❧❧❡ :✉❡✱ ♣♦✉+ &♦✉& m ∈ N✱ ♦♥ ❛ ❧❛ ❢♦+♠✉❧❡ vp(m!) =
∑∞

ℓ=1⌊m/pℓ⌋✳
❆✐♥1✐✱ ♦♥ ♦❜&✐❡♥& ❜✐❡♥

vp(Qe,f (n)) = vp

(

(e1 · n)! · · · (eq1 · n)!
(f1 · n)! · · · (fq2 · n)!

)

=
∞
∑

ℓ=1

(

q1
∑

i=1

⌊ei · n/pℓ⌋ −
q2
∑

j=1

⌊fj · n/pℓ⌋
)

=
∞
∑

ℓ=1

∆e,f

(

n

pℓ

)

.

❉❛♥1 ❧❛ 1✉✐&❡✱ ♦♥ ♥♦&❡ {·} ❧❛ ❢♦♥❝&✐♦♥ ♣❛+&✐❡ ❢+❛❝&✐♦♥♥❛✐+❡✳ ❖♥ ♥♦&❡ ❡♥❝♦+❡ ⌊·⌋✱ +❡1♣❡❝&✐✈❡✲
♠❡♥& {·}✱ ❧❛ ❢♦♥❝&✐♦♥ ❞3✜♥✐❡✱ ♣♦✉+ &♦✉& x = (x1, · · · , xd) ∈ Rd

✱ ♣❛+ ⌊x⌋ := (⌊x1⌋, · · · , ⌊xd⌋)✱
+❡1♣❡❝&✐✈❡♠❡♥& ♣❛+ {x} := ({x1}, · · · , {xd})✳ <♦✉+ &♦✉& c ∈ Nd

✱ ♦♥ ❛ ⌊c·x⌋ = ⌊c·{x}⌋+c·⌊x⌋
❡& ❞♦♥❝

∆e,f (x) = ∆({x}) + (|e| − |f |) · ⌊x⌋.
❆✐♥1✐✱ ♦♥ ❛ |e| = |f | 1✐ ❡& 1❡✉❧❡♠❡♥& 1✐ ∆e,f ❡1& 1✲♣3+✐♦❞✐:✉❡ ❡♥ ❝❤❛❝✉♥❡ ❞❡ 1❡1 ✈❛+✐❛❜❧❡1✳

❖♥ ♥♦&❡ De,f ❧✬❡♥1❡♠❜❧❡ ❞❡1 x ∈ [0, 1[d &❡❧1 :✉✬✐❧ ❡①✐1&❡ a ∈ {e1, · · · , eq1 , f1, · · · , fq2} ✈3+✐✜❛♥&
a · x ≥ 1✳ ▲✬❡♥1❡♠❜❧❡ De,f ❡1& ✉♥ ♣♦❧②G❞+❡ ♣+✐✈3 ❞❡ ❝❡+&❛✐♥❡1 ❞❡ 1❡1 ❢❛❝❡1✳ ▲✬❡♥1❡♠❜❧❡

[0, 1[d\De,f ❡1& ♥♦♥ ✈✐❞❡ ❡& ❧❛ ❢♦♥❝&✐♦♥ ∆e,f ❡1& ♥✉❧❧❡ 1✉+ [0, 1[
d\De,f ✳ ▲❛ ♣+♦♣♦1✐&✐♦♥ 1✉✐✈❛♥&❡

♠♦♥&+❡ :✉❡ ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ▲❛♥❞❛✉ ♣❡+♠❡& ❞❡ ❝❛+❛❝&3+✐1❡+ ❧❡1 1✉✐&❡1 e ❡& f &❡❧❧❡1 :✉❡✱ ♣♦✉+

&♦✉& n ∈ Nd
✱ Qe,f (n) ❡1& ❡♥&✐❡+✳

❈!✐#$!❡ ❞❡ ▲❛♥❞❛✉✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞❡ ✈❡❝#❡✉+( ❞❡ Nd
✳ ❖♥ ❛ ❧❛ ❞✐❝❤♦#♦♠✐❡

(✉✐✈❛♥#❡✳

(i) ❙✐✱ ♣♦✉+ #♦✉# x ∈ [0, 1]d✱ ♦♥ ❛ ∆e,f (x) ≥ 0✱ ❛❧♦+(✱ ♣♦✉+ #♦✉# n ∈ Nd
✱ ♦♥ ❛ Qe,f (n) ∈

N✳

(ii) ❙✬✐❧ ❡①✐(#❡ x ∈ [0, 1]d #❡❧ 6✉❡ ∆e,f (x) ≤ −1✱ ❛❧♦+( ✐❧ ♥✬❡①✐(#❡ 6✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡

♥♦♠❜+❡( ♣+❡♠✐❡+( p #❡❧( 6✉❡ #♦✉( ❧❡( #❡+♠❡( ❞❡ ❧❛ ❢❛♠✐❧❧❡ Qe,f (♦✐❡♥# ❞❛♥( ❧✬❛♥♥❡❛✉

Zp ❞❡( ❡♥#✐❡+( p✲❛❞✐6✉❡(✳

❘❡♠❛+6✉❡✳ ▲❡ ♣♦✐♥& (i) ❡1& ❞H I ▲❛♥❞❛✉ ✿ ✐❧ ♠♦♥&+❡ :✉❡ ❝✬❡1& ❡♥ ❢❛✐& ✉♥❡ ❝♦♥❞✐&✐♦♥ ♥3❝❡11❛✐+❡
❡& 1✉✣1❛♥&❡ ❞❛♥1 ❬✷✵❪✳ ❉❛♥1 ❧❡ ❝❛1 ♦O d = 1✱ ❇♦❜❡+ ❞3♠♦♥&+❡ ❧❡ ♣♦✐♥& (ii) ❞❛♥1 ❬✹❪✳ ◆♦✉1
❞3♠♦♥&+♦♥1 ❧❡ ♣♦✐♥& (ii) ❞✉ ❝+✐&G+❡ ❞❡ ▲❛♥❞❛✉ 1❛♥1 +❡1&+✐❝&✐♦♥ 1✉+ d ❞❛♥1 ❧❛ ♣❛+&✐❡ ✶✵✳✶✳

▲❡ ♣+✐♥❝✐♣❛❧ ❜✉& ❞❡ ❝❡&&❡ &❤G1❡ ❡1& ❞❡ ❞3♠♦♥&+❡+ ❧❡1 &❤3♦+G♠❡1 1✉✐✈❛♥&1✱ :✉✐ ❝❛+❛❝&3+✐1❡♥&

❝♦♠♣❧G&❡♠❡♥& ❧❡1 ❛♣♣❧✐❝❛&✐♦♥1 ♠✐+♦✐+ ❡♥ ♣❧✉1✐❡✉+1 ✈❛+✐❛❜❧❡1✱ ❛11♦❝✐3❡1 I ❞❡1 :✉♦&✐❡♥&1 ❡♥&✐❡+1

❞❡ ❢❛❝&♦+✐❡❧❧❡1 ❞❡ ❢♦+♠❡1 ❧✐♥3❛✐+❡1 ❡& :✉✐ ♦♥& &♦✉1 ❧❡✉+ ❝♦❡✣❝✐❡♥&1 ❞❡ ❚❛②❧♦+ ❡♥&✐❡+1 I ❧✬♦+✐❣✐♥❡✳

◆♦✉1 ♠♦♥&+♦♥1 ❞❛♥1 ❧❛ ♣❛+&✐❡ ✷✳✸ :✉✬✐❧1 ❝♦♥&✐❡♥♥❡♥& ❧❡1 +31✉❧&❛&1 ❞❡1 ❛✉&❡✉+1 ♣+3❝3❞❡♥&1✳

✶✸



❖♥ "✬✐♥%&'❡""❡ ❞❛♥" ✉♥ ♣'❡♠✐❡' %❡♠♣" ❛✉ ❝❛" |e| = |f |✱ ♣✉✐" ♦♥ &♥♦♥❝❡ ❧❡" '&"✉❧%❛%" ❧♦'"2✉✬✐❧
❡①✐"%❡ k ∈ {1, . . . , d} %❡❧ 2✉❡ |e|(k) > |f |(k)

✳ ▲♦'"2✉✬✐❧ ❡①✐"%❡ k ∈ {1, . . . , d} %❡❧ 2✉❡ |e|(k) <
|f |(k)

✱ ❧❛ ❢❛♠✐❧❧❡ Qe,f ♥✬❛ ♣❛" %♦✉" ❝❡" %❡'♠❡" ❡♥%✐❡'" ❡% ❧❛ 2✉❡"%✐♦♥ ❞❡ ❧✬✐♥%&❣'❛❧✐%& ❞❡"

❝♦❡✣❝✐❡♥%" ❞❡ ❚❛②❧♦' ❞❡" qe,f,k(z) '❡"%❡ ♦✉✈❡'%❡✳

❚❤"♦$%♠❡ ✶✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞❡ ✈❡❝#❡✉+( ♥♦♥ ♥✉❧( ❞❡ Nd
❞✐(❥♦✐♥#❡( #❡❧❧❡( /✉❡

Qe,f (♦✐# ✉♥❡ ❢❛♠✐❧❧❡ 3 #❡+♠❡( ❡♥#✐❡+( ✭❝❡ /✉✐ 5/✉✐✈❛✉# 3 ∆e,f ≥ 0 (✉+ [0, 1]d✮ ❡# ✈5+✐✜❛♥#
|e| = |f |✳ ❖♥ ❛ ❛❧♦+( ❧❛ ❞✐❝❤♦#♦♠✐❡ (✉✐✈❛♥#❡✳

(i) ❙✐✱ ♣♦✉+ #♦✉# x ∈ De,f ✱ ♦♥ ❛ ∆e,f (x) ≥ 1✱ ❛❧♦+(✱ ♣♦✉+ #♦✉# k ∈ {1, . . . , d}✱ ♦♥ ❛

qe,f,k(z) ∈ zkZ[[z]]✳
(ii) ❙✬✐❧ ❡①✐(#❡ x ∈ De,f #❡❧ /✉❡ ∆e,f (x) = 0✱ ❛❧♦+( ✐❧ ❡①✐(#❡ k ∈ {1, . . . , d} #❡❧ /✉✬✐❧

♥✬❡①✐(#❡ /✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♥♦♠❜+❡( ♣+❡♠✐❡+( p #❡❧( /✉❡ qe,f,k(z) ∈ zkZp[[z]]✳

❘❡♠❛+/✉❡(✳ ✕ ❖♥ '❡♠❛'2✉❡'❛ ❧✬❛♥❛❧♦❣✐❡ ❡♥%'❡ ❧❡ ❝'✐%='❡ ❞❡ ▲❛♥❞❛✉ ❡% ❧❡ %❤&♦'=♠❡ ✶✳

✕ ❖♥ ✐♠♣♦"❡ 2✉❡ ❧❡" &❧&♠❡♥%" ❞❡" "✉✐%❡" e ❡% f "♦✐❡♥% ♥♦♥ ♥✉❧" ❡% 2✉❡ ❝❡" "✉✐%❡" "♦✐❡♥%
❞✐"❥♦✐♥%❡" ♣♦✉' &❝❛'%❡' ❧❡ ❝❛" ♦A ∆e,f ❡"% ✐❞❡♥%✐2✉❡♠❡♥% ♥✉❧❧❡ 2✉✐ ❝♦''❡"♣♦♥❞ ❛✉①

"&'✐❡" ❢♦'♠❡❧❧❡" Fe,f (z) = (1− z1)
−1 · · · (1− zd)

−1
✱ Ge,f,k(z) = 0 ❡% qe,f,k(z) = zk✳

✕ ▲❡ ♣♦✐♥% (ii) ❞✉ %❤&♦'=♠❡ ✶ ❡"% ♦♣%✐♠❛❧ ❞❛♥" ❧❡ "❡♥" ♦A✱ "✐ ∆e,f "✬❛♥♥✉❧❡ "✉' De,f ❡%

"✐ d ≥ 2✱ ❛❧♦'" ✐❧ ♣❡✉% ❡①✐"%❡' k ∈ {1, . . . , d} %❡❧ 2✉❡ qe,f,k(z) ∈ zkZ[[z]]✳ ❊♥ ❡✛❡%✱ ✐❧
"✉✣% ❞❡ ❢❛✐'❡ ❧❡ ❝❤♦✐① ❞❡" ♣❛'❛♠=%'❡" d = 2✱ e = ((3, 0)) ❡% f = ((2, 0), (1, 0))✳ ❖♥ ❛
❛❧♦'" De,f = {(x1, x2) ∈ [0, 1[2 : x1 ≥ 1/3}✱ ∆e,f ((1/2, 0)) = 0 ❡% qe,f,2(z) = z2✳
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❞✉ %❤&♦'=♠❡ ✷✳

❚❤"♦$%♠❡ ✷✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞❡ ✈❡❝#❡✉+( ♥♦♥ ♥✉❧( ❞❡ Nd
❞✐(❥♦✐♥#❡( #❡❧❧❡( /✉❡

Qe,f (♦✐# ✉♥❡ ❢❛♠✐❧❧❡ 3 #❡+♠❡( ❡♥#✐❡+( ✭❝❡ /✉✐ 5/✉✐✈❛✉# 3 ∆e,f ≥ 0 (✉+ [0, 1]d✮ ❡# ✈5+✐✜❛♥#
|e| = |f |✳ ❖♥ ❛ ❛❧♦+( ❧❛ ❞✐❝❤♦#♦♠✐❡ (✉✐✈❛♥#❡✳

(i) ❙✐✱ ♣♦✉+ #♦✉# x ∈ De,f ✱ ♦♥ ❛ ∆e,f (x) ≥ 1✱ ❛❧♦+(✱ ♣♦✉+ #♦✉# L ∈ Ee,f ✱ ♦♥ ❛ qL,e,f (z) ∈
Z[[z]]✳

(ii) ❙✬✐❧ ❡①✐(#❡ x ∈ De,f #❡❧ /✉❡ ∆e,f (x) = 0✱ ❛❧♦+( ✐❧ ❡①✐(#❡ k ∈ {1, . . . , d} #❡❧ /✉❡✱ (✐

L ∈ Ee,f ✈5+✐✜❡ L(k) ≥ 1✱ ❛❧♦+( ✐❧ ♥✬❡①✐(#❡ /✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♥♦♠❜+❡( ♣+❡♠✐❡+( p
#❡❧( /✉❡ qL,e,f (z) ∈ Zp[[z]]✳ ❉❡ ♣❧✉(✱ ✐❧ ♥✬❡①✐(#❡ /✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♥♦♠❜+❡( ♣+❡♠✐❡+(

p #❡❧( /✉❡ qe,f,k(z) ∈ zkZp[[z]]✳

❉❛♥" ❧❡ ❝❛" ♦A ✐❧ ❡①✐"%❡ k ∈ {1, . . . , d} %❡❧ 2✉❡ |e|(k) > |f |(k)
✱ ♦♥ ❞✐"♣♦"❡ ❞✉ %❤&♦'=♠❡

"✉✐✈❛♥%✳

❚❤"♦$%♠❡ ✸✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞❡ ✈❡❝#❡✉+( ♥♦♥ ♥✉❧( ❞❡ Nd
❞✐(❥♦✐♥#❡( #❡❧❧❡( /✉❡ Qe,f

(♦✐# ✉♥❡ ❢❛♠✐❧❧❡ 3 #❡+♠❡( ❡♥#✐❡+( ✭❝❡ /✉✐ 5/✉✐✈❛✉# 3 ∆e,f ≥ 0 (✉+ [0, 1]d✮ ❡# #❡❧❧❡( /✉✬✐❧ ❡①✐(#❡
k ∈ {1, . . . , d} ✈5+✐✜❛♥# |e|(k) > |f |(k)

✳ ❆❧♦+(✱
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(a) ✐❧ ♥✬❡①✐&'❡ (✉✬✉♥ ♥♦♠❜-❡ ✜♥✐ ❞❡ ♥♦♠❜-❡& ♣-❡♠✐❡-& p '❡❧& (✉❡ qe,f,k(z) ∈ zkZp[[z]] ❀
(b) ♣♦✉- '♦✉' L ∈ Ee,f ✈3-✐✜❛♥' L(k) ≥ 1✱ ✐❧ ♥✬❡①✐&'❡ (✉✬✉♥ ♥♦♠❜-❡ ✜♥✐ ❞❡ ♥♦♠❜-❡&

♣-❡♠✐❡-& p '❡❧& (✉❡ qL,e,f (z) ∈ Zp[[z]]✳
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❞✐#❥♦✐♥/❡# ❡/ ❧❡# ❡♥#❡♠❜❧❡# De,f ❡/ Ee,f #✬❡①♣+✐♠❡♥/ #✐♠♣❧❡♠❡♥/✳ ❊♥ ♥♦/❛♥/ Me,f ❧❡ ♣❧✉# ❣+❛♥❞

8❧8♠❡♥/ ❞❡# #✉✐/❡# e ❡/ f ✱ ♦♥ ❛ De,f = [1/Me,f , 1[ ❡/ Ee,f = {1, . . . ,Me,f}✳ ▲❡ /❤8♦+;♠❡ ✶
+❡#/+❡✐♥/ ❛✉ ❝❛# d = 1 #✬8♥♦♥❝❡ ❛❧♦+# ❝♦♠♠❡ #✉✐/✳
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(i) ❙✐✱ ♣♦✉- '♦✉' x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✱ ❛❧♦-& qe,f (z) ∈ zZ[[z]]✳
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♣❧✉# #✐♠♣❧❡♠❡♥/✳ ❊♥ ❡✛❡/✱ ♣♦✉+ /♦✉/ L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛ L(1) = L ≥ 1✳ ❉❡ ♣❧✉#✱ ❧❡ ❢❛✐/
D✉❡ qe,f (z) ∈ zZp[[z]] #❡✉❧❡♠❡♥/ ♣♦✉+ ✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♣+❡♠✐❡+# p ❡#/ ❞8❥F ❞♦♥♥8 ♣❛+ ❧❡
♣♦✐♥/ (ii) ❞✉ /❤8♦+;♠❡ ✶✳ ▲♦+#D✉❡ d = 1✱ ♦♥ ♣❡✉/ ♦♠❡//+❡ ❝❡//❡ ❝♦♥❝❧✉#✐♦♥ ❡/ ❧❡ /❤8♦+;♠❡
✷ #❡ +❡❢♦+♠✉❧❡ ❝♦♠♠❡ #✉✐/✳
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(i) ❙✐✱ ♣♦✉- '♦✉' x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✱ ❛❧♦-&✱ ♣♦✉- '♦✉' L ∈ {1, . . . ,Me,f}✱
♦♥ ❛ qL,e,f (z) ∈ zZ[[z]]✳

(ii) ❙✬✐❧ ❡①✐&'❡ x ∈ [1/Me,f , 1[ '❡❧ (✉❡ ∆e,f (x) = 0✱ ❛❧♦-&✱ ♣♦✉- '♦✉' L ∈ {1, . . . ,Me,f}✱
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(a) ✐❧ ♥✬❡①✐&'❡ (✉✬✉♥ ♥♦♠❜-❡ ✜♥✐ ❞❡ ♥♦♠❜-❡& ♣-❡♠✐❡-& p '❡❧& (✉❡ qe,f,1(z) ∈ zZp[[z]] ❀
(b) ♣♦✉- '♦✉' L ∈ {1, . . . ,Me,f}✱ ✐❧ ♥✬❡①✐&'❡ (✉✬✉♥ ♥♦♠❜-❡ ✜♥✐ ❞❡ ♥♦♠❜-❡& ♣-❡♠✐❡-& p
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❛♥.0(✐❡✉(*

❉❛♥# ✉♥ ♣&❡♠✐❡& *❡♠♣#✱ ♥♦✉# ♠♦♥*&♦♥# -✉❡ ❧❡# *❤0♦&1♠❡# ✶ ❡* ✷ ❣0♥0&❛❧✐#❡♥* ❧❡# *❤0♦✲

&1♠❡# ❇ ❡* ❈✳ ■❧ ♥♦✉# #✉✣* ❞❡ ♠♦♥*&❡& -✉❡✱ #✐ e ❡* f #♦♥* ❞❡✉① #✉✐*❡# ❞✐#❥♦✐♥*❡# ❞❡ ✈❡❝*❡✉&#
♥♦♥ ♥✉❧# ❞❡ Nd

✈0&✐✜❛♥* |e| = |f | ❡* *❡❧❧❡# -✉❡ f #♦✐* ✉♥✐-✉❡♠❡♥* ❝♦♥#*✐*✉0❡ ❞❡ ✈❡❝*❡✉&# ❞❡
❧❛ ❢♦&♠❡ 1k ❛✈❡❝ k ∈ {1, . . . , d}✱ ❛❧♦&#✱ ♣♦✉& *♦✉* x ∈ De,f ✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ❊♥ ❡✛❡*✱ #✐
x ∈ De,f ✱ ❛❧♦&# x ∈ [0, 1[d ❡*✱ ♣♦✉& *♦✉* k ∈ {1, . . . , d}✱ ♦♥ ❛ 1k · x < 1✳ ❆✐♥#✐✱ ✐❧ ❡①✐#*❡ ✉♥
0❧❡♠❡♥* d ❞❡ e *❡❧ -✉❡ d · x ≥ 1 ❡* ♦♥ ❛ ❜✐❡♥

∆e,f (x) =

q1
∑

i=1

⌊ei · x⌋ −
q2
∑

j=1

⌊fj · x⌋ =
q1
∑

i=1

⌊ei · x⌋ ≥ 1.

▼♦♥*&♦♥# ♠❛✐♥*❡♥❛♥* -✉❡ ❧❡# *❤0♦&1♠❡# ✶ ❡* ✷ ❣0♥0&❛❧✐#❡♥* ❧❡# *❤0♦&1♠❡# ❆ ❡* ❉ ❡♥

❞❡❤♦&# ❞✉ ❝❛# *&✐✈✐❛❧ ♦G ∆e,f ❡#* ✐❞❡♥*✐-✉❡♠❡♥* ♥✉❧❧❡✳ ❙♦✐* e ❡* f ❞❡✉① #✉✐*❡# ❞✬❡♥*✐❡&#

#*&✐❝*❡♠❡♥* ♣♦#✐*✐❢# *❡❧❧❡# -✉❡ ∆e,f ❡#* ❝&♦✐##❛♥*❡ #✉& [0, 1[ ❡* ♥♦♥ ✐❞❡♥*✐-✉❡♠❡♥* ♥✉❧❧❡✳
▲❡ ❢❛✐* ❞✬❡♥❧❡✈❡& ✉♥ 0❧0♠❡♥* ❡♥ ❝♦♠♠✉♥ ❛✉① #✉✐*❡# e ❡* f ♥❡ ❝❤❛♥❣❡ ♣❛# ❧❛ ❝♦♦&❞♦♥♥0❡
❝❛♥♦♥✐-✉❡ qe,f (z)✳ ❆✐♥#✐✱ -✉✐**❡ K &0❞✉✐&❡ ❧❡# #✉✐*❡# e ❡* f ✱ ♦♥ ♣❡✉* #✉♣♣♦#❡& -✉❡ ❝❡# #✉✐*❡#
#♦♥* ❞✐#❥♦✐♥*❡# ❡* ♥♦♥ #✐♠✉❧*❛♥0♠❡♥* ✈✐❞❡# ❝❛& ∆e,f ♥✬❡#* ♣❛# ✐❞❡♥*✐-✉❡♠❡♥* ♥✉❧❧❡✳ ◆♦*♦♥#

Me,f ❧❡ ♣❧✉# ❣&❛♥❞ 0❧0♠❡♥* ❞❡ e ❡* f ✳ ❖♥ ❛ ❛❧♦&# ∆e,f (1/Me,f ) ≥ 1 ♦✉ ∆e,f (1/Me,f ) ≤ −1✳
❈♦♠♠❡ ∆e,f (0) = 0 ❡* ∆e,f ❡#* ❝&♦✐##❛♥*❡ #✉& [0, 1[✱ ♦♥ ♦❜*✐❡♥* -✉❡ ∆e,f (1/Me,f ) ≥ 1✳ ▲❛
❝&♦✐##❛♥❝❡ ❞❡ ∆e,f ✐♠♣❧✐-✉❡ ❞♦♥❝ -✉❡ ∆e,f ≥ 1 #✉& [1/Me,f , 1[= De,f ❡* ❧❡# *❤0♦&1♠❡# ✶ ❡*

✷ ❞♦♥♥❡♥* ❜✐❡♥ -✉❡ qe,f (z) ∈ zZ[z] ❡* qL,e,f (z) ∈ Z[z] ♣♦✉& *♦✉* L ∈ {1, . . . ,Me,f}✳

✶✻



❈❤❛♣✐%&❡ ✸

■♥%+❣&❛❧✐%+ ❞❡/ ❝♦❡✣❝✐❡♥%/ ❞❡ ❚❛②❧♦& ❞❡

&❛❝✐♥❡/ ❞✬❛♣♣❧✐❝❛%✐♦♥/ ♠✐&♦✐&

❉❛♥# $♦✉$ ❝❡ ❝❤❛♣✐$,❡ ♦♥ #❡ ,❡#$,❡✐♥$ ❛✉ ❝❛# ❞✬✉♥❡ ✈❛,✐❛❜❧❡✳

✸✳✶ ➱♥♦♥❝'( ❞❡( +'(✉❧.❛.(

◆♦✉# ,❛✣♥♦♥# ♥♦$,❡ ❝,✐$5,❡ ♣♦✉, ❧❡# ❛♣♣❧✐❝❛$✐♦♥# ❞❡ $②♣❡ ♠✐,♦✐, ❡♥ ✉♥❡ ✈❛,✐❛❜❧❡✱ ❝❡ 9✉✐

♥♦✉# ♣❡,♠❡$ ❞✬♦❜$❡♥✐,✱ ❞❛♥# ❝❡,$❛✐♥# ❝❛#✱ ❧✬✐♥$:❣,❛❧✐$: ❞❡# ❝♦❡✣❝✐❡♥$# ❞❡ ❚❛②❧♦, ❞❡ ,❛❝✐♥❡#

❞✬❛♣♣❧✐❝❛$✐♦♥# ♠✐,♦✐, ❡$ ❞❡ $②♣❡ ♠✐,♦✐,✳ ❊♥ ♣❛,$✐❝✉❧✐❡,✱ ♥♦✉# ❞:♠♦♥$,♦♥# ✉♥❡ ❝♦♥❥❡❝$✉,❡

❢❛✐$❡ ♣❛, ❩❤♦✉ ❞❛♥# ❬✸✶❪ ❡$ ♥♦✉# ✈:,✐✜♦♥# ❡♥ ♣❛,$✐❡ ✉♥❡ ♦❜#❡,✈❛$✐♦♥ ❢❛✐$❡ ♣❛, ❑,❛$$❡♥$❤❛❧❡,

❡$ ❘✐✈♦❛❧ ❞❛♥# ❬✶✺❪✳

❉❛♥# ❝❡ ❝❤❛♣✐$,❡✱ ♥♦✉# :♥♦♥I♦♥# ✉♥✐9✉❡♠❡♥$ ❞❡# ,:#✉❧$❛$# ❞✬✐♥$:❣,❛❧✐$: ♣♦✉, ❧❡# ❝♦❡❢✲

✜❝✐❡♥$# ❞❡ ❚❛②❧♦, ❞❡ ,❛❝✐♥❡# ❞❡ ❝♦♦,❞♦♥♥:❡# ❝❛♥♦♥✐9✉❡#✳ ■❧# ✈❛❧❡♥$ $♦✉$ ❛✉$❛♥$ ♣♦✉, ❧❡#

,❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛$✐♦♥# ♠✐,♦✐, ♣✉✐#9✉❡✱ ♣♦✉, $♦✉$ v ∈ N✱ v ≥ 1✱ ♦♥ ❛ (q−1ze,f (q))
1/v ∈ Z[[q]]

#✐✱ ❡$ #❡✉❧❡♠❡♥$ #✐ (z−1qe,f (z))
1/v ∈ Z[[z]]✱ ✈♦✐, ❧✬✐♥$,♦❞✉❝$✐♦♥ ❞❡ ❬✷✷❪✳

M♦✉, ❡#♣:,❡, 9✉✬✉♥❡ ,❛❝✐♥❡ ❞❡ z−1qe,f (z) ♦✉ 9✉✬✉♥❡ ,❛❝✐♥❡ ❞✬✉♥❡ ❞❡# qL,e,f (z) ❛✐$ $♦✉#
#❡# ❝♦❡✣❝✐❡♥$# ❞❡ ❚❛②❧♦, ❡♥$✐❡,#✱ ❧❡# ❝,✐$5,❡# ❞✬✐♥$:❣,❛❧✐$: ♣♦✉, ❧❡# ❝♦❡✣❝✐❡♥$# ❞❡ ❚❛②❧♦, ❞❡#

❛♣♣❧✐❝❛$✐♦♥# ♠✐,♦✐, ❡$ ❞❡ $②♣❡ ♠✐,♦✐, ♠♦♥$,❡♥$ 9✉✬✐❧ ❢❛✉$ 9✉❡✱ ♣♦✉, $♦✉$ x ∈ [1/Me,f , 1[✱ ♦♥
❛✐$ ∆e,f (x) ≥ 1✳ ❆✈❛♥$ ❞✬:♥♦♥❝❡, ♥♦# ,:#✉❧$❛$# #✉, ❧✬✐♥$:❣,❛❧✐$: ❞❡# ❝♦❡✣❝✐❡♥$# ❞❡ ❚❛②❧♦, ❞❡
,❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛$✐♦♥# ♠✐,♦✐, ♦✉ ❞❡ $②♣❡ ♠✐,♦✐,✱ ♥♦✉# ❞♦♥♥♦♥# ✉♥❡ ♣,:❝✐#✐♦♥ #✉, ❧❡# :✈❡♥$✉❡❧#

v ∈ N✱ v ≥ 1✱ ✈:,✐✜❛♥$ (z−1qe,f (z))
1/v ∈ Z[[z]] ♦✉ qL,e,f (z)

1/v ∈ Z[[z]]✳ ❙♦✐$ q(z) ∈ Z[[z]] ❡$
V ❧❡ ♣❧✉# ❣,❛♥❞ ❡♥$✐❡, ♥❛$✉,❡❧ $❡❧ 9✉❡ q(z)1/V ∈ Z[[z]]✳ ▲❡ ❧❡♠♠❡ 5 ❞❡ ❬✶✷❪ ❞♦♥♥❡ 9✉❡ ❧❡#
❡♥$✐❡,# ♥❛$✉,❡❧# U $❡❧# 9✉❡ q(z)1/U ∈ Z[[z]] #♦♥$ ❡①❛❝$❡♠❡♥$ ❧❡# ❞✐✈✐#❡✉,# ♣♦#✐$✐❢# ❞❡ V ✳
❉❛♥# ❧❛ #✉✐$❡ ❞❡ ❝❡$$❡ $❤5#❡✱ #✐ e ❡$ f #♦♥$ ❞❡✉① #✉✐$❡# ❞✬❡♥$✐❡,# ♣♦#✐$✐❢#✱ ❛❧♦,#✱ ♣♦✉, $♦✉$

:❧:♠❡♥$ L ❞❡ e ❡$ f ✱ ♦♥ ♥♦$❡ DL ❧❡ ♣❧✉# ♣❡$✐$ ♠✉❧$✐♣❧❡ ❝♦♠♠✉♥ ❞❡# ❡♥$✐❡,# ❛❧❧❛♥$ ❞❡ 1 R
⌊Me,f/L⌋✳ ▲❡ $❤:♦,5♠❡ #✉✐✈❛♥$ ,❛✣♥❡ ❧❡ ♣♦✐♥$ (i) ❞✉ $❤:♦,5♠❡ ✷✳

❚❤"♦$%♠❡ ✹✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞✐(❥♦✐♥#❡( ❞✬❡♥#✐❡,( (#,✐❝#❡♠❡♥# ♣♦(✐#✐❢( ✈2,✐✜❛♥#

|e| = |f | ❡# #❡❧❧❡( 6✉❡✱ ♣♦✉, #♦✉# x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ❆❧♦,(✱ ♣♦✉, #♦✉#

✶✼



L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛

qL,e,f (z)
1/DL ∈ Z[[z]].

▲❡ "❤$♦&'♠❡ ✹ ♣❡&♠❡"✱ ❞❛♥/ ❝❡&"❛✐♥/ ❝❛/✱ ❞✬♦❜"❡♥✐& ❧✬✐♥"$❣&❛❧✐"$ ❞❡/ ❝♦❡✣❝✐❡♥"/ ❞❡ ❚❛②❧♦&

❞❡ &❛❝✐♥❡/ ❞✬❛♣♣❧✐❝❛"✐♦♥/ ♠✐&♦✐&✳ ❉❛♥/ ❧❛ /✉✐"❡✱ ♣♦✉& "♦✉/ a ❡" b ❡♥"✐❡&/✱ ♦♥ ♥♦"❡ ♣❣❝❞(a, b)
❧❡ ♣❧✉/ ❣&❛♥❞ ❞✐✈✐/❡✉& ❝♦♠♠✉♥ ❞❡ a ❡" b✳

❚❤"♦$%♠❡ ✺✳ ❙♦✐& e ❡& f ❞❡✉① +✉✐&❡+ ❞✬❡♥&✐❡-+ +&-✐❝&❡♠❡♥& ♣♦+✐&✐❢+ ❞✐+❥♦✐♥&❡+ ✈4-✐✜❛♥&

|e| = |f | ❡& &❡❧❧❡+ 7✉❡✱ ♣♦✉- &♦✉& x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ❙♦✐& θ ≥ 1 ✉♥ ❞✐✈✐+❡✉-

❞❡ Me,f ✳ ❙✐✱ ♣♦✉- &♦✉& 4❧4♠❡♥& L ❞❡ e ❡& f ✱ ❧✬❡♥&✐❡- θ/♣❣❝❞(L, θ) ❞✐✈✐+❡ DL✱ ❛❧♦-+ ♦♥ ❛

(z−1qe,f (z))
1/θ ∈ Z[[z]].

❉❛♥/ ❧❛ ♣❛&"✐❡ ✸✳✷✱ ♥♦✉/ ♠♦♥"&♦♥/ ?✉❡ ❧❡/ "❤$♦&'♠❡/ ✹ ❡" ✺ ♥❡ /♦♥" ♣❛/ ♦♣"✐♠❛✉① ❞❛♥/

❧❡ /❡♥/ ♦B ✐❧ ❡①✐/"❡ ❞❡/ /✉✐"❡/ e ❡" f ♣♦✉& ❧❡/?✉❡❧❧❡/ ❝❡/ "❤$♦&'♠❡/ ♥❡ ❞♦♥♥❡♥" ♣❛/ ❧❡/ ❡♥"✐❡&/

♠❛①✐♠❛✉① V ❡" VL "❡❧/ ?✉❡ (z−1qe,f (z))
1/V ∈ Z[[z]] ❡" qL,e,f (z)

1/VL ∈ Z[[z]]✳
◆♦✉/ ❞♦♥♥♦♥/ ♠❛✐♥"❡♥❛♥" ✉♥❡ ❝❡&"❛✐♥❡ ❝❧❛//❡ ❞❡ /✉✐"❡/ e ❡" f ♣♦✉& ❧❡/?✉❡❧❧❡/ ♦♥ ♣❡✉"

❛♣♣❧✐?✉❡& ❧❡ "❤$♦&'♠❡ ✺ ❛✈❡❝ Me,f D ❧❛ ♣❧❛❝❡ ❞❡ θ✳ ❊♥ ♣❛&"✐❝✉❧✐❡&✱ ♥♦✉/ ❞$♠♦♥"&♦♥/ ❧❛

❝♦♥❥❡❝"✉&❡ ❞❡ ❩❤♦✉ ❬✸✶✱ ❈♦♥❥❡❝"✉&❡ ✶❪ ?✉✐ /✬$♥♦♥❝❡ ❝♦♠♠❡ /✉✐" ✿

❙♦✐❡♥& k1, . . . , kn ❞❡+ ❡♥&✐❡-+ +&-✐❝&❡♠❡♥& ♣♦+✐&✐❢+ ✈4-✐✜❛♥&

1
k1
+ · · · + 1

kn
= 1✳

❙♦✐& k ❧❡ ♣❧✉+ ♣❡&✐& ♠✉❧&✐♣❧❡ ❝♦♠♠✉♥ ❞❡ k1, . . . , kn ❡&✱ ♣♦✉- &♦✉& i ∈ {1, . . . , n}✱
wi := k/ki✳ ❆❧♦-+✱ ❡♥ ♥♦&❛♥& e := (k) ❡& f := (w1, . . . , wn)✱ ♦♥ ❛

(z−1qe,f (z))
1/k ∈ Z[[z]]. ✭✸✳✶✳✶✮

❈♦"♦❧❧❛✐"❡ ✹✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞✬❡♥#✐❡+( (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ❞✐(❥♦✐♥#❡( ✈2+✐✜❛♥#

|e| = |f | #❡❧❧❡( 6✉❡✱ ♣♦✉+ #♦✉# x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1 ❡# #❡❧❧❡( 6✉❡ #♦✉# 2❧2♠❡♥#

❞❡ e ❡# f ❞✐✈✐(❡ Me,f ✳ ❆❧♦+(✱ ♦♥ ❛

(z−1qe,f (z))
1/Me,f ∈ Z[[z]].

❊♥ ♣❛+#✐❝✉❧✐❡+✱ ❧❛ ❝♦♥❥❡❝#✉+❡ ❞❡ ❩❤♦✉ ❡(# ✈+❛✐❡✳

❉2♠♦♥(#+❛#✐♦♥✳ ▼♦♥#$♦♥% &✉❡ ❧❡ #❤+♦$,♠❡ ✺ ✐♠♣❧✐&✉❡ ❧❡ ❝♦$♦❧❧❛✐$❡ ✹✳ ❙♦✐# e ❡# f ❞❡✉①
%✉✐#❡% ❞✬❡♥#✐❡$% %#$✐❝#❡♠❡♥# ♣♦%✐#✐❢% ❞✐%❥♦✐♥#❡% ✈+$✐✜❛♥# |e| = |f | #❡❧❧❡% &✉❡✱ ♣♦✉$ #♦✉# x ∈
[1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1 ❡# #❡❧❧❡% &✉❡ #♦✉# +❧+♠❡♥# ❞❡ e ❡# f ❞✐✈✐%❡ Me,f ✳ ◆♦✉% ❛❧❧♦♥%

❛♣♣❧✐&✉❡$ ❧❡ #❤+♦$,♠❡ ✺ ❛✈❡❝ θ = Me,f ✳ ?♦✉$ #♦✉# +❧+♠❡♥# L ❞❡ e ❡# f ✱ ♦♥ ❛ ⌊Me,f/L⌋ =
Me,f/L ❞♦♥❝ Me,f/L ❞✐✈✐%❡ DL✳ ❆✐♥%✐ θ/♣❣❝❞(L, θ) = Me,f/♣❣❝❞(L, Me,f ) = Me,f/L ❞✐✈✐%❡
DL ❡# ♦♥ ❛ ❜✐❡♥

(z−1qe,f (z))
1/Me,f ∈ Z[[z]]. ✭✸✳✶✳✷✮

❉+♠♦♥#$♦♥% ♠❛✐♥#❡♥❛♥# ❧❛ ❝♦♥❥❡❝#✉$❡ ❞❡ ❩❤♦✉✳ ❙♦✐❡♥# k1, . . . , kn ❞❡% ❡♥#✐❡$% %#$✐❝#❡♠❡♥#

♣♦%✐#✐❢% ✈+$✐✜❛♥#

1
k1
+ · · · + 1

kn
= 1✳ ❙♦✐# k ❧❡ ♣❧✉% ♣❡#✐# ♠✉❧#✐♣❧❡ ❝♦♠♠✉♥ ❞❡ k1, . . . , kn ❡#✱

♣♦✉$ #♦✉# i ∈ {1, . . . , n}✱ wi := k/ki✳ ❊♥ ♥♦#❛♥# e := (k) ❡# f := (w1, . . . , wn)✱ ♦♥ ♦❜#✐❡♥#
&✉❡ |e| − |f | = k −∑n

i=1 wi = 0✳ ❉❡ ♣❧✉%✱ ❩❤♦✉ ♠♦♥#$❡ ❞❛♥% ❧❛ ♣❛$#✐❡ 2 ❞❡ ❬✸✶❪ &✉❡✱ ♣♦✉$
#♦✉# x ∈ [1/k, 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ❊♥✜♥✱ ♣♦✉$ #♦✉# i ∈ {1, . . . , n}✱ wi ❞✐✈✐%❡ k✳ ❖♥ ♣❡✉#
❞♦♥❝ ❛♣♣❧✐&✉❡$ ✭✸✳✶✳✷✮ &✉✐ ❞♦♥♥❡ ❜✐❡♥ ✭✸✳✶✳✶✮ ♣✉✐%&✉❡ Me,f = k✳ ❈❡ &✉✐ #❡$♠✐♥❡ ❧❛ ♣$❡✉✈❡
❞✉ ❝♦$♦❧❧❛✐$❡ ✹✳

✶✽



❉❛♥# ❧❛ ♣❛&'✐❡ ✸✳✷✱ ♥♦✉# &❡♠❛&1✉♦♥# 1✉❡ ❧❡# &2#✉❧'❛'# ❛♥'2&✐❡✉&# ❝♦♥♥✉# #✉& ❧✬✐♥'2❣&❛❧✐'2

❞❡# ❝♦❡✣❝✐❡♥'# ❞❡ ❚❛②❧♦& ❞❡ &❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛'✐♦♥# ♠✐&♦✐& ♦✉ ❞❡ '②♣❡ ♠✐&♦✐& #✬❛♣♣❧✐1✉❡♥'

✉♥✐1✉❡♠❡♥' : ❞❡# #✉✐'❡# e ❡' f '❡❧❧❡# 1✉❡ ∆e,f ❡#' ❝&♦✐##❛♥'❡ #✉& [0, 1[ ❡' 1✲♣2&✐♦❞✐1✉❡✳
◆♦✉# ♠♦♥'&♦♥# #✉& ✉♥ ❡①❡♠♣❧❡ 1✉❡ ❧❡# #✉✐'❡# e ❡' f '&❛✐'2❡# ♣❛& ❧❛ ❝♦♥❥❡❝'✉&❡ ❞❡ ❩❤♦✉ ♥❡
❞2✜♥✐##❡♥' ♣❛# ❢♦&❝2♠❡♥' ✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ∆e,f ❝&♦✐##❛♥'❡ #✉& [0, 1[✳
❊♥ ❡✛❡'✱ ♣&❡♥♦♥# k1 = 3✱ k2 = k3 = 4 ❡' k4 = 6✱ ♦♥ ♦❜'✐❡♥' 1

k1
+ 1

k2
+ 1

k3
+ 1

k4
= 1

3
+1

2
+1

6
= 1✳

❖♥ ❛ k = 12✱ w1 = 4✱ w2 = w3 = 3 ❡' w4 = 2✳ ❆✐♥#✐✱ ∆e,f (1/4) = 3 − 1 = 2 ❡'
∆e,f (1/3) = 4− 1− 2 = 1 ❞♦♥❝ ∆e,f ♥✬❡#' ♣❛# ❝&♦✐##❛♥'❡ #✉& [0, 1[✳

✸✳✷ ❘$%✉❧(❛(% ❛♥($+✐❡✉+% ❡( ❝♦♠♣❛+❛✐%♦♥ ❛✈❡❝ ❧❡% (❤$♦✲

+5♠❡% ✹ ❡( ✺

❉❛♥# ❝❡''❡ ♣❛&'✐❡✱ ♥♦✉# 2♥♦♥H♦♥# ❧❡# &2#✉❧'❛'# ❛♥'2&✐❡✉&# ❞♦♥♥❛♥' ❧✬✐♥'2❣&❛❧✐'2 ❞❡# ❝♦❡❢✲

✜❝✐❡♥'# ❞❡ ❚❛②❧♦& ❞❡ &❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛'✐♦♥# ♠✐&♦✐& ❡' ❞❡ '②♣❡ ♠✐&♦✐&✳ ➚ ❧❛ #✉✐'❡ ❞❡ ❝❤❛1✉❡

2♥♦♥❝2✱ ♥♦✉# ❝♦♠♣❛&♦♥# ❧❡ &2#✉❧'❛' ❝♦&&❡#♣♦♥❞❛♥' ❛✈❡❝ ❧❡# '❤K♦&K♠❡# ✹ ❡' ✺✳

▲❡ ♣&❡♠✐❡& &2#✉❧'❛' #✉& ❧✬✐♥'2❣&❛❧✐'2 ❞❡# ❝♦❡✣❝✐❡♥'# ❞❡ ❚❛②❧♦& ❞❡ &❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛'✐♦♥#

♠✐&♦✐& ❡#' ❞O : ▲✐❛♥ ❡' ❨❛✉ ❡' #✬2♥♦♥❝❡ ❝♦♠♠❡ #✉✐'✳

❚❤"♦$%♠❡ ❊ ✭▲✐❛♥✱ ❨❛✉✱ ❬✷✸❪✮✳ ❙♦✐# p ✉♥ ♥♦♠❜(❡ ♣(❡♠✐❡(✱ e = (p) ❡# f = (1, . . . , 1) ❛✈❡❝
|e| = |f |✳ ❆❧♦(2✱ ♦♥ ❛

(z−1qe,f (z))
1/p ∈ Z[[z]].

❈❡ '❤2♦&K♠❡ ❡#' ❝♦♥'❡♥✉ ❞❛♥# ❧❡ ❝♦&♦❧❧❛✐&❡ ✹✳ ❑&❛''❡♥'❤❛❧❡& ❡' ❘✐✈♦❛❧ #❡ #♦♥' ✐♥'2&❡##2#✱

❞❛♥# ❬✶✺❪ ♣✉✐# ❞❛♥# ❬✶✻❪✱ : ❧✬✐♥'2❣&❛❧✐'2 ❞❡# ❝♦❡✣❝✐❡♥'# ❞❡ ❚❛②❧♦& ❞❡ &❛❝✐♥❡# ❞✬❛♣♣❧✐❝❛'✐♦♥#

♠✐&♦✐& ❡' ❞❡ '②♣❡ ♠✐&♦✐& ❛##♦❝✐2❡# : ❞❡# #✉✐'❡# e ❡' f ❞✬✉♥❡ ❢♦&♠❡ ♣❛&'✐❝✉❧✐K&❡✳ ▲❡✉&# 1✉❛'&❡
'❤2♦&K♠❡#✱ 2♥♦♥❝2# ♣❧✉# ❜❛#✱ ❞♦♥♥❡♥' '♦✉❥♦✉&# ✉♥ ♠❡✐❧❧❡✉& ❡①♣♦#❛♥' 1✉❡ ❝❡❧✉✐ 1✉❡ ❧✬♦♥

♦❜'✐❡♥' ❡♥ ❛♣♣❧✐1✉❛♥' ❧❡# '❤2♦&K♠❡# ✹ ❡' ✺✳ ◆♦✉# 2♥♦♥H♦♥# ❧❡✉&# &2#✉❧'❛'# ♣❛& ❣2♥2&❛❧✐'2

❞2❝&♦✐##❛♥'❡ &❡❧❛'✐✈❡♠❡♥' : ❧❛ ❢♦&♠❡ ❞❡# #✉✐'❡# e ❡' f ✳ ▲❡ ♣&❡♠✐❡& &2#✉❧'❛' ✭❝❢✳ ❬✶✺✱ ❘❡♠❛&1✉❡
(b)✱ ♣✳ ✶✽✶❪✮ ♣❡✉' #❡ &❡❢♦&♠✉❧❡& ❝♦♠♠❡ #✉✐'✳

❚❤"♦$%♠❡ ❋ ✭❑&❛''❡♥'❤❛❧❡&✱ ❘✐✈♦❛❧✱ ❬✶✺❪✮✳ ❙♦✐# e ❡# f ❞❡✉① 2✉✐#❡2 ❞✬❡♥#✐❡(2 ♣♦2✐#✐❢2 ✈7(✐✲

✜❛♥# |e| = |f |✳ ❙✐ ∆e,f ❡2# ❝(♦✐22❛♥#❡ 2✉( [0, 1[✱ ❛❧♦(2 ❧❡ ♣❧✉2 ❣(❛♥❞ ❡♥#✐❡( ♥❛#✉(❡❧ V #❡❧ ;✉❡

q1,e,f (z)
1/V ∈ Z[[z]] ❡2# Qe,f (1)✳

▲❡ '❤2♦&K♠❡ ❋ ❡#' ♦♣'✐♠❛❧ ❡' ❞♦♥♥❡ ❞♦♥❝ ✉♥ ♠❡✐❧❧❡✉& ❡①♣♦#❛♥' 1✉❡ ❝❡❧✉✐ ❢♦✉&♥✐ ♣❛&

❧❡ '❤2♦&K♠❡ ✹ ♣♦✉& q1,e,f (z)✳ ❊♥ &❡✈❛♥❝❤❡✱ ❧❡ '❤2♦&K♠❡ ✹ ♣❡&♠❡' ❞✬♦❜'❡♥✐& ❧✬✐♥'2❣&❛❧✐'2 ❞❡#
❝♦❡✣❝✐❡♥'# ❞❡ ❚❛②❧♦& ❞❡ &❛❝✐♥❡# ❞❡# ❛♣♣❧✐❝❛'✐♦♥# ❞❡ '②♣❡ ♠✐&♦✐& qL,e,f (z) ❛✈❡❝ L 6= 1✳
\❛& ❡①❡♠♣❧❡✱ ❡♥ ♣&❡♥❛♥' e = (6) ❡' f = (3, 2, 1)✱ ♦♥ ♦❜'✐❡♥' 1✉❡ ∆e,f ❡#' ❝&♦✐##❛♥'❡

#✉& [0, 1[ ❡' 1✉❡ Qe,f (1) = 6!/(3!2!) = 60✳ ❉✬❛♣&K# ❧❡ '❤2♦&K♠❡ ♣&2❝2❞❡♥'✱ ♦♥ ♦❜'✐❡♥' 1✉❡
q1,e,f (z)

1/60 ∈ Z[[z]]✳ ❑&❛''❡♥'❤❛❧❡& ❡' ❘✐✈♦❛❧ &❡♠❛&1✉❡♥' ❞❛♥# ❬✶✺❪ 1✉✬✐❧ #❡♠❜❧❡&❛✐' 1✉❡ ❧❡#
&❡❧❛'✐♦♥# #✉✐✈❛♥'❡# #♦✐❡♥' ❧❡# ♠❡✐❧❧❡✉&❡# ♣♦##✐❜❧❡# ✿

q2,e,f (z)
1/6, q3,e,f (z)

1/2, q4,e,f (z), q5,e,f (z), q6,e,f (z) ∈ Z[[z]]. ✭✸✳✷✳✶✮

✶✾



❊♥ ❛♣♣❧✐&✉❛♥( ❧❡ (❤+♦-.♠❡ ✹ ❛✈❡❝ e = (6) ❡( f = (3, 2, 1)✱ ♦♥ ♦❜(✐❡♥( ❜✐❡♥ ✭✸✳✷✳✶✮✳ ❉❡ ♣❧✉<✱ ❡♥
❛♣♣❧✐&✉❛♥( ❧❡ ❝♦-♦❧❧❛✐-❡ ✹ ❛✈❡❝ e = (6) ❡( f = (3, 2, 1)✱ ♦♥ ♦❜(✐❡♥( &✉❡ (z−1qe,f (z))

1/6 ∈ Z[[z]]✳

❉❛♥< ❧❡ ❝❛< ♣❛-(✐❝✉❧✐❡- ♦= f1 = · · · = fq2 = 1 ✭✶✮✱ ❑-❛((❡♥(❤❛❧❡- ❡( ❘✐✈♦❛❧ ♠♦♥(-❡♥(
❧✬✐♥(+❣-❛❧✐(+ ❞❡< ❝♦❡✣❝✐❡♥(< ❞❡ ❚❛②❧♦- ❞❡ -❛❝✐♥❡< ❞✬❛♣♣❧✐❝❛(✐♦♥< ❞❡ (②♣❡ ♠✐-♦✐- qL,e,f ♣♦✉-

(♦✉( L ❞❛♥< {1, . . . ,Me,f}✱ ❧✬❡①♣♦<❛♥( ❞♦♥♥+ ❞❛♥< ❧❡ ❝❛< ♦= L = 1 ❡<( ❧✬❡①♣♦<❛♥( ♠❛①✐♠❛❧
Qe,f (1)✳

❚❤"♦$%♠❡ ● ✭❑-❛((❡♥(❤❛❧❡-✱ ❘✐✈♦❛❧✱ ❬✶✺❪✮✳ ❙♦✐# e ❡# f := (1, . . . , 1) ❞❡✉① (✉✐#❡( ❞✬❡♥#✐❡+(
♣♦(✐#✐❢( ✈/+✐✜❛♥# |e| = |f |✳ ❙♦✐# ΘL := L!/♣❣❝❞(L!, L!HL) ❧❡ ❞/♥♦♠✐♥❛#❡✉+ ❞❡ HL /❝+✐#

❝♦♠♠❡ ✉♥❡ ❢+❛❝#✐♦♥ ✐++/❞✉❝#✐❜❧❡✳ ❆❧♦+(✱ ♣♦✉+ #♦✉# L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛

qL,e,f (z)
ΘL/Qe,f (1) ∈ Z[[z]].

❖♥ -❡♠❛-&✉❡ &✉❡✱ ♣♦✉- (♦✉( L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛ Qe,f (1)/ΘL ∈ N✳ ❊♥ ❡✛❡(✱ ♣♦✉-

(♦✉( L ∈ {1, . . . ,Me,f}✱ ΘL ❞✐✈✐<❡ L! &✉✐ ❞✐✈✐<❡ e1! · · · eq1 ! = Qe,f (1)✳
▼♦♥(-♦♥< &✉❡ ❧✬❡①♣♦<❛♥( ❞♦♥♥+ ♣❛- ❝❡ (❤+♦-.♠❡ ❡<( ♠❡✐❧❧❡✉- &✉❡ ❝❡❧✉✐ &✉❡ ❧✬♦♥ ♦❜(✐❡♥(

❛✈❡❝ ❧❡ (❤+♦-.♠❡ ✹ ✐✳❡✳ &✉❡✱ ♣♦✉- (♦✉( L ∈ {1, . . . ,Me,f}✱ DL ❞✐✈✐<❡ Qe,f (1)/ΘL✳

❊♥ ❡✛❡(✱ <♦✐( p ✉♥ ♥♦♠❜-❡ ♣-❡♠✐❡- ❡( α := vp(DL)✳ ❖♥ ❛ ❛❧♦-< pα ≤ ⌊Me,f/L⌋✱ ❞♦♥❝
Me,f ≥ Lpα

❡( ♦♥ ♦❜(✐❡♥( ❜✐❡♥ &✉❡ pα
❞✐✈✐<❡ Me,f !/L! &✉✐ ❞✐✈✐<❡ Me,f !/ΘL &✉✐ ❡♥✜♥ ❞✐✈✐<❡

Qe,f (1)/ΘL✳

❉❛♥< ❧❡ ❝❛< ♦= e1 = · · · = eq1 =: N ≥ 2 ❡( f1 = · · · = fq2 = 1✱ ❑-❛((❡♥(❤❛❧❡- ❡( ❘✐✈♦❛❧
❛♠+❧✐♦-❡♥( ❧✬❡①♣♦<❛♥( ♦❜(❡♥✉ ✈✐❛ ❧❡ (❤+♦-.♠❡ ♣-+❝+❞❡♥( ♣♦✉- L = N ✱ ❝✬❡<( ❧❡ (❤+♦-.♠❡ 1
❞❡ ❬✶✻❪ &✉✐ <✬+♥♦♥❝❡ ❝♦♠♠❡ <✉✐(✳

❚❤"♦$%♠❡ ❍ ✭❑-❛((❡♥(❤❛❧❡-✱ ❘✐✈♦❛❧✱ ❬✶✻❪✮✳ ❙♦✐# N ≥ 2 ✉♥ ❡♥#✐❡+✳ ❙♦✐# e := (N, . . . , N)
❡# f := (1, . . . , 1) ✈/+✐✜❛♥# |e| = |f |✳ ❙♦✐#

ΞN :=
∏

p≤N

pmin{2+ξ(p,N),vp(HN )},

♦9 ξ(p, N) = 1 (✐ p ❡(# ✉♥ ♥♦♠❜+❡ ♣+❡♠✐❡+ ❞❡ ❲♦❧(#❡♥❤♦❧♠❡ ✭

✷

✮ ♦✉ (✐ p ❞✐✈✐(❡ N ✱ ❡#

ξ(p, N) = 0 (✐♥♦♥✳ ❆❧♦+(✱ ♦♥ ❛

qN,e,f (z)
1

ΞNQe,f (1) ∈ Z[[z]].

❖♥ -❡♠❛-&✉❡ &✉❡ ΞN ♥✬❡<( ♣❛< ❢♦-❝+♠❡♥( ✉♥ ❡♥(✐❡- ♠❛✐< &✉❡ ΞNQe,f (1) ❡♥ ❡<( ✉♥✳ ❊♥
❡✛❡(✱ <✐ ♦♥ -❡❣-♦✉♣❡✱ ❞❛♥< ❧❛ ❞+✜♥✐(✐♦♥ ❞❡ ΞN ✱ ❧❡< ♣-❡♠✐❡-< p ♣♦✉- ❧❡<&✉❡❧< ♦♥ ❛ vp(HN) ≤
−1✱ ♦♥ ♦❜(✐❡♥( &✉❡ ΞN = wN/ΘN ♦= wN ∈ N✳ ❆✐♥<✐✱ ♦♥ ❛ ΞNQe,f (1) = Qe,f (1)wN/ΘN

❛✈❡❝✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ♣-+❝+❞❡♠♠❡♥(✱ Qe,f (1)/ΘN ∈ N✳ ❊♥ ♣❛-(✐❝✉❧✐❡-✱ ♦♥ ✈♦✐( &✉❡ ❝❡

✶

❉❛♥# ❝❡ ❝❛#✱ ∆e,f ❡#' ❝(♦✐##❛♥'❡ #✉( [0, 1[ ❝❛(✱ ♣♦✉( '♦✉' x ∈ [0, 1[✱ ∆e,f (x) =
∑q1

i=1
⌊eix⌋✳

✷

❯♥ ♥♦♠❜(❡ ♣(❡♠✐❡( ❞❡ ❲♦❧#'❡♥❤♦❧♠❡ ❡#' ✉♥ ♣(❡♠✐❡( p 5✉✐ ✈7(✐✜❡ vp(Hp−1) ≥ 3✳ ❆❝'✉❡❧❧❡♠❡♥'✱ ❧❡#
#❡✉❧# ♣(❡♠✐❡(# ❞❡ ❲♦❧#'❡♥❤♦❧♠❡ ❝♦♥♥✉# #♦♥' 16843 ❡' 2124679✱ ❡' ♦♥ ♥❡ #❛✐' ♣❛# #✐ ❧✬❡♥#❡♠❜❧❡ ❞❡# ♣(❡♠✐❡(#
❞❡ ❲♦❧#'❡♥❤♦❧♠❡ ❡#' ✜♥✐ ♦✉ ✐♥✜♥✐✳

✷✵



 ❤"♦$%♠❡ ❛♠"❧✐♦$❡ ❧❡  ❤"♦$%♠❡ ♣$"❝"❞❡♥ ❞✬✉♥ ❢❛❝ ❡✉$ wN ❧♦$23✉❡ e = (N, . . . , N) ❡ L = N ✳

▲✬❡①♣♦2❛♥ ❞♦♥♥" ♣❛$ ❧❡  ❤"♦$%♠❡ ❍ ♣♦✉$ qN,e,f (z) ❡2 ❞♦♥❝ ♠❡✐❧❧❡✉$ 3✉❡ ❝❡❧✉✐ ❞♦♥♥" ♣❛$

❧❡  ❤"♦$%♠❡ ✹✳

■❧ ❡2 ❝♦♥❥❡❝ ✉$" ❞❛♥2 ❬✶✻❪ 3✉❡ ❧❡  ❤"♦$%♠❡ ❍ ❡2 ♦♣ ✐♠❛❧ ❧♦$23✉❡ e = (N)✱ ✐✳❡✳ 3✉❡ ❞❛♥2

❝❡ ❝❛2✱ ❧❡ ♣❧✉2 ❣$❛♥❞ ❡♥ ✐❡$ VN  ❡❧ 3✉❡ qN,e,f (z)
1/VN ∈ Z[[z]] ❡2 VN = ΞNQe,f (1) = ΞNN !✳

■❧ ❡2 ❡①♣❧✐3✉"✱  ♦✉❥♦✉$2 ❞❛♥2 ❬✶✻❪✱ 3✉❡ ❝❡  ❡ ❝♦♥❥❡❝ ✉$❡ ❡2 ✐♠♣❧✐3✉"❡ ♣❛$ ❧❛ ❝♦♥❥❡❝ ✉$❡ 2✉$

❧❡2 ♥♦♠❜$❡2 ❤❛$♠♦♥✐3✉❡2 2✉✐✈❛♥ ❡ ✿ ✐❧ ♥✬❡①✐2 ❡ ♣❛2 ❞❡ ♣$❡♠✐❡$ p ❡ ❞✬❡♥ ✐❡$ N ≥ 1  ❡❧2 3✉❡

vp(HN) ≥ 4✳

❚♦✉❥♦✉$2 ❞❛♥2 ❧❡ ❝❛2 ♦E e1 = · · · = eq1 = N ≥ 2 ❡ f1 = · · · = fq2 = 1✱ ❧❡  ❤"♦$%♠❡ 2 ❞❡

❬✶✻❪ ❞♦♥♥❡ ❧✬✐♥ "❣$❛❧✐ " ❞❡2 ❝♦❡✣❝✐❡♥ 2 ❞❡ ❚❛②❧♦$ ❞❡ $❛❝✐♥❡2 ❞✬❛♣♣❧✐❝❛ ✐♦♥2 ♠✐$♦✐$ ✿

❚❤"♦$%♠❡ ■ ✭❑$❛  ❡♥ ❤❛❧❡$✱ ❘✐✈♦❛❧✱ ❬✶✻❪✮✳ ❙♦✐% N ≥ 2 ✉♥ ❡♥%✐❡(✳ ❙♦✐% e = (N, . . . , N)
❛✈❡❝ q1 ♦❝❝✉(❡♥❝❡, ❞❡ N ✱ ❡% f = (1, . . . , 1) ✈/(✐✜❛♥% |e| = |f |✳ ❙♦✐%

ΩN :=
∏

p≤N

pmin{2+ω(p,N),vp(HN−1)},

♦1 ω(p, N) = 1 ,✐ p ❡,% ✉♥ ♥♦♠❜(❡ ♣(❡♠✐❡( ❞❡ ❲♦❧,%❡♥❤♦❧♠❡ ♦✉ ,✐ N ≡ ±1 mod p✱ ❡%

ω(p, N) = 0 ,✐♥♦♥✳ ❆❧♦(,✱ ♦♥ ❛

(z−1qe,f (z))
1

ΩNQe,f (1)q1N ∈ Z[[z]].

❖♥ $❡♠❛$3✉❡ 3✉❡ ΩN ♥✬❡2 ♣❛2 ❢♦$❝"♠❡♥ ✉♥ ❡♥ ✐❡$ ♠❛✐2 3✉❡ ΩNQe,f (1) ❡♥ ❡2 ✉♥✳ ❊♥

❡✛❡ ✱ 2✐ ♦♥ $❡❣$♦✉♣❡✱ ❞❛♥2 ❧❛ ❞"✜♥✐ ✐♦♥ ❞❡ ΩN ✱ ❧❡2 ♣$❡♠✐❡$2 p ♣♦✉$ ❧❡23✉❡❧2 ♦♥ ❛ vp(HN−1) ≤
−1✱ ♦♥ ♦❜ ✐❡♥ 3✉❡ ΩN = mN/ΘN ✱ ♦E mN ∈ N✱ ❝❛$ HN ❡ HN − 1 ♦♥ ❧❡ ♠P♠❡ ❞"♥♦♠✐✲

♥❛ ❡✉$✱ ✉♥❡ ❢♦✐2 "❝$✐ 2 2♦✉2 ❢♦$♠❡2 ✐$$"❞✉❝ ✐❜❧❡2✳ ❆✐♥2✐✱ ♦♥ ❛ ΩNQe,f (1) = Qe,f (1)mN/ΘN

❛✈❡❝✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ♣$"❝"❞❡♠♠❡♥ ✱ Qe,f (1)/ΘN ∈ N✳

❊♥ ♣❛$ ✐❝✉❧✐❡$✱ ♦♥ ✈♦✐ 3✉❡ ❞❛♥2 ❧❡ ❝❛2 ♦E e = (N, . . . , N) ❡ f = (1, . . . , 1)✱ ❧✬❡①♣♦2❛♥ 

❞♦♥♥" ♣❛$ ❝❡  ❤"♦$%♠❡ ❡2 ♥❡  ❡♠❡♥ ♠❡✐❧❧❡✉$ 3✉❡ ❧✬❡①♣♦2❛♥ θ ♦❜ ❡♥✉ ♣❛$ ❧❡  ❤"♦$%♠❡ ✺

♣✉✐23✉❡ θ ❡2 ✉♥ ❞✐✈✐2❡✉$ ❞❡ Me,f = N ✳

■❧ ❡2 ❝♦♥❥❡❝ ✉$" ❞❛♥2 ❬✶✻❪ 3✉❡ ❧❡  ❤"♦$%♠❡ ■ ❡2 ♦♣ ✐♠❛❧ ❧♦$23✉❡ e = (N)✱ ✐✳❡✳ 3✉❡ ❞❛♥2

❝❡ ❝❛2✱ ❧❡ ♣❧✉2 ❣$❛♥❞ ❡♥ ✐❡$ VN  ❡❧ 3✉❡ (z−1qe,f (z))
1/VN ∈ Z[[z]] ❡2 VN = ΩNQe,f (1)N =

ΩNN !N ✳ ■❧ ❡2 ❡①♣❧✐3✉"✱  ♦✉❥♦✉$2 ❞❛♥2 ❬✶✻❪✱ 3✉❡ ❝❡  ❡ ❝♦♥❥❡❝ ✉$❡ ❡2 ✐♠♣❧✐3✉"❡ ♣❛$ ❧❛

❝♦♥❥❡❝ ✉$❡ 2✉$ ❧❡2 ♥♦♠❜$❡2 ❤❛$♠♦♥✐3✉❡2 2✉✐✈❛♥ ❡ ✿ ✐❧ ♥✬❡①✐2 ❡ ♣❛2 ❞❡ ♣$❡♠✐❡$ p ❡ ❞✬❡♥ ✐❡$

N ≥ 2  ❡❧2 3✉❡ vp(HN − 1) ≥ 4✳

✷✶



❈❤❛♣✐%&❡ ✹

❘*+✉❧%❛%+ ❤②♣❡&❣*♦♠*%&✐2✉❡+ ❞❛♥+ ❧❡ ❝❛+

❞✬✉♥❡ ✈❛&✐❛❜❧❡

▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛)$✐❡ ❡+$ ❞❡ ❝❛)❛❝$,)✐+❡) ❧❡+ +,)✐❡+ ❤②♣❡)❣,♦♠,$)✐3✉❡+ ❣,♥,)❛❧✐+,❡+ ❞♦♥$

❧❡+ ❝♦❡✣❝✐❡♥$+ ♣❡✉✈❡♥$ +❡ ♠❡$$)❡ +♦✉+ ❢♦)♠❡ ❢❛❝$♦)✐❡❧❧❡✳ ❈❡❧❛ ♥♦✉+ ♣❡)♠❡$ ❞❡ ❞,❝)✐)❡ ❧❡+

+❛✉$+ ❞❡ ❧✬❛♣♣❧✐❝❛$✐♦♥ ❞❡ ▲❛♥❞❛✉ +✉) [0, 1] ❡$ ❞❡ ♠♦♥$)❡) 3✉❡ ❧✬♦♥ ♣❡✉$ ❞,$❡)♠✐♥❡) ❧❡ ❣)❛♣❤❡
❞❡ ∆e,f +✉) [0, 1] ❡♥ ✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ ❝❛❧❝✉❧+ ❛❧❣,❜)✐3✉❡+ ,❧,♠❡♥$❛✐)❡+✳ ❆✐♥+✐✱ ♥♦✉+ ❡♥

❞,❞✉✐+♦♥+ 3✉❡ ❧❡+ $❤,♦)>♠❡+ ✶ ❡$ ✷ )❡+$)❡✐♥$+ ❛✉ ❝❛+ ❞✬✉♥❡ ✈❛)✐❛❜❧❡ +♦♥$ ❡✛❡❝$✐❢+✳ ◆♦✉+

♠♦♥$)♦♥+ C ❧❛ ✜♥ ❞❡ ❝❡$$❡ ♣❛)$✐❡ 3✉❡✱ +✐ |e| = |f |✱ ❛❧♦)+ ∆e,f ❡+$ ❝)♦✐++❛♥$❡ +✉) [0, 1[ +✐ ❡$
+❡✉❧❡♠❡♥$ +✐ ❧✬,3✉❛$✐♦♥ ❞✐✛,)❡♥$✐❡❧❧❡ ❢✉❝❤+✐❡♥♥❡ ❛++♦❝✐,❡ C Fe,f ❛ $♦✉+ +❡+ ❡①♣♦+❛♥$+ ,❣❛✉①

C 0 C ❧✬♦)✐❣✐♥❡✳ ❙❛✉❢ ♠❡♥$✐♦♥ ❝♦♥$)❛✐)❡✱ ❧❡+ ),+✉❧$❛$+ +✉✐✈❛♥$+ ✈❛❧❡♥$ ❛✉++✐ ♣♦✉) |e| 6= |f |✳

✹✳✶ ❙$%✐❡( ❤②♣❡%❣$♦♠$/%✐0✉❡( ❞$✜♥✐❡( ♣❛% ❞❡( 0✉♦/✐❡♥/(

❞❡ ❢❛❝/♦%✐❡❧❧❡(

❙♦✐$ e ❡$ f ❞❡✉① +✉✐$❡+ ❞✬❡♥$✐❡)+ ♣♦+✐$✐❢+✳ ▲❛ +,)✐❡ ❢♦)♠❡❧❧❡ Fe,f (z) =
∑∞

n=0Qe,f (n)z
n

❡+$ ✉♥❡ +,)✐❡ ❤②♣❡)❣,♦♠,$)✐3✉❡ ✭✈♦✐) ❬✹✱ ▲❡♠♠❛ ✹✳✶✱ ♣✳ ✹✸✶❪✮✳ ◆♦✉+ ❛❧❧♦♥+ ❝❛)❛❝$,)✐+❡) ❧❡+

+✉✐$❡+ (α1, . . . , αr) ∈ Cr
❡$ (β1, . . . , βs) ∈ (C \Z≤0)

s
$❡❧❧❡+ 3✉✬✐❧ ❡①✐+$❡ ✉♥❡ ❝♦♥+$❛♥$❡ C > 0

❡$ ❞❡✉① +✉✐$❡+ ❞✬❡♥$✐❡)+ ♣♦+✐$✐❢+ e ❡$ f ✈,)✐✜❛♥$

rFs

(

α1, . . . , αr

β1, . . . , βs
;Cz

)

:=
∞
∑

n=0

Cn (α1)n · · · (αr)n
(β1)n · · · (βs)n

zn

n!
=

∞
∑

n=0

(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
zn = Fe,f (z),

✭✹✳✶✳✶✮

♦L (x)n := x(x+1) · · · (x+n−1) ♣♦✉) n ≥ 1 ❡$ (x)0 = 1 ✭+②♠❜♦❧❡ ❞❡ M♦❝❤❤❛♠♠❡)✮✳ ◆♦✉+
❛❧❧♦♥+ ❛✈♦✐) ❜❡+♦✐♥ ❞✉ ),+✉❧$❛$ ❞✬✉♥✐❝✐$, +✉✐✈❛♥$✳

 !♦♣♦$✐&✐♦♥ ✶✳ ❙♦✐# C ❡# C ′
❞❡✉① ❝♦♥*#❛♥#❡* *#,✐❝#❡♠❡♥# ♣♦*✐#✐✈❡*✱ α1, ..., αr✱ α′1, ..., α

′
r′✱

β1, ..., βs ❡# β′1, ..., β
′
s′ ❞❡* ❝♦♠♣❧❡①❡* ♦2 ❛✉❝✉♥ ❞❡* βj ♥✐ ❛✉❝✉♥ ❞❡* β′j ♥✬❡*# ✉♥ ❡♥#✐❡, ♥4❣❛#✐❢

#❡❧* 7✉❡✱ ♣♦✉, #♦✉# (i, j) ∈ {1, . . . , r} × {1, . . . , s}✱ ♦♥ ❛✐# αi 6= βj✱ ❡#✱ ♣♦✉, #♦✉# (i, j) ∈

✷✷



{1, . . . , r′} × {1, . . . , s′}✱ ♦♥ ❛✐% α′i 6= β′j✳ ❙✐✱ ♣♦✉* %♦✉% n ∈ N✱ ♦♥ ❛

Cn (α1)n · · · (αr)n
n!(β1)n · · · (βs)n

= C ′n (α′1)n · · · (α′r′)n
n!(β′1)n · · · (β′s′)n

, ✭✹✳✶✳✷✮

❛❧♦*, ♦♥ ❛ C = C ′
✱ r = r′✱ s = s′ ❡% ✐❧ ❡①✐,%❡ ✉♥❡ ♣❡*♠✉%❛%✐♦♥ σ ∈ Sr ❡% ✉♥❡ ♣❡*♠✉%❛%✐♦♥

τ ∈ Ss %❡❧❧❡, 0✉❡✱ ♣♦✉* %♦✉% i ∈ {1, . . . , r}✱ ♦♥ ❛✐% αi = α′σ(i) ❡%✱ ♣♦✉* %♦✉% j ∈ {1, . . . , s}✱
♦♥ ❛✐% βj = β′τ(j)✳

❉2♠♦♥,%*❛%✐♦♥✳ ❙♦✐) ✉♥ ❡♥)✐❡- i ≥ 1✳ ❊♥ ❞✐✈✐1❛♥) ❧✬✐❞❡♥)✐)5 ✭✹✳✶✳✷✮ ❛✈❡❝ n = i+ 1 ♣❛- ❝❡❧❧❡

❛✈❡❝ n = i ♦♥ ♦❜)✐❡♥)✱ ♣♦✉- )♦✉) i ❞❛♥1 N✱ i ≥ 1✱ :✉❡

C
(α1 + i) · · · (αr + i)

(β1 + i) · · · (βs + i)
= C ′ (α

′
1 + i) · · · (α′r′ + i)

(β′1 + i) · · · (β′s′ + i)
.

❆✐♥1✐✱ ❧❡1 ❞❡✉① ❢-❛❝)✐♦♥1 -❛)✐♦♥♥❡❧❧❡1

P (X) := C
(α1 +X) · · · (αr +X)

(β1 +X) · · · (βs +X)

❡)

Q(X) := C ′ (α
′
1 +X) · · · (α′r′ +X)

(β′1 +X) · · · (β′s′ +X)

1♦♥) 5❣❛❧❡1✳ ❊❧❧❡1 ♦♥) ❞♦♥❝ ❧❡1 ♠@♠❡1 -❛❝✐♥❡1 ❛✈❡❝ ♠@♠❡1 ♠✉❧)✐♣❧✐❝✐)51 ❡) ❧❡1 ♠@♠❡1 ♣A❧❡1

❛✈❡❝ ♠@♠❡1 ♦-❞-❡1✳ ❉✬♦C ❧❡ -51✉❧)❛)✳

❆✜♥ ❞❡ ❝❛-❛❝)5-✐1❡- ❧❛ ❢♦-♠❡ ❞❡1 1✉✐)❡1 (α1, . . . , αr) ❡) (β1, . . . , βs) ✈5-✐✜❛♥) ✭✹✳✶✳✶✮✱ ♦♥

❞5✜♥✐) ✉♥ ❝❡-)❛✐♥ )②♣❡ ❞❡ ♣❛-)✐)✐♦♥ ❞✬✉♥ ♠✉❧)✐✲❡♥1❡♠❜❧❡✳

❉2✜♥✐%✐♦♥✳ G♦✉- N ∈ N✱ N ≥ 1✱ ♦♥ ♥♦)❡ RN := {w/N : 1 ≤ w ≤ N, (w, N) = 1}✳ ❖♥

❞✐-❛ :✉✬✉♥ ♠✉❧)✐✲❡♥1❡♠❜❧❡ {α1, . . . , αr} ❞❡ -5❡❧1 ❡1) R✲♣❛-)✐)✐♦♥♥5 1❡❧♦♥ ❧❡ ♠✉❧)✐✲❡♥1❡♠❜❧❡

{N1, . . . , Nk} 1✬✐❧ ❡①✐1)❡ ❞❡1 ❡♥)✐❡-1 1)-✐❝)❡♠❡♥) ♣♦1✐)✐❢1 N1, . . . , Nk ❡) ✉♥❡ ♣❛-)✐)✐♦♥ E1, . . . , Ek

❞❡ {1, . . . , r} )❡❧1 :✉❡✱ ♣♦✉- )♦✉) j ∈ {1, . . . , k}✱ ❧❡ ❝❛-❞✐♥❛❧ ❞❡ Ej ❡1) ϕ(Nj) ❡) {αi : i ∈ Ej} =
RNj

✳

G❛- ❡①❡♠♣❧❡✱ ❧❡ ♠✉❧)✐✲❡♥1❡♠❜❧❡ {1/3, 1/2, 1/2, 2/3} ❡1) R✲♣❛-)✐)✐♦♥♥5 1❡❧♦♥ ❧❡ ♠✉❧)✐✲

❡♥1❡♠❜❧❡ {2, 2, 3}✳
❙✐ N ❡1) ✉♥ ❡♥)✐❡- ♥♦♥ ♥✉❧✱ ♦♥ ♥♦)❡

CN := Nϕ(N)
∏

p|N

p
ϕ(N)
p−1 ∈ N.

❙✐ α ❡1) ✉♥❡ 1✉✐)❡ R✲♣❛-)✐)✐♦♥♥5❡ 1❡❧♦♥ (N1, . . . , Nk)✱ ♦♥ ♥♦)❡ Cα := CN1 · · ·CNk
✳ ❙✐ α ❡) β

1♦♥) ❞❡✉① 1✉✐)❡1 R✲♣❛-)✐)✐♦♥♥5❡1✱ ♦♥ ♥♦)❡ Cα,β := Cα/Cβ✳ ❖♥ ♥♦)❡ ◗ ❧✬❡♥1❡♠❜❧❡ ❞❡1 1✉✐)❡1

❞❡ ❧❛ ❢♦-♠❡

Qe,f (n) :=
(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
,

✷✸



♦! q1, q2 ∈ N✱ q1 q2 6= 0✱ e1, . . . , eq1 , f1, . . . , fq2 ∈ N✳ ❖♥ ♥♦&❡  ❧✬❡♥*❡♠❜❧❡ ❞❡* *✉✐&❡* ❞❡ ❧❛

❢♦2♠❡

Pα,β(n) := Cn
α,β

(α1)n · · · (αr)n
n!(β1)n · · · (βs)n

,

♦! r, s ∈ N✱ rs 6= 0✱ (α1, . . . , αr) ❡& (β1, . . . , βs) *♦♥& ❞❡✉① *✉✐&❡* R✲♣❛2&✐&✐♦♥♥6❡*✳

 !♦♣♦$✐&✐♦♥ ✷✳ ❖♥ ❛  = ◗ ❡$ %✐✱ ♣♦✉+ $♦✉$ n ∈ N✱ ♦♥ ❛

Cn
α,β

(α1)n · · · (αr)n
n!(β1)n · · · (βs)n

=
(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
,

❛❧♦+%

Cα,β =
ee1
1 · · · e

eq1
q1

f f1

1 · · · f
fq2
q2

❡& r − s− 1 = |e| − |f |.

❈❡&&❡ ♣2♦♣♦*✐&✐♦♥ ❝❛2❛❝&62✐*❡ ❝♦♠♣❧9&❡♠❡♥& ❧❡* ❢♦♥❝&✐♦♥* ❤②♣❡2❣6♦♠6&2✐=✉❡* ❞♦♥& ❧❡*

❝♦❡✣❝✐❡♥&* ♣❡✉✈❡♥& *❡ ♠❡&&2❡ *♦✉* ❢♦2♠❡ ❞❡ =✉♦&✐❡♥&* ❞❡ ❢❛❝&♦2✐❡❧❧❡*✳ @♦✉2 ❞6♠♦♥&2❡2 ❧❛

♣2♦♣♦*✐&✐♦♥ ✷✱ ♦♥ ✈❛ ✉&✐❧✐*❡2 ✉♥ ❧❡♠♠❡ ❞B C ❩✉❞✐❧✐♥ ✭❬✸✷✱ ▲❡♠♠❛ ✹✱ ♣✳ ✻✵✾❪✮✳

▲❡♠♠❡ ✶ ✭❩✉❞✐❧✐♥✮✳ ❙♦✐$ N ≥ 2 ✉♥ ❡♥$✐❡+✳ ❖♥ /❝+✐$ N = pa1
1 pa2

2 · · · paℓ

ℓ %❛ ❞/❝♦♠♣♦%✐$✐♦♥

❡♥ ♣+♦❞✉✐$ ❞❡ ❢❛❝$❡✉+% ♣+❡♠✐❡+%✳ ❆❧♦+%✱ ♣♦✉+ $♦✉$ n ∈ N✱ ♦♥ ❛

Cn
N

∏

α∈RN
(α)n

(n!)ϕ(N)
=
(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
,

♦5

{ei}i=1,...,q1 =

{

N,
N

pj1pj2

,
N

pj1pj2pj3pj4

, ...

}

1≤j1<j2<...≤ℓ

,

{fj}j=1,...,q2 =

{

1, ..., 1,
N

pj1

,
N

pj1pj2pj3

, ...

}

1≤j1<j2<...≤ℓ

❡$ ❞❡ ♣❧✉%✱ |e| = |f |✳

❉/♠♦♥%$+❛$✐♦♥ ❞❡ ❧❛ ♣+♦♣♦%✐$✐♦♥ ✷✳ ▼♦♥&2♦♥* =✉❡  ⊂ ◗✳

❙♦✐& α := (α1, . . . , αr) ❡& β := (β1, . . . , βs) ❞❡✉① *✉✐&❡* R✲♣❛2&✐&✐♦♥♥6❡* 2❡*♣❡❝&✐✈❡✲

♠❡♥& *❡❧♦♥ (N1, . . . , Nk) ❡& (N ′
1, . . . , N

′
k′)✳ ◗✉✐&&❡ C 26♦2❞♦♥♥❡2 ❧❡* *✉✐&❡* (N1, . . . , Nk) ❡&

(N ′
1, . . . , N

′
k′)✱ ♦♥ ♣❡✉& *✉♣♣♦*❡2 =✉✬✐❧ ❡①✐*&❡ k0 ∈ {0, . . . , k} ❡& k′0 ∈ {0, . . . , k′} &❡❧* =✉❡✱

♣♦✉2 &♦✉& i ∈ {1, . . . , k0} ❡& &♦✉& j ∈ {1, . . . , k′0}✱ ♦♥ ❛✐& Ni ≥ 2 ❡& N ′
j ≥ 2✱ ❡&✱ ♣♦✉2 &♦✉&

i ∈ {k0 + 1, . . . , k} ❡& &♦✉& j ∈ {k′0 + 1, . . . , k′}✱ ♦♥ ❛✐& Ni = 1 ❡& N ′
j = 1✳ @♦✉2 &♦✉& n ∈ N✱

♦♥ ♣❡✉& ❛❧♦2* 6❝2✐2❡

(α1)n . . . (αr)n
n!(β1)n . . . (βs)n

=

∏k0

i=1

∏

α∈RNi
(α)n

∏k′0
j=1

∏

β∈RN′
j

(β)n
(1)k−k0−(k′−k′0)−1

n . ✭✹✳✶✳✸✮

✷✹



❖♥ ❛

Cα,β =

∏k
i=1 CNi

∏k′

j=1 CN ′j

=

∏k0

i=1 CNi

∏k′0
j=1 CN ′j

,

❝❛$ C1 = 1✳ ❆✐♥(✐✱ ❡♥ ♠✉❧.✐♣❧✐❛♥. ✭✹✳✶✳✸✮ ♣❛$ Cn
α,β✱ ♣♦✉$ .♦✉. n ∈ N✱ ♦♥ ♦❜.✐❡♥.

Cn
α,β

(α1)n · · · (αr)n
n!(β1)n · · · (βs)n

=

(

k0
∏

i=1

Cn
Ni

∏

α∈RNi
(α)n

(n!)ϕ(Ni)

)





k′0
∏

j=1

1

Cn
N ′j

(n!)ϕ(N ′j)

∏

β∈RN′
j

(β)n



 (n!)
∑k0

i=1 ϕ(Ni)−
∑k′0

j=1 ϕ(N ′j)(1)k−k0−(k′−k′0)−1
n .

❖♥ ❛

(1)k−k0−(k′−k′0)−1
n = n!k−k0−(k′−k′0)−1 = n!

∑k
i=k0+1 ϕ(Ni)−

∑k′

j=k′0+1
ϕ(N ′j)−1

,

❝❛$✱ ♣♦✉$ .♦✉. i ∈ {k0+1, . . . , k} ❡. .♦✉. j ∈ {k′0+1, . . . , k′}✱ ♦♥ ❛ ϕ(Ni) = ϕ(N ′
j) = ϕ(1) =

1✳ ❆✐♥(✐✱ ❞✬❛♣$9( ❧❡ ❧❡♠♠❡ ✶✱ ✐❧ ❡①✐(.❡ ❞❡( ❡♥.✐❡$( (.$✐❝.❡♠❡♥. ♣♦(✐.✐❢( e1, . . . , eq1 , f1, . . . , fq2

.❡❧( <✉❡

Cn
α,β

(α1)n · · · (αr)n
n!(β1)n · · · (βs)n

=
(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
(n!)

∑k
i=1 ϕ(Ni)−

∑k′

j=1 ϕ(N ′j)−1.

❉✬♦> ❧❡ ❢❛✐. <✉❡  ⊂ ◗✳

▼♦♥.$♦♥( ❧✬✐♥❝❧✉(✐♦♥ ✐♥✈❡$(❡ ◗ ⊂  ✳ A♦✉$ .♦✉. ℓ ∈ {1, . . . , e1}✱ ♦♥ ❛
(

ℓ

e1

)

n

=
ℓ

e1

(

ℓ

e1

+ 1

)

· · ·
(

ℓ

e1

+ n− 1

)

=
ℓ

e1

ℓ+ e1

e1

· · · ℓ+ (n− 1)e1

e1

. ✭✹✳✶✳✹✮

▲❡( ♥✉♠C$❛.❡✉$( ❞❡ ✭✹✳✶✳✹✮ ❝♦$$❡(♣♦♥❞❡♥. ❛✉① ♥♦♠❜$❡( ❞❛♥( {1, . . . , ne1} <✉✐ (♦♥. ❝♦♥❣$✉(
E ℓ ♠♦❞✉❧♦ e1✳ ❆✐♥(✐✱ (✐ e1 ≥ 2✱ ❛❧♦$( ♦♥ ❛

(e1n)! =

(

1

e1

)

n

(

2

e1

)

n

· · ·
(

e1

e1

)

n

ee1n
1 =

(

1

e1

)

n

· · ·
(

e1 − 1

e1

)

n

(1)n (e
e1
1 )

n

❡. (✐ e1 = 1✱ ❛❧♦$( ♦♥ ❛ (✐♠♣❧❡♠❡♥. n! = (1)n✳ ❖♥ ♣❡✉. ❞♦♥❝ C❝$✐$❡

(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
= Cn

∏

1≤i≤q1
ei≥2

((

1
ei

)

n
· · ·
(

ei−1
ei

)

n

)

n!
∏

1≤j≤q2
fj≥2

((

1
fj

)

n
· · ·
(

fj−1

fj

)

n

)(1)q1−q2+1
n , ✭✹✳✶✳✺✮

♦>

C :=
ee1
1 · · · e

eq1
q1

f f1

1 · · · f
fq2
q2

.

❖♥ ❛ ❞♦♥❝ r − s− 1 =
∑q1

i=1(ei − 1)−∑q2

j=1(fj − 1) + q1 − q2 + 1− 1 = |e| − |f |✳

✷✺



❙✐ e1 ≥ 2✱ ❛❧♦&' ♦♥ ❛

{

1

e1

, . . . ,
e1 − 1

e1

}

=
⋃

d|e1, d≥2

Rd. ✭✹✳✶✳✻✮

❊♥ ❡✛❡2✱ ♥♦2♦♥' e1 = pa1
1 · · · pas

s ❧❛ ❞4❝♦♠♣♦'✐2✐♦♥ ❡♥ ❢❛❝2❡✉&' ♣&❡♠✐❡&' ❞❡ e1✳ ❖♥ ❛

{1, . . . , e1 − 1} =
⋃

0≤b1≤a1,...,0≤bs≤as

(b1,...,bs) 6=(a1,...,as)

{

pb1
1 · · · pbs

s r : (r, p1 · · · ps) = 1, 1 ≤ r < pa1−b1
1 · · · pas−bs

s

}

.

❆✐♥'✐✱ ♦♥ ♦❜2✐❡♥2

{

1

e1

, . . . ,
e1 − 1

e1

}

=
⋃

0≤b1≤a1,...,0≤bs≤as

(b1,...,bs) 6=(a1,...,as)

{

r

pa1−b1
1 · · · pas−bs

s

: (r, p1 · · · ps) = 1, r < pa1−b1
1 · · · pas−bs

s

}

=
⋃

d|e1, d≥2

Rd.

❊♥ ✉2✐❧✐'❛♥2 ❧✬✐❞❡♥2✐24 ✭✹✳✶✳✻✮ ❞❛♥' ✭✹✳✶✳✺✮✱ ♦♥ ♦❜2✐❡♥2

(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
= Cn

∏q1

i=1

∏

d|ei
d≥2

∏

α∈Rd
(α)n

n!
∏q2

j=1

∏

d|fj
d≥2

∏

β∈Rd
(β)n

(

∏

γ∈R1

(γ)n

)q1−q2+1

,

♦? ✐❝✐

∏

γ∈R1
(γ)n = (1)n✳ ❙✐ q1 − q2 + 1 ❡'2 ♣♦'✐2✐❢ ❛❧♦&' ♦♥ &❡❣&♦✉♣❡ ❧❡ ♣&♦❞✉✐2 ❞❡' γ ❛✈❡❝

❝❡❧✉✐ ❞❡' α ❛✉ ♥✉♠4&❛2❡✉&✱ ❡2 '✐ q1 − q2 + 1 ❡'2 ♥4❣❛2✐❢ ❛❧♦&' ♦♥ &❡❣&♦✉♣❡ ❧❡ ♣&♦❞✉✐2 ❞❡' γ
❛✈❡❝ ❝❡❧✉✐ ❞❡' β ❛✉ ❞4♥♦♠✐♥❛2❡✉&✳ ❖♥ ✐♥❞❡①❡ ❧❡' α ❡2 β ❛✜♥ ❞✬♦❜2❡♥✐& ❧✬4❝&✐2✉&❡

(e1n)! · · · (eq1n)!

(f1n)! · · · (fq2n)!
= Cn (α1)n · · · (αr)n

n!(β1)n · · · (βs)n
, ✭✹✳✶✳✼✮

♦? ❧❡' '✉✐2❡' α := (αi)i=1,...,r ❡2 β := (βj)j=1,...,s '♦♥2 R✲♣❛&2✐2✐♦♥♥4❡'✳
■❧ ♥❡ &❡'2❡ ♣❧✉' G✉✬H ♠♦♥2&❡& G✉❡ C = Cα,β✳ ❈♦♠♠❡  ⊂ ◗✱ ✐❧ ❡①✐'2❡ ❞❡' ❡♥2✐❡&'

'2&✐❝2❡♠❡♥2 ♣♦'✐2✐❢' e′1, . . . , e
′
q′1

, f ′1, . . . , f
′
q′2
2❡❧' G✉❡✱ ♣♦✉& 2♦✉2 n ∈ N✱ ♦♥ ❛✐2

Cn
α,β

(α1)n · · · (αr)n
n!(β1)n · · · (βs)n

=
(e′1n)! · · · (e′q′1n)!
(f ′1n)! · · · (f ′q′2n)!

. ✭✹✳✶✳✽✮

❊♥ ❞✐✈✐'❛♥2 ❧❡ 2❡&♠❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧✬4❣❛❧✐24 ✭✹✳✶✳✼✮ ♣❛& ❧❡ 2❡&♠❡ ❞❡ ❞&♦✐2❡ ❞❡ ❧✬4❣❛❧✐24 ✭✹✳✶✳✽✮✱

♦♥ ♦❜2✐❡♥2✱ ♣♦✉& 2♦✉2 n ∈ N✱ G✉❡

(e1n)! · · · (eq1n)!(f
′
1n)! · · · (f ′q′2n)!

(f1n)! · · · (fq2n)!(e
′
1n)! · · · (e′q′1n)!

=

(

C

Cα,β

)n

. ✭✹✳✶✳✾✮

✷✻



❘❛✐#♦♥♥♦♥# ♣❛' ❧✬❛❜#✉'❞❡ ❡. #✉♣♣♦#♦♥# /✉❡ C #♦✐. ❞✐✛1'❡♥. ❞❡ Cα,β✳ ■❧ ❡①✐#.❡ ❞❡✉① #✉✐.❡#

❞✬❡♥.✐❡'# #.'✐❝.❡♠❡♥. ♣♦#✐.✐❢# ❞✐#❥♦✐♥.❡# (c1, . . . , ck) ❡. (d1, . . . , dℓ) .❡❧❧❡# /✉❡✱ ♣♦✉' .♦✉. n ∈
N✱ ♦♥ ❛✐.

(e1n)! · · · (eq1n)!(f
′
1n)! · · · (f ′q′2n)!

(f1n)! · · · (fq2n)!(e
′
1n)! · · · (e′q′1n)!

=
(c1n)! · · · (ckn)!

(d1n)! · · · (dℓn)!
.

❈♦♠♠❡ C/Cα,β 6= 1 ❡. ❞✬❛♣';# ❧✬✐❞❡♥.✐.1 ✭✹✳✶✳✾✮✱ (c1, . . . , ck) ❡. (d1, . . . , dℓ) ♥❡ ♣❡✉✈❡♥. B.'❡
#✐♠✉❧.❛♥1♠❡♥. ✈✐❞❡#✳ ❙♦✐. M := max(c1, . . . , ck, d1, . . . , dℓ)✳ ❉✬❛♣';# ✭✹✳✶✳✺✮ ❡. ♣❛' ✉♥✐❝✐.1
❞❡ ❧✬1❝'✐.✉'❡ #♦✉# ❢♦'♠❡ ❞❡ ❝♦❡✣❝✐❡♥.# ❤②♣❡'❣1♦♠1.'✐/✉❡# ✭♣'♦♣♦#✐.✐♦♥ ✶✮✱ ❧❡ #②♠❜♦❧❡ ❞❡

J♦❝❤❤❛♠♠❡' (1/M)n ❞❡✈'❛✐. ❛♣♣❛'❛K.'❡ ❞❛♥# ❧❡ .❡'♠❡ ❞❡ ❞'♦✐.❡ ❞❡ ❧✬1❣❛❧✐.1 ✭✹✳✶✳✾✮✱ ♠❛✐#
❝❡ ♥✬❡#. ♣❛# ❧❡ ❝❛#✳ ❉✬♦L ❧❛ ❝♦♥.'❛❞✐❝.✐♦♥✳

✹✳✷ ❉❡%❝'✐♣*✐♦♥ ❞❡% %❛✉*% ❞❡ ❧✬❛♣♣❧✐❝❛*✐♦♥ ∆ ❞❡ ▲❛♥❞❛✉

❉❛♥# ❝❡..❡ ♣❛'.✐❡✱ ♥♦✉# ♠♦♥.'♦♥# /✉❡ ❧❡# ❛❜#❝✐##❡# ❡. ❧❡# ❛♠♣❧✐.✉❞❡# ❞❡# #❛✉.# ❡✛❡❝.✉1#

♣❛' ∆e,f #✉' [0, 1] ❛♣♣❛'❛✐##❡♥. ♥❛.✉'❡❧❧❡♠❡♥. ❞❛♥# ❧❛ '11❝'✐.✉'❡ ❞❡ Qe,f #♦✉# ❧❛ ❢♦'♠❡ Pα,β✳

❊♥ ♣❛'.✐❝✉❧✐❡'✱ ❝❡❧❛ ♥♦✉# ♣❡'♠❡. ❞✬1.❛❜❧✐' /✉❡ ❧❡# .❤1♦';♠❡# ✶ ❡. ✷ '❡#.'❡✐♥.# ❛✉ ❝❛# ❞✬✉♥❡

✈❛'✐❛❜❧❡ #♦♥. ❡✛❡❝.✐❢#✳

 !♦♣♦$✐&✐♦♥ ✸✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ✜♥✐❡( ❞✬❡♥#✐❡,( (#,✐❝#❡♠❡♥# ♣♦(✐#✐❢(✳ ❖♥ ♣❡✉# 3❝,✐,❡

❞❡ ♠❛♥✐5,❡ ✉♥✐6✉❡ ❧❛ (✉✐#❡ Qe,f (♦✉( ❧❛ ❢♦,♠❡

Qe,f (n) = Cn(γ1)
m1
n . . . (γt)

mt

n , n ≥ 0, ✭✹✳✷✳✶✮

♦8 C ❡(# ✉♥❡ ❝♦♥(#❛♥#❡ (#,✐❝#❡♠❡♥# ♣♦(✐#✐✈❡✱ 0 < γ1 < · · · < γt ≤ 1 (♦♥# ❞❡( ,❛#✐♦♥♥❡❧( ❡#

❧❡( m1, . . . ,mt (♦♥# ❞❛♥( Z\{0}✳ ▲❡( (❛✉#( ❞❡ ∆e,f (✉, [0, 1] (❡ ❢♦♥# ❛✉① ❛❜(❝✐((❡( γ1, . . . , γt

❛✈❡❝ mi ♣♦✉, ❛♠♣❧✐#✉❞❡ ✭♣♦(✐#✐✈❡ ♦✉ ♥3❣❛#✐✈❡✮ ❡♥ γi✳

❉3♠♦♥(#,❛#✐♦♥✳ ❖♥ 1❝'✐. e := (e1, . . . , eq1) ❡. f := (f1, . . . , fq2)✳ ▲✬❡①✐#.❡♥❝❡ ❡. ❧✬✉♥✐❝✐.1 ❞❡
❧✬1❝'✐.✉'❡ ✭✹✳✷✳✶✮ ❞1❝♦✉❧❡♥. '❡#♣❡❝.✐✈❡♠❡♥. ❞❡# ♣'♦♣♦#✐.✐♦♥# ✷ ❡. ✶ ❞❡ ❧❛ ♣❛'.✐❡ ✹✳✶✳ ➱.✉❞✐♦♥#

❧❡# #❛✉.# ❞❡ ❧❛ ❢♦♥❝.✐♦♥ ∆e,f ✳

❙✐ c ∈ N✱ c ≥ 1✱ ❛❧♦'# ❧❛ ❢♦♥❝.✐♦♥ [0, 1] −→ Z, x 7−→ ⌊cx⌋ ❡✛❡❝.✉❡ ✉♥ #❛✉. ❞✬❛♠♣❧✐.✉❞❡
✶ ❡♥

1
c
, 2

c
, . . . , c−1

c
❡! ✶✳ ❉✬❛♣()* ✭✹✳✶✳✺✮✱ ♣♦✉( !♦✉! n ≥ 0✱ ♦♥ ❛

Qe,f (n) = Cn

(

1
e1

)

n
. . .
(

e1−1
e1

)

n
. . .
(

1
eq1

)

n
. . .
(

eq1−1

eq1

)

n
(

1
f1

)

n
. . .
(

f1−1
f1

)

n
. . .
(

1
fq2

)

n
. . .
(

fq2−1

fq2

)

n

(1)q1−q2
n .

❆✐♥*✐✱ ❡♥ *✐♠♣❧✐✜❛♥! ❧❡ 8✉♦!✐❡♥! ❡! ❡♥ (❡❣(♦✉♣❛♥! ❧❡* *②♠❜♦❧❡* ❞❡ =♦❝❤❤❛♠♠❡( ✐❞❡♥!✐8✉❡*✱

♦♥ ♦❜!✐❡♥! ❧✬@❝(✐!✉(❡ Qe,f (n) = Cn(γ1)
m1
n . . . (γt)

mt
n ✱ n ≥ 0✱ ♦A ❧❡* γ1 < · · · < γt ❝♦(✲

(❡*♣♦♥❞❡♥! ❡✛❡❝!✐✈❡♠❡♥! ❛✉① ❛❜*❝✐**❡* ❞❡* *❛✉!* ❞❡ ∆e,f ❡! ❧❡* mi✱ 1 ≤ i ≤ t✱ F ❧❡✉(

❛♠♣❧✐!✉❞❡✳

❘❡♠❛$%✉❡✳ ❉❡* (@*✉❧!❛!* ❛♥❛❧♦❣✉❡* F ❝❡✉① ❞❡ ❧❛ ♣(♦♣♦*✐!✐♦♥ ✸ *♦♥! ♠❡♥!✐♦♥♥@* ❞❛♥* ❬✷✻❪

♣❛( ❘♦❞(✐❣✉❡③✲❱✐❧❧❡❣❛* ♣✉✐* ♣(@❝✐*@* ❞❛♥* ❬✹❪ ♣❛( ❇♦❜❡(✳

✷✼



▲❛ ♣#❡✉✈❡ ❞❡ ❧❛ ♣#♦♣♦*✐,✐♦♥ ✸ ♠♦♥,#❡ 0✉❡ ❧✬♦♥ ♣❡✉, ❞2,❡#♠✐♥❡# ❛❧❣2❜#✐0✉❡♠❡♥, ❧❡* *❛✉,*

❞❡ ∆e,f *✉# [0, 1] ❡, 0✉❡ ❧❡* ,❤2♦#6♠❡* ✶ ❡, ✷ #❡*,#❡✐♥,* ❛✉ ❝❛* ❞✬✉♥❡ ✈❛#✐❛❜❧❡ *♦♥, ❡✛❡❝,✐❢*✳
❊♥ ❡✛❡,✱ 2,❛♥, ❞♦♥♥2❡* ❞❡✉① *✉✐,❡* e ❡, f ❞✬❡♥,✐❡#* *,#✐❝,❡♠❡♥, ♣♦*✐,✐❢* ❞✐*❥♦✐♥,❡* ✈2#✐✜❛♥,

|e| = |f |✱ ♦♥ ♦❜,✐❡♥, ❧❛ *✉✐,❡ m1, . . . ,mt ❞❡* ❛♠♣❧✐,✉❞❡* ❞❡* *❛✉,* ❞❡ ∆e,f *✉# [0, 1]✳ ❖♥
❛ ❛❧♦#* ∆e,f ≥ 1 *✉# [1/Me,f , 1[ *✐✱ ❡, *❡✉❧❡♠❡♥, *✐✱ ♣♦✉# ,♦✉, i ∈ {1, . . . , t − 1}✱ ♦♥ ❛

∑i
k=1 mk ≥ 1✳ ❆✐♥*✐✱ ❞✬❛♣#6* ❧❡* ,❤2♦#6♠❡* ✶ ❡, ✷✱ ✉♥ ♥♦♠❜#❡ ✜♥✐ ❞❡ ❝❛❧❝✉❧* ❛❧❣2❜#✐0✉❡*

♣❡#♠❡, ❞❡ ❞2,❡#♠✐♥❡# *✐ ❧❡* ❛♣♣❧✐❝❛,✐♦♥* ♠✐#♦✐# ❡, ❞❡ ,②♣❡ ♠✐#♦✐# ♦♥, ,♦✉* ❧❡✉#* ❝♦❡✣❝✐❡♥,*

❞❡ ❚❛②❧♦# G ❧✬♦#✐❣✐♥❡ ❡♥,✐❡#*✳

❉❛♥* ❧❡ ❝❛* ❞❡ ♣❧✉*✐❡✉#* ✈❛#✐❛❜❧❡*✱ ✐❧ *❡♠❜❧❡ ✈#❛✐*❡♠❜❧❛❜❧❡ 0✉❡ ❧❡* ,❤2♦#6♠❡* ✶ ❡, ✷

#❡*,❡♥, ❡✛❡❝,✐❢*✳ ❚♦✉,❡❢♦✐*✱ ♣♦✉# ❞2,❡#♠✐♥❡# ❧❡ ❣#❛♣❤❡ ❞❡ ∆e,f *✉# De,f ❡♥ ✉♥ ♥♦♠❜#❡ ✜♥✐ ❞❡

❝❛❧❝✉❧* ❛❧❣2❜#✐0✉❡*✱ ✐❧ ❢❛✉, ❝♦♥♥❛I,#❡ ✉♥ ♥♦♠❜#❡ ✜♥✐ *✉✣*❛♥, ❞❡ ♣♦✐♥,* ❞❡ De,f ♦J 2✈❛❧✉❡#

∆e,f ✳ ◆♦✉* ♥✬❛✈♦♥* ♣❛* #2*♦❧✉ ❝❡ ♣#♦❜❧6♠❡ ❝♦♠❜✐♥❛,♦✐#❡✳

◆♦✉* ♠♦♥,#♦♥* ♠❛✐♥,❡♥❛♥, 0✉❡ ❝❡#,❛✐♥❡* ♣#♦♣#✐2,2* ❛♥❛❧②,✐0✉❡* ❞❡ ∆e,f ❞♦♥♥❡♥, ❞❡*

#❡♥*❡✐❣♥❡♠❡♥,* *✉# ❧✬20✉❛,✐♦♥ ❞✐✛2#❡♥,✐❡❧❧❡ ✈2#✐✜2❡ ♣❛# Fe,f ✳

❙✉♣♣♦*♦♥* 0✉❡ |e| = |f | ❡, 0✉❡✱ ♣♦✉# ,♦✉, x ∈ [0, 1]✱ ♦♥ ❛✐, ∆e,f (x) ≥ 0✳ ❆❧♦#*✱ ❝♦♠♠❡
∆e,f (0) = ∆e,f (γt) = 0✱ γ1 ❝♦##❡*♣♦♥❞ G ✉♥ *❛✉, ❞✬❛♠♣❧✐,✉❞❡ ♣♦*✐,✐✈❡ ❡, γt ❝♦##❡*♣♦♥❞

G ✉♥ *❛✉, ❞✬❛♠♣❧✐,✉❞❡ ♥2❣❛,✐✈❡✳ ❖♥ #❡♠❛#0✉❡ ❣#M❝❡ G ❧✬✐❞❡♥,✐,2 ✭✹✳✶✳✺✮ 0✉❡ γ1 = 1/Me,f

❡, γt = (Me,f − 1)/Me,f ♦✉ 1✳ ❖# γ1 ❝♦##❡*♣♦♥❞ G ✉♥ *❛✉, ❞✬❛♠♣❧✐,✉❞❡ ♣♦*✐,✐✈❡ ❞♦♥❝

Me,f = max(e1, . . . , eq1) := Me ❡, γt = 1 ❝❛# (Me−1)/Me ❝♦##❡*♣♦♥❞ ❛✉**✐ G ❧✬❛❜*❝✐**❡ ❞✬✉♥

*❛✉, ❞✬❛♠♣❧✐,✉❞❡ ♣♦*✐,✐✈❡✳ ❊♥ ♣❛#,✐❝✉❧✐❡#✱ (Me − 1)/Me = γt−1✳ ❉❡ ♣❧✉*✱ ♦♥ ❛ mt = q1 − q2

❡, ∆e,f (1) = 0 ❞♦♥❝✱ ♣♦✉# ,♦✉, x ∈ [(Me−1)/Me, 1[✱ ♦♥ ❛ ∆e,f (x) = q2−q1 ≥ 1✳ ❊♥ #2*✉♠2✱
♦♥ ❛ γ1 = 1/Me✱ γt−1 = (Me − 1)/Me✱ γt = 1 ❡,✱ ♣♦✉# ,♦✉, x ∈ [(Me − 1)/Me, 1[✱ ♦♥ ❛

∆e,f (x) = q2 − q1 ≥ 1✳
❙✉♣♣♦*♦♥* ❞❡ ♣❧✉* 0✉❡✱ ♣♦✉# ,♦✉, x ∈ [1/Me, 1[✱ ♦♥ ❛✐, ∆e,f (x) ≥ 1✳ ❖♥ *❛✐, ❛❧♦#* 0✉❡

(Me − 1)/Me ❝♦##❡*♣♦♥❞ G ❧✬❛❜*❝✐**❡ ❞✬✉♥ *❛✉, ❞✬❛♠♣❧✐,✉❞❡ ♣♦*✐,✐✈❡✳

❙✐ Me ≥ 3✱ ❛❧♦#* ♦♥ ❛ (Me − 1)/Me > 1/Me ❡,✱ ♣♦✉# ,♦✉, x ∈ [1/Me; (Me − 1)/Me[ ♦♥
❛ ∆e,f (x) ≥ 1✱ ❞♦♥❝ ♣♦✉# ,♦✉, x ∈ [(Me − 1)/Me, 1[ ♦♥ ❛ ∆e,f (x) ≥ 2✳ ❆✐♥*✐ mt ≤ −2✱ ❝❡
0✉✐ *✐❣♥✐✜❡ 0✉❡ ❞❛♥* ❧✬2❝#✐,✉#❡ ❞❡* ❝♦❡✣❝✐❡♥,* ❤②♣❡#❣2♦♠2,#✐0✉❡* *♦✉* ❧❛ ❢♦#♠❡

Cn
α,β

(α1)n . . . (αr)n
(1)n(β1)n . . . (βr−1)n

,

❛✉ ♠♦✐♥* ✉♥ ❞❡* βi ❡*, 2❣❛❧ G ✶✳ ❈❡❝✐ ✐♠♣❧✐0✉❡ 0✉❡ ❧✬20✉❛,✐♦♥ ❞✐✛2#❡♥,✐❡❧❧❡ ❢✉❝❤*✐❡♥♥❡

❛**♦❝✐2❡ G Fe,f ❛❞♠❡, ✉♥❡ *♦❧✉,✐♦♥ ❞❡ ,②♣❡ ❧♦❣❛#✐,❤♠✐0✉❡ G ❧✬♦#✐❣✐♥❡ Ge,f (z)+log(z)Fe,f (z)✱
♦J Ge,f ❡*, ❞2✜♥✐❡ ♣❛# ❧✬✐❞❡♥,✐,2 ✭✶✳✶✳✶✮ ❞♦♥♥2❡ ❞❛♥* ❧❛ ♣❛#,✐❡ ✶✳✶✳

❙✐ Me = 2✱ ❛❧♦#* Qe,f (n) ❡*, ❞❡ ❧❛ ❢♦#♠❡

Qe,f (n) =
(2n)!j

n!2j
=

(

22j
)n (1/2)

j
n

(1)jn
,

♦J j ∈ N✱ j ≥ 1✳ ❆✐♥*✐ ❧❡ *❡✉❧ ❝♦✉♣❧❡ ❞❡ *✉✐,❡* (e, f) ❞♦♥, ❧✬20✉❛,✐♦♥ ❞✐✛2#❡♥,✐❡❧❧❡ ❤②♣❡#✲
❣2♦♠2,#✐0✉❡ ❛**♦❝✐2❡ ♥✬❛❞♠❡, ♣❛* ❞❡ *♦❧✉,✐♦♥ ❞❡ ,②♣❡ ❧♦❣❛#✐,❤♠✐0✉❡ G ❧✬♦#✐❣✐♥❡ ❝♦##❡*♣♦♥❞

❛✉ ❝❛* j = 1✳

✷✽



◆♦✉# ♠♦♥&'♦♥# ♠❛✐♥&❡♥❛♥& +✉❡ #✐ e ❡& f #♦♥& ❞❡✉① #✉✐&❡# ❞✬❡♥&✐❡'# #&'✐❝&❡♠❡♥& ♣♦#✐&✐❢#
❞✐#❥♦✐♥&❡# ✈4'✐✜❛♥& |e| = |f |✱ ❛❧♦'# ❧❡# ❛##❡'&✐♦♥# #✉✐✈❛♥&❡# #♦♥& 4+✉✐✈❛❧❡♥&❡#✳

(i) ∆e,f ❡#& ❝'♦✐##❛♥&❡ #✉' [0, 1[✳
(ii) ■❧ ❡①✐#&❡ ❞❡# ❡♥&✐❡'# #&'✐❝&❡♠❡♥& ♣♦#✐&✐❢# N1, . . . , Nk &❡❧# +✉❡ e ❡#& ❝♦♥#&✐&✉4❡ ❞❡#
4❧4♠❡♥&# ❞✉ ♠✉❧&✐✲❡♥#❡♠❜❧❡

⋃k
i=1 ANi

❡& f ❡#& ❝♦♥#&✐&✉4❡ ❞❡# 4❧4♠❡♥&# ❞✉ ♠✉❧&✐✲

❡♥#❡♠❜❧❡

⋃k
i=1 BNi

✱ ♦< ❧❡# ♠✉❧&✐✲❡♥#❡♠❜❧❡# ANi
❡& BNi

#♦♥& ❞4✜♥✐# ❝♦♠♠❡ ❞❛♥# ❧❛

♣❛'&✐❡ ✷✳✶✳

(iii) ▲✬4+✉❛&✐♦♥ ❞✐✛4'❡♥&✐❡❧❧❡ ❢✉❝❤#✐❡♥♥❡ ❛##♦❝✐4❡ B Fe,f ❛ &♦✉# #❡# ❡①♣♦#❛♥&# 4❣❛✉① B 0
B ❧✬♦'✐❣✐♥❡✳

❙♦✐& (α1, . . . , αr) ❡& (β1, . . . , βs) ❧❡# #✉✐&❡# &❡❧❧❡# +✉❡ Qe,f = Pα,β✳

❙✐ ∆e,f ❡#& ❝'♦✐##❛♥&❡ #✉' [0, 1[ ❛❧♦'# β1 = · · · = βs = 1 ❡& ❧✬4+✉❛&✐♦♥ ❞✐✛4'❡♥&✐❡❧❧❡
❢✉❝❤#✐❡♥♥❡ ❛##♦❝✐4❡ B Fe,f ❛ ❞♦♥❝ &♦✉# #❡# ❡①♣♦#❛♥&# 4❣❛✉① B 0 B ❧✬♦'✐❣✐♥❡ ✭✈♦✐' ❬✸✵❪✮✳ ❆✐♥#✐✱
♦♥ ❛ (i) ⇒ (iii)✳ ❉❡ ♣❧✉#✱ ❝♦♠♠❡ α ❡#& R✲♣❛'&✐&✐♦♥♥4❡✱ ✐❧ ❡①✐#&❡ ❞❡# ❡♥&✐❡'# #&'✐❝&❡♠❡♥&
♣♦#✐&✐❢# N1, . . . , Nk &❡❧# +✉❡ {α1, . . . , αr} =

⋃k
i=1 RNi

✳ ❆✐♥#✐✱ ❞✬❛♣'M# ❧❡ ❧❡♠♠❡ ✶✱ ♦♥ ♦❜&✐❡♥&

❜✐❡♥ (i)⇒ (ii)✳
❘4❝✐♣'♦+✉❡♠❡♥&✱ #✬✐❧ ❡①✐#&❡ ❞❡# ❡♥&✐❡'# #&'✐❝&❡♠❡♥& ♣♦#✐&✐❢# N1, . . . , Nk &❡❧# +✉❡ e ❡#&

❝♦♥#&✐&✉4❡ ❞❡# 4❧4♠❡♥&# ❞✉ ♠✉❧&✐✲❡♥#❡♠❜❧❡

⋃k
i=1 ANi

❡& f ❡#& ❝♦♥#&✐&✉4❡ ❞❡# 4❧4♠❡♥&# ❞✉

♠✉❧&✐✲❡♥#❡♠❜❧❡

⋃k
i=1 BNi

❛❧♦'# ❧❡ ❧❡♠♠❡ ✶ ♠♦♥&'❡ +✉❡ β1 = · · · = βs = 1✳ ❖♥ ❛ ❞♦♥❝ ❜✐❡♥
(i)⇔ (ii)✳

❙✐ ❧✬4+✉❛&✐♦♥ ❞✐✛4'❡♥&✐❡❧❧❡ ❢✉❝❤#✐❡♥♥❡ ❛##♦❝✐4❡ B F
❡,❢ ❛ &♦✉# #❡# ❡①♣♦#❛♥&# 4❣❛✉① B 0 B

❧✬♦'✐❣✐♥❡✱ ❛❧♦'# β1 = · · · = βs = 1 ❡& ∆
❡,❢ ❡#& ❝'♦✐##❛♥&❡ #✉' [0, 1[✳ ❖♥ ♦❜&✐❡♥& ❜✐❡♥ (i)⇔ (iii)✳

✷✾



❈❤❛♣✐%&❡ ✺

❈♦♥❣&✉❡♥❝❡. ❢♦&♠❡❧❧❡.

▲❡" ♣$❡✉✈❡" ❞✉ (❤*♦$,♠❡ ✹ ❡( ❞❡ ❧✬❛""❡$(✐♦♥ (i) ❞✉ (❤*♦$,♠❡ ✷ "♦♥( ❜❛"*❡" ❡""❡♥(✐❡❧❧❡♠❡♥(
"✉$ ✉♥❡ ❣*♥*$❛❧✐"❛(✐♦♥ ❞✬✉♥ (❤*♦$,♠❡ ❞❡ ❑$❛((❡♥(❤❛❧❡$ ❡( ❘✐✈♦❛❧ ❬✶✼✱ ❚❤❡♦$❡♠ ✶✱ ♣✳ ✸❪ A✉✐

❡"( ✉♥❡ ✈❡$"✐♦♥ ❡♥ ♣❧✉"✐❡✉$" ✈❛$✐❛❜❧❡" ❞✬✉♥ (❤*♦$,♠❡ ❞❡ ❉✇♦$❦ ❬✶✵✱ ❚❤❡♦$❡♠ ✶✱ ♣✳ ✷✾✻❪ "✉$

❞❡" ❝♦♥❣$✉❡♥❝❡" ❢♦$♠❡❧❧❡" ❡♥($❡ "*$✐❡" ❢♦$♠❡❧❧❡"✳ ❈❡ ❝❤❛♣✐($❡ ❡"( ❝♦♥"❛❝$* K ❧✬*♥♦♥❝* ❡( K ❧❛

❞*♠♦♥"($❛(✐♦♥ ❞❡ ❝❡((❡ ❣*♥*$❛❧✐"❛(✐♦♥✳

✺✳✶ ➱♥♦♥❝' ❞❡* +'*✉❧.❛.* ❛♥.'+✐❡✉+*

▲❛ "($❛(*❣✐❡ ✉(✐❧✐"*❡ ♣❛$ ▲✐❛♥✱ ❨❛✉✱ ❩✉❞✐❧✐♥✱ ❑$❛((❡♥(❤❛❧❡$ ❡( ❘✐✈♦❛❧ ♣♦✉$ ❞*♠♦♥($❡$

❧✬✐♥(*❣$❛❧✐(* ❞❡" ❝♦❡✣❝✐❡♥(" ❞❡ ❚❛②❧♦$ ❞✬❛♣♣❧✐❝❛(✐♦♥" ♠✐$♦✐$ ❡( ❞❡ (②♣❡ ♠✐$♦✐$ ❞✬✉♥❡ ✈❛$✐❛❜❧❡

❝♦♥"✐"(❡ ❞❛♥" ✉♥ ♣$❡♠✐❡$ (❡♠♣" K ❡✛❡❝(✉❡$ ✉♥❡ $*❞✉❝(✐♦♥ p✲❛❞✐A✉❡✳ ❖♥ $❡♠❛$A✉❡ A✉❡ "✐

x ∈ Q✱ ❛❧♦$" x ∈ Z "✐✱ ❡( "❡✉❧❡♠❡♥( "✐✱ ♣♦✉$ (♦✉( ♣$❡♠✐❡$ p✱ ♦♥ ❛ x ∈ Zp✳ ◆♦(♦♥" an ❧❡ n✲
✐,♠❡ ❝♦❡✣❝✐❡♥( ❞❡ ❚❛②❧♦$ K ❧✬♦$✐❣✐♥❡ ❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ♠✐$♦✐$ qe,f (z) ❡( ✜①♦♥" ✉♥ ♣$❡♠✐❡$ p✳
❯♥ ❧❡♠♠❡ ❝❧❛""✐A✉❡ ❞❡ ❉✐❡✉❞♦♥♥* ❡( ❉✇♦$❦ ♣❡$♠❡( ✓ ❞✬*❧✐♠✐♥❡$ ✔ ❧✬❡①♣♦♥❡♥(✐❡❧❧❡ ❞❛♥"

❧✬❡①♣$❡""✐♦♥ ❞❡ qe,f (z) ❡( ❞❡ $❛♠❡♥❡$ ❧❛ ♣$❡✉✈❡ ❞❡ an ∈ Zp K ❝❡❧❧❡ ❞❡ bn ∈ pZp✱ ♦Y bn ❡"(

✉♥❡ ❡①♣$❡""✐♦♥ ♣❧✉" "✐♠♣❧❡ A✉❡ an✳

❆♣$," A✉❡❧A✉❡" ❡✛♦$("✱ ❧❡" ❛✉(❡✉$" ♣$*❝*❞❡♥(" ♣❛$✈✐❡♥♥❡♥( K $**❝$✐$❡✱ ♠♦❞✉❧♦ pZp✱ ❧❡"

❝♦❡✣❝✐❡♥(" bn ❝♦♠♠❡ ✉♥❡ "♦♠♠❡ ❞❡ (❡$♠❡" ❞❡ ❧❛ ❢♦$♠❡ S(a, K, s, p, m)δ(s, p,m) ❞*♣❡♥✲
❞❛♥( ❞❡ ♣❛$❛♠,($❡" K, s, m ∈ N ❡( a ∈ {0, . . . , p− 1}✳ ▲✬✐♥(*$[( ❞❡ ❝❡((❡ ❞*❝♦♠♣♦"✐(✐♦♥ ❡"(
A✉❡ S(a, K, s, p, m)δ(s, p,m) ∈ pZp✱ ❝❡ A✉✐ $❡"(❡ ♥*❛♥♠♦✐♥" ❧❡ ♣❧✉" ❞✉$ K ♠♦♥($❡$✳ ❈❡((❡

❞*❝♦♠♣♦"✐(✐♦♥ ❡"( ✐♥"♣✐$*❡ ❞❡ ❧✬❛$(✐❝❧❡ ❬✶✵❪ ❞❡ ❉✇♦$❦ ♦Y ✐❧ ✉(✐❧✐"❡ ❝❡((❡ ♠*(❤♦❞❡ ♣♦✉$ ❞*✲

♠♦♥($❡$ ❞❡" ♣$♦♣$✐*(*" ❛$✐(❤♠*(✐A✉❡" ❞✬❡①♣♦♥❡♥(✐❡❧❧❡" ❞❡ A✉♦(✐❡♥(" ❞❡ "♦❧✉(✐♦♥" ❞❡ ❝❡$(❛✐♥❡"

*A✉❛(✐♦♥" ❞✐✛*$❡♥(✐❡❧❧❡" ❤②♣❡$❣*♦♠*($✐A✉❡"✳

❉❛♥" ❧❡ ❝❛" ❞❡ ♣❧✉"✐❡✉$" ✈❛$✐❛❜❧❡"✱ ❑$❛((❤❡♥(❤❛❧❡$ ❡( ❘✐✈♦❛❧ ♦♥( ❛✉""✐ ✉(✐❧✐"*✱ ❞❛♥" ❬✶✼❪✱

❧❡ ❢❛✐( A✉❡ ❧❛ ♣$❡✉✈❡ ❞❡ ❧✬✐♥(*❣$❛❧✐(* ❞❡" ❝♦❡✣❝✐❡♥(" ❞❡ ❚❛②❧♦$ ❞❡" ❛♣♣❧✐❝❛(✐♦♥" ♠✐$♦✐$ ♦✉ ❞❡

(②♣❡ ♠✐$♦✐$ "❡ $❛♠,♥❡ K ❧❛ ♣$❡✉✈❡ ❞❡ S(a,K, s, p,m)δ(s, p,m) ∈ pZp✱ ♦Y S(a,K, s, p,m)
❡( δ(s, p,m) "♦♥( $❡"♣❡❝(✐✈❡♠❡♥( ❧❡" ❛♥❛❧♦❣✉❡" ✓ ♥❛(✉$❡❧" ✔ ❞❡ S(a, K, s, p, m) ❡( δ(s, p,m)
❞❛♥" ❧❡ ❝❛" ❞❡ ♣❧✉"✐❡✉$" ✈❛$✐❛❜❧❡"✳

\♦✉$ ❞*♠♦♥($❡$ ❧❡ ♣♦✐♥( (i) ❞✉ (❤*♦$,♠❡ ✷✱ ❝❛" ♦Y ∆e,f ≥ 1 "✉$De,f ✱ ♥♦✉" ♥♦✉" $❛♠❡♥♦♥"

✸✵



❛✉""✐ $ ♠♦♥()❡) +✉❡ S(a,K, s, p,m)δ(s, p,m) ∈ pZp✳ ❆✐♥"✐✱ ❧❛ ❞1❝♦♠♣♦"✐(✐♦♥ ✐♥"♣✐)1❡ ♣❛)

❉✇♦)❦ ❡"( (♦✉❥♦✉)" ✓ ❧❛ ❜♦♥♥❡ ✔ ♠;♠❡ ♣♦✉) ❧❛ ❝❧❛""❡ ❧❛ ♣❧✉" ❧❛)❣❡ ❞✬❛♣♣❧✐❝❛(✐♦♥" ♠✐)♦✐)

❞1✜♥✐❡" ♣❛) ❞❡" ❢❛❝(♦)✐❡❧❧❡" ❡( ❞♦♥( ❧❡" ❝♦❡✣❝✐❡♥(" ❞❡ ❚❛②❧♦) "♦♥( ❡♥(✐❡)"✳

▲❛ "()❛(1❣✐❡ ✉(✐❧✐"1❡ ♣♦✉) ❞1♠♦♥()❡) +✉❡ S(a,K, s, p,m)δ(s, p,m) ∈ pZp ❡"( ❞✬✐♥()♦❞✉✐)❡

✉♥❡ ❢♦♥❝(✐♦♥ gp(m) (❡❧❧❡ +✉❡

ps+1gp(m)δ(s, p,m) ∈ pZp ✭✺✳✶✳✶✮

❡(

S(a,K, s, p,m) ∈ ps+1gp(m)Zp. ✭✺✳✶✳✷✮

▲✬❛♣♣❛)(❡♥❛♥❝❡ ✭✺✳✶✳✶✮ ❡"( )❡❧❛(✐✈❡♠❡♥( "✐♠♣❧❡ $ ❞1♠♦♥()❡)✱ ❛❧♦)" +✉❡ ❧❛ ♣)❡✉✈❡ ❞❡

✭✺✳✶✳✷✮ ❡"( ❛""❡③ (❡❝❤♥✐+✉❡✳ ❆✜♥ ❞❡ ❞1✜♥✐) ♣)1❝✐"1♠❡♥( ❧❡ (❡)♠❡ S(a,K, s, p,m)✱ ♥♦✉" ✐♥✲

()♦❞✉✐"♦♥" +✉❡❧+✉❡" ♥♦(❛(✐♦♥" "✉♣♣❧1♠❡♥(❛✐)❡"✳ ❙♦✐( d ∈ N✱ d ≥ 1✱ λ ∈ R✱ k ∈ {1, . . . , d}
❡( ❞❡" ✈❡❝(❡✉)" m := (m1, . . . ,md) ❡( n := (n1, . . . , nd) ❞❛♥" Rd

✱ ♦♥ ♥♦(❡ m + n ♣♦✉)

(m1 + n1, . . . ,md + nd)✱ λm ♦✉ mλ ♣♦✉) (λm1, . . . , λmd)✱ ❡( m/λ ♣♦✉) (m1/λ, . . . ,md/λ)
❧♦)"+✉❡ λ ❡"( ♥♦♥ ♥✉❧✳ ❖♥ ♥♦(❡ 1 := (1, . . . , 1) ∈ Rd

✳ ❉❛♥" (♦✉( ❝❡ ❝❤❛♣✐()❡✱ ♦♥ ✜①❡ ✉♥

♣)❡♠✐❡) p ❡( ♦♥ ♥♦(❡ Ω ❧❡ ❝♦♠♣❧1(1 ❞❡ ❧❛ ❝❧P(✉)❡ ❛❧❣1❜)✐+✉❡ ❞❡ Qp ❡( O ❧✬❛♥♥❡❛✉ ❞❡" ❡♥(✐❡)"

❞❡ Ω✳
❙♦✐( e ❡( f ❞❡✉① "✉✐(❡" ❞❡ ✈❡❝(❡✉)" ❞❡ Nd

✳ Q♦✉) (♦✉( a ∈ {0, . . . , p− 1}d
✱ (♦✉( K ∈ Zd

✱

(♦✉( m ∈ Nd
❡( (♦✉( s ∈ N✱ ♦♥ ❞1✜♥✐(

S(a,K, s, p,m) :=
∑

mps≤j≤(m+1)ps−1

(

Qe,f (a+ p(K− j))Qe,f (j)−Qe,f (K− j)Qe,f (a+ jp)
)

,

♦R ❧✬♦♥ ♣♦"❡ Qe,f (n) = 0 "✬✐❧ ❡①✐"(❡ i ∈ {1, . . . , d} (❡❧ +✉❡ ni < 0✳
Q♦✉) ❞1♠♦♥()❡) ✭✺✳✶✳✷✮ ❞❛♥" ❧❡ ❝❛" ❞✬✉♥❡ ✈❛)✐❛❜❧❡✱ ▲✐❛♥✱ ❨❛✉✱ ❩✉❞✐❧✐♥✱ ❑)❛((❡♥(❤❛❧❡) ❡(

❘✐✈♦❛❧ ❛♣♣❧✐+✉❡♥( ❧❡ (❤1♦)W♠❡ ❏ "✉✐✈❛♥( ✭❚❤1♦)W♠❡ 1 ❞❡ ❬✶✵❪✮ ❛✈❡❝ ♣♦✉) (Ar)r≥0 ❧❛ "✉✐(❡

❝♦♥"(❛♥(❡ ❞❡ ✈❛❧❡✉) Qe,f ✳

❚❤"♦$%♠❡ ❏ ✭❈)✐(W)❡ ❞❡ ❉✇♦)❦✮✳ ❙♦✐# (Ar)r≥0 ✉♥❡ '✉✐#❡ ❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ N ❞❛♥' Ω\{0}
❡# (gr)r≥0 ✉♥❡ '✉✐#❡ ❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ N ❞❛♥' O \ {0}✳ ❖♥ '✉♣♣♦'❡ 0✉❡✱ ♣♦✉2 #♦✉# r ≥ 0✱
♦♥ ❛

(i) |Ar(0)|p = 1 ❀
(ii) ♣♦✉2 #♦✉# m ∈ N✱ ♦♥ ❛ Ar(m) ∈ gr(m)O ❀

(iii) ♣♦✉2 #♦✉' s, m ∈ N✱ #♦✉# u ∈ {0, . . . , ps − 1} ❡# #♦✉# v ∈ {0, . . . , p− 1}✱ ♦♥ ❛

Ar(v + up+mps+1)

Ar(v + up)
− Ar+1(u+mps)

Ar+1(u)
∈ ps+1 gr+s+1(m)

gr(v + up)
O;

❆❧♦2'✱ ♣♦✉2 #♦✉# a ∈ {0, . . . , p− 1}✱ #♦✉' m, s, r ∈ N ❡# #♦✉# K ∈ Z✱ ♦♥ ❛

Sr(a, K, s, p, m) :=

(m+1)ps−1
∑

j=mps

(

Ar(a+ p(K − j))Ar+1(j)−Ar+1(K − j)Ar(a+ jp)
)

∈ ps+1gs+r+1(m)O,

♦5 ❧✬♦♥ ♣♦'❡ Ar(n) = 0 '✐ n < 0✳

✸✶



❉✬❛♣$%& ❧❡& ❢♦$♠❡& &♣,❝✐✜0✉❡& ❞❡& &✉✐3❡& e ❡3 f ,3✉❞✐,❡& ♣❛$ ▲✐❛♥✱ ❨❛✉ ❡3 ❩✉❞✐❧✐♥ ❞❛♥&
❬✷✶❪ ❡3 ❬✸✷❪✱ ❧❛ ❝♦♥❣$✉❡♥❝❡ ✭✺✳✶✳✶✮ ❡&3 ✈,$✐✜,❡ ❡♥ ♣$❡♥❛♥3 gp(m) = 1 ♣♦✉$ 3♦✉3 m ∈ N✳ ❊♥

♣❛$3✐❝✉❧✐❡$✱ ❝❡& ❛✉3❡✉$& ✉3✐❧✐&❡♥3 ❧❡ 3❤,♦$%♠❡ ❏ ❛✈❡❝ ❧❛ ❢♦♥❝3✐♦♥ ❝♦♥&3❛♥3❡ ❞❡ ✈❛❧❡✉$ 1 G ❧❛
♣❧❛❝❡ ❞❡ gr✱ ✐✳❡✳ ❧❛ ❢♦♥❝3✐♦♥ ❞❡ ✈❛❧✉❛3✐♦♥ p✲❛❞✐0✉❡ ♠✐♥✐♠❛❧❡ ❛✉3♦$✐&,❡ ♣❛$ ❧❡ 3❤,♦$%♠❡ ❏✳
❊♥ $❡✈❛♥❝❤❡✱ ❞❛♥& ❬✶✼❪✱ ❑$❛33❡♥3❤❛❧❡$ ❡3 ❘✐✈♦❛❧ ✉3✐❧✐&❡♥3 ❧❡ 3❤,♦$%♠❡ ❏ ❛✈❡❝ gr = Qe,f 0✉✐

❡&3✱ ❞✬❛♣$%& ❧❡ ♣♦✐♥3 (ii) ❞❡ ❝❡ ❝$✐3%$❡✱ ❧❛ ❢♦♥❝3✐♦♥ gr ❞❡ ✈❛❧✉❛3✐♦♥ p✲❛❞✐0✉❡ ♠❛①✐♠❛❧❡✳
M♦✉$ ❞,♠♦♥3$❡$ ❧❡& 3❤,♦$%♠❡& ❇ ❡3 ❈✱ ❑$❛33❡♥3❤❛❧❡$ ❡3 ❘✐✈♦❛❧ ♦♥3 ❞,♠♦♥3$, ✉♥❡ ✈❡$&✐♦♥

❞✉ 3❤,♦$%♠❡ ❏ ❡♥ ♣❧✉&✐❡✉$& ✈❛$✐❛❜❧❡& ✭❚❤,♦$%♠❡ 1 ❞❡ ❬✶✼❪✮✳

❚❤"♦$%♠❡ ❑✳ ❙♦✐% A ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❞❡ Nd
❞❛♥- Zp \{0} ❡% g ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❞❡ Nd

❞❛♥-

Zp \ {0} ✈/0✐✜❛♥% ❧❡- %0♦✐- ♣0♦♣0✐/%/- ✿

(i) |A(0)|p = 1 ❀

(ii) ♣♦✉0 %♦✉% m ∈ Nd
✱ ♦♥ ❛ A(m) ∈ g(m)Zp ❀

(iii) ♣♦✉0 %♦✉% s ∈ N✱ %♦✉% m ∈ Nd
✱ %♦✉% u ∈ {0, . . . , ps−1}d

❡% %♦✉% v ∈ {0, . . . , p−1}d
✱

♦♥ ❛

A(v + up+mps+1)

A(v + up)
− A(u+mps)

A(u)
∈ ps+1 g(m)

g(v + up)
Zp;

❆❧♦0-✱ ♣♦✉0 %♦✉% a ∈ {0, . . . , p− 1}d
✱ %♦✉% m ∈ Nd

✱ %♦✉% s ∈ N ❡% %♦✉% K ∈ Zd
✱ ♦♥ ❛

∑

mps≤j≤(m+1)ps−1

(

A(a + p(K − j))A(j) − A(K − j)A(a + jp)
)

∈ ps+1g(m)Zp,

♦6 ❧✬♦♥ ♣♦-❡ A(n) = 0 -✬✐❧ ❡①✐-%❡ i ∈ {1, . . . , d} %❡❧ 9✉❡ ni < 0✳

❘❡♠❛09✉❡✳ ▲❛ $❡&3$✐❝3✐♦♥ ❞✉ 3❤,♦$%♠❡ ❑ ❛✉ ❝❛& ❞✬✉♥❡ ✈❛$✐❛❜❧❡ ❡&3 ❝♦♥3❡♥✉❡ ❞❛♥& ❧❡ 3❤,♦✲

$%♠❡ ❏✳

❈♦♠♠❡ ❡①♣❧✐0✉, ♣$,❝,❞❡♠♠❡♥3✱ ♣♦✉$ ❞,♠♦♥3$❡$ ❧❡ 3❤,♦$%♠❡ ✹ ❡3 ❧❡ ♣♦✐♥3 (i) ❞✉ 3❤,♦✲
$%♠❡ ✷✱ ♥♦✉& ❞,♠♦♥3$♦♥& ❧❡& ❛♣♣❛$3❡♥❛♥❝❡& ✭✺✳✶✳✶✮ ❡3 ✭✺✳✶✳✷✮ ❛✈❡❝ ✉♥❡ ❢♦♥❝3✐♦♥ gp ❛❞,0✉❛3❡

❡3

δ(s, p,m) := HLmps −HL⌊m/p⌋ps+1 .

▼❛❧❤❡✉$❡✉&❡♠❡♥3✱ &❡❧♦♥ ❧❡& ❝❤♦✐① ❞❡& &✉✐3❡& e ❡3 f 3❡❧❧❡& 0✉❡ ∆e,f ≥ 1 &✉$ De,f ✱ ✐❧ ♥✬❡①✐&3❡

♣❛& ❞❡ ❢♦♥❝3✐♦♥ gp ✈,$✐✜❛♥3 ✭✺✳✶✳✶✮ 0✉✐ ♣❡$♠❡33❡ ❞❡ ❞,♠♦♥3$❡$ ✭✺✳✶✳✷✮ ❡♥ ❛♣♣❧✐0✉❛♥3 ❧❡&

3❤,♦$%♠❡& ❏ ♦✉ ❑✳

❊♥ ❡✛❡3✱ ♣$❡♥♦♥& d = 1✳ ❙✐ ❧✬♦♥ ❞✐&♣♦&❡ ❞❡ ❞❡✉① &✉✐3❡& (Ar)r≥0 ❡3 (gr)r≥0 ✈,$✐✜❛♥3 ❧❡&

❝♦♥❞✐3✐♦♥& ❞✉ 3❤,♦$%♠❡ ❏ ❡3 3❡❧❧❡& 0✉✬✐❧ ❡①✐&3❡ r ≥ 0 3❡❧ 0✉❡ Ar = Ar+1 = Qe,f ❡3✱ ♣♦✉$

3♦✉& s, r, m ∈ N✱

ps+1gs+r+1(m)(HLmps −HL⌊m/p⌋ps+1) ∈ Zp,

❛❧♦$& (iii) ♥♦✉& ❞✐3 0✉❡✱ ♣♦✉$ 3♦✉3 ♥♦♠❜$❡ ♣$❡♠✐❡$ p✱ 3♦✉3 v < p✱ 3♦✉& s, r, m ∈ N ❡3 3♦✉3

✸✷



u < ps
✱ ♦♥ ❛

(HLmps −HL⌊m/p⌋ps+1)

(Qe,f (v + up+mps+1)

Qe,f (v + up)
− Qe,f (u+mps)

Qe,f (u)

)

∈ 1

gr(v + up)
O

∈ 1

Qe,f (v + up)
O.

✭✺✳✶✳✸✮

❖+ ✭✺✳✶✳✸✮ ♥✬❡./ ♣❛. ✈2+✐✜2❡ ♣❛+ ❧❛ .✉✐/❡ Qe,f ❞2✜♥✐❡ ♣❛+ e = (10, 5) ❡/ f = (4, 4, 3, 2, 1, 1)✳
❊♥ ❡✛❡/✱ ♣♦✉+ p = 3✱ L = 10✱ v = 1✱ s = 1✱ m = 1 ❡/ u = 2 ♦♥ ♦❜/✐❡♥/

v3

(

H30

(Qe,f (16)

Qe,f (7)
− Qe,f (5)

Qe,f (2)

))

= −4 ❡/ v3

(

1

Qe,f (7)

)

= −3.

❉❡ ♣❧✉. ❧❡ ❣+❛♣❤❡ ❞❡ ∆e,f .✉+ [0, 1] ❡./

❡/ ♦♥ ❛ ❜✐❡♥ ∆e,f ≥ 1 .✉+ De,f = [1/10, 1[✳
❉❛♥. ❧❛ .✉✐/❡ ❞❡ ❝❡ ❝❤❛♣✐/+❡✱ ♦♥ 2♥♦♥❝❡ ❡/ ❞2♠♦♥/+❡ ❧❡. ❣2♥2+❛❧✐.❛/✐♦♥. ❞❡. /❤2♦+@♠❡.

❏ ❡/ ❑ C✉❡ ♥♦✉. ✉/✐❧✐.♦♥. ❞❛♥. ❧❡. ♣+❡✉✈❡. ❞✉ /❤2♦+@♠❡ ✹ ❡/ ❞✉ ♣♦✐♥/ (i) ❞✉ /❤2♦+@♠❡ ✷✳

✺✳✷ ●$♥$&❛❧✐*❛+✐♦♥* ❞❡* +❤$♦&0♠❡* ❏ ❡+ ❑

◆♦✉. ✐♥/+♦❞✉✐.♦♥. C✉❡❧C✉❡. ♥♦/❛/✐♦♥.✳ ❙✐ N ❡./ ✉♥❡ ♣❛+/✐❡ ❞❡

⋃

t≥1

(

{0, . . . , pt − 1}d × {t}
)

✱

❛❧♦+.✱ ♣♦✉+ /♦✉/ s ∈ N✱ ♦♥ ♥♦/❡ Ψs(N ) ❧✬❡♥.❡♠❜❧❡ ❞❡. u ∈ {0, . . . , ps − 1}d
/❡❧. C✉❡✱ ♣♦✉+

/♦✉/ (n, t) ∈ N ✱ ❛✈❡❝ t ≤ s✱ ❡/ /♦✉/ j ∈ {0, . . . , ps−t − 1}d
✱ ♦♥ ❛ u 6= j+ ps−tn✳

❙♦✐/ u ∈ {0, . . . , ps − 1}d
✱ u :=

∑s−1
k=0 ukp

k
❛✈❡❝ uk ∈ {0, . . . , p− 1}d

✳ ◆♦/♦♥. Ms(u) ❧❡

♠♦/ u0 · · ·us−1 ❞❡ ❧♦♥❣✉❡✉+ s .✉+ ❧✬❛❧♣❤❛❜❡/ {0, . . . , p−1}d
✳ ❉✬❛♣+@. ❧❛ ❞2✜♥✐/✐♦♥ ♣+2❝2❞❡♥/❡✱

♦♥ ❛ u ∈ Ψs(N ) .✐✱ ❡/ .❡✉❧❡♠❡♥/ .✐ ❛✉❝✉♥ ❞❡. ♠♦/. Mt(n)✱ (n, t) ∈ N ✱ ♥✬❡./ ✉♥ .✉✣①❡ ❞❡

Ms(u)✳
J+❡♥♦♥. ♣❛+ ❡①❡♠♣❧❡ N := {(0, t) : t ≥ 1}✳ ❉❛♥. ❝❡ ❝❛.✱ Ψs(N ) ❡./ ❧✬❡♥.❡♠❜❧❡ ❞❡.

u =
∑s−1

k=0 ukp
k

/❡❧. C✉❡ us−1 6= 0✳ ❖♥ +❡♠❛+C✉❡ C✉❡ Ψs(N ) = Ψs(N ′) ❛✈❡❝ N ′ = {(0, 1)}✳
❆✈❡❝ ❝❡. ♥♦/❛/✐♦♥.✱ ♥♦/+❡ ❣2♥2+❛❧✐.❛/✐♦♥ ❞❡. /❤2♦+@♠❡. ❏ ❡/ ❑ .✬2♥♦♥❝❡ ❝♦♠♠❡ .✉✐/✳

✸✸



❚❤"♦$%♠❡ ✻✳ ❙♦✐# (Ar)r≥0 ✉♥❡ '✉✐#❡ ❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ Nd
❞❛♥' Ω\{0} ❡# (gr)r≥0 ✉♥❡ '✉✐#❡

❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ Nd
❞❛♥' O\{0}✳ ❖♥ '✉♣♣♦'❡ 0✉✬✐❧ ❡①✐'#❡ N ⊂ ⋃

t≥1

(

{0, . . . , pt − 1}d × {t}
)

#❡❧ 0✉❡✱ ♣♦✉3 #♦✉# r ≥ 0✱ ♦♥ ❛

(i) |Ar(0)|p = 1 ❀
(ii) ♣♦✉3 #♦✉# m ∈ Nd

✱ ♦♥ ❛ Ar(m) ∈ gr(m)O ❀

(iii) 5♦✉3 #♦✉# s ∈ N ❡# #♦✉# m ∈ Nd
✱ ♦♥ ❛ ✿

(a) ♣♦✉3 #♦✉# u ∈ Ψs(N ) ❡# #♦✉# v ∈ {0, . . . , p− 1}d
✱ ♦♥ ❛

Ar(v + up+mps+1)

Ar(v + up)
− Ar+1(u+mps)

Ar+1(u)
∈ ps+1 gr+s+1(m)

Ar(v + up)
O;

(a1) '✐ ❞❡ ♣❧✉' v + pu ∈ Ψs+1(N )✱ ❛❧♦3' ♦♥ ❛

Ar(v + up+mps+1)

Ar(v + up)
− Ar+1(u+mps)

Ar+1(u)
∈ ps+1 gr+s+1(m)

gr(v + up)
O;

(a2) ❡♥ 3❡✈❛♥❝❤❡✱ '✐ v + pu /∈ Ψs+1(N )✱ ❛❧♦3' ♦♥ ❛

Ar+1(u+ psm)

Ar+1(u)
∈ ps+1 gs+r+1(m)

gr(v + pu)
O;

(b) 5♦✉3 #♦✉# (n, t) ∈ N ✱ ♦♥ ❛ gr (n+ ptm) ∈ ptgr+t(m)O ❀

❆❧♦3'✱ ♣♦✉3 #♦✉# a ∈ {0, . . . , p− 1}d
✱ #♦✉# m ∈ Nd

✱ #♦✉' s, r ∈ N ❡# #♦✉# K ∈ Zd
✱ ♦♥ ❛

Sr(a,K, s, p,m) :=
∑

mps≤j≤(m+1)ps−1

(

Ar(a+ p(K− j))Ar+1(j)−Ar+1(K− j)Ar(a+ jp)
)

∈ ps+1gs+r+1(m)O,

✭✺✳✷✳✶✮

♦: ❧✬♦♥ ♣♦'❡ Ar(n) = 0 '✬✐❧ ❡①✐'#❡ i ∈ {1, . . . , d} #❡❧ 0✉❡ ni < 0✳

▼♦♥)*♦♥+ ,✉❡ ❝❡ )❤1♦*2♠❡ ❣1♥1*❛❧✐+❡ ❧❡ )❤1♦*2♠❡ ❑✳ ❙♦✐) A : Nd 7→ Zp \{0} ❡) g : Nd 7→
Zp \ {0} ❞❡✉① ❛♣♣❧✐❝❛)✐♦♥+ ,✉✐ ✈1*✐✜❡♥) ❧❡+ ❝♦♥❞✐)✐♦♥+ (i)✱ (ii) ❡) (iii) ❞✉ )❤1♦*2♠❡ ❑✳ ❖♥

♣*❡♥❞ ♣♦✉* (Ar)r≥0 ❧❛ +✉✐)❡ ❝♦♥+)❛♥)❡ ❞❡ ✈❛❧❡✉* A ❡) ♣♦✉* (gr)r≥0 ❧❛ +✉✐)❡ ❝♦♥+)❛♥)❡ ❞❡

✈❛❧❡✉* g✳ ❈❡+ ❞❡✉① +✉✐)❡+ ✈1*✐✜❡♥) ❜✐❡♥ ❧❡+ ❝♦♥❞✐)✐♦♥+ (i) ❡) (ii) ❞✉ )❤1♦*2♠❡ ✻✳ ❖♥ ❝❤♦✐+✐)

N := ∅ ❞❡ +♦*)❡ ,✉❡✱ ♣♦✉* )♦✉) s ∈ N✱ ♦♥ ❛ Ψs(N ) = {0, . . . , ps − 1}d
✳ ❊♥ ♣❛*)✐❝✉❧✐❡*✱

❧❡+ ❝♦♥❞✐)✐♦♥+ (a2) ❡) (b) ❞✉ )❤1♦*2♠❡ ✻ +♦♥) ✈✐❞❡+✳ ■❧ ♥♦✉+ +✉✣) ❞♦♥❝ ❞❡ ♠♦♥)*❡* ,✉❡

❧❡+ +✉✐)❡+ (Ar)r≥0 ❡) (gr)r≥0 ✈1*✐✜❡♥) ❧❡+ ♣♦✐♥)+ (a) ❡) (a1) ❞✉ )❤1♦*2♠❡ ✻✳ ▲❡ ❢❛✐) ,✉❡

Ψs+1(N ) = {0, . . . , ps+1− 1}d
✱ ❥♦✐♥) ❛✉ ♣♦✐♥) (ii)✱ ❞1♠♦♥)*❡ ,✉❡ ❧❛ ❝♦♥❞✐)✐♦♥ (a1) ✐♠♣❧✐,✉❡

❧❡ ♣♦✐♥) (a)✳ ❖* ❧❡ ♣♦✐♥) (a1) ♥✬❡+) ❛✉)*❡ ,✉❡ ❧❡ ♣♦✐♥) (iii) ❞✉ )❤1♦*2♠❡ ❑✳ ▲❡+ ❝♦♥❞✐)✐♦♥+

❞✉ )❤1♦*2♠❡ ✻ +♦♥) ❞♦♥❝ ✈1*✐✜1❡+ ❡) ♦♥ ❛ ❜✐❡♥ ❧❛ ❝♦♥❝❧✉+✐♦♥ ❞✉ )❤1♦*2♠❡ ❑✳

❉❡ ♠L♠❡✱ ❡♥ ❝❤♦✐+✐++❛♥) N = ∅✱ ❧❡ )❤1♦*2♠❡ ✻ *❡❞♦♥♥❡ ❜✐❡♥ ❧❡ )❤1♦*2♠❡ ❏✳

▲✬✐♥)1*L) ❞✉ )❤1♦*2♠❡ ✻ *1+✐❞❡ ❞♦♥❝ ❞❛♥+ ❧❡ ❝❤♦✐① ❞✬✉♥ ❡♥+❡♠❜❧❡ N ♥♦♥ ✈✐❞❡✳ ❉❛♥+ ❝❡

❝❛+✱ ❧❡+ ♣♦✐♥)+ (a) ❡) (a1)✱ ❛♥❛❧♦❣✉❡+ ❞❡+ ♣♦✐♥)+ (iii) ❞❡+ )❤1♦*2♠❡+ ❏ ❡) ❑✱ ❞♦✐✈❡♥) L)*❡

✸✹



✈!"✐✜!% ♣♦✉" ✉♥ ❡♥%❡♠❜❧❡ ♣❧✉% ♣❡.✐.% ❞❡ u ❡. v✳ ❊♥ "❡✈❛♥❝❤❡✱ ❧❡ ❝❤♦✐① ❞❡% ❢♦♥❝.✐♦♥% gr ❡%.

❢♦".❡♠❡♥. ❝♦♥."❛✐♥. ♣❛" ❧❡ ♣♦✐♥. (b)✱ ❝❡ 8✉✐ ♣❡"♠❡. ❞❡ ❝♦♥%❡"✈❡" ❧❛ ❝♦♥❝❧✉%✐♦♥ ✭✺✳✷✳✶✮✳

▲❡ ♣"❡♠✐❡" "!%✉❧.❛. ❞❡ ❝❡..❡ .❤?%❡ ❢✉. ❞✬!.❛❜❧✐" ❧❡% ❝"✐.?"❡% ❞✬✐♥.!❣"❛❧✐.! ❞❡% ❝♦❡✣❝✐❡♥.%

❞❡ ❚❛②❧♦" ❞❡% ❛♣♣❧✐❝❛.✐♦♥% ♠✐"♦✐" ❡. ❞❡ .②♣❡ ♠✐"♦✐" ❞✬✉♥❡ ✈❛"✐❛❜❧❡✳ ❊♥ ♣❛".✐❝✉❧✐❡"✱ ♥♦✉%

❛✈♦♥% ❞!♠♦♥."! ✉♥❡ ❣!♥!"❛❧✐%❛.✐♦♥ ❡♥ ✉♥❡ ✈❛"✐❛❜❧❡ ❞✉ .❤!♦"?♠❡ ❏ 8✉✐ %✬!♥♦♥❝❡ ❝♦♠♠❡ %✉✐.✳

❚❤"♦$%♠❡ ✼✳ ❙♦✐# (Ar)r≥0 ✉♥❡ '✉✐#❡ ❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ N ❞❛♥' Ω\{0} ❡# (gr)r≥0 ✉♥❡ '✉✐#❡

❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ N ❞❛♥' O \ {0} #❡❧❧❡' .✉❡✱ ♣♦✉0 #♦✉# r ≥ 0✱ ♦♥ ❛✐#

(i) |Ar(0)|p = 1 ❀
(ii) ♣♦✉0 #♦✉# m ∈ N✱ ♦♥ ❛ Ar(m) ∈ gr(m)O ❀

❡# #❡❧❧❡' .✉✬✐❧ ❡①✐'#❡ k0 ∈ N #❡❧ .✉❡

(iii) ♣♦✉0 #♦✉# m ∈ N ❡# #♦✉# r ≥ 0✱
'✐ vp(m) ≥ k0 ❛❧♦0'✱ ♣♦✉0 #♦✉' v, u, s ∈ N #❡❧' .✉❡ v < p✱ u < ps

✱ ♦♥ ❛

Ar(v + up+mps+1)

Ar(v + up)
− Ar+1(u+mps)

Ar+1(u)
∈ ps+k0+1 gr+s+1(m)

gr(v + up)
O;

'✐ vp(m) ≤ k0 − 1✱ ❛❧♦0'

Ar(mp)

Ar(0)
− Ar+1(m)

Ar+1(0)
∈ pvp(m)+1gr+1(m)O;

(iv) ♣♦✉0 #♦✉# k ∈ {1, . . . , k0}✱ #♦✉# v ∈ {1, . . . , p− 1}✱ #♦✉# m ∈ N ❡# #♦✉# r ≥ 0✱ ♦♥ ❛

gr(v +mpk) ∈ pkgr(mpk)O ❡# gr(mpk) ∈ gr+k(m)O✳
❆❧♦0'✱ ♣♦✉0 #♦✉# a ∈ {0, . . . , p− 1}✱ #♦✉' m, s ∈ N✱ #♦✉# r ≥ 0 ❡# #♦✉# K ∈ Z✱ ♦♥ ❛

Sr(a, K, s, p, m) :=

(m+1)ps−1
∑

j=mps

(Ar(a+ p(K − j))Ar+1(j)−Ar+1(K − j)Ar(a+ jp))

∈ ps+1gs+r+1(m)O
❡#

Sr(a, K, s, p, mpk0) ∈ ps+k0+1gs+r+1(m)O,

♦5 ❧✬♦♥ ♣♦'❡✱ ♣♦✉0 #♦✉# r ≥ 0✱ Ar(ℓ) = 0 '✐ ℓ < 0✳

▲❡ .❤!♦"?♠❡ ❏ ❝♦""❡%♣♦♥❞ ❛✉ ❝❛% ♦F k0 = 0✱ ❛✉8✉❡❧ ❝❛% ❧❛ ❝♦♥❞✐.✐♦♥ (iii) ❡%. ✐❞❡♥.✐8✉❡
G ❧❛ ❝♦♥❞✐.✐♦♥ (iii) ❞✉ .❤!♦"?♠❡ ❏ ❡. ❧❛ ❝♦♥❞✐.✐♦♥ (iv) ❡%. ✈✐❞❡✳ ▲❛ ♣"❡✉✈❡ ♣♦✉" k0 ≥ 1 ❡%.

."?% ❞✐✛!"❡♥.❡ ❞❡ ❝❡❧❧❡ ❞♦♥♥!❡ ♣❛" ❉✇♦"❦ ♣♦✉" k0 = 0✳
▲❡ .❤!♦"?♠❡ ✼ ♥❡ %❡♠❜❧❡ ♣❛% M."❡ ✉♥ ❝❛% ♣❛".✐❝✉❧✐❡" ❞✉ .❤!♦"?♠❡ ✻✳ ❊♥ ♣❛".✐❝✉✲

❧✐❡"✱ ✐❧ ♥❡ %❡♠❜❧❡ ♣❛% ♣♦%%✐❜❧❡ ❞✬♦❜.❡♥✐" ✉♥❡ ❝♦♥❝❧✉%✐♦♥ ❞✉ .②♣❡ Sr(a, K, s, p, mpk0) ∈
ps+k0+1gs+r+1(m)O G ❧✬❛✐❞❡ ❞✉ .❤!♦"?♠❡ ✻✳ ▼M♠❡ %✐ ♦♥ ♣❡✉. ♥✬✉.✐❧✐%❡" 8✉❡ ❧❡ .❤!♦"?♠❡ ✻

♣♦✉" ❞!♠♦♥."❡" ❧❡% ❝"✐.?"❡% ❞✬✐♥.!❣"❛❧✐.! ❞❡% ❝♦❡✣❝✐❡♥.% ❞❡ ❚❛②❧♦" ❞❡% ❛♣♣❧✐❝❛.✐♦♥% ♠✐"♦✐"✱

❧❡ .❤!♦"?♠❡ ✼ ♥❡ %❡♠❜❧❡ ♣❛% .♦✉. G ❢❛✐. ✐♥✉.✐❧❡✳ ❉✇♦"❦ !.❛❜❧✐. ✉♥❡ ♣"❡♠✐?"❡ ✈❡"%✐♦♥ ❞❡ %♦♥

❝"✐.?"❡ ❞❛♥% ❬✶✶❪ ❧✉✐ ♣❡"♠❡..❛♥. ❞❡ ❞!♠♦♥."❡" ❞❡% ♣"♦❧♦♥❣❡♠❡♥.% ❛♥❛❧②.✐8✉❡% ❞❡ ❝❡".❛✐♥%

8✉♦.✐❡♥. ❞❡ ❢♦♥❝.✐♦♥% p✲❛❞✐8✉❡%✳ ▲❡ .❤!♦"?♠❡ ✼ ♣♦✉""❛S. ♣❡"♠❡.."❡ ❞✬!.❛❜❧✐" ❞❡% ♣"♦❧♦♥❣❡✲

♠❡♥.% ❛♥❛❧②.✐8✉❡% ❞❡ 8✉♦.✐❡♥.% ❞❡ ❢♦♥❝.✐♦♥% p✲❛❞✐8✉❡% ♣❧✉% ❣!♥!"❛❧❡%✳
▲❡ ❜✉. ❞❡ ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐."❡ ❡%. ❞❡ ❞!♠♦♥."❡" ❧❡% .❤!♦"?♠❡% ✻ ❡. ✼✳

✸✺



✺✳✸ ❉$♠♦♥()*❛)✐♦♥ ❞✉ )❤$♦*0♠❡ ✻

▲❛ "#❛♠❡ ❞❡ ❧❛ ❞(♠♦♥+"#❛"✐♦♥ +✬✐♥+♣✐#❡ ❞❡ ❝❡❧❧❡+ ❞❡+ "❤(♦#1♠❡+ ❞❡ ❉✇♦#❦ ❡" ❞❡ ❑#❛"✲

"❡♥"❤❛❧❡# ❡" ❘✐✈♦❛❧✱ ♠❛✐+ ❡❧❧❡ ❞✐✛1#❡ ❛++❡③ +❡♥+✐❜❧❡♠❡♥" ❞❛♥+ ❧❡+ ❞("❛✐❧+✳

>♦✉# "♦✉" s ∈ N✱ s ≥ 1✱ ♦♥ ♥♦"❡ αs ❧✬❛++❡#"✐♦♥ +✉✐✈❛♥"❡ ✿ ♣♦✉# "♦✉" a ∈ {0, . . . , p− 1}d
✱

"♦✉" u ∈ {0, . . . , s− 1}✱ "♦✉" m ∈ Nd
✱ "♦✉" r ≥ 0 ❡" "♦✉" K ∈ Zd

✱ ♦♥ ❛ ❧❛ ❝♦♥❣#✉❡♥❝❡

Sr(a,K, u, p,m) ∈ pu+1gu+r+1(m)O.

>♦✉# "♦✉" s ∈ N✱ s ≥ 1✱ ❡" "♦✉" t ∈ {0, . . . , s}✱ ♦♥ ♥♦"❡ βt,s ❧✬❛++❡#"✐♦♥ +✉✐✈❛♥"❡ ✿ ♣♦✉#

"♦✉" a ∈ {0, . . . , p− 1}d
✱ "♦✉" m ∈ Nd

✱ "♦✉" r ≥ 0 ❡" "♦✉" K ∈ Zd
✱ ♦♥ ❛ ❧❛ ❝♦♥❣#✉❡♥❝❡

Sr(a,K+mps, s, p,m) ≡
∑

j∈Ψs−t(N )

At+r+1(j+mps−t)

At+r+1(j)
Sr(a,K, t, p, j) mod ps+1gs+r+1(m)O.

>♦✉# "♦✉" a ∈ {0, . . . , p− 1}d
✱ "♦✉" K ∈ Zd

✱ "♦✉" r ∈ N ❡" "♦✉" j ∈ Nd
✱ ♦♥ ♣♦+❡

Ur(a,K, p, j) := Ar(a+ p(K− j))Ar+1(j)−Ar+1(K− j)Ar(a+ jp).

❖♥ ❛ ❛❧♦#+

Sr(a,K, s, p,m) =
∑

0≤j≤(ps−1)1

Ur(a,K, p, j+mps).

◆♦✉+ (♥♦♥D♦♥+ ♠❛✐♥"❡♥❛♥" E✉❛"#❡ ❧❡♠♠❡+ ♣❡#♠❡""❛♥" ❞❡ ♠♦♥"#❡# ✭✺✳✷✳✶✮✳

▲❡♠♠❡ ✷✳ ▲✬❛##❡%&✐♦♥ α1 ❡#& ✈%❛✐❡✳

▲❡♠♠❡ ✸✳ ,♦✉% &♦✉# s, r ∈ N✱ &♦✉& m ∈ Nd
✱ &♦✉& a ∈ {0, . . . , p − 1}d

✱ &♦✉& j ∈ Ψs(N ) ❡&
&♦✉& K ∈ Zd

✱ ♦♥ ❛

Ur(a,K+mps, p, j+mps) ≡ Ar+1(j+mps)

Ar+1(j)
Ur(a,K, p, j) mod ps+1gs+r+1(m)O.

▲❡♠♠❡ ✹✳ ,♦✉% &♦✉& s ∈ N✱ s ≥ 1✱ #✐ αs ❡#& ✈%❛✐❡✱ ❛❧♦%#✱ ♣♦✉% &♦✉& a ∈ {0, . . . , p − 1}d
✱

&♦✉& K ∈ Zd
✱ &♦✉& r ≥ 0 ❡& &♦✉& m ∈ Nd

✱ ♦♥ ❛

Sr(a,K, s, p,m) ≡
∑

j∈Ψs(N )

Ur(a,K, p, j+mps) mod ps+1gs+r+1(m)O;

▲❡♠♠❡ ✺✳ ,♦✉% &♦✉& s ∈ N✱ s ≥ 1✱ ❡& &♦✉& t ∈ {0, . . . , s − 1}✱ ❧❡# ❛##❡%&✐♦♥# αs ❡& βt,s

✐♠♣❧✐2✉❡♥& ❧✬❛##❡%&✐♦♥ βt+1,s✳

❆✈❛♥" ❞❡ ♣#♦✉✈❡# ❝❡+ ❧❡♠♠❡+✱ ♥♦✉+ ✈(#✐✜♦♥+ E✉❡ ❧❡✉# ✈❛❧✐❞✐"( ✐♠♣❧✐E✉❡ ❜✐❡♥ ✭✺✳✷✳✶✮✳

◆♦✉+ ♠♦♥"#♦♥+ E✉❡ αs ❡+" ✈#❛✐❡ ♣♦✉# "♦✉" s ≥ 1 ♣❛# #(❝✉##❡♥❝❡ +✉# s✱ ❝❡ E✉✐ ❞♦♥♥❡ ❧❛

✸✻



❝♦♥❝❧✉%✐♦♥ ❞✉ (❤*♦+,♠❡ ✻✳ ❉✬❛♣+,% ❧❡ ❧❡♠♠❡ ✷✱ α1 ❡%( ✈+❛✐❡✳ ❙✉♣♣♦%♦♥% αs ✈+❛✐❡ ♣♦✉+ ✉♥

s ≥ 1 ✜①*✳ ❖♥ +❡♠❛+<✉❡ <✉❡ β0,s ❡%( ❧✬❛%%❡+(✐♦♥

β0,s : Sr(a,K+mps, s, p,m) ≡
∑

j∈Ψs(N )

Ar+1(j+mps)

Ar+1(j)
Sr(a,K, 0, p, j) mod ps+1gs+r+1(m)O.

❈♦♠♠❡ Sr(a,K, 0, p, j) = Ur(a,K, p, j)✱ ♦♥ ❛

∑

j∈Ψs(N )

Ar+1(j+mps)

Ar+1(j)
Sr(a,K, 0, p, j) =

∑

j∈Ψs(N )

Ar+1(j+mps)

Ar+1(j)
Ur(a,K, p, j)

❡(✱ ❞✬❛♣+,% ❧❡ ❧❡♠♠❡ ✸✱ ♦♥ ♦❜(✐❡♥(

∑

j∈Ψs(N )

Ar+1(j+mps)

Ar+1(j)
Ur(a,K, p, j)

≡
∑

j∈Ψs(N )

Ur(a,K+mps, p, j+mps) mod ps+1gs+r+1(m)O

≡ Sr(a,K+mps, s, p,m) mod ps+1gs+r+1(m)O, ✭✺✳✸✳✶✮

♦D ✭✺✳✸✳✶✮ ❡%( ♦❜(❡♥✉❡ ✈✐❛ ❧❡ ❧❡♠♠❡ ✹✳

❆✐♥%✐✱ ❧✬❛%%❡+(✐♦♥ β0,s ❡%( ✈+❛✐❡✳ ❖♥ ♦❜(✐❡♥( ❛❧♦+% ❧❛ ✈❛❧✐❞✐(* ❞❡ β1,s ❛✉ ♠♦②❡♥ ❞✉ ❧❡♠♠❡ ✺✳

H❛+ ✐(*+❛(✐♦♥ ❞✉ ❧❡♠♠❡ ✺✱ ♦♥ ♦❜(✐❡♥( ✜♥❛❧❡♠❡♥( βs,s <✉✐ %✬*❝+✐(

Sr(a,K+mps, s, p,m) ≡
∑

j∈Ψ0(N )

As+r+1(j+m)

As+r+1(j)
Sr(a,K, s, p, j) mod ps+1gs+r+1(m)O

≡ As+r+1(m)

As+r+1(0)
Sr(a,K, s, p,0) mod ps+1gs+r+1(m)O, ✭✺✳✸✳✷✮

♦D ❧✬♦♥ ❛ ✉(✐❧✐%* ❞❛♥% ✭✺✳✸✳✷✮ ❧❡ ❢❛✐( <✉❡ Ψ0(N ) = {0}✳
◆♦✉% ❛❧❧♦♥% ♠❛✐♥(❡♥❛♥( ♠♦♥(+❡+ <✉❡✱ ♣♦✉+ (♦✉( a ∈ {0, . . . , p − 1}d

✱ (♦✉( r ∈ N ❡(

(♦✉( K ∈ Zd
✱ ♦♥ ❛ Sr(a,K, s, p,0) ∈ ps+1O✳ H♦✉+ (♦✉( N ∈ Zd

✱ ♦♥ ♥♦(❡  N ❧✬❛%%❡+(✐♦♥ ✿

✓ ♣♦✉+ (♦✉( a ∈ {0, . . . , p − 1}d
❡( (♦✉( r ∈ N✱ ♦♥ ❛ Sr(a,N, s, p,0) ∈ ps+1O ✔✳ ❙✬✐❧ ❡①✐%(❡

i ∈ {1, . . . , d} (❡❧ <✉❡ Ni < 0✱ ❛❧♦+%✱ ♣♦✉+ (♦✉( j ∈ {0, . . . , ps−1}d
✱ ♦♥ ❛ Ar(a+p(N−j)) = 0

❡( Ar+1(N− j) = 0 ❞❡ %♦+(❡ <✉❡ Sr(a,N, s, p,0) = 0 ∈ ps+1O✳ ❘❛✐%♦♥♥♦♥% ♣❛+ ❧✬❛❜%✉+❞❡ ❡♥

%✉♣♣♦%❛♥( <✉✬✐❧ ❡①✐%(❡ ✉♥ *❧*♠❡♥( ♠✐♥✐♠❛❧ N ∈ Nd
(❡❧ <✉❡  N %♦✐( ❢❛✉%%❡✳ ❙♦✐( m ∈ Nd\{0}

❡( N′ := N−mps
✳ ❊♥ ✉(✐❧✐%❛♥( ✭✺✳✸✳✷✮ ❛✈❡❝ N′

P ❧❛ ♣❧❛❝❡ ❞❡ K✱ ♦♥ ♦❜(✐❡♥(

Sr(a,N, s, p,m) ≡ As+r+1(m)

As+r+1(0)
Sr(a,N′, s, p,0) mod ps+1gs+r+1(m)O.

❈♦♠♠❡ m ∈ Nd \ {0}✱ ♦♥ ❛ N′ < N✱ ❝❡ <✉✐✱ ♣❛+ ❞*✜♥✐(✐♦♥ ❞❡ N✱ ❞♦♥♥❡ Sr(a,N′, s, p,0) ∈
ps+1O✳ ❉✬❛♣+,% ❧❡% ❝♦♥❞✐(✐♦♥% (i) ❡( (ii)✱ ♦♥ ❛ |As+r+1(0)|p = 1 ❡( As+r+1(m) ∈ gs+r+1(m)O✱

❝❡ <✉✐ ❞♦♥♥❡

Sr(a,N, s, p,m) ∈ ps+1gs+r+1(m)O ⊂ ps+1O.

✸✼



❆✐♥#✐✱ ♣♦✉( )♦✉) m ∈ Nd \ {0}✱ ♦♥ ❛ Sr(a,N, s, p,m) ∈ ps+1O✳ ❙♦✐) T ∈ Nd
)❡❧ /✉❡✱

♣♦✉( )♦✉) i ∈ {1, . . . , d} ♦♥ ❛✐) (Ti + 1)ps > Ni✳ ❖♥ ❛ ❛❧♦(#

∑

0≤m≤T

Sr(a,N, s, p,m)

=
∑

0≤m≤T

∑

mps≤j≤(m+1)ps−1

(Ar(a+ p(N− j))Ar+1(j)−Ar+1(N− j)Ar(a+ jp))

=
∑

0≤j≤N

(Ar(a+ p(N− j))Ar+1(j)−Ar+1(N− j)Ar(a+ jp)) ✭✺✳✸✳✸✮

= 0, ✭✺✳✸✳✹✮

♦6 ❧✬♦♥ ❛ ✉)✐❧✐#8 ❞❛♥# ✭✺✳✸✳✸✮ ❧❡ ❢❛✐) /✉❡ Ar(n) = 0 #✬✐❧ ❡①✐#)❡ i ∈ {1, . . . , d} )❡❧ /✉❡ ni < 0✳
▲✬✐♥8❣❛❧✐)8 ✭✺✳✸✳✹✮ ❛ ❧✐❡✉ ❝❛( ❧❡ )❡(♠❡ ❞❡ ❧❛ #♦♠♠❡ ✭✺✳✸✳✸✮ ❡#) ❝❤❛♥❣8 ❡♥ #♦♥ ♦♣♣♦#8 ❧♦(#/✉❡

❧✬♦♥ ❝❤❛♥❣❡ ❧✬✐♥❞✐❝❡ j ❡♥ N− j✳ ❖♥ ♦❜)✐❡♥) ❞♦♥❝

Sr(a,N, s, p,0) = −
∑

0<m≤T

Sr(a,N, s, p,m) ∈ ps+1O,

❝❡ /✉✐ ❝♦♥)(❡❞✐) ❧❡ #)❛)✉) ❞❡ N✳ ❆✐♥#✐✱ ♣♦✉( )♦✉) N ∈ Zd
✱  N ❡#) ✈(❛✐❡✳

❉❡ ♣❧✉#✱ ❧❡# ❝♦♥❞✐)✐♦♥# (i) ❡) (ii) ❞♦♥♥❡♥) (❡#♣❡❝)✐✈❡♠❡♥)

|As+r+1(0)|p = 1 ❡) As+r+1(m) ∈ gs+r+1(m)O.

❖♥ ♦❜)✐❡♥) ❛❧♦(#✱ ❞✬❛♣(D# ✭✺✳✸✳✷✮✱ /✉❡

Sr(a,K+mps, s, p,m) ∈ ps+1gs+r+1(m)O.

❈❡))❡ ❞❡(♥✐D(❡ ❝♦♥❣(✉❡♥❝❡ ❡#) ✈❛❧❛❜❧❡ ♣♦✉( )♦✉) a ∈ {0, . . . , p − 1}d
✱ )♦✉) K ∈ Zd

✱ )♦✉)

m ∈ Nd
❡) )♦✉) r ≥ 0✱ ❝❡ /✉✐ ♠♦♥)(❡ ❜✐❡♥ /✉❡ ❧✬❛##❡()✐♦♥ αs+1 ❡#) ✈(❛✐❡ ❡) ❛❝❤D✈❡ ❧❛

(8❝✉((❡♥❝❡ #✉( s✳ ■❧ ♥❡ (❡#)❡ ♣❧✉# /✉✬H ❞8♠♦♥)(❡( ❧❡# ❧❡♠♠❡# ✷✱ ✸✱ ✹ ❡) ✺✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷

❙♦✐) a ∈ {0, . . . , p− 1}d
✱ K ∈ Zd

✱ m ∈ Nd
❡) r ≥ 0✳ ❖♥ ❛

Sr(a,K, 0, p,m) = Ar(a+ p(K−m))Ar+1(m)−Ar+1(K−m)Ar(a+ pm). ✭✺✳✸✳✺✮

❙✐ K −m /∈ Nd
✱ ❛❧♦(# ♦♥ ❛ Ar(a + p(K −m)) = 0 ❡) Ar+1(K −m) = 0 ❞❡ #♦()❡ /✉❡

Sr(a,K, 0, p,m) = 0 ∈ pgr+1(m)O✱ ❝♦♠♠❡ ✈♦✉❧✉✳ ❖♥ ♣❡✉) ❞♦♥❝ #✉♣♣♦#❡( /✉❡ K−m ∈ Nd
✳

❖♥ (88❝(✐) ✭✺✳✸✳✺✮ #♦✉# ❧❛ ❢♦(♠❡ #✉✐✈❛♥)❡✳

Sr(a,K, 0, p,m) = Ar(a)

(

Ar+1(m)

(

Ar(a+ p(K−m))

Ar(a)
− Ar+1(K−m)

Ar+1(0)

)

−Ar+1(K−m)

(

Ar(a+mp)

Ar(a)
− Ar+1(m)

Ar+1(0)

)

)

. ✭✺✳✸✳✻✮

✸✽



❈♦♠♠❡ Ψ0(N ) = {0}✱ ♦♥ ♣❡✉( ✉(✐❧✐+❡, ❧✬❤②♣♦(❤0+❡ (a) ❞✉ (❤2♦,0♠❡ ✻ ❛✈❡❝ 0 7 ❧❛ ♣❧❛❝❡ ❞❡

u ❡( a 7 ❧❛ ♣❧❛❝❡ ❞❡ v✱ ❞❡ +♦,(❡ 8✉❡ ❧✬♦♥ ♦❜(✐❡♥(

Ar(a+ p(K−m))

Ar(a)
− Ar+1(K−m)

Ar+1(0)
∈ p

gr+1(K−m)

Ar(a)
O

❡(

Ar(a+mp)

Ar(a)
− Ar+1(m)

Ar+1(0)
∈ p

gr+1(m)

Ar(a)
O.

❉✬♦;

Ar(a)Ar+1(m)

(

Ar(a+ p(K−m))

Ar(a)
− Ar+1(K−m)

Ar+1(0)

)

∈ pgr+1(K−m)Ar+1(m)O

∈ pgr+1(m)O ✭✺✳✸✳✼✮

❡(

Ar(a)Ar+1(K−m)

(

Ar(a+mp)

Ar(a)
− Ar+1(m)

Ar+1(0)

)

∈ pgr+1(m)Ar+1(K−m)O

∈ pgr+1(m)O, ✭✺✳✸✳✽✮

♦; ❧✬♦♥ ❛ ✉(✐❧✐+2 ❞❛♥+ ✭✺✳✸✳✼✮ ❡( ✭✺✳✸✳✽✮ ❧❛ ❝♦♥❞✐(✐♦♥ (ii) 8✉✐ ❞♦♥♥❡ Ar+1(m) ∈ gr+1(m)O ❡(

Ar+1(K−m) ∈ gr+1(K−m)O ⊂ O✳ ❊♥ ✉(✐❧✐+❛♥( ✭✺✳✸✳✼✮ ❡( ✭✺✳✸✳✽✮ ❞❛♥+ ✭✺✳✸✳✻✮✱ ♦♥ ♦❜(✐❡♥(
❜✐❡♥ Sr(a,K, 0, p,m) ∈ pgr+1(m)✱ ❝❡ 8✉✐ ❛❝❤0✈❡ ❧❛ ♣,❡✉✈❡ ❞✉ ❧❡♠♠❡✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✸

❖♥ ❛

Ur(a,K+mps, p, j+mps)− Ar+1(j+mps)

Ar+1(j)
Ur(a,K, p, j)

= −Ar+1(K− j)Ar(a+ jp)

(

Ar(a+ jp+mps+1)

Ar(a+ jp)
− Ar+1(j+mps)

Ar+1(j)

)

. ✭✺✳✸✳✾✮

❈♦♠♠❡ j ∈ Ψs(N )✱ ❧✬❤②♣♦(❤0+❡ (a) ✐♠♣❧✐8✉❡ 8✉❡ ❧❡ (❡,♠❡ ❞❡ ❞,♦✐(❡ ❞❡ ❧✬2❣❛❧✐(2 ✭✺✳✸✳✾✮ ❡+(
❞❛♥+

Ar+1(K− j)Ar(a+ jp)ps+1 gs+r+1(m)

Ar(a+ jp)
O.

❉❡ ♣❧✉+✱ ❞✬❛♣,0+ ❧❛ ❝♦♥❞✐(✐♦♥ (ii)✱ ♦♥ ❛ Ar+1(K− j) ∈ gr+1(K− j)O ⊂ O✳ ❈❡+ ❡+(✐♠❛(✐♦♥+
♠♦♥(,❡♥( 8✉❡ ❧❡ ♠❡♠❜,❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ✭✺✳✸✳✾✮ ❡+( ❞❛♥+ ps+1gs+r+1(m)O✱ ❝❡ 8✉✐ (❡,♠✐♥❡ ❧❛
♣,❡✉✈❡ ❞✉ ❧❡♠♠❡✳

✸✾



❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✹

❙♦✐# r, s ∈ N✱ s ≥ 1✱ #❡❧' (✉❡ αs '♦✐# ✈+❛✐❡✳ ❙✐ Ψs(N ) = {0, . . . , ps−1}d
✱ ❛❧♦+' ❧❡ ❧❡♠♠❡ ✹

❡'# #+✐✈✐❛❧✳ ❉❛♥' ❧❛ '✉✐#❡ ❞❡ ❧❛ ❞3♠♦♥'#+❛#✐♦♥✱ ♦♥ '✉♣♣♦'❡ (✉❡ Ψs(N ) 6= {0, . . . , ps − 1}d
✳

❖♥ ❛ u ∈ {0, . . . , ps − 1}d \ Ψs(N ) '✐ ❡# '❡✉❧❡♠❡♥# '✬✐❧ ❡①✐'#❡ (n, t) ∈ N ✱ t ≤ s✱ ❡#
j ∈ {0, . . . , ps−t − 1}d

#❡❧' (✉❡ u = j + ps−tn✳ ❖♥ ♥♦#❡ Ns ❧✬❡♥'❡♠❜❧❡ ❞❡' (n, t) ∈ N ❛✈❡❝

t ≤ s✳ ❖♥ ❛ ❞♦♥❝

{0, . . . , ps − 1}d \Ψs(N ) =
⋃

(n,t)∈Ns

{j+ ps−tn : j ∈ {0, . . . , ps−t − 1}d}.

❊♥ ♣❛+#✐❝✉❧✐❡+✱ ❧✬❡♥'❡♠❜❧❡ Ns ❡'# ♥♦♥ ✈✐❞❡✳

◆♦✉' ❛❧❧♦♥' ♠♦♥#+❡+ (✉✬✐❧ ❡①✐'#❡ k ∈ N✱ k ≥ 1✱ ❡# (n1, t1), . . . , (nk, tk) ∈ Ns #❡❧' (✉❡ ❧❡'

❡♥'❡♠❜❧❡'

J(ni, ti) := {j+ ps−tini : j ∈ {0, . . . , ps−ti − 1}d}
+3❛❧✐'❡♥# ✉♥❡ ♣❛+#✐#✐♦♥ ❞❡ {0, . . . , ps − 1}d \Ψs(N )✳ ❖♥ +❡♠❛+(✉❡ (✉❡

Ns ⊂
s
⋃

t=1

(

{0, . . . , pt − 1} × {t}
)

❡# ❞♦♥❝ (✉❡ Ns ❡'# ✜♥✐✳ ❆✐♥'✐✱ ✐❧ ♥♦✉' '✉✣# ❞❡ ♠♦♥#+❡+ (✉❡ '✐ (n, t), (n′, t′) ∈ Ns✱ j ∈
{0, . . . , ps−t − 1}d

❡# j′ ∈ {0, . . . , ps−t′ − 1}d
✈3+✐✜❡♥# j + ps−tn = j′ + ps−t′n′✱ ❛❧♦+' ♦♥ ❛

'♦✐# J(n, t) ⊂ J(n′, t′) '♦✐# J(n′, t′) ⊂ J(n, t)✳ ❙✉♣♣♦'♦♥'✱ ♣❛+ ❡①❡♠♣❧❡✱ (✉❡ t ≤ t′✳ ■❧ ❡①✐'#❡
❛❧♦+' j0 ∈ {0, . . . , pt′−t− 1}d

#❡❧ (✉❡ j = j′+ ps−t′j0✱ ❞❡ '♦+#❡ (✉❡ ps−t′n′ = ps−tn+ ps−t′j0 ❡#

❞♦♥❝ J(n′, t′) ⊂ J(n, t)✳ ❉❡ ♠@♠❡✱ '✐ t ≥ t′✱ ❛❧♦+' ♦♥ ❛ J(n, t) ⊂ J(n′, t′)✳ ❆✐♥'✐✱ ♦♥ ♦❜#✐❡♥#

Sr(a,K, s, p,m) =
∑

j∈Ψs(N )

Ur(a,K, p, j+mps) +
∑

j∈{0,...,ps−1}d\Ψs(N )

Ur(a,K, p, j+mps),

✭✺✳✸✳✶✵✮

❛✈❡❝

∑

j∈{0,...,ps−1}d\Ψs(N )

Ur(a,K, p, j+mps) =
k

∑

i=1

∑

j∈{0,...,ps−ti−1}d

Ur(a,K, p, j+ ps−tini +mps).

✭✺✳✸✳✶✶✮

◆♦✉' ❛❧❧♦♥' ♠❛✐♥#❡♥❛♥# ♠♦♥#+❡+ (✉❡✱ ♣♦✉+ #♦✉# i ∈ {1, . . . , k}✱ ♦♥ ❛

∑

j∈{0,...,ps−ti−1}d

Ur(a,K, p, j+ ps−tini +mps) ∈ ps+1gs+r+1(m)O. ✭✺✳✸✳✶✷✮

❙♦✐# i ∈ {1, . . . , k}✳ H❛+ ❞3✜♥✐#✐♦♥ ❞❡ Ur✱ ♦♥ ❛

∑

0≤j≤(ps−ti−1)1

Ur(a,K, p, j+ ps−tini +mps) = Sr(a,K, s− ti, p,ni +mpti).

✹✵



❈♦♠♠❡ ti ≥ 1✱ ♦♥ ♦❜'✐❡♥'✱ ✈✐❛ αs✱ )✉❡

Sr(a,K, s− ti, p,ni +mpti) ∈ ps−ti+1gs−ti+r+1(ni +mpti)O.

❊♥ ❛♣♣❧✐)✉❛♥' ❧❡ ♣♦✐♥' (b) ❞✉ '❤1♦23♠❡ ✻ ❛✈❡❝ ti 7 ❧❛ ♣❧❛❝❡ ❞❡ t ❡' r+ s− ti + 1 7 ❧❛ ♣❧❛❝❡
❞❡ r✱ ♦♥ ♦❜'✐❡♥'

ps−ti+1gs−ti+r+1(n+mpti) ∈ ps−ti+1ptigs+r+1(m)O = ps+1gs+r+1(m)O.

❆✐♥9✐✱ ♣♦✉2 '♦✉' i ∈ {1, . . . , k}✱ ♦♥ ❛ ❜✐❡♥ ✭✺✳✸✳✶✷✮✳
▲❛ ❝♦♥❣2✉❡♥❝❡ ✭✺✳✸✳✶✷✮✱ ❥♦✐♥'❡ 7 ✭✺✳✸✳✶✶✮ ❡' ✭✺✳✸✳✶✵✮✱ ♠♦♥'2❡ )✉❡

Sr(a,K, s, p,m) ≡
∑

j∈Ψs(N )

Ur(a,K, p, j+mps) mod ps+1gs+r+1(m)O,

❝❡ )✉✐ ❛❝❤3✈❡ ❧❛ ♣2❡✉✈❡ ❞✉ ❧❡♠♠❡ ✹✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✺

❉❛♥9 ❝❡''❡ ❞1♠♦♥9'2❛'✐♦♥✱ i ❞19✐❣♥❡ ✉♥ 1❧1♠❡♥' ❞❡ {0, . . . , p − 1}d
❡' u ❞19✐❣♥❡ ✉♥

1❧1♠❡♥' ❞❡ {0, . . . , ps−t−1 − 1}d
✳ G♦✉2 t < s✱ ♦♥ 1❝2✐' βt,s 9♦✉9 ❧❛ ❢♦2♠❡

Sr(a,K+mps, s, p,m) ≡
∑

i+up∈Ψs−t(N )

At+r+1(i+ up+mps−t)

At+r+1(i+ up)
Sr(a,K, t, p, i+ up) mod ps+1gs+r+1(m)O.

✭✺✳✸✳✶✸✮

❖♥ ✈❡✉' ♠♦♥'2❡2 ❧❛ ❝♦♥❣2✉❡♥❝❡ βt+1,s✱ )✉✐ 9✬1❝2✐'

Sr(a,K+mps, s, p,m) ≡
∑

u∈Ψs−t−1(N )

At+r+2(u+mps−t−1)

At+r+2(u)
Sr(a,K, t+ 1, p,u) mod ps+1gs+r+1(m)O.

❖♥ 2❡♠❛2)✉❡ )✉❡ Sr(a,K, t+ 1, p,u) =
∑

0≤i≤(p−1)1 Sr(a,K, t, p, i+ up)✳ ❆✐♥9✐✱ ❡♥ ♣♦9❛♥'

X := Sr(a,K+mps, s, p,m)

−
∑

0≤i≤(p−1)1

∑

u∈Ψs−t−1(N )

At+r+2(u+mps−t−1)

At+r+2(u)
Sr(a,K, t, p, i+ up),

✐❧ ♥❡ 2❡9'❡ ♣❧✉9 )✉✬7 ♠♦♥'2❡2 )✉❡ X ∈ ps+1gs+r+1(m)O✳ ❖♥ ❛

i+ up ∈ Ψs−t(N )⇒ u ∈ Ψs−t−1(N ). ✭✺✳✸✳✶✹✮

✹✶



❊♥ ❡✛❡$✱ &✐ u /∈ Ψs−t−1(N )✱ ❛❧♦+& ✐❧ ❡①✐&$❡ (n, k) ∈ N ✱ k ≤ s−t−1✱ ❡$ j ∈ {0, . . . , ps−t−1−k−
1}d

$❡❧& -✉❡ u = j + ps−t−1−kn✳ ❖♥ ❛ ❞♦♥❝ i + up = i + jp + ps−t−kn✱ ❝❡ -✉✐ ❞♦♥♥❡ ❜✐❡♥

i+ up /∈ Ψs−t(N )✳ ❆✐♥&✐✱ ❞✬❛♣+7& βt,s &♦✉& ❧❛ ❢♦+♠❡ ✭✺✳✸✳✶✸✮✱ ♦♥ ♦❜$✐❡♥$ -✉❡

X ≡
∑

i+up∈Ψs−t(N )

Sr(a,K, t, p, i+up)

(

At+r+1(i+ up+mps−t)

At+r+1(i+ up)
− At+r+2(u+mps−t−1)

At+r+2(u)

)

+
∑

u∈Ψs−t−1(N )

i+up/∈Ψs−t(N )

At+r+2(u+mps−t−1)

At+r+2(u)
Sr(a,K, t, p, i+ up) mod ps+1gs+r+1(m)O.

❖+✱ ❞✬❛♣+7& ❧✬❤②♣♦$❤7&❡ (a1) ❞✉ $❤A♦+7♠❡ ✻ ❛♣♣❧✐-✉A❡ ❛✈❡❝ s− t− 1 ♣♦✉+ s ❡$ t + r + 1 D
❧❛ ♣❧❛❝❡ ❞❡ r✱ ♦♥ ❛

At+r+1(i+ up+mps−t)

At+r+1(i+ up)
− At+r+2(u+mps−t−1)

At+r+2(u)
∈ ps−t gs+r+1(m)

gt+r+1(i+ up)
O.

❉❡ ♣❧✉&✱ ❝♦♠♠❡ t < s ❡$ ♣✉✐&-✉❡ αs ❡&$ ✈+❛✐❡✱ ♦♥ ❛

Sr(a,K, t, p, i+ up) ∈ pt+1gt+r+1(i+ up)O ✭✺✳✸✳✶✺✮

❡$ ♦♥ ♦❜$✐❡♥$

X ≡
∑

u∈Ψs−t−1(N )

i+up/∈Ψs−t(N )

At+r+2(u+mps−t−1)

At+r+2(u)
Sr(a,K, t, p, i+ up) mod ps+1gs+r+1(m)O.

✭✺✳✸✳✶✻✮

❊♥✜♥✱ ❧♦+&-✉❡ i + up /∈ Ψs−t(N )✱ ♦♥ ♣❡✉$ ❛♣♣❧✐-✉❡+ ❧❛ ❝♦♥❞✐$✐♦♥ (a2) ❞✉ $❤A♦+7♠❡ ✻
❛✈❡❝ s− t− 1 D ❧❛ ♣❧❛❝❡ ❞❡ s✱ i D ❧❛ ♣❧❛❝❡ ❞❡ v ❡$ r + t+ 1 D ❧❛ ♣❧❛❝❡ ❞❡ r✱ ❝❡ -✉✐ ❞♦♥♥❡

At+r+2(u+mps−t−1)

At+r+2(u)
∈ ps−t gs+r+1(m)

gt+r+1(i+ up)
O. ✭✺✳✸✳✶✼✮

❊♥ ✉$✐❧✐&❛♥$ ✭✺✳✸✳✶✺✮ ❡$ ✭✺✳✸✳✶✼✮ ❞❛♥& ✭✺✳✸✳✶✻✮✱ ♦♥ ♦❜$✐❡♥$ ❜✐❡♥ X ∈ ps+1gs+r+1(m)O✳ ❈❡❝✐
❛❝❤7✈❡ ❧❛ ♣+❡✉✈❡ ❞✉ ❧❡♠♠❡ ✺ ❡$ ❞♦♥❝ ❝❡❧❧❡ ❞✉ $❤A♦+7♠❡ ✻✳

✺✳✹ ❉$♠♦♥()*❛)✐♦♥ ❞✉ )❤$♦*0♠❡ ✼

❉❛♥& ❧❛ &✉✐$❡✱ &✐ k0 ❡&$ ✉♥ ❡♥$✐❡+ ♥❛$✉+❡❧✱ ♦♥ ❛♣♣❡❧❧❡+❛ k0✲❝♦✉♣❧❡ ❞❡ ❉✇♦*❦ $♦✉$ ❝♦✉♣❧❡

❞❡ &✉✐$❡& ((Ar)r≥0, (gr)r≥0) ♦I ❧❡& Ar &♦♥$ ❞❡& ❛♣♣❧✐❝❛$✐♦♥& ❞❡ N ❞❛♥& Ω \ {0}✱ ❧❡& gr &♦♥$

❞❡& ❛♣♣❧✐❝❛$✐♦♥& ❞❡ N ❞❛♥& O \ {0}✱ $❡❧❧❡& -✉❡✱ ♣♦✉+ $♦✉$ r ≥ 0✱ Ar ❡$ gr ✈A+✐✜❡♥$ ❧❡&

❝♦♥❞✐$✐♦♥& (i)✱(ii)✱(iii) ❡$ (iv) ❞✉ $❤A♦+7♠❡ ✼✳
▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛+$✐❡ ❡&$ ❞❡ ❞A♠♦♥$+❡+ ❧❡ $❤A♦+7♠❡ ✼✳ K♦✉+ ❝❡❧❛✱ ❝♦♠♠❡ ♣♦✉+ ❧❛ ♣+❡✉✈❡

❞✉ $❤A♦+7♠❡ ✻✱ ♦♥ ✈❛ ❛✈♦✐+ ❜❡&♦✐♥ ❞✬✉♥ ❝❡+$❛✐♥ ♥♦♠❜+❡ ❞❡ +A&✉❧$❛$& ✐♥$❡+♠A❞✐❛✐+❡&✳

✹✷



✺✳✹✳✶ ▲❡♠♠❡' ♣)*♣❛)❛,♦✐)❡'

❖♥ "♥♦♥❝❡ ❡& ❞"♠♦♥&)❡ &)♦✐+ ❧❡♠♠❡+✳

▲❡♠♠❡ ✻✳ ❙♦✐# (gr)r≥0 ✉♥❡ '✉✐#❡ ❞✬❛♣♣❧✐❝❛#✐♦♥' ❞❡ N ❞❛♥' O \ {0} #❡❧❧❡ .✉✬✐❧ ❡①✐'#❡ ✉♥

❡♥#✐❡0 ♥❛#✉0❡❧ k0 ≥ 1 #❡❧ .✉❡

(IV ) ♣♦✉0 #♦✉# k ∈ {1, . . . , k0}✱ #♦✉# v ∈ {1, . . . , p − 1}✱ #♦✉# m ∈ N ❡# #♦✉# r ≥ 0✱ ♦♥
❛ gr(v +mpk) ∈ pkgr(mpk)O ❡# gr(mpk) ∈ gr+k(m)O✳

❆❧♦0'✱ ♣♦✉0 #♦✉# w ∈ N✱ w ≥ 1✱ ❡# #♦✉# r ≥ 0✱ ♦♥ ❛ gr(w) ∈ pk0O✳

❘❡♠❛0.✉❡✳ ✕ ▲❛ ❝♦♥❞✐&✐♦♥ (IV ) ❞✉ ❧❡♠♠❡ ✻ ❡+& ❧❛ ❝♦♥❞✐&✐♦♥ (iv) ❞✉ &❤"♦)4♠❡ ✼✳
✕ ▲❛ ❝♦♥❞✐&✐♦♥ w 6= 0 ❡+& ❡++❡♥&✐❡❧❧❡ ❝❛)✱ ♣♦✉) w = 0✱ ❧✬❤②♣♦&❤4+❡ (IV ) ♥❡ ❞♦♥♥❡ ♣❛+
♠✐❡✉① ;✉❡ gr(0) ∈ O \ {0}✳

❉7♠♦♥'#0❛#✐♦♥✳ ❖♥ "❝)✐& w :=
∑N

ℓ=0 wℓp
ℓ
❧❡ ❞"✈❡❧♦♣♣❡♠❡♥& p✲❛❞✐;✉❡ ❞❡ w✱ ♦> wN 6= 0✳ ❖♥

✈❛ )❛✐+♦♥♥❡) ♣❛) )"❝✉))❡♥❝❡ +✉) N ✳

✕ ❙✉♣♣♦+♦♥+ N = 0✳

❉❛♥+ ❝❡ ❝❛+✱ ♦♥ ❛ w = w0 ∈ {1, . . . , p − 1}✳ ❊♥ ❛♣♣❧✐;✉❛♥& (IV ) ❛✈❡❝ v = w, k = k0 ❡&

m = 0✱ ♦♥ ♦❜&✐❡♥& ❜✐❡♥ gr(w) ∈ pk0gr(0)O ⊂ pk0O✳
✕ ❙✉♣♣♦+♦♥+ N ≥ 1✳

❙♦✐& η ❧❡ ♣❧✉+ ♣❡&✐& ❡♥&✐❡) ♥❛&✉)❡❧ &❡❧ ;✉❡ wη 6= 0✳ ❙✐ η = 0✱ ❛❧♦)+ w0 ≥ 1 ❞♦♥❝✱ ❞✬❛♣)4+

(IV ) ❛♣♣❧✐;✉"❡ ❡♥ v = w0, k = 1 ❡& m =
∑N−1

ℓ=0 wℓ+1p
ℓ
✱ ♦♥ ♦❜&✐❡♥&

gr(w) ∈ pgr(mp)O ⊂ pgr+1(m)O.

❖♥ ❛ m ≥ wNpN−1 > 0✳ ❆✐♥+✐✱ ♣❛) ❤②♣♦&❤4+❡ ❞❡ )"❝✉))❡♥❝❡✱ ♦♥ ❛ gr+1(m) ∈ pk0O✱ ❞✬♦> ❧❡
)"+✉❧&❛&✳

❊♥ )❡✈❛♥❝❤❡✱ +✐ η ≥ 1✱ ❛❧♦)+ w = p
∑N−1

ℓ=0 wℓ+1p
ℓ
✳ ❉✬❛♣)4+ (IV ) ❛♣♣❧✐;✉"❡ ❡♥ k = 1

❡& m =
∑N−1

ℓ=0 wℓ+1p
ℓ > 0✱ ♦♥ ♦❜&✐❡♥& gr(w) = gr(mp) ∈ gr+1(m)O ❡& ♦♥ ❝♦♥❝❧✉& ♣❛)

❧✬❤②♣♦&❤4+❡ ❞❡ )"❝✉))❡♥❝❡✳ ❈❡❝✐ ❛❝❤4✈❡ ❧❛ ♣)❡✉✈❡ ❞✉ ❧❡♠♠❡✳

▲❡♠♠❡ ✼✳ ❙♦✐# ((❆r)r≥0, (gr)r≥0) ✉♥ k0✲❝♦✉♣❧❡ ❞❡ ❉✇♦0❦ ❛✈❡❝ k0 ≥ 1✳ ❆❧♦0'✱ ♣♦✉0 #♦✉#
k ∈ {0, . . . , k0}✱ #♦✉# a ∈ {0, . . . , p − 1}✱ #♦✉# m ∈ N✱ #♦✉# K ∈ Z ❡# #♦✉# r ≥ 0✱ ♦♥ ❛

❙r(a, K, 0, p,mpk) ∈ pk+1gr+1(mpk)O✳

❉7♠♦♥'#0❛#✐♦♥✳ ❙♦✐& k ∈ {0, . . . , k0}✱ a ∈ {0, . . . , p− 1}✱ m ∈ N✱ K ∈ Z ❡& r ≥ 0✳ ❖♥ ❛

❙r(a, K, 0, p,mpk) = ❆r(a+ p(K −mpk))❆r+1(mpk)−❆r+1(K −mpk)❆r(a+mpk+1).

❙✐ K−mpk < 0 ❛❧♦)+ ❙r(a, K, 0, p,mpk) = 0 ❡& ❧❡ ❧❡♠♠❡ ✼ ❡+& &)✐✈✐❛❧❡♠❡♥& ✈)❛✐✳ ❖♥ +✉♣♣♦+❡
❞♦♥❝ ;✉❡ K −mpk ≥ 0 ❞❛♥+ ❧❛ +✉✐&❡ ❞❡ ❧❛ ❞"♠♦♥+&)❛&✐♦♥✳ ❖♥ ✈❛ ❞✐+&✐♥❣✉❡) ♣❧✉+✐❡✉)+ ❝❛+✳

✕ ❙✉♣♣♦+♦♥+ a 6= 0 ❡& k ≤ k0 − 1✳

✹✸



❉✬❛♣$%& (ii)✱ ♦♥ ❛ ❆r(a+ p(K −mpk)) ∈ gr(a+ p(K −mpk))O ❡!✱ ❞✬❛♣'() ❧❡ ❧❡♠♠❡ ✻✱

♦♥ ❛ gr(a+ p(K −mpk)) ∈ pk0O ❝❛' a+ p(K −mpk) ≥ 1✳ ❈♦♠♠❡ k + 1 ≤ k0✱ ♦♥ ♦❜!✐❡♥!

❆r(a+ p(K −mpk)) ∈ pk+1O. ✭✺✳✹✳✶✮

❚♦✉❥♦✉') ❞✬❛♣'() (ii)✱ ♦♥ ❛

❆r+1(mpk) ∈ gr+1(mpk)O, ✭✺✳✹✳✷✮

❆r+1(K −mpk) ∈ gr+1(K −mpk)O ⊂ O ✭✺✳✹✳✸✮

❡! ❆r(a + mpk+1) ∈ gr(a + mpk+1)O✳ ❈♦♠♠❡ 1 ≤ k + 1 ≤ k0✱ ♦♥ ♣❡✉! ❛♣♣❧✐>✉❡' (iv) ❡♥

k + 1 ❡! ♦♥ ♦❜!✐❡♥!

gr(a+mpk+1) ∈ pk+1gr(mpk+1)O ⊂ pk+1gr+1(mpk)O,

❞♦♥❝

❆r(a+mpk+1) ∈ pk+1gr+1(mpk)O. ✭✺✳✹✳✹✮

❆✐♥)✐✱ ❞✬❛♣'() ✭✺✳✹✳✶✮✱ ✭✺✳✹✳✷✮✱ ✭✺✳✹✳✸✮ ❡! ✭✺✳✹✳✹✮✱ ♦♥ ♦❜!✐❡♥! ❜✐❡♥

❙r(a, K, 0, p,mpk) ∈ pk+1gr+1(mpk)O.

✕ ❙✉♣♣♦)♦♥) a 6= 0, k = k0 ❡! K −mpk0 > 0✳

❉✬❛♣'() (ii)✱ ♦♥ ❛ ❆r(a+ p(K −mpk0)) ∈ gr(a+ p(K −mpk0))O ❡!✱ ❞✬❛♣'() (iv)✱ ♦♥ ❛

gr(a + p(K −mpk0)) ∈ pgr(p(K −mpk0))O✳ ❈♦♠♠❡ K −mpk0 > 0✱ ❧❡ ❧❡♠♠❡ ✻ ✐♠♣❧✐>✉❡

❞♦♥❝ >✉❡

❆r(a+ p(K −mpk0)) ∈ pk0+1O. ✭✺✳✹✳✺✮

❉✬❛♣'() (ii)✱ ♦♥ ❛

❆r+1(mpk0) ∈ gr+1(mpk0)O ✭✺✳✹✳✻✮

❡!

❆r+1(K −mpk0) ∈ gr+1(K −mpk0)O ⊂ pk0O, ✭✺✳✹✳✼✮

♦D ❧✬✐♥❝❧✉)✐♦♥ ❞❛♥) ✭✺✳✹✳✼✮ ❡)! ♦❜!❡♥✉❡ ❞❡ ♥♦✉✈❡❛✉ ✈✐❛ ❧❡ ❧❡♠♠❡ ✻✳

❊♥✜♥✱ ❞✬❛♣'() (ii)✱ ♦♥ ❛ ❆r(a+mpk0+1) ∈ gr(a+mpk0+1)O. ❉✬❛♣'() (iv)✱ ♦♥ ♦❜!✐❡♥!

gr(a+mpk0+1) = gr(a+ (mpk0)p) ∈ pgr(mpk0+1)O ⊂ pgr+1(mpk0)O

❡! ❞♦♥❝

❆r(a+mpk0+1) ∈ pgr+1(mpk0)O. ✭✺✳✹✳✽✮

❆✐♥)✐✱ ❞✬❛♣'() ✭✺✳✹✳✺✮✱ ✭✺✳✹✳✻✮✱ ✭✺✳✹✳✼✮ ❡! ✭✺✳✹✳✽✮✱ ♦♥ ♦❜!✐❡♥! ❜✐❡♥ >✉❡

❙r(a, K, 0, p,mpk0) ∈ pk0+1gr+1(mpk0)O.

✹✹



✕ ❙✉♣♣♦%♦♥% a 6= 0, k = k0 ❡( K −mpk0 = 0✳

❖♥ ❛ ❛❧♦-%

❙r(a, K, 0, p,mpk0) = ❆r(a)❆r+1(mpk0)−❆r+1(0)❆r(a+mpk0+1)

= −❆r(a)❆r+1(0)

(

❆r(a+mpk0+1)

❆r(a)
− ❆r+1(mpk0)

❆r+1(0)

)

,

❛✈❡❝✱ ❞✬❛♣-3% (i) ❡( (ii)✱❆r(a)❆r+1(0) ∈ gr(a)O✳ ❈♦♠♠❡ vp(mpk0) ≥ k0✱ ♦♥ ♦❜(✐❡♥(✱ ❞✬❛♣-3%

(iii) ❛♣♣❧✐8✉9❡ ❡♥ s = 0✱ v = a✱ u = 0 ❡( mpk0
: ❧❛ ♣❧❛❝❡ ❞❡ m✱ 8✉❡

❆r(a+mpk0+1)

❆r(a)
− ❆r+1(mpk0)

❆r+1(0)
∈ pk0+1gr+1(mpk0)

gr(a)
O.

▲❛ ❝♦♥❣-✉❡♥❝❡ ✈♦✉❧✉❡ ❡♥ ❞9❝♦✉❧❡✳

✕ ■❧ -❡%(❡ ✉♥ %❡✉❧ ❝❛% ✿ a = 0✳

❉❛♥% ❝❡ ❝❛%✱ ♦♥ ❛

❙r(0, K, 0, p,mpk) = ❆r(p(K −mpk))❆r+1(mpk)−❆r+1(K −mpk)❆r(mpk+1)

= ❆r(0)❆r+1(0)

(

❆r(p(K −mpk))

❆r(0)

❆r+1(mpk)

❆r+1(0)
− ❆r+1(K −mpk)

❆r+1(0)

❆r(mpk+1)

❆r(0)

)

.

❖♥ 9❝-✐( ❧❡ (❡-♠❡ ❞❡ ❞-♦✐(❡ %♦✉% ❧❛ ❢♦-♠❡

❆r(p(K −mpk))

❆r(0)

❆r+1(mpk)

❆r+1(0)
− ❆r+1(K −mpk)

❆r+1(0)

❆r(mpk+1)

❆r(0)

=
❆r+1(mpk)

❆r+1(0)

(

❆r(p(K −mpk))

❆r(0)
− ❆r+1(K −mpk)

❆r+1(0)

)

− ❆r+1(K −mpk)

❆r+1(0)

(

❆r(mpk+1)

❆r(0)
− ❆r+1(mpk)

❆r+1(0)

)

.

❘❡♠❛-8✉♦♥% ♠❛✐♥(❡♥❛♥( 8✉❡ ❧✬♦♥ ❛

❆r(mpk+1)

❆r(0)
− ❆r+1(mpk)

❆r+1(0)
∈ pk+1gr+1(mpk)O. ✭✺✳✹✳✾✮

❊♥ ❡✛❡(✱ %✐ vp(mpk) ≥ k0 ❛❧♦-%✱ ❡♥ ❛♣♣❧✐8✉❛♥( (iii) ❛✈❡❝ v = u = s = 0 ❡( mpk
: ❧❛ ♣❧❛❝❡

❞❡ m✱ ♦♥ ♦❜(✐❡♥(

❆r(mpk+1)

❆r(0)
− ❆r+1(mpk)

❆r+1(0)
∈ pk0+1gr+1(mpk)

gr(0)
O.

❉❡ ♣❧✉%✱ ❞✬❛♣-3% (i) ❡( (ii)✱ gr(0) ❡%( ✐♥✈❡-%✐❜❧❡ ❞❛♥% O ❡(✱ ♣❛- ❤②♣♦(❤3%❡✱ ♦♥ ❛ k ≤ k0✱

❞♦♥❝ ♦♥ ♦❜(✐❡♥( ❜✐❡♥ ✭✺✳✹✳✾✮ ❞❛♥% ❝❡ ❝❛%✳ ❙✐ ❡♥ -❡✈❛♥❝❤❡ vp(mpk) ≤ k0 − 1 ❛❧♦-%✱ ❞✬❛♣-3%

(iii) ❛✈❡❝ mpk
: ❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥ ♦❜(✐❡♥(

❆r(mpk+1)

❆r(0)
− ❆r+1(mpk)

❆r+1(0)
∈ pvp(mpk)+1gr+1(mpk)O ⊂ pk+1gr+1(mpk)O,

✹✺



❝❡ "✉✐ ❛❝❤'✈❡ ❧❛ ✈*+✐✜❝❛-✐♦♥ ❞❡ ✭✺✳✹✳✾✮✳

❆✐♥8✐✱ 8✐ K − mpk = 0✱ ❛❧♦+8 ♦♥ ❛ ❜✐❡♥ ❙r(0, K, 0, p,mpk) ∈ pk+1gr+1(mpk)O✳ ❊♥

+❡✈❛♥❝❤❡✱ 8✐ K −mpk > 0✱ ❛❧♦+8 ♦♥ ❛

❆r(p(K −mpk))

❆r(0)
− ❆r+1(K −mpk)

❆r+1(0)
∈ pgr+1(K −mpk)O. ✭✺✳✹✳✶✵✮

❊♥ ❡✛❡-✱ 8✐ vp(K −mpk) ≥ k0 ❛❧♦+8✱ ❡♥ ❛♣♣❧✐"✉❛♥- (iii) ❛✈❡❝ v = u = s = 0 ❡- K −mpk
@

❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥ ♦❜-✐❡♥-

❆r(p(K −mpk))

❆r(0)
− ❆r+1(K −mpk)

❆r+1(0)
∈ pk0+1gr+1(K −mpk)

gr(0)
O.

❉❡ ♣❧✉8✱ ❞✬❛♣+'8 (i) ❡- (ii)✱ gr(0) ❡8- ✐♥✈❡+8✐❜❧❡ ❞❛♥8 O ❡-✱ ♣❛+ ❤②♣♦-❤'8❡✱ ♦♥ ❛ k0 ≥ 1✱ ❞♦♥❝
♦♥ ♦❜-✐❡♥- ❜✐❡♥ ✭✺✳✹✳✶✵✮ ❞❛♥8 ❝❡ ❝❛8✳ ❙✐ ❡♥ +❡✈❛♥❝❤❡ vp(K −mpk) ≤ k0 − 1 ❛❧♦+8✱ ❞✬❛♣+'8

(iii) ❛✈❡❝ K −mpk
@ ❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥ ♦❜-✐❡♥-

❆r(p(K −mpk))

❆r(0)
−❆r+1(K −mpk)

❆r+1(0)
∈ pvp(K−mpk)+1gr+1(K−mpk)O ⊂ pgr+1(K−mpk)O,

❝❡ "✉✐ ❛❝❤'✈❡ ❧❛ ✈*+✐✜❝❛-✐♦♥ ❞❡ ✭✺✳✹✳✶✵✮✳

❉✬❛♣+'8 ❧❡ ❧❡♠♠❡ ✻✱ ♦♥ ❛ gr+1(K −mpk) ∈ pk0O✳ ❉✬❛♣+'8 (i) ❡- (ii)✱ ♦♥ ❛ ❞❡ ♣❧✉8

❆r+1(mpk)

❆r+1(0)
∈ gr+1(mpk)O,

❞♦♥❝

❆r(0)❆r+1(0)
❆r+1(mpk)

❆r+1(0)

(

❆r(p(K −mpk))

❆r(0)
− ❆r+1(K −mpk)

❆r+1(0)

)

∈ pk0+1gr+1(mpk)O

❡- ❝♦♠♠❡ *❣❛❧❡♠❡♥-

❆r+1(K −mpk)

❆r+1(0)
∈ gr+1(K −mpk)O ⊂ O,

♦♥ ❛

❆r(0)❆r+1(0)
❆r+1(K −mpk)

❆r+1(0)
·
(

❆r(mpk+1)

❆r(0)
− ❆r+1(mpk)

❆r+1(0)

)

∈ pk+1gr+1(mpk)O.

❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ❙r(0, K, 0, p,mpk) ∈ pk+1gr+1(mpk)O✱ ❝❡ "✉✐ ❛❝❤'✈❡ ❧❛ ♣+❡✉✈❡ ❞✉ ❧❡♠♠❡✳

❊♥✜♥✱ ♦♥ ❛✉+❛ ❜❡8♦✐♥ ❞✉ ❧❡♠♠❡ 8✉✐✈❛♥-✳

✹✻



▲❡♠♠❡ ✽✳ ❙♦✐# ((❆r)r≥0, (gr)r≥0) ✉♥ k0✲❝♦✉♣❧❡ ❞❡ ❉✇♦.❦ ❛✈❡❝ k0 ≥ 1✳ ❙♦✐# a ∈ {0, . . . , p−
1}✱ K ∈ Z ❡# s ∈ N✱ s ≥ 1✳ ❙✐✱ ♣♦✉. #♦✉# s0 < s ✱ ♣♦✉. #♦✉# m ∈ N ❡# #♦✉# r ≥ 0✱ ♦♥ ❛

❙r(a, K, s0, p,mpk0) ∈ ps0+k0+1gs0+r+1(mpk0)O ✭✺✳✹✳✶✶✮

❡#

❙r(a, K, s0, p,m) ∈ ps0+1gs0+r+1(m)O, ✭✺✳✹✳✶✷✮

❛❧♦.4✱ ♣♦✉. #♦✉# m ∈ N ❡# #♦✉# r ≥ 0✱ ♦♥ ❛ ❙r(a, K, s, p, m) ∈ ps+1gs+r+1(m)O✳

❉5♠♦♥4#.❛#✐♦♥✳ ❖♥ ✈❛ ❞✬❛❜♦/❞ ♠♦♥1/❡/ 3✉❡✱ ♣♦✉/ 1♦✉1 m ∈ N✱ 1♦✉1 r ≥ 1 ❡1 1♦✉1 k ≤
min(s, k0)✱ ♦♥ ❛ ❙r(a, K, s, p, m) ≡ ❙r(a, K, s−k, p, mpk) mod ps+1gs+r+1(m)O✳ 7♦✉/ ❝❡❧❛✱

♦♥ ✈❛ /❛✐;♦♥♥❡/ ♣❛/ /<❝✉//❡♥❝❡ ;✉/ k✳
❙✐ k = 0✱ ✐❧ ♥✬② ❛ /✐❡♥ ? ♠♦♥1/❡/✳

❙✉♣♣♦;♦♥; 3✉❡ min(s, k0) ≥ k ≥ 1✳ 7❛/ ❤②♣♦1❤A;❡ ❞❡ /<❝✉//❡♥❝❡✱ ♦♥ ❛

❙r(a, K, s, p, m) ≡ ❙r(a, K, s− k + 1, p,mpk−1) mod ps+1gs+r+1(m)O. ✭✺✳✹✳✶✸✮

❈♦♠♠❡ {mps, . . . ,mps + ps−k+1 − 1} = ⋃p−1
v=0{mps + vps−k, . . . ,mps + vps−k + ps−k − 1}✱

♦♥ ❛

❙r(a, K, s− k + 1, p,mpk−1) =

p−1
∑

v=0

❙r(a, K, s− k, p, v +mpk). ✭✺✳✹✳✶✹✮

❈♦♠♠❡ s ≥ k ≥ 1✱ ♦♥ ❛ 0 ≤ s − k < s ❡1 ♦♥ ♦❜1✐❡♥1✱ ❞✬❛♣/A; ✭✺✳✹✳✶✷✮✱ 3✉❡✱ ♣♦✉/ 1♦✉1

v ∈ {0, . . . , p − 1}✱ ♦♥ ❛ ❙r(a, K, s − k, p, v + mpk) ∈ ps−k+1gs−k+r+1(v + mpk)O✳ ❈♦♠♠❡

<❣❛❧❡♠❡♥1 k ∈ {1, . . . , k0} ♦♥ ♦❜1✐❡♥1 ❞✬❛♣/A; (iv)✱ 3✉❡✱ ♣♦✉/ 1♦✉1 v ∈ {1, . . . , p− 1}✱ ♦♥ ❛

gs−k+r+1(v +mpk) ∈ pkgs−k+r+1(mpk)O ⊂ pkgs+r+1(m)O.

❊♥ ✉1✐❧✐;❛♥1 ❝❡; ✐♥❢♦/♠❛1✐♦♥; ❞❛♥; ✭✺✳✹✳✶✹✮✱ ♦♥ ♦❜1✐❡♥1 ✭✐❧ /❡;1❡ ;❡✉❧❡♠❡♥1 ❧❡ 1❡/♠❡ ♣♦✉/

v = 0✮ ✿

❙r(a, K, s− k + 1, p,mpk−1) ≡ ❙r(a, K, s− k, p, mpk) mod ps+1gs+r+1(m)O,

❝❡ 3✉✐✱ ❥♦✐♥1 ? ✭✺✳✹✳✶✸✮✱ ♠♦♥1/❡ 3✉❡

❙r(a, K, s, p, m) ≡ ❙r(a, K, s− k, p, mpk) mod ps+1gs+r+1(m)O

❡1 ❛❝❤A✈❡ ❧❛ /<❝✉//❡♥❝❡ ;✉/ k✳

❖♥ ❛ ❞♦♥❝

❙r(a, K, s, p, m) ≡ ❙r(a, K, s−min(s, k0), p,mpmin(s,k0)) mod ps+1gs+r+1(m)O.

❙✐ s < k0✱ ❛❧♦/; ❙r(a, K, s, p, m) ≡ ❙r(a, K, 0, p,mps) mod ps+1gs+r+1(m)O✳ ❊♥ ❛♣♣❧✐✲

3✉❛♥1 ❧❡ ❧❡♠♠❡ ✼ ❡♥ k = s✱ ♣✉✐; (iv) ❡♥ k = s✱ ♦♥ ♦❜1✐❡♥1

❙r(a, K, 0, p,mps) ∈ ps+1gr+1(mps)O ⊂ ps+1gs+r+1(m)O

✹✼



❡! ❞♦♥❝ ❙r(a, K, s, p, m) ∈ ps+1gs+r+1(m)O✱ ❝♦♠♠❡ ✈♦✉❧✉✳

❙✐ ♠❛✐♥!❡♥❛♥! s ≥ k0 ❛❧♦/0

❙r(a, K, s, p, m) ≡ ❙r(a, K, s− k0, p,mpk0) mod ps+1gs+r+1(m)O.

❖/✱ ❝♦♠♠❡ s ≥ k0 ≥ 1✱ ♦♥ ❛ 0 ≤ s−k0 < s ❡! ♦♥ ♦❜!✐❡♥! ✭❞✬❛♣/60 ✭✺✳✹✳✶✶✮ ❡! (iv) ❛♣♣❧✐;✉<❡
❡♥ k = k0✮ ;✉❡

❙r(a, K, s− k0, p,mpk0) ∈ ps−k0+k0+1gs−k0+r+1(mpk0)O ⊂ ps+1gs+r+1(m)O,

❝❡ ;✉✐ ❛❝❤6✈❡ ❧❛ ♣/❡✉✈❡ ❞✉ ❧❡♠♠❡✳

✺✳✹✳✷ ❙✉✐'❡ ❞❡ ❧❛ ❞,♠♦♥0'1❛'✐♦♥

❈♦♠♠❡ ❞✐! ❛✉ ❞<❜✉! ❞❡ ❧❛ ♣❛/!✐❡ ✺✳✶✱ ❧❡ ❝❛0 k0 = 0 ❝♦//❡0♣♦♥❞ ❛✉ !❤<♦/6♠❡ ❏✳ ■❧ ♥♦✉0

0✉✣! ❞♦♥❝ ❞❡ ❞<♠♦♥!/❡/ ❧❡ ❝❛0 ♦B ✐❧ ❡①✐0!❡ k0 ≥ 1 !❡❧ ;✉❡ ❧❡0 ❤②♣♦!❤60❡0 (iii) ❡! (iv) 0♦✐❡♥!
✈</✐✜<❡0✳ ❊♥ ♣❛/!✐❝✉❧✐❡/✱ ♦♥ ✉!✐❧✐0❡/❛ ❧❡0 ❧❡♠♠❡0 ✻✱ ✼ ❡! ✽✳ ▲❛ !/❛♠❡ ❞❡ ❧❛ ❞<♠♦♥0!/❛!✐♦♥

0✬✐♥0♣✐/❡ ❞❡ ❝❡❧❧❡ ❞✉ !❤<♦/6♠❡ ❏✱ ♠❛✐0 ❡❧❧❡ ❞✐✛6/❡ ❛00❡③ 0❡♥0✐❜❧❡♠❡♥! ❞❛♥0 ❧❡0 ❞<!❛✐❧0✳

❖♥ ❞♦✐! ♠♦♥!/❡/ ;✉❡✱ ♣♦✉/ !♦✉! a ∈ {0, . . . , p − 1}✱ !♦✉0 m, s ∈ N✱ !♦✉! r ≥ 0 ❡! !♦✉!

K ∈ Z✱ ♦♥ ❛

❙r(a, K, s, p, m) ∈ ps+1gs+r+1(m)O ❡! Sr(a, K, s, p, mpk0) ∈ ps+k0+1gs+r+1(m)O.
✭✺✳✹✳✶✺✮

M♦✉/ !♦✉! a ∈ {0, . . . , p− 1}✱ !♦✉! j ∈ N✱ !♦✉! r ≥ 0 ❡! !♦✉! K ∈ Z✱ ♦♥ ♥♦!❡

❯r(a, K, p, j) := ❆r(a+ p(K − j))❆r+1(j)−❆r+1(K − j)❆r(a+ jp),

❞❡ 0♦/!❡ ;✉❡

❙r(a, K, s, p, m) =

(m+1)ps−1
∑

j=mps

❯r(a, K, p, j).

M♦✉/ !♦✉! s ∈ N✱ s ≥ 1✱ ♦♥ ♥♦!❡ αs ❧✬❛00❡/!✐♦♥ 0✉✐✈❛♥!❡ ✿ ♣♦✉/ !♦✉! a ∈ {0, . . . , p− 1}✱
!♦✉! u ∈ {0, . . . , s− 1}✱ !♦✉! m ∈ N✱ !♦✉! r ≥ 0 ❡! !♦✉! K ∈ Z✱ ♦♥ ❛ ❧❡0 ❝♦♥❣/✉❡♥❝❡0

❙r(a, K, u, p, m) ∈ pu+1gu+r+1(m)O ❡! ❙r(a, K, u, p, mpk0) ∈ pu+k0+1gu+r+1(mpk0)O.

M♦✉/ !♦✉! s ∈ N✱ s ≥ 1✱ ❡! !♦✉! t ∈ {0, . . . , s}✱ ♦♥ ♥♦!❡ βt,s ❧✬❛00❡/!✐♦♥ 0✉✐✈❛♥!❡ ✿ ♣♦✉/

!♦✉! a ∈ {0, . . . , p− 1}✱ !♦✉! m ∈ N✱ !♦✉! r ≥ 0 ❡! !♦✉! K ∈ Z✱ ♦♥ ❛ ❧❛ ❝♦♥❣/✉❡♥❝❡

❙r(a, K +mps+k0 , s, p, mpk0) ≡
ps−t−1
∑

j=0

❆t+r+1(j +mps−t+k0)

❆t+r+1(j)
❙r(a, K, t, p, j) mod ps+k0+1gs+r+1(mpk0)O.

◆♦✉0 ❛❧❧♦♥0 ♠❛✐♥!❡♥❛♥! <♥♦♥❝❡/ !/♦✐0 ❧❡♠♠❡0 ♣❡/♠❡!!❛♥! ❞❡ ♠♦♥!/❡/ ✭✺✳✹✳✶✺✮✳

✹✽



▲❡♠♠❡ ✾✳ ▲✬❛##❡%&✐♦♥ α1 ❡#& ✈%❛✐❡✳

▲❡♠♠❡ ✶✵✳ ,♦✉% &♦✉# s, r, m ∈ N✱ &♦✉& a ∈ {0, . . . , p− 1}✱ &♦✉& j ∈ {0, . . . , ps− 1} ❡& &♦✉&
K ∈ Z✱ ♦♥ ❛

❯r(a, K +mps+k0 , p, j +mps+k0)

≡ ❆r+1(j +mps+k0)

❆r+1(j)
❯r(a, K, p, j) mod ps+k0+1gs+r+1(mpk0)O.

▲❡♠♠❡ ✶✶✳ ,♦✉% &♦✉& s ∈ N✱ s ≥ 1✱ ❡& &♦✉& t ∈ {0, . . . , s − 1}✱ ❧❡# ❛##❡%&✐♦♥# αs ❡& βt,s

✐♠♣❧✐2✉❡♥& ❧✬❛##❡%&✐♦♥ βt+1,s✳

❆✈❛♥$ ❞❡ ♣(♦✉✈❡( ❝❡, ❧❡♠♠❡,✱ ♥♦✉, ❛❧❧♦♥, ♠♦♥$(❡( 0✉❡ ❧❡✉( ✈❛❧✐❞✐$2 ✐♠♣❧✐0✉❡ ❜✐❡♥

✭✺✳✹✳✶✺✮✳ ❖♥ ✈❛ ♠♦♥$(❡( 0✉❡ αs ❡,$ ✈(❛✐❡ ♣♦✉( $♦✉$ s ≥ 1 ♣❛( (2❝✉((❡♥❝❡ ,✉( s✱ ❝❡ 0✉✐
❞♦♥♥❡(❛ ❧❛ ❝♦♥❝❧✉,✐♦♥ ❞✉ $❤2♦(<♠❡ ✼✳ ❉✬❛♣(<, ❧❡ ❧❡♠♠❡ ✾✱ α1 ❡,$ ✈(❛✐❡✳ ❙✉♣♣♦,♦♥, αs ✈(❛✐❡

♣♦✉( ✉♥ s ≥ 1 ✜①2✳ ❖♥ (❡♠❛(0✉❡ 0✉❡ β0,s ❡,$ ❧✬❛,,❡($✐♦♥

β0,s : ❙r(a, K +mps+k0 , s, p, mpk0) ≡
ps−1
∑

j=0

❆r+1(j +mps+k0)

❆r+1(j)
❙r(a, K, 0, p, j) mod ps+k0+1gs+r+1(mpk0)O.

❈♦♠♠❡ ❙r(a, K, 0, p, j) = ❯r(a, K, p, j)✱ ♦♥ ❛

ps−1
∑

j=0

❆r+1(j +mps+k0)

❆r+1(j)
❙r(a, K, 0, p, j) =

ps−1
∑

j=0

❆r+1(j +mps+k0)

❆r+1(j)
❯r(a, K, p, j)

❡$✱ ❞✬❛♣(<, ❧❡ ❧❡♠♠❡ ✶✵✱ ♦♥ ♦❜$✐❡♥$

ps−1
∑

j=0

❆r+1(j +mps+k0)

❆r+1(j)
❯r(a, K, p, j)

≡
ps−1
∑

j=0

❯r(a, K +mps+k0 , p, j +mps+k0) mod ps+k0+1gs+r+1(mpk0)O

≡ ❙r(a, K +mps+k0 , s, p, mpk0) mod ps+k0+1gs+r+1(mpk0)O.

❆✐♥,✐✱ ❧✬❛,,❡($✐♦♥ β0,s ❡,$ ✈(❛✐❡✳ ❖♥ ♦❜$✐❡♥$ ❛❧♦(,✱ ♣❛( ❧❡ ❧❡♠♠❡ ✶✶✱ ❧❛ ✈❛❧✐❞✐$2 ❞❡ β1,s✳ F❛(

✐$2(❛$✐♦♥ ❞✉ ❧❡♠♠❡ ✶✶✱ ♦♥ ♦❜$✐❡♥$ ✜♥❛❧❡♠❡♥$ βs,s✱ 0✉✐ ❡,$ ❧✬❛,,❡($✐♦♥

❙r(a, K+mps+k0 , s, p, mpk0) ≡ ❆s+r+1(mpk0)

❆s+r+1(0)
❙r(a, K, s, p, 0) mod ps+k0+1gs+r+1(mpk0)O.

✭✺✳✹✳✶✻✮

◆♦✉, ❛❧❧♦♥, ♠❛✐♥$❡♥❛♥$ ♠♦♥$(❡( 0✉❡✱ ♣♦✉( $♦✉$ a ∈ {0, . . . , p− 1}✱ $♦✉$ s ∈ N✱ $♦✉$ r ≥ 0

✹✾



❡! !♦✉! K ∈ Z✱ ♦♥ ❛ ❙r(a, K, s, p, 0) ∈ ps+k0+1O✳ ❙♦✐! T ∈ N !❡❧ +✉❡ (T + 1)ps > K✳ ❖♥ ❛

T
∑

m=0

❙r(a, K, s, p, m) =
T
∑

m=0

(m+1)ps−1
∑

j=mps

(❆r(a+ p(K − j))❆r+1(j)−❆r+1(K − j)❆r(a+ jp))

=
K
∑

j=0

(❆r(a+ p(K − j))❆r+1(j)−❆r+1(K − j)❆r(a+ jp))

✭✺✳✹✳✶✼✮

= 0, ✭✺✳✹✳✶✽✮

♦4 ❧✬♦♥ ❛ ✉!✐❧✐67 ❞❛♥6 ✭✺✳✹✳✶✼✮ ❧❡ ❢❛✐! +✉❡ ❆r(ℓ) = 0 ♣♦✉; ℓ < 0✱ ❡! ✭✺✳✹✳✶✽✮ ❛ ❧✐❡✉ ❝❛; ❧❡ !❡;♠❡

❞❡ ❧❛ 6♦♠♠❡ ✭✺✳✹✳✶✼✮ ❡6! ❝❤❛♥❣7 ❡♥ 6♦♥ ♦♣♣♦67 ❧♦;6+✉❡ ❧✬♦♥ ❝❤❛♥❣❡ ❧✬✐♥❞✐❝❡ j ❡♥ K − j✳
❈♦♠♠❡ αs ❡6! ✈;❛✐❡✱ ♦♥ ♦❜!✐❡♥! ✈✐❛ ❧❡ ❧❡♠♠❡ ✽ ✭❛✈❡❝ s0 = u✮ ✿ ❙r(a, K, s, p, m) ∈

ps+1gs+r+1(m)O✱ ❝❡ +✉✐ ♣;♦✉✈❡ ❧❛ ♣;❡♠✐D;❡ ♣❛;!✐❡ ❞❡ ❧✬❛66❡;!✐♦♥ αs+1✳ ❙✐ m > 0✱ ❛❧♦;6

❞✬❛♣;D6 ❧❡ ❧❡♠♠❡ ✻✱ ♦♥ ❛ gs+r+1(m) ∈ pk0O✳ ❉♦♥❝✱ ♦♥ ♦❜!✐❡♥!✱ ♣♦✉; !♦✉! m > 0✱ +✉❡

❙r(a, K, s, p, m) ∈ ps+k0+1O✳ ❉✬♦4 7❣❛❧❡♠❡♥!✱

❙r(a, K, s, p, 0) = −
T
∑

m=1

❙r(a, K, s, p, m) ∈ ps+k0+1O.

❉❡ ♣❧✉6✱ ❞✬❛♣;D6 ❧❡6 ❝♦♥❞✐!✐♦♥6 (i) ❡! (ii)✱ ♣♦✉; !♦✉! m ∈ N ❡! !♦✉! r ≥ 0✱ ♦♥ ❛

❆s+r+1(mpk0)

❆s+r+1(0)
∈ gs+r+1(mpk0)O.

❆✐♥6✐✱ ❞✬❛♣;D6 βs,s ✭✐✳❡✳ ✭✺✳✹✳✶✻✮✮✱ ♣♦✉; !♦✉! m ∈ N ❡! !♦✉! K ∈ Z✱ ♦♥ ♦❜!✐❡♥!

❙r(a, K +mps+k0 , s, p, mpk0) ∈ ps+k0+1gs+r+1(mpk0)O

❡! ❞♦♥❝ αs+1 ❡6! ✈;❛✐❡✳ ❈❡❝✐ ❛❝❤D✈❡ ❧❛ ;7❝✉;;❡♥❝❡ 6✉; s✳ ❆✐♥6✐✱ ♣♦✉; !♦✉! s ∈ N✱ s ≥ 1✱ αs

❡6! ✈;❛✐❡✳ ■❧ ♥❡ ;❡6!❡ ♣❧✉6 +✉✬I ❞7♠♦♥!;❡; ❧❡6 ❧❡♠♠❡6 ✾✱ ✶✵ ❡! ✶✶✳

❉&♠♦♥*+,❛+✐♦♥ ❞✉ ❧❡♠♠❡ ✾✳ ❊♥ ❛♣♣❧✐+✉❛♥! ❧❡ ❧❡♠♠❡ ✼ ❛✈❡❝ k = 0 ❡! k = k0✱ ♦♥ ♦❜!✐❡♥!

;❡6♣❡❝!✐✈❡♠❡♥! ❙r(a, K, 0, p,m) ∈ pgr+1(m)O ❡! ❙r(a, K, 0, p,mpk0) ∈ pk0+1gr+1(mpk0)O✱

❝❡ +✉✐ ♥✬❡6! ;✐❡♥ ❞✬❛✉!;❡ +✉❡ ❧✬❛66❡;!✐♦♥ α1 ❡! !❡;♠✐♥❡ ❧❛ ♣;❡✉✈❡ ❞✉ ❧❡♠♠❡ ✾✳

❉&♠♦♥*+,❛+✐♦♥ ❞✉ ❧❡♠♠❡ ✶✵✳ ❖♥ ❛

❯r(a, K +mps+k0 , p, j +mps+k0)− ❆r+1(j +mps+k0)

❆r+1(j)
❯r(a, K, p, j)

= −❆r+1(K − j)❆r(a+ jp)

(

❆r(a+ jp+mps+k0+1)

❆r(a+ jp)
− ❆r+1(j +mps+k0)

❆r+1(j)

)

. ✭✺✳✹✳✶✾✮

✺✵



❈♦♠♠❡ a < p, j < ps
❡$ vp(mpk0) ≥ k0✱ ❧✬❤②♣♦$❤+,❡ (iii) ✐♠♣❧✐.✉❡ .✉❡ ❧❡ $❡0♠❡ ❞❡ ❞0♦✐$❡

❞❡ ❧✬2❣❛❧✐$2 ✭✺✳✹✳✶✾✮ ❡,$ ❞❛♥,

❆r+1(K − j)❆r(a+ jp)ps+k0+1gs+r+1(mpk0)

gr(a+ jp)
O.

❉❡ ♣❧✉,✱ ❞✬❛♣0+, ❧❛ ❝♦♥❞✐$✐♦♥ (ii)✱ ♦♥ ❛

❆r(a+ jp) ∈ gr(a+ jp)O ❡$ ❆r+1(K − j) ∈ gr+1(K − j)O ⊂ O.

❈❡, ❡,$✐♠❛$✐♦♥, ♠♦♥$0❡♥$ .✉❡ ❧❡ ♠❡♠❜0❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ✭✺✳✹✳✶✾✮ ❡,$ ❞❛♥,

ps+k0+1gs+r+1(mpk0)O,

❝♦♠♠❡ ✈♦✉❧✉✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✶✶✳ A♦✉0 t < s✱ ♦♥ 2❝0✐$ βt,s ,♦✉, ❧❛ ❢♦0♠❡

❙r(a, K +mps+k0 , s, p, mpk0) ≡
p−1
∑

i=0

ps−t−1−1
∑

µ=0

❆t+r+1(i+ µp+mps−t+k0)

❆t+r+1(i+ µp)
❙r(a, K, t, p, i+µp) mod ps+k0+1gs+r+1(mpk0)O.

✭✺✳✹✳✷✵✮

❖♥ ✈❡✉$ ♠♦♥$0❡0 βt+1,s✱ .✉✐ ,✬2❝0✐$

❙r(a, K +mps+k0 , s, p, mpk0) ≡
ps−t−1−1
∑

µ=0

❆t+r+2(µ+mps−t+k0−1)

❆t+r+2(µ)
❙r(a, K, t+ 1, p, µ) mod ps+k0+1gs+r+1(mpk0)O.

❖♥ 0❡♠❛0.✉❡ .✉❡ ❙r(a, K, t+ 1, p, µ) =
∑p−1

i=0 ❙r(a, K, t, p, i+ µp)✳ ❆✐♥,✐✱ ❡♥ ♣♦,❛♥$

X := ❙r(a, K+mps+k0 , s, p, mpk0)−
ps−t−1−1
∑

µ=0

❆t+r+2(µ+mps−t+k0−1)

❆t+r+2(µ)

p−1
∑

i=0

❙r(a, K, t, p, i+µp),

✐❧ ♥❡ 0❡,$❡ ♣❧✉, .✉✬G ♠♦♥$0❡0 .✉❡ X ∈ ps+k0+1gs+r+1(mpk0)O✳ ❉✬❛♣0+, βt,s ,♦✉, ❧❛ ❢♦0♠❡

✭✺✳✹✳✷✵✮✱ ♦♥ ♦❜$✐❡♥$ .✉❡

X ≡
p−1
∑

i=0

ps−t−1−1
∑

µ=0

❙r(a, K, t, p, i+ µp)

×
(

❆t+r+1(i+ µp+mps−t+k0)

❆t+r+1(i+ µp)
− ❆t+r+2(µ+mps−t−1+k0)

❆t+r+2(µ)

)

mod ps+k0+1gs+r+1(mpk0)O.

✺✶



❖!✱ ❞✬❛♣!'( ❧✬❤②♣♦-❤'(❡ (iii) ❛♣♣❧✐0✉2❡ ❛✈❡❝ s− t− 1 ♣♦✉! s ❡- mpk0
♣♦✉! m✱ ♦♥ ❛

❆t+r+1(i+ µp+mps−t+k0)

❆t+r+1(i+ µp)
− ❆t+r+2(µ+mps−t−1+k0)

❆t+r+2(µ)
∈ ps−t+k0

gs+r+1(mpk0)

gt+r+1(i+ µp)
O.

❉❡ ♣❧✉(✱ ❝♦♠♠❡ t < s ❡- ♣✉✐(0✉❡ αs ❡(- ✈!❛✐❡✱ ♦♥ ❛ ❙r(a, K, t, p, i+µp) ∈ pt+1gt+r+1(i+µp)O✳
❉♦♥❝ ♦♥ ❛ ❜✐❡♥ X ∈ ps+k0+1gs+r+1(mpk0)O✳ ❈❡❝✐ ❛❝❤'✈❡ ❧❛ ♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✶✶ ❡- ❞♦♥❝
❝❡❧❧❡ ❞✉ -❤2♦!'♠❡ ✼✳

✺✷



❈❤❛♣✐%&❡ ✻

)&*❧✐♠✐♥❛✐&❡. ❛✉① ❞*♠♦♥.%&❛%✐♦♥. ❞❡.

%❤*♦&3♠❡. ✷ 5 ✺

✻✳✶ ❯♥❡ &❡❢♦&♠✉❧❛-✐♦♥ p✲❛❞✐1✉❡

▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛)$✐❡ ❡+$ ❞❡ ❞♦♥♥❡) ✉♥❡ )❡❢♦)♠✉❧❛$✐♦♥ p✲❛❞✐2✉❡ ❞✉ ♣)♦❜❧3♠❡ ❞✬✐♥$5❣)❛✲
❧✐$5 ❞❡+ ❝♦❡✣❝✐❡♥$+ ❞❡ ❚❛②❧♦) ❞❡+ ❛♣♣❧✐❝❛$✐♦♥+ ♠✐)♦✐)✱ ❞❡ $②♣❡ ♠✐)♦✐) ❡$ ❞❡ ❧❡✉)+ )❛❝✐♥❡+✳

❙♦✐$ e ❡$ f ❞❡✉① +✉✐$❡+ ❞❡ ✈❡❝$❡✉)+ ♥♦♥ ♥✉❧+ ❞❡ Nd
❞✐+❥♦✐♥$❡+ $❡❧❧❡+ 2✉❡ Qe,f +♦✐$ ✉♥❡

❢❛♠✐❧❧❡ @ $❡)♠❡+ ❡♥$✐❡)+✳ ❖♥ ✜①❡ L ∈ Ee,f ✱ k ∈ {1, . . . , d} ❡$ α ∈ N✱ α ≥ 1✱ ❞❛♥+ ❝❡$$❡ ♣❛)$✐❡✳
❖♥ )❛♣♣❡❧❧❡ 2✉❡ ❧✬♦♥ ❛ (z−1

k qe,f,k(z))
1/α ∈ Z[[z]]✱ )❡+♣❡❝$✐✈❡♠❡♥$ (qL,e,f (z))

1/α ∈ Z[[z]]✱ +✐ ❡$
+❡✉❧❡♠❡♥$ +✐✱ ♣♦✉) $♦✉$ ♥♦♠❜)❡ ♣)❡♠✐❡) p✱ ♦♥ ❛ (z−1

k qe,f,k(z))
1/α ∈ Zp[[z]]✱ )❡+♣❡❝$✐✈❡♠❡♥$

(qL,e,f (z))
1/α ∈ Zp[[z]]✳

◆♦✉+ ❛❧❧♦♥+ ❞5✜♥✐)✱ ♣♦✉) $♦✉$ ♥♦♠❜)❡ ♣)❡♠✐❡) p✱ ❞❡+ 5❧5♠❡♥$+ Φp,k(a+pK) ❡$ ΦL,p(a+
pK) ❞❡ Qp✱ ♦D a ∈ {0, . . . , p − 1}d

❡$ K ∈ Nd
✱ ❡$ ♠♦♥$)❡) 2✉❡ (z−1

k qe,f,k(z))
1/α ∈ Zp[[z]]✱

)❡+♣❡❝$✐✈❡♠❡♥$ (qL,e,f (z))
1/α ∈ Zp[[z]]✱ +✐ ❡$ +❡✉❧❡♠❡♥$ +✐✱ ♣♦✉) $♦✉$ a ∈ {0, . . . , p − 1}d

❡$

$♦✉$ K ∈ Nd
✱ ♦♥ ❛ Φp,k(a+ pK) ∈ pαZp✱ )❡+♣❡❝$✐✈❡♠❡♥$ ΦL,p(a+ pK) ∈ pαZp✳

E♦✉) ❛❧❧5❣❡) ❧❡+ ♥♦$❛$✐♦♥+✱ ♦♥ ♥♦$❡)❛ E := Ee,f ✱ D := De,f ✱ ∆ := ∆e,f ✱ Q := Qe,f , F :=
Fe,f , Gk := Ge,f,k✱ GL := GL,e,f ✱ qk := qe,f,k ❡$ qL := qL,e,f ✱ ❝♦♠♠❡ ❞❛♥+ $♦✉$❡ ❧❛ +✉✐$❡ ❞❡

❝❡$$❡ $❤3+❡✳ ❖♥ ✜①❡ ✉♥ ♣)❡♠✐❡) p ❞❛♥+ ❝❡$$❡ ♣❛)$✐❡✳
❆✈❛♥$ ❞❡ ❞♦♥♥❡) ❧❡+ ♣)❡✉✈❡+ ❞❡+ $❤5♦)3♠❡+ ✷ @ ✺✱ ♦♥ ✈❛ ❧❡+ )❡❢♦)♠✉❧❡)✳ ▲❡ )5+✉❧$❛$

+✉✐✈❛♥$ ❡+$ ❞J @ ❑)❛$$❡♥$❤❛❧❡) ❡$ ❘✐✈♦❛❧ ✭✈♦✐) ❬✶✼✱ ▲❡♠♠❛ ✷✱ ♣✳ ✼❪✮ ❀ ❝✬❡+$ ❧✬❛♥❛❧♦❣✉❡ ❡♥

♣❧✉+✐❡✉)+ ✈❛)✐❛❜❧❡+ ❞✬✉♥ ❧❡♠♠❡ ❝❧❛++✐2✉❡ ❞J @ ❉✐❡✉❞♦♥♥5 ❡$ ❉✇♦)❦ ✭✈♦✐) ❬✶✹✱ ❈❤❛♣✳ ■❱✱

❙❡❝✳ ✷✱ ▲❡♠♠❛ ✸❪ ❀ ❬✶✾✱ ❈❤❛♣✳ ✶✹✱ ❙❡❝✳ ✷❪✮✳

▲❡♠♠❡ ✶✷✳ ➱!❛♥! ❞♦♥♥&❡( ❞❡✉① (&+✐❡( ❢♦+♠❡❧❧❡( F (z) ∈ 1 +
∑d

i=1 ziZ[[z]] ❡! G(z) ∈
∑d

i=1 ziQ[[z]]✱ ♦♥ ❞&✜♥✐! q(z) := exp(G(z)/F (z))✳ ❖♥ ❛ ❛❧♦+( q(z) ∈ 1 +
∑d

i=1 ziZp[[z]] (✐

❡! (❡✉❧❡♠❡♥! (✐ F (z)G(zp)− pF (zp)G(z) ∈ p
∑d

i=1 ziZp[[z]]✳

▲❡ ❧❡♠♠❡ ✶✷ ✈❛ ♥♦✉+ ♣❡)♠❡$$)❡ ✓ ❞✬5❧✐♠✐♥❡) ✔ ❧✬❡①♣♦♥❡♥$✐❡❧❧❡ ❞❛♥+ ❧❡+ ❡①♣)❡++✐♦♥+

(z−1
k qk(z))

1/α = exp(Gk(z)/αF (z)) ❡$ (qL(z))
1/α = exp(GL(z)/αF (z))✳ ❈♦♠♠❡ ∆ ❡+$ ♣♦✲

+✐$✐✈❡ +✉) [0, 1]d✱ ♦♥ ♦❜$✐❡♥$✱ ❞✬❛♣)3+ ❧❡ ❝)✐$3)❡ ❞❡ ▲❛♥❞❛✉✱ 2✉❡ Q ❡+$ ✉♥❡ ❢❛♠✐❧❧❡ @ $❡)♠❡+

✺✸



❡♥"✐❡$% ❡" ❞♦♥❝ F (z) ∈ 1 +
∑d

i=1 ziZ[[z]]✳ ❉❡ ♣❧✉%✱ ❞✬❛♣$1% ❧❡% ✐❞❡♥"✐"2% ✭✶✳✶✳✶✮ ❡" ✭✷✳✶✳✶✮

❞2✜♥✐%%❛♥" ❧❡% %2$✐❡% Gk ❡" GL✱ ♦♥ ❛ Gk(0) = GL(0) = 0 ❡" ❞♦♥❝ Gk(z)/α ❡" GL(z)/α %♦♥"

❞❛♥%

∑d
i=1 ziQ[[z]]✳ ❆✐♥%✐✱ ❞✬❛♣$1% ❧❡ ❧❡♠♠❡ ✶✷✱ ♦♥ ❛ (z−1

k qk(z))
1/α ∈ Zp[[z]]✱ $❡%♣❡❝"✐✈❡♠❡♥"

(qL(z))
1/α ∈ Zp[[z]]✱ %✐ ❡" %❡✉❧❡♠❡♥" %✐ ♦♥ ❛ F (z)Gk(z

p)− pF (zp)Gk(z) ∈ pα
∑d

i=1 ziZp[[z]]✱

$❡%♣❡❝"✐✈❡♠❡♥" F (z)GL(z
p)− pF (zp)GL(z) ∈ pα

∑d
i=1 ziZp[[z]]✳

❉✬❛♣$1% ❧✬✐❞❡♥"✐"2 ✭✶✳✶✳✶✮ ❞2✜♥✐%%❛♥" Gk✱ ❧❡ ❝♦❡✣❝✐❡♥" ❞❡ za+pK
❞❛♥% F (z)Gk(z

p) −
pF (zp)Gk(z) ❡%"

Φp,k(a+ pK) :=

∑

0≤j≤K

Q(K−j)Q(a+pj)

(

q1
∑

i=1

e
(k)
i (H(K−j)·ei

− pH(a+pj)·ei
)−

q2
∑

i=1

f
(k)
i (H(K−j)·fi − pH(a+pj)·fi)

)

❡"✱ ❞✬❛♣$1% ❧✬✐❞❡♥"✐"2 ✭✷✳✶✳✶✮ ❞2✜♥✐%%❛♥" GL✱ ❧❡ ❝♦❡✣❝✐❡♥" ❞❡ za+pK
❞❛♥% F (z)GL(z

p) −
pF (zp)GL(z) ❡%"

ΦL,p(a+Kp) :=
∑

0≤j≤K

Q(K− j)Q(a+ jp)(HL·(K−j) − pHL·(a+jp)).

❖♥ ❛ ❞♦♥❝ (z−1
k qk(z))

1/α ∈ Zp[[z]]✱ $❡%♣❡❝"✐✈❡♠❡♥" (qL(z))
1/α ∈ Zp[[z]]✱ %✐ ❡" %❡✉❧❡♠❡♥"

%✐✱ ♣♦✉$ "♦✉" a ∈ {0, . . . , p−1}d
❡" "♦✉" K ∈ Nd

✱ ♦♥ ❛ Φp,k(a+pK) ∈ pαZp✱ $❡%♣❡❝"✐✈❡♠❡♥"

ΦL,p(a+ pK) ∈ pαZp✳

✻✳✷ ❯♥ ❧❡♠♠❡ (❡❝❤♥✐,✉❡

▲❡ ❜✉" ❞❡ ❝❡""❡ ♣❛$"✐❡ ❡%" ❞❡ ❞2♠♦♥"$❡$ ❧❡ ❧❡♠♠❡ %✉✐✈❛♥" ?✉❡ ♥♦✉% ✉"✐❧✐%♦♥% ❞❛♥% ❧❡%

❞2♠♦♥%"$❛"✐♦♥% ❞❡% ♣♦✐♥"% (i) ❡" (ii) ❞✉ "❤2♦$1♠❡ ✷✳

▲❡♠♠❡ ✶✸✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞❡ ✈❡❝#❡✉+( ❞❡ Nd
#❡❧❧❡( -✉❡ |e| = |f |✳ ❆❧♦+(✱ ♣♦✉+ #♦✉#

s ∈ N✱ #♦✉# c ∈ {0, . . . , ps − 1}d
❡# #♦✉# m ∈ Nd

✱ ♦♥ ❛

Qe,f (c)

Qe,f (cp)

Qe,f (cp+mps+1)

Qe,f (c+mps)
∈ 1 + ps+1Zp.

A♦✉$ ❞2♠♦♥"$❡$ ❧❡ ❧❡♠♠❡ ✶✸✱ ♥♦✉% ❛❧❧♦♥% ✉"✐❧✐%❡$ ❝❡$"❛✐♥❡% ♣$♦♣$✐2"2% ❞❡ ❧❛ ❢♦♥❝"✐♦♥

●❛♠♠❛ p✲❛❞✐?✉❡ ❞2✜♥✐❡ ♣♦✉$ n ❡♥"✐❡$✱ ♣❛$ Γp(n) := (−1)nγp(n)✱ ♦F γp(n) :=
∏n−1

k=1
(k,p)=1

k✳ ❖♥

♣❡✉" 2"❡♥❞$❡ Γp G "♦✉" Zp ♠❛✐% ♦♥ ♥✬❡♥ ❛✉$❛ ♣❛% ❜❡%♦✐♥ ✐❝✐✳

▲❡♠♠❡ ✶✹✳ (i) 4♦✉+ #♦✉# n ∈ N✱ ♦♥ ❛ ❧✬✐❞❡♥#✐#6

(np)!
n!

= pnγp(1 + np)✳
(ii) 4♦✉+ #♦✉( k, n, s ∈ N✱ ♦♥ ❛ Γp(k + nps) ≡ Γp(k) mod ps

✳

▲❡ ♣♦✐♥" (i) ❞✉ ❧❡♠♠❡ ✶✹ %✬♦❜"✐❡♥" ❡♥ $❡♠❛$?✉❛♥" ?✉❡ γp(1 + np) = (np)!
n!pn ✳ ▲❡ ♣♦✐♥" (ii)

❞✉ ❧❡♠♠❡ ✶✹ ❡%" ❧❡ ❧❡♠♠❡ ✶✳✶ ❞❡ ❬✶✾❪✳ ◆♦✉% ♣♦✉✈♦♥% ♠❛✐♥"❡♥❛♥" ❞2♠♦♥"$❡$ ❧❡ ❧❡♠♠❡ ✶✸✳

✺✹



❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✶✸✳ ❖♥ ❛

Qe,f (cp+mps+1)

Qe,f (c+mps)
=

q1
∏

i=1

(ei · (cp+mps+1))!

(ei · (c+mps))!

q2
∏

i=1

(fi · (c+mps))!

(fi · (cp+mps+1))!

=

∏q1

i=1 pei·(c+mps)γp(1 + pei · (c+mps))
∏q2

i=1 pfi·(c+mps)γp(1 + pfi · (c+mps))

= p(|e|−|f |)·mps

∏q1

i=1(p
ei·c(−1)1+pei·(c+mps)Γp(1 + pei · (c+mps)))

∏q2

i=1 (p
fi·c(−1)1+pfi·(c+mps)Γp(1 + pfi · (c+mps)))

= (−1)(|e|−|f |)·mps+1

∏q1

i=1 (p
ei·c(−1)1+ei·cp Γp(1 + pei · (c+mps)))

∏q2

i=1 (p
fi·c(−1)1+fi·cp Γp(1 + pfi · (c+mps)))

✭✻✳✷✳✶✮

=

∏q1

i=1 pei·c(−1)1+ei·cp

∏q2

i=1 pfi·c(−1)1+fi·cp
·
∏q1

i=1 Γp(1 + pei · (c+mps))
∏q2

i=1 Γp(1 + pfi · (c+mps))
, ✭✻✳✷✳✷✮

♦* ❧✬♦♥ ❛ ✉.✐❧✐01 ❧✬✐❞❡♥.✐.1 |e| − |f | = 0 ❞❛♥0 ✭✻✳✷✳✶✮ ❡. ✭✻✳✷✳✷✮ ✳ ❉✬❛♣670 ❧❡ ♣♦✐♥. (ii) ❞✉
❧❡♠♠❡ ✶✹✱ ♣♦✉6 .♦✉. n ∈ Nd

✱ ♦♥ ❛ Γp(1 + n · cp+ n ·mps+1) ≡ Γp(1 + n · cp) mod ps+1
✳

❖♥ ♦❜.✐❡♥. ❞♦♥❝

∏q1

i=1 Γp(1 + ei · cp+ ei ·mps+1)
∏q2

i=1 Γp(1 + fi · cp+ fi ·mps+1)
=

∏q1

i=1 (Γp(1 + ei · cp) +O(ps+1))
∏q2

i=1 (Γp(1 + fi · cp) +O(ps+1))
,

♦* ❧✬♦♥ ♥♦.❡ x = O(pk) ❧♦60=✉❡ x ∈ pkZp✳ ❉❡ ♣❧✉0✱ ♣❛6 ❞1✜♥✐.✐♦♥ ❞❡ Γp✱ ♣♦✉6 .♦✉. n ∈ Nd
✱

♦♥ ❛ Γp(1 + n · cp) ∈ Z×p ✳ ❖♥ ♦❜.✐❡♥. ❛❧♦60

∏q1

i=1 (Γp(1 + ei · cp) +O(ps+1))
∏q2

i=1 (Γp(1 + fi · cp) +O(ps+1))
=

∏q1

i=1 Γp(1 + ei · cp)
∏q2

i=1 Γp(1 + fi · cp)
(1 +O(ps+1))

❡. ❛✐♥0✐✱

Qe,f (cp+mps+1)

Qe,f (c+mps)
=

∏q1

i=1 pei·c(−1)1+ei·cp

∏q2

i=1 pfi·c(−1)1+fi·cp
·
∏q1

i=1 Γp(1 + ei · cp)
∏q2

i=1 Γp(1 + fi · cp)
(1 +O(ps+1))

=

∏q1

i=1 pei·c

∏q2

i=1 pfi·c
·
∏q1

i=1 γp(1 + ei · cp)
∏q2

i=1 γp(1 + fi · cp)
(1 +O(ps+1))

=
Qe,f (cp)

Qe,f (c)
(1 +O(ps+1)).

❈✬❡0. ❝❡ =✉✬✐❧ ❢❛❧❧❛✐. ❞1♠♦♥.6❡6✳

✺✺



❈❤❛♣✐%&❡ ✼

❉*♠♦♥.%&❛%✐♦♥ ❞❡. %❤*♦&0♠❡. ✹ ❡% ✺ ❡%

❞✉ ❝❛. (i) ❞✉ %❤*♦&0♠❡ ✷

❖♥ "❡ ♣❧❛❝❡ "♦✉" ❧❡" ❤②♣♦,❤-"❡" ❞✉ ,❤/♦0-♠❡ ✷✳ ❖♥ "✉♣♣♦"❡ ❞❡ ♣❧✉" 4✉❡✱ ♣♦✉0 ,♦✉,

x ∈ D✱ ♦♥ ❛ ∆(x) ≥ 1✳ 6♦✉0 ❞/♠♦♥,0❡0 ❧❡ ♣♦✐♥, (i) ❞✉ ,❤/♦0-♠❡ ✷✱ ✐❧ ♥♦✉" ❢❛✉, ♠♦♥,0❡0
4✉❡✱ ♣♦✉0 ,♦✉, L ∈ E ✱ ♦♥ ❛ qL(z) ∈ Z[[z]]✳ 6♦✉0 ❞/♠♦♥,0❡0 ❧❡ ,❤/♦0-♠❡ ✹✱ ✐❧ ♥♦✉" ❢❛✉,
♠♦♥,0❡0 4✉❡✱ "✐ ❞❡ ♣❧✉" d = 1✱ ❛❧♦0"✱ ♣♦✉0 ,♦✉, L ∈ E ✱ ♦♥ ❛ (qL(z))

1/DL ∈ Z[[z]]✳ ❋✐①♦♥"
✉♥ L ∈ E ❞❛♥" ❝❡,,❡ ♣❛0,✐❡✳ ❉✬❛♣0-" ❧❛ ♣❛0,✐❡ ✻✳✶✱ ✐❧ ♥♦✉" "✉✣, ❞❡ ♠♦♥,0❡0 4✉❡✱ ♣♦✉0 ,♦✉,
♥♦♠❜0❡ ♣0❡♠✐❡0 p✱ ,♦✉, a ∈ {0, . . . , p − 1}d

❡, ,♦✉, K ∈ Nd
✱ ♦♥ ❛ ΦL,p(a + pK) ∈ pαdZp✱

♦B αd := DL "✐ d = 1 ❡, αd := 1 "✐♥♦♥✳

✼✳✶ ◆♦✉✈❡❧❧❡ )❡❢♦)♠✉❧❛-✐♦♥ ❞✉ ♣)♦❜❧3♠❡

6♦✉0 ,♦✉, ♣0❡♠✐❡0 p✱ ,♦✉, s ∈ N✱ ,♦✉, a ∈ {0, . . . , p− 1}d
❡, ,♦✉" K,m ∈ Nd

✱ ♦♥ ❞/✜♥✐,

S(a,K, s, p,m) :=
∑

mps≤j≤(m+1)ps−1

(Q(a+ jp)Q(K− j)−Q(j)Q(a+ (K− j)p)),

♦B ❧✬♦♥ ♣♦"❡ Q(n) = 0 "✬✐❧ ❡①✐",❡ i ∈ {1, . . . , d} ,❡❧ 4✉❡ ni < 0✳
▲❡ ❜✉, ❞❡ ❝❡,,❡ ♣❛0,✐❡ ❡", ❞❡ ♣0♦❞✉✐0❡✱ ♣♦✉0 ,♦✉, ♥♦♠❜0❡ ♣0❡♠✐❡0 p✱ ✉♥❡ ❢♦♥❝,✐♦♥ gp

❞❡ Nd
❞❛♥" Zp ,❡❧❧❡ 4✉❡ ✿ "✐✱ ♣♦✉0 ,♦✉, ♣0❡♠✐❡0 p✱ ,♦✉, s ∈ N✱ ,♦✉, a ∈ {0, . . . , p − 1}d

❡, ,♦✉" K,m ∈ Nd
✱ ♦♥ ❛ S(a,K, s, p,m) ∈ ps+1gp(m)Zp✱ ❛❧♦0" ♦♥ ❛ ΦL,p(a + Kp) ∈

pαdZp✳ ❉/♠♦♥,0❡0 ❧❡ ,❤/♦0-♠❡ ✹ ❡, ❧❡ ❝❛" (i) ❞✉ ,❤/♦0-♠❡ ✷ 0❡✈✐❡♥❞0❛ ❞♦♥❝ G ♠✐♥♦0❡0
❝♦♥✈❡♥❛❜❧❡♠❡♥, ❧❛ ✈❛❧✉❛,✐♦♥ p✲❛❞✐4✉❡ ❞❡ S(a,K, s, p,m) ♣♦✉0 ,♦✉, ♥♦♠❜0❡ ♣0❡♠✐❡0 p✳
❈❡,,❡ ♠/,❤♦❞❡ ❞❡ 0/❞✉❝,✐♦♥ ❡", ✉♥❡ ❛❞❛♣,❛,✐♦♥ ❞❡ ❧✬❛♣♣0♦❝❤❡ ❞✉ ♣0♦❜❧-♠❡ ❢❛✐,❡ ♣❛0 ❉✇♦0❦

❞❛♥" ❬✶✵❪✳

✺✻



❯♥❡ #$$❝#✐'✉#❡ ❞❡ ΦL,p(a+Kp) ♠♦❞✉❧♦ pαdZp

❈❡""❡ #"❛♣❡ ❡&" ❧✬❛♥❛❧♦❣✉❡ ❞✬✉♥❡ .##❝.✐"✉.❡ ❡✛❡❝"✉#❡ ♣❛. ❑.❛""❡♥"❤❛❧❡. ❡" ❘✐✈♦❛❧ ❞❛♥&

❧❛ ♣❛."✐❡ ✷ ❞❡ ❬✶✺❪✳ ❖♥ ✜①❡ ✉♥ ♥♦♠❜.❡ ♣.❡♠✐❡. p✳ ◆♦✉& ❛❧❧♦♥& ♠♦♥".❡. B✉❡

ΦL,p(a+Kp) ≡ −
∑

0≤j≤K

HL·j (Q(a+ jp)Q(K− j)−Q(j)Q(a+ (K− j)p)) mod pαdZp.

✭✼✳✶✳✶✮

❙✐ a = K = 0✱ ❛❧♦.& ❝✬❡&" #✈✐❞❡♥"✳ ❖♥ &✉♣♣♦&❡ ❞♦♥❝✱ ❞❛♥& ❝❡""❡ ♣❛."✐❡✱ B✉❡ a 6= 0 ♦✉K 6= 0✳

H♦✉. "♦✉" a ∈ {0, . . . , p− 1}d
❡" "♦✉" j ∈ Nd

✱ ♦♥ ❛

pHL·(a+jp) = p

(

L·jp
∑

i=1

1

i
+

L·a
∑

i=1

1

L · jp+ i

)

≡ p





L·j
∑

i=1

1

ip
+

⌊L·a/p⌋
∑

i=1

1

L · jp+ ip



 mod pZp

≡ HL·j +

⌊L·a/p⌋
∑

i=1

1

L · j+ i
mod pZp. ✭✼✳✶✳✷✮

◆♦✉& ❛✈♦♥& ❜❡&♦✐♥ ❞✬✉♥ .#&✉❧"❛"✱ B✉❡ ❧✬♦♥ ❞#♠♦♥".❡.❛ ♣❧✉& ❧♦✐♥ I ❧✬❛✐❞❡ ❞✉ ❧❡♠♠❡ ✶✼

#♥♦♥❝# ❡♥ ♣❛."✐❡ ✼✳✶ ✿

H♦✉. "♦✉" a ∈ {0, . . . , p − 1}d
✱ K ∈ Nd

❡" "♦✉" j ∈ Nd
✱ 0 ≤ j ≤ K✱ "❡❧& B✉❡ a 6= 0 ♦✉

K 6= 0✱ ♦♥ ❛

Q(a+ jp)

⌊L·a/p⌋
∑

i=1

1

L · j+ i
∈ pαdZp ✭✼✳✶✳✸✮

❡"

Q(K− j)Q(a+ pj) ∈ αdZp. ✭✼✳✶✳✹✮

❊♥ ❛♣♣❧✐B✉❛♥" ✭✼✳✶✳✸✮ ❡" ✭✼✳✶✳✹✮ I ✭✼✳✶✳✷✮ ♦♥ ♦❜"✐❡♥" B✉❡

Q(K− j)Q(a+ jp)pHL·(a+jp) ≡ Q(K− j)Q(a+ jp)HL·j mod pαdZp.

❈❡❧❛ ❞♦♥♥❡

ΦL,p(a+Kp) =
∑

0≤j≤K

Q(K− j)Q(a+ jp)(HL·(K−j) − pHL·(a+jp))

≡
∑

0≤j≤K

Q(K− j)Q(a+ jp)(HL·(K−j) −HL·j) mod pαdZp

≡ −
∑

0≤j≤K

HL·j (Q(a+ jp)Q(K− j)−Q(j)Q(a+ (K− j)p)) mod pαdZp,

❝❡ B✉✐ ❡&" ❜✐❡♥ ❧✬#B✉❛"✐♦♥ ✭✼✳✶✳✶✮ ❛""❡♥❞✉❡✳

✺✼



❖♥ ✉#✐❧✐&❡ ♠❛✐♥#❡♥❛♥# ✉♥ ❧❡♠♠❡ ❝♦♠❜✐♥❛#♦✐-❡ ❞/ 0 ❑-❛##❡♥#❤❛❧❡- ❡# ❘✐✈♦❛❧ ✭✈♦✐- ❬✶✼✱

▲❡♠♠❛ ✺✱ ♣✳ ✶✹❪✮ A✉✐ ♥♦✉& ♣❡-♠❡# ❞✬C❝-✐-❡

∑

0≤j≤K

HL·j (Q(a+ jp)Q(K− j)−Q(j)Q(a+ (K− j)p))

=
r−1
∑

s=0

∑

0≤m≤(pr−s−1)1

WL(a,K, s, p,m),

♦D r ❡&# #❡❧ A✉❡ pr−1 > max(K1, . . . , Kd) ❡#

WL(a,K, s, p,m) := S(a,K, s, p,m)(HL·mps −HL·⌊m/p⌋ps+1).

❙✐ ❧✬♦♥ ♠♦♥#-❡ A✉❡✱ ♣♦✉- #♦✉# s ∈ N ❡# #♦✉# m ∈ Nd
✱ ♦♥ ❛ WL(a,K, s, p,m) ∈ pαdZp✱ ❛❧♦-&

♦♥ ❛✉-❛ ❜✐❡♥ ΦL,p(a+Kp) ∈ pαdZp✱ ❝♦♠♠❡ ✈♦✉❧✉✳

F♦✉- #♦✉# m ∈ Nd
✱ ♦♥ ♣♦&❡ µp(m) :=

∑∞
ℓ=1 1D({m/pℓ}) ❡# gp(m) := pµp(m)

✱ ♦D 1D ❡&#

❧❛ ❢♦♥❝#✐♦♥ ❝❛-❛❝#C-✐&#✐A✉❡ ❞❡ D✳ ❖♥ ✉#✐❧✐&❡ ♠❛✐♥#❡♥❛♥# ❧❡ ❧❡♠♠❡ &✉✐✈❛♥# A✉❡ ❧✬♦♥ ❞C♠♦♥#-❡
0 ❧❛ ✜♥ ❞❡ ❝❡##❡ ♣❛-#✐❡✳

▲❡♠♠❡ ✶✺✳  ♦✉# $♦✉$ ♥♦♠❜#❡ ♣#❡♠✐❡# p✱ $♦✉$ L ∈ E✱ $♦✉$ m ∈ Nd
❡$ $♦✉$ s ∈ N✱ ♦♥ ❛

ps+1gp(m)
(

HL·mps −HL·⌊m/p⌋ps+1

)

∈ pαdZp.

❉✬❛♣-J& ❧❡ ❧❡♠♠❡ ✶✺✱ &✐ ♦♥ ♠♦♥#-❡ A✉❡✱ ♣♦✉- #♦✉# a ∈ {0, . . . , p− 1}d
✱ #♦✉& K,m ∈ Nd

❡# #♦✉# s ∈ N✱ ♦♥ ❛ S(a,K, s, p,m) ∈ ps+1gp(m)Zp✱ ❛❧♦-& ♦♥ ❛✉-❛ (qL(z))
1/αd ∈ Zp[[z]]✱ ❝❡

A✉✐ ❡&# ❧❛ -❡❢♦-♠✉❧❛#✐♦♥ ❛♥♥♦♥❝C❡✳

❉'♠♦♥*+,❛+✐♦♥ ❞❡ ✭✼✳✶✳✹✮

◆♦✉& ❛❧❧♦♥& C♥♦♥❝❡- ✉♥ ♥♦✉✈❡❛✉ ❧❡♠♠❡ ♣❡-♠❡##❛♥# ❞❡ ❞C♠♦♥#-❡- ✭✼✳✶✳✹✮ A✉❡ ❧✬♦♥ ✉#✐✲

❧✐&❡-❛ ❛✉&&✐ ❞❛♥& ❧❛ ❞C♠♦♥&#-❛#✐♦♥ ❞✉ ❧❡♠♠❡ ✶✺✳

▲❡♠♠❡ ✶✻✳ ❙✉♣♣♦.♦♥. /✉❡ d = 1✳ ❙♦✐$ p ✉♥ ♥♦♠❜#❡ ♣#❡♠✐❡# ❡$ β := ⌊logp(Me,f )⌋✳  ♦✉#
$♦✉$ m ∈ N✱ m ≥ 1 ❡$ $♦✉$ ℓ ∈ {vp(m) + 1, . . . , vp(m) + β}✱ ♦♥ ❛ {m/pℓ} ≥ 1/Me,f ✳

❉2♠♦♥.$#❛$✐♦♥✳ ❖♥ ♥♦#❡ m = pvp(m)(a + pb) ❛✈❡❝ a ∈ {1, . . . , p − 1} ❡# b ∈ N✳ ❖♥ ♥♦#❡

b =
∑∞

k=0 bkp
k
✱ ♦D bk ∈ {0, . . . , p− 1}✳ F♦✉- #♦✉# ℓ ∈ {vp(m)+ 1, . . . , vp(m)+ β}✱ ♦♥ ❛ ❜✐❡♥

{

m

pℓ

}

=

{

a+ bp

pℓ−vp(m)

}

=
a+ p

∑ℓ−vp(m)−2
k=0 bkp

k

pℓ−vp(m)
≥ a

pℓ−vp(m)
≥ a

pβ
≥ 1

Me,f

.

❉2♠♦♥.$#❛$✐♦♥ ❞❡ ✭✼✳✶✳✹✮✳ ❙✐ d ≥ 2✱ ❛❧♦-& αd = 1 ❡# ✐❧ ♥✬② ❛ -✐❡♥ 0 ♠♦♥#-❡- ❝❛- Q ❡&# ✉♥❡

❢❛♠✐❧❧❡ 0 #❡-♠❡& ❡♥#✐❡-&✳ ❙✉♣♣♦&♦♥& ❞♦♥❝ A✉❡ d = 1✳ ❉❛♥& ❝❡ ❝❛&✱ ♦♥ ❛ αd = DL✳ ❙♦✐#

L ∈ {1, . . . ,Me,f}✱ β := ⌊logp(Me,f )⌋✱ a ∈ {0, . . . , p− 1}✱ K ∈ N ❡# j ∈ {0, . . . , K} #❡❧& A✉❡

✺✽



a 6= 0 ♦✉ K 6= 0✳ #❛% ❞'✜♥✐+✐♦♥✱ DL ❡.+ ❧❡ ♣❧✉. ♣❡+✐+ ♠✉❧+✐♣❧❡ ❝♦♠♠✉♥ ❞❡. ❡♥+✐❡%. ❛❧❧❛♥+ ❞❡

1 3 ⌊Me,f/L⌋✳ ❆✐♥.✐✱ ♣♦✉% +♦✉+ L ≥ 1✱ DL ❞✐✈✐.❡ D1✳ ❈♦♠♠❡ vp(D1) = pβ
✱ ✐❧ ♥♦✉. .✉✣+ ❞❡

♠♦♥+%❡% 8✉❡

Q(K − j)Q(a+ jp) ∈ pβZp. ✭✼✳✶✳✺✮

❙✐ K − j = 0✱ ❛❧♦%. a+ jp = a+Kp 6= 0✳ ❆✐♥.✐✱ ♦♥ ❛ K − j 6= 0 ♦✉ a+ jp 6= 0✳ ❙✉♣♣♦.♦♥.✱
♣❛% ❡①❡♠♣❧❡✱ 8✉❡ K − j 6= 0✳ ❊♥ ❛♣♣❧✐8✉❛♥+ ❧❡ ❧❡♠♠❡ ✶✻ ❛✈❡❝ K − j 3 ❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥

♦❜+✐❡♥+ 8✉❡✱ ♣♦✉% +♦✉+ ℓ ∈ {vp(K− j)+1, . . . , vp(K− j)+β}✱ ♦♥ ❛ {(K− j)/pℓ} ≥ 1/Me,f ✳

❈♦♠♠❡ ∆ ❡.+ ♣♦.✐+✐✈❡ .✉% R ❡+ ❝♦♠♠❡✱ ♣♦✉% +♦✉+ x ∈ [1/M
❡,❢, 1[✱ ♦♥ ❛ ∆(x) ≥ 1✱ ♦♥ ♦❜+✐❡♥+

vp(Q(K − j)) =
∞
∑

ℓ=1

∆

({

K − j

pℓ

})

≥
vp(K−j)+β
∑

ℓ=vp(K−j)+1

∆

({

K − j

pℓ

})

≥ β.

❉❡ ♣❧✉.✱ ❞✬❛♣%E. ❧❡ ❝%✐+E%❡ ❞❡ ▲❛♥❞❛✉✱ ♦♥ ❛ Q(a+ jp) ∈ N ❞♦♥❝ ♦♥ ❛ ❜✐❡♥ ✭✼✳✶✳✺✮✳

❙✐ K− j = 0✱ ❛❧♦12 a+ jp 6= 0 ❡3✱ ❞❡ ❧❛ ♠5♠❡ ♠❛♥✐61❡✱ ❧❡ ❧❡♠♠❡ ✶✻ ❛♣♣❧✐9✉; ❛✈❡❝ a+ jp
= ❧❛ ♣❧❛❝❡ ❞❡ m ❡3 ❧❡ ❢❛✐3 9✉❡ Q(K − j) ∈ N ❞♦♥♥❡♥3 ❜✐❡♥ ✭✼✳✶✳✺✮✳

❉!♠♦♥%&'❛&✐♦♥ ❞❡ ✭✼✳✶✳✸✮

◆♦✉2 ❛❧❧♦♥2 ;♥♦♥❝❡1 ✉♥ 1;2✉❧3❛3 ♣❡1♠❡33❛♥3 ❞❡ ❞;♠♦♥31❡1 ✭✼✳✶✳✸✮ ❡3 ❧❡ ❧❡♠♠❡ ✶✺✳

▲❡♠♠❡ ✶✼✳ ❙♦✐# s ∈ N✱ s ≥ 1✱ a ∈ {0, . . . , ps − 1}d
✱ m ∈ Nd

❡# L ∈ E✳ ❙✐ ♦♥ ❛

⌊L · a/ps⌋ ≥ 1✱ ❛❧♦*+✱ ♣♦✉* #♦✉# u ∈ {1, . . . , ⌊L · a/ps⌋} ❡# #♦✉# ℓ ∈ {s, . . . , s + vp(L ·m +
u) + vp(αd)}✱ ♦♥ ❛

{

a+mps

pℓ

}

∈ D.

❉/♠♦♥+#*❛#✐♦♥✳ ❖♥ 1❛♣♣❡❧❧❡ 9✉❡ D ❡23 ❧✬❡♥2❡♠❜❧❡ ❞❡2 x ∈ [0, 1[d 3❡❧2 9✉✬✐❧ ❡①✐23❡ d ∈
{e1, . . . , eq1 , f1, . . . , fq2} ✈;1✐✜❛♥3 d · x ≥ 1✳ ❖♥ ❛

{

(a+mps)/pℓ
}

∈ [0, 1[d✱ ✐❧ ♥♦✉2 2✉✣3

❞♦♥❝ ❞❡ ♠♦♥31❡1 9✉❡ L ·
{

(a+mps)/pℓ
}

≥ 1✳ ❊♥ ❡✛❡3✱ ❝♦♠♠❡ L ∈ E ✱ ✐❧ ❡①✐23❡ d ∈
{e1, . . . , eq1 , f1, . . . , fq2} 3❡❧ 9✉❡ d ≥ L✱ ❝❡ 9✉✐ ❞♦♥♥❡ ❜✐❡♥

L ·
{

a+ psm

pℓ

}

≥ 1⇒ d ·
{

a+ psm

pℓ

}

≥ 1⇒
{

a+ psm

pℓ

}

∈ D.

❙♦✐3 ℓ ∈ {s, . . . , s + vp(L ·m + u)}✳ ❖♥ ♥♦3❡ m =
∑∞

j=0 mjp
j
❛✈❡❝ mj ∈ {0, . . . , p − 1}d

✳

❖♥ ❛

{

a+mps

pℓ

}

=
a+ ps

∑ℓ−s−1
j=0 mjp

j

pℓ
.

❖♥ ❛ 9✉❡ pℓ−s
❞✐✈✐2❡ (u+ L ·m) ❡3 ❞♦♥❝ pℓ−s

❞✐✈✐2❡

u+ L ·m− L ·
(

∞
∑

j=ℓ−s

mjp
j

)

= u+ L ·
(

ℓ−s−1
∑

j=0

mjp
j

)

.

✺✾



❆✐♥#✐✱ ♦♥ ♦❜'✐❡♥' pℓ−s ≤ u+ L ·
(

∑ℓ−s−1
j=0 mjp

j
)

≤ 1
ps L · a+ L ·

(

∑ℓ−s−1
j=0 mjp

j
)

❡' ♦♥ ❛

1 ≤
L · a+ psL ·

(

∑ℓ−s−1
j=0 mjp

j
)

pℓ
= L ·

{

a+mps

pℓ

}

. ✭✼✳✶✳✻✮

❙✐ d ≥ 2✱ ❛❧♦2# αd = 1 ❡' vp(αd) = 0✳ ❉❛♥# ❝❡ ❝❛#✱ ❧✬✐♥67✉❛'✐♦♥ ✭✼✳✶✳✻✮ 6'❛♥' ✈❛❧❛❜❧❡
♣♦✉2 '♦✉' ℓ ∈ {s, . . . , s+ vp(L ·m+ u)}✱ ❧❡ ❧❡♠♠❡ ✶✼ ❡#' ❞6♠♦♥'26✳

❙✉♣♣♦#♦♥# ♠❛✐♥'❡♥❛♥' 7✉❡ d = 1✳ ❖♥ ♥♦'❡ a := a✱ m := m✱ mj := mj ❡' L := L✳ ❆✐♥#✐✱

♦♥ ❛ αd = DL✳ ❊♥ ♠✉❧'✐♣❧✐❛♥' ✭✼✳✶✳✻✮ ♣❛2 Me,f/L✱ ♦♥ ♦❜'✐❡♥'

Me,f

L
≤ Me,f

a+ ps
∑ℓ−s−1

j=0 mjp
j

pℓ
.

❈♦♠♠❡ vp(αd) = vp(DL) ≤ logp(Me,f/L)✱ ♣♦✉2 '♦✉' i ∈ {0, . . . , vp(αd)}✱ ♦♥ ❛ pi ≤ Me,f/L
❡' ❞♦♥❝

pi ≤ Me,f

a+ ps
∑ℓ−s−1

j=0 mjp
j

pℓ
.

❆✐♥#✐✱ ♣♦✉2 '♦✉' ℓ ∈ {s, . . . , s+ vp(Lm+ u)} ❡' '♦✉' i ∈ {0, . . . , vp(αd)}✱ ♦♥ ❛

1 ≤ Me,f

a+ ps
∑ℓ−s−1

j=0 mjp
j

pℓ+i
≤ Me,f

a+ ps
∑ℓ+i−s−1

j=0 mjp
j

pℓ+i
= Me,f

{

a+mps

pℓ+i

}

❡' ♦♥ ♦❜'✐❡♥' ❜✐❡♥ 7✉❡✱ ♣♦✉2 '♦✉' ℓ ∈ {s, . . . , s + vp(Lm + u) + vp(αd)}✱ ♦♥ ❛ 1/Me,f ≤
{

(a+mps)/pℓ
}

∈ D✱ ❝❛2 D = [1/Me,f , 1[✳

◆♦✉# ❛❧❧♦♥# ♠❛✐♥'❡♥❛♥' ❛♣♣❧✐7✉❡2 ❧❡ ❧❡♠♠❡ ✶✼ ♣♦✉2 ❞6♠♦♥'2❡2 ✭✼✳✶✳✸✮✳

❉!♠♦♥%&'❛&✐♦♥ ❞❡ ✭✼✳✶✳✸✮✳ ❙♦✐' L ∈ E ✱ a ∈ {0, . . . , p− 1}d
❡' j ∈ Nd

✳ ■❧ ♥♦✉# ❢❛✉' ♠♦♥'2❡2

7✉❡

Q(a+ jp)

⌊L·a/p⌋
∑

i=1

1

L · j+ i
∈ pαdZp.

❙✐ ⌊L · a/p⌋ = 0✱ ❝✬❡#' 6✈✐❞❡♥'✳ ❙✉♣♣♦#♦♥# ❞♦♥❝ 7✉❡ ⌊L · a/p⌋ ≥ 1✳ ❊♥ ❛♣♣❧✐7✉❛♥' ❧❡
❧❡♠♠❡ ✶✼ ❛✈❡❝ s = 1 ❡' m = j✱ ♦♥ ♦❜'✐❡♥' 7✉❡✱ ♣♦✉2 '♦✉' i ∈ {1, . . . , ⌊L · a/p⌋} ❡' '♦✉'
ℓ ∈ {1, . . . , 1 + vp(i+ L · j) + vp(αd)}✱ ♦♥ ❛ {(a+ jp)/pℓ} ∈ D ❡' ❞♦♥❝ ∆((a+ jp)/pℓ) ≥ 1✳
❈♦♠♠❡ ∆ ❡#' ♣♦#✐'✐✈❡ #✉2 Rd

✱ ❝❡❧❛ ❞♦♥♥❡

vp(Q(a+ jp)) =
∞
∑

ℓ=1

∆

({

a+ jp

pℓ

})

≥
1+vp(L·j+i)+vp(αd)

∑

ℓ=1

∆

({

a+ jp

pℓ

})

≥ 1 + vp(L · j+ i) + vp(αd),

❝❡ 7✉✐ ❛❝❤E✈❡ ❧❛ ♣2❡✉✈❡ ❞❡ ✭✼✳✶✳✸✮✳

✻✵



❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✶✺

❙♦✐# L ∈ E ✱ m ∈ Nd
❡# s ∈ N✳ ■❧ ♥♦✉+ ❢❛✉# ♠♦♥#/❡/ 0✉❡

ps+1gp(m)(HL·mps −HL·⌊m/p⌋ps+1) ∈ pαdZp.

❖♥ 2❝/✐# m = b+qp ♦4 b ∈ {0, . . . , p−1}d
❡# q ∈ Nd

✳ ❖♥ ❛ ❛❧♦/+ L·mps = L·bps+L·qps+1

❡# L · ⌊m/p⌋ps+1 = L · qps+1
✳ ❆✐♥+✐✱ ♦♥ ♦❜#✐❡♥#

HL·mps −HL·⌊m/p⌋ps+1 =

L·bps

∑

j=1

1

L · qps+1 + j
≡
⌊L·b/p⌋
∑

i=1

1

L · qps+1 + ips+1
mod

1

ps
Zp

❡# ❞♦♥❝

ps+1gp(m)(HL·mps −HL·⌊m/p⌋ps+1) ≡ gp(b+ qp)

⌊L·b/p⌋
∑

i=1

1

L · q+ i
mod pgp(m)Zp.

■❧ ♥♦✉+ +✉✣# ❞❡ ♠♦♥#/❡/ 0✉❡

gp(b+ qp)

⌊L·b/p⌋
∑

i=1

1

L · q+ i
∈ pαdZp ✭✼✳✶✳✼✮

❡#

gp(m) ∈ αdZp. ✭✼✳✶✳✽✮

❙✐ ⌊L ·b/p⌋ = 0✱ ❛❧♦/+ ✭✼✳✶✳✼✮ ❡+# 2✈✐❞❡♥#✳ ❙✉♣♣♦+♦♥+ 0✉❡ ⌊L ·b/p⌋ ≥ 1✳ ❊♥ ❛♣♣❧✐0✉❛♥# ❧❡
❧❡♠♠❡ ✶✼ ❛✈❡❝ s = 1 ❡# q A ❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥ ♦❜#✐❡♥# 0✉❡✱ ♣♦✉/ #♦✉# i ∈ {1, . . . , ⌊L ·b/p⌋}
❡# #♦✉# ℓ ∈ {1, . . . , 1 + vp(i+ L · q) + vp(αd)}✱ ♦♥ ❛ {(b+ qp)/pℓ} ∈ D✱ ❞♦♥❝

vp(gp(b+ qp)) = µp(b+ qp) =
∞
∑

ℓ=1

1D

({

b+ qp

pℓ

})

≥
1+vp(L·q+i)+vp(αd)

∑

ℓ=1

1D

({

b+ qp

pℓ

})

≥ 1 + vp(L · q+ i) + vp(αd)

❡# ♦♥ ❛ ❜✐❡♥ ✭✼✳✶✳✼✮✳

▼♦♥#/♦♥+ ♠❛✐♥#❡♥❛♥# ✭✼✳✶✳✽✮✳ ❙✐ d ≥ 2✱ ❛❧♦/+ αd = 1 ❡# ✐❧ ♥✬② ❛ /✐❡♥ A ♠♦♥#/❡/✳ ❙✉♣♣♦+♦♥+

❞♦♥❝ 0✉❡ d = 1 ❡# ♥♦#♦♥+ m := m✱ L := L ❡# β := ⌊logp(Me,f )⌋✱ ❞❡ +♦/#❡ 0✉❡ vp(αd) =
vp(DL) ≤ β✳ ❉✬❛♣/F+ ❧❡ ❧❡♠♠❡ ✶✻✱ ♣♦✉/ #♦✉# ℓ ∈ {vp(m)+1, . . . , vp(m)+β}✱ ♦♥ ❛ {m/pℓ} ≥
1/M

❡,❢✳ ❖♥ ♦❜#✐❡♥#

vp(gp(m)) =
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

m

pℓ

})

≥
vp(m)+β
∑

ℓ=vp(m)+1

✶[1/Me,f ,1[

({

m

pℓ

})

≥ β ≥ vp(αd).

❝❡ 0✉✐ ❛❝❤F✈❡ ❧❛ ♣/❡✉✈❡ ❞❡ ✭✼✳✶✳✽✮ ❡# ❞♦♥❝ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✶✺✳

✻✶



✼✳✷ ❆♣♣❧✐❝❛)✐♦♥ ❞✉ )❤/♦01♠❡ ✻

◆♦✉# ❛❧❧♦♥# ✉'✐❧✐#❡* ❧❡ '❤,♦*-♠❡ ✻ ♣♦✉* '❡*♠✐♥❡* ❧❡# ❞,♠♦♥#'*❛'✐♦♥# ❞✉ '❤,♦*-♠❡ ✹ ❡' ❞✉

❝❛# (i) ❞✉ '❤,♦*-♠❡ ✷✳ ◆♦✉# ❛❧❧♦♥# ♠♦♥'*❡* ❞❛♥# ❧❡# ♣❛*'✐❡# #✉✐✈❛♥'❡# 7✉✬❡♥ ♣♦#❛♥' Ar = Q
❡' gr = gp ♣♦✉* '♦✉' r ≥ 0✱ ❛❧♦*# ❧❡# #✉✐'❡# (Ar)r≥0 ❡' (gr)r≥0 ✈,*✐✜❡♥' ❧❡# ♣♦✐♥'# (i)✱ (ii) ❡'
(iii) ❞✉ '❤,♦*-♠❡ ✻✳ ❆✐♥#✐✱ ♦♥ ♦❜'✐❡♥❞*❛ ❜✐❡♥ 7✉❡ S(a,K, s, p,m) ∈ ps+1gp(m)Zp✱ ❝♦♠♠❡

✈♦✉❧✉✳

❉❛♥# ❧❡# ♣❛*'✐❡# #✉✐✈❛♥'❡#✱ ♦♥ ✈,*✐✜❡ ❧❡# ❤②♣♦'❤-#❡# ❞✬❛♣♣❧✐❝❛'✐♦♥ ❞✉ '❤,♦*-♠❡ ✻✳

✼✳✷✳✶ ❱%&✐✜❝❛+✐♦♥ ❞❡0 ❝♦♥❞✐+✐♦♥0 (i) ❡+ (ii) ❞✉ +❤%♦&3♠❡ ✻

❖♥ ✜①❡ p ✉♥ ♥♦♠❜*❡ ♣*❡♠✐❡* ❡' ♦♥ ♥♦'❡ g := gp ❡' µ := µp✳ A♦✉* '♦✉' r ≥ 0✱ ♦♥ ♣♦#❡
Ar = Q ❡' gr = g✳ ❖♥ ✈❛ ♠♦♥'*❡* ❞❛♥# ❝❡''❡ ♣❛*'✐❡ 7✉❡ ❧❡# #✉✐'❡# (Ar)r≥0 ❡' (gr)r≥0

✈,*✐✜❡♥' ❧❡# ❝♦♥❞✐'✐♦♥# (i) ❡' (ii) ❞✉ '❤,♦*-♠❡ ✻✳

A♦✉* '♦✉' r ≥ 0✱ ♦♥ ❛ |Ar(0)|p = |Q(0)|p = 1✳ ❉❡ ♣❧✉#✱ ♣♦✉* '♦✉' m ∈ Nd
✱ ♦♥ ❛

vp(g(m)) = µ(m) ≥ 0✱ ❞♦♥❝ ♦♥ ❛ ❜✐❡♥ g(m) ∈ Zp \ {0}✳ ■❧ ♥❡ *❡#'❡ ♣❧✉# 7✉✬C ♠♦♥'*❡* 7✉❡
A(m) ∈ g(m)Zp✱ ❝❡ 7✉✐ *❡✈✐❡♥' ❞♦♥❝ C ♠♦♥'*❡* 7✉✬♦♥ ❛ µp(m) ≤ vp(Q(m))✳ ❈✬❡#' ❜✐❡♥
❧❡ ❝❛# ♣✉✐#7✉❡✱ ♣♦✉* '♦✉' ℓ ∈ N✱ ℓ ≥ 1✱ ♦♥ ❛ ∆(m/pℓ) = ∆({m/pℓ}) ≥ 1D({m/pℓ})✱ ❝❛*
∆(x) ≥ 1 ♣♦✉* x ∈ D✳

✼✳✷✳✷ ❱%&✐✜❝❛+✐♦♥ ❞❡ ❧❛ ❝♦♥❞✐+✐♦♥ (iii) ❞✉ +❤%♦&3♠❡ ✻

❖♥ ✜①❡ ✉♥ ♥♦♠❜*❡ ♣*❡♠✐❡* p ❡' ♦♥ ♣♦#❡

N :=
⋃

t≥1

({

n ∈ {0, . . . , pt − 1}d : ∀ℓ ∈ {1, . . . , t},
{

n

pℓ

}

∈ D
}

× {t}
)

.

❱!"✐✜❝❛'✐♦♥ ❞✉ ♣♦✐♥' (b) ❞✉ '❤!♦".♠❡ ✻

❙♦✐' (n, t) ∈ N ❡' m ∈ Nd
✳ ❖♥ ❞♦✐' ♠♦♥'*❡* 7✉❡ g(n+ ptm) ∈ ptg(m)Zp✳ ❖♥ ❛

vp(g(n+ ptm)) =
∞
∑

ℓ=1

1D

({

n+ ptm

pℓ

})

=
t
∑

ℓ=1

1D

({

n

pℓ

})

+
∞
∑

ℓ=t+1

1D

({

n+ ptm

pℓ

})

= t+
∞
∑

ℓ=t+1

1D

({

n+ ptm

pℓ

})

. ✭✼✳✷✳✶✮

◆♦'♦♥# m =
∑∞

k=0 mkp
k
✱ ♦J ❧❡# mk ∈ {0, . . . , p − 1}d

#♦♥' ♥✉❧# #❛✉❢ ♣♦✉* ✉♥ ♥♦♠❜*❡

✜♥✐ ❞❡ k✳ A♦✉* '♦✉' ℓ ≥ t+ 1✱ ♦♥ ❛

{

n+ ptm

pℓ

}

=
n+ pt

(

∑ℓ−t−1
k=0 mkp

k
)

pℓ
≥

pt
(

∑ℓ−t−1
k=0 mkp

k
)

pℓ
=

{

m

pℓ−t

}

.

✻✷



❆✐♥#✐✱ ♣♦✉( )♦✉) ℓ ≥ t+1✱ #✐
{

m/pℓ−t
}

∈ D✱ ❛❧♦(# ✐❧ ❡①✐#)❡ L ∈ E )❡❧ .✉❡ 1 ≤ L·
{

m/pℓ−t
}

≤
L ·
{

(n+ ptm)/pℓ
}

✱ ❝❡ .✉✐ ❞♦♥♥❡

{

(n+ ptm)/pℓ
}

∈ D✳ ❖♥ ♦❜)✐❡♥)
∞
∑

ℓ=t+1

1D

({

n+ ptm

pℓ

})

≥
∞
∑

ℓ=t+1

1D

({

m

pℓ−t

})

=
∞
∑

ℓ=1

1D

({

m

pℓ

})

= vp(g(m)),

❝❡ .✉✐✱ ❥♦✐♥) 5 ✭✼✳✷✳✶✮✱ ❞♦♥♥❡ ❜✐❡♥ vp(g(n+ptm)) ≥ t+vp(g(m))✱ ✐✳❡✳ g(n+ptm) ∈ ptg(m)Zp✱

❝♦♠♠❡ ✈♦✉❧✉✳

❱!"✐✜❝❛'✐♦♥ ❞✉ ♣♦✐♥' (a2) ❞✉ '❤!♦".♠❡ ✻

❙♦✐) s ∈ N✱ u ∈ Ψs(N ) ❡) v ∈ {0, . . . , p − 1}d
)❡❧# .✉❡ v + pu /∈ Ψs+1(N )✳ ❖♥ ❞♦✐)

♠♦♥)(❡( .✉❡

Q(u+ psm)

Q(u) ∈ ps+1 g(m)

g(v + pu)
Zp. ✭✼✳✷✳✷✮

❉❛♥# ✉♥ ♣(❡♠✐❡( )❡♠♣#✱ ♥♦✉# ❞♦♥♥♦♥# ✉♥❡ ❛✉)(❡ ❡①♣(❡##✐♦♥ ♣♦✉(

Ψs(N ) = {u ∈ {0, . . . , ps−1}d : ∀(n, t) ∈ N , t ≤ s, ∀j ∈ {0, . . . , ps−t−1}d,u 6= j+ps−tn}.

?♦✉( ❝❡❧❛✱ ♥♦✉# ❛✈♦♥# ❜❡#♦✐♥ ❞✉ ❧❡♠♠❡ #✉✐✈❛♥)✳

▲❡♠♠❡ ✶✽✳ ❙♦✐% s ∈ N✱ s ≥ 1✱ ❡% u ∈ {0, . . . , ps − 1}d
✳ ❖♥ ♥♦%❡ u =

∑s−1
k=0 ukp

k
✱ ❛✈❡❝

uk ∈ {0, . . . , p− 1}d
✳ ❆❧♦./✱ ❧❡/ ❛//❡.%✐♦♥/ /✉✐✈❛♥%❡/ /♦♥% 12✉✐✈❛❧❡♥%❡/✳

(1) ❖♥ ❛ {u/ps} ∈ D✳

(2) ■❧ ❡①✐/%❡ (n, t) ∈ N , t ≤ s ❡% j ∈ {0, . . . , ps−t − 1}d
%❡❧/ 2✉❡ u = j+ ps−tn✳

❉1♠♦♥/%.❛%✐♦♥ ❞✉ ❧❡♠♠❡ ✶✽✳ (1) ⇒ (2) ✿ ?♦✉( )♦✉) s ≥ 1✱ )♦✉) u ∈ {0, . . . , ps − 1}d

)❡❧ .✉❡ {u/ps} ∈ D ❡) )♦✉) i ∈ {0, . . . , s − 1}✱ ♦♥ ♥♦)❡ As,i(u) ❧✬❛##❡()✐♦♥ ✿ ♣♦✉( )♦✉)
ℓ ∈ {1, . . . , s− i}✱ ♦♥ ❛

{(
∑s−1

k=i ukp
k−i
)

/pℓ
}

∈ D✳
?♦✉( )♦✉) s ≥ 1✱ ♦♥ ♥♦)❡ Bs ❧✬❛##❡()✐♦♥ ✿ ♣♦✉( )♦✉) u ∈ {0, . . . , ps − 1}d

)❡❧ .✉❡

{u/ps} ∈ D✱ ✐❧ ❡①✐#)❡ i ∈ {0, . . . , s− 1}✱ )❡❧ .✉❡ As,i(u) ❡#) ✈(❛✐❡✳

❉❛♥# ✉♥ ♣(❡♠✐❡( )❡♠♣#✱ ♥♦✉# ❛❧❧♦♥# ♠♦♥)(❡( ♣❛( (B❝✉((❡♥❝❡ #✉( s .✉❡✱ ♣♦✉( )♦✉) s ≥ 1✱
Bs ❡#) ✈(❛✐❡✳

❙✐ s = 1✱ ❛❧♦(#✱ ♣♦✉( )♦✉) u ∈ {0, . . . , p − 1}d
)❡❧ .✉❡ {u/p} ∈ D✱ ❧✬❛##❡()✐♦♥ A1,0(u)

♥✬❡#) ❛✉)(❡ .✉❡ {u/p} ∈ D ❡) ❡#) ❞♦♥❝ ✈(❛✐❡✳ ❆✐♥#✐✱ B1 ❡#) ✈(❛✐❡✳

❙♦✐) s ≥ 2 )❡❧ .✉❡ B1, . . . ,Bs−1 #♦✐❡♥) ✈(❛✐❡#✱ #♦✐) u ∈ {0, . . . , ps−1}d
)❡❧ .✉❡ {u/ps} ∈ D

❡) )❡❧ .✉❡ As,1(u), . . . ,As,s−1(u) #♦✐❡♥) ❢❛✉##❡#✳ ◆♦✉# ❛❧❧♦♥# ♠♦♥)(❡( .✉❡✱ ❞❛♥# ❝❡ ❝❛#✱
❧✬❛##❡()✐♦♥ As,0(u) ❡#) ✈(❛✐❡ ❝❡ .✉✐ ♣(♦✉✈❡(❛ .✉❡ Bs ❡#) ✈(❛✐❡ ❡) ❛❝❤F✈❡(❛ ❧❛ (B❝✉((❡♥❝❡

#✉( s✳
❘❛✐#♦♥♥♦♥# ♣❛( ❧✬❛❜#✉(❞❡ ❡♥ #✉♣♣♦#❛♥) .✉✬✐❧ ❡①✐#)❡ ℓ ∈ {1, . . . , s} )❡❧ .✉❡

aℓ :=

∑ℓ−1
k=0 ukp

k

pℓ
=

{

∑s−1
k=0 ukp

k

pℓ

}

/∈ D.

✻✸



❖♥ ❛ ❡♥ ❢❛✐& ℓ ∈ {1, . . . , s− 1} ❝❛( {u/ps} ∈ D✳ *♦✉( &♦✉& L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥
❛ L · aℓ < 1✳ ❖♥ .❝(✐&

{

u

ps

}

=
u

ps
=

pℓaℓ + pℓ
∑s−1

k=ℓ ukp
k−ℓ

ps
=

aℓ

ps−ℓ
+

∑s−1
k=ℓ ukp

k−ℓ

ps−ℓ
.

❈♦♠♠❡ {u/ps} ∈ D✱ ✐❧ ❡①✐3&❡ L ∈ {e1, . . . , eq1 , f1, . . . , fq2} &❡❧ 4✉❡

1 ≤ L ·
{

u

ps

}

=
L · aℓ

ps−ℓ
+ L ·

∑s−1
k=ℓ ukp

k−ℓ

ps−ℓ
<

1

ps−ℓ
+ L ·

∑s−1
k=ℓ ukp

k−ℓ

ps−ℓ
,

❝❡ 4✉✐ ❞♦♥♥❡ 4✉❡ L ·
(
∑s−1

k=ℓ ukp
k−ℓ
)

> ps−ℓ− 1✳ ❈♦♠♠❡ L ·
(
∑s−1

k=ℓ ukp
k−ℓ
)

❡3& ✉♥ ❡♥&✐❡(✱ ♦♥

♦❜&✐❡♥& L ·
(
∑s−1

k=ℓ ukp
k−ℓ
)

≥ ps−ℓ
✱ ✐✳❡✳

{

∑s−1
k=ℓ ukp

k−ℓ

ps−ℓ

}

∈ D.

❊♥ ♣❛(&✐❝✉❧✐❡(✱ ♦♥ ❛ ℓ < s✳ ❖♥ ♥♦&❡ v :=
∑s−1

k=ℓ ukp
k−ℓ ∈ {0, . . . , ps−ℓ − 1}d

✳ ❖♥ ❛ ❞♦♥❝

{v/ps−ℓ} ∈ D ❡&✱ ❡♥ ❛♣♣❧✐4✉❛♥& Bs−ℓ✱ ♦♥ ♦❜&✐❡♥& 4✉✬✐❧ ❡①✐3&❡ i ∈ {0, . . . , s− ℓ− 1} &❡❧ 4✉❡
As−ℓ,i(v) ❡3& ✈(❛✐❡✱ ✐✳❡✳✱ ♣♦✉( &♦✉& r ∈ {1, . . . , s− ℓ− i}✱ ♦♥ ❛

{

∑s−ℓ−1
k=i vkp

k−i

pr

}

∈ D.

❖(✱ ♣♦✉( &♦✉& k✱ ♦♥ ❛ vk = uℓ+k ❡& ❞♦♥❝
∑s−ℓ−1

k=i vkp
k−i =

∑s−1
k=i+ℓ ukp

k−i−ℓ
✳ ❆✐♥3✐✱ ❧✬❛33❡(&✐♦♥

As−ℓ,i(v) ❞❡✈✐❡♥& ✿ ♣♦✉( &♦✉& r ∈ {1, . . . , s− ℓ− i}✱ ♦♥ ❛
{

∑s−1
k=i+ℓ ukp

k−i−ℓ

pr

}

∈ D;

4✉✐ ♥✬❡3& ❛✉&(❡ 4✉❡ ❧✬❛33❡(&✐♦♥ As,i+ℓ(u)✳ ❈♦♠♠❡ ♦♥ ❛ 3✉♣♣♦3. 4✉❡ As,1(u), . . . ,As,s−1(u)
3♦♥& ❢❛✉33❡3✱ ♦♥ ♦❜&✐❡♥& ✉♥❡ ❝♦♥&(❛❞✐❝&✐♦♥✳ ❆✐♥3✐ As,0(u) ❡3& ✈(❛✐❡ ❞♦♥❝ Bs ❧✬❡3& ❛✉33✐✱ ❝❡

4✉✐ ❛❝❤>✈❡ ❧❛ (.❝✉((❡♥❝❡ 3✉( s✳

❈♦♠♠❡ {u/ps} ∈ D✱ ❧✬❛33❡(&✐♦♥ Bs ❞♦♥♥❡ 4✉✬✐❧ ❡①✐3&❡ i ∈ {0, . . . , s− 1} &❡❧ 4✉❡ As,i(u)
❡3& ✈(❛✐❡✱ ✐✳❡✳ ♣♦✉( &♦✉& ℓ ∈ {1, . . . , s− i}✱ ♦♥ ❛

{(
∑s−1

k=i pk−iuk

)

/pℓ
}

∈ D✳ ❖♥ ❛ ❞♦♥❝
(

s−1
∑

k=i

pk−iuk, s− i

)

∈ N ❡& u =
i−1
∑

k=0

pkuk + pi

s−1
∑

k=i

pk−iuk.

❆✐♥3✐✱ ❧❡ ♣♦✐♥& (2) ❡3& ✈.(✐✜. ❛✈❡❝ s − i @ ❧❛ ♣❧❛❝❡ ❞❡ t✱
∑s−1

k=i pk−iuk @ ❧❛ ♣❧❛❝❡ ❞❡ n ❡&
∑i−1

k=0 pkuk @ ❧❛ ♣❧❛❝❡ ❞❡ j✳

(2)⇒ (1) ✿ ❖♥ ❛
{

u

ps

}

=
u

ps
=

j+ ps−tn

ps
≥ n

pt
=

{

n

pt

}

∈ D

❡& ❞♦♥❝ {u/ps} ∈ D✱ ❝♦♠♠❡ ✈♦✉❧✉✳

✻✹



❉✬❛♣$%& ❧❡ ❧❡♠♠❡ ✶✽✱ ♦♥ ♦❜0✐❡♥0 2✉❡

Ψs(N ) = {u ∈ {0, . . . , ps − 1}d : {u/ps} /∈ D}. ✭✼✳✷✳✸✮

❆✐♥&✐✱ ♣♦✉$ 0♦✉0 u ∈ Ψs(N ) ❡0 0♦✉0 ℓ ≥ s✱ ♦♥ ❛ {u/pℓ} = u/pℓ ≤ u/ps = {u/ps}✱ ❝❡
2✉✐ ❞♦♥♥❡ 2✉❡✱ ♣♦✉$ 0♦✉0 L ∈ {e1, . . . , eq1 , f1, . . . , fq2} ❡0 0♦✉0 ℓ ≥ s✱ ♦♥ ❛ L · {u/pℓ} ≤
L · {u/ps} < 1 ❡0 ❞♦♥❝ {u/pℓ} /∈ D✳ ❖♥ ♦❜0✐❡♥0 2✉❡✱ ♣♦✉$ 0♦✉0 ℓ ≥ s✱ ♦♥ ❛ ∆({u/pℓ}) = 0
❡0 ❞♦♥❝

vp (Q(u)) =
∞
∑

ℓ=1

∆

({

u

pℓ

})

=
s
∑

ℓ=1

∆

({

u

pℓ

})

.

❉❡ ♣❧✉&✱ ♦♥ ❛

vp (Q(u+ psm)) =
∞
∑

ℓ=1

∆

({

u+ psm

pℓ

})

=
s
∑

ℓ=1

∆

({

u

pℓ

})

+
∞
∑

ℓ=s+1

∆

({

u+ psm

pℓ

})

,

❝❡ 2✉✐ ❞♦♥♥❡

vp

(Q(u+ psm)

Q(u)

)

=
∞
∑

ℓ=s+1

∆

({

u+ psm

pℓ

})

. ✭✼✳✷✳✹✮

❖♥ ♥♦0❡ m =
∑∞

k=0 pkmk✱ ❛✈❡❝ mk ∈ {0, . . . , p− 1}d
✳ @♦✉$ 0♦✉0 ℓ ≥ s+ 1✱ ♦♥ ❛

{

u+ psm

pℓ

}

=
u+ ps

∑ℓ−1−s
k=0 pkmk

pℓ
≥
∑ℓ−1−s

k=0 pkmk

pℓ−s
=

{

m

pℓ−s

}

❡0 ❞♦♥❝

∞
∑

ℓ=s+1

∆

({

u+ psm

pℓ

})

≥
∞
∑

ℓ=s+1

1D

({

u+ psm

pℓ

})

✭✼✳✷✳✺✮

≥
∞
∑

ℓ=s+1

1D

({

m

pℓ−s

})

=
∞
∑

ℓ=1

1D

({

m

pℓ

})

= vp(g(m)), ✭✼✳✷✳✻✮

♦C ❧✬✐♥D❣❛❧✐0D ✭✼✳✷✳✺✮ ✈✐❡♥0 ❞✉ ❢❛✐0 2✉❡✱ ♣♦✉$ 0♦✉0 x ∈ D✱ ♦♥ ❛ ∆(x) ≥ 1✳ ❊♥ ✉0✐❧✐&❛♥0 ✭✼✳✷✳✻✮
❞❛♥& ✭✼✳✷✳✹✮✱ ♦♥ ♦❜0✐❡♥0

vp

(Q(u+ psm)

Q(u)

)

≥ vp(g(m)).

❆✐♥&✐✱ ❛✜♥ ❞❡ ✈D$✐✜❡$ ❧❡ ♣♦✐♥0 (a2)✱ ✐❧ ♥♦✉& &✉✣0 ❞❡ ♠♦♥0$❡$ 2✉❡✱ ♣♦✉$ 0♦✉0 u ∈ Ψs(N )
❡0 0♦✉0 v ∈ {0, . . . , p− 1}d

0❡❧& 2✉❡ v + pu /∈ Ψs+1(N )✱ ♦♥ ❛ g(v + pu) ∈ ps+1Zp✳

❖♥ D❝$✐0 u =
∑s−1

k=0 pkuk✱ ❛✈❡❝ uk ∈ {0, . . . , p− 1}d
✳ ❖♥ ❛ {(v + pu)/p} = v/p ❡0✱ ♣♦✉$

0♦✉0 ℓ ≥ 2✱ ♦♥ ❛
{

v + pu

pℓ

}

=
v + p

∑ℓ−2
k=0 pkuk

pℓ
.

✻✺



❖♥ ♦❜$✐❡♥$

vp(g(v + pu)) =
∞
∑

ℓ=1

1D

({

v + pu

pℓ

})

≥ 1D

(

v

p

)

+
s+1
∑

ℓ=2

1D

(

v + p
∑ℓ−2

k=0 pkuk

pℓ

)

.

❆✐♥(✐✱ (✐ ♦♥ ♠♦♥$+❡ ,✉❡ v/p ∈ D ❡$ ,✉❡

(

v + p
∑ℓ−2

k=0 pkuk

)

/pℓ ∈ D ♣♦✉+ $♦✉$ ℓ ∈
{2, . . . , s+ 1}✱ ❛❧♦+( ♦♥ ❛✉+❛ ❜✐❡♥ vp(g(v + pu)) ≥ s+ 1✳

✕ ▼♦♥$+♦♥( ,✉❡ v/p ∈ D✳
❈♦♠♠❡ v + pu /∈ Ψs+1(N )✱ ♦♥ ♦❜$✐❡♥$✱ ❞✬❛♣+7( ✭✼✳✷✳✸✮✱ ,✉❡ {(v + pu)/ps+1} ∈ D✳ ■❧

❡①✐($❡ ❞♦♥❝ L ∈ {e1, . . . , eq1 , f1, . . . , fq2} $❡❧ ,✉❡ L · {(v + pu)/ps+1} ≥ 1✳ ❖♥ ♦❜$✐❡♥$

1 ≤ L · v + p
∑s−1

k=0 pkuk

ps+1
= L · v

ps+1
+ L ·

∑s−1
k=0 pkuk

ps
= L · v

ps+1
+ L ·

{

u

ps

}

. ✭✼✳✷✳✼✮

❈♦♠♠❡ u ∈ Ψs(N )✱ ♦♥ ❛ {u/ps} /∈ D ❡$ ❞♦♥❝ L · {u/ps} < 1✳ ❖♥ ❛ L · {u/ps} ∈ 1
ps N

❞♦♥❝ L · {u/ps} ≤ (ps − 1)/ps
❡$ ♦♥ ♦❜$✐❡♥$✱ ✈✐❛ ❧✬✐♥@❣❛❧✐$@ ✭✼✳✷✳✼✮✱ ,✉❡ L · v/ps+1 ≥ 1/ps

✱

✐✳❡✳ L · v/p ≥ 1✳ ❆✐♥(✐✱ ♦♥ ❛ ❜✐❡♥ v/p ∈ D✳

✕ ▼♦♥$+♦♥( ,✉❡✱ ♣♦✉+ $♦✉$ ℓ ∈ {2, . . . , s+ 1}✱ ♦♥ ❛
(

v + p
∑ℓ−2

k=0 pkuk

)

/pℓ ∈ D✳

❖♥ (✉♣♣♦(❡ ,✉❡ s ≥ 1✳ ❙♦✐$ ℓ ∈ {2, . . . , s+ 1}✳ ❖♥ ❛

1 ≤ L · v + p
∑s−1

k=0 pkuk

ps+1
= L · v + p

∑ℓ−2
k=0 pkuk

ps+1
+ L · p

∑s−1
k=ℓ−1 pkuk

ps+1
. ✭✼✳✷✳✽✮

❖♥ ❛ u ∈ Ψs(N ) ❡$ u = u0 + p
∑s−1

k=1 pk−1uk✳ ❆✐♥(✐✱ ❡♥ ❛♣♣❧✐,✉❛♥$ ✭✺✳✸✳✶✹✮ ❛✈❡❝ t = 0✱
♦♥ ♦❜$✐❡♥$ ,✉❡

∑s−1
k=1 pk−1uk ∈ Ψs−1(N )✳ ❊♥ ✐$@+❛♥$ ✭✺✳✸✳✶✹✮✱ ♦♥ ♦❜$✐❡♥$ ✜♥❛❧❡♠❡♥$ ,✉❡

∑s−1
k=ℓ−1 pk−ℓ+1uk ∈ Ψs−ℓ+1(N )✳ ❉✬❛♣+7( ❧❡ ❧❡♠♠❡ ✶✽✱ ❝❡❧❛ ❞♦♥♥❡

p
∑s−1

k=ℓ−1 pkuk

ps+1
=

∑s−1
k=ℓ−1 pk−ℓ+1uk

ps−ℓ+1
=

{

∑s−1
k=ℓ−1 pk−ℓ+1uk

ps−ℓ+1

}

/∈ D.

❊♥ ♣❛+$✐❝✉❧✐❡+✱ ♦♥ ♦❜$✐❡♥$ ,✉❡

1 > L ·
∑s−1

k=ℓ−1 pk−ℓ+1uk

ps−ℓ+1
∈ 1

ps−ℓ+1
N

❡$ ❞♦♥❝

L ·
∑s−1

k=ℓ−1 pk−ℓ+1uk

ps−ℓ+1
≤ ps−ℓ+1 − 1

ps−ℓ+1
.

❊♥ ✉$✐❧✐(❛♥$ ❝❡$$❡ ❞❡+♥✐7+❡ ✐♥@❣❛❧✐$@ ❞❛♥( ✭✼✳✷✳✽✮✱ ♦♥ ♦❜$✐❡♥$ ,✉❡

L · v + p
∑ℓ−2

k=0 pkuk

ps+1
≥ 1

ps−ℓ+1
.

✻✻



❆✐♥#✐✱ ♣♦✉( )♦✉) ℓ ∈ {2, . . . , s+ 1}✱ ♦♥ ❛

L ·
{

v + pu

pℓ

}

= L · v + p
∑ℓ−2

k=0 pkuk

pℓ
≥ 1 ✭✼✳✷✳✾✮

❡) ♦♥ ♦❜)✐❡♥) ❜✐❡♥ 3✉❡✱ ♣♦✉( )♦✉) ℓ ∈ {2, . . . , s+1}✱ ♦♥ ❛
{

(v + pu) /pℓ
}

∈ D✳ ❈❡❝✐ ❛❝❤7✈❡
❧❛ ✈:(✐✜❝❛)✐♦♥ ❞✉ ♣♦✐♥) (a2) ❞✉ )❤:♦(7♠❡ ✻✳

❱!"✐✜❝❛'✐♦♥ ❞❡, ♣♦✐♥', (a) ❡' (a1) ❞✉ '❤!♦"0♠❡ ✻

?♦✉( )♦✉) s ∈ N✱ )♦✉) v ∈ {0, . . . , p − 1}d
❡) )♦✉) u ∈ Ψs(N )✱ ♦♥ ♣♦#❡ θs(v + up) :=

Q(v + up) #✐ v + up /∈ Ψs+1(N )✱ ❡) θs(v + up) := g(v + up) #✐ v + up ∈ Ψs+1(N )✳
▲❡ ❜✉) ❞❡ ❝❡))❡ ♣❛()✐❡ ❡#) ❞❡ ❞:♠♦♥)(❡( ❧❡ ❢❛✐) #✉✐✈❛♥) ✿ ♣♦✉( )♦✉) s ∈ N✱ )♦✉) v ∈

{0, . . . , p− 1}d
✱ )♦✉) u ∈ Ψs(N ) ❡) )♦✉) m ∈ Nd

✱ ♦♥ ❛

Q(v + up+mps+1)

Q(v + up)
− Q(u+mps)

Q(u) ∈ ps+1 g(m)

θs(v + up)
Zp, ✭✼✳✷✳✶✵✮

❝❡ 3✉✐ ❞:♠♦♥)(❡(❛ ❧❡# ♣♦✐♥)# (a) ❡) (a1) ❞✉ )❤:♦(7♠❡ ✻✳ ❊♥ ❡✛❡)✱ ♣♦✉( )♦✉) v ∈ {0, . . . , p−1}d

❡) )♦✉) u ∈ Ψs(N )✱ ♦♥ ❛ Q(v + up) ∈ g(v + up)Zp ❞❡ #♦()❡ 3✉❡

ps+1 g(m)

θs(v + up)
∈ ps+1 g(m)

Q(v + up)
Zp

❡) ✭✼✳✷✳✶✵✮ ✐♠♣❧✐3✉❡ ❜✐❡♥ (a)✳ ❉❡ ♣❧✉#✱ ♣❛( ❞:✜♥✐)✐♦♥ ❞❡ θs✱ ❧♦(#3✉❡ v + up ∈ Ψs+1(N )✱ ❧❛
❝♦♥❣(✉❡♥❝❡ ✭✼✳✷✳✶✵✮ ✐♠♣❧✐3✉❡ ❜✐❡♥ (a1)✳

▲❛ ❝♦♥❣(✉❡♥❝❡ ✭✼✳✷✳✶✵✮ ❡#) ✈:(✐✜:❡ #✐ ❡) #❡✉❧❡♠❡♥) #✐✱ ♣♦✉( )♦✉) v ∈ {0, . . . , p − 1}d
✱

)♦✉) u ∈ Ψs(N ) ❡) )♦✉) m ∈ Nd
✱ ♦♥ ❛

(

1− Q(v + up)

Q(u)
Q(u+mps)

Q(v + up+mps+1)

) Q(v + up+mps+1)

Q(v + up)
∈ ps+1 g(m)

θs(v + up)
Zp.

❉❛♥# ❧❛ #✉✐)❡✱ ♦♥ ♣♦#❡

Xs(v,u,m) :=
Q(v + up)

Q(u)
Q(u+mps)

Q(v + up+mps+1)
.

❆✐♥#✐✱ ♣♦✉( ❞:♠♦♥)(❡( ✭✼✳✷✳✶✵✮✱ ✐❧ ♥♦✉# #✉✣) ❞❡ ♠♦♥)(❡( 3✉❡

(Xs(v,u,m)− 1)
Q(v + up+mps+1)

g(m)
∈ ps+1Q(v + up)

θs(v + up)
Zp. ✭✼✳✷✳✶✶✮

❆✜♥ ❞✬❡#)✐♠❡( ❧❛ ✈❛❧✉❛)✐♦♥ ❞❡ Xs(v,u,m) − 1✱ ♣♦#♦♥#✱ ♣♦✉( )♦✉) v ∈ {0, . . . , p − 1}d
✱

)♦✉) u ∈ {0, . . . , ps − 1}d
✱ )♦✉) s ∈ N ❡) )♦✉) m ∈ Nd

✱

Ys(v,u,m) :=

∏q2

i=1

∏⌊fi·v/p⌋
j=1

(

1 + fi·mps

fi·u+j

)

∏q1

i=1

∏⌊ei·v/p⌋
j=1

(

1 + ei·mps

ei·u+j

) .

✻✼



 ♦✉# s ∈ N✱ m ∈ Nd
❡& a ∈ {0, . . . , ps − 1}d

✱ ♦♥ ♥♦&❡

ηs(a,m) :=
∞
∑

ℓ=s+1

∆

({

a+mps

pℓ

})

.

❖♥ )♥♦♥❝❡ +✉❛&#❡- ❧❡♠♠❡-✱ +✉❡ ❧✬♦♥ ❞)♠♦♥&#❡ ❞❛♥- ❧❛ ♣❛#&✐❡ ✼✳✷✳✷✳

▲❡♠♠❡ ✶✾✳  ♦✉# $♦✉$ s ∈ N✱ $♦✉$ v ∈ {0, . . . , p−1}d
✱ $♦✉$ u ∈ Ψs(N ) ❡$ $♦✉$ m ∈ Nd

✱ ♦♥

❛ Xs(v,u,m) ∈ Ys(v,u,m) (1 + ps+1Zp) ❡$ vp(Ys(v,u,m)) ≥ ηs(u,m)− ηs+1(v + up,m)✳

▲❡♠♠❡ ✷✵✳ ❙♦✐$ s ∈ N✱ v ∈ {0, . . . , p − 1}d
❡$ u ∈ {0, . . . , ps − 1}d

✳ ❙✬✐❧ ❡①✐/$❡ j ∈
{1, . . . , s+ 1} $❡❧ 0✉❡ {(v + up)/pj} /∈ D✱ ❛❧♦#/ ♦♥ ❛ Ys(v,u,m) ∈ 1 + ps−j+2Zp✳

▲❡♠♠❡ ✷✶✳  ♦✉# $♦✉$ s ∈ N✱ $♦✉$ a ∈ {0, . . . , ps+1 − 1}d
❡$ $♦✉$ m ∈ Nd

✱ ♦♥ ❛

ηs+1(a,m) ≥ µ(m) ✭✼✳✷✳✶✷✮

❡$

vp

(Q(a+mps+1)

g(m)

)

≥
s+1
∑

ℓ=1

∆

({

a

pℓ

})

. ✭✼✳✷✳✶✸✮

▲❡♠♠❡ ✷✷✳ ❙♦✐$ s ∈ N ❡$ a ∈ Ψs(N )✳ ❖♥ ❛ vp(Q(a)) =
∑s

ℓ=1∆
({

a/pℓ
})

✳

❆✜♥ ❞❡ ♠♦♥&#❡# ✭✼✳✷✳✶✶✮✱ ♦♥ ✈❛ ♠❛✐♥&❡♥❛♥& ❞✐✛)#❡♥❝✐❡# ❞❡✉① ❝❛-✳

✕ ❈❛/ ✶ ✿ ❙✉♣♣♦-♦♥- +✉✬✐❧ ❡①✐-&❡ j ∈ {1, . . . , s+ 1} &❡❧ +✉❡
{

v + up

pj

}

/∈ D. ✭✼✳✷✳✶✹✮

❙♦✐& j0 ❧❡ ♣❧✉- ♣❡&✐& ❞❡- j ∈ {1, . . . , s+ 1} ✈)#✐✜❛♥& ✭✼✳✷✳✶✹✮✳ ❉✬❛♣#E- ❧❡ ❧❡♠♠❡ ✷✵ ❛♣♣❧✐+✉)
❡♥ j0✱ ♦♥ ♦❜&✐❡♥& Ys(v,u,m) ∈ 1 + ps−j0+2Zp ❡& ❞♦♥❝✱ ❞✬❛♣#E- ❧❡ ❧❡♠♠❡ ✶✾✱

vp(Xs(v,u,m)− 1) ≥ s− j0 + 2.

❉✬❛♣#E- ✭✼✳✷✳✶✸✮✱ ♦♥ ♦❜&✐❡♥&

vp

(

(Xs(v,u,m)− 1)
Q(v + up+mps+1)

g(m)

)

≥ vp(Xs(v,u,m)− 1) +
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

≥ s− j0 + 2 +
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

.

✭✼✳✷✳✶✺✮

 ♦✉# &♦✉& ℓ ∈ {1, . . . , j0 − 1}✱ ♦♥ ❛ {(v + up)/pℓ} ∈ D ❡& ❞♦♥❝ ∆({(v + up)/pℓ}) ≥ 1✳
❖♥ ♦❜&✐❡♥&

∑s+1
ℓ=1 ∆({(v + up)/pℓ}) ≥ j0 − 1 ❝❡ +✉✐✱ ❥♦✐♥& K ✭✼✳✷✳✶✺✮✱ ❞♦♥♥❡

vp

(

(Xs(v,u,m)− 1)
Q(v + up+mps+1)

g(m)

)

≥ s+ 1. ✭✼✳✷✳✶✻✮

✻✽



❙✐ v + up /∈ Ψs+1(N )✱ ❛❧♦&' ♦♥ ❛ θs(v + up) = Q(v + up) ❡*

ps+1Q(v + up)

θs(v + up)
= ps+1.

❆✐♥'✐✱ ❧♦&',✉❡ v + up /∈ Ψs+1(N )✱ ❧✬✐♥/❣❛❧✐*/ ✭✼✳✷✳✶✻✮ ❞♦♥♥❡ ❜✐❡♥ ✭✼✳✷✳✶✶✮✳

❖♥ '✉♣♣♦'❡✱ ❞❛♥' ❧❛ ✜♥ ❞❡ ❧❛ ❞/♠♦♥'*&❛*✐♦♥ ❞✉ ❝❛' ✶✱ ,✉❡ v + up ∈ Ψs+1(N )✱ ❛✐♥'✐
θs(v + up) = g(v + up)✳ ▼♦♥*&♦♥' ,✉✬♦♥ ❛ vp(g(v + up)) ≥ j0 − 1✳ ❊♥ ❡✛❡*✱ ♣♦✉& *♦✉*

ℓ ∈ {1, . . . , j0 − 1}✱ ♦♥ ❛ {(v + up)/pℓ} ∈ D ❡* ❞♦♥❝

vp(g(v + up)) =
∞
∑

ℓ=1

1D

({

v + up

pℓ

})

≥ j0 − 1.

❉✬❛♣&C' ✭✼✳✷✳✶✺✮✱ ♦♥ ♦❜*✐❡♥*

vp

(

(Xs(v,u,m)− 1)
Q(v + up+mps+1)

g(m)

)

≥ s− j0 + 2 + vp(g(v + up)) +

(

s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

− vp(g(v + up))

)

≥ (s− j0 + 2) + j0 − 1 + vp

(Q(v + up)

g(v + up)

)

✭✼✳✷✳✶✼✮

≥ s+ 1 + vp

(Q(v + up)

g(v + up)

)

,

♦E ❧✬♦♥ ❛ ✉*✐❧✐'/ ❞❛♥' ✭✼✳✷✳✶✼✮ ❧❡ ❧❡♠♠❡ ✷✷ ❛♣♣❧✐,✉/ ❛✈❡❝ s+ 1 G ❧❛ ♣❧❛❝❡ ❞❡ s ❡* v + up G

❧❛ ♣❧❛❝❡ ❞❡ a ,✉✐ ❞♦♥♥❡ vp(Q(v+ up)) =
∑s+1

ℓ=1 ∆({(v+ up)/pℓ})✳ ❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ✭✼✳✷✳✶✶✮

❞❛♥' ❝❡ ❝❛'✳

✕ ❈❛" ✷ ✿ ❙✉♣♣♦'♦♥' ,✉❡✱ ♣♦✉& *♦✉* j ∈ {1, . . . , s+ 1}✱ ♦♥ ❛✐* {(v + up)/pj} ∈ D✳
❊♥ ♣❛&*✐❝✉❧✐❡&✱ ♦♥ ❛ v + up /∈ Ψs+1(N ) ❡* ❞♦♥❝ θs(v + up) = Q(v + up)✳ ❉❡ ♣❧✉'✱ ♦♥

♦❜*✐❡♥* ,✉❡

s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

≥ s+ 1.

❙✐ vp(Ys(v,u,m)) ≥ 0✱ ❛❧♦&'✱ ❞✬❛♣&C' ❧❡ ❧❡♠♠❡ ✶✾✱ vp(Xs(v,u,m) − 1) ≥ 0 ❡*✱ ❞✬❛♣&C'

✭✼✳✷✳✶✸✮✱ ♦♥ ❛

vp

(Q(v + up+mps+1)

g(m)

)

≥
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

≥ s+ 1.

❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ✭✼✳✷✳✶✶✮✳

❙✉♣♣♦'♦♥' ♠❛✐♥*❡♥❛♥* ,✉❡ vp(Ys(v,u,m)) < 0✳ ❉❛♥' ❝❡ ❝❛'✱ ❞✬❛♣&C' ❧❡ ❧❡♠♠❡ ✶✾✱ ♦♥ ❛

vp(Xs(v,u,m)− 1) = vp(Ys(v,u,m)) ≥ ηs(u,m)− ηs+1(v + up,m).

✻✾



❉❡ ♣❧✉%✱

vp(Q(v + up+mps+1)) =
∞
∑

ℓ=1

∆

({

v + up+mps+1

pℓ

})

=
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+
∞
∑

ℓ=s+2

∆

({

v + up+mps+1

pℓ

})

=
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+ ηs+1(v + up,m).

❆✐♥%✐✱ ♦♥ ♦❜,✐❡♥,

vp

(

(Xs(v,u,m)− 1)
Q(v + up+mps+1)

g(m)

)

≥ ηs(u,m)− ηs+1(v + up,m) +
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+ ηs+1(v + up,m)− µ(m)

≥ s+ 1 + ηs(u,m)− µ(m).

❙✐ s = 0✱ ❛❧♦/% ♦♥ ❛ u = 0✱

η0(0,m) =
∞
∑

ℓ=1

∆

({

m

pℓ

})

≥
∞
∑

ℓ=1

1D

({

m

pℓ

})

= µ(m)

❡, ♦♥ ❛ ❜✐❡♥ ✭✼✳✷✳✶✶✮✳ ❊♥ /❡✈❛♥❝❤❡✱ %✐ s ≥ 1 ❛❧♦/%✱ ❡♥ ✉,✐❧✐%❛♥, ❧❡ ❧❡♠♠❡ ✷✶ ❛✈❡❝ s− 1 ; ❧❛
♣❧❛❝❡ ❞❡ s ❡, a = u✱ ♦♥ ♦❜,✐❡♥, ηs(u,m) ≥ µ(m)✱ ❝❡ =✉✐ ❞♦♥♥❡ ❜✐❡♥ ✭✼✳✷✳✶✶✮✳ ❈❡❝✐ ❛❝❤?✈❡ ❧❛
♣/❡✉✈❡ ❞❡ ❧✬A=✉❛,✐♦♥ ✭✼✳✷✳✶✵✮ ♠♦❞✉❧♦ ❝❡❧❧❡% ❞❡% ❞✐✈❡/% ❧❡♠♠❡%✱ ❝❡ =✉❡ ❧✬♦♥ ❢❛✐, ♠❛✐♥,❡♥❛♥,✳

❉!♠♦♥%&'❛&✐♦♥ ❞❡% ❧❡♠♠❡% ✶✾✱ ✷✵✱ ✷✶ ❡& ✷✷

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✶✾✳ ❖♥ ✈❡✉, ♠♦♥,/❡/ =✉❡ Xs(v,u,m) ∈ Ys(v,u,m)(1+ps+1Zp)✳
❖♥ ❛

Xs(v,u,m) =
Q(v + up)

Q(up)

Q(up+mps+1)

Q(v + up+mps+1)
· Q(up)

Q(u)
Q(u+mps)

Q(up+mps+1)
. ✭✼✳✷✳✶✽✮

❊♥ ❛♣♣❧✐=✉❛♥, ❧❡ ❧❡♠♠❡ ✶✸ ❛✈❡❝ c = u✱ ♦♥ ♦❜,✐❡♥,

Q(up)

Q(u)
Q(u+mps)

Q(up+mps+1)
∈ 1 + ps+1Zp,

❝❡ =✉✐✱ ❥♦✐♥, ; ✭✼✳✷✳✶✽✮✱ ❞♦♥♥❡

Xs(v,u,m) ∈ Q(v + up)

Q(up)

Q(up+mps+1)

Q(v + up+mps+1)
(1 + ps+1Zp). ✭✼✳✷✳✶✾✮

✼✵



❉❡ ♣❧✉%✱ ♦♥ ❛

Q(v + up)

Q(up)
· Q(up+mps+1)

Q(v + up+mps+1)

=

(

∏q1

i=1

∏ei·v
k=1(ei · up+ k)

)(

∏q2

i=1

∏fi·v
k=1(fi · (up+mps+1) + k)

)

(

∏q2

i=1

∏fi·v
k=1(fi · up+ k)

)(

∏q1

i=1

∏ei·v
k=1(ei · (up+mps+1) + k)

)

=

∏q2

i=1

∏fi·v
k=1

(

1 + fi·mps+1

fi·up+k

)

∏q1

i=1

∏ei·v
k=1

(

1 + ei·mps+1

ei·up+k

) .

❙✐ d ∈ {e1, . . . , eq1 , f1, . . . , fq2} ❡, k ∈ {1, . . . ,d · v}✱ ❛❧♦-% d · up + k ❡%, ❞✐✈✐%✐❜❧❡ ♣❛- p
%✐ ❡, %❡✉❧❡♠❡♥, %✬✐❧ ❡①✐%,❡ j ∈ {1, . . . , ⌊d · v/p⌋} ,❡❧ 4✉❡ k = jp✳ ❖♥ ❛ ❞♦♥❝

d·v
∏

k=1

(

1 +
d ·mps+1

d · up+ k

)

=

⌊d·v/p⌋
∏

j=1

(

1 +
d ·mps

d · u+ j

)

(1 +O(ps+1)).

❉✬♦8

Q(v + up)

Q(up)
· Q(up+mps+1)

Q(v + up+mps+1)
=

∏q2

i=1

∏⌊fi·v/p⌋
j=1

(

1 + fi·mps

fi·u+j

)

∏q1

i=1

∏⌊ei·v/p⌋
j=1

(

1 + ei·mps

ei·u+j

)(1 +O(ps+1))

= Ys(v,u,m)(1 +O(ps+1))

❡, ❞♦♥❝ Xs(v,u,m) ∈ Ys(v,u,m)(1 + ps+1Zp)✱ ❝♦♠♠❡ ✈♦✉❧✉✳

❖♥ ✈❛ ♠❛✐♥,❡♥❛♥, ♠♦♥,-❡- 4✉✬♦♥ ❛ ❜✐❡♥ ❛✉%%✐

vp(Ys(v,u,m)) ≥ ηs(u,m)− ηs+1(v + up,m).

❖♥ ❛ ✈✉ ❝✐✲❞❡%%✉% 4✉❡ vp(Ys(v,u,m)) = vp(Xs(v,u,m))✳ ❖-✱ ❞✬❛♣-:% ✭✼✳✷✳✶✾✮✱ ♦♥ ❛ ❛✉%%✐

vp(Xs(v,u,m)) = vp

(Q(v + up)

Q(up)
· Q(up+mps+1)

Q(v + up+mps+1)

)

= vp(Q(v + up))− vp(Q(up)) + vp(Q(up+mps+1))

− vp(Q(v + up+mps+1))

=
∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=1

∆

({

up

pℓ

})

+
∞
∑

ℓ=1

∆

({

up+mps+1)

pℓ

})

−
∞
∑

ℓ=1

∆

({

v + up+mps+1

pℓ

})

.

✼✶



❖♥ ❛

∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=1

∆

({

v + up+mps+1

pℓ

})

=
∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
s+1
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=s+2

∆

({

v + up+mps+1

pℓ

})

=
∞
∑

ℓ=s+2

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=s+2

∆

({

v + up+mps+1

pℓ

})

= ηs+1(v + up,0)− ηs+1(v + up,m)

❡$

∞
∑

ℓ=1

∆

({

up

pℓ

})

−
∞
∑

ℓ=1

∆

({

up+mps+1

pℓ

})

=
∞
∑

ℓ=s+2

∆

({

up

pℓ

})

−
∞
∑

ℓ=s+2

∆

({

up+mps+1

pℓ

})

=
∞
∑

ℓ=s+1

∆

({

u

pℓ

})

−
∞
∑

ℓ=s+1

∆

({

u+mps

pℓ

})

= ηs(u,0)− ηs(u,m),

❞♦♥❝

vp(Ys(v,u,m)) = ηs+1(v + up,0)− ηs(u,0) + ηs(u,m)− ηs+1(v + up,m).

■❧ ♥♦✉% &❡%(❡ ) ♠♦♥(&❡& +✉❡ %✐ u ∈ Ψs(N )✱ ❛❧♦&% ♦♥ ❛ ηs+1(v+up,0)−ηs(u,0) ≥ 0✳ ❈♦♠♠❡

u ∈ Ψs(N )✱ ♦♥ ❛ {u/ps} /∈ D✳ ❆✐♥%✐✱ ♣♦✉& (♦✉( ℓ ≥ s+1 ❡( (♦✉( L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱
♦♥ ♦❜(✐❡♥( +✉❡

L ·
{

u

pℓ

}

= L · u

pℓ
≤ L · u

ps
= L ·

{

u

ps

}

< 1,

✐✳❡✳✱ ♣♦✉& (♦✉( ℓ ≥ s+ 1✱ {u/pℓ} /∈ D✳ ❖♥ ❛ ❛❧♦&% ηs(u,0) =
∑∞

ℓ=s+1∆
({

u/pℓ
})

= 0 ❡(

ηs+1(v + up,0)− ηs(u,0) = ηs+1(v + up,0) ≥ 0,

❝❡ +✉✐ ❛❝❤7✈❡ ❧❛ ♣&❡✉✈❡ ❞✉ ❧❡♠♠❡ ✶✾✳

❉$♠♦♥()*❛)✐♦♥ ❞✉ ❧❡♠♠❡ ✷✵✳ ❙♦✐( s ∈ N✱ v ∈ {0, . . . , p − 1}d
❡( u ∈ {0, . . . , ps − 1}d

✳ ❖♥

=❝&✐( u =
∑∞

k=0 ukp
k
✱ ♦> uk ∈ {0, . . . , p− 1}d

✳ ❙♦✐( L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✳ ❖♥ ❞=✜♥✐(

s+1 ❡♥(✐❡&% ♥❛(✉&❡❧% ♣❛& ❧❡% &❡❧❛(✐♦♥% bL,0 := ⌊L ·v/p⌋ ❡( bL,k+1 := ⌊(L ·uk + bL,k)/p⌋ ♣♦✉&

k ∈ {0, . . . , s− 1}✳ ❖♥ ♥♦(❡✱ ♣♦✉& (♦✉( x ∈ R✱ ⌈x⌉ ❧✬❡♥(✐❡& ✐♠♠=❞✐❛(❡♠❡♥( %✉♣=&✐❡✉& ) x ❡(

♦♥ ❞=✜♥✐( s+1 ❡♥(✐❡&% ♥❛(✉&❡❧% aL,j ♣❛& ❧❡% &❡❧❛(✐♦♥% aL,0 := 1 ❡( aL,k+1 := ⌈(L·uk+aL,k)/p⌉✳
❉❛♥% ✉♥ ♣&❡♠✐❡& (❡♠♣%✱ ♥♦✉% ❛❧❧♦♥% ♠♦♥(&❡& ♣❛& &=❝✉&&❡♥❝❡ %✉& r +✉❡ ❧✬❛%%❡&(✐♦♥ Ar ✿

⌊L·v/p⌋
∏

n=1

(

1 +
L ·mps

L · u+ n

)

=

bL,r
∏

n=aL,r

(

1 +
L ·mps−r

L · (∑∞
k=r ukpk−r) + n

)

(

1 +O(ps−r+1)
)

✼✷



❡!" ✈$❛✐❡ ♣♦✉$ "♦✉" r ∈ {0, . . . , s}✳
❖♥ ❛ bL,0 = ⌊L · v/p⌋ ❡" aL,0 = 1✱ ❞♦♥❝ A0 ❡!" ✈$❛✐❡✳

❙♦✐" r ≥ 0✳ ❙✉♣♣♦!♦♥! 1✉❡ Ar ❡!" ✈$❛✐❡ ❡" ♠♦♥"$♦♥! Ar+1✳ ❙✐ aL,r > bL,r ❛❧♦$! aL,r+1 >
bL,r+1 ❡" Ar ✐♠♣❧✐1✉❡ Ar+1✳ ❖♥ ♣❡✉" ❞♦♥❝ !✉♣♣♦!❡$ 1✉❡ aL,r ≤ bL,r✳ ❙✐ n ∈ {aL,r, . . . , bL,r}✱
❛❧♦$! p ❞✐✈✐!❡ L ·

(
∑∞

k=r ukp
k−r

)

+n !✐ ❡" !❡✉❧❡♠❡♥" !✐ p ❞✐✈✐!❡ L ·ur+n✱ ✐✳❡✳ !✐ ❡" !❡✉❧❡♠❡♥"

!✬✐❧ ❡①✐!"❡ i ∈ {⌈(L ·ur+aL,r)/p⌉, . . . , ⌊(L ·ur+ bL,r)/p⌋} "❡❧ 1✉❡ L ·ur+n = ip✳ ❖♥ ♦❜"✐❡♥"

❞♦♥❝

bL,r
∏

n=aL,r

(

1 +
L ·mps−r

L · (∑∞
k=r ukpk−r) + n

)

=

bL,r+1
∏

i=aL,r+1

(

1 +
L ·mps−r

L ·
(
∑∞

k=r+1 ukpk−r
)

+ ip

)

(1 +O(ps−r))

=

bL,r+1
∏

i=aL,r+1

(

1 +
L ·mps−r−1

L ·
(
∑∞

k=r+1 ukpk−r−1
)

+ i

)

(1 +O(ps−r)). ✭✼✳✷✳✷✵✮

❉✬❛♣$=! Ar ❡" ✭✼✳✷✳✷✵✮✱ ♦♥ ❛ ❜✐❡♥ Ar+1✱ ❝❡ 1✉✐ ❛❝❤=✈❡ ❧❛ $?❝✉$$❡♥❝❡ !✉$ r✳

❙♦✐" L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✳ ◆♦✉! ❛❧❧♦♥! ♠♦♥"$❡$ ♣❛$ $?❝✉$$❡♥❝❡ !✉$ k 1✉❡ ❧✬❛!!❡$✲

"✐♦♥ Bk ✿ aL,k ≥ 1 ❡" bL,k ≤ ⌊L · {(v + up)/pk+1}⌋ ❡!" ✈$❛✐❡ ♣♦✉$ "♦✉" k ∈ {0, . . . , s}✳
❖♥ ❛ aL,0 = 1 ❡" bL,0 = ⌊L · v/p⌋ = ⌊L · {(v + up)/p}⌋✱ ❞♦♥❝ B0 ❡!" ✈$❛✐❡✳

❙♦✐" k ≥ 0✳ ❙✉♣♣♦!♦♥! 1✉❡ Bk ❡!" ✈$❛✐❡ ❡" ♠♦♥"$♦♥! Bk+1✳ ❖♥ ❛

aL,k+1 = ⌈(L · uk + aL,k)/p⌉ ❡" bL,k+1 = ⌊(L · uk + bL,k)/p⌋ ,

❞♦♥❝ aL,k+1 ≥ ⌈(L · uk + 1)/p⌉ ≥ 1 ❡"

bL,k+1 ≤
⌊

L · uk

p
+

L

p
·
{

v + up

pk+1

}⌋

=

⌊

L ·
(

ukp
k+1

pk+2
+

v + p
∑k−1

i=0 uip
i

pk+2

)⌋

=

⌊

L ·
{

v + up

pk+2

}⌋

,

❝❡ 1✉✐ ❛❝❤=✈❡ ❧❛ $?❝✉$$❡♥❝❡ !✉$ k✳

❙♦✐" j ∈ {1, . . . , s+1} "❡❧ 1✉❡ {(v+up)/pj} /∈ D✳ C♦✉$ "♦✉" L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱
♦♥ ♦❜"✐❡♥"✱ ✈✐❛ Bj−1✱ 1✉❡ aL,j−1 ≥ 1 ❡" bL,j−1 ≤ ⌊L · {(v + up)/pj}⌋ = 0✳ ❆✐♥!✐✱ ❞✬❛♣$=!

Aj−1✱ ♦♥ ❛

⌊L·v/p⌋
∏

n=1

(

1 +
L ·mps

L · u+ n

)

= 1 +O(ps−j+2)

❡" ❞♦♥❝

Ys(v,u,m) =

∏q2

i=1

∏⌊fi·v/p⌋
n=1

(

1 + fi·mps

fi·u+n

)

∏q1

i=1

∏⌊ei·v/p⌋
n=1

(

1 + ei·mps

ei·u+n

) =
1 +O(ps−j+2)

1 +O(ps−j+2)
= 1 +O(ps−j+2),

✼✸



❝❡ "✉✐ ❛❝❤'✈❡ ❧❛ ♣+❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✵✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✶✳ ❉❛♥3 ✉♥ ♣+❡♠✐❡+ 4❡♠♣3✱ ♥♦✉3 ❛❧❧♦♥3 ♠♦♥4+❡+ "✉✬♦♥ ❛ ❜✐❡♥

✭✼✳✷✳✶✷✮✳ ➱❝+✐✈♦♥3 m =
∑q

k=0 mkp
k
✱ ♦> mk ∈ {0, . . . , p− 1}d

✳ ❖♥ ❛

ηs+1(a,m)− µ(m) =
∞
∑

ℓ=s+2

∆

({

a+mps+1

pℓ

})

−
∞
∑

ℓ=1

✶D

({

m

pℓ

})

=
∞
∑

ℓ=s+2

(

∆

({

a+mps+1

pℓ

})

− ✶D

({

mps+1

pℓ

}))

=
∞
∑

ℓ=s+2

(

∆

(

a+
∑ℓ−s−2

k=0 mkp
k+s+1

pℓ

)

− ✶D

(

∑ℓ−s−2
k=0 mkp

k+s+1

pℓ

))

.

❉❡ ♣❧✉3✱ ♣♦✉+ 4♦✉4 ℓ ≥ s+ 2✱ ♦♥ ❛

0 ≤
∑ℓ−s−2

k=0 mkp
k+s+1

pℓ
≤ a+

∑ℓ−s−2
k=0 mkp

k+s+1

pℓ
≤ (pℓ − 1)1

pℓ
∈ [0, 1[d.

❉♦♥❝

✶D

(

∑ℓ−s−2
k=0 mkp

k+s+1

pℓ

)

= 1 =⇒
∑ℓ−s−2

k=0 mkp
k+s+1

pℓ
∈ D

=⇒ a+
∑ℓ−s−2

k=0 mkp
k+s+1

pℓ
∈ D

=⇒ ∆

(

a+
∑ℓ−s−2

k=0 mkp
k+s+1

pℓ

)

≥ 1

❡4 ❞♦♥❝ ηs+1(a,m)− µ(m) ≥ 0✳ ❈❡❝✐ 4❡+♠✐♥❡ ❧❛ ♣+❡✉✈❡ ❞❡ ✭✼✳✷✳✶✷✮✳

▼♦♥4+♦♥3 ♠❛✐♥4❡♥❛♥4 ✭✼✳✷✳✶✸✮✳ ❖♥ ❛

vp

(Q(a+mps+1)

g(m)

)

=
∞
∑

ℓ=1

∆

({

a+mps+1

pℓ

})

− µ(m)

=
s+1
∑

ℓ=1

∆

({

a

pℓ

})

+
∞
∑

ℓ=s+2

∆

({

a+mps+1

pℓ

})

− µ(m)

=
s+1
∑

ℓ=1

∆

({

a

pℓ

})

+ ηs+1(a,m)− µ(m),

≥
s+1
∑

ℓ=1

∆

({

a

pℓ

})

. ✭✼✳✷✳✷✶✮

♦> ❞❛♥3 ✭✼✳✷✳✷✶✮✱ ♦♥ ❛ ✉4✐❧✐3C ❧✬✐♥C❣❛❧✐4C ✭✼✳✷✳✶✷✮✳

✼✹



❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✷✳ ❖♥ ❛ vp(Q(a)) =
∑∞

ℓ=1∆
({

a
pℓ

})

✳ ❈♦♠♠❡ a ∈ Ψs(N )✱ ♦♥ ❛

{a/ps} /∈ D ❡)✱ ♣♦✉, )♦✉) ℓ ≥ s+ 1 ❡) )♦✉) L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ♦❜)✐❡♥)

L ·
{

a

pℓ

}

= L · a

pℓ
≤ L · a

ps
= L ·

{

a

ps

}

< 1,

✐✳❡✳ {a/pℓ} /∈ D✳ ❆✐♥0✐✱ ♣♦✉, )♦✉) ℓ ≥ s+ 1✱ ♦♥ ❛ ∆
({

a/pℓ
})

= 0✳ ❉✬♦3 ❧❡ ,50✉❧)❛)✳

✼✳✸ ❉$♠♦♥()*❛)✐♦♥ ❞✉ )❤$♦*0♠❡ ✺

❙♦✐) e ❡) f ❞❡✉① 0✉✐)❡0 ❞✬❡♥)✐❡,0 0),✐❝)❡♠❡♥) ♣♦0✐)✐❢0 ❞✐0❥♦✐♥)❡0 ✈5,✐✜❛♥) |e| = |f | ❡) )❡❧❧❡0
>✉❡✱ ♣♦✉, )♦✉) x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ❙♦✐) θ ≥ 1 ✉♥ ❞✐✈✐0❡✉, ❞❡ Me,f )❡❧ >✉❡✱

♣♦✉, )♦✉) 5❧5♠❡♥) L ❞❡ e ❡) f ✱ ♦♥ ❛ >✉❡ θ/♣❣❝❞(L, θ) ❞✐✈✐0❡ DL✳ ❖♥ ❞♦✐) ♠♦♥),❡, >✉❡

(z−1qe,f (z))
1/θ ∈ Z[[z]].

❊♥ ♥♦)❛♥) e = (e1, . . . , eq1) ❡) f = (f1, . . . , fq2)✱ ♦♥ ,❛♣♣❡❧❧❡ >✉✬♦♥ ❛

z−1qe,f (z) =

∏q1

i=1 qei,❡,❢(z)
ei

∏q2

i=1 qfi,e,f (z)
fi

.

■❧ 0✉✣) ❞♦♥❝ ❞❡ ♠♦♥),❡, >✉❡✱ ♣♦✉, )♦✉) L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ❛

qL,e,f (z)
L/θ = (qL,e,f (z)

♣❣❝❞(L,θ)/θ)L/♣❣❝❞(L,θ) ∈ Z[[z]],

❝❡ >✉✐ ❡0) ✐♠♣❧✐>✉5✱ ❝♦♠♠❡ L/♣❣❝❞(L, θ) ∈ N✱ ♣❛, ❧❡ ❢❛✐) >✉❡✱ ♣♦✉, )♦✉) 5❧5♠❡♥) L ❞❡ e ❡)
f ✱ ♦♥ ❛ qL,e,f (z)

♣❣❝❞(L,θ)/θ ∈ Z[[z]]✳
❙♦✐) L ∈ {e1, . . . , eq1 , f1, . . . , fq2} ❡) kL ∈ N )❡❧ >✉❡ DL = θ

♣❣❝❞(L,θ)
kL✳ ❉✬❛♣,C0 ❧❡ )❤5♦✲

,C♠❡ ✹✱ ♦♥ ❛ qL,e,f (z)
1/DL ∈ Z[[z]] ❞♦♥❝ ♦♥ ❛ ❜✐❡♥

qL,e,f (z)
♣❣❝❞(L,θ)/θ = (qL,e,f (z)

1/DL)kL ∈ Z[[z]].

✼✺



❈❤❛♣✐%&❡ ✽

❉*♠♦♥.%&❛%✐♦♥ ❞✉ %❤*♦&1♠❡ ✸ ❡% ❞✉ ❝❛.

(ii) ❞✉ %❤*♦&1♠❡ ✷

✽✳✶ ❉$♠♦♥()*❛)✐♦♥ ❞✉ ❝❛( (ii) ❞✉ )❤$♦*1♠❡ ✷

❖♥ "❡ ♣❧❛❝❡ "♦✉" ❧❡" ❤②♣♦,❤-"❡" ❞✉ ,❤/♦0-♠❡ ✷✳ ❖♥ "✉♣♣♦"❡ ❞❡ ♣❧✉" 4✉❡ ∆e,f "✬❛♥♥✉❧❡

❡♥ x0 ∈ De,f ✳ ❉❛♥" ❧❛ ♣❛0,✐❡ ✽✳✶✳✶✱ ♥♦✉" ❞/♠♦♥,0♦♥" ✉♥ 0/"✉❧,❛, ❞✬❛♥❛❧②"❡ /❧/♠❡♥,❛✐0❡ 4✉✐

♥♦✉" "❡0❛ ✉,✐❧❡ ❞❛♥" ❧❛ ♣0❡✉✈❡ ❞✉ ♣♦✐♥, (ii) ❞✉ ,❤/♦0-♠❡ ✷✳

✽✳✶✳✶ #$%❧✐♠✐♥❛✐$❡,

❯♥ "#$✉❧'❛' ❞✬❛♥❛❧②$❡ #❧#♠❡♥'❛✐"❡

▲❡ ❜✉, ❞❡ ❝❡,,❡ ♣❛0,✐❡ ❡", ❞❡ ♠♦♥,0❡0 4✉✬✐❧ ❡①✐",❡ ✉♥ ♦✉✈❡0, ♥♦♥ ✈✐❞❡ U ❞❡ De,f ,❡❧ 4✉❡✱

♣♦✉0 ,♦✉, x ∈ U ✱ ,♦✉, i ∈ {1, . . . , q1} ❡, ,♦✉, j ∈ {1, . . . , q2}✱ ♦♥ ❛ ⌊ei · x⌋ = ⌊ei · x0⌋✱
ei · x 6= 0✱ ⌊fj · x⌋ = ⌊fj · x0⌋✱ fj · x 6= 0 ❡, ei · x 6= fj · x✳
❊♥ ♣❛0,✐❝✉❧✐❡0✱ ♣♦✉0 ,♦✉, x ∈ U ✱ ♦♥ ❛✉0❛ ∆e,f (x) = ∆e,f (x0) = 0✳ ◆♦✉" ✉,✐❧✐"❡0♦♥" ❝❡,

♦✉✈❡0, U ❞❛♥" ,♦✉,❡ ❧❛ "✉✐,❡ ❞❡ ❧❛ ❞/♠♦♥",0❛,✐♦♥✳
❉❛♥" ✉♥ ♣0❡♠✐❡0 ,❡♠♣"✱ ♦♥ ❞/♠♦♥,0❡ ❧❡ ❧❡♠♠❡ "✉✐✈❛♥, 4✉❡ ♥♦✉" ✉,✐❧✐"❡0♦♥" ❛✉""✐ ♣♦✉0

❧❛ ❞/♠♦♥",0❛,✐♦♥ ❞✉ ♣♦✐♥, (ii) ❞✉ ❝0✐,-0❡ ❞❡ ▲❛♥❞❛✉✳

▲❡♠♠❡ ✷✸✳ ❙♦✐# u := (u1, . . . ,un) ✉♥❡ '✉✐#❡ ❞❡ ✈❡❝#❡✉+' ❞❡ Nd
❡# x0 ∈ Rd

✳ ❆❧♦+'✱ ✐❧

❡①✐'#❡ µ > 0 #❡❧ 1✉❡✱ ♣♦✉+ #♦✉# x ∈ Rd
✈3+✐✜❛♥# 0 ≤ x ≤ µ1 ❡# #♦✉# i ∈ {1, . . . , n}✱ ♦♥ ❛

⌊ui · (x0 + x)⌋ = ⌊ui · x0⌋✳

❉3♠♦♥'#+❛#✐♦♥✳ A♦✉0 ,♦✉, y > 0✱ ✐❧ ❡①✐",❡ νy > 0 ,❡❧ 4✉❡ ⌊y + νy⌋ = ⌊y⌋✳ ❆✐♥"✐✱ ❡♥ ♣♦"❛♥,

ν := min{νui·x0 : 1 ≤ i ≤ n} > 0,

♦♥ ♦❜,✐❡♥, 4✉❡✱ ♣♦✉0 ,♦✉, i ∈ {1, . . . , n}✱ ♦♥ ❛ ⌊ui.x0 + ν⌋ = ⌊ui.x0⌋✳ ❆✐♥"✐✱ ❡♥ ♣♦"❛♥,

µ := min{ν/|ui| : 1 ≤ i ≤ n, ui 6= 0} > 0,

✼✻



♦♥ ♦❜#✐❡♥# &✉❡✱ ♣♦✉* #♦✉# 0 ≤ x ≤ µ1 ❡# #♦✉# i ∈ {1, . . . , n}✱ ♦♥ ❛ ui · x ≤ µ|ui| ≤ ν ❞♦♥❝

⌊ui · (x0 + x)⌋ = ⌊ui · x0⌋✳ ❈❡ &✉✐ #❡*♠✐♥❡ ❧❛ ♣*❡✉✈❡ ❞✉ ❧❡♠♠❡✳

❊♥ ❛♣♣❧✐&✉❛♥# ❧❡ ❧❡♠♠❡ ✷✸ ❛✈❡❝✱ 6 ❧❛ ♣❧❛❝❡ ❞❡ u✱ ❧❛ 7✉✐#❡ ❝♦♥7#✐#✉8❡ ❞❡7 8❧8♠❡♥#7

❞❡ e ❡# f ✱ ♦♥ ♦❜#✐❡♥# &✉✬✐❧ ❡①✐7#❡ µ > 0 #❡❧ &✉❡✱ ♣♦✉* #♦✉# x ∈ [0, µ]d ❡# #♦✉# L ∈
{e1, . . . , eq1 , f1, . . . fq2}✱ ♦♥ ❛ ⌊L · (x0 + x)⌋ = ⌊L · x0⌋✳ ❈♦♠♠❡ x0 ∈ [0, 1[d✱ ✐❧ ❡①✐7#❡

µ1 > 0✱ µ1 ≤ µ✱ #❡❧ &✉❡✱ ♣♦✉* #♦✉# x ∈ [0, µ1]
d
✱ ♦♥ ❛ x0 + x ∈ [0, 1[d✳ ❈♦♠♠❡ x0 ∈ De,f ✱

✐❧ ❡①✐7#❡ L ∈ {e1, . . . , eq1 , f1, . . . , fq2} #❡❧ &✉❡ L · x0 ≥ 1✱ ❝❡ &✉✐ ❞♦♥♥❡ &✉❡✱ ♣♦✉* #♦✉#

x ∈ [0, µ1]
d
✱ ♦♥ ❛ L · (x0 + x) ≥ L · x0 ≥ 1 ❡# ❞♦♥❝✱ ❝♦♠♠❡ x0 + x ∈ [0, 1[d✱ ♦♥ ♦❜#✐❡♥# &✉❡

x0 + x ∈ De,f ✳ ❆✐♥7✐✱ ✐❧ ❡①✐7#❡ ✉♥ ♦✉✈❡*# ♥♦♥ ✈✐❞❡ U1 ❞❡ De,f #❡❧ &✉❡✱ ♣♦✉* #♦✉# x ∈ U1 ❡#

#♦✉# L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ❛ ⌊L · x⌋ = ⌊L · x0⌋✳
<♦✉* #♦✉# i ∈ {1, . . . , q1} ❡# #♦✉# j ∈ {1, . . . , q2}✱ ♦♥ ❞8✜♥✐# ❧❡7 ❡♥7❡♠❜❧❡7 Hei

:= {x ∈
Rd : ei · x = 0}✱ Hfj := {x ∈ Rd : fj · x = 0} ❡# Hei,fj := {x ∈ Rd : ei · x = fj · x}✳
❈♦♠♠❡ e ❡# f 7♦♥# ❞❡✉① 7✉✐#❡7 ❞✐7❥♦✐♥#❡7 ❝♦♥7#✐#✉8❡7 ❞❡ ✈❡❝#❡✉*7 ♥♦♥ ♥✉❧7✱ ♦♥ ♦❜#✐❡♥# &✉❡

❧❡7 Hei
✱ Hfj ❡# Hei,fj 7♦♥# ❞❡7 ❤②♣❡*♣❧❛♥7 ❞❡ Rd

❡# 7♦♥# ❞♦♥❝ ❞❡7 ❢❡*♠87 ❞✬✐♥#8*✐❡✉*7 ✈✐❞❡7

❞❡ Rd
✳ ❆✐♥7✐✱ ❧❡✉*7 ❝♦♠♣❧8♠❡♥#❛✐*❡7 7♦♥# ❞❡7 ♦✉✈❡*#7 ❞❡♥7❡7 ❞❛♥7 Rd

❡# ❧❡ ❝♦♠♣❧8♠❡♥#❛✐*❡

U2 ❞❡ ❧❛ *8✉♥✐♦♥ ❞❡7 Hei
✱ Hfj ❡# Hei,fj ❡7# ✉♥ ♦✉✈❡*# ❞❡♥7❡ ❞❛♥7 Rd

✳ ❖♥ ♦❜#✐❡♥# ❞♦♥❝ &✉❡

U := U1 ∩ U2 ❡7# ✉♥ ♦✉✈❡*# ♥♦♥ ✈✐❞❡ ❞❡ De,f ❡# &✉❡✱ ♣♦✉* #♦✉# x ∈ U ✱ #♦✉# i ∈ {1, . . . , q1}
❡# #♦✉# j ∈ {1, . . . , q2}✱ ♦♥ ❛ ❜✐❡♥ ei · x 6= 0✱ fj · x 6= 0✱ ei · x 6= fj · x✱ ⌊ei · x⌋ = ⌊ei · x0⌋ ❡#
⌊fj · x⌋ = ⌊fj · x0⌋✳

❯♥ ❧❡♠♠❡ %❡❝❤♥✐)✉❡

▲❡ ❜✉# ❞❡ ❝❡##❡ ♣❛*#✐❡ ❡7# ❞❡ ❞8♠♦♥#*❡* ❧❡ ❧❡♠♠❡ 7✉✐✈❛♥#✳

▲❡♠♠❡ ✷✹✳ ❙♦✐# E := (E1, . . . , Eq1) ❡# F := (F1, . . . , Fq2) ❞❡✉① (✉✐#❡( ❞✬❡♥#✐❡+( (#+✐❝#❡♠❡♥#
♣♦(✐#✐❢( ❞✐(❥♦✐♥#❡(✳ ❖♥ ♥♦#❡ A := {E1, . . . , Eq1 , F1, . . . , Fq2} ❡# γ1 < · · · < γt = 1 ❧❡(

+❛#✐♦♥♥❡❧( 5✉✐ ✈7+✐✜❡♥# {γ1, . . . , γt} =
⋃

a∈A{ 1
a
, 2

a
, . . . , a−1

a
, 1} ❡# mi ∈ Z ❧✬❛♠♣❧✐#✉❞❡ ❞✉ (❛✉#

❞❡ ∆E,F ❡♥ γi✳ ❙♦✐# b ∈ R✱ b ≥ 0✳ ❙✬✐❧ ❡①✐(#❡ i0 ∈ {1, . . . , t} #❡❧ 5✉❡ ∆E,F (♦✐# ♣♦(✐#✐✈❡ (✉+

[γ1, γi0 ]✱ ❛❧♦+( ♦♥ ❛

i0
∑

k=1

mk

γk + b
> 0 ❡#

i0
∏

k=1

(

1 +
1

γk + b

)mk

> 1.

❉7♠♦♥(#+❛#✐♦♥ ❞✉ ❧❡♠♠❡ ✷✹✳ ❉❛♥7 ❝❡##❡ ❞8♠♦♥7#*❛#✐♦♥✱ ♣♦✉* #♦✉# k ∈ {1, . . . , t}✱ ♦♥ ♥♦#❡

δk := γk + b✳ ▲❡7 7✉✐#❡7 ❊ ❡# ❋ 7♦♥# ❞✐7❥♦✐♥#❡7 ❞♦♥❝ γ1 = 1/M
❊,❋ ❡7# ✉♥ 7❛✉# ❡✛❡❝#✐❢ ❞❡ ∆✳

❈♦♠♠❡✱ ♣♦✉* #♦✉# x ∈ [γ1, γi0 ]✱ ♦♥ ❛ ∆(x) ≥ 0✱ ♦♥ ♦❜#✐❡♥# ∆(γ1) ≥ 1✱ ✐✳❡✳ m1 ≥ 1✳ ❆✐♥7✐✱
7✐ i0 = 1✱ ❛❧♦*7 ♦♥ ❛ ❜✐❡♥ m1/δ1 > 0 ❡# (1 + 1/δ1)

m1 > 1✳ ❖♥ 7✉♣♣♦7❡ &✉❡ i0 ≥ 2 ❞❛♥7 ❧❛

7✉✐#❡ ❞❡ ❧❛ ❞8♠♦♥7#*❛#✐♦♥✳ ❖♥ ✈❛ ♠❛✐♥#❡♥❛♥# ♠♦♥#*❡* ♣❛* *8❝✉**❡♥❝❡ 7✉* ℓ &✉❡✱ ♣♦✉* #♦✉#

ℓ ∈ {2, . . . , i0}✱ ♦♥ ❛

ℓ
∑

k=1

mk

δk

>
1

δℓ

ℓ
∑

k=1

mk ❡#

ℓ
∏

k=1

(

1 +
1

δk

)mk

>

(

1 +
1

δℓ

)

∑ℓ
k=1 mk

. ✭✽✳✶✳✶✮

✼✼



❖♥ ❛

1
δ1

> · · · > 1
δt
❡$ m1 ≥ 1 ❞♦♥❝

m1

δ1

+
m2

δ2

>
m1

δ2

+
m2

δ2

❡$

(

1 +
1

δ1

)m1
(

1 +
1

δ2

)m2

>

(

1 +
1

δ2

)m1+m2

.

❆✐♥*✐✱ ✭✽✳✶✳✶✮ ❡*$ ✈2❛✐❡ ♣♦✉2 ℓ = 2✳ ❙✐ i0 ≥ 3✱ *♦✐$ ℓ ∈ {2, . . . , i0 − 1} $❡❧ 7✉❡ ✭✽✳✶✳✶✮ *♦✐$
✈2❛✐❡✳ 8❛2 ❤②♣♦$❤;*❡ ❞❡ 2<❝✉22❡♥❝❡✱ ♦♥ ❛

ℓ+1
∑

k=1

mk

δk

>
1

δℓ

ℓ
∑

k=1

mk +
mℓ+1

δℓ+1

❡$

ℓ+1
∏

k=1

(

1 +
1

δk

)mk

>

(

1 +
1

δℓ

)

∑ℓ
k=1 mk

(

1 +
1

δℓ+1

)mℓ+1

.

❈♦♠♠❡ ∆ ❡*$ ♣♦*✐$✐✈❡ *✉2 [γ1, γi0 ]✱ ♦♥ ♦❜$✐❡♥$
∑ℓ

k=1 mk ≥ 0 ❡$ ❞♦♥❝

1

δℓ

ℓ
∑

k=1

mk ≥
1

δℓ+1

ℓ
∑

k=1

mk ❡$

(

1 +
1

δℓ

)

∑ℓ
k=1 mk

≥
(

1 +
1

δℓ+1

)

∑ℓ
k=1 mk

.

❆✐♥*✐✱ ♦♥ ❛ ❜✐❡♥

ℓ+1
∑

k=1

mk

δk

>
1

δℓ+1

ℓ+1
∑

k=1

mk ❡$

ℓ+1
∏

k=1

(

1 +
1

δk

)mk

>

(

1 +
1

δℓ+1

)

∑ℓ+1
k=1 mk

,

❝❡ 7✉✐ ❛❝❤;✈❡ ❧❛ 2<❝✉22❡♥❝❡✳

❊♥ ✉$✐❧✐*❛♥$ ✭✽✳✶✳✶✮ ❛✈❡❝ ℓ = i0✱ ♦♥ ♦❜$✐❡♥$

i0
∑

k=1

mk

δk

>
1

δi0

i0
∑

k=1

mk ≥ 0 ❡$

i0
∏

k=1

(

1 +
1

δk

)mk

>

(

1 +
1

δi0

)

∑i0
k=1 mk

≥ 1,

❝❡ 7✉✐ ❛❝❤;✈❡ ❧❛ ♣2❡✉✈❡ ❞✉ ❧❡♠♠❡✳

✽✳✶✳✷ ▲❡ ❝❛( ❞❡( ❛♣♣❧✐❝❛-✐♦♥( ♠✐1♦✐1

▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛2$✐❡ ❡*$ ❞❡ ♠♦♥$2❡2 7✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} $❡❧ 7✉✬✐❧ ♥✬❡①✐*$❡ 7✉✬✉♥
♥♦♠❜2❡ ✜♥✐ ❞❡ ♣2❡♠✐❡2* p $❡❧* 7✉❡ qe,f,k(z) ∈ zkZp[[z]]✳ ❉✬❛♣2;* ❧❛ ♣❛2$✐❡ ✻✳✶✱ ✐❧ ♥♦✉* *✉✣$
❞❡ ♠♦♥$2❡2 7✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} $❡❧ 7✉❡✱ ♣♦✉2 $♦✉$ ♥♦♠❜2❡ ♣2❡♠✐❡2 p ❛**❡③ ❣2❛♥❞✱
✐❧ ❡①✐*$❡ a ∈ {0, . . . , p − 1}d

❡$ K ∈ Nd
$❡❧* 7✉❡ Φp,k(a + pK) /∈ pZp✳ ◆♦✉* ❛❧❧♦♥* ❡♥

❢❛✐$ ♠♦♥$2❡2 7✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} $❡❧ 7✉❡✱ ♣♦✉2 $♦✉$ ♣2❡♠✐❡2 p ❛**❡③ ❣2❛♥❞✱ ✐❧ ❡①✐*$❡
a ∈ {0, . . . , p− 1}d

$❡❧ 7✉❡ Φp,k(a) /∈ pZp✳ ❉❛♥* ❝❡ ❝❛*✱ ♦♥ ❛

Φp,k(a) = −pQ(a)
(

q1
∑

i=1

e
(k)
i Ha·ei

−
q2
∑

i=1

f
(k)
i Ha·fi

)

. ✭✽✳✶✳✷✮
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 ♦✉# $♦✉$ d ∈ Nd
✱ ♦♥ ❛

pHd·a = p
d·a
∑

i=1

1

i
≡ p

⌊d·a/p⌋
∑

j=1

1

jp
mod pZp

≡
⌊d·a/p⌋
∑

j=1

1

j
mod pZp.

 ♦✉# $♦✉$ k ∈ {1, . . . , d} ❡$ $♦✉$ x ∈ [0, 1]d✱ ♦♥ ♣♦*❡

Ψk(x) :=

q1
∑

i=1

⌊ei·x⌋
∑

j=1

e
(k)
i

j
−

q2
∑

i=1

⌊fi·x⌋
∑

j=1

f
(k)
i

j
.

❆✐♥*✐✱ ♣♦✉# $♦✉$ k ∈ {1, . . . , d} ❡$ $♦✉$ a ∈ {0, . . . , p−1}d
✱ ♦♥ ❛ Φp,k(a) ≡ −Q(a)Ψk(a/p)

mod pZp✳ ■❧ ♥♦✉* *✉✣$ ❞♦♥❝ ❞❡ ♠♦♥$#❡# 4✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} $❡❧ 4✉❡✱ ♣♦✉# $♦✉$ ♣#❡♠✐❡#
p ❛**❡③ ❣#❛♥❞✱ ✐❧ ❡①✐*$❡ a ∈ {0, . . . , p − 1}d

$❡❧ 4✉❡ vp(Q(a)) = vp(Ψk(a/p)) = 0✳ ❖♥ ♥♦$❡
M := max{|d| : d ∈ {e1, . . . , eq1 , f1, . . . , fq2}} ❞❛♥* ❧❛ *✉✐$❡ ❞❡ ❧❛ ❞:♠♦♥*$#❛$✐♦♥✳

■❧ ❡①✐*$❡ ✉♥❡ ❝♦♥*$❛♥$❡ P1 ≥ M $❡❧❧❡ 4✉❡✱ ♣♦✉# $♦✉$ ♥♦♠❜#❡ ♣#❡♠✐❡# p ≥ P1✱ ✐❧ ❡①✐*$❡

ap ∈ {0, . . . , p− 1}d
$❡❧ 4✉❡ ap/p ∈ U ✳  ♦✉# $♦✉$ ℓ ≥ 2✱ ♦♥ ❛ ap/p

ℓ ≤ ap/p
2 < 1/p ❡$ ❞♦♥❝✱

♣♦✉# $♦✉$ L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ❛ L · ap/p
ℓ < L · 1/p ≤ M/p ≤ 1✳ ❆✐♥*✐✱ ♣♦✉#

$♦✉$ ♣#❡♠✐❡# p ≥ P1 ❡$ $♦✉$ ℓ ≥ 2✱ ♦♥ ❛ ap/p
ℓ /∈ De,f ✱ ❝❡ 4✉✐ ❞♦♥♥❡

vp(Q(ap)) =
∞
∑

ℓ=1

∆e,f

(

ap

pℓ

)

= ∆e,f

(

ap

p

)

= 0,

❝❛# ∆e,f ❡*$ ♥✉❧❧❡ *✉# U ❡$ *✉# [0, 1[d\De,f ✳

■❧ *✉✣$ ❞❡ ♠♦♥$#❡# 4✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} ❡$ ✉♥❡ ❝♦♥*$❛♥$❡ P ≥ P1 $❡❧* 4✉❡✱ ♣♦✉#

$♦✉$ ♣#❡♠✐❡# p ≥ P ✱ ♦♥ ❛ vp(Ψk(ap/p)) = 0✳
 ♦✉# $♦✉$ ♣#❡♠✐❡# p ≥ P1✱ $♦✉$ i ∈ {1, . . . , q1} ❡$ $♦✉$ j ∈ {1, . . . , q2}✱ ♦♥ ♥♦$❡ αi :=

⌊ei ·ap/p⌋ ❡$ βj := ⌊fj ·ap/p⌋✳  ❛# ❝♦♥*$#✉❝$✐♦♥ ❞❡ U ❡$ ❝♦♠♠❡ ap/p ∈ U ✱ ♦♥ ❛ ⌊ei ·ap/p⌋ =
⌊ei · x0⌋ ❡$ ⌊fj · ap/p⌋ = ⌊fj · x0⌋✳ ❆✐♥*✐✱ ❧❡* αi ❡$ βj ♥❡ ❞:♣❡♥❞❡♥$ ♣❛* ❞❡ p✳ ■❧ ❡①✐*$❡ ❞♦♥❝
✉♥❡ ❝♦♥*$❛♥$❡ P ≥ P1 $❡❧❧❡ 4✉❡✱ ♣♦✉# $♦✉$ ♣#❡♠✐❡# p ≥ P ❡$ $♦✉$ k ∈ {1, . . . , d}✱ ♦♥ ❛

Ψk(ap/p) =

q1
∑

i=1

αi
∑

j=1

e
(k)
i

j
−

q2
∑

i=1

βj
∑

j=1

f
(k)
i

j
∈ Z×p ∪ {0}.

■❧ ♥♦✉* *✉✣$ ❞♦♥❝ ❞❡ ♠♦♥$#❡# 4✉✬✐❧ ❡①✐*$❡ k ∈ {1, . . . , d} $❡❧ 4✉❡ Ψk(ap/p) 6= 0✳  ♦✉#
❝❡❧❛✱ ♥♦✉* ✉$✐❧✐*♦♥* ❧❡ ❧❡♠♠❡ ✷✹ ❛✈❡❝ Ep := (e1 · ap, . . . , eq1 · ap) ? ❧❛ ♣❧❛❝❡ ❞❡ E✱ Fp :=
(f1 · ap, . . . , fq2 · ap) ? ❧❛ ♣❧❛❝❡ ❞❡ F ❡$ b = 0✳

❖♥ ❞♦✐$ ♠♦♥$#❡#✱ ❞❛♥* ✉♥ ♣#❡♠✐❡# $❡♠♣*✱ 4✉❡ Ep ❡$ Fp *♦♥$ ❞❡✉① *✉✐$❡* ❞✬❡♥$✐❡#*

*$#✐❝$❡♠❡♥$ ♣♦*✐$✐❢* ❞✐*❥♦✐♥$❡*✳ ❊♥ ❡✛❡$✱ ♣❛# ❝♦♥*$#✉❝$✐♦♥ ❞❡ U ✱ ♣♦✉# $♦✉$ i ∈ {1, . . . , q1} ❡$
$♦✉$ j ∈ {1, . . . , q2}✱ ♦♥ ❛ ei · ap/p 6= 0✱ fj · ap/p 6= 0 ❡$ ei · ap/p 6= fj · ap/p✱ ❞♦♥❝ ei · ap 6= 0✱

✼✾



fj · ap 6= 0 ❡! ei · ap 6= fj · ap✱ ❝❡ $✉✐ ❞♦♥♥❡ ❜✐❡♥ $✉❡ Ep ❡! Fp +♦♥! ❞❡✉① +✉✐!❡+ ❞✬❡♥!✐❡.+

+!.✐❝!❡♠❡♥! ♣♦+✐!✐❢+ ❞✐+❥♦✐♥!❡+✳

❖♥ ♥♦!❡ A := {e1 · ap, . . . , eq1 · ap, f1 · ap, . . . , fq2 · ap}✱ γ1 < · · · < γt = 1 ❧❡+ .❛!✐♦♥♥❡❧+

$✉✐ ✈8.✐✜❡♥! {γ1, . . . , γt} =
⋃

a∈A{ 1
a
, 2

a
, . . . , a−1

a
, 1} ❡! mi ∈ Z ❧✬❛♠♣❧✐!✉❞❡ ❞✉ +❛✉! ❞❡ ∆Ep,Fp

❡♥ γi✳ ❈♦♠♠❡ ap/p ∈ De,f ✱ ✐❧ ❡①✐+!❡ a ∈ A !❡❧ $✉❡ a ≥ p ❡! ❞♦♥❝ max(A) ≥ p✳ ❆✐♥+✐✱ ♦♥

❛ γ1 = 1/max(A) ≤ 1/p✳ ■❧ ❡①✐+!❡ ❞♦♥❝ i0 ∈ {1, . . . , t − 1} !❡❧ $✉❡ γi0 ≤ 1/p < γi0+1✳ ❉❡

♣❧✉+✱ ♣♦✉. !♦✉! x ∈ [0, 1]✱ ♦♥ ❛

∆Ep,Fp
(x) =

q1
∑

i=1

⌊(ei · ap)x⌋ −
q2
∑

j=1

⌊(fj · ap)x⌋ = ∆e,f (xap) ≥ 0,

❝❛. ∆e,f ❡+! ♣♦+✐!✐✈❡ +✉. [0, 1]d✳ ❊♥ ♣❛.!✐❝✉❧✐❡.✱ ∆Ep,Fp
❡+! ♣♦+✐!✐✈❡ +✉. [γ1, γi0 ]✳

❖♥ ♣❡✉! ❞♦♥❝ ❛♣♣❧✐$✉❡. ❧❡ ❧❡♠♠❡ ✷✹ $✉✐ ❞♦♥♥❡ $✉❡

0 <

i0
∑

i=1

mi

γi

=
∑

c∈Ep

⌊c/p⌋
∑

j=1

c

j
−

∑

d∈Fp

⌊d/p⌋
∑

j=1

d

j
✭✽✳✶✳✸✮

=

q1
∑

i=1

⌊ap·ei/p⌋
∑

j=1

ap · ei

j
−

q2
∑

i=1

⌊ap·fi/p⌋
∑

j=1

ap · fi
j

=
d

∑

k=1

a(k)
p

(

q1
∑

i=1

αi
∑

j=1

e
(k)
i

j
−

q2
∑

i=1

βi
∑

j=1

f
(k)
i

j

)

=
d

∑

k=1

a(k)
p Ψk(ap/p),

♦F ❧✬♦♥ ❛ ✉!✐❧✐+8✱ ❞❛♥+ ✭✽✳✶✳✸✮✱ ❧❡ ❢❛✐! $✉❡ ❧❡+ ❛❜+❝✐++❡+ ❞❡+ +❛✉!+ ❞❡ ∆Ep,Fp
+✉. [0, 1/p] +♦♥!

❡①❛❝!❡♠❡♥! ❧❡+ .❛!✐♦♥♥❡❧+ ❞❡ ❧❛ ❢♦.♠❡ j/a ❛✈❡❝ a ∈ A ❡! j ≤ ⌊a/p⌋✱ ❡! ❧❡ ❢❛✐! $✉✬✉♥❡ ❛❜+❝✐++❡

j/a ❝♦..❡+♣♦♥❞ G ✉♥ +❛✉! ❞✬❛♠♣❧✐!✉❞❡ ♣♦+✐!✐✈❡ +✐ a ∈ Ep ❡! G ✉♥ +❛✉! ❞✬❛♠♣❧✐!✉❞❡ ♥8❣❛!✐✈❡

+✐ a ∈ Fp✳

■❧ ❡①✐+!❡ ❞♦♥❝ k ∈ {1, . . . , d} !❡❧ $✉❡ Ψk(ap/p) 6= 0 ❡!✱ ♣♦✉. !♦✉! p ≥ P ✱ ♦♥ ❛ ❜✐❡♥

qe,f,k(z) /∈ Zp[[z]]✳

✽✳✶✳✸ ▲❡ ❝❛( ❞❡( ❛♣♣❧✐❝❛-✐♦♥( ❞❡ -②♣❡ ♠✐2♦✐2

❉✬❛♣.I+ ❧❛ ♣❛.!✐❡ ✽✳✶✳✷✱ ✐❧ ❡①✐+!❡ k0 ∈ {1, . . . , d} !❡❧ $✉✬✐❧ ♥✬❡①✐+!❡ $✉✬✉♥ ♥♦♠❜.❡ ✜♥✐ ❞❡

♣.❡♠✐❡.+ p !❡❧+ $✉❡ qe,f,k0(z) ∈ Zp[[z]]✳ J♦✉. !❡.♠✐♥❡. ❧❛ ♣.❡✉✈❡ ❞✉ ♣♦✐♥! (ii) ❞✉ !❤8♦.I♠❡ ✷✱

✐❧ ♥♦✉+ +✉✣! ❞❡ ♠♦♥!.❡. $✉❡✱ ♣♦✉. !♦✉! L ∈ E !❡❧ $✉❡ L(k0) ≥ 1✱ ✐❧ ♥✬❡①✐+!❡ $✉✬✉♥ ♥♦♠❜.❡

✜♥✐ ❞❡ ♣.❡♠✐❡.+ p !❡❧+ $✉❡ qL,e,f (z) ∈ Zp[[z]]✳ ❉❛♥+ ❧❛ +✉✐!❡ ❞❡ ❧❛ ❞8♠♦♥+!.❛!✐♦♥✱ ♦♥ ✜①❡

✉♥ L ∈ Ee,f !❡❧ $✉❡ L(k0) ≥ 1 ✭

✶

✮✳ ◆♦✉+ ❛❧❧♦♥+ +8♣❛.❡. ❧❛ ♣.❡✉✈❡ ❡♥ ❞❡✉① ❝❛+ +❡❧♦♥ $✉❡

⌊L · x0⌋ = 0 ♦✉ ⌊L · x0⌋ 6= 0✳
❉✬❛♣.I+ ❧❛ ♣❛.!✐❡ ✽✳✶✳✷✱ ♦♥ +❛✐! $✉✬✐❧ ❡①✐+!❡ ✉♥❡ ❝♦♥+!❛♥!❡ P1 !❡❧❧❡ $✉❡✱ ♣♦✉. !♦✉! ♣.❡♠✐❡.

p ≥ P1✱ ✐❧ ❡①✐+!❡ ap ∈ {0, . . . , p− 1}d
!❡❧ $✉❡ ap/p ∈ U ❡! vp(Q(ap)) = 0✳

✶

❯♥ "❡❧ L ❡①✐'"❡ ❝❛* qe,f,k0
(z) /∈ zk0

Z[[z]]✳

✽✵



▲♦"#$✉❡ ⌊L · x0⌋ 6= 0

▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛)$✐❡ ❡+$ ❞❡ ♠♦♥$)❡) /✉✬✐❧ ❡①✐+$❡ ✉♥❡ ❝♦♥+$❛♥$❡ P ≥ P1 $❡❧❧❡ /✉❡✱ ♣♦✉)

$♦✉$ ♣)❡♠✐❡) p ≥ P ✱ ♦♥ ❛ ΦL,p(ap) /∈ pZp✱ ❝❡ /✉✐✱ ❞✬❛♣)4+ ❧❛ ♣❛)$✐❡ ✻✳✶✱ ♠♦♥$)❡)❛ ❜✐❡♥ /✉✬✐❧

♥✬❡①✐+$❡ /✉✬✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ ♣)❡♠✐❡)+ p $❡❧+ /✉❡ qL,e,f (z) ∈ Zp[[z]]✳
❖♥ )❛♣♣❡❧❧❡ /✉❡✱ ♣♦✉) $♦✉$ a ∈ {0, . . . , p− 1}d

✱ ♦♥ ❛

ΦL,p(a) = −pQ(a)HL·a ≡ −Q(a)H⌊L·a/p⌋ mod pZp. ✭✽✳✶✳✹✮

>♦✉) $♦✉$ ♣)❡♠✐❡) p ≥ P1✱ ♦♥ ❛ ⌊L·ap/p⌋ = ⌊L·x0⌋ 6= 0 ❞♦♥❝ H⌊L·ap/p⌋ ∈ {H1, . . . , H|L|}✳
■❧ ❡①✐+$❡ ✉♥❡ ❝♦♥+$❛♥$❡ P ≥ P1 $❡❧❧❡ /✉❡✱ ♣♦✉) $♦✉$ ♣)❡♠✐❡) p ≥ P✱ ♦♥ ❛ {H1, . . . , H|L|} ⊂
Z×p ✳ ❆✐♥+✐✱ ♣♦✉) $♦✉$ ♣)❡♠✐❡) p ≥ P✱ ♦♥ ❛ Q(ap)H⌊L·ap/p⌋ ∈ Z×p ❡$✱ ❞✬❛♣)4+ ✭✽✳✶✳✹✮✱ ♦♥

♦❜$✐❡♥$ ❜✐❡♥ /✉❡ ΦL,p(ap) /∈ pZp✳

❖♥ )❡♠❛)/✉❡ /✉❡ ❞❛♥+ ❝❡ ❝❛+✱ ♥♦✉+ ♥✬❛✈♦♥+ ♣❛+ ✉$✐❧✐+B ❧✬❤②♣♦$❤4+❡ L(k0) ≥ 1✳

▲♦"#$✉❡ ⌊L · x0⌋ = 0

▲❡ ❜✉$ ❞❡ ❝❡$$❡ ♣❛)$✐❡ ❡+$ ❞❡ ♠♦♥$)❡) /✉✬✐❧ ❡①✐+$❡ r ∈ N✱ r ≥ 1 ❡$ ✉♥❡ ❝♦♥+$❛♥$❡ P ′ ≥ P1

$❡❧+ /✉❡✱ ♣♦✉) $♦✉$ ♣)❡♠✐❡) p ≥ P ′✱ ♦♥ ❛ ΦL,p(ap + pr1k0) /∈ pZp✳ ❉✬❛♣)4+ ❧❛ ♣❛)$✐❡ ✻✳✶✱ ❝❡❝✐

♠♦♥$)❡)❛ ❜✐❡♥ /✉✬✐❧ ♥✬❡①✐+$❡ /✉✬✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ ♣)❡♠✐❡)+ p $❡❧+ /✉❡ qL,e,f (z) ∈ Zp[[z]]✳
❉❛♥+ ❧❛ +✉✐$❡✱ ♣♦✉) $♦✉$ k ∈ {1, . . . , d}✱ ♦♥ ♥♦$❡ Rk ❧❛ ❢)❛❝$✐♦♥ )❛$✐♦♥♥❡❧❧❡ ❞B✜♥✐$ ❝♦♠♠❡

+✉✐$✳

Rk(X) :=

∏q1

i=1

∏αi

j=1

(

1 +
e
(k)
i

j
X

)

∏q2

i=1

∏βi

j=1

(

1 +
f
(k)
i

j
X

) . ✭✽✳✶✳✺✮

◆♦✉+ ❛❧❧♦♥+ ✉$✐❧✐+❡) ❧❡ ❧❡♠♠❡ +✉✐✈❛♥$✱ /✉❡ ♥♦✉+ ❞B♠♦♥$)♦♥+ I ❧❛ ✜♥ ❞❡ ❝❡$$❡ ♣❛)$✐❡✳

▲❡♠♠❡ ✷✺✳  ♦✉# $♦✉$ r ∈ N✱ r ≥ 1✱ ✐❧ ❡①✐*$❡ ✉♥❡ ❝♦♥*$❛♥$❡ Pr ≥ P1 $❡❧❧❡ .✉❡✱ ♣♦✉# $♦✉$

♣#❡♠✐❡# p ≥ Pr ❡$ $♦✉$ k ∈ {1, . . . , d}✱ ♦♥ ❛

ΦL,p(ap + pr1k) ≡ −
r
∑

j=1

HjL(k)Q(ap)Q(j1k)Q((r − j)1k)
(

Rk(j)−Rk(r − j)
)

mod pZp.

❉✬❛♣)4+ ❧❛ ✜♥ ❞❡ ❧❛ ♣❛)$✐❡ ✽✳✶✳✷✱ ♦♥ +❛✐$ /✉❡

q1
∑

i=1

αi
∑

j=1

e
(k0)
i

j
−

q2
∑

i=1

βi
∑

j=1

f
(k0)
i

j
6= 0. ✭✽✳✶✳✻✮

▲✬✐♥B❣❛❧✐$B ✭✽✳✶✳✻✮ ❞♦♥♥❡ /✉❡ Rk0(X) ♥✬❡+$ ♣❛+ ❝♦♥+$❛♥$❡ ❞❡ ✈❛❧❡✉) 1✳ ■❧ ❡①✐+$❡ ❞♦♥❝
r ∈ N $❡❧ /✉❡ Rk0(r) 6= 1✳ ❙♦✐$ r0 ❧❡ ♣❧✉+ ♣❡$✐$ ❡♥$✐❡) ♥♦♥ ♥✉❧ ✈B)✐✜❛♥$ Rk0(r0) 6= 1✳ ❊♥

✽✶



❛♣♣❧✐$✉❛♥' ❧❡ ❧❡♠♠❡ ✷✺ ❛✈❡❝ k0 . ❧❛ ♣❧❛❝❡ ❞❡ k ❡' r0 . ❧❛ ♣❧❛❝❡ ❞❡ r✱ ♦♥ ♦❜'✐❡♥' $✉✬✐❧ ❡①✐5'❡

✉♥❡ ❝♦♥5'❛♥'❡ Pr0 ≥ P1 '❡❧❧❡ $✉❡✱ ♣♦✉6 '♦✉' ♣6❡♠✐❡6 p ≥ Pr0 ✱ ♦♥ ❛

ΦL,p(ap+pr01k0)

≡ −
r0
∑

j=1

HjL(k0)Q(ap)Q(j1k0)Q((r0 − j)1k0)
(

Rk0(j)−Rk0(r0 − j)
)

mod pZp

≡ −Hr0L
(k0)Q(ap)Q(r01k0)

(

Rk0(r0)− 1
)

mod pZp, ✭✽✳✶✳✼✮

♦= ❧✬♦♥ ❛ ✉'✐❧✐5> ❞❛♥5 ✭✽✳✶✳✼✮ ❧❡ ❢❛✐' $✉❡✱ ♣♦✉6 '♦✉' j ∈ {1, . . . , r0 − 1}✱ ♦♥ ❛ Rk0(j) =
Rk0(r0 − j) = 1✳ ❈♦♠♠❡ Rk0(r0) 6= 1✱ ♦♥ ♦❜'✐❡♥' $✉❡ 5✐ L(k0) ≥ 1✱ ❛❧♦65 ✐❧ ❡①✐5'❡ ✉♥❡

❝♦♥5'❛♥'❡ P ≥ Pr0 '❡❧❧❡ $✉❡✱ ♣♦✉6 '♦✉' ♣6❡♠✐❡6 p ≥ P ✱ ♦♥ ❛

Hr0L
(k0)Q(ap)Q(r01k0) (Rk0(r0)− 1) ∈ Z×p

❡' ❞♦♥❝ ΦL,p(ap+pr01k0) /∈ pZp✱ ❝❡ $✉✐ ❛❝❤B✈❡ ❧❛ ♣6❡✉✈❡ ❞✉ ♣♦✐♥' (ii) ❞✉ '❤>♦6B♠❡ ✷ ♠♦❞✉❧♦

❧❛ ♣6❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✺✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✺✳ ❉✬❛♣6B5 ❧❛ ♣❛6'✐❡ ✻✳✶✱ ♣♦✉6 '♦✉' ♣6❡♠✐❡6 p ≥ P1 ❡' '♦✉'

K ∈ Nd
✱ ♦♥ ❛

ΦL,p(ap + pK) =
∑

0≤j≤K

Q(K− j)Q(ap + pj)
(

HL·(K−j) − pHL·(ap+pj)

)

. ✭✽✳✶✳✽✮

❉❡ ♣❧✉5✱ ♦♥ ❛ pHL·(ap+pj) ≡ H⌊

L·ap+pL·j

p

⌋ mod pZp ❛✈❡❝

⌊

L·ap+pL·j
p

⌋

= ⌊L ·ap/p⌋+L · j = L · j
❝❛6 ⌊L · ap/p⌋ = ⌊L · x0⌋ = 0✳ ❆✐♥5✐✱ ♣♦✉6 '♦✉' K ∈ Nd

❡' '♦✉' j ∈ Nd
✱ j ≤ K✱ ♦♥ ♦❜'✐❡♥'

$✉❡

Q(K− j)Q(ap + pj)pHL·(ap+pj) ≡ Q(K− j)Q(ap + pj)HL·j mod pZp. ✭✽✳✶✳✾✮

❊♥ ✉'✐❧✐5❛♥' ✭✽✳✶✳✾✮ ❞❛♥5 ✭✽✳✶✳✽✮✱ ♦♥ ♦❜'✐❡♥' $✉❡✱ ♣♦✉6 '♦✉' K ∈ Nd
✱ ♦♥ ❛

ΦL,p(ap + pK)

≡
∑

0≤j≤K

Q(K− j)Q(ap + pj)
(

HL·(K−j) −HL·j

)

mod pZp

≡ −
∑

0≤j≤K

HL·j

(

Q(ap + pj)Q(K− j)−Q(j)Q(ap + p(K− j))
)

mod pZp

≡ −
∑

0≤j≤K

HL·jQ(ap)Q(j)Q(K− j)

(Q(ap + pj)

Q(ap)Q(j)
− Q(ap + p(K− j))

Q(ap)Q(K− j)

)

mod pZp.

✭✽✳✶✳✶✵✮

❊♥ ❛♣♣❧✐$✉❛♥' ✭✽✳✶✳✶✵✮ ❛✈❡❝ r1k . ❧❛ ♣❧❛❝❡ ❞❡ K✱ ♦♥ ♦❜'✐❡♥' ✜♥❛❧❡♠❡♥' $✉❡

ΦL,p(ap + pr1k) ≡

−
r

∑

j=0

HjL(k)Q(ap)Q(j1k)Q((r−j)1k)

(Q(ap + pj1k)

Q(ap)Q(j1k)
− Q(ap + (r − j)1k)

Q(ap)Q((r − j)1k)

)

mod pZp.

✭✽✳✶✳✶✶✮

✽✷



◆♦✉# ❛❧❧♦♥# ♠❛✐♥)❡♥❛♥) ♠♦♥)+❡+ ,✉❡✱ ♣♦✉+ )♦✉) n ∈ N ❡) )♦✉) k ∈ {1, . . . , d}✱ ♦♥ ❛
Q(ap + pn1k)

Q(ap)Q(n1k)
= Rk(n)(1 +O(p)), ✭✽✳✶✳✶✷✮

❝❡ ,✉✐ ♥♦✉# ♣❡+♠❡))+❛ ❞❡ ❝♦♥❝❧✉+❡✳ ❖♥ ❛

Q(ap + pn1k)

Q(ap)Q(n1k)
=
Q(ap + pn1k)

Q(ap)Q(pn1k)

Q(pn1k)

Q(n1k)

=
1

Q(ap)

∏q1

i=1

∏ei·ap

j=1 (pne
(k)
i + j)

∏q2

i=1

∏fi·ap

j=1 (pnf
(k)
i + j)

(

1 +O(p)
)

✭✽✳✶✳✶✸✮

=

∏q1

i=1

∏ei·ap

j=1

(

1 +
pne

(k)
i

j

)

∏q2

i=1

∏fi·ap

j=1

(

1 +
pnf

(k)
i

j

)

(

1 +O(p)
)

=

∏q1

i=1

∏⌊ei·ap/p⌋
j=1

(

1 +
e
(k)
i

j
n

)

∏q2

i=1

∏⌊fi·ap/p⌋
j=1

(

1 +
f
(k)
i

j
n

)

(

1 +O(p)
)

✭✽✳✶✳✶✹✮

= Rk(n)
(

1 +O(p)
)

,

♦: ❧✬♦♥ ❛ ✉)✐❧✐#< ❞❛♥# ✭✽✳✶✳✶✸✮ ❧❡ ❧❡♠♠❡ ✶✸ ❛♣♣❧✐,✉< ❛✈❡❝ s = 0✱ c = 0 ❡) n1k > ❧❛ ♣❧❛❝❡ ❞❡

m✱ ,✉✐ ❞♦♥♥❡ Q(pn1k)/Q(n1k) = 1 + O(p) ❡)✱ ❞❛♥# ✭✽✳✶✳✶✹✮✱ ♦♥ ❛ ✉)✐❧✐#< ❧❡ ❢❛✐) ,✉❡✱ ♣♦✉+

)♦✉) d ∈ {e1, . . . , eq1 , f1, . . . , fq2} ❡) )♦✉) j ∈ {1, . . . ,d · ap}✱ ♦♥ ❛ 1 + pnd(k)

j
= 1+O(p) #✐ j

♥✬❡#) ♣❛# ❞✐✈✐#✐❜❧❡ ♣❛+ p✳
■❧ ❡①✐#)❡ ✉♥❡ ❝♦♥#)❛♥)❡ Pr ≥ P1 )❡❧❧❡ ,✉❡✱ ♣♦✉+ )♦✉) ♣+❡♠✐❡+ p ≥ Pr ❡) )♦✉) n ∈

{0, . . . , r}✱ ♦♥ ❛ Rk(n) ∈ Z×p ❡) HnL(k) ∈ Zp✳ ❆✐♥#✐✱ ❡♥ ✉)✐❧✐#❛♥) ✭✽✳✶✳✶✷✮ ❞❛♥# ✭✽✳✶✳✶✶✮✱ ♦♥

♦❜)✐❡♥) ❜✐❡♥ ,✉❡✱ ♣♦✉+ )♦✉) ♣+❡♠✐❡+ p ≥ Pr✱ ♦♥ ❛

ΦL,p(ap + pr1k) ≡ −
r

∑

j=1

HjL(k)Q(ap)Q(j1k)Q((r − j)1k) (Rk(j)−Rk(r − j)) mod pZp,

❝❡ ,✉✐ ❛❝❤E✈❡ ❧❛ ♣+❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✺✳

✽✳✷ ❉$♠♦♥()*❛)✐♦♥ ❞✉ )❤$♦*0♠❡ ✸

❖♥ #❡ ♣❧❛❝❡ #♦✉# ❧❡# ❤②♣♦)❤E#❡# ❞✉ )❤<♦+E♠❡ ✸✳ ▲❡ ❜✉) ❞❡ ❝❡))❡ ♣❛+)✐❡ ❡#) ❞❡ ♠♦♥)+❡+

,✉✬✐❧ ♥✬❡①✐#)❡ ,✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♣+❡♠✐❡+# p )❡❧# ,✉❡ qe,f,k(z) ∈ zkZp[[z]] ❡) ,✉❡✱ ♣♦✉+
)♦✉) L ∈ Ee,f ✈<+✐✜❛♥) L(k) ≥ 1✱ ✐❧ ♥✬❡①✐#)❡ ,✉✬✉♥ ♥♦♠❜+❡ ✜♥✐ ❞❡ ♣+❡♠✐❡+# p )❡❧# ,✉❡
qL,e,f (z) ∈ Zp[[z]]✳ ❖♥ ✜①❡ L ∈ Ee,f ✈<+✐✜❛♥) L(k) ≥ 1 ❞❛♥# ❝❡))❡ ♣❛+)✐❡✳

❉✬❛♣+E# ❧❛ ♣❛+)✐❡ ✻✳✶✱ ✐❧ ♥♦✉# #✉✣) ❞❡ ♠♦♥)+❡+ ,✉❡✱ ♣♦✉+ )♦✉) ♣+❡♠✐❡+ p ❛##❡③ ❣+❛♥❞✱ ✐❧
❡①✐#)❡ a ∈ {0, . . . , p− 1}d

❡) K ∈ Nd
)❡❧# ,✉❡ Φp,k(a +Kp) /∈ pZp ❡) ΦL,p(a +Kp) /∈ pZp✳

✽✸



❊♥ ❢❛✐%✱ ♥♦✉) ❛❧❧♦♥) ♠♦♥%,❡, .✉❡✱ ♣♦✉, %♦✉% ♣,❡♠✐❡, p ❛))❡③ ❣,❛♥❞✱ ♦♥ ❛ Φp,k(p1k) /∈ pZp

❡% ΦL,p(p1k) /∈ pZp✳ ❖♥ ❛

Φp,k(p1k)

=
1

∑

j=0

Q((1− j)1k)Q(jp1k)

(

q1
∑

i=1

e
(k)
i (H

e
(k)
i (1−j)

− pH
e
(k)
i jp

)−
q2
∑

i=1

f
(k)
i (H

f
(k)
i (1−j)

− pH
f
(k)
i jp

)

)

= Q(1k)

(

q1
∑

i=1

e
(k)
i H

e
(k)
i

−
q2
∑

i=1

f
(k)
i H

f
(k)
i

)

− pQ(p1k)

(

q1
∑

i=1

e
(k)
i H

e
(k)
i p
−

q2
∑

i=1

f
(k)
i H

f
(k)
i p

)

✭✽✳✷✳✶✮

❡%

ΦL,p(p1k) =
1

∑

j=0

Q((1− j)1k)Q(jp1k)(HL(k)(1−j) − pHL(k)jp)

= Q(1k)HL(k) − pQ(p1k)HL(k)p. ✭✽✳✷✳✷✮

■❧ ❡①✐)%❡ ✉♥❡ ❝♦♥)%❛♥%❡ P1 %❡❧❧❡ .✉❡✱ ♣♦✉, %♦✉% ♣,❡♠✐❡, p ≥ P1✱ ♦♥ ❛

q1
∑

i=1

e
(k)
i H

e
(k)
i

−
q2
∑

i=1

f
(k)
i H

f
(k)
i

∈ Z×p ∪ {0} ❡% HL(k) ∈ Z×p ,

❝❛, L(k) ≥ 1✳ ❉❛♥) ❧❛ )✉✐%❡✱ ♦♥ ♥♦%❡ ∆k ❧✬❛♣♣❧✐❝❛%✐♦♥ ❞❡ ▲❛♥❞❛✉ ❛))♦❝✐@❡ ❛✉① )✉✐%❡) e(k) :=
(e

(k)
1 , . . . , e

(k)
q1 ) ❡% f (k) := (f

(k)
1 , . . . , f

(k)
q2 )✳ ❖♥ ♥♦%❡ ❛✉))✐ M ❧❡ ♣❧✉) ❣,❛♥❞ @❧@♠❡♥% ❞❡) )✉✐%❡)

e(k)
❡% f (k)

✳ ❖♥ ,❡♠❛,.✉❡ .✉❡ M ❡)% ♥♦♥ ♥✉❧ ❝❛, |e|(k) > |f |(k)
✱ ❡% .✉❡ ∆k ❡)% ♥✉❧❧❡ )✉,

[0, 1/M [✳ ❙✐ p > M ✱ ❛❧♦,)✱ ♣♦✉, %♦✉% ℓ ≥ 1✱ ♦♥ ❛ 1/pℓ < 1/M ❡% ❞♦♥❝

vp(Q(1k)) =
∞
∑

ℓ=1

∆e,f (1k/p
ℓ) =

∞
∑

ℓ=1

∆k(1/p
ℓ) = 0.

❆✐♥)✐✱ ♣♦✉, %♦✉% ♣,❡♠✐❡, p > max(P1, M) =: P2✱ ♦♥ ❛

Q(1k)

(

q1
∑

i=1

e
(k)
i H

e
(k)
i

−
q2
∑

i=1

f
(k)
i H

f
(k)
i

)

∈ Z×p ∪ {0} ❡% Q(1k)HL(k) ∈ Z×p . ✭✽✳✷✳✸✮

❉❡ ♣❧✉)✱ ♦♥ ❛

pHL(k)p = p









L(k)
∑

i=1

1

ip
+

L(k)p
∑

j=1
p∤j

1

j









≡ HL(k) mod pZp,

❝❡ .✉✐ ❞♦♥♥❡ .✉❡✱ ♣♦✉, %♦✉% ♣,❡♠✐❡, p > P2✱ ♦♥ ❛ pHL(k)p ∈ Z×p ✳ ❉❡ ❧❛ ♠D♠❡ ♠❛♥✐E,❡✱ ♦♥

♦❜%✐❡♥%

p

(

q1
∑

i=1

e
(k)
i H

e
(k)
i p
−

q2
∑

i=1

f
(k)
i H

f
(k)
i p

)

∈ Zp.

✽✹



❊♥✜♥✱ ♣♦✉' (♦✉( ♣'❡♠✐❡' p > P2✱ ♦♥ ❛

vp(Q(p1k)) =
∞
∑

ℓ=1

∆e,f

(

p1k

pℓ

)

=
∞
∑

ℓ=1

∆k

(

p

pℓ

)

= ∆k(1)+
∞
∑

ℓ=1

∆k

(

1

pℓ

)

= |e|(k)−|f |(k) ≥ 1,

❞✬♦/ ❧✬♦♥ ♦❜(✐❡♥( 2✉❡✱ ♣♦✉' (♦✉( ♣'❡♠✐❡' p > P2✱ ♦♥ ❛

pQ(p1k)

(

q1
∑

i=1

e
(k)
i H

e
(k)
i p
−

q2
∑

i=1

f
(k)
i H

f
(k)
i p

)

∈ pZp ❡( pQ(p1k)HL(k)p ∈ pZp. ✭✽✳✷✳✹✮

❊♥ ✉(✐❧✐9❛♥( ✭✽✳✷✳✸✮ ❡( ✭✽✳✷✳✹✮ ❞❛♥9 ✭✽✳✷✳✷✮✱ ♦♥ ♦❜(✐❡♥( ❜✐❡♥ 2✉❡✱ ♣♦✉' (♦✉( ♣'❡♠✐❡'

p > P2✱ ♦♥ ❛ ΦL,p(p1k) /∈ pZp✳

▲❡9 ❛♣♣❛'(❡♥❛♥❝❡9 ✭✽✳✷✳✸✮ ❡( ✭✽✳✷✳✹✮ ❥♦✐♥(❡9 > ✭✽✳✷✳✶✮ ♠♦♥('❡♥( 2✉✬✐❧ ♥♦✉9 9✉✣( ❞❡ ♣'♦✉✈❡'

2✉❡

∑q1

i=1 e
(k)
i H

e
(k)
i

−∑q2

i=1 f
(k)
i H

f
(k)
i

6= 0 ♣♦✉' ❝♦♥❝❧✉'❡ 2✉❡✱ ♣♦✉' (♦✉( ♣'❡♠✐❡' p > P2✱ ♦♥ ❛

❜✐❡♥ Φp,k(p1k) /∈ pZp✳ B♦✉' ❝❡❧❛✱ ♦♥ ♣'♦❝C❞❡ ❝♦♠♠❡ 9✉✐(✳

❖♥ ♥♦(❡ E ❡( F ❧❡9 9♦✉9✲9✉✐(❡9 '❡9♣❡❝(✐✈❡9 ❞❡ e(k)
❡( f (k)

♦❜(❡♥✉❡9 ❞❡ ❧❛ ♠❛♥✐C'❡ 9✉✐✈❛♥(❡✳

❖♥ ❡♥❧C✈❡ ❧❡9 F❧F♠❡♥(9 ♥✉❧9 ❞❡ e(k)
❡( f (k)

❡(✱ 9✐ e(k)
❡( f (k)

♦♥( ✉♥ F❧F♠❡♥( ❡♥ ❝♦♠♠✉♥✱ ❛❧♦'9

♦♥ ❧✬❡♥❧C✈❡ ❞❡ e(k)
❡( f (k)

✉♥❡ 9❡✉❧❡ ❢♦✐9✳ ❖♥ 'F♣C(❡ ❝❡((❡ ❞❡'♥✐C'❡ F(❛♣❡ ❥✉92✉✬> ❝❡ 2✉❡ ❧❡9

9✉✐(❡9 ♦❜(❡♥✉❡9 9♦✐❡♥( ❞✐9❥♦✐♥(❡9✳ ▲❛ 9✉✐(❡ F ♣❡✉( H('❡ ✈✐❞❡ ♠❛✐9 ❧❛ ❝♦♥❞✐(✐♦♥ |e|(k) > |f |(k)

❛99✉'❡ 2✉❡ ❧❛ 9✉✐(❡ E ❡9( ♥♦♥ ✈✐❞❡✳ ❖♥ ❛ ❛❧♦'9

q1
∑

i=1

e
(k)
i H

e
(k)
i

−
q2
∑

i=1

f
(k)
i H

f
(k)
i

=
∑

c∈E

cHc −
∑

d∈F

dHd ❡( ∆k = ∆E,F. ✭✽✳✷✳✺✮

❊♥ ♣❛'(✐❝✉❧✐❡'✱ 9✐ F ❡9( ✈✐❞❡ ❛❧♦'9 ♦♥ ❛ ❜✐❡♥

∑q1

i=1 e
(k)
i H

e
(k)
i

−∑q2

i=1 f
(k)
i H

f
(k)
i

=
∑

c∈E cHc > 0✳

❉❛♥9 ❧❛ 9✉✐(❡✱ ♦♥ 9✉♣♣♦9❡ 2✉❡ F ❡9( ♥♦♥ ✈✐❞❡✳

❈♦♠♠❡ E ❡( F 9♦♥( ❞❡✉① 9✉✐(❡9 ❞✬❡♥(✐❡'9 9('✐❝(❡♠❡♥( ♣♦9✐(✐❢9 ❞✐9❥♦✐♥(❡9✱ ♦♥ ♣❡✉( ❛♣♣❧✐✲

2✉❡' ❧❡ ❧❡♠♠❡ ✷✹ ❛✉① 9✉✐(❡9 E ❡( F ❛✈❡❝ 0 > ❧❛ ♣❧❛❝❡ ❞❡ b✳ ❊♥ ✉(✐❧✐9❛♥( ❧❡9 ♥♦(❛(✐♦♥9 ❞✉
❧❡♠♠❡ ✷✹✱ ♦♥ ♦❜(✐❡♥( 2✉❡

∑

c∈E

cHc −
∑

d∈F

dHd =
∑

c∈E

c
∑

j=1

c

j
−

∑

d∈F

d
∑

j=1

d

j
=

t
∑

i=1

mi

γi

. ✭✽✳✷✳✻✮

❉❡ ♣❧✉9✱ ♣♦✉' (♦✉( x ∈ R✱ ♦♥ ❛ ∆E,F(x) = ∆k(x) = ∆e,f (x1k) ≥ 0 ❞♦♥❝ ∆E,F ❡9( ♣♦9✐(✐✈❡

9✉' [γ1, γt] ❡( ❧❡ ❧❡♠♠❡ ✷✹ ❞♦♥♥❡ 2✉❡
∑t

i=1
mi

γi
> 0✳ ❈❡❝✐ ❥♦✐♥( > ✭✽✳✷✳✺✮ ❡( ✭✽✳✷✳✻✮ ♠♦♥('❡

❜✐❡♥ 2✉❡

∑q1

i=1 e
(k)
i H

e
(k)
i

−∑q2

i=1 f
(k)
i H

f
(k)
i

6= 0 ❡( ❛❝❤C✈❡ ❧❛ ♣'❡✉✈❡ ❞✉ (❤F♦'C♠❡ ✸✳

✽✺



❈❤❛♣✐%&❡ ✾

❉*♠♦♥.%&❛%✐♦♥ ❛❧%❡&♥❛%✐✈❡ ❞✉ ❝❛. (i) ❞✉
%❤*♦&4♠❡ ✷ ❡♥ ✉♥❡ ✈❛&✐❛❜❧❡

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ♥♦✉# ♠♦♥)*♦♥# ❝♦♠♠❡♥) ❛♣♣❧✐0✉❡* ❧❡ )❤1♦*2♠❡ ✼ ♣♦✉* ❞1♠♦♥)*❡* ❧❡

♣♦✐♥) (i) ❞✉ )❤1♦*2♠❡ ✷ ❞❛♥# ❧❡ ❝❛# ❞✬✉♥❡ ✈❛*✐❛❜❧❡✱ ❝❡))❡ ♣*❡✉✈❡ ❡#) ❝❡❧❧❡ ♣*1#❡♥)1❡ ❞❛♥# ❬✼❪✳
❙♦✐) e = (e1, . . . , eq1) ❡) f = (f1, . . . , fq2) ❞❡✉① #✉✐)❡# ❞✬❡♥)✐❡*# #)*✐❝)❡♠❡♥) ♣♦#✐)✐❢# )❡❧❧❡#
0✉❡ Qe,f #♦✐) ✉♥❡ #✉✐)❡ ? )❡*♠❡# ❡♥)✐❡*# ✭❝❡ 0✉✐ 10✉✐✈❛✉) ? ∆e,f ≥ 0 #✉* [0, 1]✮ ❡) ✈1*✐✜❛♥)
|e| = |f |✳ ❖♥ #✉♣♣♦#❡ ❞❡ ♣❧✉# 0✉❡✱ ♣♦✉* )♦✉) x ∈ [1/Me,f , 1[✱ ♦♥ ❛ ∆e,f (x) ≥ 1✳ ◆♦✉# ❞❡✈♦♥#
♠♦♥)*❡* 0✉❡✱ ♣♦✉* )♦✉) L ∈ {1, . . . ,Me,f}✱ ♦♥ ❛ qL,e,f (z) ∈ Z[[z]]✳ E♦✉* ❛❧❧1❣❡* ❧❡# ♥♦)❛)✐♦♥#✱
♦♥ ♥♦)❡ Q := Qe,f ✱ ∆ = ∆e,f ❡) qL := qL,e,f ✳

❉✬❛♣*2# ❧❛ *❡❢♦*♠✉❧❛)✐♦♥ ❞✉ ♣*♦❜❧2♠❡ ❞✬✐♥)1❣*❛❧✐)1 ❞❡# ❝♦❡✣❝✐❡♥)# ❞❡ ❚❛②❧♦* ❞❡ qL(z)
❡✛❡❝)✉1❡ ❞❛♥# ❧❛ ♣❛*)✐❡ ✼✳✶✱ ✐❧ ♥♦✉# #✉✣) ❞❡ ♠♦♥)*❡* 0✉❡✱ ♣♦✉* )♦✉) ♣*❡♠✐❡* p✱ )♦✉) a ∈
{0, . . . , p− 1} ❡) )♦✉) K✱ s ❡) m ❞❛♥# N✱ ♦♥ ❛

S(a, K, s, p, m) ∈ ps+1gp(m)Zp.

❖♥ ✜①❡ L ∈ {1, . . . ,Me,f} ❡) ✉♥ ♥♦♠❜*❡ ♣*❡♠✐❡* p ❞❛♥# ❝❡ ❝❤❛♣✐)*❡✳ E*1❝✐#♦♥# ❧❛ ♠❛♥✐2*❡
❞♦♥) ♥♦✉# ❛❧❧♦♥# ✉)✐❧✐#❡* ❧❡ )❤1♦*2♠❡ ✼✳ ◆♦✉# ❛❧❧♦♥# ♠♦♥)*❡* ❞❛♥# ❧❡# ♣❛*)✐❡# #✉✐✈❛♥)❡#

0✉✬✐❧ ❡①✐#)❡ ✉♥ ❡♥)✐❡* ♥❛)✉*❡❧ λp )❡❧ 0✉✬❡♥ ♣♦#❛♥) ❆r = Q ❡) gr = gp ♣♦✉* )♦✉) r ≥
0✱ ((❆r)r≥0, (gr)r≥0) ❡#) ✉♥ λp✲❝♦✉♣❧❡ ❞❡ ❉✇♦*❦✳ ❊♥ ❛♣♣❧✐0✉❛♥) ❛❧♦*# ❧❡ )❤1♦*2♠❡ ✼✱ ♦♥

♦❜)✐❡♥❞*❛ ❜✐❡♥ S(a, K, s, p, m) ∈ ps+1gp(m)Zp✱ ❝♦♠♠❡ ✈♦✉❧✉✳

❉❛♥# ❧❡# ♣❛*)✐❡# #✉✐✈❛♥)❡#✱ ♦♥ ✈1*✐✜❡ ❧❡# ❤②♣♦)❤2#❡# ❞✬❛♣♣❧✐❝❛)✐♦♥ ❞✉ )❤1♦*2♠❡ ✼✳

✾✳✵✳✶ ❱%&✐✜❝❛+✐♦♥ ❞❡0 ❝♦♥❞✐+✐♦♥0 (i)✱ (ii) ❡+ (iv) ❞✉ +❤%♦&4♠❡ ✼

❖♥ ♥♦)❡ g := gp ❡) µ := µp✳ E♦✉* )♦✉) r ≥ 0✱ ♦♥ ♣♦#❡ Ar = Q ❡) gr = g✳ ❖♥ ❞1✜♥✐)
λp ❝♦♠♠❡ 1)❛♥) ❧✬✉♥✐0✉❡ ❡♥)✐❡* ♥❛)✉*❡❧ ✈1*✐✜❛♥) pλp < Me,f ≤ pλp+1

✭

✶

✮✳ ❖♥ ✈❛ ♠♦♥)*❡*

❞❛♥# ❝❡))❡ ♣❛*)✐❡ 0✉❡ ❧❡# #✉✐)❡# (Ar)r≥0 ❡) (gr)r≥0 ✈1*✐✜❡♥) ❧❡# ❝♦♥❞✐)✐♦♥# (i)✱ (ii) ❡) (iv)
❞✉ )❤1♦*2♠❡ ✼ ❛✈❡❝ k0 = λp✳ E♦✉* ❝❡❧❛✱ ♥♦✉# ❛❧❧♦♥# ✉♥✐0✉❡♠❡♥) ♥♦✉# #❡*✈✐* ❞❡ ❧✬✐♥1❣❛❧✐)1

✶

❖♥ ❛ ❜✐❡♥ Me,f ≥ 2 ♣✉✐()✉❡✱ (✐ Me,f = 1✱ ❛❧♦-( |e| ≥ 1 ❡. |f | = 0✱ ♦✉ ❜✐❡♥ |e| = 0 ❡. |f | ≥ 1✱ ❝❡ )✉✐
❝♦♥.-❡❞✐. ❧✬❤②♣♦.❤4(❡ |e| = |f |✳

✽✻



pλp < Me,f ✳ ▲✬✐♥%❣❛❧✐)% Me,f ≤ pλp+1
♥♦✉, ,❡.✈✐.❛ 0 ❞%♠♦♥).❡. ❧❛ ❝♦♥❞✐)✐♦♥ (iii) ❞✉ )❤%♦.5♠❡

✼ ❞❛♥, ❧❛ ♣❛.)✐❡ ,✉✐✈❛♥)❡✳

✕ ❱%.✐✜❝❛)✐♦♥ ❞❡ (i) ❡) (ii)✳

;♦✉. )♦✉) r ❡) m ❞❛♥, N✱ ♦♥ ❛ |Ar(0)|p = |Q(0)|p = 1✳ ❉❡ ♣❧✉,✱ vp(gr(m)) = µ(m) ≥ 0✱
❞♦♥❝ ♦♥ ❛ ❜✐❡♥ gr(m) ∈ Zp \ {0}✳ ■❧ ♥❡ .❡,)❡ ♣❧✉, @✉✬0 ♠♦♥).❡. @✉❡ Ar(m) ∈ gr(m)Zp✱ ❝❡

@✉✐ .❡✈✐❡♥) ❞♦♥❝ 0 ♠♦♥).❡. @✉✬♦♥ ❛ µ(m) ≤ vp(Q(m))✳ ❈✬❡,) ❜✐❡♥ ❧❡ ❝❛, ♣✉✐,@✉❡✱ ♣♦✉. )♦✉)

ℓ ∈ N✱ ℓ ≥ 1✱ ♦♥ ❛ ∆
({

m/pℓ
})

≥ ✶[1/Me,f ,1[

({

m/pℓ
})

✱ ❝❛. ∆(x) ≥ 1 ♣♦✉. 1 > x ≥ 1/Me,f ✳

❖♥ ♦❜)✐❡♥) ❜✐❡♥

vp(Q(m)) =
∞
∑

ℓ=1

∆

({

m

pℓ

})

≥
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

m

pℓ

})

= µ(m).

❉✬♦C ❧❡ .%,✉❧)❛)✳

✕ ❱%.✐✜❝❛)✐♦♥ ❞❡ (iv) ❛✈❡❝ k0 = λp✳

❙✐ λp = 0✱ ✐❧ ♥✬② ❛ .✐❡♥ 0 ✈%.✐✜❡.✳ ❙✉♣♣♦,♦♥, λp ≥ 1✳ ❙♦✐) k ∈ {1, . . . , λp}✱ v ∈ {1, . . . , p−1}
❡) m ∈ N✳ ❖♥ ❛ pλp < Me,f ❞♦♥❝ pk < Me,f ✳ ❆✐♥,✐ 1/Me,f < 1/pk

❡) ❞♦♥❝✱ ♣♦✉. )♦✉)

ℓ ∈ {1, . . . , k}✱ ♦♥ ❛

✶[1/Me,f ,1[

({

v +mpk

pℓ

})

= ✶[1/Me,f ,1[

({

v

pℓ

})

= 1.

❖♥ ❛ ❛❧♦.,

vp(g(v +mpk)) =
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

v +mpk

pℓ

})

= k +
∞
∑

ℓ=k+1

✶[1/Me,f ,1[

({

v +mpk

pℓ

})

.

;♦✉. )♦✉) ℓ ≥ k + 1✱ ♦♥ ❛

{

(v +mpk)/pℓ
}

>
{

mpk/pℓ
}

✳ ❊♥ ❡✛❡)✱ ♦♥ %❝.✐) m = cpℓ−k + d
♦C c ∈ N ❡) d ∈ {0, . . . , pℓ−k − 1}✱ ❡) ♦♥ ♦❜)✐❡♥) ❜✐❡♥

{

v +mpk

pℓ

}

=

{

v + dpk

pℓ

}

=
v + dpk

pℓ
>

dpk

pℓ
=

{

dpk

pℓ

}

=

{

mpk

pℓ

}

.

❉♦♥❝

vp(g(v +mpk)) ≥ k +
∞
∑

ℓ=k+1

✶[1/Me,f ,1[

({

mpk

pℓ

})

= k + vp(g(mpk))

❡) ♦♥ ❛ ❜✐❡♥ g(v +mpk) ∈ pkg(mpk)Zp✳ ❉❡ ♣❧✉,✱

vp(g(mpk)) =
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

mpk

pℓ

})

=
∞
∑

ℓ=k+1

✶[1/Me,f ,1[

({

mpk

pℓ

})

=
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

m

pℓ

})

= vp(g(m)),

❞♦♥❝ g(mpk) ∈ g(m)Zp✱ ❝♦♠♠❡ ✈♦✉❧✉✳

✽✼



✾✳✵✳✷ ❱%&✐✜❝❛+✐♦♥ ❞❡ ❧❛ ❝♦♥❞✐+✐♦♥ (iii) ❞✉ +❤%♦&3♠❡ ✼

❖♥ "❛♣♣❡❧❧❡ '✉❡ λp ❡)* ❧✬✉♥✐'✉❡ ❡♥*✐❡" ♥❛*✉"❡❧ ✈."✐✜❛♥* pλp < Me,f ≤ pλp+1
✳ ❖♥ ✈❛

♠♦♥*"❡" '✉❡ ❧❡) )✉✐*❡) (Ar)r≥0 ❡* (gr)r≥0 ✈."✐✜❡♥* ❧❛ ❝♦♥❞✐*✐♦♥ (iii) ❞✉ *❤.♦"6♠❡ ✼ ❛✈❡❝
k0 = λp✳ 8♦✉" ❝❡❧❛✱ ♥♦✉) ♥✬✉*✐❧✐)❡"♦♥) '✉❡ ❧✬✐♥.❣❛❧✐*. Me,f ≤ pλp+1

✳ ❉✬❛♣"6) ❧❛ ♣❛"*✐❡

♣".❝.❞❡♥*❡✱ ❧❛ ✈."✐✜❝❛*✐♦♥ ❞❡ ❧❛ ❝♦♥❞✐*✐♦♥ (iii) ♠♦♥*"❡"❛ '✉❡ ((Ar)r≥0, (gr)r≥0) ❡)* ✉♥ λp✲

❝♦✉♣❧❡ ❞❡ ❉✇♦"❦ ❡* ❛✐♥)✐ ❛❝❤6✈❡"❛ ❧❛ ♣"❡✉✈❡ ❞✉ ♣♦✐♥* (i) ❞✉ *❤.♦"6♠❡ ✷ ❞❛♥) ❧❡ ❝❛) ❞✬✉♥❡
✈❛"✐❛❜❧❡✳ ◆♦✉) ❛❧❧♦♥) ♠♦♥*"❡" '✉❡ ❧❛ ❝♦♥❞✐*✐♦♥ (iii) ❡)* ✈."✐✜.❡ ❡♥ ❞❡✉① .*❛♣❡)✱ )❡❧♦♥ '✉❡
vp(m) ≥ λp ♦✉ '✉❡ vp(m) ≤ λp − 1✳ ▲❛ ♣"❡✉✈❡ ❡)* "❡❧❛*✐✈❡♠❡♥* ❧♦♥❣✉❡ ❡* ❞.❝♦♠♣♦).❡ ❡♥
♥♦♠❜"❡✉)❡) .*❛♣❡)✳

▲♦"#$✉❡ vp(m) ≤ λp − 1

◆♦✉) ❞❡✈♦♥) ♠♦♥*"❡" ✐❝✐ '✉❡ )✐ λp ≥ 1 ❡* )✐ vp(m) = k ≤ λp − 1✱ ❛❧♦") ♦♥ ❛

Q(mp)

Q(0) − Q(m)

Q(0) ∈ pk+1g(m)Zp.

❈♦♠♠❡ Q(0) = 1✱ ❝❡❧❛ "❡✈✐❡♥* E ♠♦♥*"❡" '✉❡ ❧✬♦♥ ❛

Q(m)

(Q(mp)

Q(m)
− 1

)

∈ pk+1g(m)Zp. ✭✾✳✵✳✶✮

❖♥ .❝"✐* m = pkm′
✱ ♦K m′ ∈ N ❡* ✭✾✳✵✳✶✮ ❞❡✈✐❡♥*

Q(m)

(Q(m′pk+1)

Q(m′pk)
− 1

)

∈ pk+1g(m)Zp. ✭✾✳✵✳✷✮

❊♥ ❛♣♣❧✐'✉❛♥* ❧❡ ❧❡♠♠❡ ✶✸ ❛✈❡❝ s = k✱ c = 0 ❡* m′
E ❧❛ ♣❧❛❝❡ ❞❡ m✱ ♦♥ ♦❜*✐❡♥*

Q(m′pk+1)

Q(m′pk)
∈ 1 + pk+1Zp

❡* ❞♦♥❝

(Q(m′pk+1)

Q(m′pk)
− 1

)

∈ pk+1Zp.

❉❡ ♣❧✉)✱ ❞✬❛♣"6) ❧❛ ❝♦♥❞✐*✐♦♥ (ii) ❞✉ *❤.♦"6♠❡ ✼✱ ♦♥ ❛ Q(m) ∈ g(m)Zp✱ ❞♦♥❝ ♦♥ ❛ ❜✐❡♥

✭✾✳✵✳✷✮✳

▲♦"#$✉❡ vp(m) ≥ λp

◆♦✉) ❞.♠♦♥*"♦♥) ✐❝✐ ❧❡ ❢❛✐* )✉✐✈❛♥*✳

❙♦✐* p ✉♥ ♥♦♠❜"❡ ♣"❡♠✐❡" ❡* λp ❧✬✉♥✐'✉❡ ❡♥*✐❡" ♥❛*✉"❡❧ *❡❧ '✉❡ pλp < Me,f ≤ pλp+1
✳ 8♦✉"

*♦✉* s ∈ N✱ *♦✉* v ∈ {0, . . . , p− 1}✱ *♦✉* u ∈ {0, . . . , ps − 1} ❡* *♦✉* m ∈ N✱ ♦♥ ❛

Q(v + up+mps+λp+1)

Q(v + up)
− Q(u+mps+λp)

Q(u) ∈ ps+λp+1 g(mpλp)

g(v + up)
Zp. ✭✾✳✵✳✸✮

✽✽



▲✬"#✉❛&✐♦♥ ✭✾✳✵✳✸✮ ❡1& ✈"3✐✜"❡ 1✐ ❡& 1❡✉❧❡♠❡♥& 1✐✱ ♣♦✉3 &♦✉& v ∈ {0, . . . , p − 1}✱ &♦✉&
u ∈ {0, . . . , ps − 1} ❡& &♦✉& m ∈ N✱ ♦♥ ❛

(

1− Q(v + up)

Q(u)
Q(u+mps+λp)

Q(v + up+mps+λp+1)

) Q(v + up+mps+λp+1)

Q(v + up)
∈ ps+λp+1 g(mpλp)

g(v + up)
Zp.

✭✾✳✵✳✹✮

❉❛♥1 ❧❛ 1✉✐&❡✱ ♦♥ ♣♦1❡

Xs(v, u, m) :=
Q(v + up)

Q(u)
Q(u+mps+λp)

Q(v + up+mps+λp+1)
.

❆✐♥1✐✱ ♣♦✉3 ❞"♠♦♥&3❡3 ✭✾✳✵✳✸✮✱ ✐❧ ♥♦✉1 1✉✣& ❞❡ ♠♦♥&3❡3 #✉❡

(Xs(v, u, m)− 1)
Q(v + up+mps+λp+1)

g(mpλp)
∈ ps+λp+1Q(v + up)

g(v + up)
Zp. ✭✾✳✵✳✺✮

❆✜♥ ❞✬❡1&✐♠❡3 ❧❛ ✈❛❧✉❛&✐♦♥ ❞❡ Xs(v, u,m) − 1✱ ♣♦1♦♥1✱ ♣♦✉3 &♦✉& v ∈ {0, . . . , p − 1}✱ &♦✉&
u ∈ {0, . . . , ps − 1} ❡& &♦✉1 s, m ∈ N✱

Ys(v, u,m) :=

∏q2

i=1

∏⌊fiv/p⌋
j=1

(

1 + fimps+λp

fiu+j

)

∏q1

i=1

∏⌊eiv/p⌋
j=1

(

1 + eimps+λp

eiu+j

) .

?♦✉3 s, m ∈ N ❡& a ∈ {0, . . . , ps − 1}✱ ♦♥ ♥♦&❡ ηs(a, m) :=
∑∞

ℓ=s+1∆
({

(a+mps)/pℓ
})

✳ ❖♥

✈❛ "♥♦♥❝❡3 ✉♥ ❝❡3&❛✐♥ ♥♦♠❜3❡ ❞❡ ❧❡♠♠❡1✱ #✉❡ ❧✬♦♥ ❞"♠♦♥&3❡ ❞❛♥1 ❧❛ ♣❛3&✐❡ ✾✳✵✳✷✳

▲❡♠♠❡ ✷✻✳  ♦✉# $♦✉$ v ∈ {0, . . . , p− 1}✱ $♦✉$ u ∈ {0, . . . , ps − 1} ❡$ $♦✉' s, m ∈ N✱ ♦♥ ❛

Xs(v, u, m) ∈ Ys(v, u,m)
(

1 + ps+λp+1Zp

)

❡$

vp(Ys(v, u, m)) = (ηs+λp+1(v + up, 0)− ηs+λp
(u, 0))− (ηs+λp+1(v + up, m)− ηs+λp

(u, m)).

▲❡♠♠❡ ✷✼✳ ❙♦✐$ s ∈ N✱ v ∈ {0, . . . , p−1} ❡$ u ∈ {0, . . . , ps−1}✳ ❙✐ {(v+up)/pj} < 1/Me,f

♣♦✉# ✉♥ j ∈ {1, . . . , s+ λp + 1}✱ ❛❧♦#' Ys(v, u, m) ∈ 1 + ps+λp−j+2Zp✳

▲❡♠♠❡ ✷✽✳  ♦✉# $♦✉$ s ∈ N✱ $♦✉$ a ∈ {0, . . . , ps+1 − 1} ❡$ $♦✉$ m ∈ N✱ ♦♥ ❛

ηs+λp+1(a, m) ≥ µ(mpλp) ✭✾✳✵✳✻✮

❡$

vp

(Q(a+mps+λp+1)

g(mpλp)

)

≥
s+λp+1
∑

ℓ=1

∆

({

a

pℓ

})

. ✭✾✳✵✳✼✮

▲❡♠♠❡ ✷✾✳  ♦✉# $♦✉$ s ∈ N ❡$ $♦✉$ a ∈ {0, . . . , ps+1 − 1}✱ ♦♥ ❛ ✿ ηs+λp+1(a, 0) = 0✱

vp(Q(a)) =
s+λp+1
∑

ℓ=1

∆

({

a

pℓ

})

❡& vp(g(a)) =

s+λp+1
∑

ℓ=1

✶[1/Me,f ,1[

({

a

pℓ

})

.

✽✾



❘❡♠❛$%✉❡✳ ▲❡ ❧❡♠♠❡ ✷✾ &❡♣♦)❡ ❡))❡♥+✐❡❧❧❡♠❡♥+ )✉& ❧✬✐♥/❣❛❧✐+/ Me,f ≤ pλp+1
✳

❆✜♥ ❞❡ ♠♦♥+&❡& ✭✾✳✵✳✺✮✱ ♦♥ ✈❛ ♠❛✐♥+❡♥❛♥+ ❞✐✛/&❡♥❝✐❡& ❞❡✉① ❝❛)✳

✕ ❈❛) ✶ ✿ ❙✉♣♣♦)♦♥) C✉✬✐❧ ❡①✐)+❡ j ∈ {1, . . . , s+ λp + 1} +❡❧ C✉❡
{

v + up

pj

}

<
1

Me,f

. ✭✾✳✵✳✽✮

❙♦✐+ j0 ❧❡ ♣❧✉) ♣❡+✐+ ❞❡) j ∈ {1, . . . , s + λp + 1} ✈/&✐✜❛♥+ ✭✾✳✵✳✽✮✳ ❉✬❛♣&F) ❧❡ ❧❡♠♠❡ ✷✼
❛♣♣❧✐C✉/ ❡♥ j0✱ ♦♥ ♦❜+✐❡♥+ Ys(v, u,m) ∈ 1 + ps+λp−j0+2Zp ❡+ ❞♦♥❝✱ ❞✬❛♣&F) ❧❡ ❧❡♠♠❡ ✷✻✱

vp(Xs(v, u, m)− 1) ≥ s+ λp − j0 + 2.

▼♦♥+&♦♥) C✉✬♦♥ ❛ vp(g(v+ up)) ≥ j0− 1✳ ❙✐ j0 = 1✱ ❝✬❡)+ /✈✐❞❡♥+✳ ❙✐ j0 ≥ 2✱ ❛❧♦&)✱ ♣♦✉&
+♦✉+ ℓ ∈ {1, . . . , j0 − 1}✱ ♦♥ ❛ {(v + up)/pℓ} ≥ 1/Me,f ❡+ ❞♦♥❝

vp(g(v + up)) =
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

v + up

pℓ

})

≥ j0 − 1.

❉✬❛♣&F) ✭✾✳✵✳✼✮✱ ♦♥ ♦❜+✐❡♥+

vp

(

(Xs(v, u, m)− 1)
Q(v + up+mps+λp+1)

g(mpλp)

)

≥ vp(Xs(v, u,m)−1)+
s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

.

❉✬♦K

vp

(

(Xs(v, u, m)− 1)
Q(v + up+mps+λp+1)

g(mpλp)

)

≥ vp(Xs(v, u,m)− 1) + vp(g(v + up)) +

(

s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

− vp(g(v + up))

)

≥ (s+ λp − j0 + 2) + j0 − 1 + vp

(Q(v + up)

g(v + up)

)

✭✾✳✵✳✾✮

≥ s+ λp + 1 + vp

(Q(v + up)

g(v + up)

)

,

♦K ❧✬♦♥ ❛ ✉+✐❧✐)/ ❧✬✐❞❡♥+✐+/ vp(Q(v + up)) =
∑s+λp+1

ℓ=1 ∆({(v + up)/pℓ}) ❞✉ ❧❡♠♠❡ ✷✾ ❞❛♥)
✭✾✳✵✳✾✮✳ ❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ✭✾✳✵✳✺✮ ❞❛♥) ❝❡ ❝❛)✳

✕ ❈❛) ✷ ✿ ❙✉♣♣♦)♦♥) C✉❡✱ ♣♦✉& +♦✉+ j ∈ {1, . . . , s+λp+1}✱ ♦♥ ❛✐+ {(v+up)/pj} ≥ 1/Me,f ✳

❆✐♥)✐✱ ♦♥ ❛ vp(g(v + up)) =
∑∞

ℓ=1 ✶[1/Me,f ,1[({(v + up)/pℓ}) ≥ s+ λp + 1✳
❙✐ vp(Ys(v, u, m)) ≥ 0✱ ❛❧♦&)✱ ❞✬❛♣&F) ❧❡ ❧❡♠♠❡ ✷✻✱ vp(Xs(v, u,m) − 1) ≥ 0 ❡+✱ ❞✬❛♣&F)

✭✾✳✵✳✼✮ ❡+ ❧❡ ❧❡♠♠❡ ✷✾✱ ♦♥ ❛

vp

(Q(v + up+mps+λp+1)

g(mpλp)

)

≥
s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

= vp(g(v + up)) + vp

(Q(v + up)

g(v + up)

)

≥ s+ λp + 1 + vp

(Q(v + up)

g(v + up)

)

.

✾✵



❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ✭✾✳✵✳✺✮✳

❙✉♣♣♦2♦♥2 ♠❛✐♥4❡♥❛♥4 5✉❡ vp(Ys(v, u, m)) < 0✳ ❉❛♥2 ❝❡ ❝❛2✱ ❞✬❛♣9:2 ❧❡ ❧❡♠♠❡ ✷✻✱ ♦♥ ❛

vp(Xs(v, u, m)− 1) = vp(Ys(v, u,m))

= ηs+λp+1(v + up, 0)− ηs+λp
(u, 0)− ηs+λp+1(v + up, m) + ηs+λp

(u, m).

❉✬❛♣9:2 ❧❡ ❧❡♠♠❡ ✷✾✱ ♦♥ ❛ ηs+λp+1(v+up, 0) = 0 ❡4✱ 2✐ s ≥ 1✱ ❛❧♦92 ηs+λp
(u, 0) = 0✳ ❙✐ s = 0✱

❛❧♦92 ♦♥ ❛ u = 0 ❡4 ηλp
(0, 0) = 0✳ ❆✐♥2✐✱ ♣♦✉9 4♦✉4 s ≥ 0✱ ♦♥ ❛

vp(Xs(v, u,m)− 1) = ηs+λp
(u, m)− ηs+λp+1(v + up, m).

❉❡ ♣❧✉2✱

vp(Q(v + up+mps+λp+1)) =
∞
∑

ℓ=1

∆

({

v + up+mps+λp+1

pℓ

})

=

s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+
∞
∑

ℓ=s+λp+2

∆

({

v + up+mps+λp+1

pℓ

})

=

s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+ ηs+λp+1(v + up, m).

❆✐♥2✐✱ ♦♥ ♦❜4✐❡♥4

vp

(

(Xs(v, u, m)− 1)
Q(v + up+mps+λp+1)

g(mpλp)

)

= ηs+λp
(u, m)− ηs+λp+1(v + up, m)

+

s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+ ηs+λp+1(v + up, m)− µ(mpλp)

=

s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

+ ηs+λp
(u, m)− µ(mpλp)

= vp(g(v + up)) + vp

(Q(v + up)

g(v + up)

)

+ ηs+λp
(u, m)− µ(mpλp)

≥ s+ λp + 1 + vp

(Q(v + up)

g(v + up)

)

+ ηs+λp
(u, m)− µ(mpλp).

❙✐ s = 0✱ ❛❧♦92 ♦♥ ❛ u = 0 ❡4

ηλp
(0, m) =

∞
∑

ℓ=λp+1

∆

({

mpλp

pℓ

})

≥
∞
∑

ℓ=λp+1

✶[1/Me,f ,1[

({

mpλp

pℓ

})

= µ(mpλp)

✾✶



❡! ♦♥ ❛ ❜✐❡♥ ✭✾✳✵✳✺✮✳ ❊♥ .❡✈❛♥❝❤❡✱ 3✐ s ≥ 1 ❛❧♦.3✱ ❡♥ ✉!✐❧✐3❛♥! ❧❡ ❧❡♠♠❡ ✷✽ ❛✈❡❝ s − 1 9

❧❛ ♣❧❛❝❡ ❞❡ s ❡! a = u✱ ♦♥ ♦❜!✐❡♥! ηs+λp
(u, m) ≥ µ(mpλp)✱ ❝❡ <✉✐ ❞♦♥♥❡ ❜✐❡♥ ✭✾✳✵✳✺✮✳ ❈❡❝✐

❛❝❤>✈❡ ❧❛ ♣.❡✉✈❡ ❞❡ ❧❛ ❝♦♥❣.✉❡♥❝❡ ✭✾✳✵✳✸✮✱ ♠♦❞✉❧♦ ❝❡❧❧❡3 ❞❡3 ❞✐✈❡.3 ❧❡♠♠❡3✳

❉!♠♦♥%&'❛&✐♦♥ ❞❡% ❧❡♠♠❡% ✷✻✱ ✷✼✱ ✷✽ ❡& ✷✾

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✻✳ ❖♥ ✈❡✉! ♠♦♥!.❡. <✉❡ Xs(v, u, m) ∈ Ys(v, u, m)(1+ps+λp+1Zp)✳
❖♥ ❛

Xs(v, u,m) =
Q(v + up)

Q(up)

Q(up+mps+λp+1)

Q(v + up+mps+λp+1)
· Q(up)

Q(u)
Q(u+mps+λp)

Q(up+mps+λp+1)
. ✭✾✳✵✳✶✵✮

❊♥ ❛♣♣❧✐<✉❛♥! ❧❡ ❧❡♠♠❡ ✶✸ ❛✈❡❝ c = u ❡! s+ λp ♣♦✉. s✱ ♦♥ ♦❜!✐❡♥!

Q(up)

Q(u)
Q(u+mps+λp)

Q(up+mps+λp+1)
∈ 1 + ps+λp+1Zp,

❝❡ <✉✐✱ ❥♦✐♥! 9 ✭✾✳✵✳✶✵✮✱ ❞♦♥♥❡

Xs(v, u, m) ∈ Q(v + up)

Q(up)

Q(up+mps+λp+1)

Q(v + up+mps+λp+1)
(1 + ps+λp+1Zp). ✭✾✳✵✳✶✶✮

❉❡ ♣❧✉3✱ ♦♥ ❛

Q(v + up)

Q(up)
· Q(up+mps+λp+1)

Q(v + up+mps+λp+1)

=

(

∏q1

i=1

∏eiv
k=1(eiup+ k)

)(

∏q2

i=1

∏fiv
k=1(fi(up+mps+λp+1) + k)

)

(

∏q2

i=1

∏fiv
k=1(fiup+ k)

)(

∏q1

i=1

∏eiv
k=1(ei(up+mps+λp+1) + k)

)

=

∏q2

i=1

∏fiv
k=1

(

1 + fimps+λp+1

fiup+k

)

∏q1

i=1

∏eiv
k=1

(

1 + eimps+λp+1

eiup+k

) .

❙✐ d ∈ {e1, . . . , eq1 , f1, . . . , fq2} ❡! k ∈ {1, . . . , dv}✱ ❛❧♦.3 dup+ k ❡3! ❞✐✈✐3✐❜❧❡ ♣❛. p 3✐ ❡!

3❡✉❧❡♠❡♥! 3✬✐❧ ❡①✐3!❡ j ∈ {1, . . . , ⌊dv/p⌋} !❡❧ <✉❡ k = jp✳ ❖♥ ❛ ❞♦♥❝

dv
∏

k=1

(

1 +
dmps+λp+1

dup+ k

)

=

⌊dv/p⌋
∏

j=1

(

1 +
dmps+λp

du+ j

)

(1 +O(ps+λp+1)).

❉✬♦H

Q(v + up)

Q(up)
· Q(up+mps+λp+1)

Q(v + up+mps+λp+1)
=

∏q2

i=1

∏⌊fiv/p⌋
j=1

(

1 + fimps+λp

fiu+j

)

∏q1

i=1

∏⌊eiv/p⌋
j=1

(

1 + eimps+λp

eiu+j

)(1 +O(ps+λp+1))

= Ys(v, u,m)(1 +O(ps+λp+1))

✾✷



❡! ❞♦♥❝ Xs(v, u,m) ∈ Ys(v, u, m)(1 + ps+λp+1Zp)✱ ❝♦♠♠❡ ✈♦✉❧✉✳

❖♥ ✈❛ ♠❛✐♥!❡♥❛♥! ♠♦♥!/❡/ 0✉✬♦♥ ❛ ❜✐❡♥ ❛✉33✐

vp(Ys(v, u,m)) = ηs+λp+1(v + up, 0)− ηs+λp
(u, 0)− (ηs+λp+1(v + up, m)− ηs+λp

(u, m)).

❖♥ ❛ ✈✉ ❝✐✲❞❡33✉3 0✉❡ vp(Ys(v, u, m)) = vp(Xs(v, u,m))✳ ❖/✱ ❞✬❛♣/63 ✭✾✳✵✳✶✶✮✱ ♦♥ ❛ ❛✉33✐

vp(Xs(v, u,m)) = vp

(Q(v + up)

Q(up)
· Q(up+mps+λp+1)

Q(v + up+mps+λp+1)

)

= vp(Q(v + up))− vp(Q(up)) + vp(Q(up+mps+λp+1))

− vp(Q(v + up+mps+λp+1))

=
∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=1

∆

({

up

pℓ

})

+
∞
∑

ℓ=1

∆

({

up+mps+λp+1)

pℓ

})

−
∞
∑

ℓ=1

∆

({

v + up+mps+λp+1

pℓ

})

.

❖♥ ❛

∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=1

∆

({

v + up+mps+λp+1

pℓ

})

=
∞
∑

ℓ=1

∆

({

v + up

pℓ

})

−
s+λp+1
∑

ℓ=1

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=s+λp+2

∆

({

v + up+mps+λp+1

pℓ

})

=
∞
∑

ℓ=s+λp+2

∆

({

v + up

pℓ

})

−
∞
∑

ℓ=s+λp+2

∆

({

v + up+mps+λp+1

pℓ

})

= ηs+λp+1(v + up, 0)− ηs+λp+1(v + up, m),

❡!

∞
∑

ℓ=1

∆

({

up

pℓ

})

−
∞
∑

ℓ=1

∆

({

up+mps+λp+1

pℓ

})

=
∞
∑

ℓ=s+λp+2

∆

({

up

pℓ

})

−
∞
∑

ℓ=s+λp+2

∆

({

up+mps+λp+1

pℓ

})

=
∞
∑

ℓ=s+λp+1

∆

({

u

pℓ

})

−
∞
∑

ℓ=s+λp+1

∆

({

u+mps+λp

pℓ

})

= ηs+λp
(u, 0)− ηs+λp

(u, m).

❉♦♥❝✱ vp(Ys(v, u, m)) = ηs+λp+1(v+up, 0)−ηs+λp
(u, 0)−(ηs+λp+1(v+up, m)−ηs+λp

(u, m))✱
❝❡ 0✉✐ ❛❝❤6✈❡ ❧❛ ♣/❡✉✈❡ ❞✉ ❧❡♠♠❡✳

✾✸



❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✼✳ ❙♦✐# s ∈ N✱ v ∈ {0, . . . , p − 1} ❡# u ∈ {0, . . . , ps − 1}✳ ❙♦✐#
∑∞

k=0 ukp
k
❧❡ ❞)✈❡❧♦♣♣❡♠❡♥# p✲❛❞✐0✉❡ ❞❡ u ❡# L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✳ ❖♥ ❞)✜♥✐#

s+λp+1 ❡♥#✐❡45 ♥❛#✉4❡❧5 ♣❛4 ❧❡5 4❡❧❛#✐♦♥5 bL,0 := ⌊Lv/p⌋ ❡# bL,k+1 := ⌊(Luk+bL,k)/p⌋ ♣♦✉4
k ∈ {0, . . . , s+λp−1}✳ ❖♥ ♥♦#❡✱ ♣♦✉4 #♦✉# x ∈ R✱ ⌈x⌉ ❧✬❡♥#✐❡4 ✐♠♠)❞✐❛#❡♠❡♥# 5✉♣)4✐❡✉4 7 x
❡# ♦♥ ❞)✜♥✐# s+λp+1 ❡♥#✐❡45 ♥❛#✉4❡❧5 ♣❛4 ❧❡5 4❡❧❛#✐♦♥5 aL,0 := 1 ❡# aL,k+1 := ⌈(Luk+aL,k)/p⌉✳
❉❛♥5 ✉♥ ♣4❡♠✐❡4 #❡♠♣5✱ ♥♦✉5 ❛❧❧♦♥5 ♠♦♥#4❡4 ♣❛4 4)❝✉44❡♥❝❡ 5✉4 r 0✉❡ ❧✬❛55❡4#✐♦♥ Ar ✿

⌊Lv/p⌋
∏

n=1

(

1 +
Lmps+λp

Lu+ n

)

=

bL,r
∏

n=aL,r

(

1 +
Lmps+λp−r

L
∑∞

k=r ukpk−r + n

)

(

1 +O(ps+λp−r+1)
)

,

❡5# ✈4❛✐❡ ♣♦✉4 #♦✉# r ∈ {0, . . . , s+ λp}✳
❖♥ ❛ bL,0 = ⌊Lv/p⌋ ❡# aL,0 = 1✱ ❞♦♥❝ A0 ❡5# ✈4❛✐❡✳

❙♦✐# r ≥ 0✳ ❙✉♣♣♦5♦♥5 0✉❡ Ar ❡5# ✈4❛✐❡ ❡# ♠♦♥#4♦♥5 Ar+1✳ ❙✐ n ∈ {aL,r, . . . , bL,r}✱ ❛❧♦45
p ❞✐✈✐5❡ L

∑∞
k=r ukp

k−r+n 5✐ ❡# 5❡✉❧❡♠❡♥# 5✐ p ❞✐✈✐5❡ Lur+n✱ ✐✳❡✳ 5✐ ❡# 5❡✉❧❡♠❡♥# 5✬✐❧ ❡①✐5#❡

i ∈ {⌈(Lur + aL,r)/p⌉, . . . , ⌊(Lur + bL,r)/p⌋} #❡❧ 0✉❡ Lur + n = ip✳ ❖♥ ♦❜#✐❡♥# ❞♦♥❝

bL,r
∏

n=aL,r

(

1 +
Lmps+λp−r

L
∑∞

k=r ukpk−r + n

)

=

bL,r+1
∏

i=aL,r+1

(

1 +
Lmps+λp−r

L
∑∞

k=r+1 ukpk−r + ip

)

(1 +O(ps+λp−r))

=

bL,r+1
∏

i=aL,r+1

(

1 +
Lmps+λp−r−1

L
∑∞

k=r+1 ukpk−r−1 + i

)

(1 +O(ps+λp−r)).

✭✾✳✵✳✶✷✮

❉✬❛♣4C5 Ar ❡# ✭✾✳✵✳✶✷✮✱ ♦♥ ❛ ❜✐❡♥ Ar+1✱ ❝❡ 0✉✐ ❛❝❤C✈❡ ❧❛ 4)❝✉44❡♥❝❡ 5✉4 r✳

❙♦✐# L ∈ {e1, . . . , eq1 , f1, . . . , fq2}✳ ◆♦✉5 ❛❧❧♦♥5 ♠♦♥#4❡4 ♣❛4 4)❝✉44❡♥❝❡ 5✉4 k 0✉❡ ❧✬❛55❡4✲

#✐♦♥ Bk ✿ aL,k ≥ 1 ❡# bL,k ≤ ⌊L{(v + up)/pk+1}⌋ ❡5# ✈4❛✐❡ ♣♦✉4 #♦✉# k ∈ {0, . . . , s+ λp}✳
❖♥ ❛ aL,0 = 1 ❡# bL,0 = ⌊Lv/p⌋ = ⌊L{(v + up)/p}⌋✱ ❞♦♥❝ B0 ❡5# ✈4❛✐❡✳

❙♦✐# k ≥ 0✳ ❙✉♣♣♦5♦♥5 0✉❡ Bk ❡5# ✈4❛✐❡ ❡# ♠♦♥#4♦♥5 Bk+1✳ ❖♥ ❛ aL,k+1 = ⌈(Luk+aL,k)/p⌉
❡# bL,k+1 = ⌊(Luk + bL,k)/p⌋✱ ❞♦♥❝ aL,k+1 ≥ ⌈(Luk + 1)/p⌉ ≥ 1 ❡#

bL,k+1 ≤
⌊

Luk

p
+

L

p

{

v + up

pk+1

}⌋

=

⌊

L

(

ukp
k+1

pk+2
+

v + p
∑k−1

i=0 uip
i

pk+2

)⌋

=

⌊

L

{

v + up

pk+2

}⌋

,

❝❡ 0✉✐ ❛❝❤C✈❡ ❧❛ 4)❝✉44❡♥❝❡ 5✉4 k✳

❙♦✐# j ∈ {1, . . . , s+ λp + 1} #❡❧ 0✉❡ {(v + up)/pj} < 1/Me,f ✳ ❖♥ ♦❜#✐❡♥#✱ ✈✐❛ Bj−1✱ 0✉❡

aL,j−1 ≥ 1 ❡#
bL,j−1 ≤ ⌊L{(v + up)/pj}⌋ ≤ ⌊Me,f{(v + up)/pj}⌋ = 0.

❆✐♥5✐✱ ❞✬❛♣4C5 Aj−1✱ ♦♥ ❛

⌊Lv/p⌋
∏

n=1

(

1 +
Lmps+λp

Lu+ n

)

= 1 +O(ps+λp−j+2)

✾✹



❡! ❞♦♥❝

Ys(v, u, m) =

∏q2

i=1

∏⌊fiv/p⌋
n=1

(

1 + fimps+λp

fiu+n

)

∏q1

i=1

∏⌊eiv/p⌋
n=1

(

1 + eimps+λp

eiu+n

) =
1 +O(ps+λp−j+2)

1 +O(ps+λp−j+2)
= 1 +O(ps+λp−j+2),

❝❡ &✉✐ ❛❝❤+✈❡ ❧❛ ♣/❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✼✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✽✳ ❉❛♥5 ✉♥ ♣/❡♠✐❡/ !❡♠♣5✱ ♥♦✉5 ❛❧❧♦♥5 ♠♦♥!/❡/ &✉✬♦♥ ❛ ❜✐❡♥

✭✾✳✵✳✻✮✳ ➱❝/✐✈♦♥5 m =
∑q

k=0 mkp
k
✱ ♦? mk ∈ {0, . . . , p− 1}✳ ❖♥ ❛

ηs+λp+1(a, m)− µ(mpλp)

=
∞
∑

ℓ=s+λp+2

∆

({

a+mps+λp+1

pℓ

})

−
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

mpλp

pℓ

})

=
∞
∑

ℓ=s+λp+2

(

∆

({

a+mps+λp+1

pℓ

})

− ✶[1/Me,f ,1[

({

mps+λp+1

pℓ

}))

=
∞
∑

ℓ=s+λp+2

(

∆

(

a+
∑ℓ−s−λp−2

k=0 mkp
k+s+λp+1

pℓ

)

− ✶[1/Me,f ,1[

(

∑ℓ−s−λp−2
k=0 mkp

k+s+λp+1

pℓ

))

.

❉❡ ♣❧✉5✱ ♣♦✉/ !♦✉! ℓ ≥ s+ λp + 2✱ ♦♥ ❛

0 ≤
∑ℓ−s−λp−2

k=0 mkp
k+s+λp+1

pℓ
≤ a+

∑ℓ−s−λp−2
k=0 mkp

k+s+λp+1

pℓ
≤ pℓ − 1

pℓ
< 1.

❉♦♥❝

✶[1/Me,f ,1[

(

∑ℓ−s−λp−2
k=0 mkp

k+s+λp+1

pℓ

)

= 1 ⇒ 1 >

∑ℓ−s−λp−2
k=0 mkp

k+s+λp+1

pℓ
≥ 1

Me,f

⇒ 1 >
a+

∑ℓ−s−λp−2
k=0 mkp

k+s+λp+1

pℓ
≥ 1

Me,f

⇒ ∆

(

a+
∑ℓ−s−λp−2

k=0 mkp
k+s+λp+1

pℓ

)

≥ 1

❡! ❞♦♥❝ ηs+λp+1(a, m)− µ(mpλp) ≥ 0✳ ❈❡❝✐ !❡/♠✐♥❡ ❧❛ ♣/❡✉✈❡ ❞❡ ✭✾✳✵✳✻✮✳

✾✺



▼♦♥#$♦♥% ♠❛✐♥#❡♥❛♥# ✭✾✳✵✳✼✮✳ ❖♥ ❛

vp

(Q(a+mps+λp+1)

g(mpλp)

)

=
∞
∑

ℓ=1

∆

({

a+mps+λp+1

pℓ

})

− µ(mpλp)

=

s+λp+1
∑

ℓ=1

∆

({

a

pℓ

})

+
∞
∑

ℓ=s+λp+2

∆

({

a+mps+λp+1

pℓ

})

− µ(mpλp)

=

s+λp+1
∑

ℓ=1

∆

({

a

pℓ

})

+ ηs+λp+1(a, m)− µ(mpλp),

≥
s+λp+1
∑

ℓ=1

∆

({

a

pℓ

})

. ✭✾✳✵✳✶✸✮

♦3 ❞❛♥% ✭✾✳✵✳✶✸✮✱ ♦♥ ❛ ✉#✐❧✐%8 ❧✬✐♥8❣❛❧✐#8 ✭✾✳✵✳✻✮✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✷✾✳ ❖♥ ❛

ηs+λp+1(a, 0) =
∞
∑

ℓ=s+λp+2

∆

({

a

pℓ

})

, vp(Q(a)) =
∞
∑

ℓ=1

∆

({

a

pℓ

})

❡$

vp(g(a)) =
∞
∑

ℓ=1

✶[1/Me,f ,1[

({

a

pℓ

})

.

❖%✱ '✐ ℓ ≥ s+ λp + 2✱ ♦♥ ❛

{

a

pℓ

}

≤ ps+1 − 1

pℓ
<

1

pλp+1
≤ 1

Me,f

,

❝❛% Me,f ≤ pλp+1
✳ ❉♦♥❝ ∆

({

a/pℓ
})

= ✶[1/Me,f ,1[

({

a/pℓ
})

= 0✳ ❉✬♦. ❧❡ %0'✉❧$❛$✳

✾✻



❈❤❛♣✐%&❡ ✶✵

◗✉❡❧-✉❡. &/.✉❧%❛%. .✉♣♣❧/♠❡♥%❛✐&❡.

✶✵✳✶ ❉$♠♦♥()*❛)✐♦♥ ❞✉ ♣♦✐♥) (ii) ❞✉ ❝*✐)1*❡ ❞❡ ▲❛♥❞❛✉

◆♦✉# ❛❧❧♦♥# ♠♦♥()❡) +✉❡ #✬✐❧ ❡①✐#(❡ x ∈ [0, 1]d (❡❧ +✉❡ ∆e,f (x) ≤ −1✱ ❛❧♦)# ✐❧ ♥✬❡①✐#(❡
+✉✬✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ ♣)❡♠✐❡)# p (❡❧# +✉❡ (♦✉# ❧❡# (❡)♠❡# ❞❡ ❧❛ ❢❛♠✐❧❧❡ Qe,f #♦✐❡♥( ❞❛♥# Zp✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ♣♦✐♥& (ii) ❞✉ ❝'✐&.'❡ ❞❡ ▲❛♥❞❛✉✳ ❙♦✐( x0 ∈ [0, 1]d (❡❧ +✉❡ ∆e,f (x0) ≤ −1✳
❊♥ ✉(✐❧✐#❛♥( ❧❡ ❧❡♠♠❡ ✷✸ ❛✈❡❝✱ < ❧❛ ♣❧❛❝❡ ❞❡ u✱ ❧❛ #✉✐(❡ ❝♦♥#(✐(✉=❡ ❞❡# =❧=♠❡♥(# ❞❡ e ❡(
f ✱ ♦♥ ♦❜(✐❡♥( +✉✬✐❧ ❡①✐#(❡ µ > 0 (❡❧ +✉❡✱ ♣♦✉) (♦✉( x ∈ Rd

✈=)✐✜❛♥( 0 ≤ x ≤ µ1✱ ♦♥ ❛

∆e,f (x0 + x) = ∆e,f (x0) ≤ −1✳ ❖♥ ♥♦(❡ U := {x0 + x : 0 ≤ x ≤ µ1} ❞❛♥# ❧❛ #✉✐(❡ ❞❡ ❧❛
❞=♠♦♥#()❛(✐♦♥✳

■❧ ❡①✐#(❡ ✉♥❡ ❝♦♥#(❛♥(❡ N1 (❡❧❧❡ +✉❡✱ ♣♦✉) (♦✉( ♣)❡♠✐❡) p ≥ N1✱ ✐❧ ❡①✐#(❡ np ∈ Nd
(❡❧

+✉❡ np/p ∈ U ✳ ■❧ ❡①✐#(❡ ✉♥❡ ❝♦♥#(❛♥(❡ N2 (❡❧❧❡ +✉❡✱ ♣♦✉) (♦✉( ♣)❡♠✐❡) p ≥ N2 ❡( (♦✉(

d ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ❛ |d|(µ+ 1)/p < 1✳
❆✐♥#✐✱ ♣♦✉) (♦✉( ♥♦♠❜)❡ ♣)❡♠✐❡) p ≥ N := max(N1,N2) ❡( (♦✉( ❡♥(✐❡) ℓ ≥ 2✱ ♦♥ ❛

∆e,f (np/p) ≤ −1 ❡(✱ ❝♦♠♠❡ np/p ∈ U ✱ ♦♥ ❛ np/p ≤ (1 + µ)1 ❡(

np

pℓ
≤ np

p2
≤ µ+ 1

p
1.

❖♥ ♦❜(✐❡♥( +✉❡✱ ♣♦✉) (♦✉( d ∈ {e1, . . . , eq1 , f1, . . . , fq2}✱ ♦♥ ❛

d · np

pℓ
≤ |d|(µ+ 1)

p
< 1,

❝❡ +✉✐ ❞♦♥♥❡ np/p
ℓ ∈ [0, 1[d\De,f ❡( ❞♦♥❝ ∆e,f (np/p

ℓ) = 0✳
❆✐♥#✐✱ ♣♦✉) (♦✉( ♣)❡♠✐❡) p ≥ N ✱ ♦♥ ❛

vp(Qe,f (np)) =
∞
∑

ℓ=1

∆e,f (np/p
ℓ) ≤ −1,

❝❡ +✉✐ ❛❝❤B✈❡ ❧❛ ♣)❡✉✈❡ ❞✉ ❝)✐(B)❡ ❞❡ ▲❛♥❞❛✉✳

✾✼



✶✵✳✷ ❯♥❡ ❝♦♥)*+✉❡♥❝❡ ❞❡) .❤*♦01♠❡) ✶ ❡. ✷

❆❧♠❦✈✐&'✱ ✈❛♥ ❊♥❝❦❡✈♦/'✱ ✈❛♥ ❙'/❛'❡♥ ❡' ❩✉❞✐❧✐♥ ♣/5&❡♥'❡♥' ❞❛♥& ❬✶❪ ✉♥❡ ❧✐&'❡ ❞❡ ♣❧✉& ❞❡

400 59✉❛'✐♦♥& ❞✐✛5/❡♥'✐❡❧❧❡& ❞✬♦/❞/❡ 4 ❞❡ '②♣❡ ❈❛❧❛❜✐✕❨❛✉✳ ❉❛♥& ❧❛ ♣❧✉♣❛/' ❞❡& 59✉❛'✐♦♥&
❝♦♥&✐❞5/5❡&✱ ✐❧& ❞♦♥♥❡♥' ✉♥❡ ❢♦/♠✉❧❡ ❡①♣❧✐❝✐'❡ ♣♦✉/ ❧❛ &♦❧✉'✐♦♥ F ❤♦❧♦♠♦/♣❤❡ ❡♥ 0 ❞❡ '❡/♠❡
❝♦♥&'❛♥' 5❣❛❧ G 1✳ ❯♥❡ ❞❡& ❝♦♥❞✐'✐♦♥& /❡9✉✐&❡& ♣♦✉/ 9✉✬✉♥❡ 59✉❛'✐♦♥ &♦✐' ❞❡ '②♣❡ ❈❛❧❛❜✐✕
❨❛✉ ❡&' 9✉❡ '♦✉& &❡& ❡①♣♦&❛♥'& G ❧✬♦/✐❣✐♥❡ &♦✐❡♥' 5❣❛✉① G 0 ✭✈♦✐/ ❬✶❪✮✳ ❊♥ ♣❛/'✐❝✉❧✐❡/✱ ❞✬❛♣/K&
❧❛ ♣❛/'✐❡ ✹✳✸ ❞❡ ❬✸❪✱ ✐❧ ❡①✐&'❡ ✉♥❡ ✉♥✐9✉❡ &5/✐❡ &❛♥& '❡/♠❡ ❝♦♥&'❛♥' G(z) ∈ C[[z]] '❡❧❧❡ 9✉❡
G(z)+log(z)F (z) &♦✐' ✉♥❡ &♦❧✉'✐♦♥ ❞❡ ❧✬59✉❛'✐♦♥ ❞✐✛5/❡♥'✐❡❧❧❡ ❧✐♥5❛✐/❡♠❡♥' ✐♥❞5♣❡♥❞❛♥'❡ ❞❡
F ✳ ❖♥ ♣❡✉' ❛❧♦/& ❞5✜♥✐/ ❧❡ q✲♣❛/❛♠K'/❡ ❞❡ ❧✬59✉❛'✐♦♥ ✭❞✬❛♣/K& ❬✸❪✮ q(z) := z exp(G(z)/F (z))✳

❉❛♥& ❬✶✼❪✱ ❑/❛''❡♥'❤❛❧❡/ ❡' ❘✐✈♦❛❧ /❡♠❛/9✉❡♥' 9✉❡ 43 59✉❛'✐♦♥& ❞❡ ❧❛ ❧✐&'❡ ❬✶❪ ♦♥' ♣♦✉/
&♦❧✉'✐♦♥ F ✉♥❡ &♣5❝✐❛❧✐&❛'✐♦♥ ❞✬✉♥❡ &5/✐❡ Fe,f (z)✱ ♦T ❧❡& &✉✐'❡& e ❡' f ✈5/✐✜❡♥' ❧❡& ❝♦♥❞✐'✐♦♥&
❞✉ '❤5♦/K♠❡ ❇✳ ❖♥ ❡♥'❡♥❞ ♣❛/ &♣5❝✐❛❧✐&❛'✐♦♥ ❞❡ Fe,f (z) '♦✉'❡ &5/✐❡ ♦❜'❡♥✉❡ ❡♥ /❡♠♣❧❛V❛♥'
❝❤❛9✉❡ zi✱ 1 ≤ i ≤ d✱ ♣❛/ zi = Miz

Ni
✱ ♦T Mi ∈ Z \ {0} ❡' Ni ∈ N✱ Ni ≥ 1✳ ❉✬❛♣/K&

❧❡ '❤5♦/K♠❡ 2 ❞❡ ❬✶✼❪✱ ♦♥ ♦❜'✐❡♥' 9✉❡ ❧❡& ❝♦♦/❞♦♥♥5❡& ❝❛♥♦♥✐9✉❡& ❡' ❧❡& ❛♣♣❧✐❝❛'✐♦♥& ❞❡
'②♣❡ ♠✐/♦✐/ ❛&&♦❝✐5❡& G e ❡' f ♦♥' '♦✉'❡& ❧❡✉/& ❝♦❡✣❝✐❡♥'& ❞❡ ❚❛②❧♦/ ❡♥'✐❡/&✳ ■❧ ❡♥ ❡&'

❞❡ ♠Z♠❡ ♣♦✉/ ❧❡✉/& &♣5❝✐❛❧✐&❛'✐♦♥&✱ ❝❡ 9✉✐ ❞♦♥♥❡ ❧✬✐♥'5❣/❛❧✐'5 ❞❡& ❝♦❡✣❝✐❡♥'& ❞❡ ❚❛②❧♦/

❞❡ ♥♦♠❜/❡✉&❡& ♥♦✉✈❡❧❧❡& ❛♣♣❧✐❝❛'✐♦♥& ❞❡  ②♣❡ ♠✐&♦✐& ❡♥ ✉♥❡ ✈❛/✐❛❜❧❡✳ ❊♥ ♣❛/'✐❝✉❧✐❡/✱ ♦♥

♣❡✉' ♦❜'❡♥✐/ ❧✬✐♥'5❣/❛❧✐'5 ❞❡& ❝♦❡✣❝✐❡♥'& ❞❡ ❚❛②❧♦/ ❞✉ q✲♣❛/❛♠K'/❡ ❛&&♦❝✐5 G ❧✬59✉❛'✐♦♥
❞✐✛5/❡♥'✐❡❧❧❡✳

◆♦✉& ❛✈♦♥& '/♦✉✈5 100 59✉❛'✐♦♥& &✉♣♣❧5♠❡♥'❛✐/❡& ❞❛♥& ❧❛ ❧✐&'❡ ❬✶❪ ❞♦♥' ❧❛ &♦❧✉'✐♦♥ F (z)
❡&' ✉♥❡ &♣5❝✐❛❧✐&❛'✐♦♥ ❞✬✉♥❡ &5/✐❡ Fe,f (z)✳ \❛/♠✐& ❝❡& ♥♦✉✈❡❛✉① ❝❛&✱ 97 ❝♦//❡&♣♦♥❞❡♥' G
❞❡& &✉✐'❡& e ❡' f '❡❧❧❡& 9✉❡ ∆e,f ≥ 1 &✉/ De,f ❡' ❞♦♥❝✱ ❞✬❛♣/K& ❧❡& '❤5♦/K♠❡& ✶ ❡' ✷✱ '❡❧❧❡&

9✉❡ ❧❡& &♣5❝✐❛❧✐&❛'✐♦♥& ❞❡& ❝♦♦/❞♦♥♥5❡& ❝❛♥♦♥✐9✉❡& ❡' ❞❡& ❛♣♣❧✐❝❛'✐♦♥& ❞❡ '②♣❡ ♠✐/♦✐/ &♦♥'

❞❛♥& zZ[[z]]✳ ❊♥ /❡✈❛♥❝❤❡✱ ❧❡& ❝❛& 84✱ 284 ❡' 338 ❝♦//❡&♣♦♥❞❡♥' G ❞❡& &✉✐'❡& e ❡' f '❡❧❧❡&
9✉✬✐❧ ❡①✐&'❡ x ∈ De,f '❡❧ 9✉❡ ∆e,f (x) = 0✱ ♦♥ &❛✐' ❛❧♦/& 9✉✬❛✉ ♠♦✐♥& ✉♥❡ ❞❡& ❝♦♦/❞♦♥♥5❡&
❝❛♥♦♥✐9✉❡& ♥✬❡&' ♣❛& ❞❛♥& zZ[[z]]✳

❆✉ '♦'❛❧ ♦♥ ♦❜'✐❡♥' ❞♦♥❝ 143 59✉❛'✐♦♥& 9✉✐ &♦♥' ❧❡& ❝❛& ✿ 1✕25✱ 29✱ 3∗✱ 4∗∗✱ 10∗∗✱ 13∗∗✱
1̂✕1̂4✱ 30✱ 34✕40✱ 43✕53✱ 55✱ 56✱ 58✕60✱ 62✕91✱ 93✕99✱ 110✕112✱ 116✱ 119✱ 125✕128✱ 130✱ 149✱
180✱ 185✱ 188✱ 190✕192✱ 208✱ 209✱ 212✱ 229✱ 232✱ 233✱ 237✕241✱ 278✱ 284✱ 288✱ 292✱ 307✱ 330✱
337✱ 338✱ 340 ❡' 367✳

❊①♣❧✐❝✐'♦♥& ❧❡ ❝❛& 30 ♣♦✉/ ❧✬❡①❡♠♣❧❡✳ ▲✬♦♣5/❛'❡✉/ ❞✐✛5/❡♥'✐❡❧ ❡&'

L := θ4−24z(4θ+1)(4θ+3)(8θ2+8θ+3)+212z2(4θ+1)(4θ+3)(4θ+5)(4θ+7), ✭✶✵✳✷✳✶✮

♦T θ = z d
dz
✳ ▲❛ ❢♦♥❝'✐♦♥ F ❛♥♥✉❧5❡ ♣❛/ ❝❡' ♦♣5/❛'❡✉/ ❡&'

F (z) =
∞
∑

n=0

zn (4n)!

(n!)2(2n)!

n
∑

k=0

22k

(

2(n− k)

n− k

)2(
2k

k

)

.

❊♥ ♣/❡♥❛♥' e = ((4, 4), (2, 0), (2, 0), (0, 2)) ❡'

f = ((2, 2), (1, 1), (1, 1), (1, 0), (1, 0), (1, 0), (1, 0), (0, 1), (0, 1)),

✾✽



♦♥ ♦❜#✐❡♥# &✉❡ |e| = |f | ❡#

Fe,f (z, 22z) =
∑

k,m≥0

(4k + 4m)!

(2k + 2m)!((k +m)!)2
· ((2k)!)

2

(k!)4
· ((2m)!)

(m!)2
22mzk+m

=
∞
∑

n=0

zn
∑

k+m=n

(4n)!

(2n)!(n!)2
22m

(

2k

k

)2(
2m

m

)

= F (z).

▲❛ *♦❧✉#✐♦♥ F (z) ❡*# ❞♦♥❝ ✉♥❡ *♣/❝✐❛❧✐*❛#✐♦♥ ❞❡ Fe,f (z, w)✳ ◆♦✉* ❛❧❧♦♥* ♠❛✐♥#❡♥❛♥#

♠♦♥#3❡3 &✉❡ ∆e,f ≥ 1 *✉3 De,f ✳

4♦✉3 #♦✉# (x, y) ∈ De,f ✱ ♦♥ ❛

∆e,f (x, y) = ⌊4x+ 4y⌋+ 2⌊2x⌋+ ⌊2y⌋ − ⌊2x+ 2y⌋ − 2⌊x+ y⌋, ✭✶✵✳✷✳✷✮

❝❛3 x ❡# y *♦♥# ❞❛♥* [0, 1[✳ 4❛3 ❞/✜♥✐#✐♦♥ ❞❡ De,f ✱ ❛✉ ♠♦✐♥* ❧✬✉♥❡ ❞❡* ♣❛3#✐❡* ❡♥#✐=3❡* ❞❡

✭✶✵✳✷✳✷✮ ❞♦✐# >#3❡ *✉♣/3✐❡✉3❡ ♦✉ /❣❛❧❡ @ 1✳ ❙✐ 2x + 2y < 1✱ ❛❧♦3* ♦♥ ❛ ❜✐❡♥ ∆e,f (x, y) ≥ 1✳
❙✉♣♣♦*♦♥* &✉❡ 2x+ 2y ≥ 1✳ ❖♥ ❛ ❛❧♦3*

⌊4x+ 4y⌋ ≥ 2⌊2x+ 2y⌋ ≥ 1 + ⌊2x+ 2y⌋,

❞❡ *♦3#❡ &✉❡ *✐ x + y < 1✱ ❛❧♦3* ∆e,f (x, y) ≥ 1✳ ❊♥ 3❡✈❛♥❝❤❡✱ *✐ x + y ≥ 1✱ ❛❧♦3* ⌊2x⌋ ≥ 1
♦✉ ⌊2y⌋ ≥ 1✱ ❡# ❝♦♠♠❡

⌊4x+ 4y⌋ ≥ ⌊2x+ 2y⌋+ 2⌊x+ y⌋,
♦♥ ♦❜#✐❡♥# ❜✐❡♥ &✉❡ ∆e,f (x, y) ≥ 1✳ ❆✐♥*✐✱ ❞✬❛♣3=* ❧❡ #❤/♦3=♠❡ ✶✱ ♦♥ ❛ qe,f,1(z, 4z) ∈ zZ[[z]]
❡# qe,f,2(z, 4z) ∈ 4zZ[[z]]✳ ◆♦✉* ❛❧❧♦♥* ♠❛✐♥#❡♥❛♥# ♠♦♥#3❡3 &✉❡ ❧❡ q✲♣❛3❛♠=#3❡ ❛**♦❝✐/ @

❧✬♦♣/3❛#❡✉3 ✭✶✵✳✷✳✶✮ ❡*# /❣❛❧ @ qe,f,1(z, 4z)✳

◆♦#♦♥* G(z) ❧❛ */3✐❡ *❛♥* #❡3♠❡ ❝♦♥*#❛♥# #❡❧❧❡ &✉❡ G(z) + log(z)F (z) *♦✐# ❛♥♥✉❧/❡ ♣❛3

❧✬♦♣/3❛#❡✉3 ✭✶✵✳✷✳✶✮✳ 4♦✉3 ❞/#❡3♠✐♥❡3 ❧❛ */3✐❡ G(z) ♥♦✉* ✉#✐❧✐*♦♥* ❧❛ ♠/#❤♦❞❡ ❞❡ ❋3♦❜❡♥✐✉*

❡①♣♦*/❡ ❞❛♥* ❬✸✵❪✳

4♦✉3 #♦✉# r ∈ C✱ |r| ≤ 1/4✱ ❡# #♦✉# n ❡# k ❞❛♥* N✱ ♦♥ ♣♦*❡

hn,k(r) := 22k

(

Γ(1 + 2(n+ r − k))

Γ(1 + n+ r − k)2

)2 (
2k

k

)

*✐ r 6= 0,

hn,k(0) := 22k

(

Γ(1 + 2(n− k))

Γ(1 + n− k)2

)2 (
2k

k

)

*✐ k ≤ n

❡# hn,k(0) = 0 *✐ k ≥ n+ 1✳
▲❛ ❢♦♥❝#✐♦♥ Γ ❡*# ♠/3♦♠♦3♣❤❡ *✉3 C \Z≤0 ❡# ❛ ✉♥ ♣N❧❡ *✐♠♣❧❡ ❡♥ ❝❤❛&✉❡ ❡♥#✐❡3 ♥/❣❛#✐❢✳

❆✐♥*✐✱ ❧❡* ❢♦♥❝#✐♦♥* hn,k *♦♥# ❛♥❛❧②#✐&✉❡* ❛✉ ♠♦✐♥* *✉3 {r ∈ C : |r| ≤ 1/4} ❡#✱ ❧♦3*&✉❡

k ≥ n+ 1✱ ❧❡* ❢♦♥❝#✐♦♥* hn,k ♦♥# ✉♥ ③/3♦ ❞✬♦3❞3❡ 2 ❡♥ r = 0✳
4♦✉3 #♦✉# n ∈ N ❡# #♦✉# r ∈ C✱ |r| ≤ 1/4✱ ♦♥ ♣♦*❡

cn(r) :=
Γ(1 + 4n+ 4r)

Γ(1 + n+ r)2Γ(1 + 2n+ 2r)

∞
∑

k=0

hn,k(r).

✾✾



▼♦♥#$♦♥% &✉❡ ❧❛ %+$✐❡ cn(r) ❡%# ❜✐❡♥ ❞+✜♥✐❡✳ ❖♥ $❛♣♣❡❧❧❡ ❧❛ ❢♦$♠✉❧❡ ❞❡% ❝♦♠♣❧+♠❡♥#% ✿
♣♦✉$ #♦✉# z ∈ C \ Z✱ ♦♥ ❛

Γ(1− z)Γ(z) =
π

sin(πz)
. ✭✶✵✳✷✳✸✮

❖♥ ✉#✐❧✐%❡$❛ ❛✉%%✐ ❧❡ ❢❛✐# &✉❡✱ ♣♦✉$ #♦✉# α ∈]0, π[✱ ❧♦$%&✉❡ | arg(z)| < π−α ❡# z →∞✱ ♦♥ ❛
Γ(z) ∼ e−zzz−1/2

√
2π✳ ❊♥ ♣❛$#✐❝✉❧✐❡$✱ ✐❧ ❡①✐%#❡ ✉♥❡ ❝♦♥%#❛♥#❡ K > 0 #❡❧❧❡ &✉❡✱ %✐ ℜ(z) > 0

❡# |z| > K✱ ❛❧♦$%
1

2

∣

∣

∣
e−zzz−1/2

√
2π

∣

∣

∣
≤ |Γ(z)| ≤ 2

∣

∣

∣
e−zzz−1/2

√
2π

∣

∣

∣
. ✭✶✵✳✷✳✹✮

❙♦✐# n ∈ N ✜①+✳ ■❧ ❡①✐%#❡ ✉♥❡ ❝♦♥%#❛♥#❡ K′ > n + 1 #❡❧❧❡ &✉❡✱ ♣♦✉$ #♦✉# k ≥ K′ ❡# #♦✉#
r ∈ C✱ |r| ≤ 1/4✱ ♦♥ ❛ |k− n− r| ≥ K✳ ❆✐♥%✐✱ ♣♦✉$ #♦✉# k ∈ N✱ k ≥ K′ ❡# #♦✉# r ∈ C \ {0}✱
r ≤ 1/4✱ ❞✬❛♣$E% ✶✵✳✷✳✸✱ ♦♥ ❛

Γ(1 + 2(n+ r − k)) =
π

sin(2π(k − n− r))Γ(2(k − n− r))
✭✶✵✳✷✳✺✮

❡#

Γ(1 + n+ r − k) =
π

sin(π(k − n− r))Γ((k − n− r))
. ✭✶✵✳✷✳✻✮

❊♥ ❛♣♣❧✐&✉❛♥# ✭✶✵✳✷✳✹✮ H ✭✶✵✳✷✳✺✮ ❡# ✭✶✵✳✷✳✻✮✱ ♦♥ ♦❜#✐❡♥# $❡%♣❡❝#✐✈❡♠❡♥#

|Γ(1 + 2(n+ r − k))| ≤
∣

∣

∣

∣

∣

√
2πe2(k−n−r)

sin(2πr)(2(k − n− r))2(k−n−r)−1/2

∣

∣

∣

∣

∣

❡#

|Γ(1 + n+ r − k)| ≥
∣

∣

∣

∣

√
πek−n−r

2
√
2 sin(πr)(k − n− r)k−n−r−1/2

∣

∣

∣

∣

.

❆✐♥%✐✱ ♦♥ ❛

∣

∣

∣

∣

Γ(1 + 2(n+ r − k))

Γ(1 + n+ r − k)2

∣

∣

∣

∣

2

≤
∣

∣

∣

∣

25 sin2(πr)

π cos2(πr)24(k−n−r)(k − n− r)

∣

∣

∣

∣

. ✭✶✵✳✷✳✼✮

❉❡ ♣❧✉%✱ ❞✬❛♣$E% ✭✶✵✳✷✳✹✮✱ ♣♦✉$ #♦✉# k ∈ N✱ k ≥ K′✱ ♦♥ ❛
(

2k

k

)

=
2Γ(2k)

kΓ(k)2
≤ 8

22k

√
πk

. ✭✶✵✳✷✳✽✮

❆✐♥%✐✱ ❞✬❛♣$E% ✭✶✵✳✷✳✼✮ ❡# ✭✶✵✳✷✳✽✮✱ ♣♦✉$ #♦✉# r ∈ C✱ |r| ≤ 1/4✱ ❡# #♦✉# k ∈ N✱ k ≥ K′✱ ♦♥ ❛

|hn,k(r)| ≤ 28

∣

∣

∣

∣

∣

16n+r sin2(πr)

cos2(πr)π
3
2 (k − n− r)

√
k

∣

∣

∣

∣

∣

. ✭✶✵✳✷✳✾✮

■❧ ❡①✐%#❡ ✉♥❡ ❝♦♥%#❛♥#❡ C > 0 #❡❧❧❡ &✉❡✱ ♣♦✉$ #♦✉# r ∈ C✱ |r| ≤ 1/4✱ ♦♥ ❛✐# | sin2(πr)/ cos2(πr)| ≤
C✱ |16n+r| ≤ 2 · 16n

❡# |k − n− r| ≥ k − n− 1✳ ❆✐♥%✐✱ ♣♦✉$ #♦✉# r ∈ C✱ |r| ≤ 1/4✱ ❡# #♦✉#
k ∈ N✱ k ≥ K′✱ ♦♥ ❛

|hn,k(r)| ≤ 29 C16n

π
3
2 (k − n− 1)

√
k
.

✶✵✵



❆✐♥#✐ ❧❛ #&'✐❡ cn(r) ❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠&♠❡♥0 #✉' {r ∈ C : |r| ≤ 1/4} ❡0 ❡❧❧❡ ❞&✜♥✐0 ✉♥❡
❢♦♥❝0✐♦♥ ❛♥❛❧②0✐4✉❡✳

◆♦0♦♥# P2(X) := X4
✱ P1(X) := −24(4X + 1)(4X + 3)(8X2 + 8X + 3) ❡0

P0(X) := 212(4X + 1)(4X + 3)(4X + 5)(4X + 7),

❞❡ #♦'0❡ 4✉❡ ❧✬♦♣&'❛0❡✉' ✭✶✵✳✷✳✶✮ #✬&❝'✐✈❡ L = P2(θ) + zP1(θ) + z2P0(θ)✳

❉❛♥# ✉♥ ♣'❡♠✐❡' 0❡♠♣#✱ ♥♦✉# ♠♦♥0'♦♥# 4✉❡✱ ♣♦✉' 0♦✉0 r ∈ C✱ |r| ≤ 1/4✱ ❡0 0♦✉0 n ∈ N✱

♦♥ ❛

P2(n+ r + 2)cn+2(r) + P1(n+ r + 1)cn+1(r) + P0(n+ r)cn(r) = 0. ✭✶✵✳✷✳✶✵✮

❙✐ r = 0✱ ❛❧♦'#✱ ❞✬❛♣'A# ❬✶❪✱ F (z) =
∑∞

n=0 cn(0)z
n
❡#0 ❛♥♥✉❧&❡ ♣❛' L ❞♦♥❝ ♦♥ ❛ ❜✐❡♥

✭✶✵✳✷✳✶✵✮✳ ❙✉♣♣♦#♦♥# 4✉❡ r 6= 0✳ ❆✜♥ ❞❡ ❞&♠♦♥0'❡' ✭✶✵✳✷✳✶✵✮✱ ♦♥ ❛♣♣❧✐4✉❡ ❧❛ ♣'♦❝&❞✉'❡
❩❡✐❧❜❡%❣❡% ❞❡ ▼❛♣❧❡ 12 F ❧❛ #✉✐0❡

(bk(n, r))k≥0 :=

(

Γ(1 + 4n+ 4r)

Γ(1 + n+ r)2Γ(1 + 2n+ 2r)
22k

(

Γ(1 + 2(n+ r − k))

Γ(1 + n+ r − k)2

)2 (
2k

k

)

)

k≥0

.

❈❡00❡ ♣'♦❝&❞✉'❡ ♣'❡♥❞ ❡♥ ❛'❣✉♠❡♥0 ✉♥ 0❡'♠❡ ❤②♣❡'❣&♦♠&0'✐4✉❡ T (n, k) ❡0 '❡♥✈♦✐❡ ✉♥❡ #✉✐0❡
(dk)k≥0 ❡0 ✉♥ ♦♣&'❛0❡✉' R = Pv(n)δ

v + · · ·+P1(n)δ+P0(n) 0❡❧# 4✉❡ RT (n, k) = dk+1−dk✱

♦I Pi(X) ∈ C[[X]] ❡0 δ ❡#0 ❧✬♦♣&'❛0❡✉' ❞❡ ❞&❝❛❧❛❣❡ δT (n, k) = T (n+ 1, k)✳ ❉❛♥# ♥♦0'❡ ❝❛#✱
♦♥ ♦❜0✐❡♥0 ✉♥❡ #✉✐0❡ ❡①♣❧✐❝✐0❡ (dk)k≥0 0❡❧❧❡ 4✉❡✱ ♣♦✉' 0♦✉0 n ❡0 k ❞❛♥# N✱ ♦♥ ❛✐0

P2(n+ r + 2)bk(n+ 2, r) + P1(n+ r + 1)bk(n+ 1, r) + P0(n+ r)bk(n, r) = d(k + 1)− d(k),
✭✶✵✳✷✳✶✶✮

❛✈❡❝ d(0) = 0 ❡0 ✭✈&'✐✜❝❛0✐♦♥ '❛♣✐❞❡✮

d(k) = O

(

k4kΓ(2(n+ r − k) + 1)2

Γ(n+ r − k + 1)4

(

2k

k

))

= O

(

1√
k

)

,

❧♦'#4✉❡ k → +∞✳ ❊♥ #♦♠♠❛♥0 ❧✬✐❞❡♥0✐0& ✭✶✵✳✷✳✶✶✮ ♣♦✉' k ❛❧❧❛♥0 ❞❡ 0 F +∞ ❡0 ❡♥ ✉0✐❧✐#❛♥0

❧❡ ❢❛✐0 4✉❡ d(0) = 0 ❡0 d(k) →
k→+∞

0✱ ♦♥ ♦❜0✐❡♥0 ❜✐❡♥ ✭✶✵✳✷✳✶✵✮✳

❆✐♥#✐✱ ❡♥ ♥♦0❛♥0 F̃ (z, r) :=
∑∞

n=0 cn(r)z
n+r
✱ ♦♥ ❛

LF̃ (z, r) = P2(r)c0(r)z
r +

(

P2(r + 1)c1(r) + P1(r)c0(r)
)

z1+r. ✭✶✵✳✷✳✶✷✮

▼♦♥0'♦♥# 4✉❡

∂
∂r
LF̃ (z, r)

∣

∣

∣

r=0
= 0✳ ▲❛ #&'✐❡ cn(r) ❡#0 ❛♥❛❧②0✐4✉❡ #✉' {r ∈ C : |r| ≤ 1/4}

❡0 #❛ ❞&'✐✈&❡ #✬♦❜0✐❡♥0 ❡♥ ❞&'✐✈❛♥0 0❡'♠❡# F 0❡'♠❡#✳ ▲♦'#4✉❡ k ≥ n+1✱ ❧❡# ❢♦♥❝0✐♦♥# hn,k(r)
#♦♥0 ❛♥❛❧②0✐4✉❡# ❛✉ ✈♦✐#✐♥❛❣❡ ❞❡ 0 ❡0 ♦♥0 ✉♥ ③&'♦ ❞✬♦'❞'❡ 2 ❡♥ 0✳ N♦✉' 0♦✉0 k ≥ n + 1✱ ♦♥
♦❜0✐❡♥0 4✉❡

∂

∂r

(

Γ(1 + 4n+ 4r)

Γ(1 + n+ r)2Γ(1 + 2n+ 2r)

(

Γ(1 + 2(n+ r − k))

Γ(1 + n+ r − k)2

)2
)∣

∣

∣

∣

∣

r=0

= 0.

✶✵✶



❊♥ "❡✈❛♥❝❤❡✱ )✐ m ∈ N✱ m ≥ 1✱ ❛❧♦") ♦♥ ❛ Γ′(m) = Γ(m)(Hm−1 − γ)✱ ♦- γ ❡). ❧❛

❝♦♥).❛♥.❡ ❞✬❊✉❧❡"✳ ❆✐♥)✐✱ ♣♦✉" .♦✉. k ∈ {0, . . . , n}✱ ♦♥ ♦❜.✐❡♥. 6✉❡

∂

∂r

(

Γ(1 + 4n+ 4r)

Γ(1 + n+ r)2Γ(1 + 2n+ 2r)

(

Γ(1 + 2(n+ r − k))

Γ(1 + n+ r − k)2

)2
)∣

∣

∣

∣

∣

r=0

=
Γ(1 + 4n)

Γ(1 + n)2Γ(1 + 2n)

(

Γ(1 + 2(n− k))

Γ(1 + n− k)2

)2

×
(

4H4n − 2Hn − 2H2n + 4H2(n−k) − 4Hn−k

)

.

❆✐♥)✐✱ ♣♦✉" .♦✉. n ∈ N✱ ♦♥ ❛

c′n(0) =
Γ(1 + 4n)

Γ(1 + n)2Γ(1 + 2n)

n
∑

k=0

(

Γ(1 + 2(n− k))

Γ(1 + n− k)2

)2

×
(

4H4n − 2Hn − 2H2n + 4H2(n−k) − 4Hn−k

)

✭✶✵✳✷✳✶✸✮

❊♥ ♣❛".✐❝✉❧✐❡"✱ ♦♥ ♦❜.✐❡♥. 6✉❡

d

dr
(P2(r)c0(r)z

r)

∣

∣

∣

∣

r=0

=
d

dr

(

r4c0(r)z
r
)

∣

∣

∣

∣

r=0

= 0

❡.✱ ✉♥ ❝❛❧❝✉❧ )✐♠♣❧❡ ✈✐❛ ▼❛♣❧❡ 12 ♠♦♥."❡ 6✉❡

d

dr

(

(P2(r + 1)c1(r) + P1(r)c0(r))z
1+r

)

∣

∣

∣

∣

r=0

= 0.

❆✐♥)✐✱ ♦♥ ❛ ❜✐❡♥

∂
∂r

(

LF̃ (z, r)
)∣

∣

∣

r=0
= 0✳

❈♦♠♠❡ ❧❛ )✉✐.❡ (cn(r))n≥0 ✈@"✐✜❡ ❧❛ "@❝✉""❡♥❝❡ ✭✶✵✳✷✳✶✵✮✱ ♦♥ ♣❡✉. ❛♣♣❧✐6✉❡" ❧❛ ♣❛".✐❡

16.2 ❞❡ ❬✸✵❪ ❡. ♦♥ ♦❜.✐❡♥. 6✉✬✐❧ ❡①✐).❡ R > 0 .❡❧ 6✉❡✱ ♣♦✉" .♦✉. r ∈ C✱ |r| ≤ 1/4✱ ❧❛ )@"✐❡
❡♥.✐E"❡ F̃ (z, r) ❞❡ ❧❛ ✈❛"✐❛❜❧❡ z ❛ ✉♥ "❛②♦♥ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❛✉ ♠♦✐♥) @❣❛❧ H R✳ ❉❡ ♣❧✉)✱ )✐
|z| < R✱ ❛❧♦") F (z, r) ❡). ❞@"✐✈❛❜❧❡ ♣❛" "❛♣♣♦". H r ❡.

∂

∂r
F̃ (z, r)

∣

∣

∣

∣

r=0

= log(z)F (z)

+
∞
∑

n=0

zn (4n)!

(n!)2(2n)!

n
∑

k=0

22k

(

2(n− k)

n− k

)2(
2k

k

)

(4H4n − 2Hn − 2H2n + 4H2(n−k) − 4Hn−k).

❈♦♠♠❡ ❧❡) ♦♣@"❛.❡✉")

∂
∂r
❡. L ❝♦♠♠✉.❡♥.✱ ♦♥ ♦❜.✐❡♥. 6✉❡

L ∂

∂r
F̃ (z, r)

∣

∣

∣

∣

r=0

=
∂

∂r
(LF̃ (z, r))

∣

∣

∣

∣

r=0

= 0.

✶✵✷



❆✐♥#✐✱

∂
∂r

F̃ (z, r)
∣

∣

∣

r=0
= Ge,f,1(z, 4z) + log(z)F (z) ❡#& ❛♥♥✉❧*❡ ♣❛, L ❡&✱ ♣❛, ✉♥✐❝✐&* ❞❡ G(z)✱

♦♥ ❛ G(z) = Ge,f,1(z, 4z)✳ ▲❡ q✲♣❛,❛♠4&,❡ ❛##♦❝✐* 5 ❧✬♦♣*,❛&❡✉, ✭✶✵✳✷✳✶✮ ❡#& ❞♦♥❝

q(z) = z exp
(

Ge,f,1(z, 4z)/Fe,f (z, 4z)
)

= qe,f,1(z, 4z) ∈ zZ[[z]].

❉❛♥# ❧❡ ❝❛# 30✱ ❧❡ q✲♣❛,❛♠4&,❡ ❡#& ❞♦♥❝ ❜✐❡♥ ✉♥❡ #♣*❝✐❛❧✐#❛&✐♦♥ ❞✬✉♥❡ ❝♦♦,❞♦♥♥*❡ ❝❛♥♦♥✐>✉❡✳
◆♦✉# ♥✬❛✈♦♥# ♣❛# ✈*,✐✜* ❡♥ ❞*&❛✐❧ ❧❡# 143 ❝❛# ❝✐&*# ♣❧✉# ❤❛✉& ♠❛✐# ✐❧ #❡♠❜❧❡ >✉❡ ❧❛ ♠*&❤♦❞❡
♣,*#❡♥&*❡ ♣♦✉, ❧❡ ❝❛# 30 ♣❡,♠❡&&❡ ❞❡ ♠♦♥&,❡, ❞❛♥# ❞❡ ♥♦♠❜,❡✉① ❝❛# >✉❡ ❧❡ q✲♣❛,❛♠4&,❡
❛##♦❝✐* 5 ❧✬♦♣*,❛&❡✉, ❡#& ✉♥❡ #♣*❝✐❛❧✐#❛&✐♦♥ ❞✬✉♥❡ ❝♦♦,❞♦♥♥*❡ ❝❛♥♦♥✐>✉❡ ❡& ❛ ❞♦♥❝✱ ❧♦,#>✉❡

∆e,f ≥ 1 #✉, De,f ✱ &♦✉# #❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦, ❡♥&✐❡,#✳ ■❧ #❡,❛✐& ✐♥&*,❡##❛♥& ❞✬❛✈♦✐, ✉♥❡

♠*&❤♦❞❡ ♣❧✉# ❣*♥*,❛❧❡ ♣♦✉, ♣,♦✉✈❡, ❝❡❧❛✳

✶✵✳✸ $♦&✐(✐✈✐(* ❞❡& ❝♦❡✣❝✐❡♥(& ❞❡ ❚❛②❧♦4 ❞❡& ❛♣♣❧✐❝❛✲

(✐♦♥& ♠✐4♦✐4

❙♦✐& e ❡& f ❞❡✉① #✉✐&❡# ❞✬❡♥&✐❡,# #&,✐❝&❡♠❡♥& ♣♦#✐&✐❢# ❞✐#❥♦✐♥&❡#✳ ❉✬❛♣,4# ❧❡ &❤*♦,4♠❡ ✶✱
#✐ |e| = |f | ❡& #✐ ∆e,f ≥ 1 #✉, [1/Me,f , 1[✱ ❛❧♦,# ❧❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦, ❞❡ ❧❛ ❝♦♦,❞♦♥♥*❡
❝❛♥♦♥✐>✉❡ qe,f (z) #♦♥& ❡♥&✐❡,#✳ ❯♥❡ >✉❡#&✐♦♥ ♥❛&✉,❡❧❧❡ ❡#& ❛❧♦,# ❞❡ #❡ ❞❡♠❛♥❞❡, #✐ ❝❡# ❝♦❡❢✲
✜❝✐❡♥&# #♦♥& ♣♦#✐&✐❢#✳ ❉❛♥# ❬✶✽❪✱ ❑,❛&&❡♥&❤❛❧❡, ❡& ❘✐✈♦❛❧ ♠♦♥&,❡♥& >✉❡ #✐✱ ❞❡ ♣❧✉#✱ ∆e,f ❡#&

❝,♦✐##❛♥&❡ #✉, [0, 1[✱ ❛❧♦,# ❧❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦, ❞❡ qe,f (z) #♦♥& ♣♦#✐&✐❢#✳ ▲❡ ❜✉& ❞❡ ❝❡&&❡
♣❛,&✐❡ ❡#& ❞❡ ❞*♠♦♥&,❡, ❧❡ &❤*♦,4♠❡ #✉✐✈❛♥& >✉✐ ✐♥❞✐>✉❡ >✉✬✐❧ #✉✣& >✉❡ ∆e,f #♦✐& ♣♦#✐&✐✈❡

#✉, [0, 1] ♣♦✉, ❧❡# ❝♦❡✣❝✐❡♥&# ❞❡ ❚❛②❧♦, ❞❡ qe,f (z) #♦✐❡♥& ♣♦#✐&✐❢#✳

❚❤"♦$%♠❡ ✽✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞✬❡♥#✐❡+( (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ❞✐(❥♦✐♥#❡( #❡❧❧❡( 2✉❡

Qe,f (♦✐# ✉♥❡ (✉✐#❡ 3 #❡+♠❡( ❡♥#✐❡+( ✭❝❡ 2✉✐ 52✉✐✈❛✉# 3 ∆e,f ≥ 0 (✉+ [0, 1]✮✳ ❆❧♦+(✱ ♣♦✉+ #♦✉#
L ∈ N✱ L ≥ 1✱ ❧❡( ❝♦❡✣❝✐❡♥#( ❞❡ ❚❛②❧♦+ ❞❡ qe,f (z) ❡# qL,e,f (z) (♦♥# (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ✭3
❧✬❡①❝❡♣#✐♦♥ ❞✉ #❡+♠❡ ❝♦♥(#❛♥# ❞❡ qe,f (z) 2✉✐ ❡(# ♥✉❧✮✳

R♦✉, ❞*♠♦♥&,❡, ❧❡ &❤*♦,4♠❡ ✽✱ ♥♦✉# #✉✐✈♦♥# ❧❛ ♠*&❤♦❞❡ ✉&✐❧✐#*❡ ♣❛, ❑,❛&&❡♥&❤❛❧❡, ❡&

❘✐✈♦❛❧ ❞❛♥# ❬✶✽❪✳

❙✐ a(z) :=
∑∞

n=0 anz
n ∈ C[[z]] ❛✈❡❝ a0 6= 0✱ ❛❧♦,# a(z) ❡#& ✐♥✈❡,#✐❜❧❡ ❞❛♥# C[[z]] ❡&

♦♥ ♣❡✉& ✈♦✐, â(z) := 1 − 1/a(z) ❝♦♠♠❡ ✉♥❡ #*,✐❡ ❢♦,♠❡❧❧❡✳ ◆♦✉# *♥♦♥S♦♥# &,♦✐# ❧❡♠♠❡#
♣❡,♠❡&&❛♥& ❞❡ ❞*♠♦♥&,❡, ❧❡ &❤*♦,4♠❡ ✽✳

▲❡♠♠❡ ✸✵ ✭▲❡♠♠❡ ✷✳✶ ❞❡ ❬✶✽❪✮✳ ❙♦✐# a(z) =
∑∞

n=0 anz
n
✱ a0 = 1✱ #❡❧❧❡ 2✉❡ ❧❡( ❝♦❡✣✲

❝✐❡♥#( ❞❡ ❚❛②❧♦+ ❞❡ â(z) (♦✐❡♥# ♣♦(✐#✐❢(✳ ❙♦✐# b(z) =
∑∞

n=0 hnanz
n
♦@ (hn)n≥0 ❡(# ✉♥❡ (✉✐#❡

❝+♦✐((❛♥#❡ ❞❡ +5❡❧( ♣♦(✐#✐❢(✳ ❆❧♦+( ❧❡( ❝♦❡✣❝✐❡♥#( ❞❡ ❚❛②❧♦+ ❞❡ b(z)/a(z) (♦♥# ♣♦(✐#✐❢(✳
❙✐✱ ❞❡ ♣❧✉(✱ ❧❡( ❝♦❡✣❝✐❡♥#( ❞❡ ❚❛②❧♦+ ❞❡ a ❡# â (♦♥# (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ✭3 ❧✬❡①❝❡♣#✐♦♥ ❞✉

#❡+♠❡ ❝♦♥(#❛♥# ❞❡ â✮ ❡# (✐ ❧❛ (✉✐#❡ (hn)n≥0 ❡(# (#+✐❝#❡♠❡♥# ❝+♦✐((❛♥#❡✱ ❛❧♦+( ❧❡( ❝♦❡✣❝✐❡♥#(

❞❡ ❚❛②❧♦+ ❞❡ b(z)/a(z) (♦♥# (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢(✱ 3 ❧✬❡①❝❡♣#✐♦♥ ❞✉ #❡+♠❡ ❝♦♥(#❛♥# (✐ h0 = 0✳

▲❡ ❧❡♠♠❡ #✉✐✈❛♥& ❡#& ✉♥❡ ✈❡,#✐♦♥ ♣,*❝✐#*❡ ❞✬✉♥ &❤*♦,4♠❡ ❞❡ ❑❛❧✉③❛ ❬✶✸✱ ❙❛&③ ✸❪✳ ■♥✐&✐❛✲

❧❡♠❡♥&✱ ❧❡ ❙❛&③ ✸ ❞❡ ❬✶✸❪ ♥❡ &,❛✐&❡ ♣❛# ❧❡ ❝❛# ♦V an+1an−1 > a2
n✳

✶✵✸



▲❡♠♠❡ ✸✶ ✭▲❡♠♠❡ ✷✳✷ ❞❡ ❬✶✽❪✮✳ ❙♦✐# a(z) =
∑∞

n=0 anz
n
✱ a0 = 1✱ #❡❧❧❡ '✉❡ a1 > 0 ❡#

an+1an−1 ≥ a2
n ♣♦✉* #♦✉# n ≥ 1✳ ❆❧♦*- ❧❡- ❝♦❡✣❝✐❡♥#- ❞❡ ❚❛②❧♦* ❞❡ â(z) -♦♥# ♣♦-✐#✐❢-✳

❙✐✱ ❞❡ ♣❧✉-✱ ♦♥ ❛ an+1an−1 > a2
n ♣♦✉* #♦✉# n ≥ 1✱ ❛❧♦*- ❧❡- ❝♦❡✣❝✐❡♥#- ❞❡ ❚❛②❧♦* ❞❡ â(z)

-♦♥# -#*✐❝#❡♠❡♥# ♣♦-✐#✐❢- ✭8 ❧✬❡①❝❡♣#✐♦♥ ❞✉ #❡*♠❡ ❝♦♥-#❛♥#✮✳

▲❡ ❧❡♠♠❡ -✉✐✈❛♥3 ❡-3 ✉♥❡ ❛❞❛♣3❛3✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✸ ❞❡ ❬✶✽❪✳

▲❡♠♠❡ ✸✷✳ ❙♦✐# e ❡# f ❞❡✉① -✉✐#❡- ❞✬❡♥#✐❡*- -#*✐❝#❡♠❡♥# ♣♦-✐#✐❢- ❞✐-❥♦✐♥#❡- #❡❧❧❡- '✉❡ Qe,f

-♦✐# ✉♥❡ -✉✐#❡ 8 #❡*♠❡- ❡♥#✐❡*- ✭❝❡ '✉✐ ='✉✐✈❛✉# 8 ∆e,f ≥ 0 -✉* [0, 1]✮✳ ❆❧♦*-✱ ♣♦✉* #♦✉#

n ∈ N✱ n ≥ 1✱ ♦♥ ❛

Qe,f (n+ 1)Qe,f (n− 1) > Qe,f (n)
2.

❉❡ ♣❧✉-✱ ❧❛ -✉✐#❡ (
∑q1

i=1 eiHein −
∑q2

i=1 fiHfin)n≥0 ❡-# -#*✐❝#❡♠❡♥# ❝*♦✐--❛♥#❡✳

❉=♠♦♥-#*❛#✐♦♥ ❞✉ ❧❡♠♠❡ ✸✷✳ ❙♦✐3 A ❧✬❡♥-❡♠❜❧❡ ❞❡- 3❡:♠❡- ❞❡- -✉✐3❡- e ❡3 f ✳ ❖♥ ♥♦3❡

γ1 < · · · < γt = 1 ❧❡- :❛3✐♦♥♥❡❧- <✉✐ ✈=:✐✜❡♥3 {γ1, . . . , γt} =
⋃

a∈A{ 1
a
, 2

a
, . . . , a−1

a
, 1} ❡3

mi ∈ Z ❧✬❛♠♣❧✐3✉❞❡ ❞✉ -❛✉3 ❞❡ ∆e,f ❡♥ γi✳ ?♦✉: 3♦✉3 n ∈ N✱ n ≥ 1✱ ♦♥ ❛

Qe,f (n+ 1)

Qe,f (1)Qe,f (n)
=

1

Qe,f (1)
·
∏q1

i=1

∏ei

k=1(ein+ k)
∏q2

i=1

∏fi

k=1(fin+ k)

=

∏q1

i=1

∏ei

k=1(1 + nei/k)
∏q2

i=1

∏fi

k=1(1 + nfi/k)

=
t

∏

k=1

(

1 +
n

γk

)mk

.

❆✐♥-✐✱ ♣♦✉: 3♦✉3 n ∈ N✱ n ≥ 1✱ ♦♥ ♦❜3✐❡♥3 <✉❡

Qe,f (n+ 1)Qe,f (n− 1)

Qe,f (n)2
=

t
∏

k=1

(

1 + n/γk

1 + (n− 1)/γk

)mk

=
t

∏

k=1

(

1 +
1

γk + n− 1

)mk

> 1,

♦B ❧❛ ❞❡:♥✐C:❡ =❣❛❧✐3= ❡-3 ♦❜3❡♥✉❡ ❡♥ ❛♣♣❧✐<✉❛♥3 ❧❡ ❧❡♠♠❡ ✷✹ ❛✈❡❝ n− 1 G ❧❛ ♣❧❛❝❡ ❞❡ b ❡3

t G ❧❛ ♣❧❛❝❡ ❞❡ i0 ❝❛: ∆e,f ❡-3 ♣♦-✐3✐✈❡ -✉: [γ1, γt] ⊂ [0, 1]✳

■❧ ♥♦✉- :❡-3❡ G ♠♦♥3:❡: <✉❡ (
∑q1

i=1 eiHein −
∑q2

i=1 fiHfin)n≥0 ❡-3 ✉♥❡ -✉✐3❡ -3:✐❝3❡♠❡♥3

❝:♦✐--❛♥3❡✳

?♦✉: 3♦✉3 n ∈ N✱ ♦♥ ❛

q1
∑

i=1

eiHein −
q2
∑

i=1

fiHfin =

q1
∑

i=1

n−1
∑

ℓ=0

ei
∑

k=1

ei

ℓei + k
−

q2
∑

i=1

n−1
∑

ℓ=0

fi
∑

k=1

fi

ℓfi + k

=

q1
∑

i=1

n−1
∑

ℓ=0

ei
∑

k=1

1

ℓ+ k/ei

−
q2
∑

i=1

n−1
∑

ℓ=0

fi
∑

k=1

1

ℓ+ k/fi

=
n−1
∑

ℓ=0

t
∑

k=1

mk

ℓ+ γk

.

✶✵✹



❖!✱ ❡♥ ❛♣♣❧✐)✉❛♥+ ❧❡ ❧❡♠♠❡ ✷✹ ❛✈❡❝ ℓ 1 ❧❛ ♣❧❛❝❡ ❞❡ b✱ ♦♥ ♦❜+✐❡♥+ )✉❡✱ ♣♦✉! +♦✉+ ℓ ∈ N✱

♦♥ ❛

∑t
k=1

mk

ℓ+γk
> 0✳ ❈❡❝✐ ❛❝❤8✈❡ ❧❛ ♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✸✷✳

❊♥ ❛♣♣❧✐)✉❛♥+ ❧❡; ❧❡♠♠❡; ✸✶ ❡+ ✸✷✱ ♦♥ ♦❜+✐❡♥+ ❧❡ ❝♦!♦❧❧❛✐!❡ ;✉✐✈❛♥+

❈♦"♦❧❧❛✐"❡ ✺✳ ❙♦✐# e ❡# f ❞❡✉① (✉✐#❡( ❞✬❡♥#✐❡+( (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ❞✐(❥♦✐♥#❡( #❡❧❧❡( 2✉❡ Qe,f

(♦✐# ✉♥❡ (✉✐#❡ 3 #❡+♠❡( ❡♥#✐❡+( ✭❝❡ 2✉✐ 52✉✐✈❛✉# 3 ∆e,f ≥ 0 (✉+ [0, 1]✮✳ ❆❧♦+( ❧❡( ❝♦❡✣❝✐❡♥#(

❞❡ ❚❛②❧♦+ ❞❡ F̂e,f (z) (♦♥# (#+✐❝#❡♠❡♥# ♣♦(✐#✐❢( ✭3 ❧✬❡①❝❡♣#✐♦♥ ❞✉ #❡+♠❡ ❝♦♥(#❛♥#✮✳

▲❡ ❝♦!♦❧❧❛✐!❡ ✺ ❡+ ❧❡ ❧❡♠♠❡ ✸✷ ♠♦♥+!❡♥+ )✉❡ ❧✬♦♥ ♣❡✉+ ❛♣♣❧✐)✉❡! ❧❡ ❧❡♠♠❡ ✸✵ ❛✈❡❝

Fe,f (z) 1 ❧❛ ♣❧❛❝❡ ❞❡ a(z) ❡+ Ge,f (z) 1 ❧❛ ♣❧❛❝❡ ❞❡ b(z)✳ ❖♥ ♦❜+✐❡♥+ ❞♦♥❝ )✉❡ ❧❡; ❝♦❡✣❝✐❡♥+;
❞❡ ❚❛②❧♦! ❞❡ Ge,f (z)/Fe,f (z) ;♦♥+ ;+!✐❝+❡♠❡♥+ ♣♦;✐+✐❢; 1 ❧✬❡①❝❡♣+✐♦♥ ❞✉ +❡!♠❡ ❝♦♥;+❛♥+✳ ❊♥
♣❛!+✐❝✉❧✐❡!✱ ❧❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦! ❞❡ qe,f (z) = z exp(Ge,f (z)/Fe,f (z)) ;♦♥+ ;+!✐❝+❡♠❡♥+
♣♦;✐+✐❢;✱ 1 ❧✬❡①❝❡♣+✐♦♥ ❞✉ +❡!♠❡ ❝♦♥;+❛♥+✳

❉❡ ♣❧✉;✱ ♣♦✉! +♦✉+ L ∈ N✱ L ≥ 1✱ ❧❛ ;✉✐+❡ (HLn)n≥0 ❡;+ ;+!✐❝+❡♠❡♥+ ❝!♦✐;;❛♥+❡✳ ❆✐♥;✐✱

❡♥ ❛♣♣❧✐)✉❛♥+ ❧❡ ❝♦!♦❧❧❛✐!❡ ✺ ❡+ ❧❡ ❧❡♠♠❡ ✸✵✱ ♦♥ ♦❜+✐❡♥+ ❜✐❡♥ )✉❡ ❧❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦!

❞❡ qL,e,f (z) := exp(GL,e,f (z)/Fe,f (z)) ;♦♥+ ;+!✐❝+❡♠❡♥+ ♣♦;✐+✐❢;✳ ▲❡ +❤H♦!8♠❡ ✽ ❡;+ ❞♦♥❝
❞H♠♦♥+!H✳

❉❛♥; ❬✶✽❪✱ ❑!❛++❡♥+❤❛❧❡! ❡+ ❘✐✈♦❛❧ ✉+✐❧✐;❡♥+ ❧❛ ♣♦;✐+✐✈✐+H ❞❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦! ❞❡

qe,f (z) ♣♦✉! H+✉❞✐❡! ❧❡; ♣!♦♣!✐H+H; ❛♥❛❧②+✐)✉❡;✱ +❡❧❧❡; )✉❡ ❧❡ !❛②♦♥ ❞❡ ❝♦♥✈❡!❣❡♥❝❡✱ ❞❡; ;H!✐❡;
qe,f (z) ❡+ ze,f (z) ❧♦!;)✉❡ ∆e,f ❡;+ ❝!♦✐;;❛♥+❡ ;✉! [0, 1[ ❡+ |e| = |f |✳ ▲❡ +❤H♦!8♠❡ ✽ ♣♦✉!!❛✐+
H✈❡♥+✉❡❧❧❡♠❡♥+ ♣❡!♠❡++!❡ ❞✬❛♣♣❧✐)✉❡! ❧❡✉! ♠H+❤♦❞❡ 1 ❞❡; ;✉✐+❡; e ❡+ f ❞✬✉♥❡ ❢♦!♠❡ ♣❧✉;
❣H♥H!❛❧❡✳

✶✵✳✹ ❯♥❡ ❣(♥()❛❧✐-❛.✐♦♥ ♣♦--✐❜❧❡

▲❛ ❢♦♥❝+✐♦♥ ∆e,f ♣❡!♠❡+ ❞❡ ❝❛❧❝✉❧❡! ❧❛ ✈❛❧✉❛+✐♦♥ p✲❛❞✐)✉❡ ❞❡; +❡!♠❡; ❞✬✉♥❡ ;✉✐+❡

Pα,β(n) = Cn
α,β

(α1)n · · · (αr)n
(β1)n · · · (βs)n

,

♦P α ❡+ β ;♦♥+ ❞❡✉① ;✉✐+❡; R✲♣❛!+✐+✐♦♥♥H❡;✳ ❖♥ ❛ ❛❧♦!;

vp

(

Pα,β(n)
)

=
∞
∑

ℓ=1

∆e,f

(

n

pℓ

)

. ✭✶✵✳✹✳✶✮

❉✬❛♣!8; ❧❡ +❤H♦!8♠❡ ✶✱ ❧❡ ❣!❛♣❤❡ ❞❡ ❧❛ ❢♦♥❝+✐♦♥ ∆e,f ;✉! [0, 1] ♣❡!♠❡+ ❞❡ ❝❛!❛+H!✐;❡! ❧✬✐♥+H✲
❣!❛❧✐+H ❞❡; ❝♦❡✣❝✐❡♥+; ❞❡ ❚❛②❧♦! 1 ❧✬♦!✐❣✐♥❡ ❞❡ ❧❛ ❝♦♦!❞♦♥♥H❡ ❝❛♥♦♥✐)✉❡ qe,f (z)✳
❉❛♥; ❬✻❪✱ ❈❤!✐;+♦❧ ✐♥+!♦❞✉✐+ ❞❡; ❢♦♥❝+✐♦♥; δ ♣❡!♠❡++❛♥+ ❞❡ ❝❛❧❝✉❧❡! ❧❛ ✈❛❧✉❛+✐♦♥ p✲❛❞✐)✉❡

❞❡ ;②♠❜♦❧❡; ❞❡ T♦❝❝❤❛♠♠❡! (a)n ♦P a ∈ Zp \ (−N) ✿

vp

(

(a)n
)

=
∞
∑

ℓ=1

δ(a, pℓ, n).

✶✵✺



❆✐♥#✐✱ ❧❡# ❢♦♥❝*✐♦♥# δ ♣❡,♠❡**❡♥* ❞❡ ❝❛❧❝✉❧❡, ❧❛ ✈❛❧✉❛*✐♦♥ p✲❛❞✐3✉❡ ❞❡ Pα,β ❞✬✉♥❡ ♠❛♥✐5,❡

❛♥❛❧♦❣✉❡ 7 ✭✶✵✳✹✳✶✮✳ ➱*❛♥* ❞♦♥♥?❡ ✉♥❡ #?,✐❡ ❤②♣❡,❣?♦♠?*,✐3✉❡

rFs

(

α1, . . . , αr

β1, . . . , βs
;Cz

)

=
∞
∑

n=0

Cn (α1)n · · · (αr)n
(β1)n · · · (βs)n

zn

n!
,

♦B ❧❡# #✉✐*❡# α ❡* β ♥❡ #♦♥* ♣❛# ❢♦,❝?♠❡♥* R✲♣❛,*✐*✐♦♥♥?❡#✱ ♦♥ *,♦✉✈❡✱ ❞❛♥# ❝❡,*❛✐♥# ❝❛#✱
✉♥❡ ❞❡✉①✐5♠❡ #♦❧✉*✐♦♥ G(z)+ log(z)rFs(z) ❞❡ ❧✬?3✉❛*✐♦♥ ❞✐✛?,❡♥*✐❡❧❧❡ ♠✐♥✐♠❛❧❡ ✈?,✐✜?❡ ♣❛,

rFs✳ ■❧ #❡,❛✐* ✐♥*?,❡##❛♥* ❞❡ #❛✈♦✐, #✐ ❧✬✐♥*?❣,❛❧✐*? ❞❡# ❝♦❡✣❝✐❡♥*# ❞❡ ❚❛②❧♦, 7 ❧✬♦,✐❣✐♥❡ ❞❡

q(z) := z exp(G(z)/rFs(z)) ♣❡✉* I*,❡ ❝❛,❛❝*?,✐#?❡ ♣❛, ✉♥❡ ♣,♦♣,✐?*? ❛♥❛❧②*✐3✉❡ ?❧?♠❡♥*❛✐,❡
❞❡# ❢♦♥❝*✐♦♥# δ✱ ❝❡ 3✉✐ ♣❡,♠❡**,❛✐* ❞❡ ♣,♦✉✈❡, ❧✬✐♥*?❣,❛❧✐*? ❞❡# ❝♦❡✣❝✐❡♥*# ❞❡ ❚❛②❧♦, ❞❡
♥♦✉✈❡❧❧❡# ❛♣♣❧✐❝❛*✐♦♥# ♠✐,♦✐, ❡♥ ✉♥❡ ✈❛,✐❛❜❧❡✳

✶✵✻
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❡-✉❛.✐♦♥%✱ ♣5❡♣5✐♥, ✭✷✵✶✵✮✱ ❛5❳✐✈ ✿♠❛,❤✴✵✺✵✼✹✸✵✈✷ ❬♠❛,❤✳❆●❪✳

❬✷❪ ❨✳ ❆♥❞5J✱ G✲❢♦♥❝.✐♦♥% ❡. .2❛♥%❝❡♥❞❛♥❝❡✱ ❏✳ 5❡✐♥❡ ❛♥❣❡✇✳ ▼❛,❤✳ ✹✼✻ ✭✶✾✾✻✮✱ ✾✺✕✶✷✺✳

❬✸❪ ❱✳ ❱✳ ❇❛,②5❡✈✱ ❉✳ ✈❛♥ ❙,5❛,❡♥✱ ●❡♥❡2❛❧✐③❡❞ ❍②♣❡2❣❡♦♠❡.2✐❝ ❋✉♥❝.✐♦♥% ❛♥❞ ❘❛.✐♦♥❛❧

❈✉2✈❡% ♦♥ ❈❛❧❛❜✐✲❨❛✉ ❈♦♠♣❧❡.❡ ■♥.❡2%❡❝.✐♦♥% ✐♥ ❚♦2✐❝ ❱❛2✐❡.✐❡% ✱ ❈♦♠♠✉♥ ▼❛,❤✳ U❤②+✳

✶✻✽ ✭✶✾✾✺✮✱ ✹✾✸✕✺✸✸✳

❬✹❪ ❏✳ ❲✳ ❇♦❜❡5✱ ❋❛❝.♦2✐❛❧ 2❛.✐♦%✱ ❤②♣❡2❣❡♦♠❡.2✐❝ %❡2✐❡%✱ ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ %.❡♣ ❢✉♥❝.✐♦♥% ✱

❏♦✉5♥❛❧ ♦❢ ,❤❡ ▲♦♥❞♦♥ ▼❛,❤❡♠❛,✐❝❛❧ ❙♦❝✐❡,② ✭✷✮ ✼✾ ✭✷✵✵✾✮✱ ✹✷✷✕✹✹✹✳

❬✺❪ U✳ ❈❛♥❞❡❧❛+✱ ❳✳ ❈✳ ❞❡ ❧❛ ❖++❛✱ U✳ ❙✳ ●5❡❡♥✱ ▲✳ U❛5❦❡+✱ ❆ ♣❛✐2 ♦❢ ❈❛❧❛❜✐✲❨❛✉ ♠❛♥✐❢♦❧❞%

❛% ❛♥ ❡①❛❝.❧② %♦❧✉❜❧❡ %✉♣❡2❝♦♥❢♦2♠❛❧ .❤❡♦2②✱ ◆✉❝❧❡❛5 U❤②+✳ ❇ ✸✺✾ ✭✶✾✾✶✮✱ ♥♦✳ ✶✱ ✷✶✕✼✹✳

❬✻❪ ●✳ ❈❤5✐+,♦❧✱ ❋♦♥❝.✐♦♥% ❤②♣❡2❣D♦♠D.2✐-✉❡% ❜♦2♥D❡%✱ ●5♦✉♣❡ ❞❡ ,5❛✈❛✐❧ ❞✬❛♥❛❧②+❡ ✉❧,5❛✲

♠J,5✐]✉❡✱ ,♦♠❡ ✶✹ ✭✶✾✽✻✕✶✾✽✼✮✱ ❡①♣✳ ♥➦✽✱ ♣✳ ✶✕✶✻✳

❬✼❪ ❊✳ ❉❡❧❛②❣✉❡✱ ❈2✐.E2❡ ♣♦✉2 ❧✬✐♥.D❣2❛❧✐.D ❞❡% ❝♦❡✣❝✐❡♥.% ❞❡ ❚❛②❧♦2 ❞❡% ❛♣♣❧✐❝❛✲

.✐♦♥% ♠✐2♦✐2✱ ❏✳ ❘❡✐♥❡ ❆♥❣❡✇✳ ▼❛,❤✳ ✭b ♣❛5❛c,5❡✮✱ ♣✉❜❧✐J ❡♥ ❧✐❣♥❡ b ❧✬❛❞5❡++❡

❤,,♣ ✿✴✴❞①✳❞♦✐✳♦5❣✴✶✵✳✶✺✶✺✴❈❘❊▲▲❊✳✷✵✶✶✳✵✾✹

❬✽❪ ❊✳ ❉❡❧❛②❣✉❡✱ ■♥.D❣2❛❧✐.D ❞❡% ❝♦❡✣❝✐❡♥.% ❞❡ ❚❛②❧♦2 ❞❡ 2❛❝✐♥❡% ❞✬❛♣♣❧✐❝❛.✐♦♥% ♠✐2♦✐2 ✱ ♣5J✲

♣✉❜❧✐❝❛,✐♦♥ ✭✷✵✶✵✮✱ ✶✹ ♣❛❣❡+✱ ❛5❳✐✈ ✿✶✵✶✷✳✷✸✸✶✈✶ ❬♠❛,❤✳◆❚❪✳

❬✾❪ ❊✳ ❉❡❧❛②❣✉❡✱ ❈2✐.❡2✐♦♥ ❢♦2 .❤❡ ✐♥.❡❣2❛❧✐.② ♦❢ .❤❡ ❚❛②❧♦2 ❝♦❡✣❝✐❡♥.% ♦❢ ♠✐22♦2 ♠❛♣% ✐♥

%❡✈❡2❛❧ ✈❛2✐❛❜❧❡%✱ ♣5❡♣5✐♥, ✭✷✵✶✶✮✱ ❛5❳✐✈ ✿✶✶✵✽✳✹✸✺✷✈✶ ❬♠❛,❤✳◆❚❪✳

❬✶✵❪ ❇✳ ❉✇♦5❦✱ ❖♥ p✲❛❞✐❝ ❞✐✛❡2❡♥.✐❛❧ ❡-✉❛.✐♦♥% ■❱ ✿ ❣❡♥❡2❛❧✐③❡❞ ❤②♣❡2❣❡♦♠❡.2✐❝ ❢✉♥❝.✐♦♥%

❛% p✲❛❞✐❝ ❢✉♥❝.✐♦♥% ✐♥ ♦♥❡ ✈❛2✐❛❜❧❡✱ ❆♥♥❛❧❡+ +❝✐❡♥,✐✜]✉❡+ ❞❡ ❧✬❊✳ ◆✳ ❙✳ 4e
+J5✐❡✱ ,♦♠❡ ✻✱

♥✉♠J5♦ ✸ ✭✶✾✼✸✮✱ ♣✳ ✷✾✺✲✸✶✻✳

❬✶✶❪ ❇✳ ❉✇♦5❦✱ p✲❛❞✐❝ ❝②❝❧❡%✱ U✉❜❧✐❝❛,✐♦♥+ ♠❛,❤J♠❛,✐]✉❡+ ❞❡ ❧✬■✳ ❍✳ ➱✳ ❙✳✱ ,♦♠❡ ✸✼ ✭✶✾✻✾✮✱

♣✳ ✷✼✕✶✶✺✳

❬✶✷❪ ◆✳ ❍❡♥✐♥❣❡5✱ ❊✳ ▼✳ ❘❛✐♥+✱ ❛♥❞ ◆✳ ❏✳ ❆✳ ❙❧♦❛♥❡✱ ❖♥ .❤❡ ✐♥.❡❣2❛❧✐.② ♦❢ ♥.❤ 2♦♦.% ♦❢

❣❡♥❡2❛.✐♥❣ ❢✉♥❝.✐♦♥%✱ ❏✳ ❈♦♠❜✐♥✳ ❚❤❡♦5② ❙❡5✳ ❆ ✶✶✸ ✭✷✵✵✻✮✱ ✶✼✸✷✕✶✼✹✺✳ ▼❘ ✷✷✻✾✺✺✶

❬✶✸❪ ❚✳ ❑❛❧✉③❛✱ K❜❡2 ❞✐❡ ❑♦❡✣③✐❡♥.❡♥ 2❡③✐♣2♦❦❡2 N♦.❡♥③2❡✐❤❡♥✱ ▼❛,❤✳ ❩✳ ✷✽ ✭✶✾✷✽✮✱ ✶✻✶✕

✶✼✵✳

❬✶✹❪ ◆✳ ❑♦❜❧✐③✱ p✲❆❞✐❝ ◆✉♠❜❡2%✱ p✲❆❞✐❝ ❆♥❛❧②%✐%✱ ❛♥❞ ❩❡.❛✲❢✉♥❝.✐♦♥%✱ ❙♣5✐♥❣❡5✲❱❡5❧❛❣✱ ❍❡✐✲

❞❡❧❜❡5❣✱ ✶✾✼✼✳

✶✵✼
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♠❛♣0✱ ❉✉❦❡ ▼❛)❤✳ ❏✳ ✶✺✶ ✭✷✵✶✵✮✱ ✶✼✺✕✷✶✽✳
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♠❛♣0✱ ■■✱ ❈♦♠♠✉♥✳ ◆✉♠❜❡' ❚❤❡♦'② E❤②F✳ G ♣❛'❛I)'❡✳ ♣'❡♣'✐♥)✱ ❛'❳✐✈ ✿✵✾✵✼✳✷✺✼✽✈✶

❬♠❛)❤✳◆❚❪
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❘!"✉♠!✳ ◆♦✉# ❞♦♥♥♦♥# ✉♥❡ ❝♦♥❞✐)✐♦♥ ♥*❝❡##❛✐,❡ ❡) #✉✣#❛♥)❡ ♣♦✉, /✉❡ ❧❡# ❝♦❡✣❝✐❡♥)#

❞❡ ❚❛②❧♦, 3 ❧✬♦,✐❣✐♥❡ ❞❡ #*,✐❡# ❡♥ ♣❧✉#✐❡✉,# ✈❛,✐❛❜❧❡# qi(z) = zi exp(Gi(z)/F (z)) #♦✐❡♥)
❡♥)✐❡,#✱ ❛✈❡❝ z = (z1, . . . , zd) ❡) ♦9 F (z) ❡) Gi(z) + log(zi)F (z)✱ i = 1, . . . , d✱ #♦♥) ❞❡#
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❛✉① #✉✐)❡# ❞❡ /✉♦)✐❡♥)# ❞❡ ❢❛❝)♦,✐❡❧❧❡# ❞❡ ❢♦,♠❡# ❧✐♥*❛✐,❡#✮✳ E♦✉, ❞*♠♦♥),❡, ❝❡ ❝,✐):,❡✱

♥♦✉# ❣*♥*,❛❧✐#♦♥# ❡♥),❡ ❛✉),❡# ✉♥❡ ✈❡,#✐♦♥ ❡♥ ♣❧✉#✐❡✉,# ✈❛,✐❛❜❧❡# ❞✬✉♥ )❤*♦,:♠❡ ❞❡ ❉✇♦,❦
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