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Abstract. We define discrete differential operators such as grad, div and curl, on general
two-dimensional non-orthogonal meshes. These discrete operators verify discrete analogues of usual
continuous theorems: discrete Green formulae, discrete Hodge decomposition of vector fields, vector
curls have a vanishing divergence and gradients have a vanishing curl. We apply these ideas to
discretize div-curl systems. We give error estimates based on the reformulation of these systems into
equivalent equations for the potentials. Numerical results illustrate the use of the method on several
types of meshes, among which degenerating triangular meshes and non-conforming locally refined
meshes.
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1. Introduction. Discretization schemes which are based on a discrete vector
analysis satisfying discrete analogues of the usual continuous theorems lead to robust
and efficient approximations of various physical models. Based on finite volume-like
formulations, they provide discrete approximations of differential operators such as
gradient, divergence and curl.

Such schemes were for example constructed by Hyman, Shashkov and co-workers,
initially on logically rectangular grids. We refer to [13, 14] for the construction of the
discrete operators and to [15] for the proof of a discrete Hodge decomposition. These
schemes were then applied in several different circumstances (see e.g. [16, 17]) and
extended to unstructured [5] or even non-conforming grids [19], although on that type
of meshes, to our knowledge, no discrete Hodge decomposition has been proved.

Our interests in this paper are related to other schemes based on a discrete vec-
tor analysis which were proposed by Nicolaides and co-workers to solve fluid me-
chanics problems [7], div-curl problems [20, 12] or Maxwell equations [21]. In these
works, these so-called covolume schemes are restricted to locally equiangular trian-
gular meshes in the two-dimensional case. Given such a primal triangular mesh, a
dual mesh is constructed by joining the circumcenters of adjacent triangles. Thus the
edges of the primal and dual meshes are orthogonal. This property will be called in
the following “the orthogonality property”. The necessity for the mesh to verify this
property might be in certain cases a severe restriction, in particular with respect to
mesh adaptivity.

n [20], discrete field components are defined normal to the edges of the primal
mesh and therefore, thanks to the orthogonality property, along the edges of the
dual mesh. This single component is enough to permit the definition of a discrete
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divergence operator on the primal mesh and of a discrete curl operator on the dual
mesh. Reciprocally, discrete analogues of the normal (with respect to the edges of
the primal mesh) components of the gradients (respectively vector curls) are obtained
over the edges with the help of scalar quantities defined at the circumcenters (resp.
at the vertices) of the primal cells.

Due to the anisotropy of the media considered in [12], the authors are led to
introduce both components of vector fields on the edges of the mesh, which allows
them to define discrete divergence and curl operators on both the primal and dual
meshes. Nevertheless, they keep on considering only the normal components of the
discrete gradient and curl vectors, thus leaving the generalization of [20] incomplete.

In the present work, we extend the covolume ideas of Nicolaides to almost arbi-
trary two-dimensional meshes, including in particular non-conforming meshes. The
only requirement on the mesh is that the dual cells (which are obtained in a different
way, see below) form a partition of the domain of computation. These meshes do not
necessarily verify the orthogonality property, and we therefore discretize vector fields
by their two components over so-called diamond-cells which are quadrilaterals whose
vertices are the extremities of primal and associated dual edges. Like in [12], these two
field components enable us to define discrete divergence and curl operators both on
the primal and dual meshes. Reciprocally, and in contrast to [12], both components
of discrete gradient and vector curl operators are defined over the diamond-cells with
the help of scalar quantities given on both the primal and dual cells. Together with
the definition of appropriate discrete scalar products, we establish that these discrete
operators verify discrete properties which are analog to those verified by their contin-
uous counterparts: discrete Green formulae, discrete Hodge decomposition of vector
fields, vector curls have a vanishing divergence and gradients have a vanishing curl.
These results thus generalize those obtained in [12, 20], with the major novelty that
they hold on a much wider class of meshes.

Because of the discrete Green formulae, finite volume schemes based on these
ideas have been named “Discrete Duality Finite Volume” (DDFV) schemes in [9] and
their use has started with the construction and analysis of a finite volume method
for the Laplace equation on almost arbitrary two-dimensional meshes [10]. Then,
these ideas have been applied to the discretization of non-linear elliptic equations [2],
drift-diffusion and energy-transport models [6] and electro-cardiology problems [22].

In this article, we apply these ideas to the numerical solution of div-curl problems
which occur for example in fluid dynamics, electro- and magnetostatics. Using the
discrete Hodge decomposition of the discrete unknown vector field, this problem is
recast into two discrete Laplace equations for the discrete potentials, just like in the
continuous problem. Using results obtained in [10], we prove the convergence of the
scheme provided the continuous potentials are smooth enough and under geometrical
hypotheses related to the non-degeneracy of the diamond-cells.

This paper is organized as follows: in section 2, we explain the construction of
the primal, dual and diamond meshes and we define our notations. In section 3 we
construct the discrete differential operators, while section 4 is devoted to the proof of
the properties of the discrete operators. Then, we apply these ideas in section 5 to
discretize the div-curl problem and obtain error estimates. Several numerical experi-
ments are reported in section 6 and conclusions are drawn in section 7.

2. Definitions and notations. Let € be a bounded polygon of R?, not neces-
sarily simply connected, whose boundary is denoted by I'. We suppose in addition
that the domain has @ holes. Throughout the paper, we shall assume that @@ > 0,
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but the results also hold for the case @ = 0.

Let Ty denote the exterior boundary of Q and let I'y, with ¢ € [1,Q)], be the
interior polygonal boundaries of €2, so that I' = T’y qu[l,Q] ry.

The domain 2 will be covered by three different meshes whose constructions are
similar to those given in [10].

2.1. Construction of the primal mesh. We consider a first partition of {2
(named primal mesh) composed of elements T;, with i € [1, I], supposed to be convex
polygons. With each element T; of the mesh is associated a node G; located inside T;.
This point may be the barycentre of T;, but this is not necessary. The area of T; is
denoted by |T;|. We shall denote by J the total number of edges of this mesh. Note
that in the case of a non-conforming mesh, an edge is any segment whose extremities
are nodes of the mesh. We also denote by J' the number of edges which are located
on the boundary I" and we associate with each of these boundary edges its midpoint,
also denoted by G; with i € [ + 1,1 + J']. By a slight abuse of notations, we shall
write 1 € I'y iff G; € T'y.

2.2. Construction of the dual mesh. We denote by Si, with k € [1, K], the
nodes of the polygons of the primal mesh. To each of these points, we associate a
polygon denoted by Py, obtained by joining the points G; associated to the elements
of the primal mesh (and possibly to the boundary edges) of which Sy is a node. The
area of Py is denoted by |Px|. We shall only consider in the following the cases where
the Pys constitute a second partition of €2, which we name dual mesh'. Figure 2.1
displays an example of a non-conforming primal mesh and its associated dual mesh.
Moreover, we suppose that the set [1, K] is ordered so that when Sy, is not on I', then
k€ [1,K — JV], and when Sy, is on T, then k € [K — J' + 1, K]. We shall also write
kelyiff S, ely.

Fic. 2.1. An example of a primal mesh and its associated dual mesh.

2.3. Construction of the diamond mesh. With each edge of the primal mesh,
denoted by A; (whose length is |A;|), with j € [1,J], we associate a quadrilateral
named “diamond-cell” and denoted by D;. When A; is not on the boundary, this cell
is obtained by joining the points Sy, (;) and Sk, (), which are the two nodes of A;, with
the points G, ;) and Gj, ;) associated to the elements of the primal mesh which share

Tt may happen that the Pys overlap, as seen on figure 2 of reference [10]
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this edge. When A; is on the boundary I, the cell D; is obtained by joining the two
nodes of A; with the point G;, (;) associated to the only element of the primal mesh of
which A; is an edge and to the point G, ;) associated to A; (i.e., by convention, is(j)
is an element of [I + 1,1 + J'] when A; is located on TI'). The cells D; constitute
a third partition of 2, which we name “diamond-mesh”. The area of the cell D; is
denoted by |D;|. Such cells are displayed on figure 2.2.

Moreover, we suppose that the set [1,.J] is ordered so that when A; is not on I, then
j €[1,J —J"], and when A; is on I, then j € [J — J" 4+ 1,.J]. We shall also write
jelqiff A; C Ty

$<2 Gi2 S(l

F1c. 2.2. Examples of diamond-cells.

2.4. Definitions of geometrical elements. The unit vector normal to A; is
denoted by n; and is oriented so that Gy, 5y Gi,(j) - nj > 0. We further denote by A’
the segment (G, (j)Gy,(;)] (whose length is [A}]) and by n’; the unit vector normal to
A oriented so that Sy, (j)Sk,() - nj > 0.

When Sy, € T (k € [K — J" 4 1,K]), we define A, as the part of the boundary T
which consists of the union of the halves of the two segments A; located on I' and of
which Sy is a node, and by ny, the exterior unit normal vector to Ay, (see figure 2.3).
We denote by M;_ ;) ks(;) the midpoint of the segment [G;, (j) Sk, (5], for each pair of

Fic. 2.3. Definition of A, and fy, for the boundary nodes

integers (a, 3) in {1;2}> (see figure 2.4). We define for each i € [1, 1] the set V(i) of
integers j € [1, J] such that A; is an edge of T; and for each k € [1, K] the set £(k) of
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F1G. 2.4. Notations for the diamond cell.

integers j € [1, J] such that Sy is a node of A;.
We define for each j € [1,J] and each k such that j € £(k) (resp. each i such that
Jj € V(i)) the real-valued number s’; (resp. sj;) whose value is +1 or —1 whether n]
(resp. n;) points outwards or inwards Py (resp. T;). We define n’; := s’;n’; (resp.
nj; := s;;n;) and remark that n’; (resp. nj;) always points outwards Py (resp. T;).
For j € [1,J — J'], as indicated on figure 2.5, we also denote by D;; and D; o,
the triangles Sy, (;)Gi, (j)Sk. () and Sk, (j)Gis(j)Sk, (j))- In the same way, we denote
by D, and D ,, the triangles G, (j)Sk, () Gi,(j) and Gy, (j) Sk, () Gia () -

G,
G 2
’,’/ 2 . S<2 S<1 J,2 S<2
o D, - [)Jl S
G,
Giz iy
) T / , ‘ 3(2
O e
Gi: ‘Gil

F1a. 2.5. A diamond-cell may be split into two triangles in two distinct ways.

The characteristic functions of the cells T; and Py, will be denoted by 6 and 67 .

2.5. Definitions of discrete and continuous scalar products and norms.
As will be seen in the following, we shall associate with each point G; (i € [1,1+ J%])
and each vertex Sy, (k € [1, K]) discrete values. This leads us to the definition of the

following discrete scalar product for all (¢,v) = ((¢f, ¢1 ), (W], %)) € (R x RK)2

(2.1) Go)re =g | X mleTel + 3 1Al vl

i€[1,1] ke(l,K]
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In the same way, we define a discrete scalar product on the diamond mesh for all

(w,v) = (), (v;)) € (B?)” x (R?)’
(2.2) (w,v)p:= Y [Djlu;-v;

JE[L,J]

and a discrete scalar product for the traces of u € R” and ¢ € RI+/" x RX on the
boundaries I,

(s 8)ryn = D 14515 (% ) +26%) + L)

jely

and on I'

(2.3) (w, e =Y (u,0)r,n

q€[0,Q]

Further, for any ¢ € RI*7 "X RE , we define a discrete H! semi-norm on the diamond
mesh with the help of the discrete gradient operator to be defined below (see Eq. (3.2)):

ol = (V06.900)

Finally, H™ is the space of functions v of L2(2) whose partial derivatives (in the
distributional sense) 0“v, with |a| < m all belong to L2(Q), while || - ||,n.q is the
associated norm. The standard L2(£2) inner product will be denoted by (-,)q.

3. Construction of the discrete operators. In this section, we approach the
gradient, divergence and curl operators by discrete counterparts. We would like to
stress that in two dimensions, a distinction is usually made between the vector curl

T
operator from R to R?, defined by V x ¢ = (g—q; , —% ) and the scalar curl operator

from R? to R, defined by V x u = aal;“ a“T.

Figure 3.1 shows the stencils of the dlfferent operators and of their combinations: The
stencil for the discrete gradient and vector curl operators simply consists of the four
corners of the diamond-cell D;. The stencil for the discrete divergence and scalar curl
operators consists of the diamonds associated to the edges of the primal and dual cells.
Arrows are displayed on Fig. 3.1 to represent the normal and tengential components
of the vector fields associated to the diamonds. The stencils for the discrete laplacian
on the primal and dual cells respectively consist of the black and white circles on the
left part and on the right part of the figure.

3.1. Construction of the discrete gradient and vector curl operators on
the diamond cells. We define the discrete gradient of a function ¢ by its values on
the diamond-cells of the mesh. We follow [8, 10] and compute the mean-value of the
gradient of any function ¢ on such a cell D; by the following formula:

(3.1)D;] (Vorn,) = /D Vode= [ oo de= Y /[G EGEES
I i (,3) " i ks

where n(¢) stands for the outward unit normal vector to D; at point . The integrals
in (3.1) can be approximated by the following formula:

B(6) de ~ tgg 2D OS]

(GS] 2 ’
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Fic. 3.1. Stencils for the discrete operators. Left part: primal cell. Right part: dual cell.

where £gg denotes the length of the segment [G'S]. Summing the contributions of the
different vertices of D; and using elementary geometrical equalities allows us to give
the definition of the discrete gradient Vf on Dj.

DEFINITION 3.1. The discrete gradient VhD is defined by its values over the
diamond-cells D;:

32 (VPe), = ﬁ{ (68, — 60 ] 14, + [6T, — 67 |Aj|nj} ,
J

where we set ¢f = ¢(Sk,) and ¢} = (G, ), for o € {1;2}. Note that formula
(3.2) is exact for polynomials of degree one. Computing the discrete gradient only
requires the values of ¢ at the nodes of the primal and dual meshes. The operator Vf

thus acts from R+’ x R into (Rg)J.

In the same way, we may approach the vector curl operator V x e = ( g—; , —% )
by a discrete vector curl operator:
DEFINITION 3.2. The discrete vector curl operator Vth is defined by its values

over the diamond-cells D;:

(33) (VD xe), —ﬁ{w@ 6P|+ [6F — 6T |Aj|rj} |
J

/

where the unit vectors T; and T'; are such that (nj, T;) and (n’, T/

positively oriented bases of R2.

REMARK 3.3. In a connected domain, the discrete gradient and vector curl of a
given ¢ = ((¢1), (1)) vanish if and only if there exist two constants ' and ¢, such
that oI = cT for all i and ¢f = ¥ for all k. The fact that ¢T and c¥ may differ
one from the other means that such a ¢ may in general present oscillations. However,
in the applications studied in the present work, such oscillations never appear due to
information on the mean-value of ¢ (Eq. (4.16) and (5.7d) below), or due to boundary
conditions (Eq. (4.17) and (5.8¢)).

) are orthonormal

3.2. Construction of the discrete divergence and scalar curl operators
on the primal and dual meshes. Next, we choose to define the discrete divergence
of a vector field u by its values both on the primal and dual cells of the mesh. A very
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natural way to do so on the primal cell T; is to write

T3 (V -ur,) /V dx—/aTL Z/ ‘N,

JEV(3)

where we recall that V(i) is the set of integers j € [1,.J] such that A; is an edge
of T; and that nj; is the unit vector orthogonal to A; pointing outward T;. Supposing
that the vector field u is given by both of the Cartesian components of its discrete
values u; on the diamond cells D;, and performing a similar computation over the
cells Py, we obtain the definition of the discrete divergence V{- on each T; and the
discrete divergence V,}; - on each Pj.

DEFINITION 3.4. The discrete divergence Vz:’P- = (VI.,VE.) is defined by its
values over the primal cells T; and the dual cells Py:

1
(Vi -u); = T > 14w, ny

(3.4) "jev()
1
(Vi -a)g = A > 14wy -l + > 5 [4ilu; - n;
I\ jeew) FEER)N [T =TT +1,J]

Remark that if the node Sy, is not on the boundary T' (i.e. if k € [1, K — J']), then
the set £(k) N [J — J' + 1,J] is empty. On the contrary, if Py is a boundary dual
cell, then the set £(k) N[J — J¥ +1,J] is composed of the two boundary edges which

have Sj; as a vertex. In this case, the quantity Z = |A4jlu; - n; is an
JEE(k)N[J—JT+1,J]

approximation of /~ u - ng (&) d¢ (see figure 2.3).

Ay
For a given vector field u, it is easily checked that these formulae are the exact
mean-values of V - u over the primal and the inner dual cells if u; - nj; and u; - nf,
represent the mean-values of u-nj; over A; and of u- n;- L over A;-. The operator V-

acts from (Rg)J into RY x RX.
8.y a.z )

In the same way, we may approach the scalar curl operator V x e = (8—05 - 5

by a discrete scalar curl operator:
DEFINITION 3.5. The discrete scalar curl operator Vi¥'x = (VEx,VEx) is
defined by its values over the primal cells T; and the dual cells Py:

(VI xu); Z |Aj|u; - 75
(3 5) JGV(’L
1 ’ / 1
(Vf Xy := ﬁ Z |Aj|uj T+ Z 5 |Aj|u; - 75
kU jee FEERN[T—JT +1,]

4. Properties of the operators.

4.1. Discrete Green formulae. Here, we check that the discrete operators
verify some discrete duality principles.
PROPOSITION 4.1. The following discrete analogues of the Green formulae hold:

(41) (v'}?P - u, ¢)T7P = _(uv VhD¢)D + (ll -1, d))FJL ’



HODGE DECOMPOSITION AND DIV-CURL SYSTEMS 9
(4.2) (VPP xw,¢)rp = (0, VE x ¢)p + (0-7,0)rp ,

for allu € (]RQ)J and all ¢ = (¢7,¢") € RI+HT x RE, where the definitions (2.1),
(2.2) and (2.3) have been used.

Proof. The proof of (4.1) may be found in [10] and is based on a discrete summa-
tion by parts. The proof of (4.2) follows exactly the same lines. O

4.2. Compositions of the discrete operators. The aim of this section is
to verify a discrete analogue of the following continuous identities: V - (Vx) = 0,
VxV =0and V x Vx =—-V V. For this, we start with a useful lemma.

LEMMA 4.2. Recall that s;; and s;k are defined in section 2.4. Then,

(4.3) 3 s (¢,§2(j) —¢§1(j)) =0, Vie[l,]],
JEV()
(4.4) > s (6hg) b)) =0, Vhe LK - JT.
JeE(k)

Proof. Let us consider a given primal cell T;. For each edge A; of T;, with
j € V(i), there are two possibilities for the orientation of n; (see figure 4.1): If n; is
the inward unit normal vector to T; (case 1), then sj;; = —1 and sj; (qSkPQ G~ ¢£1 W) =
(bkpl G) ~ ¢sz(j)' If n; is the outward unit normal vector to T; (case 2), then s;; =1
and sji (Gh, () — Pho() = Phos) — Pha(yy; Moreover S, (j) and Sk, (j) are swapped.
What appears finally is that, whatever the case, the value gbkp associated to the “left”
vertex of the considered edge A; appears in the sum (4.3) with a positive sign and
the value ¢ associated to the “right” vertex of the considered edge A; appears in
the sum (4.3) with a negative sign. But each ¢f appears twice in that sum, once
as the value associated to the “right” vertex of a given edge, and once as the value
associated to the “left” vertex of the following edge, so that these two contributions
cancel. This ends the proof of (4.3). The proof of (4.4) follows the same lines. O

casel i i case 2
F1c. 4.1. Two possibilities of orientation for each edge

Next, the following properties are direct consequences of the computation of the
area |D;:
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LEMMA 4.3.
Al AL
(4.5) % n; -7, =1, Vje[l,J],
J
Al AL
(4.6) % n;- Ty =—1, Vje[l,J]
J

We may now state the following results .
PROPOSITION 4.4. Given any ¢ = (¢, ¢F) € RIT x RE | there holds

(4.7) (v;{ (VP x qﬁ))i —0,vie1,1],
(4.8) (vf (VP x ¢))k —0,Vke 1K —J,
(4.9) (v{ x (V,?(b))i =0,vie1,1],
(4.10) (vf x (vh%))k —0,Vke[LK—J.

Moreover, on each boundary dual cell Py (k € [K —JV +1,K]), (4.8) and (4.10) still
hold if there exist for each boundary T, with q¢ € [0,Q], two real numbers (cI,cb)

a2 %%
such that ¢l = cg and ¢f = cf uniformly over I'y.

Proof. Let us first prove (4.7); combining (3.4), (3.3), and the fact that nj;-7; = 0,
we get:

1
(Vi (V% X @) = 71 3 1A (V7 X 9); - n
ieva)
1 1451145 L |
= —W Z TDH n; -‘r;- Sji (¢k2(j) - (bkl(j)) , Vie [17]].
JEV()

Applying (4.5) and (4.3) successively, we obtain:
(V- (VP x¢)i=0, YiellI]

Eq. (4.9) can be proved in a similar way.

Next, for each interior dual cell Py, with k € [1, K — J'], the set E(k)N[J —J' +1, J]
is empty, so that (4.8) and (4.10) can be proved like (4.7) and (4.9), using (4.6), (4.4)
and the fact that n’; - 77 = 0.

As far as the boundary dual cells Pj, are concerned (k € [K — J' + 1, K]), similar
computations show that (see Fig. 4.2 for the notations):

1 1
(4.11) (VE - (VE x ) = W( T - £)+m(¢§1 — l,) -

If all 7" are equal to the same constant ch over I'; and if all qka are equal to the same
constant ¢/ over I'y, then ¢f = ¢7 and ¢f; = @7 so that

(Vi - (V5 % 0) =0,

for the boundary dual cells, and (4.10) for the boundary dual cells is proved in a
similar way. O
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Fic. 4.2. Notations for the boundary dual cells

PRrROPOSITION 4.5. The following equalities hold

(VE X VP x¢)i =—(Vi - VP¢), Viell]]
(4.12)
(VEX VP x ¢) = (VP - VPo), Vke[l,K];.

Proof. These formulae follow immediately from the definitions (3.2), (3.3), (3.4)

and (3.5) and from the equality 7; -7 =n; -nj, Vje€[l,J]. O

4.3. Hodge’s decomposition. In the continuous case, the Hodge decomposi-
tion for non simply connected domains reads:

1
(4.13) (L*)?=VVaVxW,

with V = {¢p € H' : quS: 0}and W ={y € H': Vi, =0, Yy, =c¢q,Vq € [1,Q]}.

To prove an analogous property in the discrete case, we rely on the following result:
LEMMA 4.6 (Euler’s Formula). For a non simply connected bidimensional domain

covered by a mesh with I elements, K wvertices, J edges and @ holes, there holds:

(4.14) I+K=J+1-Q.

We may now state the following discrete Hodge decomposition:
THEOREM 4.7. Let (uj)jen1,s be a discrete vector field defined by its values
on the diamond-cells D;. There exist unique ¢ = (¢7, 08 )ieit, 1407 ke[1,x]> ¥ =

(w;f, @[J,f)ie[l)HJrLke[l)K] and (Cg, cqp)qe[lyQ} such that:

(4.15) uj = (Vy6); + (V7 xv);, ViellJ],
(4.16) S ITilel = D |Pler =0,
i€([1,1] ke[l1,K]
(4.17) YpI=0,Viely , ¥ =0,VkeTy,
and
(4.18) Voe1,Q], ol =cl vier, , v =c vkeT,.

Moreover, the decomposition (4.15) is orthogonal.
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Proof. There are 2(I + K + J'') 4 2@Q unknowns corresponding to (¢, ¢f) and
(v, 4% ) and to the constants (¢!, cl’). On the other hand, 2.J equations are given
by (4.15), while (4.17) and (4.18) provide with 2J' constraints. Finally, (4.16) gives
two supplementary equalities, so that the total number of equations is 2J + 2 +
2J'. Consequently, according to (4.14), there are as many equations as unknowns.
Therefore, existence and uniqueness of the decomposition are equivalent, and we shall
prove uniqueness through injectivity.

Proving the orthogonality of (V£ ¢) and (V£ x ¢) for any (¢,1)) verifying (4.17)
and (4.18) amounts to showing (V£ x ¢, V2 ¢)p = 0. Thanks to (4.1), there holds

(VP x4, VP p = (VT VP X, ¢)rp+ (VD X -n,8)r, .

Next, thanks to Prop. 4.4, V;‘:’P . V,? % 1 vanishes on all primal and inner dual cells.

Because 1) verifies (4.17) and (4.18), we infer from Prop. 4.4, that VZ’P -V x4 also
vanishes on the boundary dual cells. Finally, according to (3.3), we have

1

D . . L=
(Vh Xw)] n; 2|Dj|

(vh, — b)) |A;|T; - ny

which also vanishes on the boundary because of (4.17) and (4.18). Thus, orthogonality
is proved. In order to prove injectivity, we suppose u; =0, Vj € [1, J]:

(4.19) 0= (VLK) + (Vi xv);, Vi€l J].
We carry out the scalar product of (4.19) with |D;| (V5 ¢); and sum over j € [1, J]:
(4.20) 0= (V6 Vi) + (Vi <9, V0)p .

Thanks to the orthogonality proved above, Eq. (4.20) implies that (V5 ¢, V5 ¢)p =
Z |D;||(V7$);]* = 0, so that (V1 ¢); = 0 for all j. Since the domain is connected,

JjeLJ]

there exist two real constants v and 3 such that ¢ = a, Vk € [1, K] and ¢! = 33,

Vi € [1,1 + J']. Equation (4.16) implies that these two constants vanish, so that

¢F' =0, Vie[l,I+J"] and ¢f =0, Vk € [1,K].

Consequently, (4.19) is equivalent to (V} x ¢); =0, Vj € [1,J]. Since the domain
is connected, there exist two real constants « and (§ such as 1/1,}; =a, Yk € [1,K] and
I =B, Vie[1,1+ JY]. As ¢ = 0 over [y these two constants vanish and

Yl =0, Vie[l,I+J% and ¢f =0, Vke[1,K]. O

REMARK 4.8. Formulae (4.16) are discrete analogues (respectively stated on the
primal mesh and on the dual mesh) of the condition fQQS = 0 that appears in the
definition of the space V' in (4.13), while formulae (4.17) and (4.18) are discrete
analogues of the boundary conditions that appear in the definition of W.

5. Numerical solution of the div-curl problem for non simply connected
domains.
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5.1. Discretization of the div-curl problem with normal boundary con-
ditions. We are interested in the approximation of the following continuous problem:
given f, g, 0, (kg)qen,q)» find u such that

Veu=fin Q,
Vxu=g in Q,
u-n=o0 on [,
frqu-T:kq, Vg € [1,Q].

(5.1)

A necessary condition for the existence of a solution to (5.1) is given by the formula:

(5.2) | riax= [ ate) ac.

We discretize the solution of this problem by a vector field (u;);e,.) defined by
its values over the diamond-cells of the mesh. Using the discrete differential operators
defined in section 3, and following [12], we write the following discrete equations:

(5.3a) (Vi -u), =f, vie[lI],

(5.3b) (Vi -w), =fi, Vke[l,K],

(5.3¢) (Vi xu), =g/, Vie[l,1],

(5.3d) (Vi xu), =gf, Vke[,K-J,

(5.3e) u-nj=o0;, VYjie[J-J +1,J],

(5.3f) (w-7, ), n=kg, Vge[l,Q],

(5.3g) DR (VE xwk= > IRl g, Yae[1,Q],
keT, kel

where the following definitions have been used

1 1
(5.4) fI'= |Ti|/T>f(x)dx Vi € [1,1], f,f:m ; (x)dx Vke[1,K]
6:5) of = [ oxax vien, gé’:ﬁ [ gax vk e (LK)
(5.6) szﬁ/f‘va(f)dﬁ, Ve —J 4+ 1,0].

Using the discrete Hodge decomposition of (u;);e1,1, problem (5.3) may be split into
two independent problems involving the potentials

PROPOSITION 5.1. Problem (5.3) can be split into two independent problems:
Find ((2531, ¢kp)i€[17]+JF],k€[17K] such that

(5.7b) (Vi VR =fF, Vkel[l,K]
(5.7¢) (VR®);-ny =05, VielJ—J +1,J]
(5.7d) SATilel = > [Pulef =0

i€[1,1] ke(1,K]
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and Find (I, 0 )ien r+rwepn,x) and (cF,cl)gen q) such that

(5.82) —(Vi - VRv)i =gl Vie[lI]

(5.8b) —(VE VPP =g, Vke[l,K—J)

(5.8¢) (Vi 0D, n=—ky VYge[l,Q]

(5.8d) =SR] (V- VRO =D Pl g, YaeLQ)]
keT, kel

(5.8¢) o =y9P =0, VieTy,VkeTy,

(5.8f) Vge1,Q], vl =c, vier,

(5.8g) Vge1,Q], vi =c), Vke I‘q :

The vector u is then reconstructed by

(5.9) uj = (V76); + (V5 x¢);, Vje[L,J].

Proof. First, the discrete Hodge decomposition of (u;);c1,] shows the existence

of (&7, 08 )ien,14ar) ket k) (W50 )iep,1+am ke k) and (¢l el )qen,q) such that
(5.9), (5.7d) and (5.8¢)-(5.8f)-(5.8¢g) are verified. Next, (5.7a) is proved using (4.7):

fE=(VE u) = (VL (VR + Vi x )i = (V) - Vi $)i, Vi € [1,1].

Similarly, using (4.8) and ¢} = ¢l and ¢ = cF, Vq € [0,Q], we obtain (5.7b). As

q )
far as the boundary conditions are concerned, using (3.3) shows that

(510) (VhD X w)J ‘= 2|D | (ka ¢k1) |A;|T; 1y 7v.] € [J_ JF =+ 17']]

Since ¢f = ¢, Vg € [0,Q], we infer from (5.10)
(VP x);-n; =0, Vje[J—J" +1,J],
so that (5.3e) and (5.9) imply (5.7c). Further, using (5.9), (5.3¢)-(5.3d), (4.9), (4.10)
and (4.12), we may prove (5.8a)-(5.8b). Moreover, there holds
1
D T T
(Vi) 1= 3] ( ko () kl(j)) A} T

so that, using (4.6),

|A; IIA’I
(VR T, )r,n = Z 2D, T ( k() ~ Phy y)) - ( k() ~ ;‘Qo‘)) ;

jely jely

which vanishes because I'; is a closed contour. Thus, (5.3f) implies (5.8c) because
(VP x ) 7; = =V{¢ - n;. Finally, a computation similar to that which led to
(4.11) shows that
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for boundary cells k € [K — J' + 1, K] (see Fig. 4.2 for the notations). Thus, when
summing these contributions over a closed contour I'y, we obtain

S IP(VE < (VE$)k =0,

ker,

so that (5.3g) implies (5.8d). O

PROPOSITION 5.2. Problems (5.7) and (5.8) both have a unique solution.

Proof. As far as problem (5.7) is concerned, existence and uniqueness of its
solution have been proved in [10] if the following discrete equivalent of (5.2) is verified

ST = > Bl = D Al
i€[1,1] ke(l,K] JE[J—JV+1,J]
which is the case here because thanks to the definitions (5.4) and (5.6) we have
ST = Y IRl = [ s and Y gl = [ o) de.
ie[1,1] ke[l,K] Q JE[T—JT+1,J] r

As far as problem (5.8) is concerned, there are I + K + JI' + 2@Q unknowns, while
(5.8a) and (5.8b) respectively provide I and K — J! equations. Equations (5.8c) and
(5.8d) provide 2Q additional relations. Finally, boundary conditions (5.8e)-(5.8f)-
(5.8g) provide the last 2J equations. Since there are as many equations as unknowns,
it suffices to check the injectivity of the system. Let us set g7 = g,f = ky = 0 in system

(5.8) and compute the following discrete scalar product (V;‘C’P VP, b)rp (see (2.1)
for the definition). In this scalar product, the sum over the indices ¢ € [1,I] and the
sum over the indices k € [1, K — J] vanish respectively because of (5.8a) and (5.8b).
Further, due to (5.8e), the contributions of the indices k € T'g also vanish, so that

(Vi Ve =5 S 3 IR (V- VPuh ol
qe[l Q] kel
Further, (5.8g) implies that
Vit Vh¢¢TP— ST ST (VE VY,
qE[l Q] kel

which vanishes due to (5.8d). Thanks to the discrete Green formula (4.2), there holds

(611) (Vi YRG0z e = ~(VEY, V)b + (VEY 1, 9)r, = 0.
Now, due to boundary conditions (5.8¢)-(5.8f)-(5.8g), we may write
el +cF
(5.12) (Viv-nrn= D, =" (Vv n 1,
q€[1,Q]
which vanishes thanks to (5.8¢c). Thus, (5.11), (5.12) and definition (2.2) imply that
(Ve Vivlp = ) ID;lIVivl* =0
jell,J]

Consequently, just like at the end of the proof of Theorem 4.7, we infer that

Yl =0, Vie [1,I+J"] and of =0, Vk€[1,K],

which proves uniqueness and thus existence. O
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5.2. The div-curl problem with tangential boundary conditions. We
consider the following continuous problem: given f, g, o, (k¢)qe1,0), find u such that:

V-u=fin Q,
Vxu=g in Q,
u-r=0 on I',
frqu-nqu, Vg € [1,Q)].

A necessary condition for the existence of a solution to this system is given by Green’s
formula: [, g(x)dx = [ 0(£)d§. This problem is discretized like in section 5.1 by a
vector field (u;);eq, ) defined by its values over the diamond-cells. Using the discrete
differential operators defined in section 3, we write the following discrete equations:

(VE-uw), = fI, vie,1],
(Vi -u), = fF, Vke[l,LK-JT,
(Vi xu), = g¢F, vie[l,I],
(5.13) (Vi xu), = gf, Vke[l,K],
uj-T; = o5, VielJ-J +1,J],
(u-n,lp,n = kg Vgell, Q]
Sier, IPil (VE W = Syr, 1B S VaeLQl

Existence and uniqueness of the solution of (5.13) are proved similarly to section 5.1;
the main difference is that the Hodge decomposition is modified in the following way

THEOREM 5.3. Let (uj)jcpn, ) be a discrete vector field defined by its values
on the diamond-cells D;. There exist unique ¢ = (pI, Q/)kp)ie[l’I_i_Jl"]yke[l’K], Y =

(vF ,@[Jk )iel,1+J7),ke(1,x] and (¢ Cq ,cf;)qe[lyQ] such that:

(5.14) u; = (V) + (VY x¢);, Vi€l J],

Do ITel = > Pt =0,

i€([1,1] ke[l1,K]

I =0,viely , vf =0,VkeTly,
and
Vge[1,Q], o =cl ,viely , ¢f=c’ Vvkel,.

Moreover, the decomposition (5.14) is orthogonal.

Further, problem (5.13) decouples into two independent sub-problems involving
the potentials

PROPOSITION 5.4. Problem (5.13) can be split into two independent problems:
Find (¢, ¢kp)ie[17]+Jr],k6[17K] such that

—(VI-VPe) = gf, ViellI],

—(V}, - Vi) 9, Vkell,K],
—(V}7); - n, oj, VjelJ—-JV+1,J],
216[1,1} |Tz|¢? Zke[l,K] |Pk|¢kp =0
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F1G. 5.1. Notations for the paragraph 5.3

and Find (%T,7/)15)ie[1,1+JF],ke[1,K] and (cg, C,I;)qe[LQ]

(VDﬁ-Vhd))k = f,f, Vke[1,K —J',
(Vi -nr, = kg Vge[lQ],

Sker, [Pel (VE - VEY)

EkEFq |Pk| flfa VQE[LQ],

oI =oyF = 0, Viely, Vkely,
Vg e [1,Q], v = ci,WEI‘q,
Vge[1,Q], ¥f = ¢ ,VkeT,.

The vector u is then reconstructed by

w; = (VE2),; + (VP x ¢);¥j € [1,J] .

5.3. Error estimate for the div-curl problem. Unlike in [20], we shall derive
estimates for the potentials involved in the Hodge decomposition of u; indeed we shall
rely on similar estimates which have been obtained in [10]. For the sake of simplicity,
we shall restrict ourselves to the case where all diamond-cells are convex; the case of
non-convex diamond-cells requires additional hypotheses similar to those given in [10].
We shall obtain error estimates under the following hypothesis (see Fig. 2.5 and Fig.
5.1 for the notations)

HyYPOTHESIS 5.5. There exists an angle T*, strictly lower than ™ and independent
of the mesh, such that :

1. For any interior diamond-cell D;, the smallest in the mazimum angle of the couple
of triangles (Dj 1, Dj.2) or in the maxzimum angle of the couple of triangles (D}17 D;-72)
is bounded by 7*:

min (max (a1, B1, g1 + p2, a2, B2, v1 + v2), max(p1, vi, a1 + ao, 2, v, 01 + fB2)) < 7

2. The greatest angle of any boundary cell D; is bounded by the angle 7.

Obtaining error estimates usually relies on regularity assumptions on the solution
of the problem. In order to apply results given in [10], we shall assume regularity of
the potentials given by the following proposition
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PROPOSITION 5.6. Let (f,g,0) belong to L2(Q)2 x HY2(T) and let (k, )acl1,0) be
a set of given real numbers; let G be the exact solution of problem (5.1). Then, there
exist ¢ and v both in H'(Q) and a set of real numbers (Cy)qen,q) such that

W=Vo+V xi,

where QAS is the solution of
A
(5.15) V¢-n

and @[AJ is the solution of

—A¢ Vxu=g in Q,
(5.16) Diry =0 b, =Cy Vg€ [1,Q]
qu Vi -n=—kg

Proof. The Hodge decomposition of &1 and the determination of gi; and 1/3 through
(5.15) and (5.16) are direct consequences of [11, Theorem 3.2 and Corollary 3.1]. O

HypoTHESIS 5.7. We suppose that the potentials in) and 1/3 given by proposition 5.6
belong to H2(L2).

We remark that due to reentrant corners related to the internal polygonal bound-
aries 'y, the H? regularity of the potentials is not a consequence of the regularity of
the data (f, g,0).

Obviously, we may relate the L? error between the solution 1 of (5.1) and the dis-
crete solution (u;);e1,5 of (5.3) to the errors between the solutions ¢ and ¢ of (5.15)
and (5.16) and the discrete solutions (¢!, ¢¥) and (¢!, ¥F) defined in Proposition 5.1
respectively by (5.7) and (5.8). Indeed:

jg)jﬂ/g |dx<2<j§]/ (VP6); ~ Vo) dx
+Z/ (VPY), wﬁ(x)fdx)-

J€E1,J]

(5.17)

5.3.1. Equivalent Finite Element formulations for the potentials. In or-
der to evaluate the errors on the potentials, we follow [10] and rewrite (5.7) and (5.8) in
terms of equivalent (non-conforming) finite element formulations. Recalling that the
points M;_ (jyr,(;) are illustrated on figure 2.4, we construct the following functions:

PROPOSITION 5.8. Let (¢p7,¢F) € RIH7" x RE pe given; there exists a function
on defined by

(¢h)|D]‘ S Pl(DJ) 3 VJ € [17‘]] 5

Moreover, we have the following essential property:

(5.19) (Von)p, = (Viye); Viel[l,J].
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Proof. The proof is given in [10]. We recall that the definition of ¢;, through the
four equalities contained in (5.18) is possible because (M;, g, Mk, Misk, Moy, ) is a
parallelogram and ¢h( z1k1) + (bh( lzkz) (bh( i1 kz) + ¢h( 12k1) .0

DEFINITION 5.9. We shall denote by L the linear opemtor which associates ¢y,
defined by Proposition 5.8, to a given (¢; ,qbk) e RI+/" x RK, Further, the solution
of (5.7) is in the following space

T
Vi i= q (1, 00) R xRE /ST Tiel = 3 |Bilof =0

i€([1,1] ke[l,K]

The solution of (5.8) is in the following space
Vp = {((b?,qbf) eRHT X RE /¢T = ¢F =0VieTy Vke Ty and

3 (CZ¢,05¢) € (RH? s.t. ¢f = c£¢ Viely, and ¢ = c§¢ Vkel, Vge [I,Q]} .

REMARK 5.10. [t is easily proved that the linear operator L introduced in Defini-
tion 5.9 is injective over Vy and over Vp. Thus, for any @, in L(Vy) or in L(Vp),
there exists a unique ® = (®F, ®F) in R x RE | either in Viy or in Vp such that
@y, = L(®). The values (T, ®F) are used in the definitions of ®f and ¥y, associated
to @, respectively by (5.22) and (5.23).

With these definitions, we may state the following result

PROPOSITION 5.11. Problem (5.7) amounts to finding ¢y, € L(Vy), such that,

(5.20) an(én, n) =N (Pn) ,V @, € L(VN)
with

¢h; (I)h Z V¢h . V‘I)h (X)dX7

JE[L,J]

(5.21)
(N (D) : /fcbh )dx +/U<I>h(§)d§7

where @} is defined over Q by

(5.22) d7 (x) ::% dooofolx)+ > ofef(x

1€[1,1] ke[l1,K]

and @y, is defined over T' by

1 P T P r
(5.23) Pal) = D (‘I’klu) +205,) + (I)kz(j)) ASE
Jel,J]

where we recall that 0, 07 and 9; are respectively the characteristic functions of the
cells T, Py, and of the boundary edge A;.

Proof. Let us suppose that ¢ € Vy is the solution of (5 7); then multiplying the
first equation by %|7;|®7, the second equation by %|P,|®f, and summing over all
i€[l,I] and all k € [1, K] yields

(5.24) (VP . wPs @) p = (f,®)rp .
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Thanks to the discrete Green formula (4.1), we may write the left-hand-side of (5.24)
in the following way:

(Vi VE®)p+ (Ve n,®)rn =— Y D[ (Vye); - (VE®);
JE[L,J]
1
+ ) 141V 9); X 1 (‘I’kpl(j) +285,;) + q)kpz(j)) :
JEJ—JT+1,J]

Next, thanks to (5.19), and because (V5 ¢); - (V£ ®); is a constant over D;, we may
write

= > (VR (VP == Y | Véu Vo, (x)dx .
]

je[,J jeqn,g) Y i
Moreover, according to the boundary conditions given by (5.7c),
451 (V39); - mj = 4]0 = / o(§)de
so that

A1 (VR0 myx g (#F, 20T+ of) = [
i

Finally, the left-hand-side of (5.24) is equal to
—an(on, ©n) +/U‘i’h(€)d§-

r

By Eq. (5.4), and because ®] 07 (x);r, = ®I and 760 (x);p, = ®f, the right-hand
side of (5.24) is equal to:

[reg| X et 30 o | ax.

1€[1,1] ke[l1,K]

which ends this part of the proof.

Conversely, let ¢, € L(Vy) satisfy (5.20) for all ®;, € L(Vy); then ¢ = L=(¢p,)
satisfies (5.7d) by definition of V. Further, we prove that the boundary condi-
tion (5.7c) is verified along each boundary edge jo € [J — J' + 1, J] by considering
its corresponding basis element ®) € Vy defined by (recall that the index i2(jo) is
associated to the unknown located at the center of the segment A;,)

Vie[1,I1+J%, (®)F =629 and Vk € [1,K], (@) =0.

Then, defining (®g), = L(Py), we obviously have the following properties

e . . 1
(V(®o)n)ip, =0 if j#jo and (V(Po)n)p,, = 3D, | Aj, [ 1y,
Jo

and

(@0)(x) =0 Vx € and  (Bo)n(€) = %ogg (€) Veer.
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We thus have

1 1
/ Vén - V(o) (x)dx = D) |Aj0| (V¢h)\Dj0 ‘Mg, = D) |Aj0| (V}?¢)j0 My

- [ r@iax + [ o@anerdc = [ o = o,

Finally, writing (5.20) for (®g)s proves that ¢ satisfies the boundary condition:
(Vf(b)]o ‘N, = 04 VJO € [J_ JF + LJ] .

Next, in order to prove (5.7a) for any primal cell iy € [1,I], we consider its corre-
sponding basis element ®; € V defined by

Vie 1,14+ JY, (@1)F =gk —% and Vk € [1,K], (®1)f =0.

Then, defining (®1);, = L(®1) and according to (5.20), we may write
525 3 [ Vo v@ueix=- [ @00 + [0 @i
JE[1,J]
To evaluate the left-hand-side of (5.25), we consider ® € R/*+7" x RX such that
Vie [1,I+JV, ®F =6 and Vk € [1,K], ®F =0.

Note that ® ¢ Vy but that its discrete gradient (see (3.2)) obviously equals that
of ®;. Thanks to this equality and to (5.19), we have

/ Vén - V(@) (x)dx = (VP6, VP@)p = (VP VPD)p,

which, in turn, can be transformed thanks to (4.1) into

— (VI VL6 ®)rp+ (VPG -, @),

Thanks to the definition of ®, this quantity reduces to the contribution of i, which
proves that the left-hand-side of (5.25) may be written

1
520 3 [ Vo V@ ik =5 T, (V] VFo),
jJ€[1,J]
Next, we compute the right-hand-side of (5.25)

- [ seitac-—5 > [ (62‘0 ~Hal) s ax

1€[1,1]
o A
=7y SO f, I

JREIGISD S /,"(@ (- '|Q|'>df g [ote.

je[J—dt41,0) Y A
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so that the right-hand-side of (5.25) equals

1 ol T |
_Z )dx + = —2 d€ .
3], 10 xot el [ rooax - 3l [
Because of (5.2), the last two terms in the previous sum cancel and we get
1
621 = [ 1@0iax+ [ o @0n©de=—5 [ roax=—5 1L
i0

Comparing (5.25), (5.26) and (5.27), we infer that

(Vi - Vi) = fis -
In a similar way, we can prove (5.7b) for any dual cell kg € [1, K] by considering its
corresponding basis element ®4 € Vi, defined by

|P7€0|
1

Vie 1,1+ J5, (®2)f =0 and Vk € [1, K], (®2)f =6} —

which ends the proof of the equivalence. O
PROPOSITION 5.12. Problem (5.8) is equivalent to finding vy, € L(Vp), such that
YU, € L(VD),

(5.28) an(¥n, ¥n) = Lp(¥p)
with

ZD(\I/;L)::/QQ\IJ* x)dx — Z kq <q\P;C > .

q€(1,Q]

Proof. Let us suppose that ¢ € Vp is the solution of (5.8); then we may compute
the following discrete scalar product

1
—(V VP, W) p = — B} > ITl(Vh - vie)e]

i€[1,1]

1
(5.29) —5 > BRIV VR
ke[l,K—JT]

> [PV - V)T
ke[K —JT+1,K]

Due to (5.8a)-(5.8b), the sum of the first two terms on the right-hand-side of (5.29)
equals

N =

= Z ITlgT\IfT+§ S |Pdgl vy

ze[l 1) ke[l,K—JT)

Next, using the fact that U is equal to a constant cf; ¢ over each I'; and vanishes
over Iy, we may write, according to (5.8d)

— > BIVE VReRTE == Y By Y IRIVE VR =

ke[K—JT+1,K] q€[1,Q] kel'y

Z Cq, v Z |Pilgi, = Z | Pxlgi W,

q€(1,Q] kel ke[K—JT+1,K]
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Finally, (5.29) may be rewritten in the following way

(5.30) —(Vy" V0, W) e = (9, )r.p

Using the discrete Green formula (4.1), the left-hand-side of (5.30) is equal to
(VR Vi) = (VEY 0, )r

Like previously, the first of these terms equals aj(¢p,Vp). Next, using the fact

that WP (respectively ¥7') is equal to a constant ¢}y (vesp. ¢l ) over each I'y and

vanishes over 'y, and using (5.8¢), there holds

T P
(VP W)p = 3 (%) S VP == Yk, ( fuv - Cuw )

q€(1,Q] Iy q€[1,Q]

which shows that the left-hand-side of (5.30) is equal to

(s W) + Zk( vt )

q€(1,Q]

This ends this part of the proof.

Conversely, if ¢, € L(Vp) satisfies (5.28) for all ¥, € L(Vp), then ¢ = L~1(zp,)
verifies (5.8e), (5.8f) and (5.8¢) by definition of Vp. Next, in order to prove (5.8a) for
any primal cell ig € [1, I], let us consider its associated basis element ¥y € Vp defined
through

(U)F =6, Vie[l,I+J"] and (¥,)f =0, Vke [1,K].
Applying (5.28) for ¥}, = L(¥;) and using (5.19), (4.1) and (5.5) shows that (5.8a) is
verified for the considered iy € [1,I]. Equality (5.8b) can be proved in the same way
for any dual cell kg € [1, K — J''] by considering its associated basis element ¥y € Vp
defined through

(U)F =0, Vie [1,I+J"] and (W) =6F, Vke€[1,K].

Next, let us consider an internal boundary I'y, with go € [1, Q] and let us consider
U3 € Vp which vanishes everywhere but on I'y,, where it has a constant value:

(U3)] = (W3)f =0, Vie [1,1], Vk € [1,K] and (V3)] = 6%, Vi €Ty, Vg€ [0,Q].
Applying (5.28) for ), = L(¥3) and using (5.19) and (4.1) shows that (5.8¢) is verified
for the considered gy € [1,Q]. In the same way, we prove (5.8d) for a given ¢qo € [1, Q]
by choosing ¥4 € Vp defined through

(U =0,Vie[l,I], (V)F =0, Vke[l,K —J",
()] =68 ,VieT,and (Vy) = —6%, Vk €Ty, Vqe[0,Q].

This ends the proof of Prop. 5.12. O
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5.3.2. Error estimates for the potentials. We may now turn to error esti-
mates for the potentials ¢ and 1/3 First, given the equivalent finite element formulation
stated by Prop. 5.11 (respectively Prop. 5.12), we may study the numerical error con-
cerning ¢ (resp. 1) in a traditional way by noting that aj, acts on H + L(Vy) (resp.
H! + L(Vp)), on which we define |z|1 := \/an(x,x), and by using the so-called
“Strang second lemma” [24]:

. . bwn) — ¢
(5.31) |6 —dnlin <2 inf |d—wnlin+ sup l2n (@ wn) = En(wn)|
wreL(VN) wn€L(VN) |wh|1,h

and

. . ) .y
(5.32) |0 —tnln <2 inf |[b—wplip+  sup lan($,wn) — Eolwn)l
W}LGL(VD) whEL(VD) |wh|1,h

The first term in (5.31) and (5.32) is named “interpolation error”, while the second
is called “consistency error”.

Interpolation error for ¢E We start with

PRrROPOSITION 5.13. If all diamond-cells are convex and under hypotheses 5.5 and
5.7, there exists a constant C(17*) depending only on 7% such that

5.33 inf |- < O hlléll20-
(5.33) thI?(VN)|¢ whli,n < C(T) h||9]]2,0

Proof. Consider the pointwise projection of the exact solution onto R/F7" x RX:
Vie [, I+JY], ()7 =¢(G;) and Vke[l,K], (L)L = ¢(Sk).

Then, this element is itself projected onto Vi in the following way:

> |
vie 11+ 77, ()] = )] -
> PG
Vk e [1,K], (II$)F = ()} — ke[1,K] -

Obviously, ﬁq@ and HgZA) have the same discrete gradient so that the interpolation error
in (5.33) is bounded in the following way

inf |¢—wylin < |¢ — L) 1,n = [¢ — L) |1, -
wh€EL(VN)

Finally, an upper bound for |¢ — L(II$)|; , has been given in [10] and is based on
the relation between L(I1$) and the standard Lagrange P! interpolants on the pairs
(Dj1, Dj2) and (D} 1, D} 5). It leads to the estimation (5.33). Hypothesis 5.5 is here
to ensure that the so-called maximum angle condition [3, 18] is verified for at least

one of the pairs of triangles (Dj 1, Dj2) or (D}, D’ ,). O
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Consistency error for ¢. Let wy = L(w). Thanks to (5.21), we start by writing

(5.34) an(d,wn) — n(wn) = |an(d,wn) + (f,wn)a —/Facbh(é) di] — (f;wn —wp)a-

The last term in (5.34) can be bounded by the following lemma:
LEMMA 5.14. If all diamond-cells are convex, there exists a constant C indepen-
dent of the grid such that

(5.35) |(f,wn — wi)al < Chl[fllo.alwnlin -

Proof. The proof is identical to that given in [10] for homogeneous Dirichlet
conditions. O

Then, we follow [10] with a slight modification due to non-homogeneous Neumann
boundary conditions. We divide each interior diamond-cell D; (with j € [1,J — J'))
either into Dj1UDj 5, or into D} ; UD’; 5 (see figure 2.5). Note that this choice is local
to Dj and does not influence the choice which can be made for the division of D,
for 7/ # j. Boundary diamond-cells are such that D, = D; and D; 5 = 0 and will
never be split into Dj U Dj 5. To simplify notations, we Shall write 7} o to represent
either D; o or D’ . Further, we define RT(V ), the Raviart-Thomas interpolation

of V¢ on each Tj, (see [23]) by

RI(Vi)z, € (T e (0 ) AT wd [TV nds= [ imas

for any edge s of 7;, whose normal exterior unit vector is denoted by n. We can
state the following lemma

LEMMA 5.15. Let ¢ be the solution of (5.15) and let w, € L(Vy). Denote
by <wh>j7a the average value of wy, over Tj o. Then, if all diamond-cells are convex

an(,wn) + (f.wn)o —/FG@h(ﬁ)dE =

Sy [, (99— RToé) - Vet 1 ()] i

je1,J] a=1

(5.36)

Proof. By definition, RT(V ) - 1 is a constant on each edge of 7.« In addition,
on two neighboring triangles 7; ,, the values of RT (V) - n on both sides of their
common edge are opposite one to the other, because of the orientation of the normal
vector n. By noting & the set of all the edges of all the 7}, and n the normal unit
vector to an edge s in S, and [wp]s the jump of wy, through s, then

> Z/ T(V$) -nwydé= Y RT(VH) n /S[wh]sdf

je[1,J] a=17 9T s€S, sgT

+ ) RT(V&).n/whdg.

seS, sCIl

(5.37)

Since wy, is in L(Vy), then [wy]s is a polynomial of degree one, which vanishes at the
midpoint of s (by construction of the functions of L(Vy)). Its integral on s is thus null.
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Further, there is an obvious one to one correspondence between a given s € S, s C T’
and some boundary edge A;, with j € [J—J" +1, J] because boundary diamond-cells
are such that D = D; = 7T; o, with o = 1. Therefore, for such s € S, s C I, there
exists a unique j € [J — J' 4 1, J] such that

A 1 , 1 3 !
RT(VqS)-n_|A—j|/AjRT(V¢)'nj—WAJ_V(b'nj—m/Aja

Further, on this A;, the function wy, is a polynomial of degree one, whose integral is
easy to compute:

A;
/whd§ = % (wkl + 2wr —|—wk2)

Recalling the definition (5.23) of the piecewise constant function @y, we may write

S S [ Rnh e S Rrsn [unde [ aonens

j€1,J]) a=1 S€ES, sCT

But we may also write the above equality in the following way

Z </ V- (RT(V$)) wp dx +/ RT (V) - Vwy, dx> = /le)h(f)df .

JE1,J] a=1

By subtracting this equality from a,h(qg, wp), we obtain

ah(qg,wh)—/crwh Z Z/ (V¢ — RT(V)) - Vwy, dx
r jel,J]a=1
(5.38)
- > Z/ V- (RT(V)) wn dx.
je1,J]a=1

Let us note (wp), , the mean value of wy, on 7 o. Since V-(RT(V)) is by construction
a constant on 7; o, we may write the following series of equalities

/ Y (RT(V)) wn dx = (w), / V. (RT(V))dx =
Tj,a Tj,a

639 Gy, [ BTG mde= )y, [ Véomde=

{wn); / Agdx = (wn); / fdx.

Equality (5.36) follows from (5.38) and (5.39). O

The first term in the right-hand side of (5.34) can be bounded by the following
lemma

LEMMA 5.16. If all diamond-cells are convex and under hypotheses 5.5 and 5.7,
there exists a constant C' independent of the grid such that

(540) [onban) + (Fron)e — [ oin(€) de| < - o (flloa+ 3l0)
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Proof. By virtue of lemma 5.15, bounding the left-hand-side of (5.40) amounts
to bounding the right-hand-side of (5.36). This was performed in [10]. There again,
hypothesis 5.5 is here to ensure the maximum angle condition needed by the Raviart-
Thomas interpolation of V¢, see [1]. O

We end the consistency error estimation with

PROPOSITION 5.17. If all diamond-cells are conver and under hypotheses 5.5 and
5.7, there exists a constant C, independent of the grid such that

(5.41) sup lan(9wn) = En ()] <C o (||f||0 o+ I8z, Q) :
wn€L(Vi) |wn1,n sin 7
Proof. The result follows from (5.34), (5.35) and (5.40). O
Interpolation error for 1& Next, given the equivalent finite element formulation
stated by Prop. 5.12, we may study the numerical error concerning v in a very
analogous way: The interpolation error is bounded by choosing wj = L(Hqﬁ) with
IIY) € Vp defined by

Vie[l,I+J", ()] =4(G;) and Vke[l,K], (IY)f =v(Sk)

and we obtain a result analogous to (5.33):
PROPOSITION 5.18. If all diamond-cells are convex and under hypotheses 5.5 and
5.7, there exists a constant C(7*) depending only on 7* such that

5.42 inf |~ < ) k0.
(5.42) wheHLl(VD)W whlh < CT) h[Y]]2.0

Consistency error for ’QZJ Concerning the consistency error, we may prove a result
analogous to Eq. (5.36):

LEMMA 5.19. Let 1) be the solution of (5.16) and let wy, € L(Vp). Then, if all
diamond-cells are convex

N w+c w
ah(wawh) ngh o+ Z k (q < >:

1L,Q
(5.43) q€[1,Q]

2. Z / (V) = RT(99)) - Veon + g (i) — )] dx.

je[t,J] =1

Proof. We first write for ¢ an equality analogous to Eq. (5.37). For the same
reasons as in the proof of lemma 5.15, this amounts to evaluating the boundary part:

> Z/ ) nwpdé= ) ZRT(V@).nj/Ajwhdg:

0T;,0

jE,J] a=1 qE[l,Q]jEFq

cq7w+cq’w N
I DA GRS S E s DO A R
q€(1,Q] JELq q€[1,Q] JET,

CTW—FCPM N cP
() oo a5

q€(1,Q] q€(1,Q]
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The end of the proof of (5.43) follows exactly the same lines as that of (5.36) and is
thus skipped. O

Next, bounding the right-hand side of (5.43) is performed like in [10] and we
obtain a result analogous to (5.41)

PRrROPOSITION 5.20. If all diamond-cells are conver and under hypotheses 5.5
and 5.7, there exists a constant C, independent of the grid such that

an(t,wn) — €p(w h .
(5.44) qp  lwn) — o] o b (llgllo + 1¥l12.0) -
wh€L(VD) |wh|1,h sin T

In conclusion of paragraph 5.3.2, estimates (5.31), (5.33) and (5.41) on the one hand
and (5.32), (5.42) and (5.44) on the other hand allow us to state the following theorem:

THEOREM 5.21. If all diamond-cells are conver and under hypotheses 5.5 and
5.7, there exists a constant C(7*) independent of the grid such that

(5.45) 6= onlin < (Iflloe + 16120 -
and
(5.46) 1= vulin < @R (llglloe + [Dl20) -

To conclude paragraph 5.3, Th. 5.21, along with (5.17) and (5.19) lead to
THEOREM 5.22. If all diamond-cells are conver and under hypotheses 5.5 and
5.7, there exists a constant C(7*) independent of the grid such that

1/2

> [ w-aeolax) < ewn (flln -+l + [dlln+1Dlz0) -

JE[L,J]

6. Numerical results. We test the finite volume method over different types
of meshes and we define the discrete relative L? error by:

i o S|l = i
>, 1D, ma

where (II@1); is the value of the exact solution at the barycenter of D; (noted Bj):
Vjell,J],Ia); =ua(B;).

For the first three families of meshes (triangular unstructured, non-conforming,
degenerating triangular), the domain of computation is the unit square = [0;1] x
[0;1]. We choose the data f, g and the boundary conditions so that the analytical
solution is given by

Qe ) — exp(z) cos(my) + 7 sin(mx) cos(my)
(z,y) ( —m exp(x) sin(my) — 7 cos(mx) sin(my) > ‘

This means that the exact potentials are given by
b(x,y) = exp(z) cos(my) and (x,y) = sin(rz) sin(wy).

In addition, we always choose the points G; associated to the control volumes of the
primal mesh to be the barycenters of the cell T;.
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6.1. Unstructured meshes. First of all, we consider a family of six unstruc-
tured grids made up of increasingly small triangles. The first two of these grids are
represented on the left and central parts of figure 6.1. The numerical errors in the
discrete L? norm are presented in logarithmic scale on the right part of figure 6.1, on
which we also plotted a straight line of slope 1. We remark, as proved previously, a
first-order convergence of the presented scheme.

error —o—
kS slope=1 -+
01¢ : E
e(h)
0.01 ¢ E
0.001 —+ .

F1G. 6.1. Unstructured triangular meshes.

6.2. Non-conforming meshes. Next, we consider the non-conforming family
of meshes constructed in the following way. Let n be a non-zero integer. We split {2
into (2™ 4+ 1) x (2™ 4+ 1) identical squares. Then, every other square is itself divided
into 2" x 2" identical sub-squares. We choose n € [1;4]n. The left and central parts
of figure 6.2 display the first two of these meshes. Of course, this family of meshes is
not of practical use, but constitutes in our opinion a good choice in order to test the
applicability of the presented method on arbitrarily locally refined non-conforming
meshes. A zoom on the most distorted diamond cell for this type of mesh (with
n = 2) is displayed on figure 6.3. Comparing this figure with Fig. 5.1, we infer that

maX(alvﬁla,ul +N27025ﬂ27yl +V2) = ﬂ? 5

which is always lower than 37” for all values of n. Moreover, it is easily checked that
the maximum angle of every boundary diamond-cell equals 7, so that this family
3m

of meshes satisfies hypothesis 5.5 with an angle 7% = =F. The discrete L? error is

displayed in logarithmic scale on the right part of figure 6.2, together with a reference
straight line with a slope equal to one. We observe, on this family of non-conforming,

locally refined meshes, a first-order convergence in the discrete L2 norm.

error —o—
slope=1--+

0lrp

e(h)

F1G. 6.2. Non-conforming square meshes.
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F1G. 6.3. Zoom on a diamond-cell for the locally refined meshes with n = 2.

6.3. Degenerating meshes. The third family is made up of grids of increas-
ingly flat triangles built in the following way. Let n be a non-zero integer. We divide
Q into 4™ horizontal stripes of the same height and we divide each one of these stripes
into similar triangles (except those at both ends) so that there are 2™ bases of trian-
gles in the width of a stripe and we choose n € [1;6]y. The left and central parts of
figure 6.4 represent the first two of these grids. The numerical errors in the L2 norm
are presented in logarithmic scale on the right part of figure 6.4, as well as a straight
line of slope 1.5. Although such a family of meshes does not verify Hyp. 5.5 (due to
boundary diamond-cells), we observe a superconvergence of the method in this case,
which is due to the fact, as shown in [10], that almost all diamond-cells (except those
at the boundary) are parallelograms.

ot error —o—
: slope=15 -+
01Fr
oh) 0.01
0.001 ¢
0.0001
0.01 0.1
h

Fi1G. 6.4. Degenerating triangular meshes.

6.4. Non simply connected domains. Here, the domain of computation is
Q=10,1]?\ [1/3,2/3]? and the data and boundary conditions are chosen so that the
analytic solution is given by

iz, y) = ( exp(z) cos(my) + 37 sin(3rz) cos(3my) ) |

—7 exp(z) sin(my) — 37 cos(3mx) sin(3my)

This means that the exact potentials are given by

d(x,y) = exp(x) cos(ry) and (z,y) = sin(3rx) sin(3ry).

We compute the numerical solution on a family of five increasingly fine triangular
meshes. The first two of the meshes are displayed on the left and central parts of
figure 6.5. The numerical errors in the L2 norm are presented in logarithmic scale on
the right part of figure 6.5, as well as a straight line of slope 1. We observe the first
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order convergence of the scheme on this type of non-convex meshes when the solution
is regular enough, which is not the case of the last example.

error —o—
slope=1--+
01¢f
e(h)
0.01
0.01

F1G. 6.5. Non stmply connected meshes.

6.5. Non-convex domains and less regular solutions. Here, the domain of
computation is Q =] — 1/2;1/2[2\]0; 1/2[? and the data and boundary conditions are
chosen so that the analytic solution, expressed in polar coordinates centered on (0, 0),
is given by

(1, 0) = V(7 cos(30))

that is to say o(r,0) = r2/3 cos(26) and ¢ = 0. Note that ¢ is still in H' but not
in H?, so that the error estimate derived in section 5.3 is not valid. More precisely,
¢ € (H+5(0))? with s < 2/3. We use a family of five unstructured triangular grids.
The first two meshes of this family are displayed on the left and central parts of
figure 6.6, while the error curve in the discrete L? norm is shown on the right part of
figure 6.6, together with a reference line of slope 2/3. The order of convergence of the
scheme seems to be 2/3 in this case, like that obtained in [4].

T error —o—
a slope=2/3 -+

e(h)

0.01 —+ '

F1G. 6.6. Non-conver meshes

7. Conclusion. We have proposed new discretizations of differential operators
such as divergence, gradient and curl on almost arbitrary two-dimensional meshes.
These discrete operators verify discrete properties analogue to their continuous coun-
terparts. We have applied these ideas to approximate the solution of two-dimensional
div-curl problems and we have given error estimations for the resulting scheme. Fi-
nally, we have demonstrated the possibilities of the method by providing a series of
numerical tests. Extensions of these ideas to problems with inhomogeneous and/or
anisotropic and/or discontinuous coefficients and to the discretization of Stokes-like
problems are currently being investigated.
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