A GENERALISATION OF A PARTITION THEOREM OF
ANDREWS

JEHANNE DOUSSE

ABSTRACT. In 1969, Andrews [3] proved a theorem on partitions with dif-
ference conditions which generalises Schur’s celebrated partition identity. In
this paper, we generalise Andrews’ theorem to overpartitions. Our proof uses
g-difference equations and recurrences.

1. INTRODUCTION

A partition of n is a non-increasing sequence of natural numbers whose sum is n.
An overpartition of n is a partition of n in which the first occurrence of a number
may be overlined. For example, there are 14 overpartitions of 4: 4,4, 3 +1, 3+ 1,
3+1,34+1,242,24+2,2+1+1,2+1+1,2+1+1,2+1+1,1+1+1+1and
T+1+1+1

One of the most important results in the theory of partitions is Andrews’ gen-
eralization of Schur’s theorem [3] (see Theorem 1.1 below). Not only has Andrews’
identity led to a number of important developments in combinatorics [1, 5, 12]
but it also plays a natural role in group representation theory [4] and quantum
algebra [10].

Now we need to introduce some notation due to Andrews in order to state his
theorem and its generalisation to overpartitions. Let A = {a(1),...,a(r)} be a
set of r distinct integers such that Zi:ll a(i) < a(k) for all 1 < k < r and the
2" — 1 possible sums of distinct elements of A are all distinct. We denote this
set of sums by A’ = {«a(1),...,a(2" — 1)}, where a(l) < --- < (2" —1). Let
us notice that a(2%) = a(k + 1) for all 0 < k < r — 1 and that any o between
a(k) and a(k + 1) has largest summand a(k). Let N be a positive integer with
N > a2"—1) = a(l) +--- + a(r). Let Ay denote the set of positive integers
congruent to some a(i) mod N and Ay the set of positive integers congruent to
some «(i) mod N.Let Sy (m) be the least positive residue of m mod N. If « € A,
let w(«) be the number of terms appearing in the defining sum of « and v(«) the
smallest a(i) appearing in this sum.

To illustrate these notations in the remainder of this paper, it might be useful
to consider the example where a(k) = 2! for 1 < k < r and a(k) = k for
1<k<2m—1.

We are now able to state Andrews’ theorem.

Theorem 1.1 (Andrews). Let D(An;n) denote the number of partitions of n into
distinct parts taken from Ay. Let E(A'y;n) denote the number of partitions of n
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into parts taken from Aly of the form n =X\ + -+ Ag, such that

Ai — Ait1 2> Nw(Bn(Nit1)) Fo(Bn(Ait1)) — Bn(Nit1)-
Then D(An;n) = E(Aly;n).

Schur’s theorem [11] corresponds to the case N = 3, r = 2, a(1) = 1,a(2) = 2.
Since Schur’s Theorem was successfully generalised to overpartitions by Lovejoy [9],
it was natural to wonder whether Theorem 1.1 can also be generalised. In a previous
paper [7] we were able to do it for N =7, r =3, a(l) =1, a(2) = 2, a(3) = 4, and
here we extend Andrews’ theorem in its full generality to overpartitions by proving
the following.

Theorem 1.2. Let D(Apn;k,n) denote the number of overpartitions of n into parts
taken from Ay, having k non-overlined parts. Let E(A'y;k,n) denote the number
of overpartitions of n into parts taken from A% of the form n = A + -+ + A,
having k non-overlined parts, such that

Ai = Aig1 2 N (w (By(Nig1)) = 14+ x(Nig1)) + 0By (Nig1)) = By (Xiga),

where x(Nix1) = 1 if N\iy1 is overlined and 0 otherwise. Then D(An;k,n) =
E(Al; k,n).

Schur’s theorem for overpartitions [9] corresponds again to the case N = 3, r = 2,
a(l)y=1,a(2) =2.

The case k¥ = 0 of Theorem 1.2 gives Andrews’ Theorem 1.1. His theorem
corresponds to the infinite product

r

[T=a"%: 4" ).

k=1

while Theorem 1.2 corresponds to the infinite product

I (—q*™; ™)
a(k). 4N ’
i (dg*®gN)
where we use the classical notations
n—1
(a:q)n == [J (1 = ag’),
=0
(0;¢)00 1= H(l —ag’).
=0

The presence of a denominator makes the proof of Theorem 1.2 much more intricate
than the one of Theorem 1.1 as we (n)eed to use induction and a new technique to
a(k). N
(G

difference equations to recurrences.

The remainder of this paper is devoted to the proof of Theorem 1.2. First, we
give the g-difference equation satisfied by the generating function for overpartitions
enumerated by E(A%;k,n). Then we prove by induction on r that a function

P . . . . . —q2(B).gN . .
satisfying this g-difference equation is equal to [],_, W, which is the

generating function for overpartitions counted by D(Ay; k,n).

eliminate one of the products by switching back and forth from g¢-
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2. THE ¢-DIFFERENCE EQUATION SATISFIED BY THE GENERATING FUNCTION

Let pa(iy(k,m,n) denote the number of overpartitions counted by E(A’y;k,n)
having m parts such that the smallest part is > «(i). Let us define a(2") :=
a(r+1)=N+a(l).

The following lemma holds.

Lemma 2.1. I[f1<i<2" —1, then
Pa(i)(k;m,n) — pa(ivry (k,m,n)
(2.1) = Puaiy) (ksm = 1,0 — (m = ) Nw(a(i)) — a(i))
+Pu(a(4)) (k: —1,m—-1,n—(m—-1)Nw(a@))—-1) — a(i)),

(22) pa(Qr)(ka m, n) - pa(l)(k7 m,n — mN)

Proof: Let us start by proving (2.1). We observe that p,;) (K, m, n)—=pa(it1)(k,m,n)
is the number of overpartitions of the form n = Ay + --- + A, enumerated by
Pa(i)(k,m,n) such that the smallest part is equal to «a(3).

If A, = (i) is overlined, then by definition of E(Aly;k,n),
Am—1 = a(i) + Nw(a(i)) +v(a(i)) — a(i) = Nw(a(i)) +v(a(i)).

In that case we remove )\, = (i) and subtract Nw(a(i)) from each remaining
part. The number of parts is reduced to m — 1, the number of non-overlined parts
is still k, and the number partitioned is now n — (m — 1) Nw(«a(i)) — «(i). Moreover
the smallest part is now > v(«(4)). Therefore we have an overpartition counted by
pv(a(z))(kam* In— ( - 1)Nw( ( )) O‘(Z))

If Ay, = (i) is not overlined, then by definition of E(A'y;k,n),

Am—1 = N (w(a(i)) = 1) + v(a(i)).

In that case we remove \,,, = (i) and subtract N(w(«(i))—1) from each remaining
part. The number of parts is reduced to m — 1, the number of non-overlined parts is
reduced k — 1, and the number partitioned is now n— (m —1)N(w(«a(i)) — 1) — a(i).
Moreover the smallest part is now > v(«(i)). Therefore we have an overpartition
counted by py(a@)) (K —1,m —1,n— (m — 1)N(w(a(i)) — 1) — a(i)).

To prove (2.2), we consider a partition enumerated by py(ory(k, m,n) and sub-
tract N from each part. As py(2r)(k,m,n) = pniac1)(k, m,n), we obtain a partition

enumerated by p,(1)(k, m,n —mN). O
For |d| <1, |z| < 1, |¢| < 1, we define
oo oo oo
(2.3) Ja@y(d;z,q) = fau (@ Z Z Zpa (i) (k,m,m)d" 2™
n=1m=1k=0

We want to find f,(1)(1), which is the generating function for all overpartitions
counted by E(Ay;k,n). To do so, we establish a g-difference equation relating
Ja(n) (arqjN ), for j > 0. Let us start by giving some relations between generating
functions.

Lemma 2.1 directly implies

Lemma 2.2. [f1<i<2"—1, then
(2.4)

Fati) (@)= Fagiin (@) = 2¢*D foa) (Iqu(“(i))>+dxq“”)fv(a<i)> (IQN(“’(Q(”“)) :
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(2.5) faen) (@) = faqr) (zq").
Adding equations (2.4) together for 1 < i < 2¥=! — 1 and using the fact that
o (2871) = a(k), we obtain
(2.6)
fa)() = fa) (@) = Z (Iqafv(a) (quw(o‘)) +dxq® fy(a) (qu(w(a)71)>) :

a<a(k)

Let us now add equations (2.4) together for 2F=2 < i < 2¥=1 — 1. This gives

(2.7)
fa—1) ()= far)(z) = Z (xqafv(a) (:l:qN“’(O‘)) + dzq® fu(a) (qu(“’(a)*l))) .

a(k—1)<a<a(k)

Every a(k — 1) < a < a(k) is of the form o = a(k — 1) + o/, with o/ < a(k —1).
Hence we can rewrite (2.7) as

fae—1) (%) = far)(z)
= xqa(k_l)fa(kq) (JUQN) + dwqa(k_l)fa(k—l) (z)

4 qoth=D-N Z (xqa/+va(a/) (qu(w(o/)-&-l)) + dzg® +va(a/) (quw(oz )))
a’<a(k—1)

= 2¢" ¥V fom1) (2g™) + dog® Y fu0) (@)
+q*FON(f0) (26 = fageeny (2dY)),

where the last equality follows from (2.6).
Thus

Jay () = (1 - dfﬂqa(kfl)) fateoy(@) — ¢ FDN £ 0 (2gV)
+ g k=N (1= 2¢") fagee) (z¢V).

Remember we want to establish a g-difference equation relating functions f,(1) (quN )
for k > 0. Before this, we must recall some facts about g-binomial coefficients de-
fined by

(2.8)

(1_qm)(1_qn1—1)”.(1_qm77‘+1) .
[m} - o) -a-g)  H0srsm
Tlq 0 otherwise.

They are g-analogues to binomial coefficients and satisfy g-analogues of the Pascal
triangle identity [8].

Proposition 2.3. For all integers 0 < r < m,
m m—1 m—1
e R i i
rl, o], r—1],

N R}
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As ¢ — 1 this is exactly Pascal’s identity.
We are now ready to state the key lemma which will lead to the desired ¢-
difference equation.

Lemma 2.4. For1 <k <r+1, we have

(2.11)
k—1
( —dxq )fa(l)( ) = far) ()
j=1
k=1 [ k—j—1 : :
qlgt+tm-—1 Jj+m
DM DI DI ((—x>m ! | wamPim )
j=1 m=0 a<a(k) m—1 qN m qN
w(a)=j+m
XH 1—2q") fay (zg’™).
h=1
Proof: We prove this lemma by induction on k. For k = 1, this reduces to

Ja)(@) = fa@)(x). Let us assume that (2.11) is true for some 1 < k < r and
show it also holds for k£ + 1. In the following let

k=1 [ k—j—

7j—1 . .
Lfi+m—1 wli+
j=1 | m=0 a<a(k) m= qN moJgn
w(a)=j+m

j—1
X H 1 — xq fa(l) (xqjN) .
h=1

Therefore we want to prove that
k

IT (1= dza*D) fuy(@) = fagrsny (@) + 541 (@),
j=1
We have

11 (1 — dxq“(j)) fa@) (@) = fagrr1)(@)

j=1

_ (1 - qu““”) kl:[l (1 — dwqa(j)) fay(@) = fag (2)
j=1

+ (1 — dxq“(k')) Jae) (@) = faes1) ()
=(1 qua<k>) o(@)

+ " PN oy (2g) = PN (1= 2¢") fagi (2¢"),
where the last equality follows from the induction hypothesis and equation 2.8.

Thus
k

11 (1 - dxq“(j)) fa)(@) = farn) ()

j=1
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= (1 — dxqa(k)) sk(x) + qa(k)_Nfa(l) (qu)

k-1
_ go-N (1- qu) (H (1 — d:qu+“(j)) Ja(n) (IqN) — Sk (qu)>

Jj=1
_ (1 _ dxqa(k)) s (@) + qa(k)—N (1 _ qu) Sk (;quv)

k—1

4 ok =N (1 —(1- qu) H (1 — dqu+“(j))) Ja() (qu)

j=1
= (1 — dxqa(k)> si(x) + q*=N (1 - qu) Sk (qu)

+q* PN 1 — (1 — zg™) 1+Z > (=dzg™) g | | fay (xg")

m=1 a<a(k)
w(a)=m

= (1 - da:q“(k)) sk(x) + BN (1 —2q") sk (2¢V)

BN [ g +de Yo wg* N ((—ag™) T+ (—2g™)™) | fary (24)
Oc(<c)b(k)

= (1 - dxqa(k)) sp(z) + ¢ BN (1 —2¢") sk (2¢V)

k—1
2q"® + 3 am S ag® (a7 + (—ag™)™) | fa (20)
m=1 a(k)<a'<a(k+1)
w(a’)=m+1

31 SR S () S JRTS S

j=1 m=0 a<a(k)
w(o)=j+m
j—1
(1= 2¢"Y) faq) (2¢’")

h=1

k—1 | k—j—1 i
j+m-—1 1{g+m
I Z g+l Z a(k)+a <( )m[ ] (—x)™* { ] >
j=1 m=0 a<a(k) m—1 a” " o
w(a)=j+m
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k=1 [ h—j—1 , ’
m—1 m

S 5 (ot [ e )
=1 |\ m=o0 a<a(k) me a® M dgy

w(a)=j+m
-1
() s )
h=1

+ | 2g® + Y am Yoo g ((mag™)" T+ (—wd™)™) | faqy (2a)
m=1 a(k)<o'<a(k+1)
w(a’)=m+1

el B i +m—1 | +m
Y DD DR ((—@M[J I BT )
j=1 m=0 a<a(k) a N
w(a)=j+m
j—1
(1= 2"™) faqy (2¢'™Y)
h=1
k—1 k—j . .
q|jtm =2 Jtm—1
M DICED DR ((@m ! | | } )
j=1 \ m=1  a(k)<a<a(k+1) m=2 Jgv m=1 g
w(a)=j+m
j—1
(1= 2¢"") faqy (2’™)
h=1

LY j+m—2 j+m—1

3] Do S (O SR PRISVAL A I

=2 | m=0  a(k)<a<a(k+1) av a
w(a)=j+m

H (1= 2¢"Y) fay (2¢’")

k—1
+ag"® Y dm Y aq® ((ag™)" T+ (g™ | fa (20"
m=1 a(k)<a'<a(k+1)
w(a’)=m+1

e ) i j4+m—1 j+m
D SRR o (e R IR e
j=1 m=0 a<a(k) m qN m qNv
w(a)=j+m
-1
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k=1 [ k—j .

o] DL S (O S T e

j=1 \ m=1  a(k)<a<a(k+1) q q
w(a)=j+m

(1= 2¢"Y) faqr) (2¢’™)

NES j+m—2 j+m—1

m a e Nym—1 - o, Nym -

9] DL S (S FRTCV AL A I

j=1\ m=0 a(k)<a<a(k+1) q q
w(a)=j+m

x [T (0 =2d"Y) faqy (z¢’™)
h

k—1

>, ot

i=1 | a<a(k+1)

w(a)=j
’“‘j j+m—1 jrm
m e _ o ym—1 - _\m
+Zld Z Tq (( x) [ m—1 }N—i-( x) [ m }N>
m= a<a(k) q q

w(a)=j+m

@ m— ]+m72 m— ]‘i’m*?
D S l(:ﬂ) 1({ I BT )
(k+1) aN aN

a(k)<a<a
w(a)=j+m

1

(1=2¢"Y) faq) (zg’™)
1

<.
|

h

g (D Frelk H (1= 2¢"V) fa) (xg").

Thus by (2.9) of Proposition 2.3, we obtain

k
H (1 - qu“(j)> Ja) (@) = fakt1) ()

k—1 k—j . .

+ -1 +

— Z dm Z xqa <(_x)m1 |:] ’ni . :l + (_x)m [] m:l )

j=1 \m=0  a<a(k+1) m a~ mo gy
w(a)=j+m
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H 1—2¢"V) far) (z¢?N)

j=1\ m=0 a<a(k+1)

w(a)=j+m
j—1
< [T (0= 2¢"Y) faq) (24’™)
h=1
=sk+1(x)
This completes the proof. (I

Now, by setting k = 7 + 1 in Lemma 2.4, and using (2.5), we obtain the desired
q difference equation.

GQN r

H —dxqam f(1)() fay(2g™)

r r—j .
+ —1 +
+) dm zq® <( x)™” 1[‘7 " ) ] +(x)m{7 m] )
m=0 a<a( r+1) o v m v
w(a)=j+m

We now need to evaluate f,(1)(1), which we recall is the generating function for
the overpartitions with difference conditions counted by E(A'y;k, n).

3. EVALUATING f,(1)(1) BY INDUCTION

In this section, we evaluate f,(1)(1). To do so, we prove by induction on r the
following theorem.

Theorem 3.1. Let r be a positive integer. Then for every N > «(2" —1), for every
function f satisfying (eqy ) and the initial condition f(0) =1, we have

_ - (_qa(k);qN>oo
= kl;[l (dg®™; g ) oo

The idea of the proof is to start from a function satisfying (eqy ,) and to do
some transformations to relate it to a function satisfying (eqy ,._;) in order to use
the induction hypothesis. In order to simplify the proof, we split it into several
lemmas.
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Lemma 3.2. Let f and F be two functions such that

0 1— dqun—Q—a(r)
F(z) izf(x)HW

n=0

Then f(0) = 1 and f satisfies (eqy,.) if and only if F(0) = 1 and F satisfies the
following q-difference equation

L+ |70 3t +d Y | (-w) | Fl)

= a<a(r) a<a(r)
(ed,,) w(a)=j~1 w(a)=j

r o min(j—1,1-1)

—I—ZZ Z ck7jbl_k7j(—1)l_1xlF (xqjN) ,

Jj=11=1

where .
e L
5] k N ’

and

— j+m-—1
b .= m—1 o m o )
e LD DI RN SRS | e I
a<a(r+1) a<a(r+1) q
w(a)=j+m—1 w(a)=j+m

Proof: Directly plugging the definition of f into (eqy ,.), we get

(1-2x) 1:[ (1 - dxq“(j)) F(z) = F(xq™)

r r—j .
” me1|d+Tm—1 mlJd+m
* | X qu<<>1[m_1}+<—x>[m}>
0 a<a(r+1) qN N
w(a)=j+m

<.
|
—

X (1 — dthN“L(T)) F (xqjN) .

>
Il
—

With the conventions that
Z q“=0forn>r,

a<a(r)
w(a)=n

> -

a<a(r)

w(a)=0

and

this can be reformulated as

r

LY & Y ¢ +d Y ¢ | (—x) | Fla) = F(aq")
Jj=1 a<a(r) a<a(r)

w(e)=j-1 w(e)=j
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r r—j+1 .

m— @ m a ]+m_1 m—1,m

591 ISl P NED SUNVEET D SRR CS | i B

j=1 m=1 a<a(r+1) a<a(r+1) av
w(a)=j+m—1 w(a)=j+m

7j—1 .
k(=1 oo | ] — 1 .
k=0 N

because of the g-binomial theorem [8]

n—1 n
3.1 1+ ¢"t) = R T gk
(3.1) [Ta+d O

k=0 k=0

in which we replace ¢ by ¢V, n by j — 1 and ¢t by —dxg™ ("), Finally, noting
that b ; = 0if j+1—k —1 > r, we can rewrite this as (eqy,). Moreover,
F(0) = f(0) =1 and the lemma is proved. O

We can directly transform (eqly,.) into a recurrence equation on the coefficients
of the generating function F'.

Lemma 3.3. Let F be a function and (An)nen a sequence such that

= iAnx".

n=0

Then F satisfies (ed)y,.) and the initial condition F(0) = 1 if and only if Ag =1
and (An)nen satisfies the following recurrence equation

(recn )

r r min(j—1,m—1) .
Z damt Z qa +d™ Z q + Z Z Ck’,jbm—k',jq]N(nim) (_l)erlAn—rrr
m=1 a<a(r) a<a(r) Jj=1

w(a)=m—1 w(a)=m

Proof: By the definition of (A, )nen and ( equ) we have

(1—q (dﬂ ! Y | (1) A,

a<a(r) a<a(r)
w(a)= w(a)=j

roor mln(]fl,lfl)

+ Z Ck7jbg_k7jqjN(n_l)(—1)l+1An_l.
J=11=1 k=0

Relabelling the summation indices and factorising leads to (recy,). Moreover,
A, = F(0) = 1. This completes the proof. O

Let us now do some transformations starting from (eqy ,._1)-

Lemma 3.4. Let g and G be two functions such that

oo

G@) = 90) [ v

n=0
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Then g satisfies (eqy ,._q) and the initial condition g(0) = 1 if and only if G(0) =
and G satisfies the following q-difference equation

(eqxf,r—l)

1+ ZT: &1
j=1

a<a(r) a<a(
w(e)=j—1 w(e)=
r o r—j
+ Z damt Z q“ +d"
j=1m=1 a<a(r)
w(a)=j+m—1

)
J

>

a<a(r)
w(a)=j+m

q

S +d D | (—a)

@

G(z) = G (zg")
{j i 1} UG ag).

Proof: Using the definition of G and (eqy ), we get

(1—2x) 1:[ (1 — dxq“(j)) G(x) = G(zq™)

r—1 (r—j—1 .
+m—1 J+m ;
am m—11|J _\m G N )
93 B i (O A I A e W | CIT0
w(a)=j+m

Then, as in the proof of Lemma 3.2, this can be reformulated as (eqly,._;), and
G(0) =g(0) =1. O

Again, let us translate this into a recurrence equation on the coefficients of the
generating function G.

Lemma 3.5. Let G be a function and (an)nen be a sequence such that

o0
=: E anpx”
n=0

Then G satisfies (eqy; ) and the initial condition G(0) = 1 if and only if ap = 1
and (ap)nen satisfies the following recurrence equation

(rec” Nr—1)

(1 - qu) ap =

r or—1 .
+m
Sy (et X s o)
m=1 j=0 a<a(r) a<a(r) me
w(a)=j+m—1 w(a)=j+m

n—m:-

I l:l qjN(n—m)(_l)m+1a
N

Proof: By the definition of (a,)nen and (eqy,._;), we have

r

(1 _ qu) Ay = Z dm—l Z qa + am Z qa (_1)m+1an—m
m=1 a<a(r) a<a(r)
w(a)=m—1 w(a)=m
r—1 r—1 ] +m-—-1 .
50 M EE D DRV DRl i I S T
m=1j=1 a<a(r) a<a(r) v
w(a)=j+m—1 w(a)=j+m
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As the summand of the second term equals 0 when m = r, we can equivalently
write that the second sum is taken on m going from 1 to r. Then we observe
that the first term corresponds to 7 = 0 in the second term, and factorising gives
exactly (recn ). Moreover, a,, = G(0) = 1. This completes the proof. O

Let us do a final transformation and obtain yet another recurrence equation.

Lemma 3.6. Let (ay)nen and (A))nen be two sequences such that

n—1

Ay an T (1)

k=0
Then (an)nen satisfies (vecyr ;) and the initial condition ag = 1 if and only if
Ay =1 and (A))nen satisfies the following recurrence equation

(rec N)Tfl)
r—1 min(m—1,v)

(1 _ qu A/ Z Z Z fm,#em,ufuqu(n_m)

m=1 \v=0 pn=0

r min(m—1,v—1)

a(r) Z Z fm,,uem,u—p,—lqu(n_m) ( )m+1A;L .
—1 =0

where
. m—1 a m « ]+m_1
T LD SRRV DR | A
a<a(r) a<a(r) q
w(a)=j+m—1 w(a)=j+m
and

— N%—}—ka(r) m—1
fm,k: =q k qN.

Proof: By definition of (A} )nen, we have

r r—1 :
nN ro_ m—1 a m @ Jtm—1 JiN(n—m)
(EVESETED 95 D1 FESIND SRNVIE D SR | A Y
m=1 5=0 a<a(r) a<a(r) q
w(a)=j+m—1 w(a)=j+m

« (71)m+1 ﬁ (1 + qN(nfk)Jra(r)) A’n_m

Furthermore

m m—1

H (1 +qN(n—k)+a(r)) (1 4 gNFHN (= m)+a(r))
=0

=
—

m—

(1 +qN n— m)+a(r)) (1 +qu:+N(n7m)+a(r))

S
I
_

3

?
N

14+ qN n— m)+a(r)) qN%+kN(7l—m,)+ka(r) |:m - 1:|
k

ol
Il
<]

q
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where the last equality follows from (3.1). Therefore

(1-¢") A, =
T r—1 ]+m 1
m—1 a m el - N (n—m)
RN DI FESNED SRNPIETLID DR N N IV
m=1 \ j=0 a<a(r) a<a(r) q
w(a)=j+m—1 w(a)=j+m
m—1 1
x (1 +qN<n—m>+a<r>) N PR ARN (n-m) ha(r) {mk_ } (—nm+tar
k=0 a®
r r—1 j +m 1
_ dmfl «a m «a - JN(n—m)
> > o X | I
w1 [ 5= a<a(r) a<a(r) q
w(a)=j+m—1 w(a)=j+m
m—1
Nik(k;l) +kN(n—m)+ka(r) m—1
x> 4 kol
k=0 q
-— j+m—1
N Y erar Y g qam[ b ] JUHDN (=)
j=0 a<a(r) a<a(r) N
w(a)=j+m—1 w(a)=j+m

m—1
1 -1
% Z qN%JrkN(nfm)Jrka(r) {m } (—1)m+i A/
qN

k n—m*
k=0
Thus
T r—1 m—1
(1 _ qu) A{n — Z Zem’jqjN(n—m) Z fm’quN(n—m)
m=1 \ j=0 k=0

r m—1
+ qa(T) Zem,jflq]N(n_m) Z fm’quN(n—m) (_1)m+1A;7m'
Jj=1 k=0

Rearranging leads to (rec’ny—1). As always, Aj = ap = 1. The lemma is proved.
O
We now want to show that (A,), € N and (A]), € N are in fact equal.

Lemma 3.7. Let (An)nen and (A}, )nen be defined as in Lemmas 3.3 and 3.6. Then
for everyn € N, A, = Al.

Proof: To prove the equality, it is sufficient to show that for every 1 < m <
7, the coefficient of (—1)"*1A,,_,, in (recy,) is the same as the coefficient of
(—1)™*t1AL_in (vec’n,—1). Let m € {1,...,7} and

S = [(=1)" " Ay ] (vecn )
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r min(j—1,m—1)

— qm1 Z qa 4 dm Z qa + Z Z Ck,jbm—k,jqjN(nim)
k=0

a<a(r) a<a(r) j=1
w(a)=m~—1 w(a)=m
and
S’:n = I:(_]')m—‘rlA;Lfm:I (reC/N,Tfl)
r—1 min(m—1,v) r min(m—1,v—1)
- Z Z Frnuem—pg” N ™ 4 g7 Z Z Fnp€mp—p1g” N
v=0 n=0 v—=1 u=0
r min(m—1,v) min(m—1,v—1)
- fm,Oem,O + Z Z fm““em’l’fﬂ + qa(r) Z fm,uem,ufﬂfl qVN(n—m)7
v=1 n=0 u=0

because €y,,—, = 0 for all u, as p < m — 1 so the sums are over a such that
a < a(r) and w(a) > r, which is impossible.
Let us first notice that

fm,Oem,O = dm71 Z qa +d™m Z qa'

a<a(r) a<a(r)
w(a)=m—1 w(a)=m
Now define
min(j—1,m—1)
Tmyj = Z Ck,jbm—k,j,
k=0
and
min(m—1,5) min(m—1,5—1)
T, = Z FonkCm ik + q*") Z S k€m,j—k—1.
k=0 k=0
The only thing left to do is to show that for every 1 < j <,
T,j = T7In,j'
We have
(3.2)
Ch.jOm—k.j

_ N%+ka(r) J—1 dm—l a L gm @ j+m_k— 1
q . >+ . a m—k—1 |

a<a(r+1) a<a(r+1)
w(a)=j+m—k—1 w(a)=j+m—k
D SR S P el I
asatr) a<a(r) qN m—k—1 qN
w(a)=j+m—k—1 w(a)=j+m—k

a<a(r) a<a(r)
w(a)=j+m—k—2 w(a)=j+m—k—1

y j—1 j+m—k—-1
kol m—k-1 qN’
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in which the last equality follows from separating the sums over « according to
whether « contains a(r) as a summand or not.

We also have
(3.3)

fm,kem,j—k =4q

Nik(k;n +ka(r) m—1
k qN

m— e m el |+ —k-1
x | d™t Z " +d Z q {] 1:1—1 LN,

a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k

and
(3.4)

G frnklm k1 =q

NECED 4 (g 1)a(ry (M 1
k qN

j —k—-2

SR VRPN v | I

a<a(r) a<a(r) qN
w(a)=j+m—k—2 w(a)=j+m—k—1

By a simple calculation using the definition of g-binomial coefficients, we get the
following result For all j, k,m € N,

1 . e . . 1
I O TN (A ) DR Y (e
qN m= qN gvL m—R— qN

Using (3.5), we obtain

. 2GED 4 s (r m— a m @ m—1
qN

m—j—1
a<a(r) a<a(r)
w(a)=m—1 w(a)=m
min(m,il,j—l) o
+ gV E = ha(r)
k=0
_ J j+m—k—1
< | am 1 Z qa 4 qm Z qa |: :l |: :|
a<a(r) a<a(r) k av m—k—1 aN
w(a)=j+m—k—1 w(a)=j+m—k
min(m,zl,jl) KCei)
+ qNT-&-(k-i-l)a(r)
k=0
_ j—1 j+m—k—2
dm 1 (e dam feY
. SR SRR | N N
a<a(r) a<a(r) q

w(a)=j+m—k—2 w(a)=j+m—k—1
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By (2.10) of Lemma 2.3, we have
I S PR
aN aN ey
[j+mk2} _[j+mk1} Nj[j+mk2}
qN N qN q qN.

m—k—1 m—k—1 m—k—2

This allows us to rewrite 7,, ; as

. 3GHD o — o m o m—1
Thj=x(G<m—1)g"N73 00 pam=t X" gt d™ Y g { }
qN

a<a(r) a<a(r) m=J= 1
w(a)=m—1 w(a)=m
min(m—1,5—1) o
1 Z QN%Hm(r)
k=0
~ j—1 [j+m—-k-1
w | gm1 Z qa +dm Z qa |: :| |: :|
a<a(r) a<a(r) k ay m—k—1 aN
w(a)=j4+m—k—1 w(a)=j+m—k

min(m—1,5—1)
4 Z quk(k;1)+ka(r)+N(jfk)

k=0

_ j-11 [j+m—k—1

« | gn—1 Z qa +dm Z qoc |: :| |: :|

a<a(r) a<a(r) k—llgvl m—k—1 |
w(a)=j4+m—k—1 w(a)=j+m—k

min(m—1,5—1)

4 Z QN@HkH)a(r)

k=0
_ j—11 [j+m—k—1
d™ 1 « dm e
: DR DR | N s
a<al(r) a<a(r) q q
w(a)=j+m—k—2 w(a)=j+m—k—1

min(m—2,5—1)

- Z quk(k;l)wL(kJrl)a(r)jLNj

k=0
_ j—1 j+m—k—2
d™ 1 o dm e )
x DR ARD SISl | L Y (i
a<al(r) a<a(r) q q
w(a)=j+m—k—2 w(a)=j+m—k—1

By (3.2), the sum of the second and fourth term in the sum above is exactly equal
to T'm, j. Let X denote the sum of the third and fifth term. We now want to show
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that
i ; -1
Xx(j <m—1) gVF 10 [ gt ST g Y g [ iy ] -
m—j—1| y
a<a(r) a<a(r) q
w(a)=m—1 w(a)=m

By the change of variable &/ = k + 1 in the fourth sum, we get

min(m—1,j—1)

X = Z qNMMa(rHNj
k=0
B j—11 [j+m—k—1
dm 1 (el dam @
>< S L SR | S S
a<a(r) a<a(r) q q
w(a)=j+m—k—1 w(a)=j+m—k

min(m—1,5)

_ Z quk(kf;l)—&-ka(r)-i-Nj

k=1

_ j—11 [j+m—k—1
dm 1 fe% dm a
X > '+ 2.« [k—l]N[m—k—l N
a<a(r) a<a(r) q q
w(a)=j+m—k—1 w(a)=j+m—k
0, if j >m,
= iGHD) 4o m— a m a m— i
—gV T el (d Y a<a(r) 4 Fd™Y acam) 4 ) [mijil]qN, otherwise
w(a)=m—1 w(a)=m

- G+ 4 o (r m— o m a m—1
= —x(G<m—1) VT gty gt dm Y g {m—'—l} '
a<a(r) a<a(r) J qV

w(a)=m-1 w(a)=m
This completes the proof. (I
We can finally turn to the proof of Theorem 3.1.
Proof of Theorem 3.1: Let us start by the initial case r = 1. Let N > a(1) and
f such that

(eqn,1) (1 - dxq“(”) f@) = f (2q") + 2¢*V f (zq").
Then
1+ zq®™) N
(3.6) f(x) = 1= quau)f( ")

Tterating (3.6), we get
14+ qun+a(1)

fl@) = H Wf@)

n=0
Thus
(—¢°M; ¢V )

0= G
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Now assume that Theorem 3.1 is true for some » — 1 > 1. We want to show
that it is true for r too. Let N > « (2" — 1) and f be a function with f(0) =1
satisfying (eqy ,.). Let

0 1— dqunJra(r)
F(z) ::f(x)]:[ Tl zgNn
n=0

By Lemma 3.2, F'(0) = 1 and I satisfies (eqly ,.). Now let

F(z) = iAn:v".
n=0

Then by Lemma 3.3 Ag = 1 and (A4, )nen satisfies (recy ). But by Lemma 3.7,
(Ap)nen also satisfies (rec’n,—1). Now let

n—1

A, = a, H (1 +qu+a(r)) )
k=0

By Lemma 3.6, agp = 1 and (ay,)nen satisfies (rec” v —1). Let

G(x) := ian:ﬂ”.
n=0

By Lemma 3.5, G(0) = 1 and G satisfies (eqyy . ;). Finally let

o0

g(z) = G(z) H (1 — qu”) .

n=0

By Lemma 3.4, g(0) = 1 and g satisfies (eqy,_1). Now N is still larger than
« (27'_1 — 1) and we can use the induction hypothesis which gives

(3.7) o) =]

By Appell’s comparison theorem [6],

n—oo rz—1—

oo
lim a, = lim (1 —x) Z anx”
n=0

= lim (1 —2)G(x)

r—1—
: g9(z)
=1 1-—
zg?—( z) [, (1 —azgNn)

g(1)
[, (1 —gm)

Thus

n—00 el (1 _ qu)'

. - ta(r g(1)
lim A, _,};[()(1+qu+ ( )) Hoo
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Therefore, by Appell’s lemma again,
lim (1 —2)F(z) = lim A,
r—1—

(3.8) T Nk+a(r) g(1)
= I (1 a™00) e Gy
Finally,
fF(1)= lim f(z)

. 1—xq
N xlinllf }_[ 1 — dxgNntalr) Fz)

Lo 0-0™) 11 (1+¢re) HOOQ(U by (3.8)

B Hn 0 (1 - qun+a(r)) k=0 n=1 (1 - qu)
(_ a(r). )
V)

" )

Then by (3.7),
q"™; i’ )
U (dg*®); qN) oo

This completes the proof. O

Now Theorem 1.2 is a simple corollary of Theorem 3.1.

Proof of Theorem 1.2: By Lemma 2.4, f,(1) satisfies (eqy ,.). Therefore

- (_qa(k);qN)oo
fa(l)(l):” (k). Ny °
sy (dg* Mg )o

But f,(1)(1) is the generating function for overpartitions counted by E(Ay;n, k),
and

ﬁ (—=4"™; ¢V )oo

i (dg*®;qN )

is the generating function for overpartitions counted by D(An;n, k). Thus D(An;n, k) =
E(A’y;n, k) and the theorem is proved. O

4. CONCLUSION

We generalised Andrews’ theorem to overpartitions by using recurrences and
g-difference equations. In [2], Andrews proved another generalisation of Schur’s
theorem similar to Theorem 1.1. It is likely that similar methods would also work
to generalise this theorem to overpartitions. In [5], Corteel and Lovejoy proved an
even more general theorem of which both of Andrews’ theorems are particular cases.
It would be interesting to generalise it to overpartitions too, but new techniques
might be necessary.

It would also be interesting to know if Theorem 1.2 has links with representation
theory and quantum algebra like Theorem 1.1.
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