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Abstract
In this paper we give three new proofs of Schur’s theorem for overpartitions using recurrences

and generating functions. We also prove two new theorems on overpartitions with difference
conditions. These generalize two partition identities of Andrews.

1 Introduction

A partition of n is a non-increasing sequence of natural numbers whose sum is n. An overpartition of
n is a partition of n in which the first occurence of a number may be overlined. For example, there
are 14 overpartitions of 4: 4,4,3+1,3+1,3+1,34+1,24+2,2+2,2+14+1,24+1+1,2+1+1,
24+41+1,1+14+1+1land T+1+1+1.

The following theorem is known as “Schur’s theorem for overpartitions” [10]:

Theorem 1.1. Let A(k,n) denote the number of overpartitions of n into parts congruent to 1 or 2
modulo 3 with k non-overlined parts. Let B(k,n) denote the number of overpartitions of n with k non-
overlined parts, where parts differ by at least 3 if the smaller is overlined OR both parts are divisible
by 3, and parts differ by at least 6 if the smaller is overlined AND both parts are divisible by 3. Then
A(k,n) = B(k,n).

The case k = 0 is Schur’s celebrated partition theorem [12]. Several proofs of Schur’s theorem
have been given using a variety of different techniques such as bijective mappings [8, 7], the method
of weighted words [1], and recurrences [2, 4, 6].

Theorem 1.1 was discovered using the method of weighted words [10] and was subsequently proved
bijectively [11]. In the first part of this paper we give three new proofs of Theorem 1.1 using recurrences.
Though they are based on ideas originally due to Andrews, the equations and techniques used to solve
them are different and more intricate.

Andrews used his ideas about recurrences not only to prove Schur’s partition theorem, but also to
generalize it in two different ways [3, 5]. These generalizations are indexed by the numbers N = 2" —1,
Schur’s theorem corresponding to N = 3.

In the second part of this paper we take a first step toward the generalization of Andrews’ two
theorems to overpartitions by proving the following:

Theorem 1.2. Let C(k,n) denote the number of overpartitions of n into parts congruent to 1, 2 or
4 modulo 7, with k non-overlined parts. Let D(k,n) denote the number of overpartitions of n with k
non-overlined parts of the form n = A1 + ... + As, where

0+ 7x(N\ix1 15 overlined) if \iy1 =1,2,4 (mod 7),
M= Ay > 5+ Tx(Aiy1 is overlined) if \iz1 =3 (mod 7),
T 1 3+ Tx(Niy1 is overlined) if N\jz1 = 5,6 (mod 7),
8 + Tx(Nit1 is overlined) if Ajr1 =0 (mod 7),



where x(Niy1 is overlined) = 1 if N\j11 is overlined and O otherwise. Then C(k,n) = D(k,n).

Theorem 1.3. Let U(k,n) denote the number of overpartitions of n into parts congruent to 3, 5 or
6 modulo 7, with k non-overlined parts. Let V(k,n) denote the number of overpartitions of n with k
non-overlined parts of the form n = Ay + ... + \s, where

0+ 7x(A )

5+ Tx(Aig1 is overlined) if \; =4 (mod 7),
3+ 7x(Nit1 18 overlined) if \; = 1,2 (mod 7),
8+ Tx(A )

i+1 1s overlined) if \; = 3,5,6 (mod 7)
Ai — Aigp1 2>
it1 18 overlined) if \; =0 (mod T7),

and Mg #1,1,2,2,4,4,7,7. Then U(k,n) =V (k,n).

When k£ = 0, Theorems 1.2 and 1.3 reduce to the case N = 7 in Andrews’ two generalizations
of Schur’s partition theorem mentioned above [3, 5]. Let us illustrate Theorems 1.2 and 1.3 with an
example. For Theorem 1.2, the overpartitions of 4 counted by D(k,4) are: 4, 4,3+ 1,3+ 1, 2+ 2,
242,241+1,2+1+1,14+1+1+1and 141+ 1+ 1. The overpartitions of 4 into parts congruent
to 1,2 or 4 modulo 7 are: 4,4,2+2,2+2,24+14+1,2+1+1,2+1+1,241+1,1+1+1+1and
1+1+1+1. In both cases, we have 1 overpartition with 0 non-overlined parts, 3 overpartitions with 1
non-overlined part, 3 overpartitions with 2 non-overlined parts, 2 overpartitions with 3 non-overlined
parts and 1 overpartition with 4 non-overlined parts. For Theorem 1.3, the overpartitions of 8 counted
by V(k,8) are: 8, 8,5+ 3 and 5 + 3. The overpartitions of 4 into parts congruent to 3, 5 or 6 modulo
7Tare: 5+3,5+3,5+3 and 5+ 3. In both cases, we have 1 overpartition with 0 non-overlined parts,
2 overpartitions with 1 non-overlined part, and 1 overpartition with 2 non-overlined parts.

The proofs of Theorems 1.2 and 1.3 again use recurrences, but the details are even more considerable
for N = 7 than for N = 3. Consequently, it is not clear whether it is feasible to employ these techniques
to give an overpartition identity for all N = 2" — 1.

2 Three new proofs of Schur’s theorem for overpartitions

In this section we give three new proofs of Theorem 1.1. The first one uses recurrences based on the
smallest part of the overpartition, and the other two use recurrences based on the largest part.

2.1 Proof using recurrences based on the smallest part

Let b;(k,m,n) denote the number of overpartitions counted by B(k,n) having m parts such that the
smallest part is > j.

Lemma 2.1.

bo(k,m,n) —by(k,m,n) =bg(k,m—1,n—3m+2)+by(k—1,m—1,n—1), (2.1)
bi(k,m,n) —ba(k,m,n) =by(k,m—1,n—3m+1)+b(k—1,m—1,n—2), (2.2)
ba(k,m,n) — bg(k,m,n) =bg(k,m —1,n—3m)+by(k —1,m—1,n— 3m), (2.3)
bs(k, m,n) = bo(k,m,n — 3m). (2.4)

Proof: We observe that b;—1(k, m,n)—b;(k, m,n) is the number of overpartitions counted by b;_1 (k,m, n)
such that the smallest part is equal to i. We begin by treating (2.1) : If A, = 1, then A,,_1 > 4. In
that case we remove the 1 and subtract 3 from each remaining part. The number of parts is reduced
to m — 1, the number of non-overlined parts is still k£, and the number partitioned is now n — 3m + 2.
So we have an overpartition counted by bo(k,m — 1,n —3m + 2). If \,,, = 1, then \,,,_1 > 1. In that
case we remove \,,. The number of parts is reduced to m — 1, the number of non-overlined parts is
reduced to k — 1, and the number partitioned is now n — 1. We have an overpartition counted by
bo(k —1,m —1,n —1). The equations (2.2), (2.3) and (2.4) are proved in the same way. O O



For |z| < 1, |d] <1 |q| < 1, we define

[c ol oo o)

filz,d,q) = Z Z sz (k,m,n)z™d"q". (2.5)

n=1m=1 k=0

We want to find fo(1), which is the generating function for overpartitions counted by B(k,n).
Equations (2.1), (2.2), (2.3) and (2.4) imply:

fol@) = fi(x) = xqfo(xq®) + drqfo(x), (2.6)
fi(@) = fa(z) = 2¢® f1(2¢%) + dag® f1(z), (2.7)
fa(@) = fs(z) = 2¢” f3(2q®) + dag® fo(zq®), (2.8)
f3(x) = folzq?). (2.9)
Thus by (2.6),
file) = (1 = dzq) fo(x) — xqfo(2q’). (2.10)
By (2.8) and (2.9),
fa(@) = (1 + dzg®) fo(2q®) + x¢° fo(2q°). (2.11)
Substituting (2.10) and (2.11) into (2.7), we obtain:
(1 — dzq)(1 — dzg®) fo(z) = (1 + zq + ¢* + dvg® — de’q® — daq®) fo(xq®)
+2¢*(1 — 2¢°) fo(2q°).

The following lemma for N = 3 will complete the proof. We prove it for general N because the
case N =7 will be used in the proof of Theorem 1.2.

Lemma 2.2. Let N be a positive integer and fo(x) a function such that fo(0) =1 and

(1= dog)(1 — dzg?) fo(w) = (1 + wq + vq? + dog® — daq® — da?q™+?) foaq")

(2.12)
+2¢*(1 = 2q™) fo(zg®™).
Then -
_ H 1+qu+1)(1+qu+2)
k=0 (1 — dgNk+1)(1 — dgNF+2)
Proof: Let i
(1= dag"* )
F =
(‘T> fO(x)kl;[) (l—l‘qu)

Then by (2.12),
(1 —2)(1 — deg®)F(x) = (1 + 2q + 2¢* + dzg® — dx?q® — dx?q" T3)F(xq™)
+ 2¢3(1 — dzgV T F(z¢*N).
Let F(z) =Y.,2 A,z™. Then Ag = F(0) = fo(0) =1 and
Ap —Ap_1 —dq?Ap_1 +dg?A,_o =
GNP A, 4 (VDL N2 L g N D)+3y 4

_ (qu(n—2)+3 + qu(n—l)—i-B)Ani2 + QZN(H_1)+3ATL71
_ qu(2n73)+4An_2



Simplifying, we obtain:

(1—¢"™A, = (1+dg® + ¢V D12 (14 N DA,
o dq2(1 + qN(n71)+1)(1 + qN(n72)+1)An_2

Let A, = a, [[7Z5(1 + ¢V¥*1). Then
(1—"an = (1+dg* + ¢V )a,_1 — dan—s.
Let f(z) =Y .7 ,anz™. Thus
(1 —2)(1 —dzg®) f(x) = (1 + 2¢%) f(2¢").
Thus f(0) = ap =1 and

lo_O[ 1_,_qu]€+2) 0 (1_’_qu19+2)

(1—zgVk)(1— dquk+2)f(0) - H (1 — 2gV*)(1 — dogNF+2)’

k:—O k=0

Next,

o0 o0 o0
A (1 + xgNh+?
B=Yaa =Y T o s
n=0 [ 0(1+‘1Nk+1 k=0 (1 —2g"*)(1 - dag )

By Appell’s Comparison Theorem [9, p. 101],

lim (1 — ) i Ana” = Ao
r—1- "—1(1+qu+1) - H;"_ (14 gNE+1)

n=0 11k=0
(1+ gVh+2)
- H = qu+N 1— dgNF+2)’

Thus
ﬁ (1 4 gNVE+2)(1 4 gVE+1)
Ao = _ Nk+N _ daNk+2
k:O (1—gq (1—dgq )
Next,
o (1 . xq (o) Nk+N )
folz) = H a dquk-&-l Z (1-= H dqukH ZA"QE
k=0 1=0 k=0 n=0
We apply Appell’s Comparison Theorem again and we obtain:
ﬁ 1+qu+1)(1+qu+2)
— dgNkH1) (1 — dgNk+2)
k:O (1—dg )(1 —dg )
O O

We apply Lemma 2.2 with N = 3 (we have fp(0) =1 by (2.5)). We obtain that

oo

1+ 3n+1 1+ 3n+2
fO(l) = H (1( — dZ3n+1§51 _ Z]qun—&-)Q)'

n=0

So fo(1) is the generating function for overpartitions with parts congruent to 1 or 2 modulo 3, which
proves Schur’s theorem for overpartitions.



2.2 Proof using recurrences based on the largest part

Let m, (K, n) denote the number of overpartitions counted by B(k, n) such that the largest part is < m
and overlined. Let ¢,,(k,n) denote the number of overpartitions of n counted by B(k,n) such that
the largest part is < m and non-overlined.

Notice that for every m,n,k > 1,

Tm(k —1,n) = ¢ (k,n) (2.13)
because we can either overline the largest part or not.

Lemma 2.3.

7T3m+1(]€, ’ﬂ) = ’/Tgm(k, TL) + ¢3m+1(k, n — 3m — 1) + 7T3m,2(]€, n — 3m — 1), (214)
Tam42(k,n) = m3m41(k, n) + dgmiy2(k,n —3m — 2) + w3 —1(k,n — 3m — 2), (2.15)
T3m+3(k,n) = T3ma2(k, n) + d3miyo(k,n —3m — 3) + m3m—1(k,n — 3m — 3). (2.16)

O3ma1(k,n) = d3m(k,n) + d3me1(k—1,n—3m —1) + w3 _o(k—1,n —3m — 1), (2.17)
D3m+2(k,n) = d3mi1(k,n) + d3mia(k —1,n —3m —2) + m3—1(k — 1,n — 3m — 2), (2.18)
P3m+3(k,n) = Pgmi2(k,n) + P3mia(k —1,n —3m — 3) + m3pm—_1(k — 1,n — 3m — 3). (2.19)

Proof: We give a proof of (2.14). The other equations can be proved in the same way. We break the
set of overpartitions enumerated by 7s,,+1(k, n) into two sets, those with largest part less than 3m +1
and those with largest part equal to 3m + 1. The first one is enumerated by 73, (k,n). The second
is enumerated by ¢3mi1(k,n —3m — 1) + w3—2(k,n — 3m — 1). To see this, we remove the largest
part, so the number partitioned becomes n — 3m — 1. The largest part was overlined so the number of
remaining non-overlined parts is still k. If the second part is overlined, it has to be < 3m — 2 and we
obtain an overpartition counted by 73, —2(k,n —3m — 1). If it is not overlined, it has to be < 3m + 1
and we obtain an overpartition counted by ¢s,,+1(k,n —3m — 1). O O

For all m,n, k, let ¢, (k,n) = mpn(k,n) + dm(k,n).
Adding (2.14) and (2.17), and using (2.13), we obtain

Vama1(k,n) = Y3m(k,n) + Y3my1(k— 1L,n—3m — 1) + Y3m—o(k,n — 3m — 1). (2.20)
Adding (2.15) and (2.18), and using (2.13), we obtain
Yamy2(k,n) = Yami1(k,n) + Yamy2(k — 1,n —3m — 2) + Y3—1(k,n — 3m — 2). (2.21)
Adding (2.16) and (2.19), and using (2.13), we obtain
Y3mas(k,n) = Ysmia(k,n) + Ysmia(k —1,n — 3m — 3) + Y3;m—1(k,n — 3m — 3). (2.22)
We define, for m > 1, |q| < 1, |d| < 1,
am(q,d) = 14D Y t(k,n)g"d",
n=1k=0

and we set ag(q,d) = a_1(q,d) = a—2(q,d) =1 and a_,,(q,d) = 0 for m > 3.
As m — 00, anmn(q,d) — a(q,d) where a(q,d) is the generating function for overpartitions counted
by B(k,n).



By (2.20), (2.21) and (2.22), we obtain:
(1- dqgmﬂ)asmﬂ(% d) = azm(q,d) + q3m+1a3m—2(q, d),

(1—dg®™ ) agm42(q,d) = asm1(q,d) + > agm-1(q, d),
a3my3(q,d) = (1+ dg*"*)agmya(q, d) + ¢*"Fagm_1(g, d).
Substituting (2.24) and (2.25) into (2.23), we obtain:
(1= dg*™ ) (1 = dg*"*?)azm2(q,d) =
(1+ ™ 4+ ™2 4 dg™ — dg®™ — A" ) ag_1 (g, d)
+¢*™(1 — ¢*™)azm-a(g, d).

Let am(g,d) = agm+2(q,d).
Then, a_1(q,d) =1, a_3(¢q,d) = 0 and by (2.26) we have:

(1= dg™™ ) (1 = dg*™ ) aun (g, d) =
(1 + q3m+1 + q3m+2 + dq3m _ dqﬁm _ dq6m+3)am,1(q,d)
+*" (1= ¢"™)am-2(q, d).

(2.26)

The following lemma for N = 3 will complete the proof. We prove it for general IV because we use

the case N = 7 in the proof of Theorem 1.3.

Lemma 2.4. Let N be a positive integer and (c,(q,d))nen be a sequence such that ag(q,d) = 1,

TpgN =14 gN=2_ g 2N—3
ai(g,d) =t (1(17qu7(11)(1qu?\’72) ) and:

(1= dg"™ ™)1 = dg"" ) aum(q,d) =
(1 _|_qu—1 +qu—2 +qum—3 _ qu(Qm—l)—B‘ _ dq2Nm_3)am_1(q, d)
+¢" 31— gV D), (g, d).

Then
N (q d)_ hm N (q _ ﬁ 1_|_qu71)(1_’_qu72)
OO\T - mi\1 - _ Nk—1 _ NEk—2\"
e =g 1= agv7=2)
Proof: Let
m quk 1
ﬂm(Qa = Om qa H 1_ Nk )
k=1 q

Then by (2.27), we obtain

(1=dg"" )1 = ¢"™)Bm(g, d) =
(1 + qu—l + qu—Q +qum—3 _ qu(2m—1)—3 _ dqQNm_B)ﬁm_l(q,d)
+ V(1= dgV VT B, o (g, d).

For |z| < 1, let

From (2.28) we deduce

(1—2)f(x) = (dg >+ 1+ 2¢" )1+ 2¢" ") f(zqg")

(2.27)

(2.28)



Let

k=1
Thus
(1—2)F(z) = (dg~ % + 1+ 2¢" ) F(2q") — dg *F(x¢*")
Let -
F(x) = anx”
n=0
Then so = F(0) =1 and
. (1_|_an72) ;
T A (v
So
ﬁ 1+qu 2) ﬁ 1+qu 2)
b 1_qu/€ 2 l_qu: pe] 1_quk 2 (l_qu:)
We have: - - -
flz) = Z H 14 zgNFt anx".
m=0 k=1 n=0
Thus -
lim (1 — - 14+ ¢V lim (1 - .
o E e firr o for

Using Appell’s Comparison Theorem we deduce that

oo o0 1+qu 1)(1_~_qu 2)
Boo(g,d (1+¢"*h) :
=1L ,E = ") — )
Finally
m 1 o q )
q7 H d Nk— 1 Bm(% )
So 0 Nk— Nk
(1 Ha 2
aco(q, d H +qu 1)( +qu)27
oy (L=dg™F=1) (1 — dgNk=2)
which completes the proof of Lemma 2.4. O O

We apply Lemma 2.4 for N = 3 t0 (m—1)men and we obtain:

o0 1+q3k 1)(1_|_q3k 2) e (1+q3k+1)(1+q3k+2)

q’ H 1 _ dq?’k 1 1 _ dq% 2) P (1 _ dq3k+1)(1 _ dq3k+2)

which is the generating function for overpartitions with parts congruent to 1 or 2 modulo 3. It completes
this second proof of Theorem 1.1.



2.3 Proof with the largest part and parts counted twice

The beginning of this proof follows the same principle as the previous proof, except that parts congruent
to 0 modulo 3 are counted twice. This actually gives a refinement of Theorem 1.1.

Let (M, k,n) denote the number of overpartitions counted by B(k,n) having M parts, where
parts divisible by 3 are counted twice, such that the largest part is < m and overlined. Let ¢,,(M, k,n)
denote the number of overpartitions counted by B(k,n) having M parts, where parts divisible by 3
are counted twice, such that the largest part is < m and non-overlined.

Notice that for every M, m,n,k > 1,

Tm(M, k —1,n) = ¢p (M, k,n) (2.29)
because we can either overline the largest part or not.

Lemma 2.5.
773m+1(M, k,n) = 7'r3m(]\47 k,?’l) + ¢3m+1(M - 1, k?,TL —3m — 1)

2.30

+ 7gm—2(M —1,k;n—3m — 1), ( )

773m+2(Mak7n) = 7T3m+1(M7kan) + ¢3m+2(M - 1,k‘,7’l —3m — 2) (2 31)
+ 7gm—1(M — 1,k,n —3m —2), '

T3m+43(M, k,n) = Tampa(M, k,n) + ¢3my2(M —2,k,n — 3m — 3) (2.32)
+ 3m_1(M — 2, k,n — 3m — 3). '

G3my1(M, k,n) = ¢z (M, k,n) + ¢p3my1(M — 1,k —1,n —3m — 1) (2.33)
+ 3m_o(M -1,k —1,n —3m — 1), '

G3my2(M, k,n) = ¢3mi1(M, k,n) + ¢3mi2(M — 1,k —1,n —3m — 2) (2.34)
+ m3m_1(M — 1,k —1,n—3m —2), .

¢3m+3(M5 ]{I,Tl) = ¢3m+2(Mak7n) + ¢3m+2(M - 27k - 17” - 3m - 3) (2 35)

+7T37rL—1(M - 27k'— l,n— 3m — 3)

Proof: We give a proof of (2.30). The other equations can be proved in the same way. We break
the set of overpartitions enumerated by ms,,+1(M, k,n) into two sets, those with largest part less than
3m + 1 and those with largest part equal to 3m + 1. The first one is enumerated by s, (M, k,n).
The second is enumerated by ¢gmi1(M — 1,k,n —3m — 1) + wgpm—o(M — 1,k,n — 3m — 1). To see
this, we remove the largest part, so the number partitioned becomes n — 3m — 1. The largest part
was overlined so the number of remaining non-overlined parts is still £ and the number of parts is
now M — 1. If the second part is overlined, it has to be < 3m — 2 and we obtain an overpartition
counted by mgy,—o(M — 1,k,n — 3m — 1). If it is not overlined, it has to be < 3m + 1 and we obtain
an overpartition counted by ¢g,1(M —1,k,n —3m — 1). O O

For all M, m,n,k, let ¥, (M, k,n) = mpn(M, k,n) + ¢om (M, k,n).
Adding (2.30) and (2.33), and using (2.29), we obtain

w3m+1(M; k7n) = 1p3’rl’7,(]\4; k7n) + 1/]3m+1(M - 17k - 1an - 3m - 1)

2.36
+ Ygm_o(M —1,k,n —3m —1). (2:36)

Adding (2.31) and (2.34), and using (2.29), we obtain
1p?)'n'7,+2(]\47 ]€7’I’L) = 1p?)'mri»l(]\47 ]€7’I’L) + ¢3m+2<M - 17 k — 1) n—3m — 2) (2 37)

+smo1(M — L k,n — 3m — 2).



Adding (2.32) and (2.35), and using (2.29), we obtain

Y3my3(M, k,n) = Yamyo (M, k,n) + Pgmea(M — 2,k

—1,n—3m—3)
(2.38)
+ Y3m_1(M — 2, k,n — 3m — 3).
We define, for |¢| < 1, |d| < 1, |¢] < 1,
aml@pdit) =1+ D D) dm(Mon, Rg"d e,

1 k=0
As m — oo, am(q,d,t) — a(q,d,t) where a(q,d,t) is the generating function for overpartitions
counted by B(k, i

(k,n) having M parts where parts divisible by 3 are counted twice
By (2.36), (2.37) and (2.38), we obtain

(1-

(2.39)

(1 — dtg®™*)agmi2(q,d,t) = azm+1(q. d.t) + tg*" P agm—1(q, d, t) (2.40)

a3m+3(q7 da t) = (1 + dt2q3m+3)a3m+2 (CL d7 t) t2q3m+3a3m71 (CI» da t) (241)

y (2.39), (2.40) and (2.41) we obtain:

(1= dtg>™ )1 — dtq”"*?)azm+2(q, d, t) =
(1 + tq3m+1 + tq3m+2 + dt2q3m _ dt2q6m _
4 t2q3m(1

dtq3m+1)a3m+1(q, d, t) = a3m (qa d7 t) + tq3m+1a3m72(q7 d t)

dt*q*™ ) agm—1(q, d, t) (2.42)
- q3m)a3m_4 (qa da t) .

Replacing m by m — 1 and t by t¢® in (2.42), we obtain

(1 _ dtq3m+1)(1 _ dtq3m+2)a3m_1(q,d, tq3) —

(1 + tq3m+l + tq3m+2 + dt2q3m+3
+ 263 (1 — ¢*" P agm_7(q, d, tq*).

We want to prove that as,,y3(q,d,t) satisfies the same equation (2.43) as azm,_1(q,d,tq). Using
(2.41) we have

— dt?¢"™ — dt*¢"" ) agm_a(q, d, tq?) (2.43)

(1—dtg®™ ) (1 — dtq® **)azm3(q, d, 1)

— (14 @B 4 g2 g g2  gr2gtm

dt2q6m+3)a3m (qa d7 t)
— 2Pl

- q3m—3)a3m_3(q’ da t)
_ (1 o dtq3m+1)(1 _ dtq3m+2)><
2 3m+3 2 3m+3 (2.44)

[(1 + dt q )a37rn+2 (Q7 d7 t) +1 q a3m—1(‘]a d, t)]

_ (1 + tq3m+1 4 tq37n+2 4 dt2q3m+3 _ dt2q6m _ df2q6m+3)><

[(1 + dthgm)aﬂm—l(% d, t) + t2q3ma3m—4(Q7 d, t)]

_ t2q3m+3(1 _ qu—S)Kl 4 dt2q3m—3)a3m_4(q’ d, t) 4 t2 3m 3a3m_7(q, d, t)]
Substituting (2.42) into (2.44) we obtain after simplification

(1 - dtq3m+1)(1 - dtq3m+2)a37n+3 (Qa da t)

_ (1 + tq?)m-‘rl + tq3m+2 + dt2q3m+3 _ dt2q6m
o t2q3m+3 (1

— t2q3m+3[(

- dt2q6m+3)a3m(qv d7 t)
- q3m73)a3m—3(q7 da t)

1 —dtg®> (1 — dtg*™ ) azm_1(q, d, t)
N I L B e s
_ t2q3m_3(1

dt2q6m76)a3m—4(Q7 da t)
- q3m—3)a3m_7(q7 d7 t)]



by (2.42) in which we have replaced m by m — 1.
So azm.3(q,d,t) satisfies the same recurrence equation as aznm,_1(q, d, tq>).
Furthermore, by (2.39), (2.40) and (2.41), we obtain:

A+t +tg®) (1 +tg)(1+tg?) f
a3(Qad7t) - (1—dtq)(1—dtq2) - (1_dtq)(l_dtqQ)a—l(%datqs)v (245)
and
P (1+tq)(1+tq%) (14tq" +tq° — di*q?)
@000 = GGy (1= dig?®) (1= dig) (1 — dig®) .
(L +tg)(1 +tg?) an(a. d.1g"). (2.46)
T 1= dtq)(1 — dtg?) M

Using the recurrence equation satisfied by aszmy3(q, d,t) and az,m_1(q, d, tq®) and (2.45) and (2.46),
by mathematical induction, we have for all m > 0 :

(1 +tq)(1 +tq?)
(1 —dtq)(1 — dtq?

azm+3(q,d,t) = )a3m—1(qa d, tq*).

So, if we let m — oo, we obtain:

(1 +tq)(1 +tq?)
(1 —dtq)(1 —dtq?) m

liLIl am(q,d,t) = hm am(q, d,tq*). (2.47)

Iteration of (2.47) shows that:

oo

H 1 +tq3n+1)(1 +tq3n+2)

lim am(q,d,t) (1 — dtg> ) (1 — dtg®n+2)’

m—r o0

(2.48)

n=0

This completes the proof.

3 Two new theorems on overpartitions with difference condi-
tions

3.1 Proof of Theorem 1.2

Let d;(k,m,n) denote the number of overpartitions counted by D(k,n) having m parts such that the
smallest part is bigger than ¢. We have the following equations:

Lemma 3.1.

do(k,m,n) —dy(k,m,n) = do(k,m —1,n—Tm+6)+do(k —1,m—1,n—1), (3.1)
di(k,m,n) —da(k,m,n) =dy(k,m—1,n—Tm+5)+di(k—1,m—1,n—2), (3.2)
da(k,m,n) —ds(k,m,n) =do(k,m —1,n—14dm 4+ 11) + do(k — 1,m — 1,n — Tm + 4), (3.3)
ds(k,m,n) —ds(k,m,n) =ds(k,m —1,n—Tm+3) +ds(k —1,m —1,n —4), (3.4)
dy(k,m,n) —ds(k,m,n) =do(k,m —1,n—14m+9) +do(k — 1,m — 1,n — Tm + 2), (3.5)
ds(k,m,n) —dg(k,m,n) =di(k,m—1,n—14m+8)+di(k—1,m—1,n —Tm+ 1), (3.6)
dg(k,m,n) —d7z(k,m,n) = do(k,m —1,n —2Ilm + 14) + do(k — 1,m — 1,n — 1dm + 7), (3.7)
d7(k,m,n) = do(k,m,n — Tm). (3.8)
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Proof: We prove (3.3). The other equations are proved in the same way. Now da(k, m,n) —ds(k, m,n)
denotes the overpartitions with the smallest part As equal to 3. If s is overlined, then As_; > 15. In
that case we remove 14 from each part and we obtain do(k,m —1,n—14m+11). If A, is not overlined,
then Ags_; > 8. In that case we remove 7 from each part and we obtain do(k — 1,m — 1,n — Tm +
4). O O

For |z| < 1, |d| <1 |¢q| <1, we define
fi(z,d,q) = L+ di(k,m,n)a™d"q". (3.9)
n=1m=1k=0

We want to find fy(1), which is the generating function for overpartitions counted by D(k,n).
By (3.1) - (3.8), we have:

fo(z) — f1(z) = 2qfo(xq") + drgfo(x), (3.10)
fi(x) = fa(x) = 2¢® fi(xq") + dzg® f1(x), (3.11)
fa(@) = fs(z) = 2¢° fo(zq™*) + dag® fo(zq"), (3.12)
fa(x) = fa(x) = xq* f3(xq") + dag* fs (), (3.13)
fa(@) = f5(x) = xq® fo(zq"*) + dxg® fo(zq"), (3.14)
fs(x) = fo(x) = 2¢° fr(xq"*) + duq® f1(zq"), (3.15)
fo(x) = fr(2) = 2q" fo(xq®") + daq” fo(xq"), (3.16)
fr(x) = fo(i’?q?)- (3.17)
y (3.10), we know that
fi(x) = (1= dzq) fo(x) — zqfo(zq"). (3.18)

By (3.10), (3.11) and (3.12), we have

fala) =(1 = dzq)(1 - dzg®) fo(x)
+ (—2q — 2¢* — dxg® + dx?¢® + d2?q"?) fo(xq") (3.19)
+a2¢* (=1 + 2q7) fo(zq™).
Summing equations (3.10) - (3.16), and using (3.18), (3.19) and (3.17) to replace respectively f;(z),
f3(x) and f7(x) by expressions using only fy, we obtain
(1 — daq)(1 — dzg*)(1 — dwq") fo(z) =
14 zq+ zq® + z¢* + dxg® + dxg® + dag® — da:2q3 —dz?¢® — dz?¢® — dx?qt°
_da?q"? — da?q" — PP — dPaq™ + 2T + Pt + 42 Ql]fo(xq ) (3.20)
+ (1= 2q")[xg® + 2¢° + 2¢° + dwq” — dz*q" — da?q™ — da*¢®'] fo(xq™)
+ (1= 2q")(1 - 2¢')aq" fo(zg®).
Let
< (1 — dxq7"+4
F(z) = fo(x) H g

L (L—xq™)

Then by (3.20) we obtain
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(1 = dog)(1 — dog?)(1 — o) F(x) =

14 zq+ zq¢® + x¢* + dzg® + dzq® + dzg® — dx2 3 _da?q® — daqb — da?qt®
dm2 12 dl’2 13 d2x d2x2 14 d21' d2$3q14 + d2 3 QI}F(mq )
+ (1 — deg"™M)[xg® + 2¢° + 2¢° + daxq” — dz?q" — dz?q" — dz?¢*|F(xq'?)

+ (1 —dzg")(1 — dzg®)zq" F(z¢*).
Let F(z) =Y 0" Apz™. Then Ay = F(0) = fo(0) =1 by (3.9) and
(1-¢™)A, =
(14 ¢ )1+ dg + dg® + ¢ + "5 + dg™* + 11 A,
—(L+q™ ) (A +¢™ 1) dg + dg® + d?¢® +dg™ T + dg™ | Ans
+ (141 + ¢ A+ TP A
Let A, = ap, [[}Z5(1+¢"**%). Then ap = Ap = 1 and
(1= ¢™)an =[1 +dg + dg® + ¢ + ¢""5 + dg™* 4 ¢***)q, _,
— ldg +dg® + d?¢* + dg™ ™ + dg™ " Nan—s + d*¢ay .
Let f(z) =72 anz™. We obtain that f(0) =1 and
(1 —2)(1 — daq)(1 — dzg®) f(x )
= (1 +2q+ 2¢* + dog® — da*® — dz®q"°) f(xq") + 2¢” f (xq™).
Let G(z) = f(2) [1o2y(1 — 2¢™). Thus G(0) = 1 and
(1 —dzq)(1 — dzg®)G(z) = (1 + xq + x¢* + dxg® — da*q® — dx?*¢*®)G(2q")
+2g°(1 - 2q")G(zq").
To solve (3.21), we apply Lemma 2.2 with N = 7. We obtain that

(3.21)

G(l) _ ﬁ (1 + q7n+1)(1 4 q7n+2)
1 (1 —dg™+1)(1 — dg™n+2)’
So we have
o0 o0 1
(1=a)f(z) = (1 =2) Y ana" = G@) [[ 7=y
n=0 n:l( — )
By Appell’s Comparison Theorem we obtain
°° 1
a0 = G(1) go e
5o 7 7 Tn+4
- 7 (L™ (L +¢™2)(1 4 ¢
> kl;[o( te ,EO (1= ¢™*7)(1 — dg™+1)(1 — dg™+2)
We have
(o9} (oo}
1 _ Iq7n+7) (1 _ xq7n+7)
1—2)F(x) = — (11— Ay,
}_Io 1— qu7n+4)( z)F(2) };[0 (1— qu7n+4) r RZ% z"
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We apply Appell’s Comparison Theorem again and we obtain

© (1_ 7n+7)
fo(l) :EWAOC

B H 1 + q7n+1)(1 + q7n+2)(1 + q7n+4)
1 _ dq7n+1 1— dq7n+2)(1 _ dq7n+4) :

This is the generating function for overpartitions with parts congruent to 1, 2 or 4 modulo 7, which
completes the proof of Theorem 1.2.
3.2 Proof of Theorem 1.3

Let 7,,(k,n) denote the number of overpartitions counted by V' (k,n) such that the largest part is < m
and overlined. Let ¢,,(k,n) denote the number of overpartitions counted by V(k,n) such that the
largest part is < m and non-overlined.

Lemma 3.2.

Trmt1(k,n) = T (ky,n) + drm—o(k,n —Tm — 1) + wrp—g(k,n — Tm — 1), (3.22)
Trma2(k,n) = Trma1(k,n) + orm—1(k,n — Tm — 2) + 77 —s(k,n — Tm — 2), (3.23)
Trm+3(k,n) = Trma2(k, n) + drmas(k,n — Tm — 3) + wrm_a(k,n — Tm — 3), (3.24)
Trm4a(k,n) = Trmas(k,n) + drm—1(k,n — Tm — 4) + w7 —g(k,n — Tm — 4), (3.25)
Trm+5(k,n) = Trmaa(k,n) + Grmays(kyn — Tm —5) + wm—a(k,n — Tm — 5), (3.26)
Trmt6(k,n) = Trmas(k,n) + drmaye(k,n — Tm — 6) + 77 —1(k,n — 7Tm — 6), (3.27)
Trm+7(k,n) = Trmae(k, n) + @rm—1(k,n — Tm —7) + wrm—s(k,n — Tm — 7). (3.28)

Grm+1(k,n) = drm (k,n) + drm—2(k —1,n—Tm — 1) + m7pm_o(k — 1,n — Tm — 1), (3.29)
Grmr2(k,n) = ¢rma1(k,n) + drm—1(k = 1,n —Tm = 2) + 77p_s(k — 1,n = Tm — 2), (3.30)
Orm+3(k,n) = drmaa(k,n) + drmas(k —1,n—Tm —3) + 7_a(k — 1,n — Tm — 3), (3.31)
Ormta(k,n) = drmas(kyn) + drm—1(k—1,n—Tm —4) + wrm—s(k — 1,n — Tm — 4), (3.32)
Ormts(k,n) = ¢rmya(k,n) + drmis(k —1,n — Tm = 5) + 77p—2(k — 1,n — Tm = 5), (3.33)
Grm+6(k;n) = drmis(k,n) + drmie(k —1,n —Tm —6) + w71 (k — 1,n — Tm — 6), (3.34)
Grmi7(k,n) = drmae(k,n) + Prm_1(k — 1,n —Tm —7) + Trm_g(k — 1,n — Tm — 7). (3.35)

Proof: We give a proof of (3.22). The other equations can be proved in the same way. We break the
set of overpartitions enumerated by 7m7,,+1(k, n) into two sets, those with largest part less than 7m+1
and those with largest part equal to 7m + 1. The first one is enumerated by 77,,(k,n). The second
is enumerated by ¢7m—2(k,n — 7Tm — 1) + m7m—_o(k,n — 7m — 1). To see this, we remove the largest
part, so the number partitioned becomes n — 7m — 1. The largest part was overlined so the number of
remaining non-overlined parts is still k. If the second part is overlined, it has to be < 7m — 9 and we
obtain an overpartition counted by m7,,—g(k,n — 7m — 1). If it is not overlined, it has to be < 7m — 2
and we obtain an overpartition counted by ¢7,,—2(k,n — 7m — 1). O O
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For all m,n, k, let ¥ (k,n) = 7 (k,n) + ¢m(k,n). By Lemma 3.2,

Yrmy1(kyn) = Yrm(kyn) + Orm—o(k — 1,n —Tm — 1) + Yrm_g(k,n — Tm — 1), (3.36)
Yrmy2(k,n) = Yrmi1(ky,n) + Yrm—1(k — 1,n — Tm — 2) + Yrm_s(k,n — Tm — 2), (3.37)
Vrm+3(k,n) = Yrmy2(k,n) + Yrmys(k — 10— Tm = 3) + Yrp—a(k,n — Tm — 3), (3.38)
Vrm+a(k,n) = Yrmys(k,n) + Yrm-1(k —1,n = Tm — 4) + Yrp_s(k,n — Tm — 4), (3.39)
Vrmys(kyn) = Yrmya(k,n) + Yrmys(k — 1,n — Tm — 5) + Y7o (k,n — - 5), (3.40)
Yrmae(k,n) = Yrmas(k,n) + Yrmae(k — 1,n — 7m — 6) + Yrm—1(k,n — 7Tm — 6), (3.41)
Yrmy7(kyn) = Yrmye(k,n) + Yrm—1(k —1,n —Tm = 7) + prm—s(k,n — Tm — 7). (3.42)

We define, for m > 1, |q| < 1, |d| < 1,

d) =143 thm(k,n)g"d",

n=1k=0

and we set a_,,(q,d) =1for 0 <m <7, a_;,(q,d) =0 for m > 7, and
al(qad) = a2(q7d) = 13

1+
1—dg3’
1+4¢° +¢° —dg®
a5(q7 d) = 3 5 )
(1 —dg*)(1 —dg°)
1+q3+q5 +q6 _qu _dqg _dqll +d2q14
(1 —dg®)(1 —dg®)(1 — dq°)
This definition is consistent with the condition that A\, # 1,1,2,2,4,4,7,7.

As m — 00, am(q,d) = a(q,d) where a(g,d) is the generating function for overpartitions counted
by V(k,n).
By equations (3.36)-(3.42), we have:

ag(q,d) = as(q,d) =

a6(Q7 d) = a7(Q7 d) =

a7m—6(¢,d) = arm—1(¢,d) +dg"™ ®arm—9(q,d) + ¢ Cazm-16(g, ), (3.43)
arm—5(q,d) = arm—g(q,d) + dg"™ P arm_g(q,d) + ¢ Parm_15(q, d), (3.44)
arm-4(¢,d) = azm—5(q,d) + dg"™ tarm_a(q,d) + ¢ tazm-11(q, ), (3.45)
arm—3(q,d) = arm_4(q,d) + dq"™ B arm_s(q,d) + ¢ Barm_15(q, d), (3.46)
arm-2(¢,d) = arm—3(q,d) +dg"" arm-2(g,d) + ¢ *arm—o(q, d), (3.47)
arm-1(¢,d) = arm—2(q,d) + dg"™ Yarm_1(q,d) + ¢ Larm_s(q,d), (3.48)
arm (g, d) = azm_1(q,d) + dqg"™ azm_g(q,d) + ¢ " arm_15(q, d). (3.49)
By (3.48),

(1 —dg"™ Yarm-1(q,d) = arm—2(q,d) + ¢ arm—s(g,d). (3.50)

Replacing m by m — 1 in (3.48), multiplying this by —¢°® and adding it to (3.46), we get
arm-3(¢,d) = arm_4(q,d) + ¢®arm_s(q, d) — ¢®arm_o(q, d). (3.51)

Substituting (3.51) into (3.47) leads to
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(1 - dq7m72)a7m—2(% d) = A7m—4 (Qa d) =+ q5a7m—8(Qa d)
+ (=" + 4" ) azm—o(q, d).

Let (A) denote the equation obtained by replacing m by m — 1 in (3.49), and adding it together
with (3.43) and (3.44). Let (B) denote the equation obtained by adding (3.46), (3.47) and (3.48) and
replacing m by m — 1. Then (A) — ¢3(B) yields

(3.52)

a7m—5(Qa d) = (1 + qg)a7m—8(Q7 d) - q3a7m—11(Q7 d) (353)
Substituting (3.53) into (3.45), we obtain

(1—dqg" arm-a(q,d) = (1 + ¢*)azm—s(q,d) + (=¢* + ¢"™ ) azm-11(g, ). (3.54)
By (3.50), (3.52) and (3.54), we obtain:

(1—dg™ ) (1 —dg™ ?)(1 = dg"™ ")azm-1(q,d) =
[1 _|_q7m71 _|_q7m72 +q7m74 +dq7m73 +dq7m75 +dq7m76
— dgtim=3 _ gtim=5 _ ggtam=6 _ g ldm=10 _ g 14m—12 _ ; 14m—13

o d2q14m77 o d2q14m714 + d2q21m77 + d2q21m714 + d2q21m721]

+ (1 _ q7m—7)[q7m—3 4 q7m—5 + q7m—6 + dq7m—7
_ dq14m—7 _ dq14m—14 _ dq14m_21]

a7m—8(‘17 d)

a7m715(q7 d)
+(1=¢"™ )1 = ¢ Mg T arm—22(q, d).

Let ay(q,d) = azm—1(q,d) and :

m— 1 _ dq7k+3)
Bm(% - am q7 H 7k+7
k=0
Thus BO(‘L d) = 17 ﬁ—l(Qa d) = 5—2(q7 d) =0 and:

(1—dg™ (A —dg™ )1 = q"™)Bm(g, d) =

[1 +q7’m—l +q7m—2 +q7m—4 +dq7m—3 +dq7m—5 +dq7m—6

— dgMme3  gglam=5 _ gqtam=6 _ g 14m—10 _ go14m—12 _ g 14m—13

_ d2q14m—7 _ d2q14m—14 + d2q21m—7 + d2q21m—14 + d2q217n_21]5m—1(q7d) (355)
+ (1 o dq7m711)[q7m73 + q7m75 + q7m76 + dq7m77

—dgMmT gt galim=211g ()

+ (1 —dg™™ ") (1= dg"™ )¢ Br—3(q. d).

For |z| < 1, let

= Bmlg.dx
m=0

From (3.55) we deduce

(I-2)f(z) =

(1+2¢3)[dg 2 +dg ' + 1+ 2¢° + 2¢° + dzg* + 22¢" | f(zq")

— (1 +2¢*)(1 + 2¢'%)[dg™" + dg~? + d*¢™° + dwq* + dxg"] f(2q")
+(1+2¢°) (1 + 2¢"%) (1 +2q'T)d?q > f(xg™).
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Let

o0

f(x) = F(z) [T (1 +2q™*?).

k=0
Thus from (3.55) we deduce

(1—xz)F(z) = [dqi2 +dg '+ 1+ 2¢° + ¢ + deg* + a:zqn]F(:zz(f)
— [dg ' +dq™? 4+ d*q™? + dxq* + dxq'|F(xg'?)
+ d2q73F(xq21).
Let -
x) = Z Spa™
n=0
Then so = F(0) =1 and
(1 _ dq7n—1)(1 _ dq7n—2)(1 _ q7n>8n —
(1472 4 ¢ 1 4 dgT™=3 — dg'4n=10 _ ggian=3)s

™m—3
_|_qn Sp—2-

Let )
Hn = Sn H(l - q7n+7)'
k=0
Thus

(1—=dg™ ") (1 —dg™ ), =
(I+¢" 2+ ¢ 4+ dg™ % — dg"*" 10 — dg"" ) (3.56)
+ q7"73(1 - q7n77)‘un_27
_ (+4¢°+¢°—dgq'")
and pig = sg = 1, py = oA,
To solve (3.56), we apply Lemma 2.4 with N = 7. We obtain that

0 1+q7k+5 1+q7k+6
1 ) )

P (1 — dg™+5)(1 — dqT++6)
So -
s =[] (1+¢™)(1 +¢™)
o0 P (1 — dqTF+5)(1 — dgT+6)(1 — ¢Th+7)"
We have
> Bulg,d)z” = f(z) = F(x) [[(1+2¢™) = [T +2¢™*) Y spa™. (3.57)
n=0 k=0 k=0 n=0

We multiply both sides of (3.57) by (1 —z) and we apply Appell’s Comparison Theorem. We obtain

(1 +q7k+3)(1 +q7k+5)(1 +q7k+6)

_ T Th+3y _
Boo(q,d) =500 kl;[o(l +q™) = kE[o (1 — dg*5)(1 — dq7F+6)(1 — g7h+7)

Thus
7k+7)

= H dq7k+3 /Bm(Qa )

B 1°_°[ 1+q7k+3)(1+q7k+5)(1+q7k+6)
- _ 7k+3 — AqTk+5 _ J,Tk+6
k=0 (1—dgq (1—dg )(1 —dg )
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This is the generating function for overpartitions with parts congruent to 3, 5 or 6 modulo 7. This
finishes the proof of Theorem 1.3.
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