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Abstract

This paper is concerned with the numerical approximation of mean curvature flow ¢t —

Q(t) satisfying an additional inclusion-exclusion constraint ; C Q(¢) C Qs. Classical
phase field model to approximate these evolving interfaces consists to solve the Allen-Cahn
equation with Dirichlet boundary conditions. In this work, we introduce a new phase field
model, which can be viewed as an Allen Cahn equation with penalized double well potential.
We first justify this method by a I'-convergence result and then we give some numerical
comparisons of these two different models.
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1 Introduction

In the last decades, a lot of work has been devoted to the motion of interfaces, and particularly
to motion by mean curvature. Applications concern image processing (denoising, segmentation),
material sciences (motion of grain boundaries in alloys, crystal growth), biology (modelling of
vesicles and blood cells), image denoising, image segmentation and motion of grain boundaries.



Let Q(t) ¢ RY 0 <t < T, denotes the evolution by mean curvature of a smooth bounded
domain € : the outward normal velocity V,, at a point x € 0Q(t) is given by

Vo =k, (1)

where k denotes the mean curvature at x, with the convention that x is negative if the set is
convex. We will consider only smooth motions, which are well-defined if 7" is sufficiently small
[3]. Singularities may develop in finite time, however, one may need to consider evolutions in
the sense of viscosity solutions [4, 11].

The evolution of () is closely related to the minimization of the following energy:

J(Q) = 1do.
o0

Indeed, (1) can be viewed as a L2-gradiant flow of this energy.

The functional J can be approximated by a Ginzburg-Landau functional [14, 13]:

Je(u) = /Rd (;\vm? + 1W(u)) dz.

where € > 0 is a small parameter, and W is a double well potential with wells located at 0 and
1 (for example W (s) = 1s%(1 — s)?).

Modica and Mortola [14, 13] have shown the I'-convergence of J. to cyJ in L'(R?) (see also

[5]), where X
cW:/O \/2W (s)ds.

The corresponding Allen—Cahn equation [2], obtained as the L2-gradient flow of J, reads
ou

ot

Existence, uniqueness, and a comparison principle have been established for this equation (see
for example chapters 14 and 15 in [3]). To this equation, one usually associates the profile

— Au-— éw’(u). (2)

g =argmin{ [ (527 + W) 7 € BL®), 1(-00) = +1, 7(40) =0, 290 = 3} )

The motion €(¢) can be approximated by

1
Qc(t) = {x e R ; wu(x,t) > 2},
where u, is the solution of the Allen Cahn equation with the initial condition

_ (U=, (0))
el 0) = o 42200
Here d(z, ) denotes the signed distance of a point = to the set €.

The convergence of 9€(t) to 0€(t) has been proved for smooth motions [10, 6] and in the
general case without fattening [4, 11]. The convergence rate has been proved to be O(€?|log €|?).

Note also that this equation is usually solved in a box ), with periodic boundary conditions
and solutions can be computed via a semi-implicit Fourier-spectral method as in the paper [9].



Our investigations concern here the approximation of interfaces evolving in a restricted area,
which is classically the case in several physical applications. More precisely, we considere mean
curvature flow ¢+ — Q(t) which evolves as the L? gradiant flow of the following energy

Joq Ldo ifO CcQC

+00 otherwise

Jay,0. Q) = {

where 2; and {2 are two given smooth subsets of R? such that dist(0€Q1,082) > 0. These
evolving interfaces clearly satisfy the following constraint  C Q(t) C Qo.

] o
B e
L1 e

Figure 1: Mean curvature flow constrained

One classical phase field model to approximate these evolving interfaces considers the Allen
Cahn equation in Q9 \ ©; with Dirichlet boundary condition on 9€; and 999 [15]. Yet, some
limitations appear in this model :

e The Dirichlet boundary conditions prevent interfaces to touch boundaries 0§21 and 0.
This can be seen as a consequence of thickness of the interface layer which is about
O(eln(e)). This highlights the fact that the rate of convergence of this model can not be
better than O(eln(e)).

e From a numerical point of view, resolution of the Allen Cahn equation with Dirichlet
boundary condition can be done by a finite element method, which appears less efficient
and more difficult to implement in dimensions greater than 2 than a semi-implicit Fourier-
spectral method.

To compensate these limitations, we introduce in this paper a new phase field model. This idea
is to consider the Allen-Cahn in the whole domaine with a penalization technique to take into
account boundary constraint.

The paper is organised as follow:

e In section 2, we present the two phase field models describe previously
e In section 3, we justify the penalized approach by a I'-convergence result.

e In section 4, the two phase field models are compared in numerical illustrations. This will
clarify the numerical convergence rate of each model.



2 Phase field model for boundary constraints

We now introduce the two Allen Cahn models for the approximation of mean curvature flow
t — Q(t) evolving as the L? gradiant flow of the following energy

Joq 1do ifO CcQcC

+o00 otherwise

Ja,,0 (Q) = {

where Q; and Q5 are two given smooth subsets of R? satisfying dist(0Qy,9Q) > 0.

2.1 Model with Dirichlet boundary conditions
One classical strategy, see for instance [7], consists in introducing the function space

Xa, .0, = {U € H'(2\ M) ; upg, =1 ,upg, = 0},

and a penalized Ginzburg-Landau energy of the form

J€7QLQ2(U) — {sz\Ql (2‘ u’ p (U)> x ifu Q1.0

+00 otherwise.

Indeed, Chambolle and Bourdin [7] have shown the T-convergence of J. o, o, to cwJq,.0, in
L'(R%). This approximation conduces to following Allen-Cahn equation
up=Au—5W'(u), on o\

upn, =1, upa, =0
’U,(O,J}) =1Uug € XQth.

More general I'-convergence result for the Allen-equation with Dirichlet boundary conditions
can be found in [15].

2.2 An approach with a penalized double well potential

Now, we describe an alternative approach to force the boundary constraints, based on a penal-
ized double well potential. Let us introduce two continuous and positive potentials W7 and Wy
satisfying the following assumption :

(H1) Wi(s) =W (s) for s > 1/2 and Wa(s) = W(s) for s <1/2
Wi(s) > max(W(s),\) fors<1/2 Wa(s) > max(W(s),\) fors>1/2,

Y

where A > 0.

Let us introduce also a penalized double well potential W, o, 0, o defined by

d' t ,Q d t ’Qc
W onalsa) = Watg (1Y) watsye ()

W) <1 iy (dist(m,Ql)) Y <dist(;l, Qz)>> |

Ea
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Figure 2: Example of potential W, W1 and Ws

where a > 1, dist(x, 1) and dist(x, 25) are respectively the signed distance function to the set
; and Qf, and ¢ is the profil function associate to W defined at (3).

Our modified Ginzburg-Landau energy J 0, 0,,o reads

1
JQQhQQ’a(U) = / <€‘Vu|2d:r + W€7917Q27a(u,$)> dx.
R \ 2 €

We prove in the next section that this energy I'-converge to cwJq, o,. The associated Allen-
Cahn equation reads now

uy = Au — é@SWQQl,QQ’a(u, x), on R4
u(0,z) = ug.

3 Approximation result of the penalized Ginzburg-Landau en-
ergy

Now we prove the convergence of the Ginzburg-Landau energy Je o, 0, to the following pe-
nalized perimeter

|Du|(R?)  if u=1Tg and 3 C Q C Q

+00 otherwise

Jo. 0, (u) = {
Remark 1. Given u € LY(R?), |Du|(R?) is defined by
|Du|(RY) = sup {/d u div(g)dx ; g € Ccl(Rd,Rd)} ,
R

where CHR%R?) is the set of C wvector functions from RY to R with compact support on
Re. If u € WHY(RY), |Du| coincides with the L'-norm of Vu and if u = lg where  has a
smooth boundary, |Du| coincides with the perimeter of Q. Moreover, u — |Du|(R?) is lower
semi-continuous in L'(R?) topology.

Recall that

J€79179270¢ (u) = /

elVul> 1
Rd

2 + EWE,QLQQ,Q(U,LU) dr,



where We 0, 0,.a(, ) is defined by

Wetnmnalon) = Wi (BB Ly (4295

€¥ €¥

LW (s) (1 4 (dist(esi, Ql)) 4 (dist(ezi, Qg))) 7

We assume in this section that Qi and € are two given smooth subsets of R? satisfying
dist(0€21,082) > 0, and that € is sufficiently small such as

o (B (e )

Ea

with a > 1.

for all z in Q9 \ Q5.

Theorem 1. Assume that W is a positive double-well potential with wells located at 0 and 1,
continuous on R and such that W (s) = 0 if and only if s € {0,1}. Assume also that W1 and Wy
are two continuous potentials satisfying assumption (H1). Then, for any u € L*(RY), it holds

I — lg% Je 0 00 (1) = ew Jo, 0, (u),
where cyy = fol 2W (s)ds.

Proof. We first prove the liminf inequality.

i) Liminf inequality :

Let (ue) converges to u in L'(R9). As Je o, o, > 0, it is not restrictive to assume that the lim inf
of Je o, .0, (uc) is finite. So we can extract a subsequence uj, = u, such that

hm J€h791792,04(uh) = hIgLi(I)lf JG,QLQQ#I(UE) e R™.

Remark that for e sufficiently small, it holds

dzst(m ™) ) > 1/2 for z € 4,
dzst( ) >1/2 for z € QS,
1_q(%ﬁ91))—q(dwi )>1/2 for x € Q9 \ 4,
1_q(%)_q(dm(“’"g))20 for z € RY.
This implies that
Wi(up)dr < /91 2q (W) Wi (up)dz

2 / WQQLQQ:a(S? z)dzx
R4

< 2epde, 01,00,0(Un),

951

IN

/ Wa(up)dx < 2epde, 01 Q0a(up) and W (up)dx < 2epJe, 01 Q0,a(Un)-
RA\ Qg Q2\ 1

The Fatou’s Lemma and the continuity of W, Wi and Wy imply that [, Wi(u)dz = 0,
Jravg, Wa(u)dz = 0 and [q,\o, W(u)dz = 0. By our assumptions on W, Wy and W, this

means that
{1} a.e in )y

u(x) € ¢ {0} a.e in RY\ Qy
{0,1} a.ein Q2\ Qq,



almost everywhere. Hence, we can represent u by o for some Borel set Q € R? satisfying
Q1 C Q C Qy. Using the Cauchy inequality, we can estimate

21
Jep. 1 Qoaun) > /d [W;h’ + 6I/V(uh)] dxr ( because Wi > W and Wy > W)
R h

en|Vup|? - -
> /d [h’zh’ W(uh)] dxr  ( where W(s) = min {W(s) : sup W(s)})
R s€[0,1]
> [ V) Tunlde = [ VI6]ldz = 1Dl

where ¢(s) = [5\/2W (t)dt. Since ¢ is a Lipschitz function (because W is bounded), ¢(u.)
converges in L'(R%) to ¢(u). Using the lower semicontinuity of v — |Dv|(R?%), we obtain

Jm Je 01,0, (un) > lim inf [ De(up)| (RY) > [ Dé(u)| (RY).

The lim inf inequality is finally obtained remarking that ¢(u) = ¢(1g) = cw 1o = cwu.

Let us now prove the limsup inequality.

i) Limsup inequality :

We first assume that u = I for some bounded open set €2 satisfying 1 C Q C Qo with smooth
boundaries; Introduce the sequence

u(z) =q (
Let us introduce the two constants c¢; and co defined by

= Zl[lp {Wi(s) =W(s)}, and co= Zl[tpl]{Wl(s)—W(s)}.

dist(zx, Q)) '

€

Note that

Je 0na(u€) = /Rd lelV;ﬁlz der/ <dzst z, 0y )) W () — W ()

1 /dist(z, Q5
. << )

Rd € €¥

) (Wa(u) = W) da
Each of these 3 terms above is now analyzed.

(1) By co-area formula, we estimate

/Rd [EIWG\Q + 1W(u€)‘| dr = 1/1@(1 [W + W(q(d(wﬁ)/e))] dr

9 2
SEIRCIE
o[l
where g(s) = |Dlyg<q|(R?).

By the smoothness of 0%, g(et) converges to ]D]ldist(x@)gt](Rd) as € — 0; moreover, by the
definition of the profil ¢, u. converges to 1 and

lim sup Je 0, 0, (uc) < |Dlg|(RY) /_t:o B\q’(s)\Q + W(q(s))ds] .

e—0



Remark 2. The profil ¢ (when W is continuous) can also be obtained [1] as the global decreasing
solution of the following Cauchy problem

{q'(s) =—y/W(s), seR
q(0) = 3,

and satisfies
/]R(;q/(s)2 - W(Q(S))) = /01 \/Mds.

By the previsous remark, it follows that

/_J:O %’q/(s)P + W(q(s))] ds = /01 \/Mds = cw,

which implies that

dz < ey |D1g|(RY).

€2 1
limsup/ [€|VU | + —W(u®)
e—0 JRe 2 €

(2) The function dist(x, () is negative on €y, thus uc(z) > 1 on Q and Wi (ue(z)) = W (ue(z))
for all z € Q7. This means that

/R Ep (‘“St(mgl)> (W () — W(u)) dz = /Rd\gl Ep (d”t(“’"m)> (W) () — W (u)) dar

d € €* € €*

1 [dist(x,
C1/ q( is (Si, 1)>d:v,
RA\Q, € €

IN

where ¢1 = supe(o.1) {Wi(s) — W(s)}.
Using co-area formula, we estimate

1 (dist(z,Q 1 S a-1 [ @
/ 7q <(al)> d;v = / 791(8)q (Oé) dS =€ 1/ gl (6 S)q(s)ds7
RA\Q; € € 0 ¢ € 0

where g1(s) = | D1gisi(z,01) <} | (R?)-
By the smoothness of Q1, g(e“t) converges to ‘D]ldist(m,Ql)SOKRd) as € — 0. We then deduce

that | dist(e.Q
lim sup/ —q (ZS(JJ’I)> dr =0,
e—0 JRI\Q; € e«

as a > 1 and [5° ¢(s)ds is bounded.

(3) The last term is similar to the second one. The function dist(z,) is positive on R\ Qy,
this means uc(z) < § on R4\ Qy and Wa(ue(z)) = W(uc(z)) for all € R\ Q. Then, we have

[ () - wn e = [ Lo (RS ) - W) ds

d € € 5 € €
1 dist(x, 5
< 02/ L, (@8@«"2)> d.
Qs € €¥

and using co-area formula, it holds

[ L () = [T L (2 ) as = [T gnlesiatons,
QQE € 0 € € 0



where ga(s) = \Dﬂ{dist(%%)g,sﬂ(Rd). We deduce as previously that

1 ) Q5
lim sup/ —q (CM) dx = 0.
Q

e—0 5 € €

Finally, we conclude that

lim sup Je0, 05,0 (1) < cw|Dlg|(R?).

e—0

O

Remark 3. This theorem is still true in the limiting case « — 0o, where Je 0, 0y a=oc0(u) Teads

Vul? 1 Vul? 1
Je 01 0000(u) = / [6‘ 2u| + —-Wi(u)| dx + ld 2u’ —l—W(u)] dx
(o € Q2\ 21 €
elVul? 1
+ — + —-Wh(u)| .
Rd\QQ[ 2 € 2( )1

4 Algorithms and numerical simulations

We now compare numerically the two phase field models describes previously. The first model is
integrated by a semi-implicite finite element method whereas our penalized Allen Cahn equation
is solved by semi-implicite Fourier spectral algorithm. In particular, we will observe that these
two approaches give similar solutions but,

e the algorithm used for the penalized Allen Cahn is more efficient and more simple than the
semi-implicite finite element used for the Allen Cahn equation with Dirichlet boundary
conditions

 the convervenge rate of the phase field approximation appears about O(eln(e)) for the
Allen Cahn equation with Dirichlet boundary condition and about O(e?1In(e)?) for our
penalized version of Allen Cahn equation.

4.1 A semi-implicite finite element method for the Allen Cahn equation with
Dirichlet boundary condition

Let us give more precision about the classic semi-implicite finite element method used for the
equation

ug(x,t) = Au(z, t) — éW’(u)(a},t), on Q2\Q x[0,7], (4)

where w0, =1, ujgg, = 0 and W (s) = 3s*(1 — ).
Note that when the initial condition ug is chosen on the form uy = ¢ (dist(2,x)/€) with Qg
satisfying the constraint €2y C g C 29, then we expect that the set Q¢ defined by

QEIQ1U{J)EQQ\Q1 ; u(w,t)z 1/2},



should be a good approximation to the contraint mean curvature flow t — Q(t).

Let us introduce a triangulation mesh 7, on the set Q9 \ 21 and the discretization time step d;.
Then, we consider the approximations spaces Xj, o and X} defined by

X = UEHI(QQ\Ql)UCO(QQ\Ql) P VKeT;, EPk(K), ClfoN =1 and V|, :O}
Xno = {v€H}(Q\ Q) UCH 2\ Q) ; vxer, € P(K)}
where Pj, denotes the polynomial space of degree k. We take kK = 2 in the future numerical

illustrations. Then, the solution u(z,t,) at time ¢, = ndt is approximated by U™, defined for
n > 1 as the solution on X} of

5
/ UM dar16, / VUMY o d — / (U’w—l - ;W'(U’W—l)> pdr, Vo€ Xno,
Q\ 0\ Q\ €

and for n = 0 by

U™ = argmin ||v — uol| z2(0,\01)-
veXp

This algorithm is known to be stable under the condition

2
575 < Cwe,

-1
where ¢y = {SUpte[o,u {w” (s)}} . More results about stability and convergence of this algo-
rithm can be found in [12].

4.2 A semi-implicite Fourier spectral algorithm for the penalized Allen-Cahn
equation

We also consider the seconde model
1
Ut(fl),t) = Au(x,t) - ?68W€,Ql,927a(u)(xat)a on Q X [O7T]7 (5)

with peridic boundary conditions on a given box @, chosen suffiently large to contain ,. In
future numerical tests, we use a = 2, W(s) = 3s%(1— s)? and the potentials Wy, W5 are defined
by

Wi(s) =

121_ 2 if >l
{28 (1—s) BE= and  Ws(s) =

252(1—5)? if s <3
10(s — 0.5)* +1/32  otherwise

10(s — 0.5)* +1/32  otherwise ,
which clearly satisfy the assumption (H1) (see figure (2)).
The initial condition wug satisfies ug = ¢ (dist(£2p,x)/€) and we expect that the set

O = {reQ; ulet)>1/2},

is a good approximation of €2(¢) as € tends to zero.

About numerical scheme, equation (5) is numerically approximated via a splitting method be-
tween the diffusion and reaction terms. We take advantage of the periodicity of u by integrating
exactly the diffusion term in the Fourier space. More precisely, the solution u(z,t,) at time
t, = to + ndt is approximated by

up(z) = > e
|p|oo:P

where |p|oc = max;<j<q|pi| and P represents the number of Fourier modes in each direction.
In step n :

10



n+1/2 _ n+1/2  2irp.x : n+1/2 _ n —4x25t|p|?
up ()= ¢ esTPT . with ¢ =cye Pl

+1 _ , nt+l/2 s n+1/2
e up =up = F0:Wea0ialup ).

In practice, the first step is performed via a fast Fourier transform, with a computational cost
O(P41In(P)).

The corresponding numerical scheme turns out to be stable under the condition
ot S wa2.

Some basic tests on the convergence of this algorithm can be found in [8].

4.3 Simulations and numerical convergence

We now compare some numerical solutions obtained with these two algorithms. For each test,
we take € = 27% and 6; = €2. The P, finite element algorithm is implemented in Freefem++.
The mesh 7, used in these simulations are ploted in figure (3). The penalization method is
implemented in MATLAB where we take P = 28.

Figure 3: Mesh 7} generated by Freefem+-+, and used in simulations ploted on figures (4)

and (5). In both case, 91 and 99 are respectively identified as the green and the yellow
boundaries.

We plot first two situations on figures (4) and (5). The solutions obtained by the different
methods seem to be very similar.

1= 0022781 1= 003338 .
. ~ -
04 04 04
/ % N
% N

Figure 4: Numerical solutions obtained at different times ¢. The first line corresponds to the
Dirichlet method and the second line to the penalization approach.
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Figure 5: Numerical solutions obtained at different time ¢. The first line corresponds to the
Dirichlet method and the second line to the penalization approach.

In order to estimate the convergence rate of both models, we consider the case where 7 and
Q9 are two circles of radii equal to R = 0.3 and Ry = 0.4. Then, the sitution is very simple
when the initial set )y is also a circle with radius Ry satisfying R; < Ry < Rs. Indeed, the
penalized mean curvature motion Q(t) evolves as a circle, with radius satisfying

R(t) = max (m, Rl) ;

that decreases until R(t) = R;.

The solutions of the two different models are computed for different values of € with P = 28,
8¢ = 1/P? and Ry = 0.35. In both cases, the set 2¢(t) appears as a circle of radius R¢. We then
estimate the numerical error between R(t) and R(t).

The results obtained for the first method are ploted on figure (6) : the first figure corresponds
to the evolution ¢t — R¢(¢) for 4 different values of € and the second figure shows the error

e — sup {|R(t) — R°(t)[},
te[0,7]

in logarithmic scale. It clearly appears an error of O(eln(e)).
The same test is done for the penalisation algorithm : the results are ploted on figure (7) and
we now clearly observed a convergence rate of O(e? In(e?)).

Moreover, we present in figure (8) a simulation in dimension 3 obtained by our approach : the
solution of the Allen Cahn equation is ploted for different time ¢.

4.4 Some extensions
Another advantage of our penalisation approach is that it can be easily extended for more
general situation of evolving interfaces. For example, we can consider a mean curvature flow

with an additional forcing term g and a conservation of the volume. Following our recent work
[8], this approach leads to the following pertubed Allen-Cahn equation

1
up = Au — 6—2F(u),

12
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Figure 6: Dirichlet algorithm : numerical error |R¢ — R(t)| ; Left: ¢ — R for different values of
€; Right: € — supycjo 7 {|R(¢) — R°(t)|} in logarithmic scale
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Figure 7: Penalisation algorithm : numerical error |R — R(t)| ; Left: ¢ — R for different values
of € Right: € — supycpo 7 {|R(t) — R°(¢)|} in logarithmic scale
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0 0z 04 08 gg e 0 02 04 06 o5 ;o 00z 04 08 os 40 0 02 o4 06 08 ;00

Figure 8: Minimal surface estimation : solution of the Allen Cahn equation at different time ¢.
The set € is the union of the two red circles.
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where

Jo W, q, (W) — €91/2Wa, q, (u)dx
F(U’) = WS,217QQ (U) - Eg \/ 2W91,92 (u) - ! fQ 2W (u)dx \/ 2WQ1,QQ ('LL)
Q Q1,02

Two simulations obtained from this model are ploted in figure (9).

1=000048828 1=0060049 t=000088 t=0.4101

t=0030088

Figure 9: Two simulations with an additional forcing term (gravity force) and volume conser-
vation.

5 Conclusion

This paper deals with phase field models for the approximation of mean curvature flow with
inclusion-exclusion constraints. Classical method consists to solve Allen-Cahn equation with
Dirichlet boundary conditions. Unfortunately, this method is not optimal in the sense that its
convergence is observed with a rate about O(eln(e)) only. We have introduced a new approach
based on a penalized double well potential. This method is motivated by a I'-convergence result
and some numerical tests suggest that its convergence rate is now about O(€? In(€)?). We finally
explained how to generalize this strategy in the case of mean curvature flow with forcing term
and conservation of volume.
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